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Envelope vector solitons in nonlinear flexible mechanical metamaterials

A.Demiquel, V. Achilleos, G.Theocharis, and V. Tournat
Laboratoire d’Acoustique de I’Université du Mans (LAUM), UMR 6613,
Institut d’Acoustique - Graduate School (IA-GS), CNRS, Le Mans Université, France
(Dated: June 17, 2024)

In this paper, we employ a combination of analytical and numerical techniques to investigate the
dynamics of lattice envelope vector soliton solutions propagating within a one-dimensional chain
of flexible mechanical metamaterial. To model the system, we formulate discrete equations that
describe the longitudinal and rotational displacements of each individual rigid unit mass using a
lump element approach. By applying the multiple-scales method in the context of a semi-discrete
approximation, we derive an effective nonlinear Schrédinger equation that characterizes the evolution
of rotational and slowly varying envelope waves from the aforementioned discrete motion equations.
We thus show that this flexible mechanical metamaterial chain supports envelope vector solitons
where the rotational component has the form of either a bright or a dark soliton. In addition,
due to nonlinear coupling, the longitudinal displacement displays kink-like profiles thus forming the
2-components vector soliton. These findings, which include specific vector envelope solutions, enrich
our knowledge on the nonlinear wave solutions supported by flexible mechanical metamaterials and
open new possibilities for the control of nonlinear waves and vibrations.

I. INTRODUCTION

Nonlinear flexible mechanical metamaterials
(FlexMMs) are an emerging class of engineered
materials often consisting of highly deformable soft
elements connected to stiffer ones [1]. They encompass
a variety of designs such as origami [2, 3| and kirigami
structures [4, 5], assembled mechanical parts, 3D-printed
multimaterials [6, 7], and have been shown to exhibit
"exotic functionalities, such as pattern and shape
transformations in response to mechanical forces, or
reprogrammability" [1]. Their capacity to undergo large
local deformations, including local rotations, stems from
the high elasticity contrasts together with their structure
and naturally implies geometric non-linearity. As with
other types of metamaterials, their linear properties
depend on the geometry of the structure in addition to
the constituent materials, so that both non-linear and
linear mechanical behaviors can be tuned by modifying
their structural or material parameters. Interestingly,
in the context of wave control, harnessing the nonlinear
properties of a metamaterial is particularly novel,
since the majority of reported results have focused on
controlling linear waves by managing dispersive effects.

Despite linear wave metamaterials constitute the vast
majority of studied wave control strategies, a number of
nonlinear wave effects have been studied and revealed
in such flexible mechanical metamaterials [8], including
pulse vector solitons [9—11], rarefaction solitary waves
[12, 13], transition waves and topological solitons through
bistable structures for example | ], and more re-
cently the manifestation of modulation instability (MI)
[17].

However, to our knowledge, envelope solitons (bright
and dark solitons) or breathers, have not been reported
in FlexMM. Bright and dark solitons are solutions of the

universal nonlinear Schrodinger equation (NLS), and re-
sult from the complex interplay between the dispersion
and nonlinearity properties of a medium [18, 19]. On
the one hand bright solitons [20], are characterized by
their ability to maintain a focused intensity peak dur-
ing propagation. As such, these wave objects have prac-
tical applications in optical communication systems via
nonlinear optical fibers, contributing to the stability and
robustness of information transmission [21, 22]. On the
other hand, dark solitons, which manifest themselves as
stable and localized intensity drops in a wave train, have
been studied in various physical contexts, including Bose-
Einstein condensates in ultracold atomic gases [23], water
tank experiments [24] and optics [25-27].

In terms of applications, both bright and dark solitons
find utility in fields such as signal processing, optical
communications, and ultrafast optics. Thus, we believe
that the study of bright and dark solitons in FlexMMs
will be useful in controlling large amplitude vibrations.
We also expect to observe nonlinear wave phenomena
in FlexMMs not yet reported in mechanics or for other
wave fields. Indeed, while bright and dark solitons
are mostly associated with optical systems and cold
atoms, recent research has expanded their relevance
to mechanical devices. For example, researchers have
explored soliton-like phenomena in structures such as
granular chains or phononic crystals [28, 29]. These
granular solitons show potential applications in shock
absorption and energy transfer mechanisms [30]. In
addition, dark solitons have been studied in the context
of acoustic waves with acoustic transmission lines [31],
leading to the development of novel devices for sound
manipulation and waveguiding [32]. The interdisci-
plinary study of solitons in mechanical systems reflects
a growing interest and understanding of their universal
properties. The applications of bright and dark solitons



in mechanical devices continue to expand, paving the
way for innovations in fields such as acoustics, wave
engineering, and materials science.

The main objective of this paper is to study the
bright and dark soliton solutions of the NLS equation as
lattice envelope vector solitons in the nonlinear FlexMM
context. The paper is structured as follows. In Sec. IT
we present the nonlinear discrete lump model which was
found to be relevant for describing the dynamical equa-
tions of FlexMMs. In section III we derive an effective
NLS equation (eNLS) for the slowly varying envelope of
waves of the rotational degree of freedom (DOF) in the
semi-discrete approximation using asymptotic expansion
and multiple-scale methods, from the discrete equations
of motion of the system. Finally in sections IV and V,
the existence and dynamics of bright and dark envelope
vector solitons is investigated respectively.

II. LUMPED ELEMENT APPROACH
A. Problem position and modeling of the structure

The family of FlexMM that we consider in this work
consists of rigid particles (in the shape of crosses) con-
nected to their nearest neighbors by elastic connectors
and periodically arranged in a chain of two rows and
N columns, see Fig.1(a). This type of structure is in-
spired by the FlexMM studied experimentally in ref. [10].
There, the particles are constructed with Lego® bricks
and the elastic connectors are made with highly flexible
plastic films.

To model this structure in the low-frequency regime,
we adopt the lumped-element approach. We consider
the particles as rigid, characterized by their mass m and
their moment of inertia .J, while the elastic connectors are
modeled as three massless springs; a longitudinal spring
with stiffness k;, a shear spring with shear stiffness k;,
and a bending spring with bending stiffness ky. We focus
on in-plane motion, so in general each particle has three
DOFs, one rotation (around the z axis) and two displace-
ments (one in the longitudinal direction along x and one
in the transverse direction along y). We also consider
only symmetric motion relative to the symmetry axis,
see Fig. 1(b).

Similar to Ref. [10], we consider two DOFs, a longi-
tudinal displacement u and a rotational motion 6. This
means that we constrain the particles not to move along
the y-axis. Ignoring the transverse motion may also be
valid even without this forced constraint. In fact, for the
structure of Ref. [10] it was shown numerically and ex-
perimentally that during the soliton propagation [9, 10],
ignoring the transversal displacement is a reasonable as-
sumption, since the transversal displacement amplitude
was experimentally found to be an order of magnitude
smaller than the longitudinal one.

The sign of the rotation angles is considered positive in

the trigonometric direction. In previous works [10, 17],
the angle is defined as a positive-negative alternation
from one cell to the next, which is a different point of view
but does not change the physics. The choice made here
makes the analysis easier, since we are studying modu-
lated waves.

B. Motion equations of the system

Based on the previous assumptions, we can establish
the governing equations of a one-dimensional chain start-
ing with perfect initial alignment, resulting in a static
angle of zero. Considering a single element (a cross), the
position of its extremities are,

lcosb, —Isind,,
1= 1 /gin 0, 2= Jcos 0,,
1
—lcosb, lsiné, S
3= 1 _sgin 0, T4 =1 _1cos 0,

Thanks to the position of the vertices, the elongations
of horizontally oriented springs are given by,

Aly 1 =yn + [{rs(0ns1) —r3(0)} — {r1(0n) —r1(0)}]

Upt1 — Up — L oSO, —lcosB, + 21
—Isinf,4+1 —Isiné,

(2)

while the elongation of the vertically oriented springs is
neglected, due to symmetry as mentioned above,

Al,2=0. (3)

Rotational elongation can also be expressed by,

Aen,l = 9n+1 - on s (43')
Aen—l,l =0n — 01 y (4b)
A2 =20, . (4c)

Combining the expression of each hinge elongation, the
expression for the potential energy of the system can be
written,

1 1
un,p(Aln,pa Agnyp) = iuk-Aln,p”z + gkﬁAan,pza (5)

with, p = {1,2} and k = (Vk;, Vks). [3]

The Hamiltonian of the total system can then be
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Figure 1. (a) Sketch of the FlexMM under consideration. The structure consists of two rows of rigid mass units (gray crosses)
connected by elastic links (thick, blue lines) extending along the normalized X-direction (X = z/a) with a periodic arrangement.
The rigid units are characterized by a mass m and a moment of inertia J using a normalization (cf. Eq. (8b)). The inertia of
the particle can be defined by a single coefficient . The elastic connectors are characterized by effective stiffnesses (normalized
to the longitudinal spring k;): Ks and Ky. We consider symmetric movements relative to the horizontal axis of symmetry
between the two lines. (b) Displacements of the n and n + 1 particles from the equilibrium position, the mass units can rotate
0 and longitudinally translate U. (c) Dispersion relation cf. Eq. (9) of the corresponding structure using coefficients found in
the literature [10, 33]: o = 1.815, K = 0.01851 and Ky = 1.534.107%.

written,

d?U, cos 0,41 — cosb,,_
ANYS TV IS By 7z = Unt1 = 2Un + U1 — 3 -
H :2; {2mun +570n } +2 nz::l Un1 (Aln 1, Ab,, 1) (8a)
N 1 d20n .
——— =Ky (0,1 — 40, +0,.1) — K cosb, [sinb,_
n Zun,Q (Alnz, A6, 5) | o2 dT2 9 (On—1 +0n41) cos 0, [sin 1

n=1

+2sin6,, +sinb,11] —sin b, [2(Upy1 — Upn—1)

(6) (8b)

+4 —cosb,_1 —2cos b, —cosb,41] ,

from which motion equations can be derived, assuming
symmetry of the motions relative to the horizontal sym-
metry axis of the chain,

1 5"}{ . 7821”_171 B aun,l

M = = S = T e T Bu, (72)
. 1M OUpaq Uy 10Uy
Ja"“i@“ a0, 06, 2 00, (7b)

The corresponding normalized equations of motion for
the n-th column are then written,

where we have introduced the following normalized vari-
ables and parameters: the longitudinal displacement of
unit n, U,, = u,/a, the normalized time T' = t\/k;/m, an
inertial parameter o = ay/m/(4.J), and stiffness param-
eters Ky = 4kg/ (klaz) and K = kg/k;. Above, m and J
are the mass and the moment of inertia of the rigid units,
while a is the unit cell length (distance between the cen-
ters of the masses). If we compare this set of equations
cf. Eq. (8) in the one used in our previous work about
modulation instability [17], the connection can be made
by changing the signs of angles 6,,+1.

In the linear limit, the two motion (displacements and
rotations) are decoupled, i.e. each DOF follows its own
dynamics, independent of the other. The corresponding



dispersion relations are given by,

w®) = 2sin (g) , (9a)

k
w® — j:\/4a2(Ks — Ky) cos? <2> +602Ky. (9b)

Displayed in the figure 1(c), the red branch corresponds
to propagating longitudinal wave: w(!), exhibiting a typ-
ical monoatomic dispersion relation see Eq. (9a). The
second branch, described by Eq. (9b), represents prop-
agating rotational waves with an inverse Klein-Gordon
type dispersion relation: w(®. Notably, this branch has

an upper cutoff frequency at w£2) = av4K, + 2Ky.

III. MODULATED WAVES IN FLEXMM:
EFFECTIVE NLS EQUATION FROM
SEMI-DISCRETE APPROXIMATION

Below we focus on weakly nonlinear solutions and con-
sequently substitute the following expansions,

62 3

cosf, =1— -2 +..., sin@n:9n—€+...,(10)

2

to Eq. (8). By keeping terms up to cubic order we end
up with the following set of equations of motion,

d?U, 0r_1 — 01
W = U7L+1 - 2Un + Un—l - f ) (113‘)
d20n__a2(K—K)(0 +20,, 4 0,41) — 6K9020 +a2(K—1)93—a2@(02 +62.1)
T2 - s 6 n—1 n n+1 6 n s n 2 n—1 n+1
o’Ky s 3 3 205 2
(On_1 420, +0,,1) + Koo® 22 (01 4 0ni1) — 20°0,(Uny1 — Un—1). (11b)

6

In order to study modulated traveling waves we make
use of the semi-discrete approximation [35-37], where a
carrier wave, obeying the discrete dispersion relation, is
modulated by a slowly varying envelope function treated
in the continuum limit. In particular, we look for solu-
tions of the following form,

Un = €Uy + €Uy
= €Gon(T) + E(Gan(T)eX7 + Gy, (T)e 27n)
(12a)
0, = €0
= e(F1,(T)e' " + Ff,(T)e "), (12b)

J

2

. €
€Gon = €(Gon—1 —2Gon + Gont1) — 5

€ (ng — 4in2’n — 4w2G2,n) = ¢2 (G2’n716—2ik‘ —2Go, + G2)n+162ik) e

Similarly, substituting Eq. (12) into Eq. (11)(b) we get

(‘Fl,n71|2 - |F1,n+1|2) 9

with 0, = kn — wT. In this ansatz, F , is the modula-

tion of the plane wave 6,, with phase o,,. Also, due to the
quadratic terms ~ 6% in Eq. (11), in the ansatz for U,, we
include both a dc-term Gy, and a term G5, oscillating
with a phase 20,,. Substituting Eq. (12) into Eq. (11)(a)
we arrive at the following equations collecting the dc in
Eq. (13a) and €2 terms in Eq. (13b) respectively,

(13a)

2 —2ik 2 2ik
2F1,nfle _F1,n+1€

4

(13b)

(

the following equation collecting the e?*™ terms,



€ |:F17n — 2inl,n — w2F17n] = €a2(K9 — KS) [Flm_le_ik + 2F17n + F1)n+1eik} — 66052K9F17n

2
+ 3303 (

2
3 Ko

+ €
+2|Fy|? (Frpore™*

We now proceed considering that the discrete functions
Wi (T) = {Fin(T), Gon(T),Go,n(T)} are varying slowly
in space and tlme Therefore the continuum limit ap-
proximation is applied and the above discrete functions
W, (T) are replaced by W (X1, Xa,...,T1,Ts,...), where
X; = €X and T, = €T are slow variables with i =
1,2,... . Note that under this approximation the slowly
varying functions are independent of the fast variables n
and 7. In addition W41, is computed up to order €2
using Taylor expansion,

B ow ,OW 2 0°W 3
Wnil—W:teaXlzte ox, T2 axe +0(€’), (15)
and the time derivation as,
. ow 8W ow
W, = — +—— +0().  (16)

ar ~ ‘omy 1 Ty

Substituting Eqs.(15-16) into the set of Eqs. (13-14) we
arrive at a system of equations at successive orders in €.
The lowest order in Eq. (13a) (analogous to €3) gives us
a relation between the dc-term Gy and the envelope of
the modulated plane wave F1,

0? o? O|Fy|?
—s — Go = . 17
(an axf) 7 Tox, (17)
In Eq. (13b) the lowest order is analogous to € and re-
lates G5 to F as follows,

i sin(2k)

Gy= —s—" _F2 18
T8 (sin®(k) — w?) ! (18)
We now move to Eq. (14) where at order €', we recover
the dispersion relation,
k
w? = 40* (K, — Ky) cos® (2> + 602Ky, (19)

which corresponds to the branch of the rotational waves
of the dicrete model cf. Eq. (9b). At order €2 we obtain
the solvability condition,

oF, oF,

871,14'1}978)(1 :0, (20)

where
a?(Ks — Kg)sin(k)

Vg = — 5 , (21)

[BIF 1P Fin—1e™" + 6| FLp*Frp + 3| Fins1 2 FLngae’™] + e

+ Frppie)] = €202 1, (Gongae®™®

(6] * —27 7
Ifs—‘lﬂfﬂngmer—€37; [2F1 0 (|Fin—1l® + [Frnga [?) + By (FF e 2% 4+ FT g €¥)]

K5a2 * 7 * —1
8 B) [F12n (Fl,nfle i F1,n+1€ k)

— Gop—1e”2*) — €202 F1 ,, (Go 1 — Gon1) -
(14)

(

is the group velocity corresponding to Eq. (19). Up to
this order F is linear and not coupled to Gy, G3. At the
order €3 we have the contribution from all fields and non-
linearity, leading to the following nonlinear Schrédinger
(NLS) equation,

R 0°R b
8 +P8§1 + Q|F1|°F, =0, (22)

in terms of the slow variables & = €(X — v,T) and
To = €2T. P and Q, are the dispersion and nonlinear co-
efficients respectively given by the following expressions,

a?(Ky — K) cos(k) — v?

P = 20 gv (238‘)
Q :i [8[(5042 cos? (g) — a?(5 + cos(2k))
o? sin?(2k) 40
3 () — ) - 1] o

We note that the last two terms in Eq. (23b) arise due

to the presence of Gy and Ga at order € (in the case
that we consider only rotation DOF these terms are
absent), and have an important effect on the resulting
eNLS properties.

The NLS equation exhibits two distinct behaviors
depending on the sign of the product P@Q. When
PQ > 0, it is known as focusing featuring modulational
instability and bright soliton solutions among others,
while for PQ < 0, it is referred to as defocusing with
stable plane waves and dark solitons [18]. For our system
the sign of PQ is determined by the choice of the carrier
wavenumber k and the design characteristics of the
flexible metamaterial (FlexMM) through the parameters
a, Ks, K9 [ ]

In figure 2, we show the sign of PQ as a function
of the wavenumber k for the fixed inertial parameter
«a = 1.815 which corresponds to the experimental setup
ref.[8]. In addition, we choose two different cases of
bending stiffness, with very small values Ky = 1.534¢~2
for panels (a-c) and Ky = 1.534e~%, typically found in
flexible elastic metamaterials. To highlight the effect of
coupling between the 2DOFs (rotation and longitudinal
displacement) on the nature of NLS, in panels (a-b) we



plot the sign of the PQ product when only rotational
DOF are considered, while in panels (¢c-d) when both
DOFs are considered. Interestingly, by comparing panels
(a-b) to (c-d), we observe that the coupling between the
two DOFs dramatically changes the nature of the NLS.
We also observe that the variation of K, stiffness has
a stronger impact in the case of 2DOFs, panels (c-d).
In conclusion the nature of the eNLS crucially depends
on the design characteristics of the FlexMM and the
presence of 2DOFs (U,, and 6,,).

1 DOF (6,) 1 DOF (6,)
02/@ 0.2/®

0.15 0.15
< 01 =< 01
0.05 0.05
0 0

0 1 : 0 1

k k

2 DOFs (., Uy)

L@

——

Z 0 1 2 3
JrPo>0 MPO<O k FlexMM 2

FlexMM 1 k

Figure 2. Sign of PQ as a function of k and K for two
different Ko = [1.534e — 2,1.534e — 4] respectively used in
panels (a-c) and (b-d), with @ = 1.815 fixed. Panels (a-b)
correspond to a configuration where particles can only rotate,
while in panels (c-d) the particles can rotate and translate.
The horizontal colored lines represent the parameters chosen
in Secs.IV-V to study bright and dark solitons propagation
along FlexMMs.

For the rest of the paper we will focus on two particular
designs of FlexMM corresponding to the green and red
lines cf. Fig. 2, respectly called FlexMM 1 and FlexMM
2. In Fig.3, we show the sign of PQ (as given by Eq.
(23)) together with the dispersion relation Eq. (9) corre-
sponding to the two FlexMM configurations mentioned
above.

IV. BRIGHT ENVELOPE VECTOR SOLITONS
A. Theoretical prediction

The focusing nonlinear Schrédinger equation, Eq. (22)
with PQ > 0, admits the following bright soliton solution

[35]

F1 (&1, 1) = Agsech {1(51 _ CTQ)} 6“51”@( 5 )7'2 ,

Le
(24)

(a) 5 FlexMM 1
1.5
3 1
0.5
0
0

k
(b) 9 FlexMM 2

k

Figure 3. Dispersion relations of Eq. (8), derived in Eq. (9).
The effective NLS focusing and defocusing regions are repre-
sented by white and black areas, respectively. The colored
dots correspond to the pair of 2 and k used in Sec. IV to gen-
erate lattice envelope solitons. On panel (a), the dispersion
relation corresponds to FlexMM 1 defined by the following
set of parameters: o = 1.815, K, = 0.1851, Ky = 1.534e"2.
For panel (b), the FlexMM 2 parameters are: o = 1.815,
K, =0.01851, Ky = 1.534e™ .

where

1 /2P

is the width, Ag the amplitude and ¢ the velocity of the
soliton at the co-moving frame coordinate system £ =
X —v,T.

Using Eq. (12), the rotation 6y for ¢ = 0 is found to be

Le

01(X,T) = 2Apsech i(X - Xo — ng)} coslkx — QT].

Le
(26)
The angular frequency of the carrier wave,
A2
Q=w? - 62%, (27)

has been shifted at order €2, in comparison to the linear
dispersion relation w(?) due to nonlinearity. Depending



on the sign of @, the shift can occur above or below the
linear branch.

The combination of Egs. (24) and (17) gives the fol-
lowing expression for the dc-term,

A2L, X — Xg) — ev, T
Uo(X,T) = v20— 1 tanh «( LO) Y
g e

(28)

Equations (26) and (28) constitute a polarized enve-
lope nonlinear wave solution of Eq. (8) which is propa-
gating with a common velocity determined by the spatial

] ()
frequency of the carrier wave, defined as v, = L;,c =
5 .
K.—K k i i
7%. From now on, we refer to is as bright

envelope vector soliton (BEVS).
Note that physically this shape for the U field corre-
sponds to a longitudinal contraction of the chain around

the maximum of rotating sites during the propagation of
the BEVS.

B. Bright Envelope vector soliton propagation in
FlexMM

Direct numerical simulations of the discrete set of equa-
tions (8) are employed to validate our analytical pre-
dictions. The system (8) is solved using a fourth-order
Runge-Kutta iterative integration scheme for a total of
N = 1000 sites, with free boundary conditions at both
ends. The results presented in section IV were obtained
by performing the integration for a duration of eight non-
linear times : ¢ty = 8T [39]. T is based on the initial
condition (IC) amplitude Ag, the system nonlinearity @
and the carrier wave number &k cf. Eq. (23). The rela-
tionship between T, Ag and Q@ is given by,

1

e =

The initial conditions are taken to be,

0(X,0) = €b1(X,0), 6(X,0)=eb;(X,0), (30

U(X,0) = eUp(X,0), U(X,0) = eUp(X,0), (31)
using Egs. (26-28) with Xo = N/2 = 500. The initial
amplitude Ag chosen for the next simulations is defined

as Ag = A\/% with A =15. When P =1/2 and @ = 1,
Ay = A is the amplitude of the bright soliton of the
normalized NLS equation. Defining the amplitude Ag as
a function of P and @ implies, from the perspective of
the NLS model, that the bright soliton initial conditions
for FlexMM1 and FlexMM2, represented in Figs.(4-5-7),

are the same.

1. Nonlinear dynamics of FlexMM 1

We start by studying the first FlexMM structure char-
acterized by the dispersion relation shown in Fig. 3(a),
where as one can see, the upper cut-off frequencies of the
two branches are close w((;g) ~ wgl) = 2. We will focus
on the small k region where the effective NLS is focusing
and thus BEVS are predicted. In Fig. 4, we show the
nonlinear dynamics of an initial condition with a BEVS
with k£ = 0.1885, corresponding to the green circle point
of Fig. 3(a). The dynamics confirm that indeed the IC
evolves as a BEVS and propagates with a constant ve-
locity keeping its shape undistorted in the form of an
envelope for rotations 6 (Fig. 4(a),(c)) and a kink for
displacement U (Fig. 4(b)).

-0.2 0 0.2 -0.1 0 0.1

(D) U e

-

(a) 0

600 . 1000 600 r‘ 1000
500 500 500
n T
4
n 00 350 720
Figure 4. Evolution in time (T") of the amplitudes of the

rotational (a-c) and longitudinal (b) displacements along the
chain (n). The results correspond to a FlexMM (FlexMM 1)
defined by the following set of parameters: a = 1.815, K; =
0.1851, K¢y = 1.534e~2. The initial condition corresponds to
a BEVS with k£ = 0.1885 and A = 15, and a perturbation of
e = 0.01.

For a more systematic study, we have performed nu-
merical simulations of BEVS with different wavenumbers,
within the focusing NLS region. In figure 5 (a-b), we
show the solution profile at the final time ¢ty = 8Ty, for
three cases corresponding to the three circles (orange,
green and blue) in Fig. 3(a). Superimposed are the theo-
retical solutions (black lines) given by Eqs.(26-28).

As expected, the orange one (kK = 0) remains cen-
tered at Xy due to vy = 0, see dispersion relation curves
Fig.3(a). The other two (k = {0.1885,0.3770}) move in
the left direction due to negative group velocities, with
different velocities. Overall, analytical predictions and
simulation results are in good agreement. The BEVS pre-
dicted by the NLS bright soliton show a robust behavior
after eight nonlinear times, confirming the validity of the
effective NLS. This is a first signature that BEVs exists
and propagate through the lattice. For the three cases
final times of integration are close, t¢(k = 0) ~ 1013,
tr(k = 0.1885) ~ 1020, t;(k = 0.3770) ~ 1031.

Another signature of the BEVS propagating through
the lattice can be extracted from the nonlinear dispersion



k=0.3770

300 350 400 450 500 550

(b)
0.2¢ 1
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n

Figure 5. Rotational and longitudinal displacement ampli-
tudes along the chain (n) at final time ¢ty = 8Iyr. The ini-
tial conditions correspond to BEVS with £ = 0 in orange ,
k = 0.1885 in green and k = 0.3770 in blue, and an ampli-
tude of A =15, and a perturbation of ¢ = 0.01.

relation (NDR). As it was shown in [10, 41], bright soli-
tons correspond to straight lines in the NDR. To see this,
let us use the space-time double Fourier transformation,

- +oo  ptoo ) )
01(w, k) = / / 01(X,T)e kX etwTaxdT, (32)

using as 61(X,T) the BEVS solution, namely Eq. (26),

at a chosen k, and w® (k,). We obtain that,

eb, (w, k) =272 Ay Lesech <7TL€(§]€S)) e~ Xo(k=ks)
€
e

2

+ 272 A Lsech (WL@ (l; + ké)) e~ i Xo(k+tks)
€

X 0(ws

+g(k—ks) —w)

Qe* A2

X 0(—ws + +v4(k + ks) — w).

(33)

Using the Dirac function property, the value of §(ws —

2 A2 ~
QETAO + vy(k — ks) — w) and therefore 67 is 0 except for
points on the line,

2
w=vgk+ <ws — vgks — EQQZAO) . (34)

Eq. (34) is the NDR of the BEVS which indeed is a
straight line in the w — k diagram.

Now, using the spatio-temporal dynamics, Fig.4, we
calculate the double FFT (in space and time). Since
the lattice has two fields, 6, (T) and U,(T), we apply
the space-time double Fourier transform in both fields to
obtain 0(w, k) and U(w, k). In Fig. 6, we represented the
normalized sum of the double FFT in space and time, in
log scale,

U(w, k)

Umaz

. (35)

amax

As it is seen, a large amount of the 2D FFT (blue color
gradient) closely matches the estimate line provided by
Eq. 34, that is tangent to w(® (yellow line) at point
(Qs, ks). This corresponds to the NDR of a bright soliton.
An upper shift, of the order €2 cf. Eq. (27), compared to
the linear dispersion relation w(® is visible. In addition,
low frequency components around k = 0 are observable,
on the wcurve . This corresponds to the de-component
of U of the BEVS solution.

2. Nonlinear dynamics of FlexMM 2

We now consider the FlexMM 2 configuration. Namely,
the one that follows the dispersion relation shown in
Fig.3 (b) and which corresponds to the set of param-
eters used in experiments of [10, 33]. As one can see in
Fig.3 (b), this FlexMM supports rotational modes (blue
curve) with frequencies that are much lower than those
of the translational modes (red curve). In particular, the
upper cutoff frequencies of the two branches are such that
wﬁz) < wgl) =2.

Following the same analysis as before, we now use as
an initial condition Egs. (30-31), that corresponds to a
BEVS with £ = 0.1885. The dynamics is shown in Fig. 7
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Figure 6. Numerical representation of the nonlinear disper-

sion relation of FlexMM 1 from its dynamics, represented in
Fig. 4 using a normalized sum of the 2D-FFTs of the 6 and U
components. The red and blue curves denote the linear dis-
persion relation (see Fig.3(a)), while the yellow line denotes
NDR of the soliton described in Eq. (34). The color bar rep-

resents the 1/;(0.)7 k), in log scale.

The rotational dynamics is observed in panel (a), where it
becomes evident that an envelope wave, in the form of a
bright soliton, is propagating, accompanied by the gener-
ation of additional small waves, with frequencies around
Qs, that are radiated by the envelope wave. Note that we
have confirmed that the strength of this radiation field is
of the same order as that of FlexMM 1. The latter is not
visible for the scales used in Fig. 4. From the dynamics of
the longitudinal displacement, see panel (b), we observe
a kink profile followed by small waves, at frequency cal-
culated to be around 224, that move away at a relatively
higher speed than the radiation observed in the rotation
field. For a better understanding of this dynamics, we
examine the temporal and spatial frequency spectra in
Fig. 8.

Here, we first note that a large amount of the 2D FFT
is centered around the line that is tangent to w(® at point
(Qs, ks). This corresponds to the NDR of a bright soli-
ton. We also note that again we have spectral contribu-
tion around k = 0, coming from the de-term, cf. Eq. (34).
These two observations are a signature of the BEVS prop-
agation through the lattice. However, in this case we also
observe significant components of the 2D FFT in other
regimes of the w — k space. In particular, we observe fre-
quencies around 22, belonging to the dispersion of the U
DOF i.e., w (see rightmost inset of Fig. 8) as expected
by the quadratic terms in Eq. (11a). These frequency
components corresponding to the radiation field of U.
Note that this was not the case for FlexMM 1, since this
frequency was in the gap of the corresponding dispersion
relation.
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Figure 7. Evolution in time (7T'), for a duration between

T=[2800;2900], of the amplitudes of rotational (a) and lon-
gitudinal (b) displacements along the chain (n), zoomed be-
tween n = [300;500]. The results correspond to a FlexMM
(FlexMM 2) defined by the following set of parameters: o =
1.815, K, = 0.01851, Ky = 1.534e~*. The bright soliton is
generated by the initial conditions expressed in Egs. (30-31)
for a spatial frequency of k£ = 0.1885, an amplitude of A = 15,
and a perturbation of ¢ = 0.01.

V. DARK ENVELOPE VECTOR SOLITONS
A. Theoretical prediction

In the previous section, we studied the existence and
propagation of BEVS solutions in the dispersion rela-
tion region corresponding to the focusing eNLS equation,
PQ@Q > 0. Let us now turn our attention to the regions
associated with a defocusing eNLS, where PQ < 0. It is
established that the defocusing eNLS admits the follow-
ing dark soliton solution [35],

1 —1 T
Fy(€1,7) = Aptanh [L(gl — go)} eTiRATT - (36)
e
where Ay is its amplitude and L. is its width (see

Eq. (25)). Following the steps presented in section IV, we
derive the subsequent analytical solution for the rotation,

0.(X,T) = 2Atanh [;(X . ng)} cos[kX —QT],
e (37)
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Figure 8. Numerical representation of the nonlinear disper-

sion relation of FlexMM 2 from its dynamics, represented in
Fig. 7 using a normalized sum of the 2D-FFTs of the 6 and U
components. The red and blue curves denote the linear dis-
persion relation (see Fig.3(b)), while the yellow line denotes
NDR of the soliton described in Eq. (34). The color bar rep-

resents the 1/;(0.)7 k), in log scale.

where € is the angular frequency. Its expression is given
by,

QO =uw® 4 2420. (38)

As for the bright soliton solution cf. Egs. (26-27), the
angular frequency has undergone a shift at order €2, rela-
tive to the linear w(®). This shift can manifest itself either
above or below the linear branch, depending on the sign
of Q. The combination of Eq. (17) with the envelope part
of Eq. (37) gives an expression for Gy yielding,

A2
= - 7 (€(X = Xo —v,T)

! (39)
_ L, tanh Li(X ~ Xy — ng)D :

€

UO(X7 T) =

Equations (37-39) form a polarized nonlinear wave so-
lution which from now on will be called dark envelope
vector soliton (DEVS).

B. Dark envelope vector soliton propagation in
FlexMM

To validate our predictions regarding the existence of
DEVS, we solve the discrete set of equations (8) using the
process described in Sec. IV B. We apply free boundary
conditions at both ends of the structure and perform the
integration over a duration of five nonlinear times: t; =
5TNL7 cf. Eq. (29)

In the case of DEVS, the presence of a jump in the
phase field, see Fig. 9, leads to a mismatch with the free
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boundary conditions, causing boundary effects that prop-
agate through the lattice. To avoid these effects, similarly

0.2
q.) *
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n
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- :
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Figure 9.  Analytical solution of the rotational component

eb1 (cf. Eq. (37)), and its corresponding phase at 7' = 0, for
the DEVS of wave number k = 7.

to [42, 43], we multiply the 6 field of Eq. (37) by a super-
gaussian window W of the following form,

51—50)P ,(M)p
=e

W =e (%5 : , (40)
centered on the initial position Xy, of the dark soliton.
The width of the window is governed by s = S/e where
the p parameter controls the edges sharpness. For the
numerical simulations, we use s = N/10 = 100 and p = 8.
The application of the spatial window W modulates to
zero the initial rotation displacement and velocity near
the boundaries. The dependence of Gy on F; established
by the combination of Egs. 24 and 17 written,

1
Goler) = 57 [ 1R (41)

involves that in the presence of the window W, Gg is
now dependent on the product FiWW. Substituting F; by
F1W by putting Egs. (36-40) in Eq. (41) leads to,

2 — 1—80\P
UQA_O : /tanh2 <£1Lf0> e—2(55%) g, .
(42)

Go(&1) =

g9

The resulting integral has no analytical solution. Thus,
the integration is numerically solved by computing the
approximate cumulative integral of Eq. (42) via the
trapezoidal method for each time step of the integration.
At T = 0 the result gives the initial condition Eq. (43c).

Performing the derivative on real time (7'), noted ( ), be-
fore the numerical integration allows to obtain the initial
condition for the velocity Eq. (43d). Finally, the initial
conditions employed to excite the lattice are,



9( 70) = 601<X7 O)W( 30)7 (433)

0(X,0) = b, (X, 0)W(X,0) + ..., (43b)
__ € 29472

U0 = 5 /|F1| W2de, | (43¢)

. e -

06,0 = 5 /|F1|2W der+ ... (43q)

The W terms in Eqgs. (43b - 43d) can be neglected be-
cause they are proportional to €’. Moreover in the nu-
merical simulations V is proportional to €5.

@ 02 01 0 0.1 0.2
0

100

Figure 10.  Panels (a-b) represent the evolution in time
(T') of the rotational (a) and longitudinal (b) displacements
along the chain (n). The results correspond to a FlexMM
(FlexMM 1) defined by the following set of parameters : o =
1.815, K, = 0.1851, Ky = 1.534e~2. A DEVS is generated by
the initial conditions expressed in Egs. (30-31), for a spatial
frequency of k = 2.9531, and an amplitude of eAy = 0.1.

In Fig.10, we show the nonlinear dynamics of the
FlexMM 1, cf. Fig.3(a) using as an initial condition a
DEVS (Eq. 43) with & = 2.9531 (see green triangle in
Fig.3(a)). As one can see in Fig. 10(a), the envelope of
the rotational DOF is a continuous dip that propagates
at a constant velocity and maintains its shape. Moreover,
the profile of U, displayed in Fig. 10(b), also remains ap-
proximately constant in time, which is a characteristic of
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vector solitary waves according to our theoretical predic-
tions. To complete the analysis, Fig. 11 represents DEVS
at final time of integration in FlexMM 1 for initial con-
ditions with different wave numbers indicated by colored
triangles in Fig. 3(a). We can see that the numerical re-
sults (color dotted lines) remain close to the theoretical
ones, in terms of the carrier wave (black line) and of the
absolute value of the envelope (gray area).
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Figure 11. Rotational and longitudinal displacement ampli-
tudes along the chain (n) at final time ¢ty = 5Tr. The DEVS
are generated by initial conditions : a spatial frequency of

= 2.8274 in orange , k = 2.9531 in green, and kK = 7 in
blue. For the three cases an amplitude of Ag = 10 and a per-
turbation of € = 0.01 are used.

VI. CONCLUSION

In our study, FlexMMs are mechanical structures with
special properties, such as geometric nonlinearity result-
ing from the rotation of their constituent particles. The
presence of multiple DOFs and the remarkable tunability



of their components provide an ideal experimental plat-
form for the study of various nonlinear wave phenomena.
In this work, we demonstrated the generation and prop-
agation of nonlinear envelope waves under the form of
bright and dark envelope vector solitons. In particular,
we found that the rotational DOF can be described by
an eNLS equation, and that longitudinal displacements
follow the dynamics induced by the nonlinear coupling
through a dc-term at the leading order. This dc-term
was not observed in our studies on modulation instability
phenomena [17]. Both analytical and numerical results
show that with an appropriate choice of physical parame-
ters for the FlexMM, in particular specific combinations
of inertia « and stiffness parameters (K and Kp), the
propagation of these solutions in FlexMMs becomes fea-
sible and robust. This demonstrates the significant versa-
tility offered by the proposed system in the manipulation
of weakly nonlinear modulated waves.

The present work demonstrates the great potential
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that nonlinear FlexMMs have for the observation and
control of both typical and novel nonlinear phenomena
related to modulated waves. Several natural extensions
of this work include the excitation of the system using
driving functions on one of the extremity of the chain,
as well as adding dissipation in the system using for ex-
ample linear viscous damping terms in the discrete set
of equations of motion. Both aspects are currently un-
der investigation and results will be presented in future
publications with experimental results. Other interesting
perspectives are the generation and dynamics of coherent
structures such as the Peregrine soliton [44], breathers or
extreme wave [15, 16] effects in nonlinear FlexMMs.
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