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Markov chains on trees: almost lower and upper directed cases

Luis Fredes & Jean Francois Marckert

September 2023

Abstract

The transition matrix of a Markov chain (Xk ,k ≥ 0) on a finite or infinite rooted tree is said to be almost

upper-directed if, given Xk , the node Xk+1 is either a descendant of Xk or the parent of Xk . It is said to be

almost lower-directed if given Xk , Xk+1 is either an ancestor of Xk or a child of Xk .

These models include nearest neighbor Markov chains on trees. Under an irreducibility assumption,

we show that every almost upper-directed transition matrix on infinite (locally finite) trees has some in-

variant measures. An invariant measureπ is expressed thanks to a determinantal formula. We give general

explicit criteria for recurrence and positive recurrence. An efficient algorithm (the leaf addition algorithm)

of independent interest allows π to be computed on many trees, without resorting to linear algebra con-

siderations.

Flajolet, in a series of papers (starting from [12]), provided some relations between continuous frac-

tions, generating functions of weighted Mötzkin paths, and used them in connection with the analysis

of birth and death processes. These fruitful representations made it possible to establish many formulae

for continuous fractions. Analogous considerations appear here: this type of study can be extended to

weighted paths on trees, whose generating functions can also be expressed, this time in terms of multi-

continuous fractions.

1 Introduction

A rooted tree (t ,r ) is a graph, finite or infinite, but always locally finite throughout this paper, connected and

having no cycle, in which the root r , a node of t , is distinguished. In this paper, we are interested in Markov

chains on trees. When the tree is finite, the study of such a Markov chain can be done with the standard

toolbox of Markov chains on finite spaces. When the tree is infinite, it is generally difficult to find invariant

distributions, to decide on recurrence or transience, on positive recurrence.

In the literature, one finds many studies of nearest neighbors random walks on trees, often with transition

matrices depending on the degree of the current node, and very few papers discussing general models of

Markov chains on trees.

The aim of this paper is to present a large class of transition matrices, much larger than the class of

nearest-neighbors random walks, that are accessible to computation and analysis. These Markov transition

matrices will be called either almost upper-directed (AUD for short), when only transitions to descendants

and the parent are allowed, or almost lower-directed (ALD for short), when only transitions to ancestors

and to children are allowed. At the intersection of these two classes are nearest neighbor Markov chains,

probably the most studied class of Markov chains on trees. The class AUD is easier to study: we provide for

this class formula and algorithm to compute the invariant measures, we provide criteria to decide recurrence
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Figure 1: ∅ is the root, and u a node. Triangles figure finite or infinite subtrees, and disks, nodes. On the second
picture, only the transitions from u toward dark nodes are possible for almost upper-directed transitions matrices.
On the third pictures, only the transitions from u toward dark nodes are possible for ALD transitions matrix. For
nearest-neighbor Markov chains, only, the neighbors of u are accessible (fourth picture).

or positive recurrence; the algebra in play is rich enough: we shed some light on the combinatorial points

of view allowing to provide determinantal formula for the invariant distribution, multicontinuous fractions

representation of the Green functions, etc.

Before entering into the core of the paper, we think that it is useful to say a few words about Markov

chains on N, and particularly about those with almost triangular transition matrices. The space N can be

seen as an infinite tree with no branching points, and many phenomena appearing on N will have some

counterparts on trees: in fact, the class of transition matrices that we will study in the sequel, and for we will

provide computations and criteria, is a generalization of these “almost triangular transition matrices”.

1.1 Content of the paper

The paper is organized as follows: In Section 1.2, we explain that AUD and ALD Markov chains on the line

(which is an infinite tree without branching points) are simply almost upper and lower triangular Markov

chains: already for these models, a determinantal formula for the invariant distribution appears. We for-

mally define trees in Section 1.3, as well as the two classes AUD, ALD and random walks on trees. We give a

necessary and sufficient condition for the irreducibility of these chains. Finally, in Section 1.4 we recall the

formula for the invariant measure of an irreducible Markov kernel on a finite state space: again, a determi-

nantal formula arises, which is useful to have in mind before entering to the main new result sections.

In Section 2, we prove that all AUD irreducible transition matrices admit at least one invariant measure,

which we call the h-invariant measure, which has an explicit determinantal formula (Theorem 2.1). This

allows us to provide a criterion for deciding positive recurrence. In Proposition 2.4, a first criterion for recur-

rence of AUD chains is given. Section 2.3, more simple criteria are given, when the number of ends of the

tree is finite (the projections of the chains onto the ends serve as a tool in this matter).

In Section 3, we present an alternative algorithm to compute the h-invariant measure, which we call the

leaf addition strategy. We then discuss the existence of other invariant measures, and more general spectral

properties are obtained. Among other things, we will see in Section 3.4 that irreducible AUD Markov chains

on infinite trees without leaves have a complete spectrum (all elements of C are left eigenvalues), while this

is not generally the case on infinite trees with some leaves (in any case, the set of complex numbers that are

not left eigenvalues is at most countable).
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In Section 3.6, we discuss random walks on trees, and in particular, random walks on critical Galton-

Watson trees conditioned on non-extinction: a model of an infinite tree with a single end. In Proposition 3.12,

we provide a recurrence criterion for these chains when the transition coefficients Uu,v from a node u, are

a function of the degree of u. In Section 4, we say a few words about ALD transition matrices. They are in

general more difficult to study than AUD, except when they are reversible with respect to some invariant

measure, and in this case, the reverse time is an AUD transition matrix, which is easier to handle. Section 5

highlights two combinatorial relations involving AUD matrices: the link between the generating functions

of weighted paths (corresponding to Markov chain trajectories) and multicontinuous fractions (à la Flajolet),

a random walk on the rational numbers (using the Stern-Brocot tree to encode the possible transitions).

Finally, in Section 6, we compile a series of examples to illustrate the application of our results, which are

referred to throughout the article.

1.2 Warmup with the simplest infinite tree: the line

This paper can be seen as a continuation of [14] by the same authors (reading [14] is not a prerequisite for

understanding this article), in which Markov chains on N with transition matrices that are almost lower

(Allmost LowerTriangular) or almost upper (Allmost Upper Triangular) triangular are studied. A Markov chain

(Xk ,k ≥ 0) on N with a Allmost Upper Triangular transition matrix has its increments Xk − Xk−1 greater than

or equal to −1, while Allmost Lower Triangular Markov chains have increments less than or equal to +1. If we

considerN as an infinite tree, rooted at zero, where i +1 is the only child of i (there are no branching points),

we can see that the Allmost Upper Triangular transition matrices on this tree correspond to AUD transition

matrices, while Allmost Upper Triangular transition matrices correspond to ALD transition matrices.

Thus, each of these models generalizes birth and death processes, whose transition matrices are simul-

taneously Allmost LowerTriangular and Allmost Upper Triangular.
In [14], it is shown, among other things, that Allmost Upper Triangular transition matrices have a simpler

behavior than Allmost LowerTriangular. For example, they have a single invariant measure (up to a multi-

plicative constant), which is not the case for Allmost LowerTriangular for which the cone generated by positive

invariant measures can have any dimension ranging from 0 to +∞. Characterizations for recurrence and

positive recurrence are also given.

The difference in behavior between Allmost Upper Triangular and Allmost LowerTriangular Markov chains

somehow emerge from the difference in nature of the algebraic equations solved by the invariant measure

ρ = ρM . The solution of the equation ρ = ρM is immediate in the Allmost Upper Triangular case, in which it is a

triangular system, while in the lower case, the equation expresses ρ j as a linear combination of (ρ j+k ,k ≥ 1),

which gives rise to the variety of behaviors discussed above.

Hence the variety and complexity of behaviors discussed above (and in [14]) for Allmost Upper Triangular
and Allmost LowerTriangular Markov chains, exist on tree Markov chains.

1.3 Tree formalism.

A rooted tree T is a subset of the set of finite words U := {∅}∪⋃
k≥1N

k on the alphabetN such that:

(i ) it contains the element ∅ (the empty word), seen as the root,

(i i ) if the word u1 · · ·uh is in T then T contains each of its prefixes u1 · · ·uk for k ≤ h (including ∅),

(i i i ) if the finite word u1 · · ·uh is in T then so does u1 · · ·uh−1i for all i in {1, · · · ,uh}.
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For u ∈ T , the set J∅,uK, called the set of ancestors of u is defined as the set of prefixes of u (including u and

∅). The set Tu := {w ∈ T : u ∈ J∅, wK} is the set of descendants of u in T .

A word u ∈ T is seen as a node of T , its length |u| is its height; the parent p(u) of a node u 6=∅, is its ancestor

having height |u|−1.

∅

0 1

00 01 02

021

Figure 2: Representation of the tree t = {∅,0,00,01,02,021, ...}. The set of children of 02 is ct (02) = {021}, the nodes
1, 00, 01 are leaves, ∅,0,02,021 are internal nodes. On this example J∅,01K= {∅,0,01}.

The set of children cT (u) of a node u in T is the set of words ui ∈ T where i is a single letter. From this we see

that |cT (u)| = max{i : ui ∈ T } is the number of children of u. A node with no children is called a leaf, and the

set of leaves of T is denoted by ∂T (a finite tree has at least one leaf, but an infinite tree can have zero leaves).

A tree is said to be infinite if its cardinality is infinite, and finite otherwise.

An end is an injective path starting at the root and isomorphic to the discrete line N. An infinite tree can

have from one end to an infinite uncountable number of ends.

Conventions.

Throughout the paper:

(i ) All trees are considered to be locally finite (even when unspecified), i.e., the number of children of each

node is finite.

(i i ) The set of non-negative measures over a tree T (equipped with the power set σ-field) is denoted by M+
T ;

denote by ∼ the proportionality equivalence relation (we write µ∼ ν when µ and ν are proportional).

(i i i ) The identity matrix is denoted Id, whatever is its size, and the size will be clear from the context. For

example, if A is a matrix, in the expression Id− A, Id is the identity matrix that has the same size as that of A.

(i v) Recurrence/transience/positive recurrence, will be used to qualify Markov chains and transition matri-

ces

(v) If U is a transition matrix, we call U-Markov chain a Markov chain having U as transition matrix,

(vi ) We will say that “v is a λ-left (or right) eigenvector of A”, as a shorthand for “v is a left (or right) eigen-

vector of A associated with the eigenvalue λ”.

When dealing with the set of invariant measures of a transition matrix, it is common to work in M+,∼
T =

M+
T / ∼, where uniqueness actually means indeed uniqueness up to a multiplicative factor. The set of invari-

ant measures is said to be d-dimensional if M+
T generates a vector space of dimension d .

Definition 1.1. Let T be a finite or infinite tree (see Figure 1).

� A transition matrix U=
(
Uu,v

)
u,v∈T

is said to be almost upper-directed, “AUD” for short, if

∀u, v ∈ T, Uu,v > 0 ⇒ (v ∈ {p(u)}∪Tu)
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that is, if either v is the parent p(u) of u or a descendant of u. Since u ∈ Tu , Uu,u is allowed to be positive.

� A transition matrix D=
(
Du,v

)
u,v∈T

is said to be almost lower-directed, “ALD” for short, if

∀u, v ∈ T, Du,v > 0 ⇒ (v ∈ cT (u)∪ J∅,uK)

that is if either v is a child of u or one of its ancestor. Since u ∈ J∅,uK, Du,u > 0 is also allowed.

� A transition matrix M=
(
Mu,v

)
u,v∈T

is said to be the transition matrix of a random walk on T , if Mu,v >
0 implies v ∈ {u, p(u)}∪ cT (u) (it is simultaneously almost upper-directed and ALD).

A Markov chain (Xk ,k ≥ 0) with an AUD transition matrix, is somehow (discrete) lower semi-continuous:

it is allowed to make jumps of size 1 (at most) towards the root, and unbounded jumps towards the descen-

dants of the current node.

A Markov chain (Xk ,k ≥ 0) with an ALD transition matrix, is somehow (discrete) upper semi-continuous:

jumps to the descendants are reduced to the children, while jumps to the ancestors are unbounded.

Lemma 1.2. [Irreducibility criteria]

(i ) An AUD transition matrix U is irreducible iff, for all u 6=∅, Uu,p(u) > 0 and, for each node v 6=∅, there

exists a strict ancestor u of v and an element w in Tv such that Uu,w > 0.

(i i ) An ALD transition matrix D is irreducible iff, for all u 6=∅, Dp(u),u > 0 and for each node v, there exists a

descendant w of v and a strict ancestor u of v, such that Dw,u > 0.

(i i i ) The transition matrix of a random walk on T is irreducible iff for each u 6=∅,Mu,p(u) > 0 andMp(u),u > 0.

Proof. (i ) The hypotheses are necessary to come back to u starting from u, for all u. Let us see why they

are sufficient. Each vertex is accessible (in an arbitrary number of steps) from any of its descendants. So, it

suffices to show that every node v has a descendant that is accessible. By contradiction, suppose that v is

a node other than ∅ that is not accessible from ∅. In this case, none of the descendants of v is accessible

either; since there is an ancestor u of v such that Uu,v > 0, we deduce that u is also inaccessible. By iteration,

one sees that there cannot be a "smallest" inaccessible vertex, so that the root is inaccessible which is clearly

false for any starting vertex.

(i i ) The conditions are necessary in order to access a given node v from its ancestors, and to climb up in the

tree. Let us see why they are sufficient. Under an ALD transition matrix, one can traverse from a node u to

any of its descendants v . It is then sufficient then to show that, given v 6=∅ in the tree, there exists a path

with positive weight from v to the root. The fact that an ancestor of u is accessible from a descendant w of v

(which is accessible from v), shows that from v , one can access to nodes closer to the root. By iterating (from

u) one can prove that the root is accessible.

(i i i ) In the case of random walks, a transition matrix is irreducible iff every edge can be traversed both ways.

1.4 Tree expansion of the invariant distribution of Markov chains on finite state space.

The content of this section is classical (and is due to Leighton and R. Rivest [21], Aldous [3] and Broder [8]; see

also [17], [15]). If V is a finite state space and K an irreducible transition matrix over V , define the oriented
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graph G = (V ,E) where an edge e = (v1, v2) is in G if and only if Kv1,v2 > 0. The unique invariant distribution π

of K is

π(r ) =Cste.det
(
Id−K (r )) , for all r ∈V , (1.1)

where K (r ) is the matrix K in which the r th row and column has been suppressed. The “graph view” is not

needed for this statement, but it allows to state that

π(r ) =Cste.
∑

(t ,r )∈SP(G ,r )

∏
e=(e1,e2)∈E(t ,r )

Me1,e2 (1.2)

where SP(G ,r ) is the set of spanning tree of G rooted at r , and the edge set E(T,r ) for a spanning tree (T,r )

contains all the edges of T directed towards r (that is the vertex e2 is closer to r than the vertex e1).

More generally, given an oriented graph G = (V ,E , w) where w : V 2 →C is a function that assigns a weight

to each oriented edge (a pair in V 2 \ E has weight 0), the Laplacian matrix of the graph is

Laplacian(w) =
(
1i= j

(∑
a∈V wi ,a

)−wi , j

)
i , j∈V

, (1.3)

the total weight of the set of spanning trees rooted at some node r ∈V is

Weight(V , w,r ) = det(Laplacian(w)(r )), (1.4)

(this is Kirchhoff matrix tree theorem [19], see Zeilberger [30]) so that, again, when K is an irreducible transi-

tion matrix on a finite space,

π(r ) =Cste.det(Laplacian(K )(r )). (1.5)

2 AUD transition matrices : invariant measure, recurrence and transience

2.1 An explicit invariant measure

For a transition matrix U, a node a, and a set of nodes B , we let Ua,B =∑
b∈B Ua,b . Recall that Ta is the subtree

of T rooted at a. For a node u in T and v ∈ J∅, p(u)K, the successor of v in the direction of u is denoted by

s(v,u) (this is the unique child of v on the path J∅,uK).

Theorem 2.1. Consider U an irreducible AUD transition matrix of a finite or infinite tree T . For any node u of

T , consider the weighted graph (uG , uU) with set of nodes uV := J∅,uK, and in which the weight of

uUa,b = (Ua,Tb −Ua,Ts(b,u) )1b∈Jp(a),p(u)K+1b=uUa,Tu

is defined for all a ∈ J∅, p(u)K and b ∈ J∅,uK. Set

π(u) =π(∅)
Weight(J∅,uK, uU,u)∏

v∈K∅,uK
Uv,p(v)

=π(∅)
det((Id−uU)(u))∏

v∈K∅,uK
Uv,p(v)

. (2.1)

(i ) The measure π is an invariant measure of U (with positive coordinates).

(i i ) An AUD transition matrix is positive recurrent if and only if
∑
π(u) <+∞.
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�We call the measure π, as defined in (2.1), the h-invariant measure, since, as we will see in Section 3.3, it

can be seen as the limiting invariant measure of a kind of h-transform of U.

�As we will see in Example 6.6, there exist infinite trees T and irreducible AUD matrices U defined on them,

admitting many invariant measures in M+,∼
T (finite trees are simpler and will be treated at the beginning of

the proof). However, it is well known that an irreducible transition matrix U which is recurrent (including

then the positive recurrent case), admits a unique invariant measure (see e.g. Brémaud [6, Theo. 2.2]): In this

case, by Theorem 2.1, this invariant measure is π. Hence (i i ) is just a standard consequence of (i ).

Remark 2.2. Observe that for a ∈K∅, p(u)J, uUa,p(a) = Ua,p(a) and for a ∈ J∅, p(u)K, uUa,a = Ua,Ta −Ua,Ts(a,u) .

In fact, given the proof, it could have been natural, for combinatorial reasons, to take uUa,a =Ua,a or Ua,a = 0

instead, since these quantities follow naturally from the analysis. However, when computing the Laplacian

matrix, the value of the diagonal coefficients Ua,a are "removed" by the diagonal correction, so that, we can

modify them as we wish. With the choice we took, we have

Da(u) =Ua,Tu +
∑

b∈Jp(a),p(u)K

(
Ua,Tb −Ua,Ts(b,u)

)= 1,

and then Laplacian(uU)(u) = det((Id−uU)(u)).

� We do not need to define the transition (uUu,b ,b ∈ J∅,uK) “out of u", since in the calculation of the right

hand side of (2.1) the lines and columns corresponding to u are suppressed. Nevertheless we could have taken
uUu,p(u) =Uu,p(u) and uUu,u = 1−Uu,p(u), so that Id−uU would be the Laplacian matrix of uU.

Remark 2.3 (Inherent complexity.). When one deals with irreducible Markov chains on an infinite graph, all

transitions are important: changing the transitions from a single state can transform a positive recurrent chain

into a non-positive recurrent chain. For example, the random walk on N, reflected at zero, with i.i.d. steps −1

with probability 2/3 and +1 with probability 1/3 is positive recurrent. However, if one replaces only the tran-

sition from 0 and takes instead M0,i = 1i≥1(6/π2)/i 2, the chain is no longer positive recurrent. Since invariant

measures must depend algebraically on all transitions, all criteria of recurrence, all formulae providing the

invariant measures (of left or right eigenvectors) must depend on all transitions. In this matter, beyond their

apparent complexity, formulas such as (2.1), which use products of transitions along branches, or determinants

of finite matrices, are the simplest formulas that allow each coefficient of the transition matrix to play a role.

2.2 A general criterion for recurrence

Proposition 2.4. Let U be an AUD irreducible transition matrix on an infinite tree T , and (Xk ,k ≥ 0) a U-

Markov chain. For any set of nodes A, denote by

τA = τA(X ) = inf{k : Xk ∈ A}

the hitting time of A; for a single node, as the root ∅, we write τ∅ instead of τ{∅}. Let T≥h = {u ∈ T, |u| ≥ h} be

the subset of T consisting of the nodes at distance ≥ h from ∅.
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(i ) U is recurrent on T if and only if for each node i of the first generation (i ∈ cT (∅)), we have

lim
b→+∞

P(τ∅ < τT≥b | X0 = i ) = 1. (2.2)

(i i ) Let Ti ,<h = {u ∈ Ti , |u| < h} be the restriction of the subtree Ti to the h−1 first levels (of T ), and U[i ,<h] be

the matrix obtained by keeping only the rows and columns of U corresponding to the elements of Ti ,<h

(and U(i )
[i ,<h] for the same matrix, deprived from the row and column indexed by i ). We have:

P(τ∅ < τT≥h | X0 = i ) =
det(Id−U(i )

[i ,<h])

det(Id−U[i ,<h])
Ui ,∅. (2.3)

Proof. (i ) If X is recurrent, then starting from any i ∈ CT (∅), the return time τ+i to i is finite a.s. After

each passage at i , X has probability Ui ,∅ to go to ∅ in one step, otherwise, it makes a step inside the

subtree Ti . As a random variable over N, τ+i is tight: for all ε > 0, there exists an integer B such that

Pi (τ+i > B) ≤ ε. Since, going from a node at height ≥ b to i takes at least b −1 steps, we see that for b

large enough, Pi (τ+i < τT≥b ) ≥ 1−ε. From here, the argument is routine: since Ui ,∅ < 1, up to increase

b, this implies also qi (b) :=Pi (τ+i < τD≥b | X1 ∈ Ti ) ≥ 1−ε where Ti is the subtree rooted at the children

i of the root. Hence, P(τ+∅ < τD≥b | X0 = i ) = ∑
k≥0Ui ,∅(1−Ui ,∅)k qi (b)k (since each failure to go from

i to ∅, arises with probability (1−Ui ,∅) and another try will follow with probability qi (b). Since qi (b)

can be taken as close to 1 as wished, we get the result.

Reciprocally, it suffices to prove that if (2.2) holds, then P(τ+∅ <+∞ | X0 =∅) = 1 where τ+∅ is the return

time to ∅. Let us assume that P(τ+∅ < +∞ | X0 = ∅) < 1. By the law of total probability, this implies

that there exists u ∈ ∪i Ti = T \ {∅}, P(τ+∅ <+∞ | X1 = u, X0 =∅) < 1. The node u belongs to one of the

trees Ti , say Ti? , and is then, by irreducibility, reachable from i? by a finite path (v0 = i?, · · · , vk = u)

for some k ≥ 0, having a positive weight, and then again by the law of total probability, it appears that

P(τ+∅ <+∞ | X1 = u, X0 =∅) < 1 implies that P(τ+i <∞ | X0 = i ) < 1, and then, by the reasoning above,

(2.2) can not hold.

(i i ) We need to sum the weight of all paths (u0, · · · ,u` =∅) of any length , starting at u0 = i , hitting ∅ for

the first time at the end, staying in Ti deprived of T≥h all along, and weighted by
∏`

j=1U j−1, j . All these

paths ends by the step i →∅, and the rest is a heap of cycle whose maximal pieces is incident to i the

result follows from classical results in combinatorics (see the proof of Theorem 2.8 in [15] by the same

authors; see also e.g. Viennot [29], Krattenthaler [20]).

Proof of Theorem 2.1. �Finite tree case. Assume first thatU is an AUD irreducible transition matrix on a finite

tree T . In this finite state case, there is uniqueness of the invariant measure and positive recurrence.

It remains to prove that (2.1) gives the invariant measure of U. We will use (1.2) and (1.5), and then define

for u ∈ T , the set of spanning trees SP(T,EU,u), with root u, on the graph with vertex set V = T , and set of

edge sets corresponding to (almost upper directed) possible transitions EU := {(i , j ) ∈ T,Ui , j > 0}. The edges

of a tree are oriented towards its root: thus, for a spanning tree rooted at u, there is an edge going out from

each vertex, except from u.

? An illustration in Figure 3 could help the reader to understand more quickly the argument.

Consider J∅,uK the ancestral line of u in T . We claim that ForcedEdges(u), the set of edges (v, p(v)) for

all v ∈ (T \ J∅,uK), is a subset of the edge set of any (τ,u) in SP(T,EU,u). Indeed since the edges of (τ,u) are
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Figure 3: Each triangle represents a finite or infinite subtree. On the second picture, the blue edges (including those,
not drawn, in the subtrees) are all oriented downwards: these edges are in all spanning trees rooted at u: the starting
point of each oriented edge is any node which is not in J∅,uK. The set of blue edges form connected components,
that are subtrees, each of them rooted a different vertices of J∅,uK (this is the forest Fu = ( fv , v ∈ J∅,uK)). On the
third picture, an example of what could be the set of edges going out from J∅,uK of a spanning tree rooted at u:
either directed to the parent, or to a node among their descendants. On the last picture, the “spanning tree condition”
on J∅,uK. If we redirect each red edge toward the root of the blue component containing its second extremities, this
forms a (red) spanning tree of J∅,uK: this condition is necessary and sufficient for the blue edges and red edges to
form, together, a spanning tree of the global tree, rooted at u.

oriented toward u, each edge (v, p(v)) ∈ ForcedEdges(u) is needed to get out of Tv . Now, color the edges of

ForcedEdges(u) in blue, together with the vertices they contain. Each blue connected component f is a tree,

and contains a unique element v of J∅,uK, which is the root of f . Thus, each node v ∈ J∅,uK is the root of a

blue tree fv , where, fv may be reduced to its root. Each node w of T belongs to a single tree fR(w) of the forest

Fu := ( fv , v ∈ J∅,uK). In other words, R(w) is the identity of the root of this tree, a node of J∅,uK.

Let us now characterize the other edges of a spanning tree (τ,u) ∈ SP(T,EU,u), those starting from the

nodes J∅,uJ.

Lemma 2.5. Consider a set of edges, with one outgoing edge from each the elements of J∅,uJ :

AddEdges := ((v, x(v)), v ∈ J∅,uJ)

where x(v) ∈ T for all v. The set AddEdges union with ForcedEdges(u) is the set of edges of an element (τ,u) of

SP(T,EU,u) if the tuple
[
(v,R(x(v))), v ∈ J∅,uJ

]
is a spanning tree (τ′,u) of J∅,uK.

Remark 2.6. The "if" in the lemma becomes an "if and only if" if all the edges weightUv1,v2 are positive between

each node v1 and its descendant v2 (by hypothesis Uv,p(v) are always positive).

Proof. Given that the blue edges are already present in the forest, we need to understand the structure of the

other edges of (τ,u), i.e., those whose starting point in J∅,uJ. From each node v ∈ J∅,uJ, there is a single

outgoing edge (v, x(v)) and x(v) must belong to an element fR(x(v)) of the ( fw , w ∈ J∅,uK) (since these trees

form a partition of T ). The coefficient Uv,x(v) must be positive, so x(v) is either a descendant of v , or its
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parent; from x(v), following the outgoing blue edges forms a path leading to R(x(v)), but these edges are not

the subject of this discussion, since they are already fixed (they are blue). Intuitively, since there is a fixed

path from all the nodes of fR(x(v)) toward R(x(v)), one can contract any tree fw and consider it as a vertex w

(which can be identified with w), locally, in the proof. Notice that if several extreme points x(v1) and x(v2)

belong to the same tree fw , then, since in fw the blue paths are directed to the root w , these paths together

do not form a cycle (the contraction does not destroy any cycle). The contraction is coherent with this point

of view (the edges are then directed to R(x(v))).

Once the contractions have been done, the new edges (v ,R(x(v))) must form a spanning tree (τ′,u) of

(v , v ∈ J∅,uK) (because if it is not the case, the union of AddEdges union with ForcedEdges(u) would be

disconnected).

Extract from a spanning tree (τ,u), the set of edges

SetRedEdges(τ,u) = {
(v, x(v)) ∈ E(τ,u), v ∈ J∅,uJ

}
going out from J∅,uJ. Following Lemma 2.5 and Remark 2.6, we denote by

SetOfSetRedEdges= {[
(v, x(v)), v ∈ J∅,uJ

]
s.t.

[
(v,R(x(v))), v ∈ J∅,uJ

]
is a spanning tree of J∅,uK

}
.

As said in Remark 2.6, in general the set of all possible SetRedEdges(τ,u) is only contained

in SetOfSetRedEdges, because SetOfSetRedEdges contains elements, that contain “red edges” with null

weight. However, since we are now dealing with weights, adding elements with null weights amounts to

adding negligible sets, and this is what we will do. Set

RedWeight(u) = ∑
[(v,x(v)),v∈J∅,uJ]
∈SetOfSetRedEdges

∏
v∈J∅,uJ

Uv,x(v), (2.4)

BlueWeight(u) = ∏
v∈T \J∅,uK

Uv,p(v) (2.5)

this latter being the total weight of ForcedEdges(u). We have that

W (u) :=RedWeight(u)×BlueWeight(u)

is the total weight of all spanning trees rooted at u and we need to prove that W (u) =Cst.π(u) given in (2.1).

In order to complete the proof in the finite case, we need three additional ingredients:

(a) Set Factor(u) = ∏
v∈K∅,uKUv,p(v), the denominator in (2.1). Since {(v, p(v)) :K∅,uK} are the edges we need

to add to ForcedEdges(u) to get all the edges of T oriented toward ∅, we have

Factor(u)×BlueWeight(u) = ∏
v∈T \{∅}

Uv,p(v) =Cst.

Hence since we work up to a multiplicative factor, we will use 1/Factor(u) instead of BlueWeight(u), since

the first remains under control when the tree is infinite.

(b) Let us compute RedWeight(u). From the “contraction” point of view, an edge from a ∈ J∅,uJ to some

node b represents the total weight of edges going from v to fb : the tree fb itself, equals to Tb \ Ts(b,u) (the
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subtree Tb deprived from Ts(b,u)). The weight of all edges starting at a and with second extremity in fb is then
uUa,b . By the matrix tree theorem we then have

RedWeight(u) = det(Laplacian(uU)(u))

(c) It remains to justify that we can choose the uUa,a as we wish: this is standard; in a weighted graphs, the

weight of the spanning trees is independent of the weights of the loops, and the user is then free to change

them according to his personal motivations... This is what we have done by imposing the values uUa,a such

that the total weights
∑

v
uUa,v = 1 for all a. From this choice we find that

det(Laplacian(uU)(u)) = det((Id−uU)(u))

This concludes the proof for the finite case.

�When T is an infinite (local finite) tree, write the balance equation at u for an invariant measure ρ (normal-

ized so that ρ(∅) = 1):

ρ(u) = ∑
v∈J∅,uK

ρ(v)Uv,u + ∑
c∈cT (u)

ρ(c)Uc,u . (2.6)

We want to prove that the measure ρ = π given in (2.1) solves this equation. Thus, if we write the invari-

ance equations for all nodes u below a given level h, then all these equations together involve only ρ and

transitions up to level h +1. Let us cut down this tree!

Consider a transition matrix U(h+2) on say, the finite tree T (h+2) of height h +2 coinciding with T up to

this level, and define U(h+2)
u,v as to be Uu,v if |v | < h+2, and U(h+2)

u,v =Uu,Tv if |v | = h+2. Then we get that π(h+2)

the invariant measure of U(h+2) on the finite tree T (h+2) satisfies, for all u such that |u| ≤ h +1 the equation

π(h+2)U(h+2) =π(h+2)

and by uniqueness π(h+2), it is the h-invariant measure of U(h+2) given in (2.1). For u such that |u| ≤ h+1, the

equation

π(h+2)
u =∑

v
π(h+2)

v U(h+2)
v,u (2.7)

can be represented by the formula of π instead, on T (h+2); indeed, a quick inspection shows that since the

weights involved in the computation of π(u) using U and those for the computation of π(h+2)
u using U(h+2)

are the same (these are the transitions on the path on J∅,uK and the weight toward the subtree fv rooted on

J∅,uK thanks to the fact that we took the total U(h+2)
u,v =Uu,Tv if |v | = h +2).

From this, we deduce that πu =∑
v πvUv,u for all u such that |u| ≤ h, and since h can be taken as large as

wanted, for all u ∈ T .

2.3 Additional recurrence criteria: Trees with a finite/infinite number of ends

It may seem plausible that a Markov chain on an infinite T with a given irreducible AUD transition matrix U

satisfies is transient if and only if there exists an end on T that is transient. However, the restriction/projection

of a Markov chain on a subspace is not always a Markov chain, so that some work is needed to give a meaning

to this intuition, and to observe, that this “if and only if” is somehow valid when the tree has a finite number

of ends; however, it may fail when the number of ends is infinite. The aim of this section is to shed some

lights on the principles into play.
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2.3.1 Construction of a transition matrix per end.

Let U be an irreducible AUD transition matrix on an infinite tree T , and let Ends be its set of ends; this set can

be finite, infinite countable, or infinite uncountable.

Recall that an end p is an injective path in T , starting at ∅. Two different ends p and q share a finite path

J∅,L(p,q)K, adjacent to the root, and then they separate forever. The node L(p,q), will be called in the sequel

the last common node of p and q.

We associate with each end p, a subtree Tp of T , consisting of the path p together with the set of finite

subtrees rooted at the neighbors of p. Hence, for p 6=q, the intersection of Tp and Tq is made of J∅,L(p,q)K
together with the finite subtrees rooted at the neighbors of this segment.

Let us now define a projection ℘p : T → Tp as follows:

– if v ∈ Tp then set ℘p(v) = v .

– if v ∉ Tp then ℘p(v) is the node of p that is the closest to v (the highest ancestor of v which is in p).

We will now define a transition matrix Up on Tp. Intuitively, seeing the pair (T,U) as weighted graph

(where u → v in T is weighted Uu,v ), the transition matrix Up is obtained by redirecting the edges u → v

starting at u ∈ Tp and going to v , where v is outside Tp, to ℘p(v). Formally, for any two nodes u, v in Tp,

Up

u,v := ∑
w∈T

Uu,w 1℘p(w)=v .

Observe that Up is always an irreducible AUD transition matrix (in particular, it is not defective).

Remark 2.7. If U is recurrent and X = (Xi , i ≥ 0) is a U-Markov chain, then Up can be seen to be the transition

matrix of the Markov chain (X tk ,k ≥ 0) where (tk ) is the sequence of passage times on Tp. It is immediate that

in this case Up is also recurrent; when U is not recurrent, then (Xk ) may visit only a finite number of times Tp:

in this case, the process (X tk ,k ≥ 0) is not a Markov chain, its transition matrix is defective (while Up is not

defective).

Lemma 2.8. Assume that U is an irreducible AUD transition matrix on an infinite tree T . If there exists an end

p ∈ T such that Up is transient, then U is transient.

Proof. By contradiction, assume that U is recurrent and Up is transient on an injective path p. Let (Xk ,k ≥ 0)

be a U Markov chain. By Remark 2.7, Up coincides with the transition matrix of the Markov chain (X tk ,k ≥ 0),

obtained by restricting of (Xk ) to Tp, and clearly (X tk ) is recurrent on Tp (since (Xk ) visits each node of T

infinitely often, its restriction too).

See Example 6.5 for an explicit example.

Remark 2.9. The reciprocal of Lemma 2.8 is wrong: there are examples of AUD U on infinite trees that are

transient, while the projection Up on all ends are (positive) recurrent. For example, in the complete binary tree,

assume that Uu,p(u) = 9/23, Uu,u1 =Uu,u0 = 7/23 for all u 6=∅ (for u =∅, p(u) does not exist, take U∅,∅ = 9/23

instead); let p be the (leftmost) injective path p = (∅,01,02,03, · · · ), where 0 j stands for the word made with j

zeros. We have in this case Tp =p, and Up(0 j ,0 j ) = 7/23, Up(0 j ,0 j−1) = 9/23, Up(0 j ,0 j+1) = 7/23 (but for the

root, Up(∅,∅) = 9/23) which is the transition matrix of a recurrent Markov chain (and even positive recurrent),

whereas U is clearly not recurrent, since the distance to the root process is a transient Markov chain.
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Remark 2.10 (On the suppression of finite trees). For an infinite tree T , let T ∞ be the tree obtained by keeping

only the nodes of T having an infinite number of descendants. This tree can also be seen as the union of the

ends of T . Again, one can define a projection ℘∞ : T → T ∞ by letting ℘∞(v) being the closest node of v in T ∞.

If U is irreducible and AUD on T , let U∞ be defined by edge redirection, as follows : for u, v ∈ T ∞,

U∞
u,v = ∑

w∈T
Uu,w 1℘∞(w)=v .

– Proving that U is recurrent on T if and only if U∞ is recurrent on T ∞ is straightforward.

– For the positive recurrence, however, the picture is more complex : for example, imagine that T contains a

single end, that we identify with N in the sequel, and assume that a finite subtree Ti hangs from each i ∈ N.

It is easy to construct a sequence (Ti ), for example Ti being isomorphic to a segment [0, f (i )], for which when

one enters in Ti , the mean exit time of Ti grows rapidly with i . It is then possible to find U that is not positive

recurrent, when U∞, in which all Ti have been removed, is positive recurrent.

We state another lemma that will let us go further into the analysis of the positive recurrence.

Lemma 2.11. Let (Xk ,k ≥ 0) be a Markov chain following an irreducible AUD transition matrix U on T . Then

U is positive recurrent if and only if there exist v ∈ T , and a ball B = B(v,r ) with radius r ≥ 0 for the graph

distance in T , such that

sup
w∈B

Ew
(
τ+B

)<+∞

where τ+B = inf{k > 0, Xk ∈ B} for X a U-Markov chain.

Proof. The direct implication is immediate, since an irreducible and positive recurrent Markov chain satisfies

Eu(τ+u ) <∞ for every u ∈ T , so it suffices to choose r = 0 and any v in T .

For the reciprocal, assume that there exists a pair (v,r ) such that supw∈B(v,r )Ew (τ+B(v,r )) < +∞. Now, let

v∗ be the closest node to the root ∅ in B . To prove that the chain (Xk ,k ≥ 0) is positive recurrent it will be

enough to prove that Ev∗(τ+v∗) <∞, since the chain is irreducible.

To prove this, we consider the chain X B defined as the original process restricted to B , that is, for k ≥ 0,

X B
k = Xνk , where νk is the kth visit time of X in B ; the chain X B is a.s. well defined, because all the random

variables νk−νk−1 are a.s. finite, and this is a consequence of the fact that E(τk−τk−1) ≤ supw∈B Ew (τ+B ) <+∞.

Now, start a Markov chain X B = (X B
i , i ≥ 0) at v∗ and let F = inf{i > 0, X B

i = v?} be the return time at v∗. From

what it is said above, we can deduce that

Ev∗(τ+v∗) ≤ E(F )× sup
w∈B

Ew (τB ).

Since, X B is an irreducible Markov chain of a finite state space, E(F ) <+∞, which allows to conclude.

2.3.2 Finite number of ends

Let T be a tree with a finite number of ends. For each end p of T , let Source(p) be the vertex of p, the closest

to ∅, such that the subtree hanging from u in T does not intersect any other ends: if T has a single end p,

then Source(p) =∅, otherwise, the parent of Source(p) in T belongs to several ends.

Denote by Sources(T ), the set of sources of all ends of T . We have

|Sources(T )| = |Ends(T )|.
The following theorem completes the picture of Lemma 2.8
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Theorem 2.12. An irreducible AUD transition matrix U on an infinite tree T with a finite number of ends is:

(i ) recurrent if and only if for all end p of T , the transition matrix Up is recurrent on Tp,

(i i ) positive recurrent if and only if for all end p of T , the transition matrix Up is positive recurrent on Tp.

If the number of ends is infinite, the conclusion of the theorem may fail (see Remark 2.9 for an example

of tree where all the Up are positive recurrent, while U is transient).

Proof. Proof of (i ). The implication is explained in Remark 2.7: when U is recurrent, if one extracts from a

U -Markov chain (Xk ,k ≥ 0) the process (X tk ,k ≥ 0) corresponding to the successive passages in Tp, then one

obtains a Up Markov chain on Tp, which is necessarily recurrent (since each node of Tp is visited infinitely

often).

Let us establish the reciprocal, and for this assume that all the transition matrices Up are recurrent.

We call Core(T ) the finite subtree of T obtained as the union of C (T ) :=∪p∈Ends(T )J∅,Source(p)K together

with the finite trees of T hanging from the neighbors of C (T ).

Now consider a U-Markov chain (Yk ,k ≥ 0) on T , starting from any node u ∈ T , and let us prove that

inf{ j ≥ 1 : Y j =∅} is almost surely finite, which is sufficient to conclude by irreducibility.

Assume that for some k, Yk is not inCore(T ): we will prove that a.s., (Yk+i , i ≥ 0) will eventually come back

in Core(T ). Since Yk 6∈Core(T ), there exists a unique end p, such that Yk is in Tp; in other words, Yk is a strict

descendant of Source(p). (Recall that TSource(p) is the notation for the tree containing the set of descendants

of Source(p) in T ).

By construction, Upu,v coincides withUu,v when u is in TSource(p). So as long as Yk+i for i ≥ 0 is in TSource(p),

the process (Yk+i , i ≥ 0) can be seen as a Up Markov chain. Since this chain is recurrent, it will visit the node

Source(p) with probability 1. Since Source(p) belongs toCore(T ), this property implies that the Markov chain

(Yk ,k ≥ 0) will visit a.s. infinitely often the finite setCore(T ), which implies by a routine argument, that it visits

all of the nodes of the finite set Core(T ) infinitely often, including the root ∅. This concludes the proof of (i ).

Proof of (i i ) As explained in Remark 2.7, when U is recurrent, Up is the transition matrix of a U-Markov chain

observed uniquely at its passage time on Tp. Hence for the direct implication, when moreover U is positive

recurrent, then, for all end p,

E
p

∅(τ+∅) ≤ E∅(τ+∅) <∞,

where we have decorated with a p the sign E, and will do the same for P, in order to express that the compu-

tation are done with Up instead of U.

For the reciprocal, we will apply Lemma 2.11. We start considering r big enough such that B = B(∅,r )

contains all the sources. Since for all p, Up is irreducible and the root ∅ is positive recurrent (for Up, by

hypothesis), one has that

E
p

u (τ+u ) <∞ ∀u ∈ Tp =⇒ E
p

u (τ+B ) <∞ ∀u ∈ Tp.

Now we use this to study the expected first return time to B when starting at w ∈ B under the transition matrix

U. When conditioning on the first step of the chain on T one gets

Ew (τ+B ) = 1+ ∑
u∈T \B

Uw,uEu(τ+B ) ∀w ∈ B , (2.8)
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where the 1 comes from the price of the first step, and the rest, decomposes the remaining cost in function

of the first step. Notice that every u ∈ T \B belongs to a unique tree Tp (for a single endp) which implies that

for each u ∈ Tp \ B ,

Eu(τ+B ) = Epu (τ+B ) <∞,

since the transition probabilities in T coincide with those of Tp outside B .

From 2.8 we deduce that it will be enough to prove that
∑

u∈T \B Uw,uE
p

u (τ+B ) <∞ for every w ∈ B ∩Tp to

conclude that Ew (τ+B ) <∞. Hence∑
u∈T \B

Uw,uEu(τ+B ) = ∑
p∈Ends(T )

∑
u∈Tp\B

Uw,uE
p

u (τ+B ).

The number of ends being finite, it remains to prove that
∑

u∈Tp\B Uw,uE
p

u (τ+B ) < +∞ for every w ∈ Tp∩B .

Now we know that for all end p,

∞> Epw (τ+B ) = 1+ ∑
u∈Tp\B

Uw,uE
p

u (τ+B ) ∀w ∈ B ∩Tp. (2.9)

From this we deduce that ET
w (τ+B ) <∞. We finish by noticing that the ball B has a finite number of points, we

obtain the hypothesis of Lemma 2.11 which let us conclude that the chain in T is positive recurrent.

2.3.3 Infinite number of ends

When the number of ends is infinite, the main tools of the previous section leading to Theorem 2.12 dis-

appear. Remark 2.9 gives an example of tree with an infinite number of ends, for which each end p has its

associated transition matrix Up positive recurrent, while the global U-Markov chain is transient.

When the number of ends is infinite, we are left with Theorem 2.1, which provides the h-invariant mea-

sure π of U, and then characterizes the positive recurrence. Proposition 2.4 provides a general characteriza-

tion of recurrence.

3 AUD transition matrices : more properties

The next section provides an iterative way to compute the h-invariant measure π on a finite or infinite tree T ,

by computing πu node by node, using only simple computations (which avoid the determinantal formulas).

3.1 On a leaf addition strategy

We first provide the general principle:

Proposition 3.1. Let τ and τ′ be two finite or infinite trees such that τ′ can be obtained from τ by the suppres-

sion of a leaf `, that is τ′ = τ\ {`}.

Assume that U and U′ are two AUD transition matrices on τ and τ′, respectively, such that:

� if u ∈ τ′ and v ∈ τ′ \ {p(`)} then U′
u,v =Uu,v ,

� if u ∈ τ′ then U′
u,p(`) =Uu,p(`) +Uu,` ( the transitions in U toward ` are redirected toward p(`) in U′).

Then,
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(i ) if ρ′ = (ρ′
u ,u ∈ τ′) is a 1-left eigenvector of U′, then ρ defined by ρu = ρ′

u , if u 6= `,

ρ` = ∑
v∈J∅,p(`)K

ρ′
vUv,`/U`,p(`)

(3.1)

is a 1-left eigenvector of U.

(i i ) If ρ′ is the h-invariant measure π′ of U′, then ρ defined in (3.1) is the h-invariant measure π of U.

Remark 3.2. The previous result is a consequence of the ergodic theorem if τ is finite or U′ positive recurrent.

In these cases, there is a single invariant measure which is proportional to the a.s. asymptotic fraction of time

spent at each vertex. Now, U′ is the transition matrix of a U-Markov chain (Xi , i ≥ 0) observed at its passage

time (tk ,k ≥ 0) in τ′. Using the “normalization” ρ∅ = ρ′
∅ = 1, we get equality of ρu = ρ′

u for u 6= ` and from

here, the second formula in (3.1) is the balance equation at ` (preservation of ρ` by U).

This argument can be turned into a complete proof in general trees, by working level by level as in the proof

of Theorem 2.1, but will instead provide an algebraic argument below.

Remark 3.3. This proposition implies that the projectionU→U′ can only reduce the dimension of the eigenspace

of the eigenvalue 1.

Proof of Proposition 3.1. (i ) We only need to check that ρ as defined in (3.1) satisfies for all u ∈ τ,

ρu = ∑
v∈J∅,uK

ρvUv,u + ∑
v∈cτ(u)

ρvUv,u . (3.2)

For a given node u, this equation relates only the values ρw for w in J∅,uK∪ cτ(u). Hence since we kept

ρw = ρ′
w for all w 6= `, and all the U′

u,v = Uu,v for v 6= p(`), we see that (3.2) holds for all nodes u ∉ {`, p(`)}

since ρ′ = ρ′U′.
Formula (3.1) is designed so that ρ` satisfies the balance equation (3.2) for U, if ρ′ and ρ coincide on

τ′. It remains to show that ρp(`) = ρ′
p(`) satisfies also (3.2) (which logically, consists in checking that (3.2) is

consistent with (3.1), at u = ` and u = p(`)).

Write the balance equation for ρ′
p(`) under U ′:

ρ′
p(`) =

∑
v∈J∅,p(`)K

ρ′
vU

′
v,p(`) +

∑
v∈cτ′ (p(`))

ρ′
vU

′
v,p(`). (3.3)

Replace in this formula cτ′(p(`)) = cτ(p(`))\{`}, and U′
u,p(`) =Uu,p(`) +Uu,`, and use (3.1) to get

ρ′
p(`) = ∑

v∈J∅,p(`)K
ρ′

v

(
Uv,p(`) +Uv,`

)+ ∑
v∈cτ(p(`))\{`}

ρ′
vU

′
v,p(`). (3.4)

= ∑
v∈J∅,p(`)K

ρ′
vUv,p(`) +ρ`U`,p(`) +

∑
v∈cτ(p(`))\{`}

ρvUv,p(`) (3.5)

Here we see that by taking ρp(`) = ρ′
p(`) this equation is exactly the balance equation (3.2) for u = p(`).

(i i ) On finite trees, the statement is clear, by the uniqueness of the invariant measure. On infinite trees, since

the computation of ρ` by (3.2) and by the determinantal formula depends only on the branch J∅,`K (and

the projection of the transition matrix U onto this branch using uU for u = `), it suffices to observe that any

projection of U on a finite branch can be realized by a finite transition matrices (obtained, by cutting T at the

level |`|+1 for example, and making some weight adjustments). Hence, (3.2) and the determinantal formulas

must coincide at `.
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3.2 On the iteration of the leaf addition strategy to compute the h-invariant distribution

The leaf addition strategy allows us to compute the h-invariant measureπ “node by node” using a very simple

algorithm, in which the formula (2.1) plays no role. Given U an AUD irreducible transition matrix on T , it will

suffice to grow T node by node to achieve this goal. Before doing this, it is useful to introduce the notion of

“projected transition matrix”, which provides the right structural decomposition:

Projected transition matrix. Let U be an irreducible AUD transition matrix on a finite or infinite tree T . If

t is a subtree of T (containing ∅), let us define a transition matrix Ut on t that we will call the projection of U

on t , by redirecting all the transitions toward the exterior of t , towards the nearest node of t , as follows:

Ut
u,v =Uu,Tv −

∑
w∈ct (v)

Uu,Tw , for u, v ∈ t . (3.6)

Take U an AUD irreducible transition matrix on a finite or infinite tree T , and a sequence of trees T (k) such

that T (k) is obtained from T (k −1) by the addition of a leaf uk , and such that limn→∞ T (n) =∪k T (k) = T (for

example, T (k) defined as the set of the k smallest nodes of T for the breadth first order would do).

To the sequence (T (k)) is then associated a sequence of projected transition matrices (UT (k)) obtained by

projecting U on T (k). By (3.6),

UT (k)
u,v =Uu,Tv −

∑
w∈ct (v)

Uu,Tw , for u, v ∈ T (k). (3.7)

Now, we claim that for each k, the pair (UT (k−1),UT (k)) satisfies the hypothesis for (U′,U) in Proposition 3.1.

Indeed, since uk is an added leaf in T (k −1), if v 6= {uk , p(uk )} and u ∈ T (k −1),

UT (k−1)
u,v =UT (k)

u,v ,

and for v = p(uk ),

UT (k−1)
u,p(uk ) =Uu,Tp(uk ) −

∑
w∈cT (k−1)(puk

)
Uu,Tw (3.8)

Since uk is a leaf of T (k), and using that cT (k)(puk ) is made of uk and of cT (k−1)(puk ),

UT (k)
u,uk

=Uu,Tuk
, (3.9)

and

UT (k)
u,p(uk ) = Uu,Tp(uk ) −

∑
w∈cT (k)(p(uk ))

Uu,Tw

= Uu,Tp(uk ) −Uu,Tuk
− ∑

w∈cT (k−1)(p(uk ))
Uu,Tw .

Therefore

by (3.9) and (3.8), this gives indeed

UT (k−1)
u,p(uk ) =UT (k)

u,p(uk ) +UT (k)
u,uk

. (3.10)

A simple iteration of Proposition 3.1, together with Kolmogorov extension theorem give immediately:
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Theorem 3.4. Let πT (k) be the h-invariant measure of UT (k) on the finite tree T (k), normalized by πT (k)
∅ = 1.

(i ) (a) the measures πT (k) and πT (k−1) coincide on T (k −1),

(b) to compute the value πT (k)
uk

(on the additional node) using πT (k−1),

πT (k)
uk

= ∑
v∈J∅,p(uk )K

πT (k−1)
v Uv,Tuk

/Uuk ,p(uk ). (3.11)

(i i ) The measures (πT (k),k ≥ 0) are consistent (that is πT (k+1) and πT (k) coincide on T (k), for all k), so that

there exists a measure ρ on T , such that ρ|T (k) =πT (k). This measure ρ is the h-invariant measure π of U.

Remark 3.5. Formula (3.11) provides a way to compute the h-invariant distribution of a finite tree quite effi-

ciently starting from an initial tree reduced to its root, and by the successive addition of edges (see , Examples

6.1,6.2,6.3,6.4). The computation of πu requires |u| multiplications, the sum of |u| terms, and one division, so

that, on a tree with n nodes, for H := ∑
u∈T |u|, H sums, H multiplications and n divisions; since in all trees

H ≤ n2/2, this is generally less expensive than the formula of Theorem 2.1.

Corollary 3.6. Take two (finite or infinite) trees T (1) and T (2), each of them being respectively equipped with an

irreducible AUD transition matrix U(1) and U(2). Denote by π(1) and π(2) their respective h-invariant measures.

Assume that both T (1) and T (2) contain the same node u, so that both trees contain the tree τ reduced to J∅,uK.

If the two projected transition matrices Uτ
(1) and Uτ

(2) are equal, then π(1)(u) =π(2)(u).

This is a direct consequence of the leaf addition strategy, since one can grow τ within T (1) and T (2) by

successively adding the same temporary “leaf” between the ancestors of u at levels h and h +1, for h going

from 0 to |u|−1.

3.2.1 Left Eigenspace of an AUD transition matrix, for λ= 1

We will mainly explain here how to compute, or characterize, other left eigenvector(s) of U associated with

eigenvalue 1; the extraction of invariant measures can be seen as the filtering out those with positive coordi-

nates (which is difficult in practice, when possible).

IfU is an irreducible transition matrix on a finite tree, by the Perron-Frobeniüs theorem, the left eigenspace

associated to the eigenvalue 1 has dimension 1, and by a consequence of Theorem 2.1, it is generated by the

h-invariant measure π. When T is infinite, the picture is completely different, since this left eigenspace may

be high dimensional, and even the cone of positive invariant measures can generate a space of infinite di-

mension (an example is given in (3.3.1)). Take a tree T with at least one end, and consider P (T ) the subtree 1

of T , made up of the union of the infinite injective paths starting at ∅ in T . Since P (T ) has no leaf, each node

u in P (T ) has at least one child:
∣∣cP (T )(u)

∣∣≥ 1. Set

Q(T ) := 1+ ∑
u∈P (T )

(|cP (T )(u)|−1
)

. (3.12)

Proposition 3.7. The 1-left eigenspace of an irreducible AUD transition matrix U has dimension Q(T ). Hence,

the vector space generated by the set of invariant measures, has dimension d with 1 ≤ d ≤Q(T ).

1Technically P (T ) is rather a subset of T , since it does not satisfy the (i i i ) of the definition of trees given at the beginning of Section

1.3. It is a tree up to a relabeling of the nodes.
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An example of transition matrix with infinite dimensional 1-left eigenspace is presented in Example 6.6.

Proof. A row vector L =
(
Lu ,u ∈ T

)
is a 1-left eigenvector of U iff it solves the infinite system of equations:

Lu(1−Uu,u) = ∑
v∈cT (u)

LvUv,u + ∑
v∈J∅,p(u)K

LvUv,u , u ∈ T. (3.13)

One can try to solve this system progressively: typically, one would force a value L∅ at the root (only L∅ = 1

and L∅ = 0 need to be considered), and from there, one could search for some values Lv for all the other

nodes, so that the complete system is satisfied.

Assume that for a subset of nodes A of T , some values (Lu ,u ∈ A) have been fixed: we say that (Lu ,u ∈ A)

is a pre-solution, if for all u such that J∅,uK∪ {
ui , i ≤ |CP (T )(u)|} is contained in A, then (3.13) is satisfied:

in other words, we only require that the equations (3.13) involving only elements of A are satisfied. A pre-

solution may or may not be extendable to the complete tree; however, any restrictions of a complete solution

of T on a subset A, is a pre-solution.

Assume that we have in hand a pre-solution (Lu ,u ∈ A) for a fixed subset A of T , path connected to ∅. If

A has a node w such that one of its children v is not in A, and such that Tv is finite, we claim that there exists

a unique way to prolong the pre-solution of A to A∪Tv (such that this prolonged sequence is a pre-solution

on A∪Tv ) : this is a consequence of the equation

LJ∅,p(v)KMJ∅,p(v)K,Tv
+LTv MTv ,Tv = LTv

where LJ∅,p(v)K denote the restriction of L to the sequence J∅, p(v)K, and more generally, for two subsets A

and B of indices MA,B is the matrices obtained by conserving the rows of M indexed by the elements of A

and the columns indexed by the elements of B . Since MTv ,Tv does not have eigenvalue 1 (since MTv ,Tv is a

defective transition matrix, its largest eigenvalue in modulus is less than 1), MTv ,Tv − IdTv is invertible, so that

the desired extension is given by LTv = LJ∅,p(v)KMJ∅,p(v)K,Tv
(Id−MTv ,Tv )−1.

Since the 1-left eigenspace is generated by the pre-solution that can be extended to the tree T , we may

from now on, remove all the finite subtrees hanging from the injective infinite paths starting at ∅, and prove

the proposition for trees without leaves.

Observe that if one takes a tree T reduced to a single path, then any U on T possesses a unique one-

dimensional 1-left eigenspace, since fixing L∅ = 1, can be extended in a unique way by (3.13) (and L∅ = 0, by

extension, leads to the zero eigenvector).

Now, start again to construct a pre-solution, by starting on A = {∅}, and by fixing L∅ = 1 “the principal

pre-solution”, and the alternative pre-solution by setting L∅ = 0 if ∅ has degree at least 2.

Consider a pre-solution on A, and let us take a node u ∈ A having all its children out of A. We may add all

these children into A, if one chooses some values (Lui ,1 ≤ i ≤ |cT (u)|) satisfying (3.13): this is just an equation

for |cT (u)| variables, and this gives |cT (u)|−1 parameters. Since all pre-solution can be extended on a infinite

tree with no leaves, the results follow.

Remark 3.8. It is convenient to see the appearance of the multiplicity of invariant measures as an emergent

effect allowed by ends. When one writes the invariance equations solved by the measure on a finite tree, fixing

ρ∅ = 1, and tries to compute successively the values of (ρui ,1 ≤ i ≤ cu(T )) using ρu (the weight of the children

using that of their parents), it seems that there are a lot of degrees of freedom, since, as in the proof, a linear
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combination of their sum
∑

i ρuiUui ,u +∑
w∈J∅,uKρwUw,u = ρu contributes to ρu . However, this is just an illu-

sion, because, the Perron-Frobeniüs theorem tells us that there is a single solution (and this is also the technical

argument developed above that there is a single way to extend a pre-solution to a finite subtree). In infinite

trees, the picture is different, because the ends represent somehow missing leaves, and paths along which one

can always solve the balance equation concerning ρu by taking a convenient value of ρui , for ui at the end.

This fact will be discussed again in Section 3.4.

3.3 The h-measure π and a sequence of h-transform Markov chains

The h-measure π=πT of an AUD irreducible transition matrix U on an infinite tree T has a striking property:

by the leaf addition strategy, if t is a finite subtree of T (containing the root), then, the restriction of πT to

t corresponds to πt when t is equipped with the projected transition matrix Ut (defined in (3.6)). Since t is

finite, Ut is positive recurrent. Hence, by taking a sequence of growing finite trees t (n) converging to T (in

the sense that ∪t (n) = T ), one sees that πT has the property of coinciding, as far as we wish from ∅ with the

invariant measure of a recurrent Markov chain even when U is not at all recurrent.

The same phenomenon can be observed, for example, on the symmetric random walk on Z, for which

π = (1, i ∈ Z) is invariant, and this measure is the limiting measure (for the local topology) of the invariant

measure [1/2,1, · · · ,1,1/2] of a simple random walk on the segment [−n,n], reflected at the boundary.

Intuitively, the h-measure πT can be seen as the invariant measure of U “forced to be recurrent”. The

Doob h-transform helps to give a more formal sense to this statement. Consider again a finite subtree t of T .

The Doob h-transform helps to condition the Markov chain under the event τt <∞ (“to hit t a.s.”). Introduce

ht (u) = Pu(τt <∞), ∀u ∈ T ;

hence, ht (u) = 1 when u is in t and, ht (u) > 0 in all generality. Now, define the transition matrix Ũ= Ũ(t ) by

Ũi , j (t ) = Ui , j if i ∈ t , (3.14)

Ũi , j (t ) = (
ht ( j )/ht (i )

)
Ui , j if i 6∈ t , (3.15)

which is the transition matrix of a U-Markov chain, conditioned to come back to t .

• Thanks to the leaf addition strategy (or Corollary 3.6), the invariant measure Ũ(t ) must coincide with πT on

“the interior t◦ of t” (which is the set of nodes having their ancestors and children in t )2 . But since Ũ(t ) is

recurrent, Ũ(t ) has a single invariant measure π(t ), and this measure must coincide with πh(U) on t◦.

Hence, πT can be seen as a local limit of these invariant measures π(tn ), corresponding to positive recur-

rent matrices on spaces tn locally converging to T .

2It is not true in generally, since the 1-left eigenvector L(t ) of Ũ(t ) satisfies:

L(t )
b = ∑

a∈T
L(t )

a Ua,b = ∑
a∈t

L(t )Ua,b + ∑
a∉t

L(t )Ua,b = ∑
a∈t

L(t )
a Ũa,b + ∑

a∉t
L(t )

a
ht (a)

ht (b)
Ũa,b

and the simplification L(t )
b =∑

a∈t L(t )
a Ũa,b is only valid when (J∅,bK∪ cT (b)) ⊂ t
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3.3.1 An example of tree with one end having an eigenvalue 6= 1 with infinite multiplicity

Consider the tree τ with only 4 vertices ∅,0,1,2, and the following transition matrix

U=



1
20

1
4

1
5

1
2

1
3

2
3 0 0

1
3 0 2

3 0

1
3 0 0 2

3


where the entries are indexed by ∅,0,1,2 in this order.

It can easily be checked that the multiset of eigenvalues of this matrix is {1,−17/60,2/3,2/3}. The two

left-eigenvectors corresponding to the eigenvalue 2/3 are (0,−1,1,0) and (0,−1,0,1); the main eigenvector

(invariant distribution), corresponding to the eigenvalue 1, is
(
20 15 12 30

)
/77 and the eigenvector as-

sociated with −17/60 is
(
−19 5 4 10

)
. So the two eigenvectors v1 = (0,−1,1,0) and v2 = (0,−1,0,1) gen-

erates the 2/3-left eigenspace.

Key observation: The coordinates of v1 and v2 corresponding to the root are zero: in the “balance equation”

(2/3)ρ = ρU, “nothing is sent from the root”, and “what arrives at the root cancel out”.

2
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1
5

2
3

2
3

1
4

1
20

1
2

1
31
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Figure 4: To the right, the infinite tree T which is constructed by grafting copies (Tu) of the tree τ (to the left of
the image) at each vertex of a copy of N.

Now, let us construct an infinite tree (see Figure 4), made of a single line (isomorphic to N) from which

hangs, at each node, a copy of τ, as follows. Consider the infinite tree T composed by:

– the set of nodes on the infinite line {1 j , j ≥ 0},

– a tree which is a copy of τ grafted at each node u of type 1 j 0 being Tu = uτ (in other words, 1 j 0, 1 j 00, 1 j 01,

1 j 02).

Now, let us define a transition matrix U on T :

– for any node 1 j in the new infinite branch {1 j , j ≥ 0}, we set U1 j ,. to be the uniform law on the set of neigh-

bors of its neighbors (the neighbors are 1 j+1,1 j 0 and 1 j−1 when j > 0),

– from the roots of the copies of τ,
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• we keep the transitions to the children U 1 j 0,1 j 0k =U∅,k , that isU1 j 0,1 j 00 = 1/4, U1 j 0,1 j 01 = 1/5, U1 j 0,1 j 02 = 1/2,

• but replace the weight U∅,∅ of the loop ∅→∅ by a transition to the neighbor on the infinite branch: set

U1 j 0,1 j 0 = 0, U1 j 0,1 j = 1/20.

Now, it is simple to check (using the key observation above) that the left eigenspace associated with the

eigenvalue 2/3 is infinite dimensional, since it contains all the vectors V i ,1 and V i ,2 (that are clearly linearly

independent) where:

– the row vector V i ,1 = (V i ,1
u ,u ∈ T ) has all its coordinate zero, except(

V i ,1
1i 00

,V i ,1
1i 01

,V i ,1
1i 02

)
= (−1,1,0)

and similarly, for V i ,2 constructed with the second finite 2/3 left-eigenvector,(
V i ,2

1i 00
,V i ,2

1i 01
,V i ,2

1i 02

)
= (−1,0,1).

3.3.2 Combinatorial representation of λ-left eigenvectors on finite trees

In the standard computation of the unique invariant probability measure ρ of an irreducible Markov chain

with transition matrix M on a finite state space E = {1, · · · ,n}, instead of solving µM =µ, one defines M̃ as the

matrix obtained from M by replacing its last column by
(
1 · · ·1

)t
; one solves instead the morally equivalent

system ρM̃ =
(
ρ1 · · · ρn−1 1

)
, or equivalently

ρ(Ĩd− M̃) =
(
0 · · · 0 −1

)
(3.16)

where Ĩd is obtained by replacing the last diagonal coefficient of the identity matrix by zero. The word

“morally” is here because (3.16) is an affine system admitting a probability distribution as solution, which

generates the one-dimensional vector space, solution of the linear system µM =µ. The non-singular system

(3.16) can thereafter be solved by Kramer formula :

ρ =Cste
(
det((Ĩd− M̃)∗i ),1 ≤ i ≤ n

)
,

where (Ĩd−M̃)∗i is obtained by replacing the i th row of Ĩd−M̃ by
(
0 · · · 0 −1

)
. Up to the sign, it amounts

to computing the determinant of the matrix obtained by the suppression of the i th row and last column of

(Ĩd− M̃)∗i : then one gets the same results as if, instead, the i th row and last column of “the initial matrix”

Id−M were removed, that is

ρ =Cst.det((−1)n+i (Id−M)(i ,n)),

where (i ,n) is here to denote the suppression of row i and column n. But in Id−M , the sum of the columns

is equal to the zero vector: hence, in the determinant computation, the i th column can be replaced by the

opposite of the sum of the others; by matrix manipulation (adding columns already present to column i does

not change the determinant) we get ρ = Cst.det((Id− M)(i ,i )). After that the matrix tree theorem, provides

an expansion in terms of weighted spanning trees (see e.g. Zeilberger [30] and references therein, and for a

probabilistic point of views, Aldous [3], Broder [8], Hu, Lyons & Tang [18] and, by the authors [15]).

When λ 6= 1, as explained above, the dimension of the λ-left eigenspace may have dimension larger than

one, so that it cannot be simple, even if, as taught in linear algebra classes, the left-kernel of λId−U can be
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computed, for example, by performing a triangulation; here we would like to give a formula, having a close

algebraic form, valid when λ has multiplicity 1.

The above approach cannot be applied directly, because λId− M is no longer a Laplacian matrix: the

sum of its columns is never, for λ 6= 1, the null vector. However, we know that {µ : µ(λId−M) = 0} is a one

dimensional vector space. Consider the matrix λId−M obtained by replacing the last column of λId− M ,

by the opposite of the sum of the others (so that now, this matrix is a Laplacian matrix). The last column of

λId−M is then

LC :=
(
−

n−1∑
j=1

λ1i= j −
(
Mi , j

))
i

.

Instead of solving µ(λId− M) = 0, we will solve the equivalent problem ν
(
λId−M

)
=

(
0 · · · 0

)
. The

problem is equivalent because, if we take a solution ν to νM =λν, then the coordinates of ν sums up to zero,

and since
∑

i≤n, j≤n−1λνi 1i= j =∑
j≤n−1ν j =−λνn , and

∑
i≤n, j≤n−1νi Mi , j =∑

i≤n νi (1−Mi ,n) =−∑
i≤n νi Mi ,n =

−λνn , and then νLC = 0, so that νλId−M = 0 (the reciprocal can be shown in the same way, and λ having

multiplicity 1 allows to conclude). From here, since λId−M is Laplacian, we can adapt the method explained

above of the λ= 1 case, and will replace again the last column of λId−M . The difficulty here is that we don’t

know any linear combination of coordinates of ν that is non-zero: it is possible to construct trees, for which

for an eigenvalue λ 6= 1, ν is non-zero on only two coordinates (corresponding to 2 leaves with same parent).

However, we know that at least one coordinate of ν is non-zero, and it is then possible to add a condition as

ν1 = 1, and if no solution is found, add ν2 = 1 instead,... and so on, and so forth, until a solution is found with

this additional condition. Let us assume, for the sequel, that there exists a solution with νn = 1. We there-

fore search instead of νλId−M = 0 a solution to νM4 =
(
0 · · · 0 1

)
where M4 has its first n −1 columns

equal to those of λId−M , and the last one is the canonical vector en . One can solve νM4 =
(
0 · · · 0 1

)
by Kramer’s formula, and get

ν = Cst.
(
det(M4

∗i ),1 ≤ i ≤ n
)

with again M4
∗i amounts to replacing the i th row of M4 by

(
0 · · · 0 1

)
. But again, by expansion of the

determinant on the i th line, it is visible that this is equal also to

ν = Cst.
(
det(λId−M)∗i ,1 ≤ i ≤ n

)
= Cst.

(
det((−1)n+i (λId−M)(i ,n)),1 ≤ i ≤ n

)
and one concludes again that since (λId−M) is Laplacian, one can still play with the columns to get:

ν=Cst.
(
det((λId−M)(i ,i )),1 ≤ i ≤ n

)
.

From here we can make an expansion on the set of spanning trees (on which the edges are weighted by M̃).

3.4 Eigenspaces of Markov chains on trees with no leaf

In this section, we discuss the properties of the spectrum of AUD transition matrices on infinite trees. The

simplest case is that of infinite trees with no leaves (the root is never considered as a leaf).

On such a tree T , each node has some descendants: for each h ≥ 0, one can construct a choice function

xh : T → T which associates with each node one of its descendant having height at least h +1.
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Proposition 3.9. Let U be a AUD irreducible transition matrix on a tree T with no leaves. For all λ ∈ C, the

vector π defined by π(λ)(∅) = 1 and

π(λ)(u) :=π(λ)(∅)
det

(
(λId−uU)(u)

)∏
v∈K∅,uK

Uv,p(v)
, for u ∈ T

is a λ-left eigenvector of U; hence the spectrum of U is C.

Again, the proposition does not state the uniqueness of the dimension of the λ-left eigenspaces (and

again, as in Proposition 3.7, the dimension of these eigenspaces is Q(T )).

Proof. It suffices to prove the statement for λ≥ 1: indeed, since for all u ∈ T , λ 7→πλ(u) is holomorphic, if the

finite sum of holomorphic functions

π(λ)(u)− ∑
v∈J∅,uK∪cu (T )

λπ(λ)(v)Uv,u

is null for λ≥ 1, it must be zero on all C by an analytic continuation argument.

Assume then that λ ≥ 1, choose some integer h > 0, and consider the irreducible AUD transition matrix

Uh,λ on T defined by

Uh,λ
u,v = Uu,v + (λ−1)1v=xh (u)

λ
≥ 0,

whose h-invariant distribution is

πh,λ(u) =πh,λ(∅)
det

(
(Id−uUh,λ)(u)

)∏
v∈K∅,uK

Uh,λ
v,p(v)

. (3.17)

Notice that πh,λ(u) is constant for all h such that h > |u|, since in words, uUh,λ
a,b for |a|, |b| and |u| < h, is

defined using a kind of projection onto J∅,uK (and this projection is the same for all h big enough, if a,b,u

are fixed). Because of this, for all u, the sequence (πh,λ(u),h ≥ 0) is eventually constant, and thus

π(u) := lim
h
πh,λ(u) =π(∅)

det
(
(Id−uU/λ)(u)

)∏
v∈K∅,uK

Uv,p(v)/λ
=π(∅)

det
(
(λId−uU)(u)

)∏
v∈K∅,uK

Uv,p(v)
.

exists, as well as

lim
h

uUh,λ = uU/λ.

Since uUh,λ and πh,λ(u) are eventually constant (as a function of h), πh,λ invariant by Uh,λ, for a fixed u, and

h →+∞ gives π= (U/λ)π, that is π is a λ-left eigenvector of U (since πh,λ(u) =∑
v∈J∅,uK∪cu (T )(U

h,λ
v,u /λ)πh,λ(v)

involve a finite number of nodes).

When a tree is reduced to a single infinite path starting at∅, any irreducible AUD transition matrix admits

all complex numbers as simple left eigenvalues (see [14, Theo. 3.8]).
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3.5 More general spectral properties

On a finite space F , if M is an irreducible transition matrix:

� First, by the Perron-Fröbenius theorem, there exists a single invariant measure that can be normalized to

be a probability distribution: the total mass is 1.

The eigenvalues other than 1 have an absolute value strictly less than 1. If ρλ is a λ-left eigenvector for some

λ 6= 1, then S :=∑
i∈F ρ

λ
i = 0 (since summing the identity ,

∑
i ρ

λ
i Mi , j =λρ j over j gives S =λS).

This last conclusion holds more generally when T is infinite under additional assumptions (e.g., by Fu-

bini’s theorem, when
∑

i∈F |ρλi | < +∞).

When the state space is infinite, as discussed in the previous subsection, complex numbers of any abso-

lute value can be eigenvalues.

In Section 3.3.1, we saw an example of AUD transition matrix U on a finite tree having an eigenvalue

λ 6= 1 with multiplicity 2, and with infinite multiplicity on a infinite tree. As we will see now, the presence of

leaves is an obstacle for certain complex numbers to be left eigenvalues (so that the “full left spectrum” of

Proposition 3.9 does not extend to all trees).

ConsiderU an irreducible AUD transition matrix on an infinite tree T , and assume that T has some leaves,

which implies also that some nodes v of T are roots of finite subtrees Tv . If ρ(λ) is a λ-left eigenvector of U,

we have λρ(λ) = ρ(λ)U, and this implies that

λρ(λ)
Tv

= ρ(λ)
Tv
UTv ,Tv +ρ(λ)

J∅,p(v)KUJ∅,p(v)K,Tv

and then

ρ(λ)
Tv

(λId−UTv ,Tv ) = ρ(λ)
J∅,p(v)KUJ∅,p(v)K,Tv

. (3.18)

The matrixλId−UTv ,Tv is invertible iffλ is not an eigenvalue ofUTv ,Tv . As in the proof of (3.7), this implies that

any pre-solution of ρ(λ) constructed on the branch below v can be extended to Tv , by applying the inverse

of the matrix λId−UTv ,Tv to the right in equation 3.18. However, when λId−UTv ,Tv is not invertible, a pre-

solution on T \ Tv can be extended only if ρJ∅,p(v)KUJ∅,p(v)K,Tv
belongs to the vector space generated by the

rows of (λId−UTv ,Tv ) (because for any row vector R, R(λId−UTv ,Tv ) lives in the vector space generated by the

rows of (λId−UTv ,Tv )).

Hence, there are two cases: either the pre-solution cannot be extended to Tv , either the set of extensions

form an affine subspace with dimension dim
(
Ker

(
λId−UTv ,Tv

))
. As in the proof of Proposition (3.7), the ex-

tension of a pre-solution along an infinite path, or towards a node from which hang several infinite subtrees,

is always possible. Since an infinite tree T (locally finite) has countably many nodes, we have:

Proposition 3.10. Let U be an irreducible AUD transition matrix on an infinite tree T , then the set of complex

numbers λ such that λ is not a left eigenvalue of U, is countable.

3.6 Random walks on trees

Related works One can find, in the literature many papers about random walks on either complete trees

(in which all nodes have degree d), or on super-critical Galton-Watson trees conditioned on non-extinction.

Among others, Lyons & al. [23],Peres & Zeitouni [25], (see also Aidékon [1] for the random environment case,
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in which the edges of a tree, without leaves, are given different random probabilities; see also Ben Arous &

Hammond [5], Hammond [16]). Some questions on these models were published in 1994 (by Lyons & al. [24])

and many of them are still open.

Duquesne [10] studies the set of visited nodes of a family of transient random walks on a complete d-ary

tree: the set of visited nodes forms a subtree Tp of the initial d-ary tree. The family of random walk considered

is indexed by a parameter p, which is taken close to a critical point (for which the rate of convergence of the

chain to +∞ goes to zero). Duquesne shows that Tp suitably rescaled, converges in distribution to a limiting

continuum random tree (which is infinite, and two-sided, in the sense that two contour processes are needed

to describe it).

In the case of random walks on trees, the h-invariant measure (see Theorem 2.1) admits a simpler form:

for any node u = u1 · · ·uh of a tree T we denote by u[ j ] = u1 · · ·u j the ancestor of u at level j , with u[0] =∅. A

consequence of Proposition 3.1(i i ),

Proposition 3.11. If M is the transition of an irreducible random walk on T , then the h-invariant measure of

M is π= (πu ,u ∈ T ) defined by π(∅) = 1, and for u ∈ T ,

πu =π(∅)
h∏

j=1

Mu[ j−1],u[ j ]

Mu[ j ],u[ j−1]
, for u ∈ T. (3.19)

Therefore, M is positive recurrent, if and only if
∑

u∈T πu <+∞.

Again, Proposition 3.7 still applies here: if a tree have several ends, here also the 1-left eigenspace has

dimension greater than 1. The cone generated by invariant measures may also have dimension greater than

1 (see e.g. Example 6.6).

Proof. The fact thatπ is invariant by M can be proved by noticing thatπ is reversible with respect to M, which

is immediate. One can also use the formula (3.11), and observe that the sum in the right hand side simplifies

since only transitions to neighbors are possible here.

Since RW are special case of AUD transition matrices, the measure π given in Theorem 2.1, is also invariant

by M. As a matter of fact, π and π coincides even if it is not visible. The denominator of the rhs of π in (3.19)

equals
∏

w∈K∅,uK Mw,p(w), so that it suffices to observe that the total weight of W
(
J∅, p(u)K,Tu

)
coincides with

the numerator: this is a consequence of the fact that the only spanning tree of the branch (J∅, p(u)K,Tu) using

the transition with positive weight is the path (∅,u[1], · · · ,u[h−1],u). But the transition from u[h−1] = p(u)

to u is weighted Mp(u),Tu .

3.7 Random walk in the critical Galton-Watson tree conditioned on non-extinction

Consider a Galton-Watson tree T with a critical offspring distribution p = (pk ,k ≥ 0) meaning that
∑

k≥0 kpk =
1; let us assume further that p0 + p1 < 1. Denote by Zn the population in the nth generation of T. The

law L (T | Zn > 0) converges when n → +∞ for the local topology, towards the law of an infinite tree T∞

with a single end (see Lyons & al. [22]). The tree T∞ is often referred to the critical Galton-Watson tree

conditioned on non-extinction, in the literature. To define T∞, we first describe its end p := (u0 =∅,u1, · · · , )

which is almost surely unique. To produce the end, sample a sequence (c j , j ≥ 0) of iid random variables

taken under the biased offspring distribution p̂ := (kpk ,k ≥ 0). Then, c j children are successively ascribed to
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u j (with u0 =∅), and a uniform node among them is chosen as node u j+1. This produces an infinite path (the

end p), each node of which has an additional random progeny: the set of these additional nodes forms the

neighborhood ofp. Then, to produce T∞, we graft at each neighbor of the endp, iid (critical) Galton–Watson

trees with offspring distribution (pk ).

Now, consider a random walk on T∞, with a general irreducible transition matrix M. Here we see that

Q(T∞) = 1 (as defined in (3.12)), which gives the uniqueness of the 1 left eigenvector (up to a constant). In

other words, the h-invariant measure π generates the 1-left eigenspace.

To decide the positive recurrence is more demanding, since it is equivalent to the finiteness of

Total := ∑
u∈T

π(u).

A class of solvable model. We will add more hypothesis on M to exhibit a class of cases where the question

can be treated with a simple argument.

We will make a quite common assumption: we will assume that the transition matrix M on T := T∞ is

homogeneous, in the sense that Mu,v depends only on the degree |cT (u)| of u and the “direction”, towards the

root or not. Take two sequences (G(k),k ≥ 0) and (F (k),k ≥ 0) of positive real numbers satisfying moreover

1−F (k)−kG(k) ≥ 0, for all k ≥ 0. (3.20)

Now, we require that:

– for each node u ∈ T , u 6=∅, Mu,p(u) = F (|cT (u)|),

– if v is a child of u, Mu,v =G(|cT (u)|),

– if u 6=∅, Mu,u = 1−F (|cT (u)|)−|cT (u)|G(|cT (u)|) which is non-negative by (3.20).

For the root, assume that M∅,v =G(|cT (∅)|) for all children of ∅, and M∅,∅ = 1−|cT (∅)|G(|cT (∅)|).

Proposition 3.12. For X a random variable p distributed, set

f := E(XG(X )/F (X )),

m := 1

1− f
E(1/F (X )),

L := E
(
X log(G(X )/F (X ))

)
.

(i ) If f ∈ (0,1), E(1/F (X )) < +∞, L < 0, and there exists x ∈ (0,1) such that, for a p̂-distributed random

variable Y , ∑
n
P

(
log

[
1+ (Y −1)G(Y )m

F (Y )

]
≥ nxL

)
<+∞,

then M is almost surely positive recurrent.

(i i ) If L > 0 then M is almost surely (also denoted a.s.) not positive recurrent.

Proof. (i ) We will prove that when the hypothesis are satisfied, E(Total) <+∞, so that Total<+∞ a.s.

We still denote by s(a,u) the successor of a in the direction of u, by (3.19) (setting π∅ = 1),

π(u) = M∅,s(∅,u)

Mu,p(u)

∏
v∈K∅,uJ

Mv,s(v,u)

Mv,p(v)
= G(|cT (∅)|)

F (|cT (u)|)
∏

v∈K∅,uJ

G(|cT (v)|)
F (|cT (v)|) . (3.21)

27



Along the infinite branch, the |cT (v)| are iid and distributed according to p̂. If one takes the node uh in the

end at level h, the value of π(uh) is (up to the first factor), a product of iid random variables, quite easy to

study. However, the summation of π(u) must be done on T∞, not only on p: even if all the subtrees rooted at

the neighbors of p have the same distribution, and if their sizes are finite a.s., each of them has infinite size

in expectation, which means that we must take them into account.

A node u ∈p such that |cT (u)| = k, has k −1 children out of p, says v1(u), · · · , vk−1(u). The subtree T∞
vi (u)

of T∞ rooted at vi (u) is a critical p-Galton-Watson tree independent from the rest of T∞.

Let us treat all the invariant measures of all these trees separately, as if they were disconnected from T∞.

Denote by ρvi (u) the invariant measure of M over T∞
vi (u) (the subtree of T∞ rooted at vi (u)).

Take a critical Galton-Watson tree tGW , equipped with the transition matrix M, and let ρ be its invariant

distribution normalized by ρ∅ = 1. Consider the total mass SGW = ∑
u∈tGW

ρu of the invariant measure on

tGW . Denote by SGW [d ] a random variable distributed as SGW , conditioned by |ctGW (∅)| = d .

First, the h-invariant measure π on T∞ restricted to the subtree T∞
vi (u) satisfies: for all vi (u),

(
π(w), w ∈ T∞

vi (u)

)
= π(u)

Mu,vi (u)

Mvi (u),u

(
ρ

vi (u)
w , w ∈ T∞

vi (u)

)
=π(u)

G(|cT (u)|)
F (|cT (vi (u))|)

(
ρ

vi (u)
w , w ∈ T∞

vi (u)

)
, (3.22)

which implies that ∑
w∈Tvi (u)

π(w) =π(u)G(|cT (u)|) Svi (u)[|cT (vi (u))|]
F (|cT (vi (u))|) ,

where the Svi (u)[|cT (vi (u))|] are independent copies of SGW [|cT (vi (u))|]; now compute the total mass of the

invariant measure Total by assembling the subtrees hanging from the same nodes of T ,

Total = ∑
u∈p

π(u)

[
1+

|cT (u)|−1∑
i=1

G(|cT (u)|) Svi (u)[|cT (vi (u))|]
F (|cT (vi (u))|)

]
. (3.23)

Hence

E
[
Total | (cT (u),u ∈p)

] = ∑
u∈p

π(u)
[
1+ (|cT (u)|−1)G(|cT (u)|)m

]
(3.24)

where

m = E
[

Svi (u)[|cT (vi (u))|]
F (|cT (vi (u))|)

]
,

and this last quantity does not depend on u since |cT (vi (u))| is the number of children of the descendants of

u (they are p-distributed).

We have for all d ≥ 0, by decomposing a Galton-Watson tree with degree d at its root (and then divide

everything by F (d), by convenience),

SGW [d ]

F (d)
(d)= 1

F (d)
+

d∑
k=1

G(d)

F (d)

Sk [Xk ]

F (Xk )
, (3.25)

where the (Xi ) are iid and follow the offspring distribution (pk ), and where the S(k)
GW [Xk ], conditioned by

(Xk ,k = 1, · · · ,d) = (xk ,k = 1, · · · ,d), are independent copies of SGW [xk ], respectively.
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Taking the expectation at both side in (3.25), gives

m = ∑
k≥0

pk

F (k)
+m

∑
k≥1

kpk
G(k)

F (k)
, (3.26)

so that, since ∑
k≥1

kpk
G(k)

F (k)
= E

(
XG(X )

F (X )

)
= f

and by hypothesis f ∈ (0,1) and E(1/F (X )) <+∞, so that (3.26), leads to

m = 1

1− f

∑
k≥0

pk

F (k)
= 1

1− f
E(1/F (X )) <+∞. (3.27)

Now, we can plug again the value of π(u) on the end p:

E
[
Total

∣∣∣ (|cT (u)|,u ∈p)
]
=G(|cT (∅)|) ∑

u∈p

( ∏
v∈K∅,uJ

G(|cT (v)|)
F (|cT (v)|)

)
1+ (|cT (u)|−1)G(|cT (u)|)m

F (|cT (u)|) (3.28)

By using the fact that the degree on p are iid and follow the biased distribution p̂ and the strong law of large

number, denoting by un the node at distance n of ∅ on p, the logarithm of the contribution of term u = un

in the sum, in the right hand side of (3.28)

log

[( ∏
v∈K∅,unJ

G(|cT (v)|)
F (|cT (v)|)

)]
+ log

[
1+ (|cT (un)|−1)G(|cT (un)|)m

F (|cT (un)|)
]

.

The first term behaves as nE
(
log

(
G(Y )
F (Y )

))
by the law of large number where Y is p̂-distributed, and we have

E

(
log

(
G(Y )

F (Y )

))
= E

(
X log

(
G(X )

F (X )

))
= L.

By hypothesis L < 0, so that nE
(
log

(
G(Y )
F (Y )

))
goes linearly to −∞.

In order to conclude we need that log
[

1+(|cT (un )|−1)G(|cT (un )|)m
F (|cT (un )|)

]
is not too often “larger” than nL, and the

existence of x ∈ (0,1) such
∑

nP
(
log

[
1+(Y −1)G(Y )m

F (Y )

]
≥ nxL

)
<+∞ ensures that this will occur a.s. only a finite

number of times by Borel–Cantelli Lemma.

(i i ) If L > 0, for u = un be the n +1-th node on p, using (3.21), we see that log(π(un)) goes to +∞ a.s.

4 Almost lower-directed Markov chains on trees

The main message we want to convey here is that ALD Markov chains are more complex than AUD Markov

chains. There are several reasons for this, some of them have been explained in Section 1.2. Even if the tree

is a single line (isomorphic to N), ALD transition matrices D may have a cone of invariant positive measures

with any dimension ranging from 0 to +∞ (included) (see [14, Theorem 3.1]; still on N, when U is AUD, the

picture is radically different, since we have a formula to compute the unique invariant measure.

On infinite general trees, the same picture can be drawn with some variations (the picture is already quite

complex in the case of AUD).
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Nevertheless, since lines are infinite trees, the example in [14, Theorem 3.1] of ALD Markov chain having

no invariant measure exemplified the same property in infinite trees (and the same holds for the examples

with any finite or infinite dimensions even on a single line, that is, on a tree with a single end).

However, some analogous of [14, Theorem 3.1] can be stated here in the general case of ALD transition

matrices: the main driving idea is that, the time reversal of any AUD Markov chains with respect to some

invariant measure (such a measure exists) is a ALD Markov chain (having the same invariant measure). The

other way round does not hold in general since the existence of an invariant measure of ALD transition

matrices is not ensured; when there are several invariant measures, there are several ways to define the time

reversal processes (each of them being a AUD transition matrix).

Theorem 4.1. Let U be an irreducible AUD transition matrix on a finite or infinite tree T , and let π := (πv , v ∈
T ) be an invariant measure of U. Set, for all u, v ∈ T ,

Dv,u =πuUu,v /πv , u, v ∈ T. (4.1)

(i ) D is an ALD irreducible transition matrix, which possesses also π as invariant measure

(i i ) D is positive recurrent iff U is,

(i i i ) D is recurrent iff U is,

(i v) If U has a right eigenvector R = (Ru ,u ∈ T ) with positive coordinate (and associated with the eigenvalue

1) then
(
πuRu ,u ∈ T

)
is an invariant measure for D (so that this property extends to cones).

[The proof are similar to those of [14, Theorem 3.1]].

Proof. (i ) this is standard, (i i ) the positive recurrence is equivalent to the fact that there exists an invariant

measure with is summable
∑
πi < +∞ (in which case uniqueness follows), so that it is clear, (i i i ) the recur-

rence can be expressed in terms of the total weights of the paths starting at∅ and ending at∅: it is equivalent,

for U to the fact that

∑
k

∑
(p0,··· ,pk )

k−1∏
i=0

Upi ,pi+1 = 1 (4.2)

where the sum is taken on all k ≥ 1, and all paths (∅= p0, p1, · · · , pk =∅) with k steps such that pi 6=∅ for i ∈
{1, · · · ,k−1}. Since the starting and ending points p0 and pk are the same, we have

∑
k
∑

(p0,··· ,pk )
∏k−1

i=0 Upi ,pi+1 =∑
k
∑

(p0,··· ,pk )
∏k−1

i=0 Dpi ,pi+1 and the conclusion follows. (i v) Since
∑

b Ua,bRb = Ra , replacingUa,b byDb,aπb/πa

in this equation gives
∑

b πbDb,aRb =πaRa as desired.

5 Combinatorial and algebraic aspects of AUD Markov chains

5.1 Multicontinuous fractions and Markov chains on trees

5.1.1 Continuous fractions, Mötzkin paths, and birth and death processes

Going back to Euler [11] (see Sokal [26] for a recent historical account), the continuous fractions are used in

mathematics in various contexts, notably, to provide an alternative representation of real or complex num-

bers. By appropriate use of some associated toolboxes, it gives access to some unavailable information that
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is useful in many applications. For example, the proof of the irrationality of ζ(3) by Apéry [4] relies on the

representation ζ(3) as a continuous fraction

ζ(3) =
6

w0 −
16

w1 −
26

w2 −
36

· · ·

, with wk = (2k +1)(17k(k +1)+5),

although Apéry did not use this formula, he worked with the standard convergents of this continuous frac-

tion, and used the standard speed of convergence argument, designed for continuous fractions, which pro-

vides a way to prove irrationality under certain conditions.

Continuous fraction representations also play an important role in the analysis of birth and death pro-

cesses. The main technical point, discovered by Flajolet [12] (and pursued in a series of papers including

[13]), is that some formal series associated with some families of weighted paths (as generating functions),

satisfy some algebraic decompositions, which leads to the fact that they can be expanded as formal continu-

ous fractions.

Let us be a bit more explicit here. A Mötzkin path of length k is a path p = (p0, · · · , pk ) with k steps, with

non negative entries pi ≥ 0, and increments pi+1 −pi ∈ {−1,+1,0}; the length of a path `(p) is its number of

steps. The set of all Mötzkin paths (regardless of their lengths) but starting at p0 = 0 is denoted M0,∗.

Given some weights (wa,b , a,b ∈ N, |a − b| ≤ 1) associated with the steps, the weight of a path W (p) is

defined to be simply W (p) =∏`(p)
j=1 wp j−1,p j , and the total weight of a set S of Mötzkin paths is defined to be

W (S) = ∑
p∈S

W (p).

When S = M0,∗ (or any other subset of it), the series W (S) is well defined under some conditions on the

weights: Of course, it may be natural to take complex or real numbers (under convergence conditions), but

formal variables such as wa,b = xw a,b (where x is a formal variable used to count the number of steps and

w a,b ∈ C) are often preferred since the formal power series of a set of paths containing a finite number of

paths of each length is well defined; this is the case, for example, for the set of all Mötzkin paths with a given

starting point.

Flajolet [12] also considers non-commutative formal variables wa,b (we will come back to this shortly in

order to establish a formula of the greatest degree of generality).

Continuous fractions. Let Mh,h be the set of Mötzkin paths starting and ending at level h, and never going

below this level

Mh,h =∪k≥0{p : (p0, · · · , pk ), |pi −pi−1| ≤ 1, p0 = pk = min(p) = h}. (5.1)

Each path p in the set of Mötzkin paths M0,h (starting at 0 and ending at level h ≥ 0, can be seen as the

concatenation of a path of M0,0, then a step (0,1), then a path from M1,1, then a step (1,2) (when h ≥ 2),...

Finally, in terms of generating functions it gives

W (M0,h) =
[

h−1∏
j=0

W (M j , j )w j , j+1

]
W (Mh,h).
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These weighted paths are of particular interest for birth and death Markov chains, in which case an history

of the population is a weighted Mötzkin path, and the probability is given by the product of the transitions

(that is (wa,b) = (Ma,b)); this can be enriched with formal variables, in order to produce generating functions,

counting for example, the number of steps, or/and the passage number at some positions. For example, since

the total weight W (M0,0) = ∑
p∈M0,0

W (p) is related to the number N of passages at zero of the w-Markov

chain (when w is a transition matrix w = M)

W (M0,0) =
+∞∑
i=0

E0(1Xi = 0) = E(N ). (5.2)

When the weight is wa,b = Ma,b x instead, we get

W (M0,0) =G0(x) = ∑
p:p∈M0,0

W (p) = E(xN−1) (5.3)

where G0(x) is the generating Green function, which measures the total number of passage to 0, starting from

0. Formula (5.2) is crucial for establishing recurrence, and (5.3) is crucial for positive recurrence.

The fundamental decomposition of Mötzkin path leads to continuous fractions as follows:

– Any element p in Mh,h can be either:

• reduced to the zero length path p = (h),

• or, starts by an horizontal step followed by an element of Mh,h ,

• or, starts by a up step, followed by an element of Mh+1,h+1, and then, a down step, followed by an element

of Mh,h .

Setting Wh :=Mh,h we have,

Wh = 1+wh,hWh +wh,h+1Wh+1wh+1,hWh . (5.4)

One then has, when everything is well-defined,

Wh = 1

1−wh,h −wh,h+1wh+1,hWh+1
, for all h ≥ 0, (5.5)

and finally, this gives, by iteration of this formula

W0 =
1

1−w0,0 −
w0,1w1,0

1−w1,1 −
w1,2w2,1

1−w2,2 −
w2,3w3,2

1−w3,3 · · ·

(5.6)

Flajolet [12] noticed that the formula for Mötzkin paths staying below level h is just given by the h-th conver-

gent of (5.6) (where only appear the weights of the steps which do not touch level h +1, and of course, this

is consistent with the fact that taking zero as the weight of a step, just forbids to a walker to take that step) 3;

he also explains that, for example, replacing wa,b by wa,b yb for a formal variable y , amounts to multiplying

the global weight of a path p by y
∑

pi : hence, the generating function of the path, is enriched, and now, there

3this formula allows to compute the probability that a birth and depth process comes back at zero before reaching a given level h.
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is an additional variable y at the exponent the “discrete area”
∑

pi of p and the corresponding generating

function possesses then a continuous fraction representation. Furthermore, the treatment of special cases

provides nice formulas, and identities. For example, the generating function of Dyck paths (a particular case

of Mötzkin paths, where the increments are either +1 or −1, with weight wa,b = x 1|a−b|=1), is known to solve

G(x) = 1+ x2G(x)2, because a Dyck path, is either of length 0, or can be written uD1dD2 where u and d

are a step (0,1) and (1,0) and D1, D2, the natural decomposition with a pair of Dyck paths. The solution is

G(x) = 1
2 x2

(
1−

p
1−4 x2

)
, and by (5.6), with wi ,i = 0, wi ,i−1 = wi ,i+1 = x, we get

1

2 x2

(
1−

√
−4 x2 +1

)
=

1

1−
x2

1−
x2

· · ·

. (5.7)

In other words, each family of Mötzkin paths for which another formula is available provides such an identity.

These analytic formulas are exploited in [12] who provides many identities of this kind (see also Conrad

& Flajolet [9], Flajolet & Guillemin [13] with a special focus on the connection with birth and death processes

(see in particular Table 3). Flajolet [12] states his first result using non-commutative variables, and formal

expansion of continuous fractions using non commutative variables. In short, the combinatorial proper-

ties of the Mötzkin path, encode the statistical properties of birth and death processes (in particular Green

functions), which are, in turn, represented by continuous fractions, allowing many connections with other

branches of mathematics (the abstract of the paper by Flajolet [12] gives an idea of the depth of these con-

nections).

5.1.2 Random walks on trees and multicontinuous fractions

A large part of the previous discussion on Mötzkin paths can be generalized for paths on trees (some of the

considerations discussed below can be found in Varvak [28], up to some change of notation and perspec-

tive; other occurrences of multicontinuous fractions in relation with combinatorial objects can be found in

Albenque & Bouttier [2]).

Let us start this discussion with a random walk on an infinite d-ary tree T (where each node has exactly

d-children) for some d ≥ 2.

Let us define the set of generalized Mötzkin paths Mu,u , as the set of paths of any length p = (p0, · · · , pk )

in the subtree Tu (rooted at u), that start and end at u, and for which for all i , pi and pi+1 are neighbors

in the tree, or possibly pi = pi+1 (these are random walk trajectories). Assuming that each step (pi , pi+1)

has weight wpi ,pi+1 for a certain weight function, the corresponding generating function Wu (the sum of the

weights W (p) =∏`(p)
j=1 wp j−1,p j taken for all paths p in Mu,u), satisfies a recursion close to (5.4):

Wu = 1+wu,uWu + ∑
v∈cT (u)

wu,v wv,uWv Wu (5.8)

and again, these formulas may be valid in C or in a formal sense (or both) depending on the convergence

properties of the generating functions Wv and Wu . This gives

Wu = 1

1−wu,u −∑
v∈cT (u) wu,v wv,uWv

(5.9)
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and again, one can expand Wv in the same way, according to its children, and get

Wu =
1

1−wu,u −∑
v∈cT (u) wu,v wv,u

1

1−wv,v −∑
w∈cT (v) wv,w ww,v Ww

; (5.10)

this expansion is done by applying recursively (5.9), and replacing the term Wn relative to nodes n at a certain

depth, by a fractions depending on the Wm , where the m are the children of n.

Again, the h-th convergent of this fraction is the generating function of paths staying below level h.

Green function If w is a Markov chain transition matrix on T , the associated Green’s generating function

Gu(x) = ∑
t≥0Eu(1X t=u x t ) can be expressed as in (5.3). For a w-Markov chain let RT (u) = inf{t > 0 : X t = u}

the first return time to u. Set Hu(x) = Eu(xRT (u)). We have

G∅(x) = 1+
∞∑

k=1
H∅(x)k = 1

1−H∅(x)
.

In the case of the random walk, by setting for all u ∈ T ,

Gu(x) = 1

1−xMu,u −x2 ∑
v∈cT (u)Mu,vMv,uGv (x)

(5.11)

which allows to identify H(x) = xM∅,∅+ x2 ∑
v∈cT (∅)M∅,vMv,∅Gv (x). The Green function G∅ can be used to

determine the recurrence, or positive recurrence of the M-Markov chain.

Examples The following example is given under a general form of weighted paths; we will come back to

Markov chains considerations eventually.

Consider an infinite complete binary tree T , in which each node has 2 children. Each node u = u1 · · ·uh

at depth h is a word in {0,1}h . Denote by |u|0 the number of zeros in u. Consider a random walk on T and

weight each oriented edge (u, v) ∈ T by Mu,v (an element of C or a formal variable).

We assume that the local transitions from all u 6=∅, Mu,. depend only on |u|0, in the sense that

(Mu,u0, Mu,u1, Mu,u , Mu,p(u)) = (r|u|0 ,`|u|0 , s|u|0 ,p|u|0 ) (5.12)

where the variable name are chosen to refer to the moving direction from u which are “right”, “left”,”stay”,

“parent”. Since the root has no parent, we need to relax this assumption at the root, and take new parameters

M∅,∅, M∅,0, M∅,1 for the root. The set of parameters for this model is
[
(M∅,∅, M∅,0, M∅,1),

(
(sk ,`k ,rk ,pk ),k ≥ 0

)]
.

The generating function Gu of nearest neighbor paths starting at u, coming back to u, and remaining in

Tu (counted according to the number of steps) depends only on |u|0, except for u =∅ (since the transition in

the subtrees Tu and Tu′ such that |u|0 = |u′|0 can be identified, by translation).

Denote by gk the common value of the Gu with same |u|0 = k, except for u =∅which is treated separately,

again using a simple decomposition according to the first step,

G∅ = 1+ [
M∅,∅+M∅,1p0g0 +M∅,0p1g1

]
G∅ (5.13)

= 1

1− [
M∅,∅+M∅,1p0g0 +M∅,0p1g1

] . (5.14)
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We have, for k ≥ 0, by counting the evolution of the number of zeros in a node representation when one

moves along an edge,

gk = 1+ [
sk +`kpk gk + rkpk+1gk+1

]
gk , (5.15)

= 1

1− [
sk +`kpk gk + rkpk+1gk+1

] , (5.16)

which is a multicontinuous formula for all the gk and for G∅ (using (5.13) too). But (5.15) can be solved in gk

in terms of gk+1,

gk := 1−pk+1 gk+1 rk − sk −
√
pk+1

2gk+1
2rk

2 +2pk+1 gk+1 rk (sk −1)−4pk `k + (sk −1)2

2pk `k
(5.17)

from it one sees a very different picture of branching infinite nested radicals of all the gi (and of G∅).

Infinite nested radicals arise in number theory and famous examples are some identities as

3 =
√

1+2

√
1+3

√
1+4

p
...

due to Ramanujan (to be more precise, 3 = limn

√
1+2

√
1+3

√
1+4

√
...+n

p
1 (and this appears as a ques-

tion in the Journal of the Indian Mathematical Society in 1911, by Ramanujan). Identities between continu-

ous fractions and infinite nested radical already exists:

φ= 1+
1

1+
1

1+·· ·

=
√

1+
√

1+p
1+·· · (5.18)

where φ= (1+p
5)/2 is the golden ratio.

The identity between the multicontinuous fraction and branching infinite radical in (5.16) and (5.17) is

very general, can be stated in the formal sense, but require in C additional assumption to get convergence.

Setting

αk = `kpk , βk = rkpk+1,

gk = 1

1− [
sk +αk gk +βk gk+1

] , (5.19)

gk =
1−βk gk+1 − sk −

√
β2

k gk+1
2 +2βk gk+1(sk −1)−4αk + (sk −1)2

2αk
(5.20)

Formula as (5.18), is in fact a relation between 3 quantities, and then, to go beyond the identity between

(5.16) and (5.17) a third point of view is needed.

When the tree T is not a regular d-ary tree, then the same expansion remains valid but in (5.9), since cT (u)

depends on u, the expansion is not regular. We see that the algebraic expansion of W∅, takes progressively the

same shape as the tree T . In particular, if v is a leaf, Wv = 1, the tree-like development of the multicontinuous

fractions expansion stops at the corresponding place. In the other end, each end in the tree, produce and

infinite “pile” of fractions.
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5.1.3 Multicontinuous fractions associated with AUD chains

For general AUD chains, jumps to the descendants are allowed. Let us call Eu the set of excursions (i.e. paths)

in Tu , starting and ending at u. We again assume that any step (a,b) is still weighted by wa,b which is either a

complex number (so that some of the following considerations may only hold on a convergence domain) or

a formal variable.

An excursion in Eu can be decomposed:

– It is either a path reduced to the root of Tu , i.e. p = (u),

– It may start with a step (u,u) then followed by any path from Eu ,

– or it may start with a jump (u, v) with v ∈ Tu , v 6= u. Denote by v0 = v, v1, · · · , vh = u be the ancestors of v

(from v to u). A path in Eu starting from (u, v) can be decomposed as (u, v0),e0, (v0, v1),e1, · · · ,eh−1, vh−1, vh ,eh ,

where ei is any excursion in Evi .

From that we find that Wu the total weight of excursion in Tu is

Wu = 1+
[

wu,u + ∑
v∈Tu \{u}

wu,v
∏

a∈Ku,vK
wa,p(a)Wa

]
Wu (5.21)

= 1

1− [
wu,u +∑

v∈Tu \{u} wu,v
∏

a∈Ku,vK wa,p(a)Wa
] , (5.22)

which is again a multicontinuous fractions formula. Using the same approach as in (5.4) and (5.6)), it can be

used to compute Green functions, the probability of returning to before touching a given level or node, etc.

5.2 A family of Markov chains on the rational numbers

SetN+ = {1,2, · · · }, and let us defineQ+ := {a/b, a ∈N+,b ∈N+,gcd(a,b) = 1} the set of rational numbers in the

reduced standard form. For each element a/b ∈Q+, define a notion of left L(a/b) and right R(a/b) child of

a/b as

L
( a

b

)
= a

a +b
and R

( a

b

)
= a +b

b
.

Since R(a/b) > 1 and L(a/b) < 1, each element a/b can only be in the image of L or in the image of R, but

not both. Define the parent of a/b when a > b as P (a/b) = a′/b′ ∈ Q+ such that R(a′/b′) = a/b (so that

P (a,b) = (a −b)/b), and when a/b < 1, the parent of a/b is a′/b′ ∈ Q+ such that L(a′/b′) = a/b, and then

P (a/b) = a/(b −a) :

P
( a

b

)
= 1a>b

a −b

b
+1a<b

a

b −a
.

Notice that this definition does not define the ancestor of 1/1: set instead P (1/1) = 1/1.

It is possible to define a (time-homogeneous) Markov chain (X0, X1, · · · ) on Q+ by defining the transition

probabilities as follows. For each a/b ∈ Q+ take four numbers (r (a/b),`(a/b), p(a/b), s(a/b)) ∈ [0,1]4 sum-

ming to 1 such that and conditional on Xi = a/b:

• Xi+1 = R(a/b) with probability r (a/b),

• Xi+1 = L(a/b) with probability `(a/b),

• Xi+1 = P (a/b) with probability p(a/b),

• Xi+1 = a/b with probability s(a/b) (the stay probability).

We call transition family the sequence [(r (x),`(x), p(x), s(x)), x ∈Q+] (and of course, it plays the same role

as a transition matrix; it is just presented differently). Now, we claim the following (simple but fun) result:
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Proposition 5.1. Every transition family [(r (x),`(x), p(x), s(x)), x ∈ Q+] such that all the r (x), `(x), p(x) are

positive (except p(∅) = 0) is irreducible onQ+.

Irreducibility here entails that 1/1 is accessible from any element of Q+: this is a child’s version of the

Syracuse problem!

This proposition is a consequence of the so-called Stern–Brocot tree (SBT) construction (originally in

Stern [27], Brocot [7]), which is a binary tree, which is marked 1/1 at the root, and for each node marked by

a rational number a/b the left child is marked L(a/b) and the right one R(a/b). It is known that this tree

contains each rational number of Q+ exactly once. If we take the usual binary tree with nodes are words

in the alphabet {0,1}, for example 01011, and make the correspondence R → 1 and L → 0. For that, we can

construct a map f : {0,1}×Q+ →Q+ to encode this, by setting, for x ∈Q+,

f (0, x) = L(x), f (1, x) = R(x);

the node u ∈ T2 (the infinite binary tree), the rational associated is q(∅) = 1 and for u = (u1, · · · ,uh) 6=∅,

q(u) = f (uh , f (· · · , f (u1,1/1) · · · )). (5.23)

Thus, any random walk on T2 can be expressed in terms of the SBT, and every recurrent Markov chain on

T2 has an equivalent on the SBT that is also recurrent. For example, if we play L with probability 1/4, R with

probability 1/4 and P with probability 1/2, then, starting from any rational number, we will visit 1/1 infinitely

often.

Remark 5.2. More generally, any transition matrix M on the rational numbers corresponding via the SBT

correspondence to an AUD transition matrix U can be solved: it is possible to compute the invariant measure

π, and to decide if it is positive recurrent (and possibly to decide if it recurrent).

6 Examples

In this section we present a set of examples that are used throughout the paper. We start by introducing a

technique motivated by Section 3.2 and more precisely Theorem 3.4.

Computation by leaf addition (CLA): We start by fixing the value at the root ρ∅ = 1 and in order to discover

the value of the h-invariant measure at a point u of the tree, it is sufficient to consider the path J∅,uK and

use the leaf addition technique as follows: the path J∅,uK= v0, v1, . . . , v|u|, where v0 =∅ and v|u| = u and we

consider the family of growing paths (which are trees) Ti = J∅, vi K. Then, by (3.11),

ρu = ∑
v∈J∅,p(u)K

ρvUv,Tu /Uu,p(u). (6.1)

Notation For a finite set E denote by Uniform(E) the uniform distribution over E

In the examples, we will use the following expansion principle: assume that a function g : T →R satisfies

g (∅) = 1 and for u 6=∅, the recurrence,

g (u) = ∑
v∈J∅,p(u)K

g (v)F (v,u) (6.2)
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for some function F : T 2 →R. In this case, by expansion

g (u) = g (∅)
|u|∑
`=1

∑
(v0,··· ,v`)

∏̀
i=1

F (vi−1, vi ) (6.3)

where the sequence (v0, · · · , v`) starts at v0 =∅, ends at v` = u and is increasing along the line J∅,uK in the

sense that |vi−1| < |vi |. Denote by Seq(u,`) the set of such sequences.

Example 6.1. [Uniform AUD in a finite tree]

Let U be a AUD transition matrix on a finite tree T characterized as follows: if (Xi , i ≥ 0) is a U-Markov chain,

then knowing Xi = u, then Xi+1 is chosen uniformly in Tu∪{p(u)} for u 6=∅, and uniformly in T∅ = T if u =∅.

We show how to retrieve the value of ρu from the (CLA). First we set ρ∅ = 1 and by (6.1), for u 6=∅ write,

ρu = ∑
v∈J∅,p(u)K

ρv F (v,u) (6.4)

with

F (v,u) := |Tu |/(|Tv |+1v 6=∅)

1/(|Tu |+1)
= |Tu |(|Tu |+1)

|Tv |+1v 6=∅
, (6.5)

and then, we can use the expansion principle for g = ρ with the function F . Some telescopic simplifications

arise using Formula (6.3), and we get

ρu = |Tu |+1

|T∅|
|u|∑
`=1

∑
(v0,··· ,v`)∈Seq(u,`)

∏̀
i=1

|Tvi | (6.6)

= |Tu |+1

|T∅|

[ ∏
v∈K∅,uJ

(1+|Tv |)
]
|Tu | (6.7)

this last identity can be easily checked: the expansion of
∏

v∈K∅,uJ (1+|Tv |) gives the sum on all increasing

sequences s = (um1 , · · · ,um`
) made of elements of K∅,uJ, of any size `, of the product of |Tum j

|.

Example 6.2. [The Markov chain: with probability p choose a uniform descendant,otherwise the parent]

Let T be a finite tree, and p ∈ (0,1) a parameter. Consider the AUD transition matrix U defined by U∅,. =
pUniform(T∅)+ (1−p)δ∅, and for u 6=∅, Uu,p(u) = 1−p, Uu,v = pUniform(Tu).

We compute the invariant measure using the CLA : we set ρ∅ = 1 and consider u ∈ T \{∅}. By equation

(6.1), we have ρu =∑
v∈J∅,p(u)Kρv F (v,u) for F (v,u) = (

p/(1−p)
) |Tu |/|Tv |. By the expansion principle

ρu =
|u|∑
`=0

∑
(v0,··· ,v`)

(
p

1−p

)` ∏̀
i=1

|Tvi |
|Tvi−1 |

(6.8)

= |Tu |
|T∅|

|u|∑
`=1

(
|u|−1

`−1

)(
p

1−p

)`
= |Tu |

|T∅|
p(1−p)−|u| (6.9)

because the cardinality of |Seq(u,`)| is given by the number of ways to choose `−1 elements in K∅,uJ.

Example 6.3. [Markov chain with a simple “distance to the root projection” in the complete d-ary tree]

Let T be an infinite complete d-ary tree (each node has exactly d descendants, for some positive integer d ,

so that the number of descendants of any node at distance k is d k ).
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Take an almost upper triangular transition matrix U = (Ua,b , a,b ≥ 0) on N (meaning that Ui , j > 0

implies that j ≥ i − 1), that we suppose irreducible . Consider the AUD transition matrix U defined by

U∅,v =U0,|v |/d |v | for all v ∈ T , and for u 6=∅ and v ∈ T , Uu,p(u) =U|u|,|u|−1, Uu,v = 1v∈Tu U|u|,|v |/d |v |−|u|.
The following representation can be easily checked from the invariance equations

ρu = ρN|u|d−|u|, (6.10)

where ρN denotes the invariant measure of U . The result is intuitive in the sense that ρ corresponds to a

symmetric partition of ρNh along the nodes of height h. Notice that ρN is unique and has an explicit expression

since U is an almost upper triangular transition matrix (see [14]). However, it is important to notice that this

expression corresponds to the h- invariant measure of the matrix U but it does not give any hint on how to

obtain the set of all left eigenvectors, which in this case has infinite dimension, i.e. Q(T ) =∞. The uniqueness

of the left eigenvectors for U tells us that for the other left eigenvectors ν for U, there exists some level h, such

that νu is not constant on the set of nodes u at that level. This is consistent with the content of Section 3.2.1,

where during the construction of a pre-solution, each branching points (for which at least two subtrees are

infinite) provides a space of solutions, only one of which is symmetric.

Example 6.4. [Jump to the leaves or to the parent]

Take an infinite d-ary tree, i.e. each node has d children or none, with a countable number of ends and a

transition matrix given by Uu,p(u) = (1−p)1u 6=∅ and Uu,v = 1v∈∂T,u¹v d |v |−|u|(p1u 6=∅+1u=∅); i.e. with proba-

bility 1−p we make a transition from u to the parent (if there is one) and with probability p we go to a leaf of

the subtree hanging from u and we make the transition to a particular leaf as d−1 power the distance of this

leaf from u.

We use the CLA again, setting ρ∅ = 1, and for nodes u 6=∅, ρu =∑
v∈J∅,p(u)Kρv F (v,u) with

F (v,u) =
(

p

1−p

)
d |v |−|u|

since Uv,Tu = pd |v |−|u|. By the expansion principle,

ρu =
|u|∑
`=1

∑
(v0,··· ,v`)∈Sq(u,`)

(
p

1−p

)`
d−|u| = d−|u|p(1−p)−|u|. (6.11)

Example 6.5. [Tree with two ends, two non colinear invariant measures, “one end positive recurrent” and “one

end transient”. ]

The following example is useful to understand the “projection onto ends”, and maybe to see that the positive

recurrence on one end, does not reduce the dimension of the cone of positive invariant measures.

Consider the transition matrix Mi ,i+1 = 2/3, Mi ,i−1 = 1/3 of the simple biased Markov chain on Z. Now,

see Z as a tree rooted at 0, with two ends, p+ = (0,1,2, · · · , ) and p− = (0,−1,−2, · · · ). The two corresponding

projected transition matrices are given by

Mp
+

i ,i+1 = 2/3, Mp
+

i ,i−1 = (1/3)1i>0, Mp
+

i ,i = (1/3)1i=0, for i ≥ 0

Mp
−

i ,i+1 = (2/3)1i<0, Mp
+

i ,i−1 = 1/3, Mp
+

i ,i = (2/3)1i=0, for i ≤ 0.

The standard theory of Markov chains, or the use of criteria for birth and death processes, allows us to see

that Mp+ is transient, Mp
−

is positive recurrent. From Proposition 3.7, we know that the left 1-eigenspace
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of M has dimension 2. One of the invariant measures is ρ = (1,1 ∈ Z). To find a second positive invariant

measure ρ′ = (ρ′
k ,k ∈Z), fix ρ′

0 = 1, and ρ′
1 = 1+x, and solve the system ρ′

j = (2/3)ρ′
j−1 + (1/3)ρ′

j+1, one finds:

ρ′
j = 1− (1−2 j )x.

For any x ∈ (0,1], this measure is positive (and linearly independent of ρ).

Example 6.6. [Infinite number of ends: transient Markov chain with infinite cone of invariant measures where

all the chains associated with each end are recurrent]

Here we give an example of a M-random walk on the complete binary tree T = ∪k≥0{0,1}k where the set of

invariant measures is an infinite dimensional cone. This multiplicity implies that M is transient, while, each

chain associated with each end (as defined in Section 2.3.1) is recurrent. In the tree T all nodes have degree

3 except the root which has degree 2.

Consider the transition matrix of the simple random walk M on T , defined by Mu,p(u) =Mp(u),u = 1/3 for

all u 6=∅, and M∅,1 =M∅,0 =M∅,∅ = 1/3.

For each endp identified withN, the transition matrix Mp (see Section 2.3.1) is a birth and death process

with transition matrix K with entries K0,0 = 2/3, K0,1 = 1/3 and Ki ,i−1 = Ki ,i = Ki ,i+1 = 1/3 for every i ∈N\ {0}.

Hence each Mp is recurrent.

Now, we claim that for all x ∈ [0,1/2], there exists an invariant measure ρ(x) =
(
ρ(x)

u ,u ∈ T
)
, that is solution

to ρM= ρ, and such that (near the root),(
ρ(x)
∅ ,ρ(x)

0 ,ρ(x)
1

)
= (

1,1+x,1−x
)
. (6.12)

In fact, the h-invariant measure of U is the constant measure (1,u ∈ T ); near the root, it coincides with the

case x = 0, given in (6.12).

Once the values (6.12) are fixed, in order to construct (ρ(x)
u ,u ∈ T ) invariant by M, it suffices to fix some

ρ(x)
u such that each ρ(x)

v is the mean of its neighboring values ρ(x)
w (for v 6=∅). A rapid inspection shows that

there are many solutions to this problem! It is less easy to find positive solutions.

Let us choose the same weight for siblings ρ(x)
u0 = ρ(x)

u1 for all u at depth at least 2: eventually, all strict

descendants u of 0 such that |u| = k will have weight ρ(x)
u = ak , all descendants u of 1, such that |u| = k will

have weight ρ(x)
u = bk for some sequence (ak ) and (bk ) that we now determine.

We thus have a1 = 1+x and b1 = 1−x. Let us additionally set a0 = b0 = 1, which is consistent with ρ(x)
∅ = 1.

Control of the sign. In order that ρ(x) satisfies the balance equation at a node u at depth |u| = k ≥ 1, in the

subtree T0, we need 2ak+1 + ak−1 = 3ak ; this gives ak = 1+ 2k−1
2k−1 x (they are positive, and even, increasing).

While in the right subtree T1, by the same reasoning, we need (for k ≥ 1), 2bk+1 +bk−1 = 3bk , which gives

bk = 1− 2k−1
2k−1 x and we see that this is positive for all x ∈ [0,1/2].

To produce other (linearly independent solutions): it suffices to make a bit more abstract what has been

done. For any node u, the measure

ρ(u) = (
ρ(u)

v , v ∈ T
)= (

1v∈Tu0 −1v∈Tu1 , v ∈ T
)

that is ρ(u)
v = 1 (resp. -1) iff v a strict left (resp. right) descendant of u, and zero otherwise. Clearly, the

measures (ρ(u),u ∈ T ) are linearly independent. Moreover, all measures of the type

µ :=π+ ∑
u∈T

λuρ
(u)
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for some constants (λu) ∈CT are well defined and invariant byU: indeed, the valueµv can be expressed as the

finite sum 1+∑
u∈J∅,vKλu .Sign(u, v) with a Sign(u, v) being +1 or −1 depending on whether v is in the left or

right subtree of u and 0 if it does not belong to either of these trees. But, in any case, by taking the (λv , v ∈ T )

real numbers small enough so that along each end p,
∑

v∈p |λv | < 1, the (row vector) measure µ has all its

coordinates positive; this means that the cone of invariant positive measures is infinite dimensional.
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