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Review on water-hammer waves mechanical and
theoretical foundations

F. Plouraboué

Institut de Mécanique des Fluides de Toulouse, IMFT, Université de Toulouse, CNRS,
Toulouse, France

Abstract

Water-hammer waves propagation is an important phenomenon arising in nu-
merous applications. It is also a long-standing topic in the fields of mechanics,
mechanical engineering and civil engineering. This review first presents the
basic mechanism associated with water-hammer waves as well as a brief histor-
ical survey of the topic. It then develops along the twentieth century progress
both regarding the Fluid-Structure-Interaction (FSI) influence and wave dissi-
pation modeling. The second part of the review presents recent developments
shading new lights on some aspects of the wave propagation with a fluid me-
chanical viewpoint. This review covers various aspects related to the influence
of visco-elastic properties of the pipe’s wall, asymptotic analysis as well as wave
propagation within networks. Albeit discursive in many places, this review also
tries to establish and derive many of the presented results from first principles,
as well as emphasize the theoretical understanding of the topic.

Keywords: Water-hammer, Fluid-Structure-Interactions, acoustic waves in
pipes, multiple time—scale analysis, asymptotic matching, dispersive waves,
visco-elasticity, water hammer, blood hammer, Lamé—Clapeyron equations,

wave propagation in networks, viscous dissipation, quantum graph
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1. Introduction

1.1. Context of water-hammer wave

Water distribution networks, vascular system, irrigation networks, power-
plant hydraulic circuits, geothermal extracting heat pipes, etc., are all com-
plex hydraulic systems dedicated to flow distribution for their specific purpose.
Within all these applications an incoming flow is needed to feed the needs.
The incoming flow could be time-dependent so as to accommodate the possi-
bly varying needs at various places, but the time-variation of the needs is not
short compared to flow adaptation one. In other words, it is possible, in these
systems to almost instantaneously adapt supply to demand. These systems are
quasi-steady ones in normal use.

Nevertheless, if, for some reasons, either expected or not, a sudden change
arises in the supply flow (whether due to pipe breakage, operational valve open-
ing, heart valve closure, gate operation, incidental junction damage, etc..) then,
a fast transient pressure wave is generated from it (Cf figure [1] for a real water-
hammer wave signature inside a water distribution network). Since liquid incom-
pressibility imposes flow conservation, any adjustment of a sudden flow change
can only be due to compressible effects. Because liquids are much less compress-
ible than gases, these sudden changes in fluid flow are much faster and much
more intense in liquids than in gases even though also existing in the later. The
less compressible the liquid, the faster the pressure wave having the highest am-
plitude. And since most liquids are very close to incompressible, the resulting
pressure wave is very large in many cases, dramatic in some. This detrimental
effect of water-hammer pressure waves has attracted interests in many applied
areas in mechanical engineering and civil engineering [2, 3]. This is also why the
first known scientists of the topic such as Résal [4], Michaud, [5], Korteweg [6],
Joukowsky [7], belonged to the hydraulic’s community. But this is only one part
of the water-hammer story. Next section will provide much more details about
the various modelling and analysis of it, but, since we believe the reader is, at

this point, juvenile on the topic, we will pursue this discursive introduction by
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Figure 1: (a) Illustration of a the water distribution network of Toulouse’s town from [I] where

(b) Water-hammer wave front passage signature at

pressure sensors have been distributed.

sensors placed in various locations.
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some basic issues to introduce a second important aspect. As just mentioned,
not only the pressure amplitude increases from the low compressibility of lig-
uids. Also the wave’s speed. In every fluid the isentropic compression law of
fluid density variations p} with fluid pressure P is given by ap?/ oP; = p} / K.
In the limit of infinite liquid bulk compressibility coeflicient, i.e K} — oo, the
incompressible limit, the water-hammer wave speeds goes to infinity. Never-
theless, this velocity cannot be infinite even for almost incompressible liquids.
It is not necessary to invoke light’s finite speed to avoid this inextinguishable
sky, but another more down-to-earth fact that this pressure wave speed does
not propagate freely into the liquid, being, on the contrary, confined within
solid walls. Since the tube wall can expand —think of a blood vessel—, the
pipe breathing resulting from the liquid over-pressure has a strong influence
on the wave velocity propagation. Stress waves propagating within solids are
known from a long-time to result from its elastic deformation. For pressure
waves associated with compressive density waves inside one material, the speed
is proportional to the elastic Young modulus. The harder the solid, the faster
its compressive wave. Split-Hopkinson pressure tests are indeed using this ef-
fect to deduce the material property from the wave-speed measurement [8] [9].
Going back to the water-hammer pressure wave, since it is confined within solid
walls, it can not move freely in the transverse direction of its propagation. The
wave’s pressure is indeed deforming the solid walls. This results in a coupling
between the liquid pressure wave, and the solid one. This is the second key
aspect of the water-hammer waves : they result from a Fluid-Structure Inter-
action (FSI) between the acoustic wave propagating within the fluid bulk and
the elastic deformation of the solid surrounding the liquid. Furthermore, and
not intuitively, FSI produces a double effect on water-hammer waves: first, as
already mentioned, the propagating speed of the liquid pressure wave both de-
pends on the liquid isentropic bulk modulus, i.e the compressibility coefficient
of the fluid and the Young modulus of the solid. More precisely, on the ratio of
both. Second, this water-hammer wave train hides another : a solid compressive

elastic wave. Because it is faster in most cases, this secondary wave comes first,
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and has been called the precursive wave [10, I1]. In some applications such
as water distribution networks, and many other hydraulic contexts, this elastic
wave is disregarded for being of small influence. This generally results from
anchored mechanical conditions preventing the free-motion of the external solid
wall (cemented, buried, or fit-in) weakening the elastic wave contribution. This
is why most hydraulic modeling of water-hammer do not consider the coupled
elastic wave. However, this coupling is very important when the solid walls are
soft (e.g vascular system), when the conducts are free to move (e.g suspended),
or when the solid walls are very thin.

Having now set the scene of the two main mechanical effects rooting water-
hammer, i.e liquid compressibility and FSI, it is now appropriate to provide
an historical survey of how modern understanding has emerged. Nevertheless
before this, it is important to mention that various interesting reviews have pre-
viously discussed water-hammer [12], [13}, T4}, (15, [T6], 17, [18]. Among those [12],15]
have focused their review on FSI aspects in simple pipes configurations. [14]
has more focussed its interest into the historical perspective of the topic. On
the other hand [I3], [I6] discuss hydraulic applications where FSI effects are gen-
erally neglected, whilst concentrating on water distribution networks purposes.
[18]’s review consider more specifically blood-hammer within the arterial sys-
tem whereby issues related to the visco-elastic response of arteries are deepened.
Finally, it is important to stress what material is covered by this review and
the about-face. This review focuses on water-hammer wave propagation sur-
rounded by possibly complex solids including visco-elastic ones. This topic is
of major practical relevance, since water-hammer waves are strongly dependent
on the solid visco-elastic response, because these solids are encountered in many
contexts. Concerning the fluid, this review considers water-hammer waves aris-
ing inside Newtonian compressive liquids, including viscous effects in the fluid.
Nevertheless this review will not cover several aspects of water-hammer : cav-
itation [19], water-hammer in non-Newtonian liquids (e.g [20]), condensation-
induced water-hammer (e.g [21]), thermally coupled water-hammer waves (e.g

[22]), arc-discharge induced water hammer (e.g. [23]). Also, this review is not
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going to discuss transient-based defect detection and water-hammer use for in-
verse problems which have been vivid areas of investigations over the last fifteen
years, but deserve a review on their own. However it covers (some aspects) of
water-hammer wave propagation in complex pipe networks. The specificity of
this review, is to focus on water-hammer’s mechanics, so as to emphasize how
modern understanding can help in modeling simplification, concepts generality,
and also, questioning and /or revisiting practical use. This review does not have
the ambition to be exhaustive in every aspect, reflecting that the author’s best
knowledge of the topic is unfortunately neither objective nor complete. It also
reflects the author’s subjective interests on the topic, oriented toward future
research directions dedicated toward tackling and simplifying various aspects of
water-hammer complexity.

This review is organized as follows. Section provides a brief historical
description of the first understanding and modelling attempts of water-hammer.

Section then provides a summary of the twentieth’s century progress on
the topic. Albeit discursive, this section also tries to establish many of the
presented results from first principles.

The two following sections are devoted to the review of more modern issues.
Section[3]is mostly concerned about modeling the influence of pipe’s visco-elastic
behavior onto the water hammer wave.

Section develops on the twenty first century advances in the field. It
covers both time and spatial asymptotic analysis, giving new perspective to the
underlying understanding of yet unsolved water-hammer’s specific aspects. Fur-
thermore section (4)) also covers recent modern issues associated with theoretical

developments for water-hammer wave propagation within networks.

1.2. A brief historical survey of first water-hammer understanding

As previously mentioned the water-hammer research started from engineer-
ing concerns and viewpoints, at the end of the nineteenth century. The first
noteworthy contribution can be credited to L. Menabrea [24] reporting the joint

influence of fluid bulk modulus K%, and the solid wall Young’s modulus E*
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in water-hammer waves. Thereafter Michaud [5] developed some protection de-
vices guidelines for hydraulic systems. He focused his interest on plans for safety

valves and water-hammer balloons but meanwhile, derives one of the first ex-

*

pressions for the propagation speed of water hammer waves, cj,

(in the following
all p subscript on all subsequent c;, velocities refers to ”pulsed” wave speeds, not
to be confused with possibly pipe’s one; this pulse wave speed is a bulk liquid
pressure wave), the same year as Korteweg [6]. Considering the solid wall as a

successive axially independent concentric elastic rings, these authors found that
s Kt
* _ 0 . *2 _ M
Cpxk = —F———, with ¢ —
s t
T+ &%

: (1)

¢} being the sound speed in the liquid bulk, o = e*/ R} the dimensionless pipe
wall thickness associated with solid tickness e¢* having inner radius Rj and pj}
the fluid density (*’s quantities are dimensional in the following, whilst on the
contrary, dimensionless quantities do not have *). The approximate theory
brings out for the first time the cornerstone contribution of the liquid’s bulk
modulus to Young modulus ratio, i.e. K;"/E*, into water-hammer wave cj.
Since ’S denominator is larger than unity, the water-hammer wave speed
is lower than the sound speed in bulk liquid cj, as expected from the energy
transfer of the wave into solid elastic deformation.

It is interesting to discuss the comparison of Korteweg and Michaud predic-
tion with their contemporary Résal [4] who proposed a simpler expression for
this velocity being based upon the wall’s elastic wave speed ,/aFE*/ 2p%. As
discussed in [19, 25] reorganizing leads to

1 1 20

C;?K ci? + aE* (2)

Result can be interpreted as equivalent resistance of parallel electrical cir-
cuits or in a more mechanical frame, the equivalent stiffness of two sucessive
springs. Korteweg’s [6] wave velocity is the equivalent wave speed of the liquid

bulk sound speed ¢, in parallel with the elastic wave speed ,/aE*/ 2p% (this

point is discussed in more details in [25]). As mentioned in the introduction not



only the wave speed, but also the pressure amplitude is of major engineering
importance. Few years after Korteweg, Joukowsky [7] focused on the mass equi-
librium occurring during a transient event, so as to find the maximal reachable
over pressure AP* which is related to the longitudinal velocity variation AW™*
associated with the flow sudden change AQ* = S*AW* (in the following W
will denote the steady-state reference velocity and AW™* will be considered as

an order-one fraction of W)
AP* = pie, AW™. (3)

This fundamental relationship permits to improve the security design efficiency

of water plants. The derivation of is now discussed. Let us consider the mass

V(z,t) V(z,t+dt)
N
\‘ ‘_,-‘
N A %
i T
:.—V W(Z,t) !
] ]
i i
i F *—>»
Ro i d= i z >H< P
i i dR
i g
e S Y
< 7 >

Figure 2: Fluid mass conservation during a hydraulic transient

balance in the elementary volume V*, having external surface S*, as defined in
Figure

Oy (p}S*) + Oy« (p’}S*W*) =0, (4)
Introducing Lagrangian derivative d/dt* = Oy + W*0,+, can be decomposed
into three terms

1 dpy 1 ds*

— - O W™ =0. 5
py dt* S* dt* o (5)
N—_—— M Velocity gradient

iqui ; Pipe dilatati
Liquid compression ipe dilatation

006
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Using the previously mentioned isentropic compression law, the fluid density
gradient are related to pressure ones

1dpy 1 dP*
pydt Ky dtr

(6)

The pipe dilatation term of requires a little more inspection. It is related to
what is called the pipe breathing phenomenon, i.e the deformation arising when
an axi-symmetric pressure wave propagates into a cylindrical solid, deforming
it radially and longitudinally whilst preserving the axi-symmetry. Considering
the instantaneous elastic solid response of the azymuthal normal stress, i.e the
hoop stress oj,, integrated along one pipe’s mid-plane section having normal
direction ey and longitudinal length L*, provides a contribution into the solid
region only, whose thickness is e*, so that a an elastic force 2L*e*03, is built to
balance the fluid pressure P* integrated along the same pipe’s mid-plane section
2R{L*P*, so that

R pe _ Lpe (1)

e* «@

* _
Ty =

Furthermore, from elasticity theory, the relative strain of the pipe is proportional

to its stress such that

dR*
do}y, = E* . 8
T9g R (8)

From (7)) in (8)) and since, S* = 7R*2, one finds

1 dS* 2 dP*
S* dt*  aE* dt* ©)

Finally, combining @, @ and , yields to the following mass conservation

equation

1 dP* 2 1 dP*
% * CO2IC* 8z* W= Tk *
py di 14+ L py dt

+ 0 W* =0, (10)

consistently with found by [6]. It is also important to stress that leads
to the Joukowsky’s scaling for the pressure [7].

Although sufficient for many engineering applications, these theoretical out-
lines remain too limited in scope as they do not provide an in-depth compre-

hensive understanding of hydraulic transients. The relation highlights the
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weaknesses of these early models. The solid rheology is highly simplified which
results in a degraded representation of shear and strain distribution in the pipe
(which however might turn-out to be enough for some engineering issues). Fur-
thermore, the fluid is supposed inviscid and the long-time dynamics of the pres-
sure trend thereby remains unknown. This is why this simplified picture has

been dramatically improved during the twentieth’s century.

2. Water hammer : a dual phenomenon intertwined with three cou-

plings

This section now presents the modern view of water-hammer progressively
emerging from 20" century developments. This view is very synthetically pre-
sented in [19] 25] resulting from the infusion of many previous studies as also
discussed in [26] from which this section is inspired. Numerous deep analy-
sis of great theoretical mechanics have progressively permit to understand that
various fundamental mechanisms were acting together, on the water-hammer
wave, in a subtle way. Moreover, and surprisingly enough, as the complexity
increased, the ability to synthetically produce analytical results also permit-
ted a more compact and clear presentation of the phenomenon to simplify its
theoretical understanding. This back-and-forth (hopefully creative) competi-
tion between tackling complexity and idealistic simplification is still present at
the fore-front of the phenomenon’s understanding, as discussed in Section [
References [19] 25] discuss how, resulting from both compressibility and FSI
effects, the water-hammer wave is influenced by by three, possibly intertwined,

couplings:

e Poisson’s coupling which refers to solid axial vibrations arising from radial
ones. These couplings depend on the mechanical properties of the solid,
as well as on the possibly complex vibrating modes (flexural, torsional,
etc...). It is thus related to the possibly complex solid response to the

fluid pressure wave.

10
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e Junction couplings which refers to pipe’s ends couplings either resulting
from connections with other pipes, or to boundary conditions imposed at
pipe’s end. This effect thus results in the boundary conditions influence

on the propagating waves and selected modes.

e Friction couplings which refers to the shear stress couplings between the
fluid and the solid, i.e. the viscous friction coupling, and between the solid
and the surrounding medium, e.g. dry Coulomb’s friction if the pipe is

buried.

According to [27], Poisson and junction couplings are shaping the system’s dy-
namics, i.e. determine the selected wave’s modes as well as their structure,
whilst friction couplings induce wave’s attenuation due to energetic losses. Fur-
thermore, from a mechanical viewpoint, any pipe’s degree of freedom is expected
to interact with the fluid dynamics, generating non-trivial additional couplings,

[27]. We now detail each coupling in the forthcoming sections.

2.1. Poisson coupling and Fluid Structure Interaction (FSI) analysis

FSI describes couplings occurring in liquid-filled pipe systems. Let us first
consider an homogeneous, elastic and isotropic pipe having density p. Let
us denote the radial displacement £* and axial one (*, being the two compo-
nents of the displacement vector £ = (£*,(*) —the only relevant ones for axi-
symmetric pipe breathing mode of deformation—, related to the strain tensor
€ =1/2(ver + vert),

One of the first major contribution to pressure wave propagation studies
in pipes taking into account (FSI) can be attributed to [2§]. Lamb extends
[6]’s work from taking into account the Poisson’s coupling effect. Based on the

second Newton’s law for the solid equilibrium, and a radial dependent pressure

11



10s  wave for the fluid, he found

ab*

pie O = g (10" + RGOZCT), (11)
—_—— 1—v
Axial inertia
Axial tension
ge Ot 1y§<R3+VSZ*<>+ L
Radial inertia Dynamic loading
Radial tension
Opx
2P = %2G&+Q(ﬁ@q)P# (13)
T

Under plane-wave long-wavelength framework assumption, Sr. H. Lamb deter-
mines the radial pressure variations from radial Bessel function. Furthermore,
ensuring the kinematic continuity conditions at the pipe’s inner wall, he spells
out a cubic (in ¢*2) dispersion relation for the wave speeds

C*Q _ 082 " - )\*2 E* o N (1 _ Vg) )\*2 E* 2
— s | C — C
cy? Am?R§? ) py (1 —v2) Am? R \ps (1 —1v2)

S

Dispersion eq. for P = 0 in (12]

2D )\*20*2 9 E*
e AN (P S S 14
aW%ﬂc mrwﬁ 0. (4

with the density ratio .
p="1, (15)
Ps
A* being the wavelength. The cubic structure of the dispersion relation thus pro-
vides a set of three modes of propagation, being in increased order of frequency
(decreasing order of wavelength) comparable to corrections upon the fluid wave
speed, solid axial wave speed and solid radial wave speed, respectively. Under
the long wavelength hypothesis framework, i.e. A*/R{ > 1, an important set of
results can be found. If the dynamic loading term is neglected in , ie. if P*
is set to zero, Lamb derives the compressible axial solid wave speed (Cf. terms
in brackets in (14))

= > (Hyp: Px = 0). (16)

Furthermore, if the solid instantaneously responds to the fluid dynamic load,

i.e. neglecting time derivatives in —, Lamb proves that his theory leads

12
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to [6]’s one (Cf. (I)) so that no proper (FSI) occurs then
C;?Lamb = CZ,QK s (Hyp: a?*ﬁ* = O). (17)

If one considers a highly deformable tube, i.e. £} > E*, Lamb’s theory merges
with the [4]’s one (Cf. (2)))

*2 OéE* *2 E* * *
Cp,Lamb 2p‘>;_ » and,  Cg Lamb ot (1 _ VSQ) ’ ( yp f > ) ( )

Finally, Taylor-expanding the dispersion relation with respect to the ra-
dius per wavelength ratio, i.e. R{/A* —long-wavelength asymptotic limit— H.
Lamb finds an analytical formulation for the fluid and axial solid wave speed

corrections due to FSI

2
£ 3
%2 R P B I L (19)
C+ Lamb = 2 CLamb CLamb 2(1-v2)K3 |7
abB*
B e M ). 2
CLamb — — 2\ ) ( )
14 2(1-v2)K%
T aE*

where the negative mode ¢* holds for the fluid wave speed correction, whilst
the positive mode ¢} stands for the axial solid wave speed correction one. Half
a century later [I0 1] extends the brilliant contribution of [28]. In a sterling
paper, Skalak derives an in-depth analysis of the coupling mechanisms occurring
between an elastic shell pipe and the liquid. He considers both rotatory radial
inertia and the bending moment of the solid. Skalak’s shell model (hereby
slightly re-organized) reads as follows, [29] 30]

E* 046*2E*
* *82* * saz* * R*82* *) 783* * , 21
pse t C 1—V§ (V 5 + 0%z C ) 12(1—V§) z 5 ( )
Axial inertia
' [28]’s axial tension Bending axial tension
and
* %3 * 2 *
* % * Ps€ 2 02 #* al « 5 %
DEEF — 0:.0.8" = — 1+— Nop
Ps€ tf 12 z tg 1_1/52 |:( +12> R8+V C:|
v S ——

Radial inertia Rot inorti
otatory Inertia [28]’s modified radial tension

(22)

13



203

204

205

206

207

208

209

The continuity conditions at the fluid solid interface were ensured and Skalak
overcomes the system resolution by performing a conjugate Fourier (upon space)
and Laplace (upon time) analysis. The in-depth investigations of the radial solid
displacement field reveals a discrete infinite set of resonance frequencies governed
by a transcendental equation. As in [28], [I0, 1] then analyzes the solution in
the long-wavelength asymptotic limit, i.e. when frequency goes to zero. In
this limit, two propagating modes remain and: ”a physical interpretation [...]
18 that only these two lowest modes have finite phase velocities as the wave-
length increases indefinitely. The two wave speeds, in the infinite wavelength
framework, then converges toward the [28]’s one

. *2 %2
/\hj;o Cx Sk = Cx,Lamb- (23)

R. Skalak [10, 1] is nevertheless the first to mention the ”precursor wave”
associated with the axial pipe dynamics, although the used of shell approxi-
mation remained a limitation for practical analysis. Whereas it turns out that
the precursor wave prediction was indeed a robust prediction out of the shell
approximation context, Skalak’s model also neglects the wave speed dispersion
arising from radial inertia. R. Skalak achieved the first known derivation of

(FSI) four-equations of liquid-filled water-hammer

1 2
GO PT 0 W =~ 08, (24)
f 0
PLoW* 4 0. P = 0, (25)
k% * aE* * * *
Ps€ 8%( = m (Vsaz*£ +R083*< ) (26)
Axial inertia -
[28]’s axial tension
aE* * . .
- [é +0,0:+¢ } = P (27)
s 0

[28)’s radial tension

The r.h.s of results from kinematic boundary conditions associated with the
solid wall motion influence. It can be derived from Reynolds transport theorem,
as discussed in [I3] 18] and mentioned in [31] that we now detail. Consider a

domain (), having boundary 9Q(t). Inside Q(t) any field ¥ (scalar, vector,

14
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tensor) fulfills Reynolds transport theorem

4 / waO — / M o+ / W0, d00, (28)
dt Joew a@) Ot 20(t)

v, is the outer-normal velocity of the boundary 9€Q(¢) motion. This equality

can also be rewritten in a usefull way with the use of the divergence theorem

on the last term of so that

d ov dw
4 xde:/ (—l—V-(\Ilv)) dQ:/ (+\IIV~'U) 0 (29)
When considering the domain €2(t) as the pipe section S*(¢) whose boundary is
the moving circle C*(¢) having radius R*, and considering the unit scalar ¥ = 1,
then , associated with the kinematic boundary condition u,, = 9¢* /0t leads
to

d

iy o5, o 08
=57(0) _/C*(t) 5 dC=2mR" (30)

Using in whilst using @ leads to .

These coupled first-order hyperbolic (FSI) four-equations receive a more

compact formulation in the form of two coupled propagating waves operators

*2 * %2 *
0 0 2v c P

G L - SEACIELE [P ] o= 0 ey
0 Cs —F 0 0= ¢

*2

C*2 _ CO
p,Sk 1 2K (1-v2) °
+—05

with
(32)

Two years after, [32] followed up [10} [IT]’s analysis by (i) integrating the trans-
verse shear force contribution in the radial solid momentum conservation
(ii) considering the azymutal displacement. Using the same long-wavelength ap-
proximation framework, they also carried out a frequency-domain analysis and
converged toward [28] and [10, 1] results. Although precursor waves have been
theoretically predicted for a long time, there were experimentally confirmed in
1969 only [33] for elastic steel (aluminum alloyed) and visco-elastic (PE) pipes
by Thorley. Whilst the predictive trend for the wave propagation speeds was

inconclusive for visco-elastic materials, the order of magnitude for elastic solids
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was consistent. Thorley attributed these discrepancies to the temperature sen-

sitivity of visco-elastic rheology as illustrated in Figure [34] carried out a
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Figure 3: Experimental results of [33]. The upper curve represents the investigated elastic

material whilst the lower curve holds for the visco-elastic material.

complete study extending the analysis of [32] to viscous fluid. The kinematic
continuity conditions at the pipe’s wall were spelled out and ensured, whilst
the set of constitutive equations was analyzed under the scope of the plane
wave framework. The authors then concluded that the: ”‘frequency dependence
of the zeroth mode phase velocity is primarily a result of the tube constraint
at high frequencies and viscosity at low frequencies.” Finally, [34] were able to
propose an order of magnitude estimate for the transverse solid shear force,
ie (D/a)(c/ct)? 77 proportional to the fluid wall shear-stress 7,,. [35] car-
ried out experimental tests similar to those of [33] on polymer materials (ABS,
PVC) and steel for flexible and rigid configurations, i.e. unstressed and axi-

ally stressed pipes. Despite Thorley encountered difficulties in discarding the
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effects of the junction coupling arising from his downstream solenoid valve, he

clearly observed and identified the presence of precursor perturbations resulting

from Poisson’s coupling. [35] further noted: ”that mechanical damping can be

more important for water-hammer decay than viscous friction”. This remark

is meaningful when the radial inertia of the pipe is preponderant or when the

rheology is inelastic, as is the case for visco-elastic materials. [36] [37] delivered

a complete work emphasizing the previous contributions from [28] to [38]. The

authors

considered the rigid, elastic and visco-elastic behavior of a pipe together with

the viscous, or inviscid, behavior of the fluid. Their pipe model furthermore

accounts for the radial thickness influence. [36], 37| derive a complete set of

dispersion relations and studied the frequency dependence of the propagation

wave speeds.

[39] 40, [41] carried out an outstanding and complete analysis within solid’s

shell approximation taking into account thermal and fluid viscosity effects.
The work of [4I] provides a comprehensive overview of the main models,
assumptions and results of the early researches on hydraulic transients in pipes.
For the solid, the momentum conservation equation is integrated in the ra-
dial direction leading to an axial dependent problem, whilst the bending effects
were neglected. [I9]’s analysis is a breakthrough in the liquid-filled pipe re-
search area. A. Tijsseling combined both the Navier-Stokes equations, averaged
over the pipe’s section, with the solid momentum conservation equations (also
called Lamé-Clapeyron equations, [42]) to derive a set of four-(FSI) hyperbolic
equations [19]

S R S 0o 1 P
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0 1 Py w
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As in [28] [10, 32] a set of two coupled wave speeds can be found from -
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The last term of the ’S r.h.s involves a dissipative (a sink term) associated
with the wall shear-rate 7, the derivation of which can again be obtained us-
ing the Reynolds transport theorem as further discussed in Section 2.3] An
undamped simplified derivation of — neglecting wall shear rate 7, thus
neglecting dissipation, can also be found in [43]. Further information on the de-
velopment of liquid-filled pipe models during the 20" century can also be gath-
ered from the review of [12]. As also discussed in many places [12] [4T], [I8] [13]
the influence of a body force (e.g gravity) can easily be added into those FSI
four-equations. The wave speeds and the corresponding corrective coupled wave
speeds, are depicted in Figure[dl The Skalak’s pulse wave speed model converges,
in the limit « tends to one, to the D. Korteweg’s one, whilst as expected, the
A.S. Tijsseling’s model differs for thick tubes (Cf. Fig. . In addition, for
very thin pipes, the models strongly differ in the prediction of the coupled wave
speeds as depicted in Figure To provide the pressure dynamic predictions
the four-(FSI) equations system — nevertheless requires a closure wall
shear stress model for 7 [44]. This necessitates a rather developed discussion
which is postponed to section[2.3] Un-damped wave propagation, is nevertheless
interesting to compute considering 7,;, = 0 in the coupled hyperbolic problems
— which is strongly dependent on boundary conditions, an issue related

to junction coupling which is now considered.

2.2. Junction coupling

2.2.1. Junction coupling within simple domains

This section first considers the simple pipe’s configurations and later-on dis-
cuss more complex ones, such as networks. Coupled FSI propagative hyperbolic
problems are determined by their boundary conditions. Within simple config-
urations, since these boundary conditions might differ, it is possible to propa-
gate one formal, yet un-determined solution —satisfying one of the boundary
conditions— to the other additional boundary conditions. This is how transfer
function matrices are used in free oscillation theory. It is also the way Transfer

Matrix Method (TMM) handles the influence of boundary conditions. One ad-
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Figure 4: Pulse and (FSI)-corrective wave speeds deviation analysis for the models of [6] [10}

1], [43] for solid/fluid velocity ratio Cs = 4.93, and fluid/solid density ratio D = 0.126.

vantage of TMM is to be able to perform an explicit dependence of the solution
to the prescribed boundary conditions for general sets of (linear) boundary con-
ditions, either for FSI water-hammer [45] [406] [47, 48] or even in visco-elastic solid
response [49]. TMM can either be expressed in time domain [50] or frequency
domain [511 [52].

TMM has permitted explicit analytical solutions in restrained configurations.
Non exhaustively among a vast literature TMM solutions have been developed
for single pipe [47,[53], single pipe with elastic constraints [54], series pipe system

[65], curved circular pipe [56], curved pipe with various degrees of freedom
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[57], extended blockage [58], simple tree-like metric graphs [59], single pipe of
arbitrary transverse shape approximated by Euler beam theory [60, [61] with
various degrees of freedom or with visco-elatic solids [62} [63] in Laplace domain.
In this section we first discuss the explicit way a transfer matrix condition is set
for general linear boundary conditions. In the following some useful notation is

considered, such as the dimensionless elastic velocity ratio
(37)

The physical time t* is furthermore re-scaled with respect to the fluid acoustic
advective time scale, i.e. 7 =tL*/ ¢, whereas the axial coordinate is non- dimen-

sionalyzed by the pipe’s length, i.e. Z = z/L. The perturbed fluid pressure P*,

*

and axial solid stress component o7,

are re-scaled by the [64]’s over-pressure,
ie. O (ppcp,Wo) where Wy is the flow variation applied within the pipes, so that

their dimensionless counterparts are denoted

P oy
P = —— d, = 7 — . 38

Note that, on the denominator of the right side of the dimensionless stress
0., has been obtained from using Joukowsky’s overpressure, anticipating the
normal stress continuity between the fluid and the solid compartment. The di-
mensionless water-hammer four FSI hyperbolic equations can be recasted in the
following two-wave coupled equation system — without friction coupling

(i.e when 7 = 0)

(92— C}o7)P =0, (39)
where
5 1 2usD P
Cp = ) ,and, P = . (40)
v, 4v. D C2
a(2+a) a(2+a) + s Ozz

Off-diagonal terms of matrix C% are proportional to the Poisson coefficient v
so that the fluid pressure and the solid stress decouple as vy — 0. Furthermore,
as Vs — 0 the remaining diagonal terms are 1 and C2, the two eigenvalues of
the resulting diagonal matrix. These eigenvalues are providing the two distinct

wave-velocities of the uncoupled limit: 1 which is the dimensionless pressure
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pulse velocity ¢, whereas CZ is the dimensionless elastic wave solid one. When
vs # 0 the eigenvalues of matrix C% provide the velocities of the coupled system.
The vector homogeneous wave-equation resolution will be handled within the
eigenvectors basis of C% as in [47]. The eigenvalues of C3, denoted c3 > 0,
associated with diagonalized matrix C%, correspond to the wave speed mode
propagation. They are the solution of the following polynomial characteristic

problem
42D

4 2
12y 5T
“E [ + S+oz(2—|—04)

} G +C2=0, (41)

the solutions of which are

9 | 4D 42p \2
1+C+ 53 £ \/<1 +C2+ a(2+a)) —4C2
2

(42)

=

is the dimensionless version of . The asymptotic behavior with respect
to a parameter of all dimensionless velocity is illustrated in figure from [65].
As « increases or vy — 0, the dimensionless positive and negative wave speed
mode, cy tend to Cs and c_ tends to one. The various asymptotic limits of other
dimensionless velocities are also reported for completeness in figure 5} The fluid
pressure and the axial solid stress as well as their respective time-derivatives are

assumed initially at rest so that
P(Z,0)=0 ,0,P(Z,0)=0. (43)
In the diagonal base of matrix C3 the system becomes
(02 —C30%) P =0 , with, P(Z,0)=09,P(Z,0)=0, (44)

where the change of basis

221/5’D 221/5’D C2 0
m= (21 1), ez = =TICAI ' ,and, P=T1"'P, (45)

1 1 0 ci
has been used. The pressure-axial stress 2D-vector P = (P, 0,,) is transformed
into a linear combination of those in 2D-vector P from . The Laplace

transform of then leads to
(s - C%0%) P =0, (46)
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C%, being diagonal given . A solution can be found for the spatial ODE

system leading to

P(Z,s) =E(Z,s)PP(s) + F(Z,s)PV(s), (47)

with 2 x 2 diagonal matrices
cos <£Z> 0 sin <£Z> 0
E(Z7 S) = - is k) F(Z7 S) = i . is ) (48)
0 cos <ZZ> 0 sin (ZZ)
and PP (s), PV (s) 2D-vectors yet to be found. PP(s)/PN (s) provide the Dirich-
let/Neumann mode-dependent amplitude of 'IS(Z7 s) respectively associated with the
condition imposed at location Z = 0 because E(0,s) = I and F(0,s) = 0. A general

set of boundary conditions is stated as

P(0)
N M 0 0 9zP(0) o, (19)
0 0 9 R (1xs) P(1)

dzP(1)

(4x1)
with A, M, @, R 2 x 2 matrices associated with the Dirichlet/Neumann couplings
at both ends. It is worth mentioning that condition needs to be enlarged in the
case where the applied boundary conditions depend on the velocity. Then, a four-

dimensional wave vector including the fluid velocity and solid longitudinal acceleration

-1
c_ 0
needs to be considered as performed in [50]. Introducing notation C" = B
0 ci
+
from definition one gets
07E(Z,s) = —isC5'F(Z,s),  07F(Z,s) =1isCp E(Z, ) (50)

Combining the expression of , with the Laplace transform of the bound-
ary condition system (into which the Laplace transform of the Dirac distribution
6(7) equals one, i.e § = 1), one finds
PP
L @=8"s (51)
P
with & being a constant 4-vector depending on the precise set of boundary conditions

(explicit examples are given in [53]) and

N isMC'
B= . (52)
QE(1) —isRC5'F(1) QFx(1) +isRCH'E(1)
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The inverse of 1) is then needed to find P from solving . One can note that the
general solution for arbitrary closure law can easily be deduced from solution by
multiplying the constant source term & by the Laplace transform of the closure law
(which depends on s). Alternatively, in time-domain, the general closure law solution
is found from a convolution product with the impulse response solution as detailed in
[50]. The impulse response is thus a generic solution. Following notations of [53] by

introducing the adjugate matrix of B, namely adj [B] one can write

-1 _ adj [B(s)]
B (S) - det B(S) ) (53)
Let us furthermore introduce the two matrices
1 0 0 O 0 0 1 0
10 = , and, OI = , (54)
0 1 0 O 0 0 0 1
vector P (s, Z) can then be found using , and to reach
5 (adj [B])
7)) =|E(Z,s)I F(Z I ————
P(s.2) = [E(Z9)10 + F(Z.5)01) JH2S. (53)

(55) is the formal solution for the 2D-vector P(s, Z) in the frequency domain. For
specific sets of boundary conditions, this formal solution can be further developed into
explicit analytical expressions. In [53] the complete analytical solutions of three fam-
ilies of boundary conditions are detailed, thus not repeated here. Nevertheless, there
is one salient and generic feature of this solution which is of distinct importance : it
diverges for specific values of s called poles. It can be shown from applying inverse
Laplace transform and Cauchy theorem [53] that these poles provide the specific nat-
ural resonant frequencies of the wave system or, equivalently the specific oscillating
modes of the time-domain solution. The ensemble of these discrete resonant frequen-
cies is the solution’s spectrum. As discussed in [53], from solution one can find

that this divergent condition at poles is given by condition
Sp={se€C |detB(s) =0}. (56)

Condition can be translated into a transcendental equation, the roots of which
are denoted sk. One can find in [53] three configurations where the transcendental
equation is explicitly given and for which, in each case, the root sj is purely imaginary,
ie.

Sk = i\ , with, Ax € R. (57)
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Curiously, it is only recently that a formal one-to-one mapping between TMM Laplace
domain solutions and time domain ones has been clarified [50, [53]. One important
consequence of this one-to-one mapping between Laplace domain and time-domain
solutions is the appearance of discrete spectrum of A, leading to sin(Axt) time oscil-
lation modes. If no friction model is taken into account in these FSI function coupling
solutions these modes are not damped. Including friction models produces damping
with a resulting time decay specific to each mode as discussed in Let us now add
some aspects concerning time-domain solutions. Following notations of [50] the mode
decomposition of time-domain solutions is performed over the eigen-function based

®,,(Z) of the heterogeneous operator H based on C3 defined as
H®L(Z) =C% - 0381(Z) = —\i®r(2), (58)

The eigenfunctions have been given in [50] as ®x = ¢r/| Px||

6e(2) cos (AE’“—Z> + tan (i‘—") sin (AC"—Z> (59)
k = y - P , 59
_+ AwZ Ak gip [ 2EZ
Beo (cos ( o ) + tan (C+) sm( P ))
with 3 defined as
2
ctcz —1
== . 60
= (60)
Furthermore one has to define a general scalar product,
’ ! 2 1 ’
v e LR < R), (¥ 0 =Y [ V@@ 6
=1 70

with j = 1, 2 referring to the j** components of vector n = (ni,m2) € R?, a real vector
which is adapted to each specific problem, so that the operator [58] associated with
boundary conditions @ is self-adjoint. More precisely, invoking the definition of H in
, the search for self-adjoint condition for operator H, equipped with scalar product
, performing a double integration by parts leads to

(HE, ') = (C2 - 020, ¥') = (¥,C% - 020 )+
> (o029 - w20:02))) . (@)

where c? are the j*" diagonal terms of C%. From self-adjoint property (HW¥, \Il/) =
(@, ’H\Il,)7 is thus obtained from condition

Sl [02%,(2)0,(2) - w,(2)0:%,(2)] | =0. (63)
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402

Eigenfunctions ®,(Z) are chosen of norm unity, i.e (®5, ®1) = 1 [50]. Operator H self-
adjointess is a prerequisite to get a discrete spectrum composed of distinct eigenvalues
as well as an orthogonal base decomposition. Using a proper choice of scalar product
weight = (n1,12) satisfying permit to write the general time-domain solutions for
the FSI problem to be decomposed into some homogeneous part and some particular

solution taking care of non-homogeneous boundary conditions at the edges

P(Z,7) = ar(r)®x(Z) + Pp(Z,7), (64)
SP

where ap(7) are the mode amplitudes and P, is a particular solution lying in the
kernel of H, i.e
HP, =0, (65)

so that, it can be decomposed as a linear and constant field
Po(Z,7) = ZP,(7) + Py(7), (66)

where ’P; and 'Pﬁ are two time functions used to map boundary conditions as well
as initial conditions as further detailed in [50]. Let us investigate further the homo-
geneous part of the time-domain solution in order to find how the spectrum solution
condition appears in this case, and how does it compares to the one obtained in fre-
quency domain. Transposing the TMM method in time domain one can propagate

the boundary value from Z = 0 to a solution of at coordinate Z from chosing
. 1 .
@k(Z) = E(Z, Z)\k)':bk(()) — )\ka'PF(Z, Z)\k)az‘:pk(O) (67)

which is built, from definitions, so that when using and again, E(0,i\;) =1,
F(0,iAx) = 0 one gets self-consistent ®(0) = ®x(0) both sides in (67). Similarly
from derivating using again one finds

02®1(Z) = MCp F(Z,i\e)®1(0) + E(Z, i) 0281 (0), (68)

so that once again 9z ®(0) = 9z P, (0) both sides in . Hence, using and
at Z =1, it is possible to express boundary condition as

N M . (0)
QE(L,i\) — MRCH'F(1,iAr)  —5-Cp [QF(1,iAx) — M RCH E(L,i\k)] ) \0z®w(0)

(69)
A non-trivial solution to boundary condition is only possible if the matrix has a
non-empty kernel, i.e if its determinant equals zero. Comparing with shows
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that these two matrices have a determinant which is proportional, so that the zero
determinant condition leads to the same spectrum. Hence the discrete spectrum solu-
tion is identical either found from frequency domain or time domain. Furthermore, in
time-domain, the homogeneous solution value and derivative at one node of the single
pipe pertain to the null-space of a given matrix. We will find in the section that
the spectrum of vibrating modes into a network share a similar property, but for a

distinct matrix.

2.2.2. Junction coupling within complex domains

Within pipe systems and networks, even in the case of linear boundary conditions,
most of the literature analyze junction coupling using numerical methods. This is
mostly because in this more complex context, analytical solutions are most often not
possible to find. Nevertheless section covers recent advances whereby some alge-
braic analytical solutions are discussed in networks. Since dealing with an hyperbolic
problem, classical numerical methods have been adapted and developed to solve water-
hammer wave propagation using Method of Characteristics (MOC) [66] [67, 68 69} [70],
Finite Element Method (FEM) [71l [72, [73], [74}, [75], [76] [77], Finite-Volume method (FV)
[78] 79} [80L 811, [82], [83] or coupled MOC-FEM [84]. The respective pros and cons of
these various methods have been discussed in several specific reviews |27}, [I5], [85], so
that a similar meticulous discussion will not be be repeated here. When FSI’s ef-
fects are ignored considering the pressure transient dynamics in hydraulic systems
[13], MOC is one of the most popular methods. Rather than considering a pressure
wave second order propagation operator, it is more precise and easier to consider
the first order coupled hyperbolic problem associated with the pressure and velocity
. Since for water-hammer wave propagation within pipes having elastic properties
(such as metallic materials), the wave velocity is homogeneous along each pipe, MOC
provides an easy to implement, very weakly dissipative integration method. MOC
nevertheless has two intrinsic drawback/weakness. First, a Courant—Friedrichs-Lewy
(CFL) condition (obviously not specific to MOC’s method) ¢;,; Ati;/AZ;; < 1 has to
be fulfilled along each pipe ij, connecting node i to node j whereby the wave velocity
is ¢p,;; prescribing a constraint between time-step At;; and spatial discretization AZ;;.
Since the CFL condition has to be fulfilled in each pipe, the most restrictive time step
enslaves all others so that the time step is At = min;; At;;. The CFL condition also

prescribes the spatial discretization AZ;; = cp,; At in each pipe. This constraint con-
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siderably enlarges the number of unknowns of the problem as well as imposes a small
constant time-step (without the possible use of adaptative time-stepping). The sec-
ond drawback is that even if MOC is well adapted to non-dispersive wave propagation,
i.e propagation with constant wave speed, this framework is limited and not always
relevant. For example, in the case of water-hammer within visco-elastic pipes, the
wave-speed is not constant over time. In this case, MOC method is not well adapted
even though some scheme and approximations have been developed to extent its ap-
plication in this context [27) (15 [85]. On the contrary, FEM and FV methods permit
the use of adaptative time stepping and/or implicit time integration schemes debili-
tating the numerical cost of the CFL constraint. Both FEM and FV can be applied
with stabilizing hyperbolic schemes (the most popular being the Godunov scheme for
FV [78,[79], [86], and possibly the Streamline Upwind Petrov—Galerkin SUPG for FEM
[87]). One distinct advantage of FE over FV is its ability to deal with FSI from solving
the coupled solid elasto-dynamic problem. Furthermore, considering FEM method in
more than one dimension in space (e.g non axi-symmetrical breathing varying along 6)
also permit to handle much more general deformations (e.g yaw, torsion, etc..) than

pipe breathing modes mostly considered in this review.

2.3. Friction coupling with shear stress dissipation modeling

As recently discussed in an authorized survey by A. E. Vardy [88], friction is
one mechanism of water-hammer’s damping having attracted much attention, by the
author himself but also many others as will be discussed just below. Many modeling ef-
forts have indeed been dedicated to model the experimental damping of water-hammer
waves, which turns-out to be a subtle, difficult, but also central issue in the topic. Let
us start briefly from mentioning why this issue definitely owns a practical interest.
From neglecting wave dissipation and dispersion, surge analysis is a current engineering
computation which permits to localize the most dangerous spots, i.e locations where
the water-hammer pressure can exceed security prescriptions into a given installation,
resulting from a given operation/incident within the network (e.g. valve closing, hy-
draulic motor tripping, check valve failure, pipe breakage, etc... ). Obviously this
analysis can be overprotective, and possibly alarming. Hence more accurate predic-
tions for water-hammer events is of interest for lowering the cost of water-hammer
protection equipment and security design of a given installation. This is where friction

modeling kicks-in. As for any modeling, two strategies can be pursued : on the one
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hand, a practical one, dealing with developing specific, dedicated and accurate models
able to describe observations. On the other hand, a more generic one trying to de-
cipher which friction mechanisms are involved, and how they could be modeled in a
generic way. Before entering into the details of friction model, we would first like to
mention (for honesty and perhaps clarity) that this review is more oriented toward the
second modeling effort. One motivation behind this tropism is the ability to quantify
the respective contributions involving various superposed effects, so as to be predictive
in different situations. Nevertheless, albeit many research efforts, this issue has not
reached this level of maturity, as now detailed.

Some wall-shear-stress models emerged from the hydraulic analysis of viscous flow
in pipes, ignoring (FSI) effects. In many cases, the acoustic hypothesis is used for the

fluid and the Poisson coupling is discarded, |89, [90} 911 [13] 92].

Nevertheless before discussing the various dissipation models proposed in the lit-
erature, let us step out to properly derive how the wall shear-stress happens to be the
key ingredient in this issue. As previously mentioned in the momentum balance
second equation of Tijsseling’s four-equation FSI model can be deduced using
Reynolds transport theorem. Considering a flexible tube, i.e a tube whose radius and
section varies in time, where a velocity field u* flows, momentum balance in the fluid
(without body force) reads

*dV* *
hWIV'O'f, (70)

where the fluid stress-tensor of a Newtonian fluid is
o} =PI+ p5(Vo' +Vo™l) =0f = P14 2u5e"y, (71)

where the deviatoric part of o} is related to the symmetric velocity gradient e*; =
1/2(Vv* + Vo*") defined in (7I)). Let us first consider (70)’s r.h.s. Integrating
into the infinitesimal volume Q(¢*) = S*(z*,¢") X €, based upon the product between
the section S* with the infinitesimal thickness €, along z direction, whilst using the

divergence theorem leads to

/ V~a}:/ O';;-Ild8+/ a;-ndS+ez/ ot -ndC"  (72)
Q(t*) S*(z*+ez,t) S*(z*,t) *
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where C is again the contour of surface S*(z*,t). . gives

/ V.o;=-8"(P(z"+e)—P(z"))e. + ez/ T,dC* (73)
Q(t*)

s

+2/.Lf/ e'r- e,
S*(z*+ez,t)US*(2*,t)

where P denotes the surface average pressure, i.e P = fs* Pds/S*. Let us now take
care of the integral of 7s Lh.s. For this we use the Reynolds transport theorem
for vector field ¥ = p}v™ which leads to

d * _ ok a *V* Kk k
[ evaa= [ (P49 vv)) an ()
Developing the r.h.s integrand term of leads to
A(pjv) o0} .

* * * * * * * 8V * *
o +V-(ppvv)=v <8t* + V- (prv )) +pf(at* +Vv'V.vY)  (75)
Since the local version of the integrated mass balance (4])’s reads
Oe=ps + V- (pyv") =0, (76)

this permits to simplify the r.h.s of , so that using in and then leads
to the equality

- prvidQ = / pF——dQ (77)
at* Joun "’ e T dt
Using now the domain Q(t*) = S*(2*,t") X €., integrating ’s L.h.s using and
(73) whilst dividing both sides by €., projecting the vectorial equality along e, and
taking the limit €, — 0 leads to

d ) P*w* -
%/L;*pfw ds=-S 82*+/ f8*2d5+/ TodC™. (78)

We now consider axi-symmetric wave perturbations (pipe breathing perturbations) for

which 7, is uniform along C*. Furthermore, a core acoustic wave velocity for which
the longitudinal velocity field w™ is uniform and denoted W* is also considered. On
’s Lh.s, there is small contribution of boundary layers where w* tends to zero near
the boundary, but these regions are small. More precisely denoting § Rj the boundary
layer thickness, as § = y/1/eRe, with § < 1, ¢ = Ry/L < 1 and Re, = Ric)/v >
1. The correction from these regions to (78)’s Lh.s are O(6). Similarly, on (78)’s

r.h.s, a core acoustic perturbation having constant longitudinal velocity W™ is such
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that 8*W*/9z*% = 0, so that a non-zero contribution of the viscous dissipation term

0%w* /0z*? is found only within the boundary layer. This leads to

d * ok * o *aﬁ
(ST W) (14 0(8) = ="

+ 27 R 1, (1 + O(9)), (79)

Furthermore, from integrated mass-balance one gets

d * vk * vk *
@(Pfs )+ ppS 0+ W™ =0, (80)
so that, finally, using in leads to
* * aﬁ 2 *
pr00 W (14 0(8)) = — 5 + -7 (1+0(), (51)

Since § < 1, O(9) corrections are generally neglected so that is identical with
the second line of . ’s r.h.s thus involve a source term proportional to wall
shear stress and responsible for the wave damping. It is directly related to the vis-
cous dissipation arising within the liquid boundary layer. Hydraulic water-hammer
modeling has mainly been focused on dissipative viscous losses, whilst disregarding
(FSI) effects. More precisely, this means that most of the hydraulic literature ignores
the stress-acceleration equations and only consider discarding Poisson’s cou-
pling, i.e in the vs — 0 limit. In this limit, the set of four-(FSI) equations introduced
in -, simplifies to two coupled first order hyperbolic equations for the fluid
pressure P and longitudinal velocity W™ [93] [94]
R A T I g Iy

0 w* Pyl \ 1

Py

(82)

The coupled first order hyperbolic problem can be re-casted into a second order

wave equation, in dimensionless form, using z* = ZL as quoted in [13] [95]

OTw
[0 —0%] P = 2587. (83)

When viscosity effects are taken into account, one needs a wall shear-stress model.
This issue turns out to be central, for a correct evaluation of the wave damping pre-
diction and this is why it has attracted so many studies in the literature. But, as
previously stated, it is a subtle issue, for which there is still surprisingly remaining
open questions at the present state of the art, as will be discussed at the end of this

section. Furthermore, the dimensionless pressure wave (83) shows that the dissipation
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rate is slow since the r.h.s is small, i.e O(4). This specific asymptotic property has
nevertheless been used only recently, and will thus be discussed in section |4.1]

A first intuitive empirical and popular wall shear-stress model is built from the
extension of the steady-state Darcy-Weisbach friction law (Cf. [19}[96]13]) to hydraulic
transient. The use of the redesigned quasi-steady wall shear rate 74s¢

_ p;‘fDWW*(Z*,t*)|W*(Z*7t*)‘
8 I

Tast(27,17) (84)

through the dimensionless Darcy-Weisbach coefficient fpw, is nevertheless question-
able for transient investigations. Poor experimental agreement is sometimes found
using this dissipation model [97 [98], 99]. Furthermore, even if the extension of steady
friction to quasi-steady one seems a plausible model at first sight, one should bear in
mind that has not been established within any rigorous derivation framework.
Also, this wall-shear stress model considers that the rapid wave shear is coupled with
the steady-state velocity. How such coupling between steady and transient happens
for the shear stress is elusive. We will consider this issue in a much deeper way in
section , so as to address the fluid mechanics behind a possible coupling between
the steady-flow and the unsteady one, still not well understood at the present state of
the art.

This quasi-steady model has then been enriched to improve the experimental atten-
uation’s predictibility. Several classes of model, [16] have been established: (i) instan-
taneous material acceleration-based (IMAB) models and, (ii) weighting function-based
(WFB). Although conceptually different, these two approaches seek to account for the
same physical observation, that the near-wall dynamics does not instantaneously re-
spond to the core velocity variations. The energetic dissipation emerges from the time
response delay between the central part of the flow and its boundary layer. Finally,
these models are based on a decomposition of the total wall shear rate into a quasi-
steady component, via the use of the Darcy-Weisbach model 7 and a transient one
Tir, [13]

Ta = Tast + Tir- (85)

The 74, component is then expected to fill the gaps between the model predictions
and the experimental observations, when only a quasi-steady wall shear stress model

is considered.
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Instantaneous material acceleration-based (IMAB) model. IMAB relies on semi-empirical
observations and assumes a linear variation of the transient wall shear stress 7., with
respect to the mean flow acceleration 9:=W?™. These models arise from the experi-
mental work of [I00]. The author analyzed the turbulence structure in a pressurized
flow with or without orifices. [I00] highlighted the time delay between the response
of boundary lines with respect to the mean flow variations. He then proposes the

following transient wall shear stress model

T = @aﬁw*, (86)

where ks account for the boundary response deviation. When re-injecting the above
transient wall shear stress expression into the hyperbolic constitutive equation set ,
it turns out that no energetic damping arises, [I0I]. Indeed, the time-derivatives of
both and can be factorized so that no source term remains in the hyperbolic
system r.h.s. However, the structure of the hyperbolic system, i.e. its eigenvalues
and eigenvectors, are modified by k3. The wave speed is thus modified by a 1/y/1 + k3
prefactor. To account for energetic losses, the (IMAB) model was then later completed
by [102] 98]. The authors added a convective term to the transient shear-stress (86

and proposed that

pyks RS

Tt*r (‘Ta t) = 2

(6t* w + C; . Sgn(W) |8z* W*‘) ) (87)

where sgn(W) stands for the accelerating or decelerating transient flow phase. This
inertial contribution, similar to the Navier’s inertial terms, creates a source term in the
hyperbolic system , Consequently, the (IMAB) model intends to model both the
attenuation and the phase shift of overpressure waves. Some authors, [103}, [104] [105],
also developed a slightly distinct model by using a second semi-empirical parameter
ks

)

Tir(,8)" = L2 (ka0 W + ey - sgn(W™) |02 W) (88)

and then distinguished the phenomenon of wave speed deviation from the damping
one, [I0I]. When the single coefficient model is used in , an approximation arising
from theoretical arguments is used to estimate the Reynolds number dependence of
ks, [106]

ks = % , if, Re <2000, (89)

ks = 1/ 74 , else, (90)

2\ oo (tbs)

33



509

510

511

512

513

where Re = WoRo /vy is the Reynolds number, Wy is a reference axial fluid velocity
magnitude and vy is the fluid kinematic viscosity. The review of [I3] provides an
excellent state-of-the-art of (IMAB) models. In addition to the use of semi-empirical
models, some analytical developments relying on a weighting function-based (WFB)

approach, have also been carried out.

Weighting function-based (WFB) model. WFB seeks for an analytical description
of the viscous shear energetic losses. One of the first noteworthy contributions has
been provided by [107]. In the low-Mach number acoustic framework, i.e. neglecting
Navier’s inertial terms and decomposing the fluid variables into steady and perturbed
components, the authors performed a Laplace domain analysis of the fluid mass and
momentum conservation equations. They found a radial- Bessel-dependent solution
for the axial fluid velocity W*(r). The transient wall shear stress was then also derived,
directly from a direct computation of the shear

T = PRV WL (91)

r=Rg

This theoretical approach is also consistent with [7] for the maximum overpressure
prediction. Furthermore, [I3] highlighted the relevance of a previously defined dimen-
sionless parameter associated with the pressure waves damping, which is now known

as the water-hammer small parameter ¢§

viL* vy L* tr 1
=t =k == (92)
C;;RO RO C;’ tvis €R€p

where t5;, = R;?/ v} is the viscous diffusion time-scale within the boundary layer, and
tz = L*/cp is the advective time-scale of the wave, ¢ = Rj/L" is the inner pipe’s
radius to its length ratio and Re, = Ricp,/v} is the pulse re-scaled Reynolds number.
This small parameter is the cornerstone of the asymptotic analysis of water hammer
as will be discussed in section Approximatively at the same time as Holmboe,
Zielke [108] [109] delivered a famous analysis of fully developed laminar boundary layer
and derived a diffusion equation of the axial fluid velocity, forced by the longitudinal
pressure gradient

or — y;% oy | wr = —Lo.p. (93)

Py
Solving in the Laplace domain, and then performing an inverse Laplace transform

using Cauchy’s residue theorem leads to a time-convoluted form of the wall shear stress
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4p% V7% 20%50% [t
7o = LI gy g PI / O Zietke(t* — T5)EWdT™, (94)
RO RO 0
N——
Tgst T

where O z;eike(t) is the convolution kernel. For practical use of this kernel Zielke has

provided some approximate fitting of the form

5 )
" t* 2 . t
Ozicike(t*) = ;m (T) , if " < 0.02, (95)
4 PR +*
Ozictke(t™) = ;3 “is i, E > 0.02, (96)

where n;, m; parameters can be found in [109]. The presence of the 745 term in
arises form the fact that W. Zielke did not decompose his fluid velocity and pressure
fields into steady and perturbed components as its classically done in the low Mach
number acoustic framework. This point is highlighted here and will be discussed
further in section It is interesting to point out that the W. Zielke’s kernel is
convoluted with the fluid mean acceleration. It then reflects that the underlying
physical phenomenon governing the energetic damping in the (WFB) models and in
the (IMAB) ones is the same (Cf. (86))), and relies on the non-instantaneous response of
the boundary layer with respect to the core acceleration. Whilst the (IMAB) assumes
a direct linear relation between the wall shear stress and the mean acceleration using
ks, the (WFB) embeds all the historic mean flow variations through a time convolution
with ©zieike(t). The scaling of the W. Zielke convolution kernel is obtained regarding
both the first term of and by setting up the characteristic advective time scale

Te = f_—;, thus leading to

Ozietke = O <%> ; (97)
with ¢ as introduced in . The convolution kernel scaling thereby merges with
the conclusion of [107]. Finally, the author confronted his theory to the experimental
data of [I07] and a very close agreement was found as revealed in Figure [6] [I10]
extended W. Zielke’s work into an asymptotic analysis which supposes a near wall
inner concentrated laminar boundary layer, or a skin friction model. The flow in
the core area, bulk or outer region, is then considered as inviscid. The Figure
provides a schematic representation of the [I10]’s asymptotic model. During a transient
event, the authors supposed that: ”the fluid remains divided into a turbulent core and

laminary boundary layer and that, the boundary-layer thickness remains constant.” The
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Figure 6: [I09)’s theoretical predictions compared to [I07]’s experimental data. The following

notation are used: H the hydraulic head line, a the pulse wave speed.
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(a) Laminar boundary layer concept, [110].
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(b) Axial velocity matching at the fluid boundary layer interface, [110].

Figure 7: [110] boundary layer model for pressure waves energetic damping.

boundary layer thickness, and hence its dynamics, are thus governed by the preexisting

flow regime. The dimensionless steady boundary layer thickness ¢, follows from the
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equilibrium of steady state viscous terms with the initial the pressure gradient

_ 4
waRe ’

Two approaches are then proposed to evaluate the attenuation of pressure waves.

Ost (98)

The first one relies on solving the inner region problem associated with the diffusion
equation upon the axial velocity in the boundary layer. A velocity matching at the
boundary layer interface is then performed to ensure kinematic continuity conditions
(Ct. Fig. The second method involves energy balance from taking into account
energy losses via the quadratic integral of the wall shear-stress over the boundary
layer thickness. [97] extended a similar asymptotic approach from designing a two-
dimensional model to describe the viscous losses in both the laminar and turbulent
regions. By considering the pipe as an in-extensible solid, i.e. without radial dilatation,
they decomposed the fluid into a succession of interconnected concentric ring of small
thicknesses. Each layer of fluid is coupled to others via momentum transfers, radial

kinematic and shear stress continuity, as depicted in Figure [§] Ensuring mass and

v; T
—e —4 — ! —
— 4- e y —
e T v]__] T}'—l ] —
R -—
pressure p  __, e - - Dbop
e e
S M, ;ri - —
— + —

Figure 8: Momentum balance on a cylinder element, [97]

momentum conservation within each rings, [97] derive a coupled hyperbolic system
forced by the radial transfer. For turbulent flow regimes, a five-region model has
been adopted to model the shear rate. The authors found: ”pleasantly surprising that
Zielke’s expression is so successful even through his assumed (laminar) initial velocity
profile differs markedly from reality”. [113] extended the laminar framework of [110] by
taking into account the Reynolds-dependence of the flow in its convolution kernel. The
flow is again divided into two regions: (i) the acoustic outer (bulk) region where the
velocity field is radially uniform (ii) the inner boundary layer (annulus) where viscous

effects are concentrated. The dimensionless boundary layer thickness is once again set
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up to match with the preexisting flow conditions. Inspired by the experimental results
of [114], |[IT0] highlights the effects of the initial Reynolds number upon the convolution

kernel structure as illustrated in Figure@ In the boundary layer, a diffusion equation is

500 - B
c 400
S
5
c
3 300
2 ~ < _  Zielke (1968)
= 200 o |
) ta=11.3ms -
% 100

time, ms

Figure 9: [113] discussion on the convolution kernel Reynolds-dependence according to the

experimental work of [114].

once again derived in [I13], which merges with [109, [I10] analysis. The improvement
and elegance of [113]’s model lies in the inner-outer asymptotic matching handling.
The authors finally yielded the derivation of a Reynolds-dependent transient wall shear
stress kernel expression (via the ds; parameter)

O(t)vardy et al. (1993) ~ 5%% Z 6_[‘%]2%75 =0 ((%t) . (99)

kEN*

The experimental contributions of [115] [116] on the turbulent kinematic viscosity dis-
tribution in pipes, permitted [106] to extend [II3] to account for higher Reynolds
numbers (Re > 105). This new model, valid in a smooth pipe, is based on an ide-
alized radial distribution of the turbulent kinematic viscosity in the boundary-layer
as shown in Figure In this work, a core viscosity v. to wall viscosity v, ratio is
introduced and used to characterize the turbulent kinematic distribution

Yo = ovaray ~ 0.173 (fow Re) "2, (100)

Vy
whilst a new dimensionless boundary layer thickness is set up to scale in

b 5 Uc OVardy — 1

by e ovary =1 101
Ro k U In (UVardy et aL) ( )
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(b) Idealized distribution of turbulent kinetic
(a) Skin friction axial velocity distribution, viscosity,

Figure 10: Idealized velocity and viscosity distribution for the skin friction model of [106].

where u. is the uniform core velocity, U the mean flow velocity per section and b
is the dimensional boundary layer thickness. In the limit ovaray tends to unity, the
dimensionless boundary layer thickness of [I13], presented in , is recovered. A
similar asymptotic analysis as in [I13] is carried out in [106] yielding to the derivation

of a modified convolution kernel

_B* i*
AT e el )
9(t)Vardy et al. (1995) — f’ A" = ﬁ’ B" =0.135Re Re . (102)
t:is
Fort=0 (é), one finds
1
e(t)Vardy et al. (1995) = O (5) . (103)

Under the hypothesis of constant transient acceleration, i.e. if ;W constant in ,
[106] derived a straightforward relation between the semi-empirical deviation constant

ks, and their inertial shear coefficient B*

1
by~ 104
W1 (104)

This relation provides a plausible justification for the derivation of (89)-(90). [106]
point-out the Reynolds-dependence of parameter ks. Additional discussions concern-

ing the relations between [106]’s model and the (IMAB) ones are developed within
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[102]. Finally, it is important to mention that many expressions have been proposed
to model A* and B* from model derived from several approximations. For exam-
ple, [117] extend their previous model by modifying both (i) their idealized turbulent
viscosity distribution (until then considered as infinite in the acoustic core) and, (ii)
considering the boundary-layer thickness as independent from Reynolds. [117] reached
a new convolution kernel via a modification of the B* coefficient

Reloso (25dtr)

B* = 1286 (105)
which appear seemingly valid over a wider range of Reynolds numbers, i.e Re € [2 -
103, 108]. Ref. [118] gives a final answer in order to take pipe’s roughness into account.
It is noteworthy discussing [T17, [1T9] T18]’s assumptions. The authors indeed supposed
that the idealize turbulent eddy viscosity profile does not instantaneously respond to
the mean flow variations. Quoting the authors: ” The change in the effective viscosity
occurs during the period when the shape of the velocity profile is changing, not during
the earlier period when the velocity amplitude increases uniformly. That is, there is
a phase lag between the step change in mean velocity and the resulting change in the
effective viscosity.” This assumption is known in this literature as the ” frozen viscosity”

model and has been later-on analyzed by [120} 118 [13]. [120} 119} 118 13] confirmed

the relevance of the ” frozen wviscosity” approach as long as the shear pulse diffusion

2
through the viscous sub-layer time scale, i.e. Taif¢, sublayer = \/E?O with u? = %
the friction velocity, is smaller than the advective wave time scale, i.e. 7440 = IC’—: A

P
validity condition then follows

4R()Cp >
vV fow LWqy
or otherwise, invoking the definition of § and ds¢ in and , respectively

1, (106)

6> </ fowdst, (107)

It obviously follows from the condition , that it should not be expected close
agreement between the [117) [IT9] model predictions and the experimental data, for
observation times upper than 74iff subayer. T0 test these models, comparisons between
theoretical /semi-empirical predictions and experimental data were carried out in [9§].
The authors found excellent agreement for all the models herein presented. Other
experimental validations were carried-out in [122] [99]. [122] 09] performed a series of

experiments in an elastic copper pipe of length L = 98m, inner radius Ry = 8-10"3m
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Friction Model Category Model Name Equation
Steady anfi . Darcy Weisbach fo= 3fL QZ
quasisteady friction § 7 72¢D5
Instantaneous mean Hi 7\ B
flow velocity o fu= U.lSS(V — )
vma
Instantaneous mean flow . 2D dV
Dail fu _
velocity and local acceleration ay f =l+c V2 dt
Instantaneous mean flow
velocity, local acceleration, and Brunone fu= kD (Bl _ ﬂal>
convective acceleration VIV \ at dx
Instantaneous mean flow
velocity, local acceleration, and Vitkovsky fu= kD (81 —asign(V) v )
convective acceleration VIVI\ ot ° ox
Convolutional model _ l6n (90
Instantaneous mean flow onvolutionat mode fu= oD2A ot *W(T)

velocity and past velocity

changes weights Vardy and Brown

A* [,—B T
weighting function — =

W(t) = NG

. C . . . uwWI|W . . .
Figure 11: Friction coefficient f,, i.e. 7t = %ll for the characterization of transient

overpressure waves damping in pipes. Original chart of [121].

and wall thickness e = 107%m for a wide Reynolds number range, R. € [1100, 15800].
Despite their conclusions merge those of [98], they highlighted that (WFB) models:
” have to be singled out. These models predict almost superbly the wave front shape and
preserve the frequency. However, it is symptomatic that for higher Reynolds number
(over approz 10°) the damping effect observed in the calculated courses is greater than
in the experimental ones”. An observation also shared recently by [123} 124]. An
overview of all damping models can be gathered from the work of [12I] from which
Figure [[I] has been taken.
Beside pipe wall’s boundary-layer related damping models, some analysis suggest that
acoustic impedance discontinuities might also affect the phase as well as the damping
of water-hammer waves [0, [III]. How to handle and model the wave interaction
nearby discontinuities is still under debate 70l [I11] and many possible improvements
are suggested from a huge acoustic literature that this review does not cover. However,
a recent asymptotic analysis [I12] in complex geometries might help improving long-
wavelength approximation models when impedance discontinuities have to be taken
into account.

Finally, it is worth mentioning that despite of all these modeling efforts, water-
hammer friction models, are yet only partially successful when confronted with exper-

imental observations. One possible explanation — maybe an optative one— is that
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some issues might have been missed. As mentioned earlier, some researches evoked
the possible influence of turbulence [106] [II7]| of the ”steady” flow to influence the
water-hammer wave friction propagating through it. Also, at the roots of the quasi-
steady Darcy-Weisbach approximation is a coupling between the water-hammer
wave and the steady flow underneath. In both cases, the friction model depends on
the coupling arising between the steady base flow and water-hammer wave, but, to
our knowledge, the mechanical origin of this coupling has not been clearly elucidated
yet. A possible path toward clarifying this issue will be described in section where

a recent asymptotic study is discussed.

3. Poisson coupling in more complex contexts

8.1. More complex vibrating degree of freedom

I should be pointed out that, depending on the system’s Degree Of Freedom
(DOF), several additional vibrations must be taken into account (e.g. torsion, bending
etc.). The recent reviews of [15] [I7] provide insights into this modeling when all pipe’s
DOF are considered, leading to an increasingly larger number of equations (e.g eight
DOF leads to sixteen coupled equations [I7]). Obviously, in this context of extended
DOF analysis, only very simple pipe’s configurations have been considered without

taking into account friction coupling.

8.2. Visco-elastic FSI effects

Water hammer pressure waves propagating into liquid filled pipes having visco-
elastic solid walls experience a strong attenuation both in hydraulic contexts [88]
as well as bio-mechanical ones [125] [126], [127], [128] [18]. By the last quarter of the
twentieth century, Rieutord et al. [129] demonstrated that visco-elastic stress-strain
response of a pipe wall has a strong influence on the water-hammer waves propaga-
tion. A few years later some experiments from the same team [I30] complemented
with a 1D theoretical model [I3I] confirmed their first observations supported by a
theoretical understanding of it. As opposed to the case of a purely elastic solid, when
considering a visco-elastic wall, the water-hammer wave velocity becomes dispersive
[125] [0} [132], i e, the wave velocity depends on the considered frequency. Secondly,
the wave amplitude is exponentially damped because the wave velocity acquires an

imaginary component coming from visco-elastic dissipation [133} [31] [104] [134]. Both
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damping and dispersivity are related to the creep-functions J* defined as the strain
to stress ratio. More precisely considering the normal stress oy, and the longitudinal

deformation £,

=L =—=—— 108
Orr o7y E*’ (108)
where the strain tensor € and displacement gradients are related by
* 1 * gk *T pox
6:5(V5 +V g). (109)

A similar exponential damping is also present in water-hammer wave propagation
within purely elastic pipes as discussed in [2:3] Nevertheless it results from a very
distinct mechanism associated with the viscous dissipation within boundary layers
[95, [135]. In many cases however, the visco-elastic damping dominates over the vis-
cous one. This visco-elastic damping is filtering high-frequency oscillating elastic
modes. Since water-hammer wave propagation has been found material dependent,
the pioneering studies of [129] [130, [I31] inspired many others, following the similar
footsteps, combining experimental measurements with modeling associated with solid
creep-functions displaying Kelvin-Voigt behavior (Cf [136] 137 3T} 104, 138] among
many others). The applicative interest and the relevance of the topic motivated many
further studies whereby one could enrich the Kelvin-Voigt model [139] [140] to better
fit with observations. Alternatively, some authors also included both solid visco-elastic
damping and fluid one, through time-convolution, shear-stress models [141] 142 [143].
Because the modelling relies on many parameters, combined with time-convolution
many approaches are possible to match experiments raising a number of questions
including wave-speed calibration in visco-elastic pipes [138] [I44]. The influence of the
visco-elastic stress response has been more recently considered in a Fluid-Structure-
Interaction (FSI) context as more extensively discussed in the recent review of [15].
In this context Kelvin-Voigt solid responses of the creep function have also been used
in FSI four-equations models [145] [T46] [147] in order to improve the relevance of the
modeling. Furthermore, for improving data fitting, a series of Kelvin-Voigt units are
often considered [145], [148], [T46] [T47]. However, in these previous modeling efforts, the
creep-function parameters are calibrated [I49] not only to describe the visco-elastic
properties of the solid but also the considered pipe configuration associated with a
specific length, thickness, diameter and boundary conditions. Let us now first discuss

in more details visco-elastic models without FSI effects.
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3.2.1. Two-equations water hammer models within visco-elastic pipes

When considering an acoustic fluid region whilst disregarding the influence of vis-
cous boundary layer, the dimensionless low-Mach, long-wavelength mass conservation
and momentum balance in the core fluid region (the outer region of the asymptotic

framework) leads to the following two-equation hyperbolic problem [149] 43 [135} [65]

0, P+ C20,W

—2aC%0:¢|,,_,, (110)

oW = —0zP. (111)

In —, as used in a Joukowsky’s dimensionless pressure is chosen, i.e
P* = (prc, W*)P, built upon reference steady fluid velocity W*, also used for dimen-
sionless velocity W defined as w* = W*W. As in section dimensionless time
is again based upon wave traveling reference time, i.e t* = (L/c;,)7, associated with
the pulsed wave-speed c;, and longitudinal reference length L*, also used for dimen-
sionless longitudinal length Z* = L*Z. Finally the dimensionless longitudinal solid
displacement £* = &3¢ is related to a reference length &5 = RiaW™ /c;, the origin of
which comes from kinematic boundary conditions [135]. From the r.h.s of and
the long-wavelength approximation, continuity relations of the radial velocity at the
wall aT‘S’R:1 is automatically satisfied. The dimensional version of ’s r.h.s was
derived from Reynolds transport theorem using in section as resulting from a
kinematic driven FSI coupling. Writing — in Fourier space leads to

iwP+C0,W = —2iawC?|,_,, (112)

iwW = —8zP. (113)

These equations are complemented with Fluid/Solid interface boundary conditions.
To express them, one first needs to define the linear constitutive relation between the
solid stress tensor o™ and strain tensor €*. In frequency domain and dimensional form,

these constitutive visco-elastic solid equations read
* 3 * * ~% ~% *\ ~% . ~% 1 * oy * g
" = (W)Tr (€°) I+ 24 (w*)€" |, with, € = 3 (V &+ 'V Tﬁ*) . (114)

where Tr(€") = V* - £* is the trace of tensor € which also equals the divergence
of the displacement vector. A* (w*) and fi;(w™) are the generalized Lamé coefficients,
dependent on pulsation w*. These coefficients are usually found experimentally from
using Dynamic Mechanical Analysis (DMA) measurements). Since dimensionless for-

mulations are better for comparing various models in the same reference framework,
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the Joukowsky pressure is used as a reference pressure, for dimensionless stress ten-
sor o = prc,W*o. Each Lamé coefficient is made dimensionless using the Young
modulus, (A7, u2) = E*(Ae, fte), so that in dimensionless form, frequency domain and

cylindrical coordinates the visco-elastic equation (114) reads

- . 2 1 ~ o ~ é
= ew el M e w {M * R} . (115)
T 2 1 7€ o . ;
I PR b Rl Lk BT
B [ 2 1 ] ~ @ 8713 =
A o Rowm] w4 CORC
€ Cue (W) Gr: = OrC+€204E, (118)

Ignoring external constraints applied in the solid radial direction (supposing a zero
external normal stress) whilst using &, defined in (115, the continuity of the normal

and tangential stress as well as axial velocity read (Cf [65] for more details)

Gro=-P ,at R=1 Grr=0 ,at R=1+a (119)

Gr.=0 ,at R=1 Gr.=0 ,at R=1+4a (120)

Note that, for dimensionless radial distance r, since the dimensionless thickness of the
pipe is «, the outer wall is reached as R = 1 + «. Kinematic condition between the

solid and the fluid at R = 1 in Fourier space read
W = aiwl|,,_, i = oiwé|,_, (121)

It is noteworthy to mention that, the dimensionless form of the two-equation model

proposed by Covas et al. [31] reads

- - 2D - -

iwP 4+ 0zW = —— S iwTcoeu P, (122)
aC¢

iwW = —dzP, (123)

(124)

having the very same terms as — but for introducing the creep function Zcos
in the r.h.s term of . Using the relation between normal stress and pressure
obtained from normal-stress continuity boundary condition , since the normal
displacement §~ } ey D is linearly related with the radial velocity of which

is also linearly related to the normal stress, and thus to the wall pressure, the r.h.s
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term of (122) can be interpreted as resulting from some FSI effect. This is why the

full FSI problem is now considered.

3.2.2. Four-equations water hammer models within visco-elastic pipes

The dimensionless form of the four-equation model proposed by Keramat et al.

[145] is (the dimensionless formulation of this model is derived in [I35]’s Appendix)

iwW = —0zP, (125)
.o = ) ~ 2D (1 — 1/52) e -
WP + 0z W — 2iwav.0z( = —TzwIKETP, (126)
alg

o Vem . aCE A . Ve. ~ =

W6, —iw—P —iw 0zC = —iwlgerGzz + —iwWlker P, (127)
@ D «@

%uﬂé +026.. =0, (128)

where fKe,n is the Fourier transform of kernels proposed in Keramat et al. [145]). The
Covas et al. [31]’s model can be derived in the v. — 0 limit of the Keramat et al.
[145]’s one resulting in decoupling fluid axial dynamics to the solid’s one. Nevertheless,
it is important to stress that, in this limit the right-hand-side of is non-zero,
resulting from kinematic continuity condition which produces a FSI term into
already found in Skalak’s model , as previously mentioned. Both [31I] and [145]
then consider N, Kelvin-Voigt elements to build their convolution kernel interpreted
as a creeping law, each having its own exponential times-decay 7%, amplitudes Jj, to

model their convolution kernels, [148]

Nigy
(:z-Covvj'-Ke'r) = Zk: %4 (129)

e
5Tk

8.2.3. Generalized 3D wvisco-elastic rheology

Various Kelvin-Voigt models have been previously considered in the literature [150}
[T49| [T39] [T40|, 147, [146]. Nevertheless among those almost every model has used a 1D
scalar relationship between the stress and the strain. However, general visco-elastic
Kelvin-Voigt models can be formulated in 3D as provided by [I51] for the stress-strain

relation

o =X (14 10e) (VT4 (14 700) (V€ +977€7) . (130)
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having four parameters : two elastic Lamé coefficients A}, u: and two visco-elastic

times 7x, 7,. A more general 3D visco-elastic rheology can be formulated [135]

a1+ 700 ) 0" = AL (14 720) (V- &) T+ pg (14 7.0¢+) (V*E* + V*TE*) ;

(131)
where now, six constitutive parameters a, 7, Tx, Tu, As, s are considered, with again
(A%, 1) the elastic Lamé coefficients and (7, 7x, 7,) visco-elastic characteristic times,
all independent of frequency w™. general visco-elastic rheology encapsulates all
previous models used in the context of water-hammer analysis [126] 134} 152 [153] 154
155 [156], as detailed in table Among those parameters a might be chosen equal
to one if the elastic part of the visco-elastic response match with the purely elastic
one, since 1/a essentially appears as a visco-elastic rescaling of elastic parameters A}

and pi. Now, from the Fourier transform of (131) and identification with (114]) the

a | T | AL | T | HE | Tw
Carcione et al. [I52] VIV VY
Eringen, Canic et al.[153, 126] Vo v vY
Kisilova et al. [134] v v |V
Bland [154] v v
Tesan [I55] Vo v vY
Sharma et al. [156] VIV vV

Table 1: Comparative table of 3D rheological parameters taken from literature.

generalized Lamé coefficients can be deduced for this rheology

P I T
T ey (1+iw*r)

14+ dw*Ta

132
“a(l+ iw*r) (132)

Jand fil(w")

Generalized Poisson and Young modulus can also be found from these rheological

parameters
1+ iw” ~ E.(1+iw* 1+ iw”
(W) = LI g B () = Bl bW n) (L wre) g
1+ iw*n a(l + iw* ) (1 + iw* 7))
where the above introduced times-scale 7, and 7g are given by
)\57—)\ + HeTu 3Ae7_)\ + 2,“‘67—#
y = ————— ,and =—"*" 134
" Ae + fe ane e 3Ae + 2pte (134)
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In the following the dimensionless generalized Lamé coefficients are defined,

Ai(w") = AMw AL, and i3 (w") = fis(w)p, (135)

as well as the dimensionless generalized Poisson and Young modulus

vy (W) =05 (W) ve ,and Ej (W*) = E.FEs (W"). (136)

Also, the Fourier transform of the dimensionless creep function Ji(w) (T08) reads from

(136))
- 14 dwr2) (1 + iwr, 2
Js(w)zéza( e CL)( e 5). (137)
E, (1 + zwmfp) (1 + szEfp)

where dimensionless frequency w is related to the dimensional one w* = wecp/L using

the advective time-scale L/cp.

8.8. FSI Rheology-based four-equations dimensionless visco-elastic water-hammer

In [135], a rheology-based four-equations FSI model has been derived from the
general visco-elastic rheology (131) hereby presented in dimensionless form

. . . —r5  2Dve. sp.
WP+ 8, W — 2iwavedzC = —iwxelEP + Ce’; wils.., (138)
iwW = —8zP (139)

L. Wwe . = . aCP?_ T Ve . z5 =
zwazz—msz—zw D 0z¢ = —zwaazz—i—mzstaP, (140)
%oﬁé +026.. = 0, (141)

where the hereby introduced visco-elastic extra terms iE , ff , fﬁ and i}q read

e 1 1=22p(w) + B e (W)

o= E’s(w) 1—v2+ w(l + ve) 1, (142)

=F Us(w) — 1

o = oy 143
Es(w) (143)

7S _ o ~s(w)

Ir = (1 E(w)) ’ (144)

s = L=BW 115)
Es(w)

It is important to stress the similarity between (138)-(141)’s model and Keramat et al.
[31] 145]’s ones. Considering [145]’s hypothesis that the generalized Young modulus

v} equals the elastic one ve, i.e. Us = 1, with small dimensionless tube’s thickness i.e.

a K 1, visco-elastic kernels ((142)-(145) simplify to

If =Ip =15 = Jo(w) —1 ,and IF =0. (146)
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As a matter of fact within os = 1 (7] = ve) and a — 0 hypothesis, one finds that the
r.h.s of displays a convolution product with the pressure only, as when
IF = 0 as provided by . Furthermore, the kernel associated with i}?, i,% and
772 is the same, so that both r.h.s terms of share the same kernel respectively
applied to the pressure and the axial stress. The very same feature is satisfied by the
r.h.s of . Hence, the visco-elastic rheological based model — is similar
with Keramat et al. (2011) (125)-(128) when using the s = 1 and a — 0 i.e, in the
limit of thin-wall and without visco-elastic contribution to the Poisson coupling, the
[135]’s model directly matches with [3T], [145] provided by the explicit rheology-based
creep-function familly . In the more general case s # 1, [I35] gives explicit

derivations of visco-elastic extra-terms versus rheological parameters reading

) ) 1+zw a(2+a) 1+7Lw%
(l—i—zw;—:) <1+zw;—z) € Tiw 2 —1-75 L+ ve T+iw

5 = a : 2 _(147)
(1+iw) (1+iw) . 2B (1 4 v,)

. (1+iwz) (1+iwi) (14w

F = a ), (148)
(14w ) (14iwiE) \L+wE

i (1+iw'tr—f) (1+wl)

Iy = < (149)

1+iw%) 1+iw t—E)

ff = —|1l—-a

(150)

(1 + zw%) (1 + sz”)
(1+wp) (1+iwE) )
where, again the convective time-scale is defined as t. = L/cp. As previously con-
sidered in the wave system resulting from the visco-elastic FSI four equations

hyperbolic problem ([138)-(141) can thus be recast into two coupled waves for the

two-component, pressure/stress vector P = [P, 5..] following [65]

1+Z54+7F
w?P + 69 ! 2veb +1+I+S 9ZP =0 (151)
P 2w, 1475 Cegl+erP " 4V2D 1478 z :
a(2+a) 1+Z5 1+Z5 a(2+a) 1+Z5

The characteristic equation associated with this propagating operator is

(Q)“_(@:)Q{ Leeltx b | 42D 1+i,§]+
c 1418 al2+a)1+78

eo 1+ xeZE WD 14132 <1_1+i§+i5
1478 a+a)1+7IF 1418

) =0, (152)
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25 Visco-elastic convolution kernels ’s Visco-elastic convolution kernels
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Figure 12: Comparison to (a) Covas et al. [3I]’s and (b) Keramat et al. [I45]’s visco-elastic
convolution kernels for the experimental data of Covas et al. [I37, [3I]. Dimensionless time

T =t"c; p/L" has been used.

where the effective frequency-dependent corrective visco-elastic phase velocity & (w)

found in [135] is
&w) = ! . (153)

7P 4Dvz  gpl4TP
\/1 + XEIP a(2+a)CSQI‘7 1+i-§

The root of (152)) can be found, generalyzing to a general visco-elastic rheology

. \/62 4 [Csez 14 ZE | 42D 1475 (1 - 1+i§+i§)]
2

1+25  a+a)14+28 [

14+Z5 a(24a) 145 1+Z5
& = @) 5 , (154)
FF 2 =3 =2 =2
P 1+Cegl+erp w;D 1+71p _ ¢t +cZ (155)

The various visco-elastic convolution kernels are compared in Figure [12| for the exper-
imental data of [31] presented in Table[2] Figure[13|shows the least-squares difference
fitting of the pressure solution obtained in [65]. Even though in each case a
fitting of the pressure signal is performed, it is nice to observe that the various models
[31], [145] or [65] do not perform alike, in this fitting. This is expected since both the
model and the fitting parameters differ. From the rheological fitting on the pressure
signal, the visco-elastic kernels can be compared. Even though these kernel families
present similar exponential decay types, Toos and Licer display faster attenuation than
the various kernels 75,7 78,75 of [65] as can be observed in Fig Also, both

ZE and Z7 are very similar for the obtained visco-elastic parameters. Concerning the
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velocity dispersivity prediction provided in Figure one should note that every
model displays a similar trend for the norm of complex velocities: it varies from a
minimum value at w = 0 within a narrow low-frequency region (associated with a long
time behaviour) so as to reach a constant plateau for large |w| values.

Hence, at short-time/large |w| most dispersivity of the wave velocity is lost and
the visco-elastic response is very much like the elastic one, [I57, [I58]. This allows to
define a ’dispersive’ frequency gap band depicted within vertical orange dotted lines for
which visco-elastic effects are important. The ’dispersive’ frequency gap band Aw, is
more precisely defined as the 95% difference velocity region from the asymptotic high-
frequency regime, as exemplified in the inset of figure [[4h. The larger this dispersive
gap-band, and the deeper the w = 0 velocity, the larger visco-elastic effects are. One
can observe in figure that the dispersive gap is wider for Covas et al. [31] and
Keramat et al. [I45] models than for the hereby model (in black) for parameters

obtained from the same data set [137) [31].

4. Recent developments

4.1. Two-time scale asymptotic analysis of water-hammer without FSI

In this section more recent advances obtained from complementing the spatial
asymptotic analysis discussed in section 2.3 with a two-time scale asymptotic approach
are now presented. Indeed, not only the water-hammer small parameter § is useful
to define the dimensionless size of the wave perturbation boundary layer nearby the
solid wall. It is also relevant to define a long-time scale associated with the momentum
relaxation within it. More precisely, as provided in since ¢ is related to the ratio
between advection time to viscous relaxation time §% = te/tvis, and since, as found by
Zielke , Vardy or others, the velocity time variations within the boundary
layer are controlled by t,:s, one realizes that since momentum relaxation within the
boundary layer varies as t/tyis = 0°t/t. = 6°7 when chossing a dimensionless time
T = t/t.. In other words, the time response of the wave perturbation within the
boundary layer is slow compared to the wave advection time. Approximated solutions
for water-hammer waves based upon this multi-time scale nature of the water-hammer
wave have been developed in several contributions [159] [160, 161} 162} 05| 163]. In
the following we will nevertheless first focus on the contribution of Mei & Jing [95]

which investigates how a two-time scale perturbation analysis permits to predict the
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exponential decay of the wave envelope. Introducing the slow time-scale T = 7

permits to decompose time variations as

Bpr = %(aT +60r) (156)

Either non-FSI or FSI effects can be considered within this multi-time scale approx-
imation approach. Since, the latter requires much involved developments, we first
consider the non-FSI problem analyzed in [95] for a single pipe.

An asymptotic solution to the slowly damped pressure wave is set up from
evaluating the leading order wall-shear stress associated with damped propagation
from solving the undamped problem first. The dimensionless pressure P, velocity W

and wall shear-stress 7., = 7¢|r=1 are thus asymptotically expanded as
P=P 4+6P +..., W=Wo4W'4..., 1p=10+4010+... (157)
Using and in provide the leading order undampted problem
(02 -8%] P° =0 (158)
which is solved together with mixed Dirichlet-Neumann boundary conditions

P°(z=0)=0, 22(z=1)=D(t) (159)

where D(t) is a closure law to be specified (and chosen as a triangular shape in [95]),

but we will simplify their result to either a general closure D(¢) or a Dirac distribution

D(t) = 6(t)). In Laplace domain, the solution (158)) and (159) is

sinh(sZ)
scosh s D(s) (160)

P°(Z,s) =
The time-domain solution can either be found from inverse Laplace transform, or direct
solution. The time-domain solution for the leading order pressure is reported in [95]
for a Dirac distribution closure D(t) = 6(t), D(s) = 1 and reads

in(Ae2) . 1
P°(Z,t) = 22(—1)’“Msmwr) & M=7(=+k). (161)

Ak 2

kEN

From ([161)), one realizes that boundary conditions (159) are satisfied. The same re-
sult can also be obtained from (158)) decomposing the pressure into an homogeneous

component having homogeneous boundary conditions, as well as a particular solution

dealing with the non-homogeneous r.h.s of (159) with D(¢) = 6(¢)

P%Z,t) = Py(Z,t)+ P(Z,t) with, Py(Z,t) = Z(t), (162)
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In the following, it will be useful to define the spatial orthogonal basis such that

D, (Z) = V2sgn(Ap) sin(\eZ) & /1 O DA AZ = (P, Da) = Oxgny + Oxg=ry -

’ (163)
where dx,,x,, is the Kronecker symbol associated with the equality of Ay and Axs.
Given \y = 7 (% + /c) for k € Z, the resulting A\, € R can indeed lead to +A; as
possible eigenvalues, and since ¢x, = ¢_», there are indeed two possible non-zero
contributions to the base decomposition, i.e +A;. Since the Laplace transform of the
particular solution defined in is P)(Z,s) = Z, it decomposes into the ¢y, base

as follows

Pp = ;AkZ€R<Z7 ¢/\k>¢>\k7 & <Z ¢>\k> i[ljj (164)

Decomposing the Laplace transform of the homogeneous part as

PR(Z,s) =Y a’(s)ox,, (165)

ApER

whilst using (158]), (164) and (165]) leads to

2
D> (P +A)E ()¢, = —s°P, = % > (2, dn) s (166)

AR ER AR ER

the projection of which over ¢y, , leads to

2 2
~0 ~0 S )‘k
axy, (s) + a—x, (5) T2 + )‘i <Z, ¢>\k> = (82 T /\i - 1)(Z, ¢>\k> (167)
~0 ~0 Ak 1 1
= [= — —1(Z 1
() +00 () = [or (s — )~ Wz (168)
so that, given the condition ag* =a’ a,, one finds
~0 1 :l:l)\k

R, = —3le + U(Z o). (169)

Using the Laplace transform of sinus function £(sin (A7) = A/ (5% + %), can

be rewritten using (164) as

2
= S (2 6a) = Y 11— 5100 (2, ) (170)
2 k k 2 k k
ken ° s? + >‘ keN 2+ A
which can now easily be identified with
- - 0 1 s?
PS(Z7S)+PZ9(Z7 s) = Z a’Ak(S)(é)\k—i_i Z (Z, dr) Eai :Z[l 2+)\2]¢>\k<Z b )

AL ER AR ER keEN
(171)
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Momentum balance into the core acoustic domain for leading order reads

0
8(?7/ = —97P°. (172)
From which one finds,
w(z,t) = 22 kCOS )\kZ) cos (A7) (173)
keN

The wall shear-stress is furthermore obtained in [95] from solving the boundary-layer
problem. In the boundary-layer, i.e, the inner domain of the asymptotic analysis,
one needs to solve the dimensionless momentum conservation , which includes the
viscous contribution related to dimensionless pipe radius R = R*/Ry, i.e

ow°
or

52
=—0zP° + EOR(RaRWO). (174)
Defining the inner boundary-layer transverse coordinate,
=({1-7)/s (175)

as well as inner boundary-layer pressure p and longitudinal velocity w, (172) leads to

a boundary-layer momentum diffusion dynamics according to
0 02 0 0
-2 = — 1
(87 8y2) w (y,T) Ozp (176)

(176]) is a diffusion problem driven by the longitudinal pressure gradient associated

with no-slip boundary condition
w”(y, t)]y=o0 = 0. (177)
The Laplace transform of (176) reads

62 0 0

The solution for @ with boundary condition (177) is

@ = % (1 - e*@) 925" (179)

From, (179), one can evaluate the shear-rate

~0
OB _ VS g, (180)
oy s

which, evaluated at y = 0, gives the wall shear-stress

7o — 007 %82150 = _éazﬁf{ (181)

Tw = —75— ay |y 0=
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since the outer pressure P° and the inner one p° match together, and since neither
depends on the transverse coordinate, i.e P° = p°. From (I81)), the r.h.s of (83) can

be evaluated, feeding the first order pressure field
[ﬁ—&ﬂ*:ﬁ%%ﬁﬂ&m:—ﬁgﬁﬁ@z) (182)

since, Q%PIS(S, Z) = 0. In [05], P' solution in time-domain is explicitly solved from the
inverse Laplace transform performing some heavy computations. Among the obtained
complicated expressions, a specific one is linearly diverging with time. The so-called
”secularity” condition is then introduced so as to zeros these diverging terms. In
fact, this secularity condition happens when ”resonant modes” are triggered by the
slow-time perturbation. The resulting secularity condition then provides the envelope
attenuation of the leading order, which is the main useful result of the two-time scale
asymptotic analysis.

Realizing that the precise solution of P! is not needed in order to evaluate the
secular condition [65] gives a short-cut to avoid cumbersome developments, and pro-
vides it from realizing that secularity is related to double poles in the inverse Laplace
transform of P!. This comes from the following result : given any analytical function
¢(s) in the complex plane, the inverse Laplace transform of the double poles through

Cauchy’s residue theorem effectively leads to a linear divergence in time

—1 ﬂ 7)= lim 5)e’"] = i )T i eFET
£ (@iMwQ<>—l Ds[(s)eT] = [B(FiNk)T + Dy (M) . (183)

s—Firg
Here we adapt the approach of [65] for the simpler case treated in [95] so as to better
emphasize the origin of resonance modes. At order one, the solution for p! only
has an homogeneous part for the particular one is zero since homogeneous boundary
conditions apply at this order. Hence, lf’l(Z, s) can be decomposed into the orthogonal

base

P =Y "af(T)px,(2) (184)

kez
Using this decomposition in (182) whilst using the leading-order pressure solution

leads to
SR a @en 2 = LY (1) S (2) (185)

2 2
s24+ A
A, €R keN k

where the Laplace transform of (T58) have led to 8% P°(s, Z) = 8% P (s, Z) = s PP (s, Z),
and where L£(sin (Ax7) = A\i/(s®> + A7) has been used. When projecting ([254) on ¢x,

99



688

modes one finds in ’s r.h.s a term proportional to 1/(82 + /\i)2 i.e proportional to
1/(s + iXx)?(s — iAg)? having two double poles in s = +i)\. From one realizes
that these double poles lead to a linear divergence with time, which is inconsistent with
the fact that each perturbative af(7) term has to keep being O(1) so as the order-one
correction 6P is also kept O(8). To remove this divergent term, the leading-order
solution has to be enriched with some slow-time scale envelope, so that Py is

re-written

Z s,T) ZA (8)Pa, (186)

keZ
with T'= §7 and the normalization condition A?\k (T) =1 for each k € Z. Using (186))

and in using then leads to
(02 — 0%] P' + 2070, P° = fzéaéﬁo (187)
In Laplace domain, becomes
[ — 2] P' = —207sB0 — zéﬁg (188)
so that using decomposition ([186)) and ( in one gets
D (P M) @ (), (Z Zzs[ Or AR, — VsA3,1a3, ()6, - (189)

keZ kez

Projecting (189) over ¢», whilst using (169) leads to

ax, (s) +adlx,(s) = )\2 = 22[ Or ALy, — VsALy, Jaks, (190)
- M 0 il
- ()\i 4 82) ;[8TAi/\k fAiAk][ sF Ak + 1}, (191)

so that the double poles are canceled if the two secularity conditions

lim [~0r A%y, (T) - VAL, (T)] = 0, (192)

s—=ig
are met. Hence, slow time-scale amplitude dependence has to be chosen so as to cancel

this term, so that

Aoi)\k (T) _ e—\/iiAkT _ _lii [N |T (193)

Then, using the slow amplitude solution (193) in (186] whilst using (169) and inverse

Laplace transform leads to the final damped solution

)\Z A 1
R S e

keN
(194)
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with again, T = §7. This solution has been compared with several experimental
recordings in [65], and will be illustrated in section We will discuss in section
how most of the foot-steps detailed in this section can be extended when FSI
effects are taken into account. Nevertheless before entering into this matter, let us
now discuss how a systematic asymptotic derivation of water-hammer four-equation
FSI models can be handled so as to better understand what are the constraints on the

dimensionless parameter for water-hammer formulation — to hold.

4.2. Asymptotic analysis of water-hammer with FSI

Most of water-hammer studies are given, performed and analyzed with the implicit
hypothesis or possibly the explicit measure of small Mach number. Nevertheless, how
precisely small the Mach should be for water hammer wave modeling — to
be valid has remained mostly uninformed until recently. More generally, a systematic
derivation of water-hammer waves from constitutive equations (Solid Lamé’s equations
coupled with compressible Navier-Stokes ones) has only been recently achieved in [65].
This section discusses some aspects of this derivation which sheds new light into the
mechanism underpinning the wave propagation model, and noteworthy the possible
couplings between the wave and the underlying flow’s steady-state.

The outer/inner fluid pressure Pj/p}, axial velocity W} /w}, and radial velocity
Uj/u}, are split into steady, denoted with subscript st, and unsteady components

(without subscript) following classical acoustic approach, (|[164])

P = P*(r,z,t) + P5(r, z), py = (r, 2, t) + pei(r, 2), (195)
Wi =W"(r,z,t) + Wa(r, 2), wi =w"(r, z,t) + wi(r, 2), (196)
Ui =U"(r,2,t), up =u"(r, 2,t). (197)

As the steady—state is assumed unidirectional, the outer/inner radial velocity compo-

nents Uf /u}, are unsteady. Finally, the fluid stress tensors are o} = o, + o~

0 e O W
oy = (PL+ X0 W51+ puy 0 , (198)
8r s*t e 0
) aru* Brw*;azu*
o = (_p*+)\f [%(ru*)jtazw*DIJrQw w S (199)
arw*;azu* 82111*
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where the volume viscosity A; has been used. In the following the dimensionless
ratio I' of volume viscosity to dynamic viscosity will also be used :
As
125

r= (200)

4.2.1. Dimensionless numbers setting

Two dimensionless numbers (similar to Cauchy’s number) are introduced

* %2 * k2 * %2
pfcp o prcp (1+VS) pfcp o Cg(172ys)
= = = = 201
Cg G* E* ) & CA.; )\z 2w, ) ( 0 )
where
E* v E*
o & A= = ; 202
g 2(1 4+ vs) S (T4 we)(1 —2u) (202)

are the solid shear modulus and the second Lamé-Clapeyron coefficient, respec-
tively. The overpressure wave velocity ¢; 1, given in , is thus a corrective

formulation of cfj due to the tube elastic constraints. By introducing parameter

2v,Cx, + (1 +a)*C
+a(1+ys)) - A‘a(2(+a) =

the dimensionless version of (35 is defined as the dimensionless wave speed

: (203)

2% 21*1{92
N ! (( )

T aE*C? 2+«

cp = ¢, p/cp and fulfills

1 cp
2 . 0
pr— 77 th C =
“ 1+ xC? Wi Cpr

(204)

where 14 xC? is a corrective fluid pulse-wave speed factor. Regarding ¢, defi-
nition in (204)), it should be noted that C? > 1 implies ¢, < 1 ([6} [0, 19, 165]).
Dimensionless parameters associated with boundary layer thickness § , as-
pect ratio e = R§/L*, Reynolds number Re, pulsed Reynolds number Re, and

Mach number M are related as

R WoR
Re, = 20 51, Re = =2 — MRe,, (205)
Vf Vf
L 1 W,
=2 = <1, M=22 <1, (206)
cpR§  €Rep Cp

Low—Mach number i.e. M < 1 and long—wavelength, i.e. e < 1 (|28 [32] 160

43]), are generally considered for water-hammer validity [I3] [167]. But, much
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more precisely, they have been asymptotically established in [65] within the

following condition

52> M > % 5> €2, 5> aM, 1> e>aM. (207)

We now provide some supplementary details of this asymptotic analysis, es-
pecially those related to O(d) corrections which were considered in the previ-

ous section but also other possible corrections/contributions such as O(M/§),

O(MeRe) and O (%).

4.2.2. Navier—Stokes equations

Taking Wy, as the reference dimensionless velocity for the steady- longitudi-
nal flow, and as previously W for the disturbance, and since long-wavelength
assumption implies that the radial fluid velocity component is € smaller than

the axial one, dimensionless pressure and velocity fulfill

P}y = pp W5 Pu(R, 2), W = WiWa(R, 2), (208)
P* = pg,c,Wi P(R, Z,7), V= e Wipn, Zo), (209)
W*=WiW(R, Z,T), w* =Wiw(y, Z, 1), (210)
U =eWOU(R, Z,7), u* = eWouly, Z,7), (211)

where capital letters have been used to define the outer variables, and lower
case has been chosen for inner variables. Note that the perturbed velocity and
the steady state both scale as W since the perturbation is supposed to arise
from an order-one fraction of the steady state velocity. From — it is

also useful to define dimensionless stress and shear as

P
=" W, 2T, T = 0yw(y, Z,7), (212)
0
o =ppc,Wgo, o= p}OWJQO'St, (213)
with,
. 0 e =0, W
0 0
Ost = (—Pst-l-r(j\/i 32W5t> I+ % 0 ) (214)
—O0yWst - €00z Wy
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o= (—p+F(e(5)2 <—% +azw)> I+

—2e0yu e —dyw + 20zu

€d .. 2€b (215)

lfuéy
—0yw + 20zu cee 2e60zw
Integrating the fluid isentropic compression law @ the fluid density is subjected to

pressure variations following

Pi(rzt) P*(r,z,t)+PX (r,z)
py(r,z,t) = proe “1  =pje ~r ; (216)

so that by introducing the dimensionless density py = p}/p}, whilst using scalings

(208)—(211)) yields

M M M
(1,V,0,] py = ecz (PHMPa0) 1,53 V(P + MPy), 53 0-P| (217)

with V¥ the dimensionless nabla operator, C* define in (204) and M/C? < 1. Obvi-
ously, in the inner region (217)) holds from replacing P by the inner pressure p. The
Navier—Stokes equations, which follow from fluid mass and momentum conservations,
are

* * * * * 1 *
(at + Wf c’)Z =+ U ar) pf + pf (8;Wf +4 ;87« (TarU )) = 0, (218)

o7 (8e + W70, + U™ 0,) Wy = —0.Pf
* 6’!’ * ar *
s (2. [0y + & o) + (oo +2) wi) - (21)
p; (8 + W;0.+U"0,) U" = -0, P
* 87” * 87‘ 1 *
+ provs ((1 +1)0, {azwf + (rU )] + <7 (rd,) — - +a§) U ) , (220)

716 where I' definition (200) has been used. They are now decomposed into steady-state

717 and perturbations.

ns  4.2.3. Dimensionless steady—state fluid equations
At steady—state, the fluid unsteady components vanish, so that the dimensionless
steady version of (218)—(220) reads

M 2
<7) WstaZPst + 8ZWst - O7 (221)
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20R

M) Py 0, W = — MOz Pay + (8)2 (2 + T)02Woae +6 T (ROm) War, (222)

M

€2

From (221)), the leading—order dimensionless steady solution (W?t, Psot) fulfills

OrPst = (1 +)6°0r02 W, (223)

Az WS = 0. (224)

On the other hand, €26/ M = ¢/R. < 1 follows from the definition of 6, e and M in
(205)—(206]) so that using (224]) in (223) leads to find that the steady—state leading—

order pressure field is uniform per section
OrPY = 0. (225)

Finally, the steady—state leading—order axial mass conservation equation (222) results

in equalizing a R—dependent function to a Z-dependent one
o  20r 0
MOzP,, =6 3 (RORW) , (226)

yielding the steady-state velocity W

M M
W = 507Pa [R*—1] = 7502Pq [0y — 2y, (227)

since R = 1 — 6y. Note that, in the core region e.g. R = 0, W3 ~ M/§? = cRe
which results from the steady-state balance between the inertial pressure with viscous
dissipation. Furthermore, from , one can evaluate the steady-state leading order
shear stress

M M
Opwa =70y = T=07P by — 2+ -0z Pay, (228)

which is thus found 7% ~ O(M/§). From one can now compare the relative
contribution of the steady to transient friction in . Since T = Tp = Oyw(y, Z,T) ~
O(1) in it is easy to find that the relative steady-state shear stress contribution
compared to unsteady one is O(M/§). It first means that decomposition is
meaningful only if M/§ is not too small, but also that if M/§ ~ 4, then, there is a
need to take into account the steady-state shear, when considering viscous dissipation

for the unsteady contributions arising at O(d). In section it is shown that such
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condition, i.e M/ ~ 0 also necessitates to take care of perturbed shear-stress radial
convection, a task not yet achieved in the literature. Last but not least, as done in
the next section, since the transient can always be written as the superposition of a
perturbation over a pre-existing steady-state both in the fluid and the solid, every
aspect of the steady-state including normal stress and shear-stress at the liquid/solid
interface can be subtracted from the analysis. In other words, decomposition
cannot involve the steady shear 7s: for transient analysis, and this is why a quasi-
steady 74s¢ is used. However, even if a Darcy-Weisbach quasi-steady shear is
sometimes successfully used in engineering applications, to the best of our knowledge,
it is still lacking for theoretical basis. As a possible path for future investigation we will
however provide the conditions for steady-state and transient to be coupled together

from inertial non-linearities in the following sections.

4.2.4. Dimensionless unsteady bulk fluid equations
Subtracting the steady-state relations (221)—(223)), from (218)—(220) whilst using
scalings (208)—(211]), the outer region dimensionless mass and momentum conservation

equations read

0:P + M ([W3z + UOgr] (P + MPst) + Wst0zP) + c? [82W + %83 (RU)} =0,
(229)

e & (THMP) (9 W 4 MWz + Udr] (W + War) + WerdzW)) =

Or

—8zP + (€8)? (14 1)8z {82W + %83 (RU)} +6° (§R83 + 6283) W, (230)

A PP (9 MW + War) Dz + UR]) U = — 5 0nP

4 5%(1+T)on [azw n %aR (RU)] 462 (%R (ROR) — % + 6262) U, (231)

The steady—state contributions into the unsteady fluid equations 7 appear
to be driven by the Mach number, i.e are O(M). More precisely, from one
finds that the outer steady-state contributions in (229)-(231)) are O(MeRe), thus not
significant as far as § > M (eRe). Following the asymptotic framework of [65], since
8% > M, no steady-state contributions arise into the outer region (core region of the

pipe). What happens in the unsteady boundary-layer is now discussed.
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w0 4.2.5. Dimensionless unsteady fluid boundary-layer equations
In the inner viscous zone, using rescaled coordinate y defined in ((175]) dimensionless
Navier—Stokes equations are

1 1
gmay (1 =dy)u)| =0,

(232)

8, p+ M ([waz - %ay] (p+ MPy) + wstazp) +c? [6zw -

0 23 (0 + MPar) (&w M ([wc’)z _ an] (W + wet) + wstﬁzw))

5
— O+ (0)? (14 1)y {azw - %ﬁay (1 5y)u)}

T (1 éjy(;y (1= 6)dy) + (e8)? 8%) w, (233)

H M (0 M [0+ w02 - 20,) ) u = 50,0

1
—(1+4T)0, {(582111 - may ((1- 5y)u)}

+ (1 i?y(;y (1 =0y)ay) — (1:575?”2 + (65)2 3%) u.  (234)

(233]) can be expanded and simplified to

e MNP (9 M ((w + wae) Dzw -

5 (15 + Oywst) + wazwst))

1 U

+ Ow — 85 if(;y + (6)2 2w, (235)

71 where dimensionless shear-rate 7y = dyw defined in (212)) has been used. From ([235)),

752 one finds that various possible dissipation term can arise

753 e O (é\/’—g) and O ((%)2) fluid density compressibility effects ;
754 e O (625) radial flow compressibility effects within the inner region;
755 e O (€°6%) and O (¢*6) axial diffusion and radial flow compressibility;
756 e O (M) and O (MeRe), axial inertial corrections;

757 e O (%) and O (%) radial inertial transport of viscous shear;

758 e O (0) radial diffusion transport of viscous shear.

759
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70 This very last effect is the only one been analyzed by [65] reaching to the ”classi-
7e1  cal” four equation FSI — model (more precisely a perturbative version of it, as
762 further detailed in . Furthermore, since the leading-order steady dimensionless
763 inner velocity field is wst ~ O(M/6%) = O(eRe) the steady-state/perturbation
74 couplings terms in are either O(MeRe) or O (MeRe/d). As already mentioned
765 in , [65] have considered the asymptotic setting for which all these contri-
766 butions are not significant, so that transient and steady-state are decoupled. Never-
767 theless, shows that there is a possible non-trivial one-way coupling between the
68 steady-state and the perturbation when the steady-state inertia rises, i.e for eRe > 1,
760 when MeRe/§ ~ 6, i.e 8% ~ MeRe (keeping with the largest perturbative term only).
770 This asymptotic regime has not yet been analyzed in the literature but it might result
m  in a deeper understanding of why, as inertia increases, there is a need for changing the

772 friction model depending on the steady flow inertia as already mentioned in section

773

m  4.2.6. Dimensionless boundary condition and FSI perturbative two-wave formu-
775 lation

776 From - and it has been shown in [65] that dimensionless stress
777 boundary conditions at the solid-fluid interface settled at R = 1+ O(aM) and at the
78 solid external boundary at R =1+ a + O(aM) read

Orr ’p’y:o(%) + 0 (aeM), & orr O (ceM) ,(236)

|R:1+o(aM) = |R:1+a+O(aM) =

’5Tw’y:o(%) + 0 (aeM), & o2 O (e M) (237)

Orz ‘R:1+Q+O(aM) =

’R:H—O(aM) =
779 It is important to note that the transient shear-stress coupling between the solid
70 and the fluid found in appears as an O(0) correction. At leading order, the
781 solid response is independent from the fluid dissipation. This very small detail is the
72 corner-stone of the perturbative approach of [65], since it implies that FSI can only
73 occur perturbatively and should be derived as such. Nevertheless, including O(4) then
784 also necessitates, for asymptotic consistency, to take care of small time-scale variations
785 from also providing O(§) corrections.

Using fluid pressure/longitudinal stress vector P previously defined in , a per-

turbative expansion of P is considered as
P°+ 6P
P° + P! = . (238)
02 + 602,
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Inlet/outlet boundary conditions are also needed for the wave problem to be closed.
For a single pipe, having dimensionless length unity, they read as follows (Cf [65] for

more information)

9z P° =6(r) ,and, 9zP'|,_ =0, (239)

‘Z:l

where 0(7) is the Dirac distribution. Upstream, the homogeneous Dirichlet condition

applied on the pressure trivially leads to
0 1
P |Z:O =r |Z:0 =0. (240)

In the solid, the upstream and downstream conditions are

2
0 _ 1 _ 0
02022 5ger =0 > and, 9z0::], o, = TaZ+a) 7wl g—ogr: (241)
[65] establishes a perturbative coupled waves equation reading
2vsD
92 — C202) [P° + 6P1] = —25 |970-P° — 970 BEGR
(07 — Cpoyz) [P" +0P'] = =26 070, P" — 977, 1 oD 4 C2 4 D ’
a(24a) vsD +C5 + a(24+a)

(242)

where matrix C3 defined in has been used. is the dimensionless
perturbative version of -, and the strict equivalence between the wave
operator has been shown in [65]. Note that the limit vs — 0, degener-
ates to the non-FSI dissipative pressure wave (83]). The leading—order of
displays a parabolic form without dissipation associated with a fast time—scale
wave propagation already analyzed in section [2.2.1] as opposed to the additional
slow—time scale damping that arises when O(9) corrections are considered. This
short—time behavior appears because the dissipation in the fluid boundary layer
does not have time to develop, and the coupled system remains purely conser-
vative. We now present how this perturbative FSI couple wave can be analyzed

within a two-time scale asymptotic analysis similar to section [£.1]

4.3. Two-time scale asymptotic analysis of water-hammer with FSI

The Laplace transform of the transient wall shear-stress has been derived in

[65] and reads

0,70 = —sv/5 ([1 -2l



s The axial gradient of the fluid wall shear stress is thus a linear combination of

o PO and 0’92. The Laplace transform of (242]) then reads

(s* - Choz)P° = o, (244)
(s -~ CpoZ)P' = —2s[0r +/sE| P, (245)

where matrix E has been introduced

(- ) (L) e (1 )

c2— 2—(1—2v, 20:D(1—2v;) 2—(1—2v4
e (1 —(1—2v) 2cgl) a((2+a) : (cg : oz((2+a) :

(246)
800 and are the FSI generalization of and (188). 2 x 2 matrix E
801 then permits to find the damping rate from following the very same foot-
sz steps asin section Using previously defined base change associated with
s diagonal base P = II"!'P, and decomposing P over eigenfunctions -,

sos then leads to

PUZ s, T) = Y a3, (s)Ar(T)®r.(2) + PY(Z), (247)
AL ER

P(Zs) = D a)(5)®r(2)+Py(Zs), (248)
ALER

ss  with particular solution associated with non-homogeneous boundary conditions

v (@50)-ET) and

. .z 1
Pp2) = Sim M (_1) ; (249)
Z2
- B 1 72 1 - 4vsD (7 —Z) 1 0 .
,PP(Z’S) B a2+ a)y/s (1— c‘*'ﬂ (_C+) 2 —1 0 £ 0zP |(02 )
c_ 07,6 C
The Laplace transform of (244]) leads to
D (s =H) @S, ()@, (2) = —s*PY(2), (251)
A ER

where operator H has been defined in . Using (244 and the orthog-

onality of the eigenfunction basis one gets

Ak

dg\k(s) + d(i)\k (s) = [21

( L1 ) 1] (PU(Z), B3, (7). (25)

S — 1A S+ i\
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814

leading to

- 1| £iXg
0
ai)"“(S) - _5 l:S + i)\k

1| (P2, 81,2 (253
a result which generalizes (169). At next order, the Laplace transform of (245)
is

Z (s> + A7) @), ()@, (2) = — (s> —H) Pp(Z.s) — ZSﬁE'ﬁS(Z, s)

ALER

+5 Y [0r+ VsE] A (D)

AL ER

[ ik

o T 1} (PY(Z,5), @, (2)) @2, (Z). (254)

where &€ = II - E - II! is the base-transform of matrix E with, again the
base change matrix IT defined in . As previously detailed in section
the secularity condition is found from suppressing resonant modes of d%\k(s)
solutions. Defining the 2-component vector function

tan (24
n((#(5-2)-)=E

e | €

w1\ (2 (5 -7) -a) 2

[65] found that the FSI secularity condition reads

Jkk(ZvS) =

i, (0r + vatem, (2) - P20y, 2) ) ac ) =0, (250)

s— ik
This leads to the FSI slow-time attenuation amplitude

. /i)\ki
e Y

AAk (T) ’ (257)

j)\k(Z, S = Z)\k)

Tl = (E8,(2)+ 2T
k

7q)>\k (Z)>a (258)

More explicit (and rather cumbersome) computation of 7, are detailed in [65]’s
Appendix. [65] found that the limit vs — 0 of tends to (193). This FSI
theoretical prediction has been compared to experimental results as well as
non-FST attenuation in [65]. More precisely, the pressure signature is compared
at two distinct locations in Figure [15] from ([99])’s data set. The special case
vs — 0 or that of ([95]) is again depicted. Each analytical solutions exhibits

excellent agreement for both amplitude and phase for every considered pipe’s
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Table 2: Physical and geometrical properties for the analysis of the reservoir pipe anchored
valve system. (*) refers to unavailable data in the original article. They were estimated in

[65] based up available properties of pure copper tube and water.

Deunsity Elasticity Vs Vs Geometry
Article
(kg-m™2%) (10°Pa) (m?-s7h) (m)
P, =998.3 | Kj=21 3.967-107° | 0.34* | R=0.0127
([La7) ps, =8935.0 | E* =127.0 e = 0.001651
L = 36.088
pso =1000.0 | Ky=21 | 9.493-10.0-7° | 0.35 | R=0.008
([99)) pso = 8890.0 | E =120.0 e = 0.001
L =98.11
pj, =1000.0 | Kj;=21 | 1.182-107°° | 0.3* | R=10.01105
(198)) pi, =8960.0 | E* =130.0 e =0.00163
L =37.23
P, =1000.0 | Kj=2.1 107%° 0.3* R=0.01
([168)) pi, =8960.0 | E* =130.0 e = 0.001
L=1522

locations with experimental observations. No parameter fit is used. The vari-
ety of observed patterns of the pressure signal depicted in Figure and the
surprisingly precise predictions provided by the theory results from the com-
plex mode decomposition ®,, (Z), each with its own phase. In Figure , a
deeper analysis of the pressure signature reveals that ([95])’s theory leads to a
better agreement with experimental data in the early times, i.e. 7 < O (1/4).
At longer times, both models correctly describe the attenuation, ([95])’s theory
under—attenuating, whilst the hereby developed one slightly over—attenuating.
In Figure however, the present analysis shows excellent agreement with
experimental data at long time, ([95])’s theory again under—attenuating. It is
worth noting that these differences are minor in both configurations as the (FSI)
coupling has little influences in this experimental data set.

To deepen the analysis of the new prediction for (FSI) damping, Figures (16al)—
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then focus on the damping envelope of the first exponential mode. A
comparison with four sets of experiments is provided. For each experiment, the
pressures of the envelope peaks are extracted, non—dimensionalized, and com-
pared with the theoretical damping trend. Figures f reveal a very
good agreement between the predictions and experiments for laminar and tran-
sitional Reynolds numbers. As the first mode damping is dominant over others
at long time, the match between predictions and observations becomes better
with time, as expected.

Last, but not least, the asymptotic analysis of the FSI water-hammer wave
[65] has permitted to derive the FSI transient wall shear-stress which indeed
differs from the non-FSI one . In frequency domain, both transient shear-

rate and wall-shear stress have been found equal to

o= 9’ =~ Eazf’o + safo} eV, (259)

70 —/s {iazﬁo + sal’|. (260)

where 6 0 is the leading order longitudinal solid displacement at the fluid-solid in-
PO
terface R = 1 whose relation with P% = components (and their Laplace

0
022

transform) are

aC?

2v,
sa 00 _ -0 _ s -0
¢ T2z a(2+a)p

Comparing (260) with (181) reveals that a supplementary FSI term associated

(261)

with the solid longitudinal displacement should be included in the wall shear
stress. [65] also found that re-writing (260) in time-domain in a form similar
with Zielke’s one in [109)] leads to

O—ad, CO]
70 = \/>/ dr' . (262)

N
(262) shows that the supplementary FSI term leads to consider the relative ac-
celeration of the fluid to that of the pipe’s wall, rather than the fluid acceleration
only (chosen by Zielke in [109]) as previously suggested in [44]. This result with

simple physical interpretation however necessitates to solve for the FSI problem
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in order to find the wall longitudinal acceleration. This has been solved in [65]
where the relative FSI contribution to the wall shear-stress has been analyzed
as illustrated in figure and . Figure displays the time variations of
the transient wall shear-stress, showing huge peaks synchronized with the wave
front’s passages. When comparing the FSI and non-FSI results for two distinct
density ratio D, one finds that the FSI relative contribution increases as D rises
to O(1) (more precisely [65] have analyzed the case D = 1). Figure 20| analyzed
further the relative FSI contribution to the wall shear-stress. It shows that this
relative contribution can become as large as 50% for a relative wall thickness of
10% and Poisson modulus v, = 0.3. These results suggest that for the in-vivo
biomedical context of blood pressure pulse wave propagation within vascular

network, the FSI contribution to transient wall-shear stress cannot be ignored.

4.4. Theoretical analysis of junction coupling within complex networks

This section covers how wave propagation within networks can be formulated
within a pipe network described by a graph. Most of the content of this section
discusses the success toward an ”algebraic” (a wording to be clarified later on
in section formulation of water-hammer wave propagation within graphs.

Section [£.4.1] discuss the frequency domain approach whereas section [1.4.2]
reviews time-domain one. In the following we denote usual graphs G(V,€)
having vertex set V and edge one £ the cardinal of which are respectively denoted
V and E. The graph adjacency matrix is denoted A. In section[4.4.2]the concept
of metric graph denoted G(V, £) will also be introduced.

4.4.1. Discrete graph-wave solutions for wave propagation within networks
One of the first generalizations of the TM method to networks has first been
performed into simple networks such as those analyzed by S. Kim [2I] The
looped network along with its spectrum, i.e. linear network admittance system
for [169, I70]’s analysis is depicted in Figure [I71] develop a frequency-
domain network admittance formulation (from Laplace transform) to solve the

first order coupled hyperbolic pressure/velocity problem (expressed as a
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pressure/flux in [I71]) within general water distribution networks. A series
impedance approach leads to a graph-node spatial discretization of the one-
dimensional gradients, and also to some analytical node-to-node relation along
each pipe-line similar to TMM’s solutions — (except for being related to
pressure/flux vector rather than pressure/stress since (47)-([48) are related to
FSI's TMM). More explicitly following [I72] [I73], the Laplace transform of
for each network link e;; joining nodes 7 and j, parametrized by dimensionless
coordinate Z, leads to a parametric linear relation between the pressure p;;, the

flux g;;and their gradients
Zij(Z73)Qij(Z) = _8Zpij(Z> , Yz‘j(Z 3)pij(Z) = —GZQij(Z)7 (263)

defining the shunt admittance per unit-length Y;; related to the compressibility
in the flow produced by pressure variations, and Z;; the impedance per unit
length. These quantities permit to evaluate the ”propagation operator” I';; =
\/m [I72, 173]. [I71] has found the frequency-domain graph admittance

matrix ) related to the adjacency matrix A as

1

1
Vo=t | 2 A Cmnma e ) A o

(264)

Introducing the pressure field at each node of the network as vector ¢ whose
components are ¢; for j in the vertex set of the graph, i.e j € [1,V], Matrix 9

relates each pressure/flux at network’s nodes as

V(s)¢ = Q. (265)

In [I71] is used to build a frequency domain network transfer matrix
for transient computation inside network, when including boundary conditions.
[I74] consider the extension of [I71]’s framework, supplementing the ”passive”
graph nodes with ”compound nodes” for which a dynamical behavior with non-
linear (more precisely quadratic non-linearities) relations between input/output
is specified. These ”compound nodes” are modeling complex hydraulic compo-

nents —such as junctions, air vessels, valves — in water distribution networks.
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There are taken care-off in [I74] from an expansion of the graph nodes with sup-
plementary nodes associated with the new degree of freedom of each ”compound
nodes”. When linearizing the ”compound nodes” [I74] provides an extension of
[I71] from generalizing the frequency-domain graph admittance matrix 9) .
[T'74] also provides direct comparison between time-domain numerical computa-
tion of the complete non-linear transient problem solved with the MOC method
and the frequency-domain graph admittance matrix method. The numerical
results of [I74] illustrate that the higher the pressure, the higher the error as-
sociated with non-linearities, as expected. They also suggest that, for realistic
pressure range of water-hammer within water distribution networks, neglecting
the compound nodes’s non-linearities does not produce a large error. This obser-
vation should obviously be strengthened in order to more precisely know under
which precise conditions these non-linearities have to be taken into account.
[176l 175] have developed a numerical Inverse Laplace Transform (NILT) pro-
cedure allowing a time-domain numerical evaluation of the previously described
frequency-domain network admittance formulation for networks, as illustrated
in Figure 22| Figure 22| shows that the low-frequency components of the pres-
sure signal can be well approximated by the (NILT) method. [I77] recently used
the NILT method [176], I75] to investigate the transient behavior of an Y-pipe
experimental setup. In the following section, we now describe how time-domain

graph’s solutions can also be developed.

4.4.2. Spectral quantum graph method for solving wave propagation within net-
works

Quantum graphs is the name for operators equipping a metric graph, i.e
a graph whose one-dimensional edges have a physical length. This theoretical
concept has been used to study vibrations and spectrum structure of metric
graphs [I78], quantum chaos e.g [I79] [180], wave scattering [I81] [182], and more
recently wave propagation in networks [I83] [I84] [I85]. Even if the applica-
tion of this method for water-hammer propagation modeling is still very recent,

since it is a promising one (because it opens future theoretical advances to be
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made into wave’s propagation within complex networks, where most previous
investigations could only address them from direct numerical simulation, —e.g
with MOC method—), it is hereby discussed in more details following the time-
domain approach proposed in [I85]. The interest of quantum graph method
over traditional numerical modeling already discussed in section [2.2.2] is that
the wave solution is searched as a decomposition onto a continuous base de-
fined over the entire metric graph. Each element of the base is denoted Wj.
It generalizes into a network the eigenfunction of the Laplacian operator previ-
ously considered in . On the contrary to traditional approaches this base,
does not need to be discretized along each edge e;; joining vertex ¢ and j of
the graph since it displays an analytical shape along those, i.e it is a spectral
base. Such spectral discretization along each network’s edge can save a huge
numerical cost for large networks as discussed in [I84]. The approach is never-
theless yet restricted to address linear wave operators solutions. Furthermore
on the contrary to traditional numerical discrete approaches, a quantum graph
formulation permits to establish general results, as the ones found in [I85], that
numerical computations can only illustrate. Before describing more theoreti-
cally this concept, let-us first illustrate it on a simple 3-star graph depicted in
ﬁgure Figureshows the first two eigenmodes ¥, and ¥, onto the 3-star
metric graph of figure One can observe in figure that each eigenmode
is continuous along each internal node of the graph (i.e in this example, only
node O), and also that the sum of the derivatives on each node is zero, which is
precisely why these modes are called Kirchhoff eigenmodes. Let-us now provide
more information about eigenmode ¥y, denoting ¥;;(z) its component along
each edge e;; of length ¢;;joining vertex ¢ and j of the graph. Each ¥,;(x) fulfills
to be an eigenfunction of the one dimensional Laplacian
2
— 7 Wi@) = Ny (). (266)

Furthermore, inside any vertex, there is a Dirichlet continuity at vertex ¢ and j

Uii(0) =i Wi(lij) = ¢5. (267)
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Denoting A;; the components of the graph adjacency matrix A, boundary con-
ditions at each vertex 7 reads
d d
—ZAij%\pij(zij) + ZAU%\IJU(O) = hids. (268)
j<i J>i
Condition is called a Kirchhoff-Robin condition. For h; = 0, it degenerates
into a Kirchhoff condition. In the limit h; — oo, it provides a Dirichlet condition
at vertex i where it imposes ¢; = 0. Given continuity conditions , the
spectral base U;;(z) is
Wj(x) = i, sin(A(¢;; — ) + ¢ sin(A\z)) . (269)
sin(A\;;)
The restriction of Wy over the vertex set V i.e Wy|y defines a V-component
vector denoted ¢, having ¢; amplitudes with j € [1, V] where V is the cardinal
of V. Furthermore parameter A not yet specified, needs to be set so that the
operator boundary conditions at each vertex are satisfied. It can be shown
(Cf 186, 187, 188, 189, [185] for more information) that specific values of A
called the quantum graph operator spectrum permits these conditions to arise.

Defining secular matrix 2 as

hy 1
(A h) = —d;; Z Aimcot(Mim) + 3T Aijm'

meN(z)

(270)

where N(i) = {m\A;m # 0} being the neighbors of vertex i associated with
non-zero components of adjacency matrix A. The analogy between the secular
time-domain matrix and the frequency domain one should be pointed
out. Matrix 2 is built so that is equivalent to

v
Z Aijp; = Aoy = 0, (271)

j=1
where, again, ¢, is the V-component vector of amplitudes ¢;. can have
a non-trivial solution different from zero when the so-called secular condition is
met

det2()\, h) = 0. (272)
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(272)) provides an algebraic formulation for the wave’s spectrum. It is very
nice to observe that this condition generalizes to any metric graph the one
used for a single pipe for FSI TMM solutions or the time-domain ones
(69). There is indeed a deep mathematical reason for this, since the associate
operator having linear boundary conditions, they can be expressed as resulting
from the action of a matrix acting on the field value (and possibly its gradient).
It results in the common feature that the discrete possible frequencies called the
spectrum is found from an algebraic zero determinant condition. provides
the spectrum of (infinite) discrete set of values of positive ordered A such that
0 < A1 < Ag.... Let-us illustrate more precisely this concept on the 3-star

graph illustrated in figure [23| whose adjacency matrix is

01 00
1 011
A= (273)
01 00
01 00
Using definition (270) the secular matrix reads in this case
— COt(egl A) m 0
1 B 1
2[()\7 h) _ sin(f21\) -\ COt(fgl/\) — COt(ggg/\) — COt(€24/\) Sn(CsaN)
0 75111(;32)\) - COt(fgg)\)
1
0 sin(€24)\) O

whose determinant is

det2A(\, h) = ((hTm cot(lagA) — 1) cot(lagA) — cot(lag X)) cot(fa1 A) — cot(fag ) cot(fag M) | .

(275)
Numerically solving for det2(()\,, 0) = 0 gives the eigenvalues A, of the Kirchhoff
modes. This spectrum is complemented with the vertex vector ¢y, of quantum
graph modes n obtained from computing the one dimensional null-space
of matrix 2(A,,0) (here a 4-vector) which then sets ¥ . [185] provides tables
with A, and ¢», values of the first twenty Kirchhoff modes. Figure[24]illustrates

the first two Kirchhoff mode ¥, and ¥,,, showing as expected an increasing

()



912

913

number of minimum and maximum as )\, increases. The spectral base of the
quantum graph then permits to find the time-domain pressure-wave solution
as decomposed into it. In [I85] the two-time scale analysis has furthermore
been used to analyze the damped wave pressure problem within the entire
network. Following the very same steps as in section the pressure solution
is decomposed into

Pg =Py + 0P +... (276)

In [I85] each term of the expansion (276) is then decomposed into an homoge-
neous and a particular solution similarly as (162)) and (186])

Py = > (An(Dane™ + Ay (T) ahe™™7) @, + P,
neN

P) = Z (An(T)ane™ ™ +cc) Oy, + Py, (277)
neN

where cc stands for complex-conjugate, and where W is the Kirchoff quantum-
graph base for which the vertex boundary condition is a Kirchoff one, i.e
h; = 0 for every vertex i € V. The Kirchoff spectrum given by condition
results from the intrinsic graph structure of the network. Furthermore, the
particular solution P, has been computed in [I85] for a given time-domain trig-
gering event arising at a given origin vertex vo of the graph where a closure law
Py (t) is imposed so that there is locally a non-zero flow acceleration (typically
related to a valve opening or closure) leading to
0
3 2 1. 7) = Polr), (279

ek

[185] found that the particular solution P, can also be decomposed into a dis-
tinct quantum graph base being a Kirchoff-Robin-Fourrier one denoted \Ilf\m

that will not be detailed here. At first order one gets

92 9 a0 9 9
(5~ a2 =2 (5~ et (219)

where within each edge, the pressure leading order and first order are respec-

tively denoted p? and pi for k € E. Since, the first order problem is then
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decomposed into the Laplacian eigenfunctions
PG = lap(r) +cd ¥y, + > [a)l(r) + e ¥h . (280)
neN meN
ase  From (277)), one can evaluate the right-hand-side of (279) in the Laplace domain
as  which reads, using the Laplace transform of the wall-shear-stress (243))
Oty O B al A0 V52 8 AS
2(8m aT Pg) N 2<Z[s—1)\( Ao - 8T)+C}

neN

\/g p2 8A0p
+mXE:N[ Z/\p A - S T ) + e WLp | (281)

as  Writing (279)) in Laplace domain whilst using (281)), the first-order problem

o1z written on G reads

a® s 0A
(s —Ag) P, = 2 <§ [ (AN — s )-i—cc]‘Il)\ +
= s — i\, s oT
ad? NG A%
§ m___ (A% Y2 \p2 W, | .(282
meN[s_i)\g’)n( m S)‘m 58T)+CC] A ) (8)

as  Projecting (282)) over ¥, permits to find the secularity solution to cancel the

a0 resonant double poles, [185] found

lim (An\/gXi — saA”> =0,
S

S—iAn oT
: VS OALN

leading to the same consistent secularity solution

An<T) — e~ V=iAaT _ e—(l\;g An 7 (284)

w20 Now, using (284) in (277)) leads to the damped leading-order solution for the
o1 wave solution

_\/2n i/ 2T 4
P = E e VET (a?lel 3 TgiAnt +cc) v,

neN

n Z 67@71 <aﬁ36iﬁTelAmt + cc> Wyr . (285)

meN
o2 It is noteworthy to mention that (285) generalizes for a network the damping
3 analysis described in section and [4:3] for a single pipe. Nevertheless, one
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deep relation between the presented results is that the homogeneous spectrum

results from the applied boundary conditions.

5. Conclusion and perspectives

This review dedicated to the mechanics underpinning water-hammer waves
has provided both a short historical survey as well as the author’s state-of-the-
art of the current understanding of this complex topic. Since water-hammer
involves both wave propagation within the solid and the fluid, it does involve
FSI at the liquid-solid interface and necessitates to take into account both the
influence of non-stationary boundary layers and inlet/outlet FSI boundary con-
ditions.

The first two sections of this review have emphasized and summarized the
crucial role of three couplings (Poisson, junction, friction) as already stressed
in previous reviews [12| 13| [I5] (16 [18]. This review has not only covered the
established sets of equations for water-hammer modeling, their possible deriva-
tion from first principles, but also, their possible theoretical solutions. This
viewpoint is perhaps the most original stance since previous ones most often
discussed water-hammer’s numerical computation.

Furthermore recent developments related to the influence of visco-elastic
properties of the pipe’s wall, asymptotic analysis of water-hammer, as well as
the theoretical analysis of wave propagation within networks have also been
discussed. Concerning the visco-elastic solid, this review has emphasized that
even though Kelvin-Voigt models for the creep-functions are widespread in the
literature (and indubitably operational) it is interesting to consider rheological
visco-elastic models for providing an intrinsic description which does not depend
on the specific water-hammer test (since, as opposed to Kelvin-Voigt models,
visco-elastic models do not depend on the water-hammer test detail, i.e closure
law, pipe thickness, length, diameter, etc...).

In the future the rheological visco-elastic parameters might possibly be esti-

mated from Dynamical Mechanical Analysis (DMA) independently of the water

78



953

954

955

956

957

958

959

960

961

962

963

964

965

966

967

968

969

970

971

972

973

974

975

976

977

978

979

980

981

hammer test, so that one could try to model visco-elastic water-hammer without
parameter fitting (as opposed to the traditional Kelvin-Voigt model’s approach).
This is indeed an interesting perspective to mention.

Concerning the asymptotic analysis of water-hammer this review has tried to
emphasize the relationship between previous contributions in the literature ad-
dressing traditional boundary layer asymptotic matching, two-time scale anal-
ysis, or both. Recent advances have permitted the asymptotic perturbative
derivation of the four equation FSI model. They have also permitted to bring
to the fore that some distinct asymptotic regimes could happen, as emphasized
in this review. In the future, some further developments could maybe permit
a deeper understanding of the couplings between the steady-state flow and the
water-hammer wave, perhaps leading to the derivation of a quasi-steady shear
stress model alternative to the quasi-steady Darcy-Weisbach model. The use
of asymptotic analysis might also be useful in the future to approximate reflec-
tion/transmission coefficients resulting from the presence of singularities (e.g
sudden diameter changes, blockages, etc.) within networks in order to provide
improved long-wavelength approximation models for water-hammer waves.

Last but not least, this review has covered the theoretical analysis of water-
hammer propagation within networks. This topic is stimulating since a modern
viewpoint recently brought new concepts and results in this interesting area.
Among those, the notion that the wave spectrum within networks can be found
from an algebraic condition related to the secular matrix (which is related to the
graph adjacency matrix) has been emphasized. There is much to develop in this
area, in order to progress along water-hammer modeling in complex networks.
We believe this research topic will grow in the future. It might also impact the

related growing topic of transient-based defect detection methods.
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