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The present document corresponds to the 4*" chapter of my thesis, the problem setting is not definitive,
what matters most here are the mathematical results and the methodology of the existence proofs.

Abstract

In this work, we propose a framework and some tools for establishing the existence of solutions to
numerical schemes in the case of the two-phase flow model. These schemes are sharing some key a priori
mathematical properties. It applies to a large variety of continuous models. We propose the definition of a
regularized scheme and show that if solutions exist to this regularization, then the existence of the initial
one is ensured. This perturbation of the scheme facilitates the regularized existence. The main aim is to
handle degenerate systems such as the two-phase Darcy flows in porous media. We illustrate the strength
of our framework on two practical schemes, a finite volume one using the DDFV framework, and the other
based on a Control Volume Finite Element (CVFE) method.

1 Introducing the problem

In the two-phase Darcy flow, we have a coupled system of two degenerated parabolic equations (3} [16]). The
study of such systems is of great interest for engineering applications such as nuclear waste management,
enhanced oil and gas recovery, management of geothermal energy, etc. An accountable amount of schemes
have been built in various cases for similar models, with a wide variety of numerical methods. For instance,
one can refer to finite volume-type methods such as Two Point Flux Approximation (24} [13; [4)), it has also
been done using finite elements (7; 225 [17)), and other kinds of methods, but we do not want to be exhaustive
here. The degeneracy is the main obstacle to proving the existence of a solution to such schemes. Often, the
proof lacks full clarification, since the problem is complex and tricky. The dependence and definition of the
approximate quantities before proving the existence of solutions prevent us from using an a priori maximum
principle. Moreover, the degeneracy forces the energy estimates to be based on the global pressure p (7} [2])
and on a capillary term ¢ (see ) for continuous and discrete solutions. The existence problem due to the
degeneracy of the mobilities has been treated in (I9)) in the continuous case. The difficulty is circumvented
by regularizing the problem, solving it, and then passing to the limit of the regularized solutions to establish
that they are solutions to the initial system. We propose a standard regularization of the scheme’s result
to demonstrate the existence of solutions for a numerical method applied to degenerate problems.

In Section [1.1] we introduce a quite general type of model to which we can apply our result, the only
hypotheses are concerning;:



e The link between the ”pressure” variables and the ”saturation” ones, depending on the space. It is
designed to take into account not only the capillary pressure and saturating relations but also the
heterogeneity of the porous medium.

e The saturations need to verify a maximum principle, keeping their ”physical” meaning.

e Some "non-physical” variables ¢, on which we have the energy estimates, with a strong link between
them and the ”pressures”, to mimic the role of the global pressure.

Our result can be especially applied to implicit schemes. Assuming we have a scheme holding a discrete
maximum principle and discrete energy estimates on the non-physical quantity ¢, we define the concept of
regularization of such a scheme in Section In Section we prove that if there exist solutions to a
regularized scheme it implies the existence of solutions to the regular scheme.

In Section[2] we present the continuous compressible, immiscible, two-phase Darcy flow in porous media
model, which verifies all the hypotheses of our framework (see Section . Following, we apply our results
to establish the existence of solutions for two schemes. First, we use this strategy on a Discrete Duality
Finite Volume (DDFV) implicit scheme (9). We build a regularized scheme and prove the existence of the
latter solutions, implying the result of the first one. Secondly, one shows that the result also works well in
the case of a Control Volume Finite Element (CVFE) implicit scheme introduced in (15)), following the same
path. Both proposed regularizations rely on the e-perturbation of the mobilities and adding a n-capillary
pressure flow with positive transmissibility coefficients.

1.1 Continuous model

In this work, we are concerned with the existence of a solution to a numerical scheme, for a specific type of
model, but we try to open up its scope as much as possible. Starting from a coupled system of degenerate
parabolic equations, we assume the scheme has already been built. We have a maximum principle and some
energy estimates on the solutions. Usually, the degeneracy of the mobilities is a major issue in proving
their existence for the two-phase Darcy flow. We propose a toolbox accompanied by a strategy to prove
the existence of a solution to our scheme quite easily and rigorously, at least in the two-phase flow context.
We point out that the main result does not only focus on these equations and can include other variants.

We carry out the study in a domain €2 of R?, open and bounded, with d > 1, up to a final time ty (ty can
be equal to +00). One denotes Q;, = Q2 x (0,%5) . We assume that we have the unknowns p = (pa, )i=1,...1
(we call them ”pressures”; they will be the principal unknowns) and u = (ug, )i=1,...; (which can be called
”saturation” ), with an integer > 2. One calls the «; the ”phases”. For instance, in compressible two-phase
flow, one has oy = g, s = w. Our interest is in the approximation of the degenerate coupled parabolic

equation system as follows A .
3{72' — diV(MaiA(Vpai + Vl)) = fZ, (11)

where Vi, Pa,, Ma,, A, V¥, ft designate respectively the accumulation term, the principal unknown, the
mobility, the permeability tensor, a potential (usually the gravitation potential), and a source term. The
proposed result will apply to every type of system of equations as long as one has the three following as-

sumptions (12)-(T4).

First, one has a formal relation linking the principal unknowns with the saturations, reducing the number
of principal unknowns to [, given by G, defined almost everywhere on 2, continuous with respect to (w.r.t.)
the p;, such that
G(ZyDays s Pas s s Doy )

= (Gl(xupa1>~-~>paz)7 EEE) Gi(!E,an '~-7paz)7 ) Gl(x7pa1a "'7pal)) (12)
= (g s oovs Uy s ooy Uy, )

It can be called the coupling relation.
Secondly, we want the quantities u,, to adhere to specific physical bounds of type

Up; S Ug; U, for 1<i<IL (1.3)



Those bounds are given by the nature of the quantities described. For instance, if the u,, are concentrations,
then uq, = 0 and uq,; = +00; if we have saturations then, Ug; =0 and Uq, = 1.

Remark 1. In two-phase flow we have parabolic equations where the mobilities My, (uy,) are positive,
continuously increasing functions with respect to the ay-saturation. The degeneracy issue means that the
mobilities are vanishing with the saturations: My, (ua; = Uq,;) = 0. This degeneracy in multiple cases is an
obstacle to proving the existence of solutions to an implicit numerical scheme. Then, we continuously extend
the mobilities by their extremal values: My, (Ua,) = Ma, (Ua,) for e, < tua, and My, (uqa,) = My, (Tg,) for
U, > Ug,. This is necessary to treat two-phase flows. o

i

Last, we assume that we have some non-physical quantities ({;)1,...; (not directly involved in the state
laws), such that there exists a constant C' > 0, functions g;(.,.) continuous w.r.t. their second variable, two
one-to-one integer functions o1, o9 : [1,1] — [1,1]], with o01(4) # o02(¢) for all 4, verifying for almost every x
in

Pa; = <z + gi(‘r» uou)’ |gz| < Clpaal(i) - pozaz(i) ‘7

1.4
and Lipschitz continuous w.r.t u,, independently of z. (1.4)

In the two-phase flow context, the non-physical quantities will be the global pressure (7)), and the functions
g; will be the corrective pressures (see Section .

Here, we do not specify the boundary and initial conditions, but we keep them in mind.

One highlights that the main hypotheses we need to keep to apply our results are and . The
hypothesis, justifies the maximum principle wanted in the scheme. The type of equations treated can
differ from the one presented in since one verifies the latter hypotheses and the scheme has the right
properties.

1.2 Regularized schemes

Let T be a space discretization of Q with §7 degrees of freedom (d.o.f.). We are looking for discrete vectors
Doyt T = Doy T s Py, 7) With po, 7 € RT = R, First, we assume that a solution (pZ;_l_"ahT) has
already been computed for the (n — 1)th time-step, we want to calculate an approximated solution for the
next time-step. Our scheme is given, for every d.o.f. A € T and for every phase i, by a solution of the
following equations

fi,A(pOél,...,(xl,T7pZ;_1“7al,T) = 0. (15)

Thus, we have [ x §7 discrete equations. In the following, we write
fiT,LA(pal,m,az,T) = .7-'2»,,4(palw,a,’7—7pz;.1wal’7—), and designate the scheme by F. We want to solve F™(pa, .0, 7) =
0. The scheme considered in the present work are implicit Euler scheme, other times discretizations enter
the proposed framework such as the Crank-Nicolson one.

We assume the scheme has been designed to verify key elements. First, a maximum principle on the
approximated saturations, which are still given by the coupling:

o, Suj 4 <Tg,, Vie[Ll], VAeT, Vkel[0,n-1]. (1.6)

Secondly, one has a priori energy estimates on the discrete non-physical quantities {, given by the relation
(1.4)), where the constant C is depending on the mesh, time-step, the previous time-step solutions, physical
data of the problem, such that for a given discrete norm .||, one has

!
>l Tl < Cc. (1.7)

i=1

Here we consider any discrete norm, in the following, we will consider discrete norms on discrete gradients.

For nonlinear and complex numerical schemes, it is not evident to prove the existence of a solution to
the scheme in a quick classic fashion. For instance, in the two-phase Darcy flow, degeneracy is a big problem
preventing us from using the classical fixed-point theorems. Then, we propose to introduce a regularization
of the scheme such that it is easier to prove the existence of a solution to the regular one (see for instance
Section [2)), as follows in Section we show that it gives at least one solution to F.



Definition 2 (regularized scheme). Let us fix two positive parameters €, n > 0. A regularized scheme of
F, is a €,n-parametrized scheme F©1, such that

o (P.a) F" is continuous with respect to € and 1),
(P.b) FOO = F,

(P.c) each solution of FO", verifies the mazimum principle on the approzimated saturations,

(P.d) one has regularized energy estimates, with C,, depending on the mesh, the (n — 1)-solution, the
physical data, but independent of € > 0 (it can depend on n > 0), such that

l l l
2 2
S Gl + €3 Ipanrly +0 |
=1 =1

i=1

2
paal(i),T _paQ(i),THT S Cn. (18)

(P.e) for e = 0 and n > 0 regularized energy estimates stands with C' depending on the mesh, the
(n — 1)-solution, the physical data, but independent of n > 0, such that

!
doliGrlr<c.

i=1

Remark 3. The reqularized energy estimate (1.8)) is equivalent to

l l -1
STGrlE + €3 pa 3+ [IPacT = Pavr 7|7 < C, (1.9)
=1 =1 i=1

since o1 and oy are two integer functions bijectives and never equal. The constant C can vary. We will
prefer these energy estimates after that since they are easier to handle.

(P.b) makes clear that 7" is a regularization of F. The fact that we have the ¢,n-components in (P.d) is
often a key to proving the existence of regularized solutions.

1.3 Existence theorem for F

This part aims to prove that since we are able to show the existence of solutions for every ¢ > 0, n > 0,
no matter the way we prove this existence, it follows there remains not less than one solution to F = Fo0.
We will illustrate that it is easier to show the existence of a regularized scheme in Section

Theorem 4. Assuming we have a solution to the regularized scheme F" for every e > 0, n > 0 (we will
call them regularized solutions, and write it p;" . 7). Then, there exists a solution to the scheme JF.

Proof. One fixes n > 0. Since the regularized energy estimates given by (P.d) are fulfilled, one infers
the uniform bounds w.r.t € > 0:

(G e0 is uniformly bounded for every ¢ in [1,1],
(Vepd" 1)es0 is uniformly bounded for every 4 in [1,1],

(Vg =Py, 7))eso  is uniformly bounded for every ¢ in 1,1 — 1].

We do not specify the norm because of the norm equivalence in finite dimension. Thanks to relation ,
because of Lipschitz assumption on g;, the 1 fixed and the uniform bound on \/7(py" - — p;:’+ ,.7), We obtain
that

(P 7)eso  is uniformly bounded for every i in [1,1].

So, taking a sequence (€,) of strictly positive real numbers, converging to 0 as n goes to co, we have the
sequence (p217,1.7..,a1,T)n’ uniformly bounded in (R7)!. Because the dimension is finite, it is possible to extract

a converging subsequence towards a limit, reading le,wal,T, which is solution of %7 because of (P.a) and
the continuity of F.



The third property (P.c) , implies pgl,_”’aﬂ- verifies the maximum principle (|1.3)), for every n > 0. Using
(P.e) , we have the uniform bounds but this time w.r.t. n > 0:

(¢'r)n>0  is uniformly bounded for every i in [1,].

The kept relations at the discrete level (|1.4]) and (1.2]), combined with the maximum principle, Lipschitz-
continuity of g; and the n-energy estimates, gives us that for all 1 <+ <[ and for all A € T:

1P, 4l < 12l Nl -

It implies

(pgﬂ-)nw is uniformly bounded w.r.t. n, for every 4 in [1,].
Then, taking (7,) a strictly positive sequence converging to 0, one can extract a convergent subsequence of
(pZ”Lwa“T), written pa, ... a7 Because of the continuity (P.b) , and the first property of the regularized
scheme (P.a) , pa,,....a,,7 15 & solution of the numerical scheme F. O

In this proof, we see that the hypotheses on the model (|1.2)-(1.4), and those on the scheme and regu-
larized scheme, are made to enable passing to the limit. Moreover, the e-part of the regularization energy
estimates (P.d) will be a crucial element in demonstrating the existence of regularized solutions more easily.

2 Application to two schemes

Both of our applications are built on the same two-phase Darcy flow in porous media model that we will
display in the following subsection [2.1] There are a lot of schemes on those models, but we will focus on
two kinds of complex numerical schemes to demonstrate how our approach handles these problems. In a
first time, we consider a pure finite volume scheme. In a second time, the proposed strategy is applied to a
combined finite volume finite element scheme.

2.1 The model

We are interested in the compressible two-phase flow in porous media problem (3} 15} [7). In this model we
have [ = 2 phases: a gazeous phase a; = g and a wetting one g = w. The capillary pressure p. : R — R is
an increasing homeomorphism, piecewise C'! on R, with bounded derivatives. Moreover, it verifies p.(0) = 0.
This work can be easily adapted to the heterogeneous medium case where the capillary pressure differs from
one rock type to another. Then, we have the link between phase pressures and saturations (see ) given
by

G(J:,pg,pw) = (397 sw) = (pc_l(pg - pw)a 1- pc_l(pg - pw)) . (2-1)

The system is composed of two parabolic degenerate equations that are derived from the mass conservation
for each phase. It reads

¢5t(pasal)(+ div(paVa) + paq® =0 in Q:;, Vace{g,w},
V,=— MWA(Vpa —pag), Va € {g,w}.

(o3

(2.2)

In the first equation, ¢ refers to the porosity of the medium, and for each a-phase po(pa), Sas 4%, Va
respectively stand for the density depending only on the phase pressure p,, the saturation, the source term,
the velocity. Each phase velocity is given in the second equation by the diphasic Darcy-Muscat law, where
the mobility M, (8a) = Kra/la is the relative permeability over the dynamic viscosity, A the permeability
tensor of the medium and g the gravitational acceleration.

The saturations have a physical range (see (1.3])) given by

0<s*<1, for a€{g,w}. (2.3)



The mobilities M,, are continuously increasing with respect to the saturation, positive, and degenerated.
We consider their extensions M, (u) = 0 for v < 0 and M (u) = M, (1) for w > 1. We will consider in the
following sections the e-regularized mobilities

MS(s) =€+ My(s), VseR. (2.4)

Here are the classical hypotheses on the main data.

e The porosity is bounded almost everywhere on 0 by two strictly positive constant ¢, ¢1 > 0. It
writes ¢ € L®(Q) with ¢p < ¢(x) < ¢ for a.e. z in Q.

e The permeability tensor is a symmetric positive-definite matrix, which is essentially bounded. More-
over, it is uniformly elliptic i.e. there exist constants A and A such that

A2 < A(x)v-v<Ap)?> forall veR? andae z¢€Q. (2.5)
e The density p, € C'(R,R) is increasing (with the pressure) and uniformly bounded

0 < po < pa(pa) < p1,

for some positive constants pg, p1.

The system is closed by compatible initial conditions on the pressures, with Neumann and Dirichlet bound-
ary conditions:

ngg~n‘:pwVw-n:l0 on I'y x (0,t5),
Dy = pgf'”f' and p,, = pDi" . on T'pir x (0,tf),
pg(-,0) =pi** and py(.,0) = pi"* in Q,

where {T'p;,, '} is a partition of the border 02 = T'p;, UT' 5 with |T'p;-| > 0. We write n the outward unit
normal of the Neumann border. We carry out our study in two dimensions. For the sake of simplicity, we
assume we are in the case of a horizontal domain such that we can neglect the gravitational terms; moreover,
there will be no source terms and we will set uniform Dirichlet boundary conditions pé) ir = pbir — (. Adding
these ingredients is not a problem, it only complicates the writing of the formulas without hiding conceptual
difficulties.

The concept of global pressure has been introduced in (7). This non-physical pressure is very useful
in the analysis of the scheme to handle the degeneracy issue. We define the total mobility by M(s,) =
My (1 —sg)+ Mg(sg) > mo > 0. This artificial pressure p, defined using corrective pressures py, P,y in the
following way

Pg:P+ﬁg(Sg)» pw:p_ﬁw(sg)

plsg) = [ ) du
where b (S ) _ 059 Mg(u)p/ (u) du
vl =g ™

We see that we verify the hypothesis of (1.4), with the same non-physical quantity for p, and p,,: the global
pressure p. The corrective pressures are Lipschitz-continuous w.r.t. their respective saturations because the
capillary pressure has a bounded derivative. Moreover, one writes

%9 My(1 — u) ’/sg /
Muy(1—u) <| [ sy au
M(u) 0 (

and similarly [Py (s4)] < [pg — Puwl -

|ﬁg(39)| = p/c(“) du < |pg — Dul

(2.6)

We will also use the feature of the function £ in energy estimates, of great help to prove the convergence,
defined by

_ [ VM (- u) M (u)

= du. 2.7
f(sq) o M(u) pc(u) u ( )
The following nonlinear functions (I9) are of great use to show the energy estimates
Pa ]
o(pe) = [ s b and Ha(pa) = pu(ra)a ) ~ i (28)
0 o



2.2 Positivity-Preserving DDFV scheme for compressible two-phase flow

First, we introduce the Discrete Duality Finite Volumes (DDFV) setting, and then we present the PP-DDFV
scheme (9). We build a regularized scheme and prove the existence of the regularized solutions.

2.2.1 DDFYV settings

We study a scheme in a 2D domain @ C R2. First, we describe briefly the three meshes used in the
DDFV-method (10 [} 20) to set up the useful notations. The description of the different types of meshes
is inspired from (I8; [21]).

The primal mesh:

The primal interior mesh 90, is a collection of open disjoint polygons called primal cells, usually written K
covering  (i.e. UgeaK = Q). We let 990 be the set of boundary edges, which can be seen as degenerate
cells. 9 is then defined as the reunion of M and 9. For each cell K € M, we fix a point zx called its
center, and we set X,y = {2k, K € M}, Xewr = {2, K € 0M} and we write X = Xy U Xeyy. The
vertices of M are split between those in the interior and the ones on frontier X* = X7, U X7,,. For two
neighboring primal cells K and L, we assume 0K NJL = K|L is a segment, corresponding to an internal
edge of the mesh if both cells are interior (in £;,+) or an exterior edge if one of the cells is in 99 then the
exterior cell can be confounded with the edge. We set € = &;,,; U 99, the set of all the edges of the primal
mesh. For a cell K, one denotes g the set of its edges, we distinguish the interior interfaces £ in¢, from
the exterior ones £ ¢z¢. One sets the outward unit normal to o € £k as n, k.

The dual mesh:
The dual control volumes are centered on the elements of X™*, written xx« for a dual cell K*. A cell K*
is built by straightly joining, in the circular sense, the centers of the primal cells sharing the underlined
vertex. When z g+ is in X ,, we connect x i~ to the two midpoints of the two exterior primal edges sharing
T~ as a vertex. The dual edges o* € £* are the segments linking the centers of the adjoining primal cells
and when the two cells are at the border, we take the two segments connecting each center with the vertex.
We denotes 9%, 09" respectively the dual volumes constructed from X} ,, X7 .. Then, one write the dual
mesh 9t = P* U 0. Like in the primal case, one defines ny- g+ the outward unit normal to o* € Ex-,

for all K* € M+,

The diamond mesh:
For 0 = K|L (K or L can be in 09) with vertices zx+ and xp«, we define the quadrilateral diamond D,
(0 = K|L,o* = K*|L*), whose vertices are xf, g+, xr and zr~. The diamond is built by connecting
precedent points in the same order. When o € 991, the diamond degenerates into a triangle. One denotes
D a diamond cell and © the diamond mesh. Notice that D does not necessarily have a convex shape, it
depends on the location of the vertices of 0. One defines ap the angle between the interfaces i.e. the angle
between (zx,xr) and (=, Tp«).

Boundary conditions: We make the assumption that I'p;,-NI"y is a set of vertices of the primal mesh,
then, the centers of the primal boundary cells are exclusively in I'p;,. or I'y. Thus, we divide 093t between
OMpir ={K € M,z € T'pir} and My = {K € M,z € Uy \I'pir}. As for the primal mesh, one sets
oMy, = {K* € OM* wg- € Tpip} and OMY, = {K € OM* ,xgc« € Tn\I'pir}. We also define My =
MU Oy and M*y = M* U OM},, since we will have homogeneous Dirichlet boundary conditions on
pressures in our scheme and we will look after those such discrete solutions.

We denote T = (ﬁ, W) the DDFV mesh. For any A in 9, 9U* or ©, m4, da stands respectively for
the d-Lebesgue measure and the diameter of the cell. Similarly for & € £,£*, ms is the (d — 1)-Lebesgue

measure, or its length. The diamond measure can be computed via : mp = 3 Moo sin(ap).



2.2.2 Discrete operators and functions

One defines the discrete spaces R72i, R7 and R}, . We have
= (Cus) ey () oo ) € BT
UTDi, UK) ket \UK*) Kxemtr ’
-
YT = <(UK)Keﬁ’ (UK*)K*EW> R,

and R7,. is composed of the elements ur of R7 such that us = 0 for every A € 0Mp;, U OM%,.. We
have a linear injection R7Pir — Rg” C R7. In the following, us will refer to an element of R7Pi" or Rgir,
depending on the context. If f: R — R is a nonlinear function, we denote by f(uy) the vector:

Fur) = () e (F(urce)) e ) € BT
For any ¢ in R7, one writes -
0ABg = 9B — ga, VA, Be€MUM~. (2.9)

Following, (R2)® stands for the set of vector fields, composed of piecewise constants on diamonds, of the
form: (o = ((p)peo. In the DDFV approach, the discrete gradient operator is a linear mapping from R7
(or RRpir) to (R2)®, its purpose is to mimic a gradient (I0; ). It is defined for every us € R7 by:

VguT = Z VDUTID,
DeD

1 (s Sxcer
with VPur = (KL“ Kert

IS EEY No K
sin(ap) \ My~ My

no-*’K*>, VDGZ‘D,

where 1p is the characteristic function of D. If D has an edge on the boundary, the value uy, is assumed to
be known and imposed from the boundary conditions (Dirichlet or Neumann).
The permeability or stiffness tensor is approximated on the diamond using its mean value on D

Ap = L/ Az)dex. (2.10)

mp
Now, we can give the transmissibility coefficients :

me (Apngp,ngr) Mg+ (Apngp-,Npc-rx)
- >0, Ti+px= :
My~ sin(ap) My sin(ap)

TKL = >0,

2.11
(Apngr,ng«r+) (2.11)

sin(ap)

o =

We equip the finite-dimensional space R7 (or R7Pir) with the LP-semi-norm |.|, 7 (which is a norm on
R7pir) as follow, for ur € R7

p
wg+|? with 1 <p < +o0.

(1 L Y

Kem K*em>

lur

One can define two norms on R7Pir using the DDFV gradient, such as

lurlZ o= 3" mp |[VPur|,
DeED

HUTHQT,T = Z TiL (O Lu)® + Trop (6= ).
DeD

We are able to show, since we have the permeability verifying (2.5)), that ||| 5 and |.|| - . are two equivalent
norms. Moreover, there exists C' > 0 depending only on the mesh regularity, for all v in R7Pi such that

lur T < Cllurlly - (2.12)

8



2.2.3 Presentation of the scheme

We introduce the implicit PP-DDFV finite volume method (see (9 B)) (2.13)-(2.21). We split the time
interval into subintervals [t",¢"*1[ such that 0 =ty < t! < ... <t = t;. One denotes 6t = "+t — " it
could be taken uniform, but it does not impact the main result. We assume that p7 in R7pir is verifying
. We take the notation |g| = 0, |w| = 1. For simplicity, we omit the implicit time n+ 1 superscript. We
are looking for ps in R7Pir solution to the regularized scheme, given by F¢" as follow, with € > 0, n > 0

- For K € 9,
Fok (o1, 07)
= mr¢K (Pa(Pa,x)Z(Sa,ix) = Pa (P )50 x) (2.13)
— 0t Z Pa,kLVif — 57577(—1)‘“' Z Pa,KLPe,KL-
o=K|LEEk o=K|LEEK

- For K* € 90" \ M.,

]:;73{* (pTvpy’;’)
= mg+9x+ (pa(Pa,i+)Z(Sa, k) — pa (Dl x-)Sh k+)

(2.14)
—ot Z Poicr L= Vi — 5t77(_1)|a| Z Po,K*L*Pc,K*L*-
o*=K*|L*€EK~ o=K*|L*€&},
- For K € 0y (K = K|L with L € M),
Fo'k (o7, p) = =0t (PmKLVz?’E - n(—l)‘“'pc,m) : (2.15)

Remark 5. The Dirichlet boundary conditions are fized by choosing to search solution in R™Pir . If we are
looking for a solution in R” , then we have to fir it by adding in F" the term, for A € 0Mpsir UM* pir,

]:;7:74(177’717771’) =0.

We approximate the porosity by its mean value on the control volume:

1
da= —/Agf)(x)dx. (2.16)

ma

One denotes Z the continuous piecewise affine function, to force the maximum principle in the discrete
equations:

0 if s<0
Z(s)=( s if se](0,1], (2.17)
1 if s>1.

We have the projected a-phase velocity Vi (resp. Vi .) and capillary flow p. k1, (vesp. pex+r+) at the
interface 0 = K|L (resp. o* = K*|L*) given by

e up,€ min,e up,€e
Vi = MQ,KLTKL(;KLPQ + \/Ma,KL \/MOQK*L*UD(SK*L*IJOH

Pe,kL = TKLOKL(Pg — Pw)s

: (2.18)
Vit = MERE o Tice 10 1o + | MR /M5 b
Pe,K*L* = Ti*L+*0k+L*(Dg — Dw)-
We choose the discrete mobilities (see (2.4))) as
Mé(sa,B) alf 5ABpo¢ >0
u 76 Pp—
MafjAB T
M¢ (8q,4) ,otherwise (2.19)

and Mgfg"g = min (M5 (sa,4), M5 (Sa,B)) -
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Moreover, we keep the relation (2.1]) at the discrete level for all A € T

(Sg,Av Sw,A) = G(anpg,Aapw,A) = (pcil(pg,A _pw,A)a 1- pcil(pg,A _puJ,A)) . (220)

One approximates the density of the a-phase with an integral formula (see (15; 19; 24)). We have for all
A, B in MU M*

1 Pa,B 1 )
/ ——dz if pa,a # Pa,B
p

1 Pa,B — Pa,A Jp, . P(2)
= . (2.21)
Pa,AB 1 .
_ otherwise
Poz(pa,A)

2.2.4 Regularized PP-DDFV scheme

The objective is to demonstrate that the regularized scheme of the one studied in (9) admits a solution.
The continuity of all the terms makes (P.a) and (P.b) obvious. Let us show (P.c) .

Lemma 6 (Maximum principle of the 0, -saturation). Let pg w7 = (pg, 7, Pw,7) be a solution to F"(pr, p) =
0 with n > 0. Then, for « € {g,w}, the discrete saturation of the a-phase obeys its physical bounds i.e.,

0<sqa<1, VAeT. (2.22)

Proof. The proof is the same as in the proof of Lemma in (9), and we will show how to handle the n-
regularizing term. We take o = g, without loss of generality. We assume that for n in [1, N — 1], the
property is true (p;"T,pZ)’T), then we take A € 7T such that s; 4 = minge7 s, p. We treat the case
A = K € 9, we treat the other cases likewise. One has

MK P (pg(pg’K)Z(sg,K) — pg(p;K)s’gL,K) (8g,5)" —0tCONV{. —notPCY, = 0.

—Accy,

It is already established that ACCY, < 0 and CONV{ > 0 (see (9)). Now, we look at the n capillary
pressure flow

ndtPCY, = ndt Z Pg,KLTKLOK LD (Sg,i) ™ -
——

o=K|LEEK >0

Since p, is strictly increasing w.r.t s4, we have
OkLPe(Sg,k)” = (Pe(Sg,2) — Pe(Sg,x)) (Sg,5)™ 2 0.

Then PCY, > 0. It implies that sy 4 <0 forall A e T.
If we reason on oo = w, we have for s,, k = minge7 Sy,B

Mk Gk (P (Pu. i) Z(50.k) = pu (Pl ) S k) (Sw,i)” —0tCONVE +ndtPCR = 0.
—ACCY

Similarly, there holds ACCyE < 0 and CONVE > 0. We have for the n term

ndtPCE = ndt Z Puw, KLTKLOKLDe (Sw, k)™ -
——

U:K‘LE(‘;K >0

Since p, is strictly increasing w.r.t s4, one deduces
Ok LPe(Sw, k)™ = (Pe(l = 8w,) = Pe(l — 8w,K)) (Sg,5)~ < 0.

Finally PC¥ < 0. We conclude that s, 4 > 0 for all A € 7. Then, the item (P.c) for the proposed
regularized scheme is fulfilled. O

10



Let us now check the validity of the last hypothesis (P.d) . This is the most demanding point in
calculations. Let us set-up notations (see (2.8]) for g, )

9(Pg,w,T) = (gg(pg,T)vgw(pw,T))7
FONPg 0,7 Py, 1) = (Fg (Pgw,T:Pgw,)s Fi" (g0, 75 Pgww 1))
where
ga(pa,T) = ((ga(pa,K)KeﬁNa (ga(pa,K*)K*GWN) )

]:;m(pg,w,Tvpg,w,T) = ((f;ﬂ((pg,wﬂ’?p;,w,T))KeﬁN’ (]:;’,7;(* (pg,w,7'7pg,w,7’))K*eWN) :

€ COIIII)LIte
sW, g,w, 79 ]:9771-),7 1 2 3 22
<" (][g T ’j[ ] ) ( )> ’y fy Py ( 3)

where, treating the accumulation term as in (I9) and (9)), using the function H,(pa), we have

n= 3 (Z Mk dx (Pa(Pa,k)Z(5a,K) = Pa(Pa,x)Sa,x)9a (Pa,Kk)

ac{g,w} \KeMm

+ Z mK*¢K*(pa(pa,K*)Z(3a,K*)_pa(pZ,K*)sg,K*)ga<pa,K*)

K*eM* n
> Z MK PK Z (Ho(Pa,x)Z(8a.1) — Ha P k)50 1)
Kem ac{g,w} (224)
+ Z MK PrPe(8g,K)(Z(8g,K) _SZ,K)
Kem
+ Z Mg PR Z (Ha(pa,K*)Z(Sa,K*)_Ha(pz,l{*)‘gg,K*)'
K*eM* n ac{g,w}
Y e brepesek ) (Esgre) — Sl
K*eM* n

It follows, using (2.12)), that

n=200 | Y Halar)Z(sar)lir | =260 Y Halhr)lir

ac{g,w} ac{g,w}

~ ~ (2.25)

= 2¢1|pe, 7)1, 7
> —Cp —2¢,C ”pc,T”T;F =-C, — C’m ”pg,T *pw,T”T’T-

We point out that the constant C,, > 0. One treats 72 in the same fashion as in (9]), appearing a constant

v > 0, depending on A, A, and the fixed mesh such that

Y==0t > Y pariVirdkrgaPa) + paxL-ViiL-0k+1-ga(pa)
a€c{g,w} DeD

> otv Z Z Mgf}’fLTKL((;KLPa)z + MS?E*L*TK*L*(‘SK*L*pQ)z (2.26)
ae{g,w} DED

>6tve Y > mkp(OkLPa)’ + T L (Okeropa)’ = 0tve Y |paly, -
ac{g,w} DeD ac{g,w}

We now make use of the following Lemma (coming from the works (I5; [13))).

11



Lemma 7. For every A, B in 9 UIN*, there holds:
2 2 up 2 up 2
mo ((5,413]0) + (0aBE) ) <M % g (0aBpg)” + M, ap (04BPw)"
Then, we also deduce

2 > bty (Z TiL(0xLp)? + T+ (O +p)?
DeD

+ Z T (0 1€)? + Trw - (5K*L*§)2> (2.27)

DeD
2 2
= otv (o7l + llerly. )

Finally, the discrete integration-by-parts gives us

v = —not Z (—1)le Z Pa,KLPe, KLOK LYo (Pa) + Pa,ik*L*De,k* L+ OK* L* G (Par)

ac{g,w} DeD
= —ndt Z Pe, KLOKL(Pg — Pw) + Pe, L0k L (Pg — Pw) (2.28)
DeD

not Y TrL(6xLpe)’ + T (Oxce Lope)® = 16t ||pg. 7 — pw,T”?’,T :
DeD

Finally, we obtain using (2.23)), (2.25), (2.26), (2.27), (2.28) and the fact that since py is solution to
}_E’n(pg,w,T,p;w,T) =0, v1 + 72 +73 = 0, we have

0 = (F"(g,w,1,P7): 9(Pg,w,T))
> =, o, = ur iy = Co+ 0t (o7l + T3, )

(2.29)
2 2
+otve | > parlly, | +n0tllpgr — porly, -
ac{g,w}
2
not 2 C .
As axesult, €., o7 =Pyl < 5 Ipr = pur| . + 5 . Following

02 2 2 2
Cot g5y 2 000 (77, + erliy,) +owe | 37 parly, | +
ae{g,w}
not 2
o5 Hpgﬂ' - pwﬂ’HT,T .

The result is (P.d) .
For the last point, since (P.c) holds true, taking over the computation (2.24)-(2.25)), one obtains

Y1 2 —Cn = 2mad1 [[Pelljp 1,00 -

Finally (P.e) is satisfied
2 2
Co+ 2ma lIpello, .00 2 0t (o717, + €T,

2.2.5 Existence

Now, it only remains to prove the existence of a solution to the regularized PP-DDFV scheme for every
e >0 and 7 > 0. We will use the important fixed point result (12))

12



Lemma 8 (Zeros of vector fields (12))). Assume the continuous function v : R™ — R™ satisfies v(x)-x > 0,
if |x| =, for some r > 0. Then there exists a point x € B(0,r) such that v(z) = 0.

For proof of the existence of an approximate solution of a similar model one can refer to (T4 255 23).
We write n = Card(My), m = Card(IM* x). One defines the C'-diffeopmorphism, verifying ®(0) = 0,

O: | R" xR xR*"xR™ — R"xR™xR"xR™
(a,a*,0,b") > (gq(a),gqg(a”), guw(b), guw (b)) -

We write &1 (u, u*, w,w*) = (pg, P> Pw» Dyy), then we apply Lemma |8 to
v(.) = fe’"(é_l(.),p;",w’ﬂr). We choose the norm on R™ x R™ x R™ x R™, given by

1, s w, 0P = [l (w5 + (g (w, w5

Thanks, to (2.29), and using that 1/2(a? + b2) > a + b for all a, b > 0, we write

<U(U7 U*»wle*)a (U7U*aw7 w*>> > — C"/l\/i ||(u7U*’wa w*>|| -Gy

+ dtve || (u, u”, w,w*)”2 )

Taking 7 > 0, such that dtver? — C,,v/2r — C,, > 0, one applies Lemma then there exists (u,u*, w,w*)
in By (0,7) such that v(u,u*,w,w*) = 0, meaning that & (u,u*, w,w*) verifies the equation of the
regularized PP-DDFV scheme. Then it admits a solution.

2.3 CVFE scheme for compressible two-phase flow

In this section, we propose a regularization for the Control Volume Finite Element (CVFE) scheme intro-
duced in (I5). Then, we show the existence of a solution to this regularized version of the scheme, implying
a solution for the original one. This subsection follows exactly the same structure as in subsection [2.2

2.3.1 CVFE settings

This method is a vertex centered method. The mesh 7 is a conforming simplicial partition of the domain
Q (in the sense of the finite element see (I1))).

In 2D it consists of a triangular mesh, such that for two distinct elements T', 77, T N'T’ can be either a
common vertex, and edge or the emptyset. One denotes xp barcyenter of T. The set of the vertices of the
mesh is written V. For zx a vertex of T', we write V7 the vertices of T except xx. The vertices of the
mesh will be the degrees of freedom. Moreover, we build a dual mesh around these vertices of 7. For a node
xx of V one associates a unique control volume K. Let Tx be the set of triangles sharing zx as vertex.
Then, the fraction in the triangle T of cell K is given by the polygon A% C T, whose vertices are rg, T
and the two midpoint of the segments [vk, 2] for L € Vip. Therefore, the control volume associated to
zy is defined by Ax = Urer AL. We call A this dual mesh centered on the nodes of the initial mesh.
Due to Dirichlet boundary conditions, we are led to distinguish Vp;, the vertices located on I'p;;., from the
others V§,. = V\V%, .. For more details on the CVFE setting one can refer to (15} [6} [5).

2.3.2 Discrete operators and functions

Let V7 be the P; finite elements function space on the mesh 7. It is composed of the continuous and
piecewise affine functions per elements:

Vr={feC’Q), fireP, VIeT}.

This function space is in H'(Q). The shape function basis (©4)acy are the elements of V7 such that
pa(zp) =1if A= B and pa(zp) = 0 otherwise. One has the following the relations ).\, wx = 1 and
> kev Vo = 0. One decomposes each element f of V7 and its gradient likewise

F=> Ixex, V= [kVek.

Kevy Kevy
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Considering the space associated to the Dirichlet boundary conditions
VEi={feV, flzx)=0¢, VK € Vp;}.

We have the natural semi-norm on Vg

1712, = / IV 111 da.

It became a norm on Vﬁ because of the discrete Poincaré inequality (IT)). We also use the norm, defined
for fr in V7 by
i = maglfxl-
Kevy
Then, the discrete Poincaré’s inequality holds true, i.e. there exist a constant C' > 0, such that, for all f
in VT:
lfrivr < Clfrlly, - (2.30)

Like for the BP-DDFV scheme, we split the time interval into subintervals [t", t"T1[ such that 0 = tq <

tt < ... <tV =ty, and take 6t = t" 1 — ¢

2.3.3 Presentation of the CVFE scheme

We introduce the implicit positivity preserving CVFE method (see (15))) (2.31)-(2.35). The old solution
Paw,7 Delongs to V7Q, and the deduced saturation is verifying the discrete maximum principle. We keep

the notations |g| = 0, |w| = 1. We are looking for py ., 7 in V7Q solution to the regularized scheme, given
by Fg" as follow, with € > 0, n > 0, for K € V§,,.,

'F;V,T}((pg,w,T’pg,w,T) :mAK(bK (pa(pa,K)Z(Sa,K) - pa(pZ,K)SZ,K)

=6t Y D ParrtM(saxr)NkLOkLPa
TeETk LEVKT (231)

— §tn(=1)l Z Z Po. kLN |0k LPe-

TeTk Levi,

Remark 9. The Dirichlet boundary conditions are fized by choosing to search solutions in V7Q. If we are
looking for a solution in Vi, then we have to add more equations in F", one for every K € 0Vp;,., such
that

fg,rll((pg,w,TapZ,w,T) =0. (232)

The transmissibility or stiffness coefficients between two neighboring control volumes Ag and Ay, in the
element T are given by

Akr = —/ Az) Vg - VoL de = A . (2.33)
T

One sets Vit the vertices of T' except K such that the stiffness coefficient at the interface 0%, AL, is
non-negative.

We approximate the porosity by its mean value on the control volume Ay as in . Z is defined
in . The approximate density is still given by . The saturation of the a-phase on the interface
ok, is chosen in a nonstandard way when the transmissibilities are non-negative

Sa,L ) if 6KLpa > 0 : T
’ >
Sa,KL = { Sak , if OkxrLpa <0 7 it Akr =0 (2.34)
minyey; (Sa,J) , if AL, <0
Moreover, we keep the relation (2.1)) at the discrete level for all K € V
(Sg,Ka Sw,K) = G(xKapg,Kapw,K) = (pc_l(pg,K - pw,K)v 1-— pc_l(pg,K - pw,K)) . (235)
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2.3.4 Regularized CVFE scheme

Next, we show that (2.31))-(2.35) is a regularized scheme of the one studied in (I5)). To begin with, (P.a) and
(P.b) are obviously true by continuity of all the terms. Let us now show (P.c)

Lemma 10 (Maximum principle of the 0, -saturation). Let po w7 = (pg, 7, Pw,T) be a solution to Fo (pr, py-) =
0 with n > 0. Then, for a € {g,w}, the discrete saturation of the a-phase obeys its physical ranges i.e.

0<saa<l, VAET. (2.36)

Proof. The proof is the same as in the proof of Lemma 4.1 in (15), we just look at the n-regularizing term.
We take o« = g, without loss of generality. We assume that for n in [1, N — 1], the property is true for
(Py 7+ P 7)- Then, we take K € Vi, such that s, xk = minpeve  sq,r. We treat the case K € Vf,,,., since
we directly have the property for K € Vp;, thanks to the Dirichlet boundary conditions and (2.35)). One
has

Ma O (pg(Pg. i) Z(89,1) — Pg(pZ,K)SZ,K) (sg.x)" —0tCONV —nétPCy = 0.

=Accy,

It is already demonstrated that ACCY, < 0 and CONVZ > 0 (see (15)). Now, we look a the n-capillary
pressure flow

ndtPCY, = dtn Z Z Po.k LINK L0k LPe (59.5) ™ -
TeTk Levi, >0

Because p is strictly increasing w.r.t s,, we deduce

OrrPe(8g,5)" = (Pe(8g,L) = Pe(89,5)) (89,5)" = 0.

Then, PCY > 0. It implies that sy x < 0 for all K € V. Furthermore, we proceed similarly in the case
a = w, and prove as in the proof of Lemma @, minge7 sw,B > 0. Because of the relation between the
saturations, we are able to conclude. Thus, one has (P.c) for the proposed regularized CVFE scheme. O

It remains to prove (P.d) . Using the nonlinear function (2.8)), we set

9(pg0,7) = ((99(Pg, 7)) KeVs,, (90 (Pw, 7)) KEVS,, ) -
FM g0, T Pyw,7) = ((fg’n(pg,w,’ﬁpZ,w,T))KEV,gw (}—Sn(pg,w,%PZ,w,T))Kev,g“) .
We compute
(F M Pg,w, TPy, 1) 9(Pgw, 7)) =11+ 72 + 73, (2.37)
where, treating the accumulation term ~; as in (19 [15]), using H,, we obtain as in

n= > > madk(paPa.) Z(5a,x) = Pa(Pl x)Sh 1) o (Pa )
ac{gw) \K&Vp,,

> 3 maon Y (Halpos)Z(s0x) — Halol )5t 1)

KeVg,. ac{g,w}
+ Z Mag PrPe(8g,x)(Z(8g, 1) = 8y c)-
Keve,.

We still estimate 7, as in the previous subsection, using ([2.30)),

7 2> oo Z Ha(Pa,7)Z(50,7) 1,7 | — 01 Z [Ha(pa, 7)1

ac{g,w} ac{g,w}

5 5. (2.38)

- ¢1|Pc,7’|1,7’
> — Cn - ¢1C Hpc,T”VT = 7Cn - C’yl Hpg,T *pw,T”VT .
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We point out that the constant C,, is positive. One can deal with v, in the same fashion as in Proposition
4.1 (see (15))

o = —0t Z Z Z Z Pa KL ME (S0, k1) A% 10K LD G0 (Pa, )

ac{gw} KeVYE, TETk LEVKT

==0t > 3> D pakrMi(saxr) A L0k LPaGa(Pa,K)

ac{g,w} KeEVTETk LEVKT

ST 3 Y pakiMi(Sa,kL) Ak 10k LPadK LI (Pa)

ac{gw}TeET giLGST

Z Z Z SaKL AKL(5KLpa) > ftel Z ”pa’THVT

ae{g w}TeT oL, €€r ac{g,w}

(2.39)

A constant v > 0 appears (I5)), depending on the fixed mesh and on the permeability bounds A, A. But,
we also have thanks to Lemma 4.2 and 4.3 (see (I5)), where v is the constant given in Lemma 4.3, that

Y2 = dtmor Z Z A%r (OxLp)® + 0k LE)?)

TET oL, cEr (2.40)
> stmov (o7, + lerl, )

Finally, some computations give us

y=—nst Y DS 3T N parrlAkLIOKLPega (P k)

ac{g,w} KeVh,, Te€Tk Levi,
= not Z (—1)l Z Z Pok LINK L0k LPeO K Lo (Do)
ac{g,w} TeT 0T, cef
=0ty > Ak pl0kLpe (5L — Sk LPW) (2.41)
TeT g%Leg;
=6t > Y |AkLl(kLpe)?
TETUQLGEF
>nt Yy > Akp(6xipe)® = ndtAllpe Ty, -
TGTJ?LEST

Thus, using (2.37)), (2.38)), (2.39)), (2.40)), (2.41) and the fact that since p, .,,7 is solution to fe’n(pg,w,TapZ7u,77‘) =
0, 1 + v2 + v3 = 0, we obtain

0 :<f€’"(Pg,w,T7PZ,w,T)7g(pg,w,T»

2 2
> = Gy, Ipg7 = sty — Co + tw (o7, + N3, ) (2.42)
+otved > parll?, + 06t g T — purl -
ac{g,w}
nétA &

One claims C., ||pg, T — pw17-||VT < lpg, 7 — Dw T”VT 277(;751A' Consequently, there holds

CQ
= 2
Cnt 5oiy 20wA (oI, +16rIi, ) + stved P
ac{g,w

775 A
+ == P — Putlly, -

As a result, (P.d) is satisfied.
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For the last point, according to the item(P.c) , and taking over the computation (2.3.4)-(2.38)), one
obtains
71 = —Cn —mad1 [[pello,1),00 -

It follows (P.e)
2 2
Co+madt [Pello .00 = VA (P71, + lET I3, ) -

2.3.5 Existence

Now, it only remains to prove the existence of a solution to the regularized CVFE scheme, for every € > 0
and 1 > 0. We write n = Card(V%,,). One defines the C!-diffeopmorphism, verifying ®(0) = 0,

P: | R"xR* — R"xR"
(a,b) — (g4(a); gu(b)) -

We write @~ (u, w) = (pg, pw), then we apply Lemmato
v(.) = .7:6’7’(@’1(.),]);%7-). We choose the norm on R™ x R™ given by

2 1 2 _1 2
I, w)I” = [lgg (W[5, + [lgw" @)y, -
Thanks to (2.42)), and using that \/2(a? + %) > a+ b for all a, b > 0, lead to
((u,w), (4, w)) > =Cy, V21| (u, w)[| = Cop + Stwe || (u, w)|*.

Taking the radius r > 0, such that dtveAr? — C.,, V2r — C,, > 0, one applies Lemma |8, then there exists
(u,w) in By ;j(0,7) such that v(u, w) = 0, meaning that ®~*(u, w) = (py, pw) is a solution to the regularized
CVFE scheme, which finishes the proof.

3 Conclusions

In this paper, we propose a framework to prove rigorously the existence of solutions to some numerical
schemes sharing some structural properties of stability. We try to catch a large variety of continuous
models, which encompass the two-phase Darcy flow in porous media model. We aim for Euler implicit
time-discretization, but it can be applied to other types of schemes. A few key assumptions need to be
fulfilled to use the result: a formal relationship between the unknowns identical to the one of the continuous
model, a maximum principle, and lastly, energy estimates. The key idea is to build regularized versions
of the considered schemes so that proving the existence of solutions to the schemes in question is simpler.
Then, it will imply a solution to the original numerical scheme first studied.

We illustrate the use of this tool in the case of the two-phase Darcy flow. It enables us to handle the
degeneracy, which was an issue to show the existence. First, we treat a Positivity-Preserving DDFV scheme.
In a second time, the method is applied to a CVFE scheme. The idea of both regularizations is, on the
one hand, to e-perturb mobilities for removing the degeneracy impact, and on the other hand, to add a
capillary pressure flow with positive coefficients. These applications illustrate the strength of the proposed
approach and demonstrate its broad applicability and potential for generalization across diverse contexts.

Acknowledgment: the authors would like to thank the FMPL and the Ecole Centrale Nantes for sup-
porting this work.
References

[1] B. Andreianov, F. Boyer, and F. Hubert. Discrete duality finite volume schemes for leray-lions-type el-

liptic problems on general 2d meshes. Numerical Methods for Partial Differential Equations, 23(1):145—
195, 2007.

17



2]

[10]

[11]
[12]

[13]

[16]

[17]

18]

[19]

S. N. Antontsev, A. Kazhiktov, and V. N. Monakhov. Boundary value problems in mechanics of
nonhomogeneous fluids. Elsevier, 1989.

J. Bear and Y. Bachmat. Introduction to modeling of transport phenomena in porous media, volume 4.
Springer Science & Business Media, 2012.

M. Bendahmane, Z. Khalil, and M. Saad. Convergence of a finite volume scheme for gas—water flow in a
multi-dimensional porous medium. Mathematical Models and Methods in Applied Sciences, 24(01):145—
185, 2014.

C. Cances and C. Guichard. Convergence of a nonlinear entropy diminishing control volume finite
element scheme for solving anisotropic degenerate parabolic equations. Mathematics of Computation,
85(298):549-580, 2016.

C. Cances, M. Ibrahim, and M. Saad. Positive nonlinear cvfe scheme for degenerate anisotropic keller-
segel system. The SMAI journal of computational mathematics, 3:1-28, 2017.

G. Chavent and J. Jaffré. Mathematical models and finite elements for reservoir simulation: single
phase, multiphase and multicomponent flows through porous media. Elsevier, 1986.

T. Crozon, E.-H. Quenjel, and M. Saad. A ddfv scheme for incompressible two-phase flow degenerate
problem in porous media. In E. Franck, J. Fuhrmann, V. Michel-Dansac, and L. Navoret, editors,
Finite Volumes for Complex Applications X—Volume 1, Elliptic and Parabolic Problems, pages 385—
393, Cham, 2023. Springer Nature Switzerland.

T. Crozon, E.-H. Quenjel, and M. Saad. Positivity-preserving ddfv scheme for compressible two-phase
flow in porous media. Computers and Mathematics with Applications, 2023.

K. Domelevo and P. Omnes. A finite volume method for the laplace equation on almost arbitrary
two-dimensional grids. ESAIM: Mathematical Modelling and Numerical Analysis, 39(6):1203-1249,
2005.

A. Ern and J.-L. Guermond. Theory and practice of finite elements, volume 159. Springer, 2004.
L. C. Evans. Partial differential equations, volume 19. American Mathematical Society, 2022.

R. Eymard, R. Herbin, and A. Michel. Mathematical study of a petroleum-engineering scheme. ESAIM:
Mathematical Modelling and Numerical Analysis, 37(6):937-972, 2003.

M. Ghilani, E.-H. Quenjel, and M. Saad. Positive control volume finite element scheme for a degenerate
compressible two-phase flow in anisotropic porous media. Computational Geosciences, 23:55-79, 2019.

M. Ghilani, E.-H. Quenjel, and M. Saad. Positivity-preserving finite volume scheme for compressible
two-phase flows in anisotropic porous media: The densities are depending on the physical pressures.
Journal of Computational Physics, 407:109-233, 2020.

R. Helmig et al. Multiphase flow and transport processes in the subsurface: a contribution to the
modeling of hydrosystems, volume 1. Springer-Verlag, 1997.

R. Huber and R. Helmig. Node-centered finite volume discretizations for the numerical simulation of
multiphase flow in heterogeneous porous media. Computational Geosciences, 4(2):141-164, 2000.

M. Ibrahim, E.-H. Quenjel, and M. Saad. Positive nonlinear ddfv scheme for a degenerate parabolic
system describing chemotaxis. Computers & Mathematics with Applications, 80(12):2972-3003, 2020.

Z. Khalil and M. Saad. Solutions to a model for compressible immiscible two phase flow in porous
media. Electronic Journal of Differential Equations (EJDE)[electronic only], 122:Paper—No, 2010.

18



[20]

[21]

[22]

[23]

[24]

[25]

S. Krell. Schémas Volumes Finis en mécanique des fluides complexes. PhD thesis, Université de
Provence-Aix-Marseille I, 2010.

S. Krell and J. Moatti. Structure-preserving schemes for drift-diffusion systems on general meshes:
Ddfv versus hfv. In International Conference on Finite Volumes for Complex Applications, pages
325-334. Springer, 2023.

M. Ohlberger. Convergence of a mixed finite element: Finite volume method for the two phase flow in
porous media. FEast West Journal of Numerical Mathematics, 5:183-210, 1997.

B. Saad. Modélisation et simulation numérique d’écoulements multi-composants en milieu poreuz. PhD
thesis, Ecole Centrale de Nantes (ECN), 2011.

B. Saad and M. Saad. Study of full implicit petroleum engineering finite-volume scheme for compressible
two-phase flow in porous media. SIAM Journal on Numerical Analysis, 51(1):716-741, 2013.

B. Saad and M. Saad. Numerical analysis of a non equilibrium two-component two-compressible flow
in porous media. Discrete & Continuous Dynamical Systems-Series S, 7(2):317-346, 2014.

19



	Introducing the problem
	Continuous model
	Regularized schemes
	Existence theorem for F

	Application to two schemes
	The model
	Positivity-Preserving DDFV scheme for compressible two-phase flow
	DDFV settings
	Discrete operators and functions
	Presentation of the scheme
	Regularized PP-DDFV scheme
	Existence

	CVFE scheme for compressible two-phase flow
	CVFE settings
	Discrete operators and functions
	Presentation of the CVFE scheme
	Regularized CVFE scheme
	Existence


	Conclusions

