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Experimental validation remains crucial in the fields of acoustics materials and meta-

materials. This study is based on a recent method, built upon the theoretical

framework introduced by Terroir et al. in 2019, for characterizing three-dimensional

anisotropic equivalent fluids, to which the experimental validation is paramount. This

work focuses on the characterization of anisotropic fluids using a limited set of acous-

tic measurements in an impedance tube. In addition, the method demonstrates its

ability to recover the Johnson-Champoux-Allard-Lafarge (JCAL) parameters as well

as rotation angles and principal directions of an arbitrary equivalent fluid. These

parameters are meaningful in understanding the acoustics of anisotropic porous ma-

terials. The recovery of these parameters is performed by a minimization procedure,

which first recovers the thermo-acoustic properties of the medium, and secondly its

visco-inertial properties. This technique showcases promise in effectively character-

izing complex porous materials, underlining its potential for practical application.
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b)Electronic mail: Jean-Philippe.Groby@univ-lemans.fr
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1. INTRODUCTION

Verification and validation of theoretical frameworks are pivotal steps in ensuring the

practical applicability and reliability of novel characterization methods for complex mate-

rials. In the fields of acoustics and meta-materials, the theoretical foundation for charac-

terizing anisotropic porous materials has seen significant advancements17,23,24,28. However,

experimental validation remains a critical step towards practical implementation and effec-

tiveness of the proposed methodologies on real-world materials.

This study presents an experimental validation of a recently proposed method26 aimed

at characterizing fully anisotropic equivalent fluids (thermo-viscous fluids in the present

case)13,27. More precisely, the present paper focuses on anisotropic porous materials in

three dimensions (3D). The method is based on the principles of plane wave reflection and

transmission through homogeneous samples, making it possible to extract the bulk modulus

and all six components of the 3D symmetric anisotropic tensor of mass density.

In this experimental phase, we aim to demonstrate the method’s efficacy through a series

of characterization tests. The objective is to validate the extraction process of the anisotropic

material parameters using a limited number of experimental measurements. Notably, the

emphasis is placed on replicating real-world conditions to assess the method’s robustness

despite varying environmental factors, i.e., non-constant air properties, material thickness,

measurement noise, and so on.

The present work uses the Johnson-Champoux-Allard-Lafarge (JCAL) theory1,14,16,

which describes the acoustic behavior of rigid-frame porous materials. This model serves as a

reference in evaluating and validating experimental results when characterizing anisotropic

porous materials. In order to recover the complete set of JCAL parameters, as well as

principal directions of the mass density tensor, the particle swarm optimization15,20 (PSO)

minimization is performed. It stands as a powerful computational technique inspired by so-

cial behavior (among other minimization procedures), simulating the movement of particles

seeking optimal solutions within bounded parameter spaces.

The following sections detail the experimental set-up, methodology, and findings derived

from the validation process. This experimental validation establishes a strong foundation,

making this method a valuable tool to characterize anisotropic porous materials (and by

extension to equivalent fluids), making a substantial contribution to the fields of physical
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acoustics and meta-material design.

The article is organized as follows. In Sec. 2, the propagation equations are briefly recalled

to the reader. In Sec. 3 the recovery strategy is presented, starting from sets of scattering

coefficients. From this point, the minimization strategy is described in order to recover the

JCAL parameters and rotation angles. Details are also provided on the samples used in

the study. Then, in Sec. 4 the efficiency of the procedure is demonstrated in the case of

sound propagation through anisotropic equivalent fluids. All seven material parameters (6

coefficients of the symmetric density tensor and the bulk modulus) are accurately retrieved.

They provide insight on the orientation of the material micro-structure through the recovery

of the three principal directions and principal densities. The results and the validation of the

method are finally discussed in Sec. 5. Additional data is provided on the characterization

of a theoretical material in App. A, about the convergence of the method App. B, the

pre-processing steps App. C, and the recovered parameters in App. D.

2. FORMULATION OF THE PROBLEM

In this section, the governing equations of the acoustic wave propagation in a general

anisotropic homogeneous fluid layer are reminded, see Fig. 1. The layer has the thickness L

and its constitutive material has the bulk modulus B and symmetric mass density tensor ρ.

In the reference Cartesian coordinate system R0 with position coordinates x = (x1, x2, x3),

the mutually parallel plane boundaries Γ0 and ΓL of the layer are at the positions x3 = 0

and x3 = L respectively. The layer is surrounded on both sides x3 ≤ 0 and x3 ≥ L by a

homogeneous isotropic fluid. Here, the analysis is performed in the linear harmonic regime

at the angular frequency ω with the implicit time dependence e−iωt. In this system, the

pressure and particle velocity fields (P,V) in the layer are governed by the equations of

mass and momentum conservation:

iωP
/
B = ∇ ·V and iωρ ·V = ∇P . (1)

Equations (1) testify that the anisotropy of the material is accounted for by the tensor

character of its mass density ρ ∈ C3×3. For passive media, the mass density tensor ρ is

symmetric, that is ρ⊤ = ρ where ⊤ denotes non-conjugated transposition. In particular, the

Cartesian coordinate system Rρ of its principal directions with coordinates (O, xI , xII , xIII)
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FIG. 1. (Color online) Conceptual view of the homogeneous anisotropic fluid layer of thickness L.

The principal directions of the anisotropic fluid are denoted by (xI , xII , xIII). The interfaces of the

fluid are Γ0 and ΓL.

can be defined so that the density matrix is diagonal in this system. In other words, the

density tensor can be written as ρ = ρ⋆ = diag (ρI , ρII , ρIII) in Rρ, where ρI , ρII and ρIII

are the principal mass densities. As a result, when expressed in the reference coordinate

system R0, the mass density tensor reads ρ = Rρ⋆R⊤ where R = R3 (θIII)R2 (θII)R1 (θI)

is the rotation matrix between the two coordinate systems, with R1, R2, R3 being ele-

mentary matrices of rotations and θI , θII and θIII the roll, pitch, and yaw angles. They

are components of the set A = {θI , θII , θIII} ⊂ R3. Moreover, it is worth recalling that,

as effective properties, the bulk modulus B and mass density tensor ρ are complex-valued

and frequency-dependent. As described in Ref. 26, the introduction of the symmetric ten-

sor H = ρ−1 is more convenient for the solution of both the direct and inverse problems.

Note in particular that H = RH⋆R⊤ in the reference coordinate system R0, such as

H⋆ = diag (1/ρI , 1/ρII , 1/ρIII) = diag (hI , hII , hIII). The recovery of the six elements of the

symmetric tensor H is thus completely equivalent to that of the symmetric tensor ρ tensor.

The elements along the diagonal of H are denoted hi=j while the extra-diagonal components

of the tensor are hi ̸=j.
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3. MATERIALS AND METHODS

3.1. Retrieval of the effective properties from scattering coefficients

Contrary to the recovery procedure presented in Ref. 26, where reflection and transmis-

sion coefficients were assumed to be measurable at various angles of incidence, impedance

tube measurement only provides reflection and transmission coefficients at normal incidence.

Instead of varying the angle of incidence, samples of different orientations have thus to be

placed in the impedance tube. Anechoic terminations being imperfect in practice, also lead-

ing to possible unexpected reflections at the impedance tube end, the method proposed in

Ref. 18 based on the scattering matrix will be preferred to the one proposed in Ref. 24 based

on the transfer matrix method. Once estimated, the material parameters will be marked by

the superscript †. Whatever the upstream recovery method, the characteristic impedance Z

and wavenumber k along the normal direction of the sample are recovered from the reflection

R and transmission T coefficients as

Z† = Z0

√
(1 +R)2 − T 2

(1−R)2 − T 2
, (2a)

e∓ik†L =
1

T

(
1 +

Z0 ∓ Z†

Z0 ± Z†R

)
, (2b)

where Z† = (B/h)1/2 and k† = ω (Bh)−1/2, and Z0 is the impedance of the air in the

impedance tube accounting for the thermo-viscous losses25. While the sign in Eq. (2a) is

actually determined by the passivity constraint Re(Z†) ≥ 0, both signs in Eq. (2b) are

physically sound. However, inverting e−ik†L is preferred here since the propagative waves in

the same direction as the incident one usually carry more energy than the contra-propagative

ones. While a single measurement is required to recover the bulk modulus from B† =

ωZ†/k†, six samples of different orientations have to be measured in order to recover the

six upper elements of the symmetric tensor H from h† = ω/k†Z†. The first three samples

are naturally chosen to be oriented along the three axis of the reference coordinate system

R0 (see Fig. 1), i.e., x1, x2, and x3 in order to recover h†
11, h

†
22, and h†

33 respectively as well

as the bulk modulus B†. In order to recover the three remaining extra-diagonal elements,

three additional samples are taken outside the reference coordinate system. These samples

are taken from each of the three planes (x2, O, x3), (x1, O, x3), and (x1, O, x2), respectively

corresponding to rotations θi around xi as shown in Fig. 1. The reconstructed normal
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elements h′†
33, h

′′†
33, and h′†

11, are related to hij, via the relations





h′†
33 = h†

22 sin
2 θ1 + h†

33 cos
2 θ1 + h23 sin 2θ1 ,

h′′†
33 = h†

11 sin
2 θ2 + h†

33 cos
2 θ2 − h13 sin 2θ2 ,

h′†
11 = h†

11 cos
2 θ3 + h†

22 sin
2 θ3 − h12 sin 2θ3 ,

(3)

where {(i, j)∈{1, 2, 3}2 | j ≥ i} and from which we immediately recover the extra-diagonal

terms h†
i ̸=j with the prior knowledge of the diagonal terms h†

i=j.

To summarize: six different samples, the orientation of three of them being along the

reference coordinate system R0 and the orientation of the three remaining ones lying in the

three planes (xi, O, xj) are required to recover the elements of the symmetric tensor H . The

bulk modulus is recovered six times and may either be averaged or used as validation of the

measurements.

3.2. Minimization strategy

The anisotropic equivalent fluid is now assumed to be a porous material, the skeleton

of which is supposed to be acoustically rigid and impervious. The normalized diagonal

elements ρ0h
†
J in each principal direction, J ∈ {I, II, III}, and the normalized bulk modulus

B†/B0 read as14,16

ρ0h
†
J =

ϕ

τ∞J


1 +

iνϕ

ωK0
Jτ

∞
J

√
1− iω

ν

(
2τ∞J K0

J

ϕΛJ

)2


−1

,

B†

B0

=
1

ϕ


γ − (γ − 1)


1 +

iν ′ϕ

ωΘ0

√
1− iω

ν ′

(
2Θ0

ϕΛ′

)2


−1

−1

,

(4)

where γ is the specific heat ratio, ν = η/ρ0 the kinematic viscosity, η the dynamic viscosity,

and ρ0 the density of the saturating fluid. The visco-inertial JCAL parameters τ∞J , K0
J , and

ΛJ are respectively the high-frequency tortuosities, viscous characteristic lengths, and visco-

static permeabilities in each principal direction J ∈ {I, II, III}. The 9 visco-inertial JCAL

parameters constitute the set Q ⊂ R9. In addition, ϕ, Λ′, and Θ0 are respectively the open

porosity, the thermal characteristic length, and the thermo-static permeability, constituting

the set Q′ ⊂ R3. From Eq. (4), we notice that ϕ is the sole geometric parameter which is

common to both of the effective quantities H and B.
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3.2.1. Cost functions and objectives

The goal of the present strategy is thus to recover the set of parameters P = {Q,Q′,A},
from the knowledge of h†

ij(ω) and B†(ω) over a given frequency range. In a first instance,

and in order to estimate the open porosity ϕ, the following cost function is minimized

C1(Q′) := B−1
0

∥∥B†−B(Q′)
∥∥ , (5)

with the constraint ϕ ∈ ]0, 1[, and where the operator ∥•∥ is the L2-norm. After having

obtained the set of parameters Q′
guess = argminC1, the focus is on Q and A, namely the

visco-inertial JCAL parameters and the rotation angles. The values of ϕguess, Λ
′
guess, and

Θ0
guess will be used to bound the search space during the minimization of C2, as given in

Eq. (7). For this purpose the following cost function is minimized:

C2(P) := ρ0
∑

i≥j

∥∥∥h†
ij − hij(Q,A, ϕ)

∥∥∥+ C1(Q′) . (6)

In addition, the mass density tensor is expressed H = R(A)diag [hJ(Q, ϕ)]R⊤(A) and the

minimization constraints on the parameters are set as




ϕ ∈ [ϕguess − ε, ϕguess + ε]∩ ]0, 1[ ,

Λ′ ∈ [Λ′
guess/2, 2Λ

′
guess] ,

Θ0 ∈ [Θ0
guess/2, 2Θ

0
guess] ,

τ∞J ≥ 1 ,

ΛJ ≤ Λ′ ,

K0
J ≤ Θ0 ,

θJ ∈ [0, π/2[ ,

(7)

with J ∈ {I, II, III} and ε = 0.05.

The minimization of both cost functions Ci(P) is performed using the PSO method15,20.

The search space is bounded by the aforementioned limits of the JCAL parameters {Q′,Q}
and rotation angles A, and initialized uniformly with 20 particles (candidate solutions) per

parameter. In order to ensure the robustness of the method, the minimization is ran 10

times with uniformly randomized individuality and sociality coefficients, i.e., parameters of

the PSO. Finally, the set of parameters P that best minimizes C2(P) is chosen as the optimal

solution. The routines are implemented within MATLAB® via the function particleswarm

from the Global Optimization Toolbox.
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3.2.2. Non-uniqueness of solutions

It turns out that although the method presented here enables the effective parameters of

anisotropic fluids to be found faithfully, it presents a constraint with regard to the uniqueness

of the solutions. In this short section, the non-uniqueness of the solutions is discussed.

Firstly, since the propagation problem at hand is symmetric and reciprocal in all three

directions of space: the rotation angles are π-periodic. Secondly, it is not possible to uniquely

determine the viscous parameters of the set Q and the rotation angles A. In other words,

assigning parameters to the principal direction eJ for a given set of angles A is in essence

equivalent to assigning this same set of parameters to the direction eJ ′ ̸= eJ by admitting

an additional rotation of ±π/2 around the perpendicular axis eJ×eJ ′ .

This will lead the minimization procedure to permute the direction-dependent JCAL

parameters as well as providing solutions where the rotation angles are modulo π/2. For

these reasons, it is sufficient to define the rotation angles on [0, π/2[ as a regularization, thus

forcing the direction e1 = (1, 0, 0) to be in the octant (+,+,−) after transformation.

In conclusion, although the sets Q and A are closely dependent and non-unique, the

method is able to recover the coefficients of the mass density tensor reliably.

3.3. Sample preparation

Different materials are tested with the present characterization procedure. First, 3D-

printed porous materials, and finally glass-wool.

On the one hand, 3D-printed materials that are manufactured from additive techniques

such as fused deposition modeling or stereo-lithography can be designed at the microscopic

level. In this way, they can exhibit anisotropic features, making them excellent candidates to

test the present characterization method29. As described in previous works, these techniques

constitute an efficient way of manufacturing by-design acoustic porous absorbers6,7,10,12 and

meta-materials8,11. In the present case, a micro-trellis structure is chosen, which classically

results from rectangular infill patterns with fused filament deposition7. This structure is a

primitive tetragonal (tP) Bravais lattice2, and can be described through its representative

volume element (RVE). The trellis is isotropic in the horizontal plane (O, x1, x2), which

makes the whole material transverse isotropic. Theoretical and experimental investigations
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of the acoustics of 3D-printed materials6,7,9–11,26 have shown that porous materials built

with additive manufacturing techniques can be modeled numerically through the a two-

scale asymptotic homogenization procedure3,22,29. The JCAL parameters and the effective

properties of this material are obtained from finite-element method (FEM), using the com-

mercial software COMSOL Multiphysics® for various filling fractions. These results will

serve as a reference to which the reconstructed parameters will be compared to. To study

the results given by the characterization method, samples are printed with the following

in-fill percentages: 10 %, 20%, 30 %, 50 %.

29 mm

11 22 33 12 13 23

11 22 33 12 13 23

29 mm

(a)

(b)

FIG. 2. (Color online) Photographs of some of the samples used for the characterization process.

The samples in panel (a) are glass-wool, and these on panel (b) are a 3D-printed micro-trellis.

On the other hand, glass-wool is a fibrous material that results from the stretching of

molten glass. This is commonly obtained by heating sand and recycled glass at high temper-

atures which is then forced through thin holes, resulting in fibers. The latter are then mixed
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with a binder, resulting in a relatively rigid and highly porous mat of interconnected glass

fibers. In the present case, the glass-wool samples are carved out of larger panels provided

by Saint-Gobain Ecophon.

The samples are tested in a cylindrical impedance tube of diameter d = 30mm. For glass-

wool, the samples are cut in the 6 different directions (as described earlier in Sec. 3 3.1) using

a band saw and a cylindrical knife. For the 3D-printed micro-trellis, the samples are directly

printed with the desired orientations.

4. RESULTS

In this section the retrieval procedure of JCAL parameters is applied to different mate-

rials: a 3D-printed micro-trellis, and glass-wool which is known for its acoustic absorption

properties. Furthermore, a theoretical fully-anisotropic porous material is presented in the

Appendix A, and the convergence of the parameters is shown in Appendix B.

In order to obtain the scattering coefficients of the tested samples, a four-microphone

impedance tube19 is used. The tube diameter is d = 30mm, which allows to measure up

to the plane-wave frequency limit f ≈ 6700Hz. The measurements were performed on

samples of various thickness, which is trivially accounted for in the inversion procedure via

Eq. (2b). The chosen source signal is a logarithmic swept sine with time duration T = 1 s,

over the frequency range of interest 100 Hz – 7000 Hz. The measured pressure signals are

then averaged over 30 iterations. The frequency range and pre-processing steps are detailed

in the App. C. The figures will present the reconstructed effective properties (inverse mass

density tensor and bulk modulus), and the recovered JCAL parameters are given in App. D.

4.1. 3D-printed micro-trellis

In this first example, we focus on a 3D-printed micro-trellis, as described earlier. From

the minimization results, it is observed that the reconstructed diagonal terms hi=j of the

inverse mass density tensor are in good agreement with their experimental estimates, as

shown in Fig. 3(a,b). Moreover, the transverse isotropy of the material is clearly evidenced

as H satisfies h11≈h22 ̸=h33. This translates in the micro-trellis having a higher apparent

mass density in the transverse plane (O, x1, x2), than along the printing direction eIII . In the
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present case, the material was measured in its principal directions, meaning R0 ≡ Rρ. This

implies that the extra-diagonal terms are very small in comparison to the diagonal terms,

as visible in Fig. 3(a), and one of the principal directions is along the vertical axis x3 as in

Fig. 3(c).

0

0.2

0.4

0.6

0.8
R
e
{h

ij
}
(k
g
−
1
.m

3
)

Diagonal terms

h11 h22 h33 h12 h13 h23

-0.1

0

0.1

Extra-diagonal terms

0.5 1 2 3

0

-0.1

-0.2

Frequency (kHz)

Im
{h

ij
}
(k
g
−
1
.m

3
)

0.5 1 2 3
-0.1

0

0.1

Frequency (kHz)

0.5 1 2 3
-1

0

1

γ

Frequency (Hz)

ϕ
B
/P

0

Re Im (++−)

(−++) (+++)

x1
x2

x
3

(a)

(b) (c)

FIG. 3. (Color online) Measured (–) and reconstructed (+) inverse mass density tensor (a) and

normalized bulk modulus (b). The orientations of the principal directions are shown in (c).

However, one could expect the reconstructed directions to be aligned with the principal

axes of the systemR0. Here again, as there is isotropy in the transverse plane (O, xI , xII), the

mass density tensor admits a rotational invariance along xIII . In addition, while the extra-

diagonal terms h13 and h23 are theoretically identical, this is not the case experimentally,

leading the minimization routine to induce unnecessary rotations. Nevertheless, with the

results provided in Fig. 3, all the meaningful information is retrieved:
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• all seven properties (hij and B) of the equivalent fluid are correctly minimized,

• the material is shown to be transverse isotropic,

• one principal direction aligned with e3.
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FIG. 4. (Color online) Comparison of JCAL parameters with respect to filling fraction. The FEM

estimates are shown with black markers (+), and the characterized parameters are in red markers

(×). The thermo-acoustic parametersQ′ are displayed in (a,d,g), and the visco-inertial parameters

of Q are (b,c,e,f,h,i).

The results provided by the characterization method are finally compared to numerical data
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estimated by FEM. Figure 4 shows the recovered (red markers) and the numerical estimates

(black markers) of the JCAL parameters with respect to the filling fraction. A good agree-

ment is observed, although some discrepancies are noticeable. These are predominantly

linked to manufacturing defects of 3D-printed porous materials. These defects include (but

are not limited to) surface roughness of the filament and its ellipticity, macroscopic deforma-

tions due to thermal gradients and gravity, as well as changes of the filament’s cross-section

along the printing path5,9,29.

It also appears that some parameters are better estimated than others: the set of re-

covered thermo-acoustic parameters Q′ that minimize the cost functions are in good agree-

ment with the numerical estimates, as visible on Fig. 4(a,d,g), but this is less true for

the visco-inertial parameters, which are harder to estimate. The increased difficulty in re-

constructing the visco-inertial parameters Q comes from manufacturing defects, which are

strongly direction-dependent. While the parameters Q′ only depend on the scalar field of

temperature inside the fluid phase, the parameters Q are liked to the distribution of the

particle velocity within the fluid. The latter is quite sensitive to the presence of defects,

such as surface roughness, pore clogging, and overall deformations of the solid phase. All

these effects are detailed in Refs. 5 and 7.

In spite of the differences that lie between the reconstructed values and their theoretical

estimates, we observe that these parameters do follow the same trends: the characteristic

lengths and permeabilities decrease with respect to the filling fraction, while the tortuosi-

ties increase as the pores get smaller. Albeit the proposed method is able to recover the

equivalent fluid properties of the micro-trellis material.

4.2. Glass-wool material

The method is now applied to the characterize a fibrous glass-wool material, which is

usually considered to be isotropic with a high value of porosity. The recovered parameters

are given in Tab. III: the high-frequency tortuosities τ∞J are identical in all three directions

of space, but the characteristic viscous lengths and visco-static permeabilities show some

disparities in the different directions. As expected for classical fibrous materials the recon-

struction provides τ∞J ≈ 1 and ϕ ≈ 1. In addition to the JCAL parameters being in the

range to what is commonly attributed to glass-wool, a great agreement is observed between
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the measured and reconstructed effective properties, as shown in Fig. 5. In Fig. 5(a), we

observe that the material seems to be transverse isotropic from the real part of the diagonal

mass densities, similarly to the micro-trellis. However, the extra-diagonal terms are not

negligible, and the set of JCAL parameters lead to consider the material as anisotropic. In
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FIG. 5. (Color online) Measured (–) and reconstructed (+) inverse mass density tensor (a) and

normalized bulk modulus (b). The orientations of the principal directions are shown in (c).

Fig. 6, binary images are shown to assess the differences in fiber arrangement in the hori-

zontal plane. Qualitatively, the fibers are more intertwined and swirly in one direction than

in the other, where they seem more longitudinal and parallel to each other. This is also

evidenced by the 2D spatial Fourier transform F of the images, showing that the energy

distribution of the spectrum is different in both cases, and in particular along the vertical

axis, which reflects the alignment of the fibers, i.e., perfectly horizontal fibers would result

14



in F being a vertical line.
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FIG. 6. (Color online) Binary images of cuts in glass-wool along directions e1 and e2, respectively in

(a) and (b) evidencing discrepancies in fiber arrangement in the plane (O, x1, x2). Two-dimensional

normalized spatial Fourier transform F of the cuts respectively in (c) and (d).

Albeit, the set of recovered parameters, the principal directions of the material, and

qualitative image analysis of the fiber arrangement lead to the conclusion that glass-wool

panels are slightly anisotropic, especially in regard to the air-flow resistivity σ = η/K0,

which ranges from 4.8 kPa.m−2.s to 28 kPa.m−2.s.

5. CONCLUSION

In this work, an experimental recovery of the effective properties of anisotropic fluids is

presented. It follows the characterization method proposed in Ref. 26, using a limited set of
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acoustic measurements to estimate the transport parameters of fully-anisotropic equivalent

fluids. In the present study, the focus is on porous materials, which in the fields of acoustics

are classically modeled as fluids with complex and frequency-dependent effective properties.

Moreover, instead of considering the propagation of an oblique incident acoustic field on a

homogeneous layer, we perform the characterization with plane waves at normal incidence on

samples cut at different angles. This makes the method particularly well suited to existing

acoustic characterization rigs, especially impedance tubes. A validation step is carried out

on a theoretical fully-anisotropic material (presented in Appendix A and B), for which the

proposed method is able to retrieve the parameters and rotation angles exactly.

On the first hand, 3D-printed micro-trellis with different filling fractions are studied,

as their effective properties can be readily estimated by FEM. The experimental results

were then windowed and filtered prior to being fed into the minimization routines. The

results show that all parameters including the orientation of the principal directions can be

retrieved accurately. Moreover, the method is able to recover the trends of the equivalent

fluid’s behavior for different filling fractions.

On the second hand, the method is tested on glass-wool, which is a very common material

used in construction and which is known for its acoustic absorption capabilities. However,

the method has evidenced differences in regard to the effective properties in the in-plane

directions of glass-wool. The findings are supported with the cross-sectional cuts of glass-

wool, showing that the interlacing of fibers can indeed differ in the horizontal plane. While

some of the recovered parameters are consistent with what is expected from this material,

glass-wool seems to display a slight anisotropy.

The results presented in this work illustrate the method’s ability to reconstruct the prop-

erties and principal directions of an arbitrary homogeneous anisotropic fluid. In addition,

it can be used as a tool to guide the design of complex acoustic media. Current research

on acoustic treatments focuses on structured and multi-functional materials, such as meta-

materials, which are commonly considered as equivalent fluids. The present method can be

useful in assessing the quality of such materials, and in particular those that are 3D-printed.
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Appendix A: Theoretical data

In this part, the method is validated using purely theoretical data, based on a sim-

ulated porous material as equivalent fluid. The simulated material is similar to that of

Refs. 10, 12, and 26. The effective properties of the latter are estimated using a micro-

macro approach3,22,29, then arbitrary rotations are applied to the tensor of mass density.
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FIG. 7. (Color online) Theoretical (+) and reconstructed (–) inverse mass density tensor (a) and

normalized bulk modulus (b). The orientations of the principal directions are shown in (c).

The propagation equations are used to determine the scattering coefficients of a plane

wave on a fully-anisotropic porous material. The reconstructed effective parameters are

shown in Fig. 7. In this configuration, all parameters P presented in Tab. I are retrieved

exactly, and the cost function satisfies C(P) = O(10−16). This is evidenced by the perfect
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match between theoretical and reconstructed values of h†
ij and B† presented in Fig. 7.

Appendix B: Convergence of the method
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FIG. 8. (Color online) Convergence of parameters with respect to cost. The dashed lines represent

the theoretical values, while the dots show the position of the particles during the PSO. The

thermo-acoustic parameters are shown in the left column, the visco-inertial parameters in the

center column, and the rotation angles in the right column.
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The convergence of the parameters for the theoretical material can be observed in Fig. 8.

The left column shows the convergence of the set of thermo-viscous parameters Q′ with

respect to the cost C1. The center and right columns show the visco-inertial parameters

and rotation angles respectively, this time with respect to the cost C2. We observe that

all parameters converge towards the expected value (represented by the dashed line), and

some parameters converge faster than others, which is expected. For example this is the

case for quasi-isotropic materials, where the non-diagonal terms of the inverse mass density

tensor are non-zero, leading to inaccurate angle determination. Noisy data can also lead to

inaccuracies and loss of stability in the recovery procedure. Finally, some parameters are

more important than others in minimizing the cost functions such as the open porosity ϕ

which strongly scales the bulk modulus and mass density of the equivalent fluid, as described

in Eq. 4.

Appendix C: Pre-processing

As the effective parameters are estimated from the reflection and transmission coefficients

via Eqs. (2b) and (2a), noise on the experimental data can lead to hectic behaviors of H

and B. For this reason, the effective parameters are processed before recovering the JCAL

parameters and principal directions.

In a first instance, the data is windowed in frequency. This is meant to disregard the

frequencies for which the measurements are noisy (especially at low frequencies, determining

fmin), and above the cut-off frequency of the impedance tube (determining fmax). Moreover,

Biot resonances linked to elastic waves propagating inside the solid phase of the porous

material4 can disturb the recovery of effective parameters, as the JCAL model does not

account for this phenomena. In this way, windowing is the first and most important step

before the determination of the parameters P .

Naturally, a second processing step consists in smoothing H and B. It is applied in order

to reduce noise on the effective quantities and provide a better setting before applying the

minimization routines. The experimental scattering coefficients are smoothed with a moving

average filter21 over 50 Hz.

The last step consists in under-sampling the experimental data. While this can sound

unreasonable to the reader, it can be of great use to speed up the minimization procedures
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without being detrimental to the quality of the reconstruction. As computing the cost

functions requires the evaluation of L2-norms, reducing the number of frequency points can

considerably shorten the computation time. In addition, as the quantities to be minimized

(namely h†
ij and B†) are smooth and continuous functions, down-sampling the experimental

data is performed reasonably without loss of useful information.

Appendix D: Recovered parameters

ϕ Λ′ (µm) Θ0 (nm2) τ∞ Λ (µm) K0 (nm2) θ

Ω 0.721 266 5.357 – – – –

eI – – – 2.987 64.95 0.14 π/18

eII – – – 1.089 224.3 3.92 π/9

eIII – – – 1.487 136.8 1.12 5π/18

TABLE I. Theoretical values of JCAL parameters and rotation angles of the simulated material.

ϕ Λ′ (µm) Θ0 (nm2) τ∞ Λ (µm) K0 (nm2) θ

Ω 0.786 711 24.03 – – – –

eI – – – 1.000 463 24.03 33.5◦

eII – – – 1.141 143 3.432 0◦

eIII – – – 1.135 200 4.698 38.2◦

TABLE II. Reconstructed values of JCAL parameters and rotation angles for the mirco-trellis with

20% filling fraction.

ϕ Λ′ (µm) Θ0 (nm2) τ∞ Λ (µm) K0 (nm2) θ

Ω 0.99 368 4.16 – – – –

eI – – – 1.010 99.5 1.655 43.8◦

eII – – – 1.000 368 3.752 0◦

eIII – – – 1.000 56.9 0.642 32.9◦

TABLE III. Reconstructed values of JCAL parameters and rotation angles for glass-wool.
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E. R. Fotsing, A. Ross, J. N. Mardjono, and J.-P. Groby. Optimally graded porous material

for broadband perfect absorption of sound. Journal of Applied Physics, 2019.

7J. Boulvert, J. Costa-Baptista, T. Cavalieri, M. Perna, E. R. Fotsing, V. Romero-Garćıa,
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