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Abstract

We analyze a system modeling the evolution of an age and spatially structured population (of Lotka—
McKendrick type). We study it by first writing it in an abstract form using several operators. We show that
the semigroup associated with the corresponding system is differentiable. Using this property, we show how
to prove the exponential stabilization with a finite-dimensional feedback control. We consider two types of
controls: one that acts directly on the main equation of evolution and one that acts on the birth equation.
One of the main difficulties in the analysis of this system is that the operators involved in the system can
depend on the age variable. We use in particular a parabolic evolution operator associated with the main
operator of the system. Our stabilization result shows how to extend the framework associated with parabolic
system to the case of differentiable semigroups.
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2020 Mathematics Subject Classification. 93D15, 92D25

1 Introduction

1.1 The model

We consider the control of an age and spatially structured population model. We denote by p(t,a,x) the
distribution density of the population at time ¢ > 0, at age a € [0, ao] and at space position = € Q. We assume
here that as, € R% and that 2 is a bounded regular domain of R?, d > 1. The corresponding system writes as
follows (see, for instance, [5] 18] 24, [40]):

0 Op
87;: + % —Lp+up=0 (ta,x) € (0,00) %X (0,ac) X Q,
p(t,a,x) = 1(g, ay)xr(a, z)u(t,a,z) (t,a,x) € (0,00) x (0,a00) x 9,

(1.1)
p(t,0,2) / Bla,z)p(t,a,x)da (t,z) € (0,00) x £,
p(0,a ac) p’(a,x) (a,2) € (0,a00) X ©,
where the operator L is defined by
d
def a a a
Lpijz_lﬁ( " 9w, ) Zmﬂ?*”” (1:2)



In the above system, 5 and p are respectively the birth rate and the death rate. From the model, they are
assumed to be nonnegative. We have denoted by p" the initial population distribution. The above system is
controlled on its boundary by a control u = u(¢,a,z) localized in age and space. More precisely (aq,az) is a
nonempty interval of (0, as) and T" is a nonempty open set of 9f.

Our aim is to analyse the above system and to obtain a feedback stabilization result by using the control u
(see Theorem below). We will first write the above system under an abstract form (see below) and
study the corresponding system. We show in particular that the underlying semigroup is differentiable. Such a
property will allow us to prove that our system can be stabilized provided a Fattorini-Hautus condition holds
true and with a finite-dimensional control (see Theorem below).

One of the main difficulties and differences with respect to other results in the literature is that here we
assume that the coefficients in (o, m, r, p and ) can depend on the age variable and this leads us to
consider operators that can depend on the age variable. More precisely, we impose the following assumptions

on the coefficients in (1.1

e There exists v > 0 such that

o € C([0, ane); Whoe ()%, (1.3)
000,04,0,04,2,0 € C°([0,a0s] x Q)™ (1< 4,5 < d), (1.4)
o(a, ) symmetric positive-definite for any a € [0, as], = € Q, (1.5)
m € C”([0, aso; W1’°°(Q)d), Oz;m € CY([0, aso] x ﬁ)d (1<j<d), reC”(0,ax];L=(Q)), (1.6)
i€ O ([0, a0 L (% R,)). (1.7)

e There exist
b > max (;l, i) . ag € (0,a00) (1.8)

such that

B € L>(0,a00; H(Q)) N W0, acs, L=(2)), (1.9)
=0 1in (0,ag) x Q. (1.10)

Remark 1.1. Some of the above conditions will be used to show the well-posedness of the system, whereas some
of these hypotheses are more related to the control problem and in particular to prove a unique continuation
condition. Typically, the Holder continuous conditions and are related to the well-posedness, whereas the
other conditions such as , corresponds to the stabilization problem.

Another condition used only for the stabilization property is . Such a condition is already considered
in previous works for the control property of such a model (see, for instance, [25] 26]) and models the fact that
the young individuals do not participate in the reproduction.

Remark 1.2. The standard hypotheses on the mortality rate p yield that it is singular at @ = a., so that
condition ([1.7)) seems unnatural. Nevertheless, with some particular structure of p, it is possible to remove this
singularity and to assume (1.7)). Assume (instead of (|1.7))) that

M:M0+ﬁ7 Ho eLlloc([O?aoo);R-i-)a / /’('O(a) da = 00, /A’Ze Cu([07aoo]?Loo(QvR+))
0
In order to avoid the singular mortality rate, one can consider the following change of variables:
Bty a,z) = e 1ol dp(t a,2),  5(a, ) = eld 10l dp0(q, ),

Ut a,z) = elo mo) Aoyt g ), Bla,x) Z e Jo () dp(q, 7)



and we can check that the system (1.1)) is then transformed into

%+g£ Lp+pp=0 (t,a,z) € (0,00) X (0,a00) X £,

p(t,a,x) = 14, a)xr(a,z)u(t,a,z) (t,a,x) € (0,00) x (0, a00) x 09,

p(t,0,x) / B(a,2)p(t,a,x)da (t,z) € (0,00) x €,
Oaac) P(a,x) (a,2) € (0,a00) X Q.

(1.11)

In particular, with this transformation, we are reduced to work with a mortality rate r € C¥(]0, aoo]; L= (2; R ).

In addition to the study of (|1.1)), we are also interested in the feedback stabilization of the same system with
a control acting on the birth equation:

gf+%—Lp+up 0 (ta,z) € (0,00) x (0,ac0) x 2,
p(t,a,2) =0 (t,a,z) € (0,00) X (0,a0) X 09,

p(00.0) = [ Blaslplt.a )+ Lu@ulte) (1.5) € 0,00) x
’ p(0,a,7) = p°(a,2) (a,2) € (0,as) x 9,

(1.12)

where the control u = u(t, ) acts on an arbitrary small nonempty open set w of Q. We refer to [22] for a similar

problem. In that case, we still assume ((1.5)), (1.6), (1.7]), (1.10) but we replace (L.3) and (1.4) by the stronger

hypothesis: -
0 € C*([0, a00] x Q)4*4. (1.13)

We still assume ([1.9)) but with (1.8 replaced by

d
b>§.

(1.14)

These modifications are related to the control operator associated with ((1.12)) and in particular the corresponding
unique continuation property.

1.2 Abstract system with a structure in age

System (|I.1)) can be written as an abstract system with a structure in age:

% + ? Ap+ Bu (t,a) € (0,+00) x (0,ax),

p(t,0) = /0 E(a)p(t,a)da t € (0,400), (1.15)
p(0,a) =p°(a) a € (0,ax).

Our aim is to study this abstract controlled system. Let us define the functional framework and let us give our
hypotheses on the above operators. First, we consider Hilbert spaces H,H1, H],U satisfying

Hi—>H, HIi—>H

with dense, continuous and compact embeddings. We also define

x def
o Ho =

[e3

, (1.16)

H,Hi]) , ifaec[-1,0]

def [IH, Hl]a if a € [0, 1}
(H,Hi]", ifae[-1,0]

{ M, Hy], ifael01]



where [-, -], denotes the complex interpolation and where for a Hilbert space V < H, with dense and continuous
embedding, V' stands for the dual space of V with respect to the pivot space H. Note that (see, for instance,
[33, Section 1.9.3, p.59 and Section 1.11.3, p.72)) if oy, s € [—1,1], with ay < ag, then

Hay = Hays  Hi, — H

1’

with dense, continuous and compact embeddings.
The hypotheses for the operator A in (1.15)) are

A€ CY([0,ace]; L(H1, H)), A" € CY([0, ano]; L(HT, H)), (1.17)

for some v > 0. We have denoted by A(a)* the adjoint of A(a). From the above hypotheses, we can consider
A(a) and A(a)* for a € (0,a.) as unbounded operators in H with respective domains D(A(a)) = H; and
D(A(a)*) = H3.

We also assume the existence of N > 0, A\g € R, and ¢ € (7/2,7) such that

Zrow = A EC\ {Ao} ¢ farg(A = Ao)| < 9} C p(A(a)) (a € [0,ax)), (1.18)
and N
Va € [0,as], YA E Dx0, H()\I - A(a))”HE(%) <o (1.19)
With the above hypotheses, we can show (see Appendix the existence of a constant C > 0 such that
Va € [0,axc], Vp€Hi, CTplly, < lplly + IA@plly, < Cllpllyy, » (1.20)
Va € [0,as], VEE€HT, OV €l <€l + 1A@) €l < ClIEl; - (1.21)
Note also that with the above hypotheses, we can extend the mappings A and A* by extrapolation as
AeC”([0,ac0]; L(H,H_1)), A" €CY([0,a00]; LIH,H*})). (1.22)
The hypotheses for the operator B and E are
B e L™(0,a00; LU, H-~)), v €[0,1), (1.23)
E € L*(0,a00; L(H)). (1.24)

We can write (|1.15) in a “standard” abstract form

/

p=~Ap+Bu t>0,
1.25
{ p(0) =’ (1.25)

by setting .
H = L%(0, aso; H), (1.26)
D(A) = {p € L*(0,a00;H) N H (0,a00;H 1) : —% + Ap e H, p(0) = / E(a)p(a) da} ) (1.27)
0

def 817
A:DA)—-H, Ap= ~ + Ap, (1.28)

a
U = L*(0, aoo; U), IB%:U—)LQ(O,%O;H,V), u — Bu. (1.29)

If we consider (|1.12) (the case of the birth control) instead of ([1.1]), we can also write it in an abstract system
with a structure in age:

op  Op _
N 5 + 30 = Ap (t,a) € (0,400) x (0,a00),
p(t.0) = [ B@p(tayda+ Bu b€ (0.40) (30
0

p(ova) :po(a’) ac (Ovaoo)'



In that case, we assume the same hypotheses as before for A and E (that is (1.17)—(1.19) and (1.24)) but we
replace the hypothesis (1.23) by

Be LU, H-_), v€[0,1/2). (1.31)
We will see in Section |4 how to write the above system in the form (1.25)).

1.3 Main results

In order to obtain the stabilization of (1.15]), we consider the corresponding Fattorini-Hautus test: for any A € C
and for any & € L?(0,as0; H3) N H (0, ano; H)
85 * *
9g TAEHECO0) =28 a€(0ax),
f(aoo) =0, = (=0, (1.32)

B*¢=0 ac(0,as),

where we have denoted by B(a)* € L(H],U) and by E(a)* € L(H) the adjoint operators of B(a) € LU, H_1)
and of E(a) € L(H).

Theorem 1.3. Assume that A satisfies (1.17)—(1.19) , that B satisfies (1.23|) and that E satisfies (1.24]).
Assume moreover (1.32)) and that for some 6 € (0,1),

E € L™(0,a00; L(Hg)) N W0, a00; L(H)),  E* € L®(0,a00; L(H, 5)).- (1.33)

Then system (L.15)) can be stabilized exponentially: for any o > 0, there exists a feedback operator F € L(H, U)
with a finite-dimensional range such that

def

DAp) Z{fcH : (A+BF)fcH} and Apf=(A+BF)f (1.34)
1s the infinitesimal generator of a strongly continuous semigroup satisfying
30l < e ], @3 0)
for any p° € H.

Remark 1.4. In the above statement, we have used the extrapolation of A (see, for instance, [34] Proposition
2.10.3, p. 61]): we can extend A as bounded operator H — D (A*)’, where here ' corresponds to the duality
with respect to the pivot space H. In particular, A + BF : H — D (A*)/.

The result of Theorem yields the existence of N € N*, &,..., &y € H and wy,...,wy € U such that if

we take
N
= Z gz H Wi,
i=1
then ((1.15]) admits a unique weak solution p € C°([0, 0o0); H) such that

lp(t, e < Ce™ [P (¢ >0).
Remark 1.5. In the above result, we only need that (1.32) holds for A € C such that Re A > —a. Below we give
a sufficient condition for (1.32)) provided that A, E and B satisfy stronger hypotheses.

We recall the following standard definition: the system associated with (A*, B*) is approximately observable
in the nonempty interval (a;,az) C (0,as) if for any & € L?(aq,az; H3) N HY (a1, a2;H)

g€+A*§—O and B*¢=0 in (a1,a) = £=0. (1.35)



Remark 1.6. By a standard duality argument, this property is equivalent to the fact that the system associated
with (A, B) is approximately controllable in (a1, as), that is for any p°, p! € H_1/2, and for any € > 0, there
exists u € L?(ay, as;U) such that the solution of

dp

30 = Ap+ Bu in (ay,a2), p(a) =p", (1.36)

satisfies ||p(az) — leH_l/2 < e. Note that the existence and uniqueness of solutions for (L.36) with p® € H_;,»
and u € L?(a1,a2;U) is given by Proposition [2.2| below.

The result below shows how to obtain ([1.32]) by using the approximate observability of the system associated
with (A*, B*):

Lemma 1.7. Assume that E = 0 in (0,ag) for some ap € (0,ax). Assume also that the system associated
with (A*, B*) is approzimately observable in any nonempty open interval (ay,as) with a; < ag. Then (1.32)
holds.

The proof is postponed in the appendix.
In the case of the birth control, that is for the system (1.30), we need the following Fattorini-Hautus test

(instead of ([1.32)): for any A\ € C,

% + AT+ E*E(0) = A¢ a€ (0,a00),
¢ £(a00) =0, — =0 47
B(0) = 0,

We then have the following result:

Theorem 1.8. Assume that A satisfies (1.17)—(1.19) , that B satisfies (1.31)) and that E satisfies (|1.24]).
Assume moreover (1.37)) and that for some 6 € (0,1),

E € L0, a00; L(He)) N W0, a0e; L(H)). (1.38)

Then system (1.30) can be stabilized exponentially: for any « > 0, there exists a feedback operator F € L(H, U)
with a finite-dimensional range such that the operator (D (Ay),Ar) defined by (1.34) is the infinitesimal gener-
ator of a strongly continuous semigroup satisfying

e Pl < Ce* [|p°llyy (¢ 2 0)

for any p° € H.
By applying the above abstract result on the system (|1.1)) and (|1.12)), we obtain the following results:

Theorem 1.9. Assume f and that a1 < ag. Then the system can be stabilized exponentially: for
any a > 0, there exists a feedback operator F € L(L?(0,ac0; L*(Q)), L*(0, aco; L*(T'))) with a finite-dimensional
range such that the system with u = F(p) admits a unique weak solution p € C°([0,00); L?(0, as; L*(Q))
for any p° € L?(0,as0; L*(Q)) and such that

”p(tv .)||L2(07am;L2(Q)) < Ce Hp0||L2(0’aOQ;L2(Q)) (t Z O)
Theorem 1.10. Assume (1.2), (L.5), (1.6]), (1.9), (1.10), (1.13)) and (1.14). Then the system (1.12)) can be sta-
bilized exponentially: for any o > 0, there exists a feedback operator F € L(L?(0,as; L*(Q)), L*(0, ano; L?(w)))
with a finite-dimensional range such that the system (1.12)) with v = F(p) admits a unique weak solution
p € C°([0,00); L2(0, aso; L*(Q)) for any p° € L?(0, ano; L*(Q)) and such that

It M 2 0,0m:2200) < € 10| 20,0220y (82 0)-



Remark 1.11. In the above results, we have obtained the feedback stabilization of a model of population
dynamics. With respect to the model, we would like to add the property that p remains nonnegative. In the
general case, such a property is quite complicated to obtain. A first step in that direction would be to first
obtain a stabilization result in L™ instead of L?. A similar difficulty appears and is solved for the controllability
problem, see [25].

There is a lot of results in the literature concerning the analysis of models of population dynamics such as
system . We only refer some of them here: [B, 17, [18, 20l 23], 24] B0} [40]. We would like to emphasize in
particular many important works done by Walker (again without being exhaustive): [35, 86} 37, B8, B9], etc.
Concerning the null controllability of our system, let us mention several works from the literature: [1I, [2], [3],
[19], [22], [25], [26], [32], etc. Let us also mention [28] where the authors study the detectability and state
estimation of the above system with an approach similar to the one we consider here.

The main novelties brought in by our paper are:

e the analysis of a general abstract system with a structure in age, that is system (1.15)), in the case where
the operators A, B and FE depend on the age variable;

e the study of the corresponding operator A and in particular the differentiability of the corresponding
semigroup (Theorem [2.13]);

e the feedback stabilization of the system with a finite-dimensional control, both in the case of systems

and (L30)

For the last part, we extend the framework developed in the case where the semigroup is analytic. In that case,
there are many references: [6], [9], [10], [29], etc. just to mention some of them.

The outline of the paper is as follows: in Section [2| we study the operator A defined by , . We
show in particular that it is the infinitesimal generator of a differentiable semigroup if F satisfies some additional
hypotheses in addition to (see Theorem . Then in Section |3 we consider the adjoint system and
give some properties of A* that plays an important role in the stabilization analysis since our control operators
are not bounded. Finally in Section [d] we show the stabilization properties and prove in particular the main
results. In the appendix, we give the proof of some technical results.

Notation. In the whole paper, we use C as a generic positive constant that does not depend on the other terms
of the inequality. The value of the constant C' may change from one appearance to another. We also use the
notation X < Y if there exists a constant C' > 0 such that we have the inequality X < CY. The notation
X < Y stands for X < CY, where C is a positive constant depending on k.

2 Study of the operator A

In this section, we study the properties of the operator A defined by (1.27)), (1.28).

2.1 The Cauchy problem associated with A

Here, we recall some results on the Cauchy problem

0, .
S =M+ f in(0ax), p(0)=5" (2.1)

with A satisfying the hypotheses (1.17)—(1.19). In that case, we recall (see, [4, Thm 4.4.1, p.63]) the existence
of a parabolic evolution operator S associated with A. More precisely, if we write

T={@nelax]’ s a<r}, T"={(ar) €00’ + a<r}, 22)



then the application S satisfies the following properties:

S € CUT; Ls(H) NCOUT*; L(HL)) NCOUT*; L(H)) N COT™; L(H, H)), (2.3)
Vr€0,a0), S(,7) € CH(r,an); L(H)), (2.4)

Va € (0,a5), S(a,-) € CH([0,a); Ls(Hi,H)), (2.5)

S(r,r) =1, S(as,a2)S(az,a1) = S(as,a1) (0< a1 <az<az<as) (2.6)
Y(a,r) € T, %S(a,r) = A(a)S(a,r), (2.7)

Y(a,7) € T*, Vp € Ha, %S(a,r)p = —S(a,r)A(r)p. (2.8)

Here Lg correspond to the space of bounded linear mapping, endowed with the simple convergence topology.
We also have, (see [4, Lemma II.5.1.3, p.69]) the existence of a constant M > 0 such that for any « € [0, 1],
0el0,1], a+6<1,

sup (a— ?")9 ||S(a,r)||£(Ha7Ha+e) < M. (2.9)
(a,r)ET*

Using this parabolic evolution operator S and the Duhamel formula, we can write the solution of (2.1]) as follows

p(a) = S(a,0)p" + /Oa S(a,r)f(r) dr (a€[0,ax]). (2.10)

More precisely, we have the following classical result that we recall here:
Proposition 2.1. Assume f € L?(0,a00;H) and p° € H. Then p defined by (2.10) satisfies
p € H'(0,a00;H_1) NC°([0, acc); H)

and verifies the system ([2.1]), where the first equation holds in H_1. If we assume that f € C°([0,ax]; H), then
p € CLH[0,a00]; H_1).

Proof. The continuity in H can be obtained directly from the properties (2.3)) and (2.9) of S. Let us show that
p € HY(0,a00;H_1). First, combining (1.22)) and (2.7)), we see that a + S(a,0)p’ can be extended a function
in C([0, aso); H-1) with

%S(aﬂ)po = A(a)S(a,0)p° (a € [0,am0))-

Second, we denote by F' the other part of p:

Fla) < /O ’ S(a,r)f(r) dr.

We show below that F' is right-differentiable and left-differentiable. Let a € (0, as) and h > 0 small enough so
that a + h € (0, a). We have

a — F(a ath *Sa r)—S(a,r
Moz = o) F<)=}11/a S(a—i—h,r)f(r)dr—i—/o St ht) 2 5@0 1) g

From (2.7), we deduce that for r € (0,a), as h — 07,
S(a+ h,r) — S(a,r)
h
The relation (2.7)) also implies that for r € (0, a)

S(a+ h,r) — S(a,r) 1 ath , , ,
) f0) =5 [ AC)SE 1) ar

f(r) = A(a)S(a,r) f(r) inH.




and thus, with (1.22) and (2.9),
HS(a—Fh,r) — S(a,r)
h

f(r) < HAHLoo(o,aoo;g(H,H,l)) M Hf(r)”;{ .

H_1

In particular, using the Lebesgue theorem, as h — 07T,

/a S(a+ h,r) — S(a,r)
o h

£(r) dr - A(a) / " S(a.r)f(r) dr in H_y.

Now, we can write

1 a+h 1
- S h dr = S h h ht) dr.
h/a (a+ h,r)f(r) dr /0 (a+h,a+h7)f(a+ h7) dr

If f € C%0,as]; H), then using (2.3) and (2.9)), we have for any 7 € [0,1],
S(a+h,a+h7)f(a+h7t) = f(a) and ||S(a+h,a+h7)f(a+h7)||y, <M Hf||co([07aoo];7_[) .
We thus deduce that as h — 0T,

1

a+h )
E/a S(a+ h,r)f(r) dr — f(a) inH.

Assume now that h > 0 is small enough so that a — h € (0, as). We have

— F(a — e a=h S(a,r)— S(a—h,r
Fla) -~ F h)—l/hS(a,r)f(r)dr+/0 Star) = Sta=hr) py gy,

h h h
As above, from (2.7)), we deduce that for r € (0,a), as h — 0T,
S(a,r) — S(a—h,r)

1[0,a7h] (T) h f(’l") — A(a)S(a,r)f(r) in H
and with ((1.22)) and (2.9)),
S(a,r) — S(a— h,r
[0t TR )| < Ml M Il
H_1

In particular, using the Lebesgue theorem, as h — 07,

/a_h S(a,r) —S(a—h,r)
0

h f(r) dr — A(a)/o S(a,r)f(r) dr inH_;.

On the other hand,
1 a 1
7 S(a,r)f(r) dr:/ S(a,a — h7)f(a— hr) dr.
a—h 0

If f€CY%[0,ax];H), then using (2.3) and , we have for any 7 € [0, 1],
S(a,a—hr)fa—hr) > f() and  |S(a,a—hr)f(a—hr)ly < M floqoain -
We thus deduce that as h — 0T,

1

E/a_hS(a,r)f(r) dr — f(a) in H.



Combining the above (left and right) limits, we have obtained that F' is differentiable in H_; and that
F'(@) = fla) + Ala) [ S(a,n)f() dr
0
This shows that if f € C°([0, as]; H), then F € C([0, as]; H), and there exists a constant C' > 0 such that

||F/||L2(0,aoo;7'171) <C ||fHL2(O,aoo;7'[) :

Using the density of C°([0,as]; H) in L?(0, aso; H), we deduce that if f € L2(0,a00;H), F € HY(0,a00; H_1)
and this concludes the proof. O

We can also state a result of maximal regularity for (2.1). The following proposition is already known for
similar hypotheses, but for sake of completeness we proved it in Appendix

Proposition 2.2. Let o € [0,1]. For any f € L*(0, aoo; Ha—1) and for any p° € [’Ha,l,”i-[a]l/Z, there exists a
unique solution

P € L2(0,000: Ha) N1 C” ([0, acli a1, Haly 3 ) O H' (0, 00 Ha 1) (2.11)

of the system (2.1). If a =1, then p is given by the Duhamel formula (2.10). Moreover, we have the following
estimate:

P11 L2 (0,000 20) N H (0,000 1) S HPOH[’HQ_l,Ha]l/z F 220,000 1) - (2.12)

Remark 2.3. In the above statement, the solution p satisfying (2.11]) are solutions of the system ([2.1)) in the
sense that the first equation of (2.1)) holds in L?(0, @ue; Ha—1)-

Remark 2.4. Note that in the particular cases, @« = 0 and o = 1, we have (see, for instance, [33], p.72])
[H71,H]1/2 :H_l/g and [H,H1]1/2 :H1/2~

Remark 2.5. Note that Proposition is proved in [4, Theorem I11.4.10.10, pp.188-189] with the additional
assumption that the family (A(a))ag[o,qa..] has uniformly bounded imaginary powers. We don’t need this hy-
pothesis since here we work with the space L?(0,T;H) with H a Hilbert space whereas the result in [4] is
obtained with a space L4(0,T;H) with ¢ > 1 and with a general Banach space H. See [I3, Theorem 4.4 and
Remark 3.2 (3)] for more details.

2.2 Properties of A

With the results of the previous section, we can now show several results on the operator A defined by (1.27)),
(1.28)). First we have the following property of the domain of A:

Proposition 2.6. The operator A is with compact resolvents. For any p € D(A), the function a — ap(a)
belongs to L?(0, ace; H1) N H' (0, a00; H). Moreover, if E € L>(0, aso; L(H1/2)), then we have
Qoo
D(A) = {p € L*(0, aoo; H1) N H' (0, a003 H) = p(0) =/ E(a)p(a) da}-
0

Proof. Assume p € D(A) and let us set f & _9.p+ Ap € H. Using (1.24) and p € L?(0, aso; H), we first deduce
that

Qoo
p(0) = / E(a)p(a) da € H. (2.13)
0
Then we can write p = p; + ps with

B .
%:prf in (0,a0), p1(0) =0,
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and 5

T2 = Ap, in (0.ax). pa(0) = p(0) € K,
Applying Proposition with a = 1 gives p; € L?(0,a00;H1) N HY(0,a00;H). Moreover, combining Proposi-
tion [2.1] and Proposition we deduce that po = S(-,0)p(0). From ([2.9)) with («, ) = (0,1/4) we deduce that
po € L2(O,aoo;7-[1/4). Then we have obtained p = p; + p2 € L?(0, Goo; H1ya) SO that

D(A) = L*(0, aoo; Hiya) N H (0,000 H_1).

Using the Aubin-Lions lemma, we deduce that the embedding D(A) — H is compact and this shows that A is
with compact resolvents.
For the next property, we set p(a) = ap(a) that satisfies
op

%:Ap+f+p mn (O7a’00)7 p(o):O

and from Proposition with a = 1, we deduce p € L?(0, aso; H1) N H(0, aoo; H).

Finally, if £ € L*>(0,ac0; £L(H1/2)), with and [H,H1/2]1/2 = Hiya (see [33] Theorem 2, p. 66]), we
deduce by interpolation that £ € L*°(0, aso; £L(H1/4)). Now, since we have proved that p € L2(0, aoo; Hi/a), we
deduce from that p(0) € Hy4. Thus, from with (o, 0) = (1/4,1/4) we deduce ps = S(-,0)p(0) €
L*(0, 0005 H1/2). From it follows that p(0) € M/, and applying Proposition with o = 1 gives
p € L%(0,a00;H1) N HY(0, a00; H). The second part of the proposition is proved. O

Let us consider the solution (1.25) for u = 0:

p=Ap (t>0), p(0)=7p" (2.14)
or equivalently
%4 _ 4y (t,a) € (0,400) x (0, 000)
6t aa ) b b b
oo (2.15)

p(t,0) :/0 E(a)p(t,a)da t € (0,400),
p(0,a) :po(a’) a € (0,ac0).

We set "
£(t) déf/ E(a)p(t, a)da. (2.16)
0
Formally, the method of characteristics (see Fig. [1]) yields that the solution of (2.15) satisfies
p(t,a) = S(a,0)E(t — a) (t>a), (2.17)
p(t,a) = S(a,a—t)p’(a—1t) (t<a). '

In particular, £ defined by ([2.16]) verifies the integral relation

£(t) = /0 100 1(@)E()S(a, 0)E(t — a) da+ Lip.a_ (1) /t " B@S(@a—pa—1t) da (t>0). (218)

The above formal computations are justified in Proposition below. But first, we need the following result,
that is similar to Lemma 2.1 in [37]:

Lemma 2.7. For all p° € L*(0,a00;H), equation [2.18) admits a unique solution Eyo in L{S.(0,00; H). More-
over, if for some 0 € [0, 1],
E € L™(0, aco; L(Hy)), (2.19)

then there exists a constant C' = C(6,kg) > 0 such that Eyo satisfies
Epl(t <c et LY |p t>0 2.20
1€ @5y, < (™ + 5 ) 1P 00y >0 (2:20)

of
where kg = M \|E||Loo(0,aw;ﬁ(7_t9)) .
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Proof. We consider for A > 0, the Banach space
L(0,00; H) = {f such that t — e~ f(t) € L=(0,00;H) } ,

endowed with the norm
def
I£1ly = esssupHe M@, -
te(0,

Then we define the mapping
Z: L5 (0,00;H) — L5 (0, 005 H),

such that

Qoo

t

7(8) (t) / 100 y(@)E()S(a, 0)E(t — a) da+ Lig.a_(f) / B(a)S(a,a — )p"(a — t) da.

t
Using (2.9) and (|1.24)), one can check that Z is well-defined and that
K
IZ@lx < 21l + 50 11012000
Moreover, if £M), £(2) € 15°(0, 00; 1), then using again (2.9) and (1.24)), we can show that
W) _ @\|| <« ko H ) _ (2>H
[z (e) =z ()], < T -],

so that 7 is a strict contraction for A > k¢ and thus admits a unique fixed point in L3(0, 00; H). Such a fixed-
point is a solution of (2.18)) in L (0, 00; H). To prove the uniqueness, let us consider EM @) ¢ L2 (0,00, H),

loc

solutions of (2.18). Then & = £1) — £ gatisfies

E(t) = /0 1j0,0..)(@)E(a)S(a,0)E(t — a) da (t = 0)

and using the Gronwall lemma with (2.9) and (1.24)), we deduce that E=0.
Next, we show that (2.19) yields :2.20 we deduce from ([2.18)) and ( . ) that

¢
€0 ®)]4, < “9/0 [0 (@)l da+ % HPOHLl(O,am;H) (t>0). (2:21)

Then applying the Grénwall lemma, we deduce

1€,0 )], < 3 [12°] /t L (t>0) (2.22)
P He S O L1(0,a00;H) 0 $0 0 L1(0,a00;H)

and this yields the result. O

Remark 2.8. Note that the first part of the proof of the above lemma follows from [4, Theorem 3.2.2 and Remark
3.2.3], but we prefer to give here an elementary proof of this result.

Lemma 2.9. Let us define the application S fort > 0 and p° € H by

RS ST S O T} (223)

where Eyo is the unique solution of (2.18). Then (S(t)),5, is a strongly continuous semigroup on H and there
exists a constant C > 0 such that for any t > 0,

IS 2y < Cero’. (2.24)
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Proof. The proof is done in the case where A is independent of a in [40, Theorem 4]|. Here, for sake of
completeness, we write the proof in our case by following the proof of [40].
First, we prove that for 7,¢t > 0,
Epo (t+1t)= gs(,,-)po (t). (2.25)

The above relation and (2.23)) imply that if ¢1,t3 > 0, then S(¢1)S(t2) = S(t1 + t2).
2.25

In order to show ({2.25)), we fix 7 > 0 and we prove that £,0(7 +-) is a solution of the integral relation
satisfied by E(ryp0 (that is with p° replaced by S(7)p"). Since this integral equation admits a unique solution
in Ly (0, 00; 1) (by using Lemma7 this will show . Let us write the integral relations satisfied
by g ( + ) and ES(T)p(J

Eo(r +1) = /O T Lo (WE(@S(@, 0)E,0 (7 + £ — ) da
L (7 4 1) /aw E(@)S(a,a—t—1)p°a—t—7)da (t>0) (2.26)
and
5= [ Vo (E@S (0,060~ ) da
Lj,0( / E(a)S(a,a—1) (S(r)p°) (a—t) da (t>0). (2.27)

From ([2.23)), we have

S(a—1t,0)E0(T+t—a) (t+71>a),

sea-n={ Ga T I el @)

Using the above relation and considering the two cases, t +7 > aoo and t + 7 < a0, We can check that for ¢ > 0,

Qoo t+1
1[0,aw](t) /t E(a)S(a,a —t) (S(T)po) (a—t) da= /t 1[07aw](a)E(a)S(a, 0)Epo (T +t—a) da

Qoo

+ 10,0 (T + 1) /+t E(a)S(a,a —t — 'r)po(a —t—7)da. (2.29)

In particular, the integral relation (2.26]) can be written as follows:
t
Ep(T+1) = / 10,0 1(a)E(a)S(a,0)Ep (T +t —a) da
0

+ 1[07aw](t)/ E(a)S(a,a —t) (S(T)po) (a—t)da (t=0). (2.30)
t
This shows that that £y (7 + -) satisfies the same integral relation (2.27) than £(;y0 and from Lemma this

yields (2.25)).
The relation (2.24)) is a consequence of (2.23)), (2.9) and (2.20). Let us prove the strong continuity of the
(2:23

semigroup. From ([2.23)), we have for 0 < t < aso:
t 9 Qoo —t 9
IS(t)p° — p° I3 = /0 1S(a,0)E,0(t — a) — p°(a)[|;, da + /0 |S(a+t,a)p’(a) — p°(a+1)||;, da

g/o ||S(a,0)5po(t—a)—po(a)||ida+2/0am ||S(a—|—t,a)p0(a)—po(a)Hida

+2/ 15°(a) — B%(a + 1), da (2.31)
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where p¥ € L?(R;H) denotes the extension of p® by 0 outside (0, aso).

From and , we have, as t — 0,
t t
[ 18080t = @) = @), da < €[50+ [ (@) da 0. (232

From ({2.3)), (2.9) and the dominated convergence theorem, as t — 0,

Qoo —t
/ [S(a+t,a)p’(a) — p°(a)|[3, da — 0. (2.33)
0
From the continuity of the translation operator in L?(R;H), we deduce that if t — 0

/ 15°(a) — 7(a+ B)|%, da — 0.
R

This concludes the proof of this lemma. O

Corollary 2.10. Let p° € H. Then the unique solution Epo of (2.18) satisfies

Enl)= [ Bl (5005°) (@)da (2:34)

and belongs to CO([0, +00); H).
Proof. Combining (2.18]) and (2.23]), we deduce (2.34]). Consequently, for t; > 0, t3 > 0,
2 2
€0 (t2) = Epo (t1)]]5, < ool EllT o0 (0.0 20200y |S(E2)P° = S(E)P° 5 -

Hence, the result is a consequence of the continuity of ¢ — S(t)p" € H. O

By combining (2.23)), (2.9) and (2.20), we can check the following result

Corollary 2.11. Assume E € L*(0, a0o; L(Hg/2)), for some 0 € [0,1). Then the semigroup S defined by (2.23)
satisfies

1
HS(t)pOHLz(O,aoo;Hs) <C <t" + eﬁe/zt) [P°]y  (° € H). (2.35)

We can now show the following result:

Proposition 2.12. The infinitesimal generator of the strongly continuous semigroup (S(t))t>0 s the operator

A defined by (1.27) and (1.28).

Proof. Let us denote by Ay the infinitesimal generator of the strongly continuous semigroup (S(t))t>0 defined
in Lemma [2.9] and let us show that Ag = A.
Let us consider A > kg and p € D (Ag). We set p° & \p — Agp € H. From [12, Proposition 2.3, p.100] and

2.23),

pla) = / e (S(E)Y) (a) di = e [S’(a,O) / eME o (1) dt + / M8 (a, P (t) dt | . (2.36)
0 0 0
From Proposition we deduce p € H(0, as0; H_1) and
dp
- = A v 2.
5 = AP, (2.37)
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so that —9,p + Ap € H. Moreover, we also deduce from ([2.36)) that
p(0) = / e ME(t) dt
0
Using (2.18)), we deduce
o) t
0) = / e_’\t/ 1(0,0..1(a)E(a)S(a,0)E(t — a) da dt —|—/ _M/ E(a ,a—t)p°(a—t) da dt.
0 0

Combining the above relation with (2.23)) and Fubini’s theorem yields

p(0) = /O " B /O et (S()) (a) dt da = /O * Bla)p(a) da.

We thus deduce that p € D (A) and from (2.37), (T.28)), we obtain that Agp = Ap.

Conversely, assume p; € D (A) and A > xo. From (2.24) and [27, Theorem 5.3, p.20], AI — Aq is invertible
and thus there exists a unique pg € D (Ag) such that (A — Ag) pg = (A — A) p; € H. Using the first part of the
proof, this implies that pg € D (A) and that pg — p; € Ker (AI — A). We now show that \I — A is injective, so
that p; € D (Ag) and Agp; = Ap;. Assume p € Ker (A — A). Then p € D (A),

Ap—i—%—Ap 0 and p( ):/mE(a) (a) da
0

Since p(0) € H, we deduce from (2.3) and (2.7) that a — S(a,0)p(0) is in L*(0,ac0;H) N H (0, a00; H_1).
Applying the uniqueness result in Proposition for a = 0, we thus deduce

p(a) = e*5(a, 0)p(0)
and, with (2.9) and (1.24),
W@M<A koe ™ da [p(0)],

where we recall that ko = M [|E| g4 .c(3)) - Since A > ko, we deduce that p(0) = 0 and therefore that
p=0. 0

We now obtain the differentiability of the semigroup generated by A:

Theorem 2.13. Assume that for some 6 € (0,1),
E € L0, a00; L(Hg)) N W0, a0e; L(H)). (2.38)

Then the semigroup generated by A is differentiable on H for t > 2a.

Proof. Assume p° € D (A). Then, ¢t — S(t)p° is in C*(Ry; H) and from (2.34)), we deduce that £, € C*(Ry;H).
Moreover, the relation (2.18]) yields

_ / " B(a)S(a,0)Ep (t—a) da (t > aw) (2.39)
0

and thus a
t) = /0 E(a)S(a,O)EI’,o (t—a)da (t>as). (2.40)

Assume t > aoo. Using (2.9) and (2.20]), there exists a constant C' > 0 such that

|1 (@)S (@, 0)Em (t — a)|,, < Ce™ | E'(@) | 2oy [ 11 0.0 (2.41)
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Figure 1: Method of characteristics (¢ > a and ¢t < a)

and

[ E(a)A(a)S(a,0)Ep0(t — a) ||, < IE(@)] £y 1S (a 0l 22y 340) [1€p0 (& = @),

C oot 1
<al_e(eeJr(t

This shows that for ¢ > a., the mapping
a— E(a)S(a,0)Eyp(t —a)
is in WH1(0, aso; H). In particular, we can integrate by parts in (2.40) and we obtain

Elo(t) = E(0)E,0(£) — E0)S (oo, 0)Ep (t — )

+ /ano (E'(a)S(a,0) + E(a)A(a)S(a,0)) Ep(t —a) da  (t > aso).

Combining the above relation with (2.9)), (2.20)), (2.38), (2.41)) and (2.42)), we deduce

1
les®l,, < ( erot (t_oo)g) 1 s gy (> ).

o) 1 s

(2.42)

(2.43)

Applying (2.23)), we deduce that for any t > 2a.., there exists a constant C' > 0 such that for any p° € D (A),

1
I < € (5 + e+ gz ) 0l

(2.44)

Using that D (A) is dense in H, this allows us to extend S'(¢) as a bounded operator of H. We now show that

it is the derivative of S(t), by using standard arguments. By writing that for h # 0,

0 _ 0 h
h h
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we obtain from (2.44) that for any ¢ > 2a.., there exist constants C' > 0 and hg > 0 such that for any p° € D (A)
and for any 0 < |h| < ho,

K K 1
. < C (6 ot +e ot + (t—2a00)9> ||pOHH . (245)

H S(t + h)pz — (1)’

Combining (2.44)), (2.45) and the fact that D (A) is dense in H, we deduce that for any p € H and that for any
t > 2000, as h — 0,
S(t + h)p° — S(t)p’
h

— S (t)p°  in H.

3 The adjoint system

The goal of this section is to characterize the adjoint A* of the operator A defined by (1.27), (1.28]) and to study
the regularization properties of the corresponding semigroup (etA ) 50"

3.1 Characterization of A*

First, we introduce the family of unbounded operators
A(a) € A" (a0 —a)  (a € [0,as0)). (3.1)

Due to the hypotheses (1.17)—(1.19)), there exists (see, [4, Thm 4.4.1, p.63]) a parabolic evolution operator S
associated with A: for 7 and T7* defined by ([2.2)

S € CUT; Lo(H) NCOUT*; L)) N COUT*; L(H)) N COUT™; L(H, HY)), (3.2)
Vr € [0,as), S(,7) € CH(r as); L(H)), (3.3)

Va € (0,a00), S(a,-) € C([0,a); Ly(H], 1)), (34)

S(r,r)y =1, S(as,az)S(az,a1) = S(as,a1) (0<ay <az < az < aso) (3.5)
V(a,r) €T, %5@, r) = A* (a0 — a)S(a,r), (3.6)

Y(a,r) € T, ¥p € Hi, %g(a,r)p = —5(a,7)A*(ase — 1)p, (3.7)

and there exists a constant M > 0 such that for any o € [0,1],0 € [0,1], a+ 0 < 1,

< M. (3.8)

swp_(a—r)’ [Stan)|, <
a’’ta+e

(a,r)ET™

This evolution operator allows us to consider the Cauchy problem

ST AT w00, T0) =7 (3.9)

We have the following result similar to Proposition (with the similar proof that we skip here).
Proposition 3.1. Let a € [0,1]. For any f € L*(0,a0o; HY,_,) and for any ¢° € [ ;‘;_1,7-[;}1/2, there ezists a
unique solution

B € L2(0,000; 1) 01 C° ([0, aues [Hir Ha ) N (0,000 Hiy)

1/2
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of the system (3.9). Moreover, we have the following estimate:

¥ e

Finally, for a =1, the above solution can be written with the Duhamel formula:

(3.10)

LZ(O,aw;H;)ﬂHl(O,aw,Ha 1) LQ(OaaoofH:;fl) .

a 17

¥(a) = S(a,0)° + /0 ’ S(a,r)f(r) dr (a € 0,as)). (3.11)

Using the above results, we can now characterize A* and its domain:
Proposition 3.2. The adjoint of (D(A),A) in H is given by
D(A") = {¢ € L*(0, a00; H]) N H'(0, 0001 H) 5 (ac0) =0},

A" DAY) > H, ‘;—f + A"+ E*(0).

Proof. The proof is divided into 3 steps.
Step 1. We consider the operator Ag : D(Ag) C H — H defined by

D(A)) = {p € L¥(0,a00; H}) N H (0, a00; H) 5 P(ace) =0}, Afy = ‘1”’ + A9

Let us prove that for any A > 0, the operator A\I — Ag : D(Ag) — H is invertible and that

sup || AT — A —1H < o0, su HM AT — Al —1H < . 3.12
)\>13H ( ) £(H) i of ) £(8) (3.12)

As usual, the above relations are equivalent by using the formula A%(AI — A%)~ = =T + A(A — A})~! and we
only need to show the first one. The equation

(A= Af) = f, (3.13)
with ¢ € D(Ag) and f € H can be written as

31/) /Id) )\¢+ f7 ¢(O) =0 (a € [Oaaoo])a

da

where ’LZ = h(as — -) and f £ f(aOO — ). Hence, using Proposition with a = 1, we see that the above
equation admits a unique solution 1/} € L2(0,a00;H}) N HY(0,a00; H). This shows that (3.13) admits a unique
solution ¥ € D(Aﬁ) Moreover, w is given by the Duhamel formula

Fla) = / "N S0, ) Flr)dr.

Using standard property on the convolution and (3.8]), this yields

~ M
< -
7], < 5 191,
which implies (3.12)).
Step 2. We now consider the operator A% : D(A*) C H — H defined by
. o O
DAY D(AY), At TV a1 BYY(0) = A+ VY, (3.14)
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where V is defined by
VDAL = H, V¢ E*(0).

Let us prove that for A > 0 large enough the operator \I — Af : D(A¥) — H is invertible. In order to do
that, it is sufficient to show that for A > 0 large enough, we have

VAL — AN ™|z < 1. (3.15)

-1
This implies that I — V ()\I — Ag) is invertible and thus that A\I — A? is invertible with

—1 —1 —1\ —
(A =A%) ! = ()\I - Ag) <I— v ()\I - Ag) )
To show (3.15]), we use a trace theorem: for any £ > 0,
(O3 Se Nl raveve 0,00 ) -

Using that H'/?%¢(0, a0e; H) = [L3(0, a00; H), H' (0,a00;H)]1 /24 and an interpolation inequality (see, for in-
stance, [33, Theorem 1.9.3 (3) page 59]) we deduce that for any ¢ € (0,1/2),

1/2+ 1/2
1l 12724 0,00 20) S 10l a0 18 ot -
Combining the above estimates and using (1.24)), we deduce that for any € € (0,1/2),
1/2+¢ 1/2—¢
VY € D(AD), [Vl <e [l Il *

Hence, by combining the above estimates with (3.12)), we conclude that for any e € (0,1/2),

S A
f H
()\I - AO) f e i

1/24¢

Vf € H, HV()\I—Ag)lf ()J—Ag)flf

H D(AY) H

Fixing € € (0,1/2) and taking A > 0 large enough, we deduce and we conclude that A\I — Af : D(A%) — H
is invertible for A large enough.

Step 3. Let us now prove that (D (A*) | A*) = (D (Aﬁ) ,Au), which will end the proof of the proposition. First,
using integrations by parts, one can check that D(A*) C D(A*) and that for ¢» € D(A?) we have A*1p) = Ak
Second, let us prove D(A*) C D(A¥). Using Proposition A* is the infinitesimal generator of the strongly
continuous semigroup (S*()),s, in H, and thus AI — A* : D(A*) — H is invertible for A large enough (see [27,
Theorem 5.3, p.20]). Let us take A > 0 large enough so that A\ — A* and A\I — A% are invertible. Let us consider
1 € D(A*) and let us set

FEN-AYYEH, % (A — A% fe DAY,

In particular, ¢ € D(A*) and (Al — A*) ¢ = (A — A%) p = f. Since X € p(A*), we deduce that 1) = ¢ € D(A?)
and this ends the proof. O

3.2 Estimates on the semigroup {em*}po

From Proposition we deduce that &£(¢,-) = e €0 satisfies the system

9 23

S (:0) = 52 (ta) = A*(@E(t) + E*(@)E(0)  (0) € (0,+00) x (0,a),

E(t,ane) =0 t € (0,+00), (3.16)
€(0,a) =&%a) a€(0,an).

Using the method of the characteristics (see Fig. |2)), we can show the following result:
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t+a
(o | (oo
t
\ . ¢
0 oo 0 t+a S
Figure 2: Method of characteristics (for t + a > a0 and t + a < aoo)
Lemma 3.3. Assume £(t, ) L etA 0 Then € satisfies the following formula:
t ~
&(tya) :/ S0 — 0,000 —a—t+1r)E*(a+t—r)E(r,0)dr (t+a> ax), (3.17)
t+a—aso

and
~ t ~
&(t,a) = S(aco—a, aoo—a—t)go(t—l—a)—i—/ S(oo—0a, oo —a—t+r)E*(t+a—7)E(r,0)dr (t+a < as). (3.18)
0
In particular, £(-,0) satisfies the following integral equation:
t
£(t,0) = 1(9,4.1(1)S(ace, aso — £)E° () + / S(toos Goo — L+ 7) 1 q 1(t —7)E*(t —1)E(r, 0)dr. (3.19)
0
Proof. We use the classic method of the characteristics: for tg,ag > 0, let us set
B(s) Z &t + 5,000 —ag —5) (50, ag+5 € [0,as)).
Then we deduce from (3.16]) that

@' (8) = A" (0o — ag — 8)P(8) + E* (aso — ag — 8)&(to + 5,0),  #(0) = £(to, oo — ag)-

Using the evolution operator S associated with A defined in (3.1, we can write the Duhamel formula:
S
@(s) = S(ag + s,a0)d(0) + / S(ao+ 8,a0 + ) E* (aso — ag — 1)&(to + 7,0) dr.
0

Assume now that ¢ + a < as. Then we set tg = 0, ag = aoo —a —t, s = ¢ and we obtain (3.18). If we assume
that ¢t +a > aso, then we set tg &= t + a — ano, ap = 0 and s = ao — a and we obtain (13.17). O

We deduce the following result
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Lemma 3.4. Assume 0 € [0,1/2). Then there exists a constant C > 0 such that for any £€° € H, £(t, -) L pth” g0
satisfies

1€, 0)]l5; < C <t191[o,aw](t) 1€°@)|),, + e ||§°||H) (t>0), (3.20)

where Ko “M HE*”Loo(o,am;E(H)) )

Proof. First, applying the Grénwall lemma on (3.19) and using (3.8), we deduce the existence of a constant
C > 0 such that

et 0l < € (|l HH 1[0 an) () + 5! HsOHLl(O i) (3.21)

which implies (3.20) for 6 = 0. Then combining (3.19), (3-2I), and (3.8)), we deduce the existence of a constant
C' > 0 such that

M e
€2 0)ll2; < 55 Lot (1@, + / Tyt (= 1) €00 ] o0y ()

' C%O ’E()’l’ 0
) Gy e (=T 1€°1] s 0y - (3:22)
The above relation yields (3.20) for 6 € (0,1/2). .

Let us also define, for ¢ > 0
) def pF ||E*HL°°(0 aoiL(H3)) -

Theorem 3.5. Assume
E* € L*(0, o; £(H:§/2)), (3.23)

with ¥ € [0,1). Then there exists a constant C' > 0 such that for any £° € H,
. 1 =
e &)l 20 0tz < C (tﬂ te ot) 1€, (> 0.
Proof. We set £(t,-) = e ¢0. Assume t + a > aoo. Then from ) and - we have

" ~
Ky /2
||§(t7 01)”7-[:; < /t+aaoo m”f(?‘, O)HH:Q/QdT (t +a> aoo) .
Since ¥/2 € [0,1/2), we can use (3.20) and, combined with the above relation, it yields
' 1 1 0 Eo’l" 0
1§, a)llae; < € =72 oz Hoasl (D €0 o+ |l J dr (40> acc).

t+a—aco
Since ¢ € [0,1), this yields
1€(t, a)|l3y < C (tl/zfﬁ + 6E0t> H{OHH (t+a>ac)- (3.24)

Assume t + a < an,. Then from (3.8]) and ( we have

M b R
Je(t. o)l < G5 +a)le+ [ G O (1 <)

o (t
and using ([3.20]), we obtain

M _
€t )l < T+ a)llae+C (17277 + ) €l (E+a < aw)-

Combining the above relation and ([3.24]), we deduce the result. O
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4 Stabilization of the solutions

This section is devoted to the proof of Theorem and Theorem that is the existence of feedback operators
that stabilize exponentially our system.

4.1 Spectral decomposition of H

We recall that (see Proposition [2.6)) A is with compact resolvents and thus its spectrum o(A) is reduced to
eigenvalues () k>1 With finite geometric multiplicities,

0, = dim Ker (A — M\ I) < oo.

We can assume that (Re Ag),, is a nondecreasing sequence. Let us fix a > 0. Using Theorem and [27]
Theorem 4.7, p. 54], we can split the spectrum of A into two parts:

Rely > —a (ke{l,...,N}), RelMpq+te<—-a (E=>N+1), (4.1)

for some € > 0. In order to stabilize , we follow the method detailed in [9] for analytic semigroups. In
particular, the framework below is already given in [9] (see also [10]).

First, we consider I" a contour enclosing {\;, k=1,..., N} and no other point of o(A). We define the
projectors (see, for instance, [2I], p. 178])

o 1 - .
Ky = — [ (M -A)T"d\, Ko=T-K,.
2m Jr

We also define
def

H, ©K,HcD@A), H_ =K_H,

so that
H=H, oH_.

Applying [21, Theorem 6.17, p. 178], we can define the parts of A
Ay ef(Hy), A_:DA)NH_. - H_,
i.e. the restrictions of A to H; and H_. Moreover, we have
c(Ay)={, k=1,...,N}, o(A_)={ s, k> N}. (4.2)

We can define similarly
1
Ky = — [ (A\[-A)™"d\, K =T1-K;
T om / ( ) ’ - +

Iy
and we can check that K% and K* are the adjoint operators of Ky and K_. We then set

H ®K{HCDAY), H =KH,
so that
H=H; o H*.

By a duality argument (see, for instance, [9]), we also deduce that we can extend K, and K_ as bounded

operators
Ky:D(A*) - Hy, K_:D(A*) — [DA)NH],

where here X’ denotes the dual of X with respect to H. As above, we can use [2I, Theorem 6.17, p. 178] to
define the parts of A*
A% € L(HY), A* :DA*)NH* — H*,
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i.e. the restrictions of A* to H* and H*. We can check that A% and A* are the adjoint operators of A, and
A_. Moreover, we have

o(A)={\, k=1,...,N}, o(A")={Xs, k> N}. (4.3)

We recall that B is defined by (1.29). Using Proposition we deduce that B : U — D(A*)" and thus that its
adjoint B* is a bounded operator D(A*) — U. We define

Uy €B'H;, U_ =B (H NDA")) (4.4)
and the orthogonal projections
74:U0U—->Uy, 7_:U—-0U_. (4.5)
We set
By “K,Br,, B_=<K_Br_, (4.6)
and we recall (see [9]) that By = K;B and that B_ = K_B so that
B} = BK®, B* =B"K". (4.7)

First, we deduce from Theorem and from [12] Corollary 2.5, p.121], the following result:
Lemma 4.1. Assume ([2.38)) for some 6 € (0,1). Then there exists a constant C > 0 such that for any £° € H*

le™= €0l < Cem@FI |0, (> 0). (4.8)
Then, combining the above result with Theorem we obtain the following result

Corollary 4.2. Assume (2.38)) for some 6 € (0,1) and (3.23) for some 9 € [0,1). Then there exists a constant
C > 0 such that for any & € H* ,

= (em*)po in H* and applying Theorem there exists C' > 0 such that for

. C _.
P iy <5 I (620

Proof. Using that (emi>
any &0 € H* ,

t>0

. C
Hem—foﬂL?(O,aw;HE) < o HEOHH (t € (0,3a00))- (4.9)

Then, using , we can apply Theorem and deduce that the semigroup associated with A is differentiable
for t > 2a.. Consequently, the semigroup associated with A* is differentiable for ¢ > 2a... In particular, (see,
for instance, [27, Lemma 4.2, p.52]), the operator A*ed@=<A" i5 a bounded operator in H. Moreover, note that
H* is invariant under the operator A*e3%<A" Combining these properties with , we deduce the existence
of a constant C' > 0 such that for any £° € H* and for ¢t > 3a

HA*emifoH _ He(t—Saoc)Ai (A*e3aooA*) 50” < Ce~(ate)(t=3as) HA*esawA*goH < Ce—(otort HgoHH'
H H H
In particular, combining the above estimate with Proposition we find that for any ¢ € H* and for t > 3aec,

‘ oAt 50‘

Using the above relation and (4.9)), we conclude the proof. O

< Ce—(a+s)t H§OHH

L2(0,a005M7)

We use now the projection Ky and K_ on (1.25) to obtain the decomposition of the solution of (L.25):
p = p+ + p—, where

(4.10)

{ p;:A+p++B+’U, t>0, { pl,ZA,p,—i—B,u t>0,
p+(0) = pY, p-(0) =p°,

with p) = K, p® and p? = K_p°.
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4.2 Proof of Theorem [1.3

We are going to use the framework of the above section to show that can be stabilized exponentially.
More precisely, we will consider a feedback operator F € L(H,U,) that stabilize the first system of
and using , we will show that the second system is also exponentially stable. We will thus consider the
following systems

p/+ = A+p+ + B+F+p+ t> O, pl, = A,pf + BfFJ’»er t > O,
0 0 (4.11)
p+(0) = p3, p-(0) =p2.

In particular, p = p4 + p_ will satisfy the system (T.25) with the feedback operator u = Fp, = F K, p:

/
p = (A+BF+K+)]) t> 0,
4.12
{ p(0) =p°. (4.12)
We will thus prove Theorem with the feedback operator
FEF K,. (4.13)
Note that in (4.11)), p+ € C°°([0,00); H.) is the classical solution of a system in finite dimension
pe (1) = EEOLL (1> 0)
whereas p_ is the mild solution of the second system, that is, given by the Duhamel formula:
t
p_(t) = e-p° +/ eTA-B_Fop,(r) dr (t>0). (4.14)
0
In order to prove Theorem [1.3] we need to show the following assertions.
1. The above formulas and p = py + p_ yield that
Ip() [l < Ce™ ||p°[  (t=0). (4.15)

2. The following family of maps for ¢ > 0 (corresponding to solutions of the above systems) define a strongly
continuous semigroup:

¢
Sr(t) : p° € H s etB++B+FOR 50 4 oth-K 50 4 / et—MA-B_F, e B++B+FR p0 47, (4.16)
0

3. The infinitesimal generator of the above semigroup is the operator Ay defined by

DAp) = {fcH : (A+BF,K,)f cH} and Arf= (A+BF,K,)f. (4.17)

Proof of Theorem[I.3 We divide the proof in 3 steps, as explained above.

Step 1. For the first system in (4.10]), we note that dimH, < co and we can thus use the Fattorini-Hautus
test in finite dimension. If (1.32) holds then for any ¢ > 0, there exists a feedback operator F, € £L(H,, Uy )
with

rankF, < max /#,
k=1

yeeey

and such that the corresponding solution p; € C*°([0,00); H, ) satisfies

o+ ()l < Cem @+ 2, (¢ > 0. (4.18)
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We now show that the Duhamel formula (4.14)) yields that p_(¢) € H and that it has a exponential decay. First

using Lemma we deduce that
le=p2 [l < Cem Tl (t>0).

For the other part in (4.14)), let us consider £&° € D (A*). Then, from (4.7), for ¢ > 0,

¢ ¢
< / B Fp, (7) dr, 50> ~ / (Fips(r),Bre" ¥ KEE) dr
0 D(A*) ,D(A*) 0 U
and thus from Corollary (with ¥ =), (1.23)) and (4.18)), for ¢ > 0,
¢
([ BBty anet) | < o n ol
Therefore we deduce that for any ¢ > 0, p_(t) € H with

lp— (8l < Ce™ ||p°||,  (t > 0).

Combining this with (4.18)), this shows (4.15)).

Step 2. Now, to prove that p € CO(R,;H), it is sufficient to show that the function p defined by

t
PO [ B E () dr (120)
0

(4.19)

(4.20)

(4.21)

is continuous in [0,00). In order to this, we follow the proof of Proposition 4.2.4, p. 117 in [34]. Assume ¢ > 0

and h > 0. Then

h

Pt +h) = e p(t) + / ePTA-B_Fypy (7 +1t) dr.
0

Using (4.21)), we deduce that p(t + h) — p(t) as h — 0". Assume now ¢ > 0 and h € (0,¢). Then

h h
p(t) = et=MA- / eWA-B_F p, (1) dr —|—/ eh=TA-B R, p, (14 h) dr,

0 0

and we recall that
pie(T+h) = e(T+h)(A++B+F+)p3_ — eT(A++B+F+)p+(h)_

Thus, using again (4.21]),

15(t) = Bt = W)l < Ch 7 [|[°]] g + C || (h) = P | -

We conclude that p(t — h) — p(t) as h — 01 and this implies that for any p° € H, p = Spp° € C°([0,00); H).

Let us show that Sp is a continuous semigroup on H: first, we note that (4.16|) can be written as

t

Sk(t)p° = ep® + / e "TABF T A+ TRFHIK  p° dr
0

In particular, if ¢1,t2 > 0, we obtain after some standard computations

t1
SF(tl +t2)p0 _ etlAS]F(tg)pO +/ e(tl7T)AE]F+€T(A++]B+F+)6t2(A++B+F+)K+pO dr.
0

Applying K, on (4.16]), we find
K (Se(t2)p) = e+ TB+FHIK p0.
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Combining the above relation with (4.23)), we deduce that Sg(t; + t2)p® = Sg(¢1)Sr(t2)p°.
Step 3. Let us now consider the infinitesimal generator A of the semigroup (Sg()),,- We need to show that

A = Ap, where Ag is defined by ([{.17).
First, we note that from Proposition [3.2

[H, D(A)]., = [L*(0, ac0; H), L*(0, ase; H1)] > L*(0, aoo; HS)

and thus B* € £ ( [H, D(A*)]ﬂ{ ,U). On the other hand, since A* is the generator of an infinitesimal semigroup
L

(see Proposition [2.12), we can apply standard results (see, for instance, [27, Theorem 5.3, p.20]): there exist
Ao > 0 and C > 0 such that (A, 00) C p(A*) and

H)\(AI—A*)’lHﬁ(H)+H()\I—A*)’1H (A > Ag).

<
L(H,D(A*))

By interpolation and duality, we deduce that

(M —A)'B <
H |

A>A).
LUHE) ALY ( )

This shows that for A > Ag large enough, ’ (M — A) "' BF, K, .
invertible. This yields that A\I — Ap : H — D (Ay) is invertible with

o < 1 and thus I — (M — A)”'BF, K is

(M — Ag) ™ = (I — (M= A)! IBIF+K+) Tr— At (4.24)

Let us fix A as above. Using the decay of the semigroup Sy and [I2] Proposition 2.3, p.100], we can write for
0
any p- € H,

fe’e] -\ —1
/ e NSy (£)p°dt = ()\I - A) .
0

Using (4.22)), we have for any ¢ > 0,

¢
e NSk, (t)p° = e Methp0 +/ e M (-TARE K, (e*ATS]F(T)pO) dr. (4.25)
0

Integrating the above relation in ¢ € (0, 00) and using the Fubini theorem, we deduce that for any p° € H,
-1 -1
(M - A) P =\ —A)" %+ (M — A BFLK, (M - A) .
Combining the above relation with (4.24)), we deduce that
-1 .
()\I - A) = (A — Ay)
and therefore A = Agp. This ends the last step of the proof of Theorem [1.3 O

4.3 Proof of Theorem [1.§

We now consider the proof of Theorem First we write (1.30]) in the form (1.25)). In order to this, we only
need to define the operator B. We consider the following operator

D e £ (U, H)
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defined as follows: f < Du, for u € U is the weak solution of

3f =Af a€(0,ax),

Af t 5,
o (4.26)
f(O) = ; E(a)f(a)da + Bu,

where A > 0 large enough such that A € o(A). To define a weak solution for (4.26)), we consider a smooth f
satisfying (4.26]) and we multiply the first equation by ¢ € D (A*). Integrating by parts, we obtain

(f; M =A%) @)y = (u, B*q(0))y

By setting f & * [A\ — A*] G, we obtain the following weak formulation for

A )

Note that if f € H, then [\I — A*] "' f € D (A*) and in particular (see Proposition ,

A — A*] 7Y f e L0, a00; 1Y) N HY(0, ane; H).

(AI A*] f) H o,

so that, since B* € L (M, U), v € [0,1/2), the weak formulation ([4.27) admits a unique solution f € H.
Consequently, the operator D is well-defined.
Then, we set

We thus deduce that

B= X\ —-A|De £ (U, DAY,
and from the above computation, we remark that its adjoint is given by
B*:£e€D(A*)— B*€(0) elU
Proof of Theorem[I.8 The proof is completely similar to the proof of Theorem [I.3] the only difference consists

in the estimation of the left-hand 51de of - Here, we cannot apply Corollary - but we use instead
Lemma [3.4] More precisely, from (3:20)), we obtain that for any ¢ € H,

|+ K2e?] (O)H% <C (;1[0,%]@) K= €°(t)]],, + HgOHH> (t € (0, 3asc]). (4.28)

On the other hand, using that the semigroup associated with A* is differentiable for ¢t > 2a,, and Lemma
we have for t > 3a., and for £° € H,

HA*etAiKiﬁoH < Ce~(ate)(t—3a) HA*,e‘?“‘”AinEOH < Ce(atelt H£OHH
H H
Applying Proposition and a trace theorem, we deduce that for any ¢ > 3a, and for any &° € H,
[ me) ) <ot e,
Hi/z
The above relation and (4.28) yield that for ¢° € H,

| k=] () <c(;1[0,%]@)||K*§°<t>HH+e‘<a+f>t|\s°||H) (t >0). (4.29)

3
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Now we have

t t .
< /0 e""IA-B_F.p, (r) dnso> = /0 (Fips(r), B" [0 k) (0)) dr, (4.30)

and using (1.31)), (4.18) and (4.29),

' /0 t <F+p+(7'),B* {e(t_T)AiK*_ 50} (0)>u dr

< elate)r
< ceterr [T ke @l dr o+ Coe @ oy €] (430)

Since v € [0,1/2), we deduce

‘ /0 (Epe), B [ ke ) dr

w0 <O Il 1€ e

and we conclude as in the previous proof. O

4.4 Proof of Theorem [1.9

We prove here Theorem by applying Theorem [I.3] We need to introduce the operators A, B, E and the
corresponding functional framework and show (1.17)—(1.19), (1.23]), (1.33) and (1.32)).
We set

HELXQ), H < HXQNHN(Q), H < H,, (4.32)

A(a)p = Lia,)p—pp  (p € Ha), (4.33)
where L is given by (1.2)). Note that A* is given by

d

Aae= Y o (rge )+ Z i)+~ e (€€ i) (431

i,j=1

Using (1.2)), (L.3), (1.6} and , we deduce that A and A* satisfies

In order to obtaln and -, we apply a general argument of Tanabe [31] (see also, [7]). For sake of
completeness, we state in the appendix the corresponding result (Proposition |A.1]) and give a proof, in order to
emphasize that the constants in (1.18) and (1.19)) are independent of a € [0, aso].

Lemma 4.3. The operator A defined above satisfies (1.18)) and -

Proof. In order to apply Proposition we set
VEHy = H(Q),

and
ba(p,€) = (o(a,-)Vp, vf)y(g;cd) + (m(a,) - Vp + (r(a,-) — p(a,))p, f)m(g;c) : (4.35)
Using (1.3]) and (1.5]), there exist constants C,, ¢, > 0 such that

o(a,2) - €= |67 and  |o(a,2)¢] < C, || (a€[0,a0), 2 €Q, € €RY). (4.36)

Here, we use the canonical Euclidean inner product and norm of R?. Using ([4.36)), (1.6)), (1.7) and the Poincaré
inequality, we deduce the existence of ¢, > 0 and Ag > 0 such that for any p € V and any a € [0, as],

Reba(p,p) = e |Iplly, — Xo P15, -
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Similarly, using , and , there exists Cp > 0 such that for any a € [0, axo],
1ba(p1,p2)| < CyIp1lly P2/l (p1,p2 € V).
Using integration by parts, we can check that the operator associated with b, is
Aa): V=V, pw L(a,")p — up,

and using the elliptic regularity (see, for instance, [I5l Theorem 8.12, p. 186]), we see that A(a) : D (A(a)) —
H, with D (A(a)) = H;. In particular A(a) = A(a), where A(a) is defined by (4.33). We can thus apply
Proposition and we deduce the result. O

For the control operator B, it corresponds to the Dirichlet control on I' C 0. To define it, we use the
following standard procedure. First, we consider A\; > 0 such that for any a € [0, axo],

MI—A(a)" - H] = H
is invertible. For any u € L?(T") and a € [0, as], we consider the weak solution p, of

{ Mpu — L(a, )py + pla,)p, =0 in

4.37
pu = 1ru on 0. ( )

The weak formulation of the above system is obtained by formally taking the inner product of the first equation
with & € H7:
(Pu, M = A(a)") §)3 = = (u, (0(a, ) VE) - n)y (4.38)

where n is the unit outward normal vector field on 9 and where I/ & L?(T). Using a trace property, the weak
formulation of (4.37)) can be thus written as follows:

(Pus )y = — (u (J(a, v ((m — A(a)*)*l) f) ~n)u (f € H) (4.39)

and the Riesz theorem yields the existence and uniqueness of p, € H. Moreover, the adjoint of the operator
Rr:U — H, u+— p, is given by

RE:-H U, s (J(a,~)V ((All - A(a)*)*l) f) ‘n

and by using a trace property, we see that it can be extended R} € £ (H’il/4+s,l/l> for any € > 0. Therefore
Rrel (U,’Hl/4_s) and we define

B(a) = 1(ay,a5)(a) A\I — A(a)) Rr € L (U H_3/4c) - (4.40)
Note that with the above computations,
B(a)*: Hajape = U, [ L(a1,a0)(@) (o(a,-)Vf) - n. (4.41)

In particular (1.23)) is satisfied for any v € (3/4,1).
For ([1.33)), we first introduce the operator E:

E(a): L*(Q) — L*(Q), p— Bla,-)p. (4.42)

Using (1.9), we see that for any a € [0,00], E(a) € L (L?(9) is a self-adjoint operator. Note that from ([£.32),
for v € (3/4,1), (see, for instance, [12, pp. 171-172])

He )y = HY ().
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Let us consider v € (3/4,1), v < b. Then from [I6, Corollary 1.1, p.5], E satisfies .

It only remains to show . In order to do this we apply Lemma and we prove that the system
associated with (A*, B*) is approximately observable in (a1, az2). As explained in Remark this property is
equivalent to the approximate controllability of

0
8—5—Lp+up20 (a,2) € (a1,a2) x Q,

p(a,z) = 1r(z)u(a,z) (a,z) € (a1,a2) x O, (4.43)
play,z) =p°(z) ze€Q.

The approximate controllability of such a system is well-known and can be obtained by using an extension of
the domain 2 and an approximate controllability property of a similar system as above but for a distributed
control. The corresponding result for the distributed control is a consequence of Carleman estimates: see [14]
Lemma 1.2, p.5], whereas the procedure for the extension of the domain is done in the proof of Theorem 2.3,
p-29 in [I4]. Note that we need the regularity , in the Carleman estimates.

O

4.5 Proof of Theorem [1.10l

We prove here Theorem by applying Theorem We need to introduce the operators A, B, E and the
corresponding functional framework and show (1.17)—(1.19), (1.31)), (1.38) and (1.37).

We define H, Hi, A by (4.32)), (4.33) and as in the proof of Theorem we can check that A and A*
satisfies , and Lemma yields that and hold true.

We also can define the control operator by

U= TLXw), B:L*(w)— L*Q), u lu.

In particular, (1.31) holds for v = 0.
We then define F as in the proof of Theorem by (4.42). Applying [16, Corollary 1.1, p.5], we deduce

that ((1.9) and (1.14) yield (1.38).

Finally, to prove (1.37)), let us consider £ € L?(0, aso; H}) N H(0, ano; H) such that

0% N~ 0 .
o +i; Bor < g ) Z 5y (M98 (r = pE+ BE0,) = AL in (0,a00) x €, (4.44)
E=0 on (0,a0) x 09, (4.45)
€(aoo,) =0 inQ (4.46)
and
£0,)=0 inw. (4.47)
Using , the equation implies
% X0 )
&§+,ZG-( ,Jaw) zz:a— +(r—p—XE=0 1in (0,ag) x Q. (4.48)

i,j=1
By using (1.13]), we can apply Theorem 4.1 in [IT] and deduce that (4.47)) implies
€0,) =0 inQ.

Consequently, we can remove the term S£(0,-) in (4.44]) and from (4.45)) and (4.46) we deduce & = 0. We have
proven (1.37) and thus Theorem [L.10]

O
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A Technical results

A.1 Proof of Proposition

This section is devoted to the proof of Proposition [2.2
We start by the case a = 1. First, using (1.19)), for any s € [0, ax], p° € His2 and f € L?(0,1;H), there
exists a unique solution

p € L*(0,1;H1) N C°([0,1]; Hayo) N HH(0, 1 H)
of the system

% =A(s)p+ f in(0,1), p(0)=p°. (A1)

Moreover, there exists a constant C' > 0 depending only on the constants in ((1.20)) and (1.19) such that

HPHLz(o,l;Hl) + Hp||00([0,1];?-11/2) + ||pHH1(O,1;7-[) <C (HPOHHUQ + ||fHL2(0,1;H)> . (A2)

Note that the above result, with the above estimate holds true if we replace (0,1) by any interval of size less
than 1 (by extending f by 0).
Let us fix p° € Hio and f € L?(0,a00;H). Assume a; < aoo and a3 < 1. For any g € L%(0,a1;H), we can

consider the system:
0 .
S =AOp+S+g i (0.a). p(0)=p", (A.3)

We obtain a unique solution
pE L2(0, ai; 7‘[1) N CO([O, al]; Hl/g) NH! (0, a; H),

and we can consider the mapping G : L2(0,a1;H) — L?(0,a1;H) such that

(Gg) (a) = (A(a) — A(0)) pla) (a € (0,a1)).

We see that ¢ is fixed point of G if and only if the corresponding solution p of (A.3) is a solution of (2.1)). Using
(E2) and (L.T7),

169" = G6° (| 12(0,0,10) < Cai 19" = 9l 20,0,

and thus for a; small enough, G is a strict contraction: applying the Banach fixed-point theorem, we deduce the
existence and uniqueness of a fixed point for g. This implies the existence and uniqueness of a solution of
in (0,a;). Since the constance C in the above relation is only depending on A, we can repeat the argument on
(a1,2a1), etc. and we deduce the existence and uniqueness of strong solutions for in (0, a00)-

For the general case, let us assume « € [0,1]. By a duality argument (see, for instance, [I2, Corollary 2.1,
p.207)), for any s € [0, aso], p* € H_1/2 and f € L?(0,1;H_1), there exists a unique solution

p€ L*(0,1;H)NCY([0,1]; H_1/2) N H'(0,1;H_1) (A.4)

of the system (A.1]). Moreover, there exists a constant C' > 0 depending only on the constants in (1.21)) and
(1.19) such that

Pl r2e0,1.20) + ||P||CO([0,1};H_1/2) + P10 1) S C (HPOHHA/Q + ||f||L2(0,1;H,1)> . (A.5)

By interpolation of (A.2)) and (A.5) (see [I12, Theorem 2.2, p.208], for any s € [0, as], p* € [(Ha-1,Hal; /o and
f € L?0,1;Ha_1), there exists a unique solution

p € L2(0,1;Ha) N1 C° ([0.1): Ha-1, Hal 1) N H' (0,1 Ha)
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of the system (A.1). Moreover, there exists a constant C' > 0 depending only on the constants in ([1.20]), (1.21)
and (|1.19) such that

220100+ Wlen ottt sitt, ) Pty < € (1, Wliziosiny ) - (49)

1/2
Moreover, using and a duality argument we deduce the existence of a constant C' > 0 such that
[A(ar)f — Alaz) flln < Clax — az|”||flla,, (1,02 € [0,a0], f € Ha),
[A(ar)f — Alaz) flla_, < Clax — aol”||fllae,  (a1,02 € [0,as], f€H).
Then an interpolation argument yields
[A(ar) f — Alaz) fllae-o < Clar = a2l"[fllr,-0s  (a1,02 €[0,a00], f € Hia). (A7)
We can now proceed as in the case a = 0, by using and instead of and and we conclude

the proof of the existence and uniqueness of a solution for « € [0, 1].

Finally, the fact that the solution is given by the Duhamel formula for a = 1 follows from Proposi-
tion Both the solution given by the Duhamel formula and the solution constructed here (for o = 1)
are solutions of the system with the regularity . Since such solutions are unique, we deduce the result
and conclude the proof of Proposition [2.2

O

A.2 Proof of (1.20) and ([1.21])
We show here (1.20) from (1.17) and (1.18)), the proof for (1.21]) is completely similar. First, there exists a

constant Cy > 0 such that
Vp € Ha, lplly + [1A0)pllyy < Collpllyy, -
Then combining the above relation with ([1.17)), that is
[Aa1)f — Alaz) fllae < Calar — aol”|[flla,,  (a1,02 €[0,a00], f € Ha),

we obtain that for any a € [0, ax] and any p € Hy,

[Ipll3 + 1A(@)plly, < (Co + Caal) [Ipllyy, -

For the other estimate of (1.20)), we first use (L1.18) to deduce the existence of \; € R such that for any
a € [0,a00], MI — A(a) : H1 — H is a bounded isomorphism. In particular for any a € [0, a], there exists a
constant C'(a) > 0 such that for any p € H;

[plly, < Ca) |Mp — A(a)plly -
Now, we deduce from the above relation and ([1.17) that for a1,a € [0, as] and p € Hy,
Ipll3, < Clar) (IMap = A(@)plly, + Cala —ar]” [Iplly,) -
In particular, there exists an open neighborhood of a; in [0, as] such that for any p € Hy,
[Pl < 2C(a1) [|Adp — Ala)plly, -

Using the compactness of [0, a], we deduce the existence of a constant C' > 0 such that for any p € H; and
a € [0, aco],

Ipll3, < C'llAp — Aa)plly,
and this implies the first estimate of .
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A.3 Proof of Lemma
Assume that £ € L?(0, ano; H}) N HY(0,a00; H) and X € C satisfy

E AT BE0) =X ac (0,ax),
g(aoo) = O,
B*¢ =0 a€(0,ac).

(A.8)

Then, using the hypothesis on E, £(a) % e=*%¢(a) satisfies

9 = > :
5§+A%:a B*¢=0 in(0,ap).

Since a1 < ag, we can use lb in some interval (ai,as) to obtain that E =0 in [0,170,3]; From the above
equation satisfied by &, we find £ = 0 in [0, a3]. In particular £(0) = 0 and (A.8]) yields that & satisfies

o€ - -
aTi FAE=0 ac(0,a), Eaw)=0.

Thus, £ =0 in (0, a ), and we deduce (1.32).

A.4 A result of Tanabe

We give here a result obtained in [3I] and that allows us to show Lemma We first recall the general
framework: let us consider two Hilbert spaces H and V with a continuous and dense inclusion V < H, so that
we can define V' the dual of V with respect to the pivot space H. We also consider b : ¥V x V — C a bilinear
form, ¢, Cy > 0 and Ay > 0 such that

b(p1,p2)] < Collprlly P2l (p1.p2 € V). Reb(p,p) = o Iplly — Mo llpls, (€ V). (A.9)

There exists a unique operator A € £ (V,V’) such that

(=Ap1,p2)yr y = b(p1,p2) (p1,p2 €V).
We can then consider A as an unbounded operator from D (A) to H, with
DA ={pecV : ApcH}.

Proposition A.1. Assume that A is the unbounded operator defined through the bilinear map b as above and
assume that b satisfies (A.9). Then there exist N > 0 and ¥ € (w/2,7) only depending on ¢y, Cp, and Ao such

that
N
Sagw C p(A) and YA€ Sy, H/\I—A_1’ < A10
roio Cp(A) an I O S TS (A.10)

Proof. First, using and the Lax-Milgram lemma, we deduce that
{AeC:ReX = Ao} Cp(A)
and for any A € C, Re A > A\ and f € H, the unique solution p € D (A) of
M —-A)p=f

satisfies 1
2 2 2
lIplly, < . (£l l[plly  and  [A=Xo|[pll3; < I fll5 [[Pll3 + (Co + o) P[5 - (A.11)
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Combining the two above relations yields

_ No
A — A 1‘ <—0  (ReA> Ao A% Ao, A12
[or-a7 < 5Th ReAZMA#N) (A.12)

with o \
N (1 + ”“) : (A.13)

Cp
Let us set

¥ = 7w — arctan(2Ny) € (7/2, 7). (A.14)

Assume now that A € ¥y, 9, with Re A < Ag. There exists 7 > 0 and |0] € (7/2,9) such that A = Ao + re’?. We
can write

M — A= (A +irsin(d)) I — A+ rcos(6)I
= [(Ao +irsin(0)) I — A] [I + 7 cos(0) [(Ao +irsin(0)) I — A7 (A.15)

Using (A.12)) and (A.14), we have

Hr cos(8) [(Ao + irsin(8)) I — A" HL(%) < Np Jeot 8] <

DN | =

Combining the above relation with (A.15), we deduce that A € p(A) and that

_ 2N, N,
A — 1H <2 < :
H( A) c() - rlsind] T |A = Aol
with
def 2-ZVO
L™ sing’
O
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