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CONNECTED COMPONENTS OF THE SPACE OF TRIPLES OF
TRANSVERSE PARTIAL FLAGS IN SO¢(p,q) AND ANOSOV
REPRESENTATIONS

CLARENCE KINEIDER AND ROMEO TROUBAT

ABsTrRACT. We count the number of connected components in the space of triples of transverse
flags in any flag manifold of SOq(p, q). We compute the effect the involution of the unipotent
radical has on those components and deduce that for certain parabolic subgroups Pg, any
Pg-Anosov subgroup is virtually isomorphic to either a surface group of a free group. We give
examples of Anosov subgroups which are neither free nor surface groups for some sets of roots
which do not fall under the previous results. As a consequence of the methods developed here,
we get an explicit algorithm based on computation of minors to check if a unipotent matrix in
SOo(p, q) belong to the ©-positive semigroup Ugo when p # q.
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INTRODUCTION

In his celebrated paper ([Lab06]), Labourie introduced Anosov representations of a surface
group as a way to generalize Hitchin representations, introduced by Hitchin in [Hit92]. The notion
of Anosov representations was then expanded to any hyperbolic group by Guichard-Wienhard
in [GW12|. Known examples of Borel-Anosov representations include representations of surface
groups and of free groups, for instance through the inclusion of co-compact lattices and Schottky
groups of SL(2,R) via the irreducible representation SL(2,R) — SL(d,R). A question was then
asked by Andrés Sambarino regarding the abstract structure of groups admitting Borel-Anosov
representations in SL(d, R).

Question. Let I’ be a Borel Anosov subgroup of SL(d,R). Is T virtually isomorphic to either a
free group of a surface group ?

This question was answered positively for certain values of d, first by Canary-Tsouvalas and
Tsouvalas in [CT20|, [Tso20] for d = 3,4 and d = 2 mod 4, then by Dey in |Dey24| for d # 5 and
d # +1 mod 8.

For Fy and F, two transverse elements in the space of full flags SL(d,R)/B, where B is
the borel subgroup of SL(d, R), the space Q(F,) is parametrised by the unipotent radical U of
B via the map g € U +— g - Fy. This parametrisation induces a natural involution defined by
i(g- Fy) = g~1 - Fy which preserves transversality with Fp, thus inducing a map i : Q(Fp) N Q(Fso).
In [Dey24|, Dey uses this involution to obtain a bound on the dimension of boundaries of Borel-
Anosov subgroups of SL(d,R). In [DGR23|, Dey-Greenberg-Riestenberg generalize this method
to any pair (G, Pg) where G is a semi-simple Lie group and Pg C G is a parabolic group such
that G/Peg is self-opposite, thus obtaining the following theorem :

Theorem A (Dey-Greenberg-Riestenberg, [DGR23|). Assume that
i: To(QUFy) N QFa)) — mo(UFy) N QAFa)

does not have any fized point. Then any Po-Anosov subgroup of G is virtually isomorphic to
either a free group or a surface group.

They then apply this result to G = Sp(2n,R), obtaining that any Po-Anosov subgroup of
Sp(2n,R) is virtually isomorphic to either a surface group or a free group when © contains an odd
root. Our goal in this paper will be to apply this theorem when possible when G = SOq(p, q) is
the connected component of the identity in the group SO(p, ¢) of isometries preserving a quadratic
form of signature (p, ¢), and when Pg is any parabolic subgroup of SOg(p, ¢). The first step in
this endeavor will be to count the number of connected components of Q(Fp) NQ(Fu), the space
of triples of transverse flags up to the action of SO¢(p, ¢), as well as the action of the involution .

Theorem B. The number of connected components of Q(Fo) N Q(Fuo) C SOo(p,q)/Pe is as
follows :

e Ifp>q, © does not contain q and is not equal to {1,...,q — 1}, there are 2191 connected
components, all of which are stable by i.
e Ifq=2,p>2, and © = {1}, there are 3 connected components, two of which are
O-positive. One of them is stable by i while the two ©-positive are exchanged.
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e Ifg=3,p>3 and © = {1,2}, there are 11 connected components, four of which are
O-positive. None of the O-positive components are stable by i, and among the remaining
seven, three of them are stable by ¢ and four are unstable.

e Ifqg>3,p>q, and © ={1,....q — 1}, there are 3 x 291 connected components, 291 of
which are ©-positive. None of the ©-positive components are stable by i while among the
remaining 29 components, 2971 are stable and 297 are not.

e Ifp > g+ 1, © contains q and is not equal to {1,...,q}, there are
components, all of which are stable by i.

e Ifp>q+1 and © ={1,...,q}, there are the same number of connected components as
for © ={1,...,q — 1} with the same effect for the involution.

e Ifp=q+1, O contains q and is not equal to {1, ..., q}, there are 2191 connected components.
When q = 1 or 2 mod 4, none of them are stable by i. When q = 3 or 0 mod 4, all of
them are stable by 1.

e Ifq=2,p=23 and © = {1,2}, there are 8 connected components, four of which are
totally positive. None of them is stable by i.

e Ifqg=3,p=4 and © = {1,2,3}, there are 30 connected components, 8 of which are
totally positive. Six of them are stable by i while the other 24 are unstable.

o Ifp=q+1and © ={1,....q}, there are (¢ + 5)2971 connected components, 2¢ of which
are totally positive. When g =1 or 2 mod 4, none of them are stable by i. When q =3
or 0 mod 4, 29 are stable by i and (q+ 1)2971 4 29 are not.

e p = q and © does not contain any of the last two roots, there are 2!/°! connected components,
all of which are stable.

e Ifp=gq, qis even and © contains only one of the two last roots, there are 2 connected
components. When q =0 mod 4, they are stable by i while when ¢ = 2 mod 4, they are
exchanged.

o If p=q and q is odd, the parabolics P, and P(; associated to the last two roots are not
self-opposite.

2191=1 connected

When p = ¢ + 1 the group SO(p, ¢) is split and when © = {1,...,¢q}, Po is its Borel subgroup.
In that case, the number of connected components in Q(Fp) N Q(Fs) was already known from
work of Gekhtman-Shapiro-Vainshtein |[GSV03].

Combining those results with theorem [£.2] we obtain the following theorems:

Theorem C. Assume that ¢ = 1 or ¢ = 2 mod 4 and let T be a Pg-Anosov subgroup of
SOo(g + 1,q) containing the last root. Then T is virtually isomorphic to either a free group or a
surface group.

Theorem D. Assume that g = 2 mod 4 and let T be a Po-Anosov subgroup of SOq(q, q) containing
one of the last two roots. Then I' is virtually isomorphic to either a free group or a surface group.

The groups SOg(¢ + 1, ¢) and SOq(gq, q) are split. When taking Pg to be the Borel subgroups
of either of those two, the two theorem give the same result as |[Dey24| via the inclusions
SOo(q +1,q) C SL(2g + 1,R) and SOq(q,q) C SL(2¢,R).

We show that to determine the connected component of Q(Fp) N Q(Fs) to which a given flag
g - Fy belong to, one only has to check the signs of some explicit minors of the matrix g. In
particular, we give an explicit algorithm to check whether a matrix in SOg(p, ¢) is O-positive
in the sense of Guichard-Wienhard in [GW18|. This algorithm yield a parametrization of the
©-positive semigroup Ug O that is different from the one given in [GW18].

Finally, we give an example of a Pg-Anosov subgroup in SOg(p, ¢) for © = {1, ..., ¢ — 2} which
is virtually isomorphic neither to a surface group nor to a free group.
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Theorem E. There exists a Py, .. 4—2-Anosov subgroup of SOg(p,q) which is isomorphic to the
free product of a surface group by Z.

In section 1, we define and give a parametrization of the various flag manifolds associated to
SOo(p, q), as well as recall basic terminology of the geometry of the pseudo-Riemannian Einstein
universe. In section 2, we establish the equations characterizing transversality to a given point
in an affine chart of any flag manifold, both via a geometric approach and an computational
approach. In section 3, we count the number of connected components in Q(Fy) N Q(Fx). In
section 4, we compute the action of the involution on those connected components and establish
theorems [C] and [D] In section 5, we construct the Anosov subgroups of theorem [E]
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1. PARABOLIC SPACES OF SOq(p, q)

1.1. Flag varieties of SOq(p,q). Let p > ¢ > 0 two non-negative integers with p > 0, and

let (e1,...,€q,Tg41s--sTp—q,€qs---,€1) be a basis of RPTZ. Let Q,, be the non-degenerate
quadratic form on RP*? of signature (p, q¢) which matrix in the basis B is
o o J
Myq=10 I O
J 0 0
where is the following ¢-by-q square matrix:
0 0 1
g 1 0
0o - . :
1 0 ... 0

When the context is clear we will write ) instead of @, 4, and we will denote by B, 4 (or just B)
the associated bilinear form, and for any subspace F' of RP9, we will denote by F* its orthogonal:

Ft = {v e RP|Yw € F, B(v,w) = 0}.

A subspace F' will be called isotropic if Q| = 0. In particular, note that Span(e;,...eq) is a
maximal isotropic subspace and that the quadratic form @ restricted to Span(z¢41,...,%p—q) is
positive definite.

We denote by RP*4 the space RPT? endowed with the quadratic form @, 4. The group SOg(p, q)
is the group of orientation-preserving isometries of R”?, and SOq(p, ¢) will denote the identity
component of SOg(p, ¢q). The Lie algebra of SOy(p, q) is the space

s50(p,q) = {A € My o(R)|ATM,, 4 + M, ;A =0} .

For any non-negative integer k > 0, a totally isotropic subspace of RP'? of dimension k + 1 will
be called a k-photon. Sometime a 1-photon will simply be called a photon, and a 0-photon will
be called a point. A vector v € RP? will be called timelike if Q(v) < 0, spacelike if Q(v) > 0
and lightlike if Q(v) = 0. The set of all lightlike vector form a cone, called the lightcone (of the
origin), denoted by C(0). Given v € RP?, the lightcone of v is the translation of C'(0):

C(v) = {w e R™|Q(w —v) = 0}.



The lightcone C(0) divide RP? into two parts: the set of timelike vectors and the set of spacelike
vectors. The set of spacelike vectors is a connected component of RP*2\C(0) if p > 1, and has two
connected component if p = 1. The set of timelike vectors is a connected component of RP9\C'(0)
if ¢ > 1, is empty if ¢ = 0, and has two connected components if ¢ = 1. When the space of
timelike vectors has two connected components, we will call a vector in the component containing
ey of future type and a vector in the component of —e; of past type.

Definition 1.1. Let £ > 0 be a non-negative integer and let i = (i1,...,7;) be a k-tuple of
integers satisfying 0 <i; < -+ < i} < ¢. A i-flag in R?? is a k-tuple F' = (F1, ... Fi*) such
that for all 1 < ¢ < k, F¢ is a (iy — 1)-photon and for all 1 < ¢ < k — 1, F C F'+1. The space
of all i-flag of RP9, called the i-flag variety, will be denoted by F.

When p # g and i = (1,2,...,q), we will call F! the full flag variety.

Remark 1.2. When p = g, every (¢ — 2)-photon is contained in exactly 2 distinct (p — 1)-photons,
and conversely any pair of distinct (p — 1)-photons determine a unique (¢ — 2)-photon given by
their intersection. Hence a full flag in SO(p,p) is an (1,...,p — 1)-flag.

Let i = (iy,...,ix), we define the two standard i-flags F} and F' , or just Fy and F,, when
the context is clear, as follows:

FOi = (Span(€éy, ..., €;,))1<e<k
and
Fi = (Span(ei, ..., e;,))1<i<k-

The group SO(p, q) acts smoothly and transitively on F!, and the stabilizer of F} (resp. FL))
is a parabolic subgroup denoted by P; (resp. P*"). Thus, the space F 1 is diffeomorphic to
SO(p,q)/P; which is a smooth manifold. When i = (1,2,...,q), P; is a Borel subgroup of
SO(p,q). The subgroup P; (resp. P?) is the intersection of SO(p, q) with the set of block-lower
triangular (resp. upper triangular) matrices with the square blocks on the diagonal of size
(11,02 — 41,0k —ik—1,p — g+ 2(q — k), ik — ik—1,-..,2 —¢1). The intersection L; = P; N Piopp
is the subgroup of block-diagonal matrices with block sizes (i1,42 —41,...,0x — lg—1,0 —q+2(q¢ —
i), ik — ik—1,...,52 — i1) and is called the Levi subgroup of P;. Let U; be the unipotent radical
of PP and let u; be the Lie algebra of U;. When i = (1,2,...,k—1,k), we will write an element
of u; in the following way:

0 —ab ! —ab2 ... _—al Dl —b} e 0
0 —ab? ... —a} 79 T o R | B
0o : : : 0 by by
—a_1 | Tpo1 | —bio
0 oY 0 b, - bl bl
(1.1) Op+q—2k vh U1 v3 vy
0 apy g aq
0 a§_2 a’f_g
0 ak=!
0




where all (a})1<jgk, 1<i<k—; and (b Ji<i<k, 1<Z<k ; are real numbers, and the (v )1<;<k are

(column) vectors in RP~%~% The line vectors ) are defined such that 7J0) = —Q(v?). For any
other choice of i = (i1,...,4), u; is a subspace of u;__; where a subbet of the a; vanish. For
anylgjgkandforany0<i<k—jwedeﬁne

v = (b;, b; Lo, b%,v7 , ajl, el a;_l,aé-) € Rp—F+i-lg—k+i—1

We will also sometime denote the first (resp. the last) coordinate of vo by bQ (resp. aQ) and the
vector obtained by removing the fist and the last entries of vo by v; -1 For 1 <5<k, let uj( ) be

the square matrix of size p-+q whose j-th line is (O,...,O,—a;C i ,—a},0j, —bj, ... —bf J,O,...,O)
and whose (p + ¢+ 1 — j)-th column is (07...70,b§7j,...,b},v]7a]17..., f ] ,0,...,0), with all

other entries being 0. A matrix in u; then uniquely writes as
w=uy(07) Fua(v37) g (]).
Proposition 1.3. The map
uy — U
u=u (0f ) () = U =exp (ur(vf ) .. exp (ug(vd))
s a diffeomorphism.

Proof. First note that for all 1 < j < &, the subspace
V; = {Ui(vfij) | v;_c*j c Rp—j,q—j}

\I/i:

is an abelian Lie subalgebra of u;. Let f; = ( jl, .. .,fj’.’+q_2j) be a basis of V;. Then if
vffj => )\if;f, we have

exp (Uj(vf_j)) = exp(/\lfjl)) ... exp()\p+q 2pr+q 2])

Let f = f1 U---U fx be the corresponding basis of u; as a vector space. This basis has the
property that for any 1 < i < dimuy, the first ¢ vectors of f span a subalgebra of u. Then by
[CGI0| Prop. 1.2.8, the map ¥; is a diffeomorphism. O

1.2. Transversality.

Definition 1.4. Let i= (i1,...,i1). Two flags F1,Fy € F' are called transverse if for all
1< U<k F'o (Fy)t =Rra,

The two standard flags Fy and F,, are transverse. Given a flag F' € F!, we will denote by
Q(F) C F! the subset of flags that are transverse to F.

Proposition 1.5. Let i = (iy,...,i;). For any flag F € Q(FL)) transverse to Fl there erists a
unique U € U; such that F = U - F§. Thus Q(FL) is diffeomorphic to Us, hence diffeomorphic to
Uj.

Let U € U;. The flag F = U - Fy is transverse to Fi, and we now want to express under which
conditions it is transverse to Fy. Since for any i € i we have F = Span(éy, ..., &), its orthogonal
is . i i

(Fg) = Span(€1,...,€q, Tgt1,---sTp—qs€qy-- -+ Ei—1)-
For F' = U - F} to be transverse to Fy, the projection of F* to Span(ey, .. .,e;) parallel to (Fé)L
must be surjective. This corresponds to the matrix U € U; having its ¢ X ¢ upper right minor
to be non-zero. We will denote this minor by det;(U) in the following. We thus obtain the first
description of Q(F}) N Q(FL):

homeo

QEH NQFL) {U e Ui | Vi€i, det;(U) # 0}.
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1.3. Einstein universe. Let p > ¢ > 1. The space SO¢(p, q)/P; of photons in RP? is called
Einstein universe and will be denoted by Ein,_; ;1. This is a smooth manifold of dimension
p + q — 2 embedded in RPPT9~1, on which the quadratic form @ induces a conformal class of
pseudo-Riemannian metric of signature (p — 1,¢g — 1). When ¢ = 1 the Einstein universe Ein,_1 ¢
is identified the boundary of the hyperbolic space HP~! which is a sphere SP~2 with its conformal
structure. When ¢ = 2, the space Ein,_;; is called Lorentzian. Since Einstein universe only
has a conformal structure, only the sign of the quadratic form on a tangent vector make sense.
In particular, the type (time, space or light) of a tangent vector is well defined, and so is the
lightcone of a point. The lightcone of a point € Ein,_; 41 is given by:

C(x) = Pro(zt) = P{w € 2zt | Q(v) = 0}.

The complement in Ein,_; 4—1 of any lightcone is an affine space called Minkovski space, denoted
by Mink,_1,4-1. A choice of any point in Mink,_; -1 = Ein,_1 q—1 \C(z) identifies it with
RP~1:4=1 The choice of any two points z, 2’ € Einy,_1 4—1 such that ' ¢ C(z) defines a (unique
up to linear isometry) affine chart Ein,_1 4—1 \C(z) ~ RP~1971 in which 2’ is the origin.

Proposition 1.6. Let ¢ > 2. Let z,2’ € Einp_q 4_1, with ' ¢ C(zx). The space of photons
passing through x is identified with C(x) N C(a’) which is conformally equivalent to Ein,_o 4 o.

Proof. The set of photons passing through x is the set of isotropic planes in RP'? containing
the line x. Let A be a photon passing through x. Since x ¢ C(z'), A is not contained in z'*.
However since dim z/* = p 4 ¢ — 1, the intersection of A and z/* is an isotropic line in - N 2'*,
hence defines a point in C(z) N C(2’). Conversely, any point y € C(x) N C(x') give rise to a
unique photon passing through x defined by A = z @ y. Since the quadratic form @ restricted to
the space - Na't is of signature (p —1,¢ — 1), the set C(z) N C(z') of isotropic lines in - Na'+
is identified with Einy,_s 4. O

2. EQUATIONS OF TRANSVERSALITY

2.1. Pointed photons. Let p > ¢ > 2. We will consider the space F = F'2 of pointed photons
in RP4. Let Fy = (x0,A¢) and Foo = (o0, Aoo) be the two standard flags defined in Section
From Proposition any pointed photon F' = (z,A) € F transverse to F, can be written as
U - (z9,Ao) where

0 —a 1 =b O 0 0 0 0 O
0 0 b 0 oo 0 O
U =exp 0 0 v |exp 0 wv2 O
0 a 0 O
0 0
1 —a U1 — avp —b— %Q(U2)+B(U1,02) —%
1 Vo —% b
= I Vo U1
1 a
1

Compared to the parametrization to alleviate the notations we will write v; € RP—2:4-2

instead of vf for j = 1,2, a (resp. b) instead of af (resp. by) and wy = v{ = (b,vy,a) € RP~HI7L,

For the flag F' to be transverse to Fp, we first need to have x & sr:é = RP4, In other words, x

needs not to lie on the lightcone of zy in Ein,_; 4—1. Since the coordinates of x in the affine

chart defined by 2, and xg are precisely given by wj, the transversality condition is Q(w;) # 0

which is equivalent to det(U) = —% # 0. The second transversality condition is given by
7



deto(U) # 0. We can interpret this condition geometrically as follows: there is a unique photon
Aj passing through z and intersecting A, since A intersect C'(z) in one point, which is given
by Span(be; + Q(w1)éz). Both A and A( are photons passing through z, so we can see them
as two points in £ = C(z) N C(zs) ~ Ein,_s 4. In this space, the transversality of photons
means that A N C(z4) must not lie on the lightcone of AjNC(zs). The point AjNC(zs) € E
is on the lightcone of Ay, N E precisely when Q(v1) = 0. Otherwise, it lies in the affine chart
E\C(Asx NE). When Q(v1) # 0, we use the affine chart RP=2472 = F\C(A,, N E) with origin
Aj N E. In this chart, the coordinate of AN E is vél) = vy + %31)“1' This means that when

Q(v1) # 0, the transversality condition on A is Q(vél)) # 0. We now look at the equation given
by deto(U) # 0:

—b— 2Q(vy) + B(vy,ve) — 21
detQ(U) = det 2 (_é)(UQ) ( 1 2) b2
2
Li+=Li+al> det —b+ B(’Ul,UQ) 7%
- ¢ Q) .
2
LieLatgtiy I det —b+ B(v1,v9) 7%
—3Qv2 + gisv) 0

The equation dets(U) # 0 is then —Q(v1)Q(v2 + %ﬁl)vl) # 0 and we retrieve the geometric
interpretation. Note however that Q(v1) may vanish. In that case, the point Aj N E does not lie
in the affine chart F\C (A N E). The intersection of the lightcone of Aj N E with the affine
chart is then a hyperplane.

2.2. (1,2,3)-flags. Let p > ¢ > 3. We will now consider the space F = F123 of (1,2, 3)-flags.
Let Fy = (z0, Ao, Pg) and Fioo = (oo, Ao, Po) be the two standard flags defined in Section
From Proposition any pointed photon F' = (x, A, ®) € F transverse to F, can be written as
U - (.Z’()7 Ao, (I)Q) where

U = exp (u1(v})) exp (u2(v3)) exp (uz(v3)) .
Now we observe that the fibers of the map

F1’2’3 — Einp—l,q—l
(2, A,®) — =z

above a point = transverse to xg is identified to the space of pointed photons in Einy,_s 4_2. Our
goal is to use the description given in the Section to describe this fiber.

We start with x = U - 2y which is transverse to xq exactly when Q(v?) # 0, as seen in Section
We now want to see Ag and ®g in the space £ = C(z) N C(2s) =~ Einy_9,_2. As in
Section we define A}, to be the only photon passing through z that intersect Ay, and in the
same spirit we define ®f to be the set of all photons passing through = and intersecting ®y. To
alleviate the notations we will write A{ (resp. A, @, &f, A, Do) instead of their respective
intersection with E. The point A} lies on the lightcone of A, exactly when Q(v}) = 0. In the
following, we suppose Q(v?) # 0. To use the computations done in Section we need to use

! g2 €y - E) of T N, C RPY in which Afj = Span(é}),

a basis €' = (ey,...,e0, Ty 1, .-, T
®f, = Span(é}, €5), A = Span(e) and P, = Span(e), es). Such a basis is obtained by applying
8



the matrix
oMl 2, L 4B

QWH QWH™ TQWYH T QMY)
—2b) 4} 2w

L oo™ Qe Q)
Iogan® gap® | ey
1 202a}
QW)
1

to the basis (ea,...,€2). The coordinates of A in the affine chart F\C(A) are then
A = b;:(l)eé + Ug(l) + aé’(l)éé

where

20103

blv(l) — bl _
? ° Q)

2.3. General case. Let us consider the case of the Grassmanian of k dimensional isotropic
subspaces of RP»?. For Fy and F, the two standard (k — 1)-photons, the equation of transversality
to Fy in the affine map defined by F, and Fy is dety(U) = (—1)*det(S) # 0 where S = (s; ;) is
the anti-transpose (i.e. the transpose with respect to the anti-diagonal) of the upper-right k x k

submatrix of U, defined by s; ; = b;?*”l when i > j, s;; = —$Q(vi™") and
j—i
_ k—j+1 k—j+1 | k—j+1 k—l1
8ij = —b; - Q(y; » Uj ) — i Sitlj-

l

1

We are going to perform a succession of change of variables. In order to keep coherent notations,
the values before any change of variable will be denoted with an exponent (0). Let us perform
elementary operations on the matrix S in order to eliminate the coefficient on the first column

assuming that for all 7, Q(vi’(o)) # 0. We apply the following transformations :

Ly Li+a 0L,
k—1,(0
21O

Lo+— Lo+ —4———
Qv

1

Ly Ly +ay VL,
bl’(o)
Qv™)

We then obtain the matrix S’ where for all i > 1, s; ; = 0. Our goal will be to make the
necessary change of variables such that the sub-matrix Sy defined by Sy = (5')i>1,5>1 is of the
same form as S.

For all ¢ > j, let us write



bk i+1, (1)
j ¥
= pihO) _ 2O k=3 +1,0) _ 2O ’
’ k—i+1,(0 k—i+1,(0
Qo O Q0

i—j Qbk i+1,(0) ;c j— l(O)bk j—1,(0)

- Z Q(Ullc z+1,(0))

Q(vk—i—l,(o), v;f—i—l,(o))

pE—i+1,(0)
and vk a1 v; —0) va “(9 We can then see that

1 . 2bk H1,(0) g k=it (0))2 1 B
s = _*Q(U]-C 7(0)) (b3 ‘ ) _ _7@(1}5 ,(1)).

1,1 i k—1,(0 k—1,(0
2 Qi) Qui ™) 2
. k=1,(0) k=3 —1,(0)
Let us then write af mLM afﬂfl’(o) + % and for i <k —j—1,
Qvy )
| o OGO kg gl 1>b 0)41:)
i,(1) i,(0)
aj’=a; E=3.0)) + Z ot DN
Q(vy O I=i+1 0 )
as well as, for ¢ < k — 7,
kg1 ) (RGO
S0 _ i@, 261 L(0) Z b i)
J J Q( k— j 0) l(O

By some elementary but tedious computations which we will not explicit, we then get that for

J >,

] 7

o g k—j+1,(1) k—j+1,(1) | k—j+1, 1) —1,(1

Sig = —b; - Q(Ui U5 Za i+l,j
=1

and that for all ¢ < k — j,

Q(’U;’(l)) _ Q(U;'_L(l)) + QCL;’(l)b;’(l),
thus showing that the submatrix S5 is indeed of the same form as S with the change of variable
v;-’(o) — v;-’(l), a;’(o) < a®M and v « D Since Q(vi’(o)) is assumed to be non-zero, the
transversality to F¢ then becomes det(Ss2) # 0 and we can re-apply this process, thus getting
new variables v7(™ for 1 <m < k — 1. Assuming that for all 7, j, m, Q(v;-’(m)) is non-zero, we
get the new variables fori < k—jand m<j—1:
10



i) o) opk—m—i+1,(m) ) k:—vnz—j 1 Lm+1)gl, (—Tl) )
7,(m 2,(m m—+1 2,(m j m 2,(m
Uj = Uj k—m—j,(m Um+1 + l,(m Um+41>
Q(Um-u o )) 1=i Q(Um(+1))
k—m—j+1, , k—m— m—+1 7 7
ima1)  im) | 2wt ) ;(m) 7 2a, Lo )bm(+n1) ap)
aj - aj + k—m—j,(m) Z 1,(m) ’
Q( m+1 ) l=i+1 Q( m+1 )
. . 2h° i,(m) . 2pY i,(m) . .
pint D) _ pistm) it ks 2o im iim,y
J J J(m)y m+1 (m m+17 "5
Qi) Q1Y)
k—m—i+1— m) k—m—j—Ll,(m), k—m—j—1,(m
B i+1—j 2bm+1 ! J=1( )bm—i-l J—1,(m)
= QoY)

In the end, the equations of transversality for the (1, ..., k)-flags become
deta (1) = QA £ 0,
1 _ _
dety (U) = Qo ")Q(v; ™M) #£ 0,

—1)k+1 e
aeti(U) = Q)08 ). QuE V) £ 0.
2.4. Realization as minors. Let (Fp,u- Fp, Fio) be a triple of transverse (1,..., k)-flags, for

k < ¢. In order to determine the connected component of Q(Fp) N Q(Fy) in Wthh U Ey lies, we
will need the follovvlng data:

e Foralll1 <j<kandO<i<k—j, weneed to know the sign of Q( U= 1)) Moreover,
1fk—z—q—1 (this happenswhenk—q—l andz—Oorwhenk—qandizl) or
k—1i=q=p—1 (this happens when k = ¢ = p—1 and i« = 0) we need to know the sign of

iG—1 iG—1
(j(J )) (i= )(

the first coordinate (v of v; to differentiate between future and past vectors

when k£ —i=¢— 1 and between positive and negative numbers when k —i=¢=p—1)

e Forall1<j<k—1and1<i<k—j, weneed to know the sign of bé.’(j_l).

The purpose of this section is to show that this data can be retrieved only using explicit minors
of U. For I,J two subsets of {1,...,p + ¢} of same cardinal, we will denote by A ;(U) the
(I, J)-minor of U, i.e. the determinant of the submatrix (u; j)ier,jes. We then claim the following
equalities: V1 < j <k, VO<i <k —j,

(=1 i,(0 i,(1 i,(j—1
TQ(%( ))Q(UQ( )) e Q(”j v )) = A{lw-,k—i},{j-&-l,--.,k—i,p+q—j+1,<.-,p+q}(U)

and V1 < j <k, V1<i<k-—j,

(=1)771 o i1 0 G—2)r i (—1
?Q(%( NQwy ™). "Q(Uj£j1 ))bj U1 - A kit 1), ek —iipta—it 1ty (U)-

In both cases, the quantities we are interested in are ratios of two minors of U. The data of all
the signs of the numbers stated above is equivalent to the data of all the signs of the minors
above.
Whenk—-i=q—1lork—it=q=p—-1,V1<j<k:
(-1y!

i—1,(0 i—1,(j—2)\ /. i—1,(j—1
975—1 Qv ( ))"'Q(UJ 1(J ))( Yj v ))1 = A1, kit 2}, G ki Lot a—it L epta (U)

11



(G—1) belong to a space on which the restriction

i—1,(j—1
(Uj (J ))

In both cases this is well defined, and v{l

of ) is positive definite, hence the sign of 1 is always the same as the one of
A k—it2} (s k—it1,p+q—j+1,....p+q} (U). This observation is crucial because the number

Qo " M)Q(vy ") . Qu; V)

does not arise as one of the previously computed minors.

In the case when k& = ¢ — 1 which correspond to the ©-positive structure of SOq(p, q), the total
number of minors to compute is p(p — 1), which is the same number as the ©-length of the longest
word wg®® of the ©-Weyl group defined in [GW24]. This result is analogous to what happens in
the case of full flags in a semisimple split Lie group: the number of (generalized) minors required
to determine the connected component is the length of the longest element of the Weyl group.

3. COUNTING CONNECTED COMPONENTS OF TRIPLES OF TRANSVERSE FLAGS

3.1. In SOq(3,2). There are only three parabolic spaces associated to SO(3,2): the space of
isotropic lines in R*? also known as the Einstein space SO (3,2)/P; = Eing 1, the set SO0 (3,2)/ P2
of photons of Einy 1 and the set SOy(3,2)/P; 2 of pointed photons in Einy ;. The Lie group
SOg(3,2) is split and the parabolic subgroup P s is its Borel subgroup, therefore we already
know from [Lus94] that the space of flags transverse to Fy and Fi must contain four connected
components (called totally positive) for which the associated spaces in U; o are semi-groups. Since
Eing ; is three-dimensional, those components can be seen geometrically.

Proposition 3.1. In SOy(3,2)/P;, the space Q(Fy) N Q(Fw) has three connected components.

Proof. The choice of Fo, and Fy gives an affine chart of Eing 1, Q(Fi) ~ R2! in which F, is
the origin. The set Q(Fy) N Q(F,) then corresponds to the points in R%! which do not lie in
the lightcone of the origin. This splits R?! in the space, future and past connected components,
hence the result. O

Let us now study the space of pointed photons of Einy ;. Let us write Fy = (x, o) and
Foo = (oo, Aso). Let us consider the affine chart from zo, where xq is the origin. The space of
pointed photons for which the point is in the affine chart is a trivial bundle R?! x S' over R?!
for which the fiber over z € R*! is the set of photons going through x which is Einj g ~ S!.

Lemma 3.2. In this affine chart, the set of pointed photons transverse to (Too, Aso) is R x
(SY\ {N}), where N is a point of S*.

Proof. Let x € R%!. There exists a unique photon A going through z which intersects A, in the
boundary of the affine chart. Let N € S! such that (z, A) = (z, N). Let y be a different point in
R*!. If y € (A — 2)*, the photons A and y — 2 + A have the same endpoint at infinity which
lies in A,. If not, the endpoint of y — x + A lies in the unique photon from x, to the endpoint
of A, i.e Ay. In both cases, the unique photon going through y which is not transverse to A, is
(y, N), hence the result. O

Thus for any point x € R%1\ Ay, there exists exactly one photon through x intersecting A,
which is (z, N) and one photon through x intersecting Ay which is (z,S(x)). The coordinates
of this second photon in S' depend on z. One must then follow the variations of S(x) when z
varies in R>!. Let A be the only photon through the origin intersecting A, i.e the photon of
the pointed photon (0, N), and let V = Ay & A.

Lemma 3.3. The two points S(x) and N in S' are equal if and only if x € V.
12



Proof. Assume that £ € V. Then x + A is the only photon through = which intersects Ag, thus
we must have S(z) = N. When z is not in V, the photon = + A does not intersect Ag, thus
S(x) # N which gives us the result. O

We can now count geometrically the number of connected components of Q(F.) N Q(Fp) in
SO¢(3,2)/ P 2. The transversality of « with z( already separates the connected components into
three groups.

Proposition 3.4. In the space SO¢(3,2)/ P12,

e there are two connected components of Q(Fs) N Q(Fy) where x is spacelike,

o there are three connected components of Q(Fuso) N Q(EFy) where x is in the future cone,
two of which are totally positive in the sense of [Lus9/),

e there are three connected components of Q(Fuo) N Q(Fy)where x is in the past cone, two
of which are totally positive.

In total, this gives us 8 connected components for SO (3,2)/ P 2, four of which are totally positive.

FIGURE 3.1. The fiber bundle of pointed photons when Q(z) < 0.

Proof. Let’s assume that Q(z) > 0. When « is in the orthogonal of V', Ag and = + Ay have the
same accumulation point at the boundary, thus S(z) = —N. When « ¢ V, S(z) # N and the
condition of transversality to both Ag and A, separates the fiber {x} x S! in two connected
components. The vector space V is of dimension 2 and thus separates R*>! in two parts. Let
x = (a,b,v) be the decomposition of z in R*! = A, & Ag @ V+. When Q(x) < 0, x may cross
the vector space V' with both b > 0 or b < 0. Doing so one way or the other makes S(x) go to
N clockwise or counterclockwise. Adding all of this up, one eventually counts two connected
components.

Assume now that x lies in the future cone of the origin. The same reasoning applies, but we
must then always have b > 0. When z is on one side of V, the fiber {z} x S! separates into two
connected components, one of which disappears when = crosses V. We must then have three
connected components, two of whom correspond to the totally positive components. The same
reasoning applies when z lies in the past cone, hence the result.

O
13



Now that we have counted the connected components for the pointed photons, it becomes easy
to count those in SOq(3,2)/Ps, the non-pointed photons in Eing ;.

Proposition 3.5. In SOy(3,2)/ Pz, the space Q(Fuoo) NQ(Fy) has two connected components.

Proof. Let zoo € Auo, To € Ag, R*! be an affine chart of z,, with xy in its center and let
P =R20% in R%!. A photon transverse to A, cannot be contained in the light cone of ., thus
any photon of Q(Fu) N Q(Fy) must be within the affine chart. For each photon A in the affine
chart, there exists a unique x on A such that x € P, meaning that the photons in the affine
chart can be identified to the restriction of the previous fiber bundle on P. The pointed photons
with points in P transverse to Ay and A, have two connected components, we get the intended
result. (]

We may also find those results using the change of variables introduced in the previous section.
1

Let us write 2 = v{ = (a,v{,b). We must first chose whether v} is picked to be spacelike, future
oriented of past oriented. We then have an easier equation on R defined when v{ # 0 which
becomes undefined when v{ goes from positive to negative. When it is defined, the connected

0,(1) _ 07( 267 0

components are separated by the sign of v, vy val). Assume that v} is spacelike.
1

1
When ¥ is positive and goes to zero, assuming that b} > 0, —%v? goes to —oo and the
1

0 2b7 0 . 0 267 0 0 :
component vy < — (v‘fiZ v cannot cross over, leaving only vy > — (1)(1)32 v7. Inversely, when o7 is

. 2b1 2b1
negative and goes to zero, —Wv? goes to +0o. The component vg > —Wv? cannot cross
1 1
: 0 2b1 .0 : 0 2b1 .0 0
over, leaving only vy < ENCOEISE This tells us that the component vy < IR when v} <0
2b7

and v§ > f(vlT)Qv? when v) > 0 are actually the same component. The same can be done taking

1 1
bl < 0, which tells us that vJ < — (3%2 v9 when v? > 0 and 0§ > — (3%2 v) when v? < 0 are the

same connected component. We thus obtain via computations the two connected components of
SO00(3,2)/P1 2 where v} is spacelike.

Q(v]l) >0
U%) <0 U‘f >0

D D
SIS

FIGURE 3.2. In red and blue the two connected components.

When assuming that v} is in one of the two timelike cones, the reasoning stays the same expect
for the fact that the sign of b} becomes fixed. This gives us three connected components as two
of them cannot cross over from v? < 0 to v? > 0.

3.2. Pointed photons in SOg(p, 3). We will now compute the number of connected components
of Q(Fp) NQ(Fy) for the space of pointed photons in SOg(p, 3), meaning for the flag manifolds
of the form SOy(p, 3)/ Py 2 for some p > 3.

14



Qv}) < 0,61 >0
U(l)<0 7;?>0

_|_

FIGURE 3.3. In red the connected component which exists in both v{ < 0 and
v} > 0 ; in blue and green the positive components.

The main difference with the pointed photons in SOg(3,2) is that the elements v{ and v§ both
live in a Lorentzian space RP~21. This yields another set of rules when changing the sign of
Q(vY). Let’s assume for instance that Q(v{) > 0 and b1 > 0. The point v must not be on the

lightcone of — ( )vl and is therefore confined into three areas, namely space, future and past.
When 99 goes from the space part to the future part, — Q( )v? is negatively colinear to v{ and

goes to infinity along the past orientation of a photon; therefore the past of — (bu)ful does not
cross over during the transition, leaving only the space and future parts. This is illustrated in

figure 3.4

FIGURE 3.4. The transition from vY spacelike to v¥ future oriented when b} > 0.

In red, the light cone of — ( by )v?

Inversely, when going from v{ future to v{ spacelike with b} positive the future component
does not cross over, leaving only the space and past parts at the hmlt When comparing, one
then sees that the future for v spacehke becomes the space for v{ future and the space for v¢
spacelike becomes the past for v{ future. When doing every possible transition, one can then
count the exact number of connected components, see figure [3.5

Proposition 3.6. The space Q(Fy) NQ(Foo) in SOg(p,3)/ P12 contains 11 connected components,
4 of which are positive.
15



Q) <0 Qe >0 Q) <0 Q1Y) > 0
P F I P

ORI 0 2 @
@ S) | ® + ®+@

F S)|P F
P @_S . A @ P
® F g5 |@2E|EE®|E)

FIGURE 3.5. The eleven connected components of Q(Fy) N Q(F,), one group
of four when Q(v{) < 0 and one group of seven when Q(v?) > 0. The pink
components are isolated and are the ©-positive components.

3.3. (1,...,k)-flags in SO¢(p,q). We will now be dealing with the case of complete flags of
photons up to dimension k£ < ¢ —1 in SOq(p, q), SO (p, q)/P1.... - As in the previous sections, we

know that when forall 0 <m < k—1landi < k—j, Qv ’(m)) 2 0, the equations of transversality
become

QY > NQuh My # 0,

QY ™)y ™).y ™) #o.

It is easy to check what happens when all Q(v; 0= 1)) are non-zero except Q(vk (k= 1)). In

this case the equation becomes Q (v, 0,(k=1) ) # 0 and since v,g =1 s in the pseudo-Riemannian
space RP—F.a—k vg k=1 can either be spacelike or timelike. This holds for every open set of

SOo(p, q)/Pi ..., where all relevant vectors are of non-zero norm, however since the transversality
equations do not forbid Q( b= 1)) = 0 when i # k — j, we must track what happens to the
space and time parts when those change signs. We only have to explicit what happens when the

Q(vl( )) change signs as when those are constant we can deduce the rules for the Q( (- 1))
j > 1 by induction on j.

9

Lemma 3.7. We have that

k—j i
L) o, 20 fazl N i 2alblai
! TQU) & Q)

Proof. Let us fix j and prove by decreasing induction on 4 that
16



25}1671 .\ ki:J 2a;’(1)bl bk 1 ’@i:J 24 bl
QY™ A i) , Qi)
k—1 k—j
The result is true for 1 = k — j since a] ) = k 4 26(7,61) Assume that it is true for
any i > i. Then
apft 20yl gpht D 2alh 20N

4 ==L 4 R TR S
e T2 Qe T e T 2, 0w T G
2a§+1b§+1 2b11c71 4b’1€71a§+1bi+1

Ql) +mﬁﬁ+QU“mM>

1=i+2 Q1) l=i+2 Q(U1 )Q(Ul)

2000 aph Qo) + 201 b
T Qv) Q(viﬂ)( Q(v) )
N ’i Qaébﬁ (Q(U{)+2q§“b§“>

Sty Q™) Q(v})

. . _ L
2a;+1b’:bl+1 zbllg 1 J 2al_b€L

=~aey taen 2 o0

using that Q(vi™!) = Q(v}) + 2!, This gives us the intended results. O

l(O)) i,(1) i,(1)

Remark 3.8. In particular, when Q(v goes to zero for [ # i, a and v, stay bounded.

Lemma 3.9. When Q( ) goes to zero, we have for all j > 2,

0,(1

pb () 7Q(Uj ( ))

’ 2ab® '
J

Proof. We know that Q(v; b (1)) Q(U?7(1)) + 2a}’(1)b;’(1), meaning that

(1 0,
ph(D _ Q(Ujl‘l( )) - Q(vj (1))

J B lv(l)

From lemma [3.7| we know that Q(v; L@ )) and a; ’( ) are both bounded when Q(v; 0 (O)) goes to
Z€ero, meaning that we get the equlvalence

0,(1
RHCONY _Q(Uj ( ))
: 200
J

17



Lemma 3.10. For all i, when Q(v1 ) goes to zero, Q( )) stays bounded for all (§,1) # (2,1).

Proof. This lemma relies on similar computations to those presented in the proof of Lemma

B2 O
Let us then write down the effect of changing the signs of Q(v (O))
Proposition 3.11. When Q(v; 50 )) goes to zero with i > 1,
i,(1) 2&2 bZ i
v ~ —=——1],
2 Q(vi) '
2ai L 43
Q(v) ’
while all else stays bounded. When Q(vy 0,(0 )) goes to zero,

aix®)

1,(1),1,(0
vg’(l) N 2a2( )b1( )
Q(vY?)

0,(1
B _Qy™)
2a;’(1)

U1,

while all else stays bounded.

07(0))

This result shows that two different phenomena appear depending of whether Q(v changes

signs or any of the Q(vl ) for i > 1. Let us explicit what happens in those two cases.

Lemma 3.12. When Q(v] 5(0 )) changes sign, the space and time parts in Q(UQ’(I)) % 0 are reversed.
i) QL DL ()

Furthermore a2 Q™)

For all others i, j, the time and space parts of Q(v;-’(jfl)) # 0 are unchanged.

must have the sign of = before and after the change of signs.

. i,(1)44,(0) .
Proof. Since Q(v;’(l)) ~ %, v;’(l) # 0 implies that v;’(o) is outside the isotropic cone of a
point v%"(o) — v;’(l) which goes to inﬁnity along the isotropic line Span(v(l)’(o)) in one direction or
O

Since Q(vi’(o)) changes sign, this implies that the
i,(0 ))

the other depending on the sign of —
27( ))

Era

direction of Span(v, along which vy b1 _ Z’(O) goes to infinity is reversed when Q( goes

to zero positively or negatively, which implies that the time and space parts of Q(vy 1)) # 0 are
i(1) 2% 7,+1 (1)b1+1 ) s (0)

Q( “°’>
The third part follows from the fact that all other values remain bounded when Q (v} ) goes to
Z€ero. [l

reversed, hence the result. The second part follows immediately from as,

Lemma 3.13. When Q(v 0’(0)) changes sign, the space and time parts in Q(v 0(1)) # 0 are

LU st have the sign of 7Q( e (1)) before and after the change of signs.

,(J 1))

reversed. Furthermore b,

For all others i,j, m, the time and space parts of Q( # 0 are unchanged.

Proof. Since k < q— 2, the space RP~%97F to which v9 belongs to remains non-Lorentzian and the

1L,(1) _ Quy™)
20,;’(1) :

same argument as before applies. The second part follows immediately from by’

The third part follows from the fact that all other values remain bounded when Q(v{) goes to
Zero. ]
18



Example 3.1. Let us discuss the case of pointed photons in SOg(p, q) for ¢ > 3. Using the
change of variables obtained in section 2, the situation becomes similar to the SO(3,2) case
except that v¥ no long lives in a euclidian line but in a non-Lorentzian pseudo-Riemannian
space RP~2:9=2, The change of variable is non-defined when Q(vi) = 0 and when it is defined,

1
the fact that vg,(1) =9 + QZ(??)U? has non-zero norm implies that v must not be on the light
1
cone of —%v?. The transversality of points split the connected components into two groups,
1

whether Q(v]) is positive of negative. Let us assume it is positive. When Q(v?) is negative, since
Q(v}) = Q1Y) + 2alb} we cannot have bi = 0, thus splitting into two choices for the sign of bi.
This gives us the following situation which yields two connected components :

Qv]) >0 Q(v}) <0
QuY) <0 Q) >0 QM) <0 QY) >0

1
by

66 @6
B0 DB

FIGURE 3.6. In red and blue the four connected components of Q(Fp) N Q(Foo).

The case where Q(v}) < 0 is symmetric. We thus have the total number of connected
components.

Proposition 3.14. The space Q(Fyo) NQU(Fs) in SOg(p, q)/ P12 contains 4 connected components
when q > 3.

Remark 3.15. Those connected components exactly correspond to the components delimited by
the signs of the two upper-left minors of S.

Proposition 3.16. The space Q(Fy) N QU Fx) C SOo(p,q)/P1,... i has 2k connected components,
determined by the signs of the upper left minors of size i of S for 1 <i < k.

Proof. By applying the previous rules when changing the signs of the Q(v;-’(j 71)) whose sign is not
fixed by the equation of transversality, one can then see that every change only reverses the space
and time parts of the corresponding equations, and thus that every equation of transversality only
split SOg(p, q)/Pi,....k into two, thus giving 2% connected components as there are k equations,
hence the result. (]

34. (1,...,qg — 1)-flags in SO¢(p, q). In this section we will only treat the case where p > ¢,
the case where p = ¢ will be discussed in a following section. We know from the works of
Guichard-Wienhard on ©-positivity (see [GW18|) that there must be 29=! ©-positive connected
components in Q(Fy) N Q(F ). We apply the same reasoning as before, except that the elements
02U how belong to the Lorentzian space RP~7t11 meaning that we now have to distinguish
between the space part, future part and past part of the complement of a lightcone. When
Q(vi’(o)) changes sign for ¢ > 0, the same happens as in the previous case as v;’(l) belongs to a
non-Lorentzian pseudo-Riemannian space.
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Lemma 3.17. When v? ©) goes from the space part to the future part and aé’(l)b}’(o) 18 positive,

0, (1))

the past part in Q(vs # 0 does not cross over, the space part becomes the past part and the

future part becomes the space part. When either the sign of a1 (1)b17(0) changes or vO (0) goes from

the space part to the past part, the future part does mot cross over, the space part becomes the

uture part and the past part becomes the space part. Furthermore b1 " ust have the sign o
p past p /4 p g

Q(”z (1

2% 1 D

Q(vj il 1)) # 0 are unchanged.

before and after the change of signs. For all others i, j, the time and space parts of

2aé’(1)b}’(0)

Proof. As before, since Q(vy %1 ) ~ vo’(l) # 0 implies that Ug,(o) is outside the isotropic

cone of a point v2’(0) - vg’( ) which goes to infinity along the isotropic line Span(vl’( )) in one
1,(1),1,(0)

direction or the other depending on the sign of —Wb(o)) When vy’ 9 crosses from the space

part to the future part, Q(v; % (O)) is originally positive. Furthermore, since aé’(l)bl’(o) is assumed

to be positive, vg 0 _ O (1) goes to infinity while being negatlvely colinear to v; 0 \which is

0,(0) 0,(0)

going to the future part, meaning that the past cone of v, (1) disappears as v, goes

0.(0) goes from future to space the sign of Q(v ’(O)) is

0,(0) _ 07(1)

from space to future. Inversely, when vy
originally negative, meaning that everything is reversed and it is the future cone of v,
that does not cross over. In the end, one sees that when ’UO (0) goes from space to future, the past

part does not cross over, the space part becomes the past part and the future part becomes the
space part, hence the result. O

Remark 3.18. The transversality equations are det;(S) # 0 for 1 < i < g — 1, so the signs of the
det;(S) separates Q(Fy) N Q(Fy) into at least 297! connected components We will show that for
a given choice of the signs of the det;(.S) there are 2 connected components (except in the case
when O-positive components arise, which we will also detail).

As previously, we start with an initial set, of connected components each given by the choice of
the sign of all Q(v; 0= 1)) for 1 < q—1and 0 <i<k—j. When Q(v; (- 1))Q(v;_1’(]_1)) <0,

we also need to ﬁx the sign of bz 1 (j b

the open subset of Q(Fy) N Q(Fi) where all Q (v} U= 1)) are all non-zero. We then "glue" them
(= 1))

. These component are obtalned when restricting to

together along the locus where exactly one of the Q (v v; vanish. The locus where two or
more vanish at the same time is of codimension greater than 2 hence does not change the number
of connected components. Contrary to the previous sections, the combinatorics of the gluing
process for (1,...,q — 1)-flags is more involved. To proceed with the study of this gluing process,
we first describe a synthetic model describing the situation.

We represent an initial connected component by a anti-triangular (¢ — 1) x (¢ — 1) matrix
M = (m; j)1<i<q—1, 0<j<qg—1—i With entries valued in Z/3Z identified with the set {*,+, —} (with
x* = 0,4+ = 1,— = 2), with every entry having one of the two colors red or blue. The way to
read this data is as follows: the color of m, ; corresponds to the sign of Q(vf’(l_l)) (blue for
negative and red for positive), m; ; = * if and only if the (4,7) and (¢,j — 1) entries are of the

1,(1‘71))

same color (the entry (i, —1) count as red as Q(v; is always positive), and if m; ; # * then

(i—1)

it corresponds to the sign of bz . We now want to describe the effect changing the sign of

Q(vj (= 1)) has on this matrix. We will call such a modification a alteration of M.
For each (7, 7) such that i < ¢ —1 and j < ¢ — 1 — i, we define

i = (1) (=1)%2my jmig1, M, j 4141541
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where

1 if m;41,; and m;4q 541 are of the same color 1if m;; ==
g1 = ] 8 and g9 = o
0 otherwise 0 otherwise

When p; ; # + we say that the (4, j) entry of M is alterable. When m;_; is alterable, one can alter it
as follows: choose a sign (+ or —) for every * among the four entries m; ;, Mit1 5, Mi j+1, Mit1, 41
such that after replacing every * by the sign chosen, we get s; ; = —. Then change the color of
m; ; and m;41 ;, and replace the entries that were not * at the beginning with *. There might be
multiple sign choices that result in an admissible alteration, hence a alterable entry may have
several possible alterations. These rules are obtained by translating the result of Propositi(on Z)&.ll
201 4y

in this setup, and the correction factor given by €; and €5 are due to the presence of a;
the formulas whereas we are only working with the bg =1 here. To get coherent formulas when
j =q—2—1i (meaning that the (i + 1,7+ 1) entry does not exist), we need to make the following
fix: we set m;y1,4—1-; to be a red + when m;11 4—2_; is blue and a blue — when m; 1 4_2_; is

red.

Example 3.2. Let us explicit an example. Assume ¢ = 4. The transversality in SOg(p,4)/P1 2,3
is given by three equations :

Since v v and vé’(l) all live in non-Lorentzian space, the first two equations split the

space Q(Fp) NQ(F) in four parts. For each cell in which Q(vf’(o)), Q(v}’(o)), Q(v?’(o)), Q(v;’(l)),

Q(vg’(l)) are all non-zero, the third equation of transversality becomes Q(vg’(2)) # 0. The vector
0,(2)
U3

2,(0) , 1,(1)
1 U

lives in a Lorentzian space, meaning it can be either spacelike, future or past. When going

from one cell to another, the nature of the vector vg’@) can change.

Let us start by considering the matrix

BEl

+

[+

Let us then change the nature of ’U?’(O) from spacelike to future with b%’(o) > 0. Let us assume

1,(1),1,(0 0,(1
L)L) (1)

that aé’(l) is negative. Since a is negative, the future part in Q(v," ') does not cross

over. The space part must then become future and the past part space. Assuming that Q(vg’(l))

0,(1)
is negative, — Q2(v127(1)) must then be positive, meaning that bé’(l) must be negative. Finally, since
ay

all other values remain bounded, we get the following alteration

EENEEE
—+ *

[H[+H]*

*
s

0,(0) . 1,1
Let us now change v;"* from future to spacelike with b,
one then get

> 0. By applying the same method,

+>|<[_>>~<>|<>|<[

[+ [+
*
\
\
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By the applying the same reasoning, one gets the following alterations

***[_>++*[_>>k
—|+ * [k +

**[

We are going to show that these two alteration class of matrices are part of the same connected
component. Let us start with the matrix

[ ]

[1]+]>
|

and change the nature of Ui’(o) from spacelike to timelike. We know that crossing from vi ()

spacelike to v} 0 timelike changes v;’(l) from spacelike to timelike. Let us assume that bf’(o)

2,(0) ,1.(0)
and b}’(o) are positive. Since a;’(l) must have the sign of % and b}’(o) positive implies
V1
a}"(o) negative, we know that aé’(l) has to be positive on departure and negative on arrival. On

departure, Q(v;’(l)) > 0 so when Q(vg’(l)) is negative, a%’(l) positive implies b;’(l) negative. From

all this we deduce the following alteration:

[ k] oy [ [H]F]
+|- +|*
We will now change the nature of vg’(l) from past to spacelike with b;’(l) > 0. Since
1,(1)
Ug’(z) ~ —;(2)22’(1)), the past part does not cross over, the space part becomes the past part

and the future part becomes the space part. Let us then change back the nature of vg’(l) from

spacelike to future. By applying the same rules, we then get the following alterations :

] — D[] — [
+| * * |+ —| *
il il nal

Finally, let us change v} @ from timelike to spacelike. With the same reasoning as before, we
get the following alteration :

* [+ +[ o [x ] *[
— * [—
nl nl

We have shown that all these open sets of Q(Fp) N Q(F.) were part of the same connected
component.

The ©-positive components correspond to matrices M that have no admissible alteration. We
then call the matrix M a ©-positive sign matrix.

Lemma 3.19. In the alteration class of any matriz M there is a matriz M’ such that for all
2<i<qg—1and for all0 < j<q—1—1, the (i,5) entry of M’ is blue when j is even and red
when j is odd. We call such a matriz a striped sign matrix.

Remark 3.20. The color of the first line entries of a striped matrix are determined entirely by the
signs of the det;(U), hence are invariants of the alteration class of M.

Proof. We prove the result by induction on the column index. If an entry (i,0) with ¢ > 2 of

the first column is red, it is a * by definition, hence the entry (i — 1,0) is alterable. Doing any

alteration of (¢ — 1,0) will result in (¢,0) being blue. By applying this process starting from
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bottom to the top, we can change the whole first column to blue except for the entry (1,0). Once
the column j is either blue or red except for (1,j), the same argument allow us to color the
column j + 1 with the other color, once again except for (1,7 + 1). O

Remark 3.21. When M is a striped sign matrix and (4, 7) is an alterable entry with ¢ > 2, the
only possible alteration at (i, ;) takes all four entries (i,75), (i +1,7), (i,5+ 1) and (i + 1,5+ 1)
to *, obtaining a matrix that is no longer striped. Altering again the same entry, one get back a
striped matrix, and every possible such alteration result in a striped matrix M’ such that among
the entries (7,7), (i +1,7), (4,7 + 1) and (i + 1,5 + 1) of M’, an even number of them have their
opposite signs compared to M. We will use this operation of altering twice to change an even
number of signs a lot in the following proofs.

Remark 3.22. Because of the phenomenon described in Remark any two sign matrices M
and M’ which have the same * entries but whose total number of — entries differ mod 2 can not
be in the same alteration class. In particular, there are at least two alteration classes of striped
matrix having the same signs for all Q(v?) for 0 <i < ¢ — 2.

Lemma 3.23. If a striped matriz M is not O-positive, there is a alteration-equivalent striped
matriz M’ = (m; ;) such that:
;| 4+ ifjorqg—1—1iis odd
Mij T —ifjand q—1—1i are even

unless for all 0 < j < ¢ —2, my ; = *, in which case
tifi=2andj=q—3
my ;= +elseif j orq—1—iis odd
—else if j and ¢ — 1 — i are even
We call a striped matriz of this form a normalized striped matrix.

Proof. We start by showing that we can alter M to a striped matrix whose (2, 0) entry is alterable
if ¢ is odd and whose (1,0) entry is alterable if ¢ is even. If there are no alterable entry with
1 > 2, it means that there is one alterable entry (1,7) on the first line. Altering it twice allow
us to change the signs of (2,7) and (2,5 + 1), thus making (2,5 — 1) alterable because exactly
one of the four signs determining if it is alterable changed, and it was not alterable before by
hypothesis. There are two edge cases when we can not apply this result, first is when j = ¢ — 2
and my g2 = My q—1 = *:

LE

in which case (1,7 — 1) is also alterable and we can apply the previous construction to (1,7 — 1).
The second edge case is when ¢ = 4 and the first line is all *:

[ ]

+

[ H

We showed how to get to a normal striped form in Example [3:2]

Now we have a alterable entry (i,j) with ¢ > 2. We will "move" it to make the upper left
corner (2,0) alterable. For this, notice that altering (7, j) twice changing the signs of (7, ) and
(i,7+ 1) make (4,j — 1) alterable, and altering (i, j) twice changing the signs of (i, ) and (i 4+ 1, 5)
make (i — 1, 7) alterable. Tterating this process allow us to alter into a striped matrix whose (2, 0)
entry is alterable. If ¢ is even and the (1,0) is not alterable yet, we can make it alterable by
altering twice (2,0) changing the sign of (2,0) and (3, 0).

We want now to have a striped matrix for which every (i,j) entry with ¢ —¢ — 1 even and
j even is alterable. We start with the one on the top left, which we already made alterable,
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and we will make the one two cells to the right and the one two cells below also alterable. By
iterating this process, we will make all of them alterable. If a cell (i, 7) is alterable, we can make
(i4+2,7) and (i,j + 2) (provided they exist) alterable by making (i + 1,5 4+ 1) alterable: if it is
not already the case, we can change signs of (i,j) and (i + 1,5 + 1), thus making (¢ + 1,5 + 1)
alterable. Then, if neither (i + 2, j) nor (i,j + 2) are alterable, we can make them both alterable
by altering (i + 1,7 + 1) twice changing signs of (i +2,j 4+ 1) and (i + 1,5 + 2). If both (i + 2, j)
and (i,j + 2) are alterable, there is nothing to do. If only (i + 2, j) (resp. (i, + 2)) is alterable
and if (i + 2,7 + 2) is not out of bounds, we can make (4,5 + 2) (resp. (i +2,j)) alterable by
altering twice (i + 1,j + 1) changing signs of (i + 1,7 +2) and (i + 2,5 +2) (resp. (i +2,57+ 1)
and (i 42,7 +2)). If (i +2,5 4 2) is out of bounds and only exactly one of (i +2,7) or (i,j + 2)
is alterable, we just ensure that (i + 2,7) is alterable by changing signs of (i + 2,5 + 1) and
(i+1,742). Applying this process starting with the top-left corner and expanding from it ensures
that the only the one in the top right. That entry is either (2,q —4) if ¢ is even or (1,q — 3) if ¢
is odd. In the latter case, we actually just need to make the (2,q — 3) be a + if the first row is
not only made of *. For this, we distinguish two cases: either (1, —4) is a & or it is a *. When
(1,g —4) is a £, we first make it alterable by changing the signs of (1,¢ — 5) and (1,q — 4) (since
(1,9 — 5) is alterable) if it is not. Then changing signs of (1,¢ — 4) and (2,q — 3) give us the
result. When (1, — 4) is a *, notice that (1,¢ —3) and (1, ¢ — 2) must be =+ since (1, ¢ — 3) is not
alterable. Then by hypothesis there is an entry (1, 5) which is not a *, and we can assume j to
be maximal for this property. Then by altering twice successively (1,7), (1,5 +1),...,(1,q —4),
we can change only the signs of (1, ) and (2,q — 3), hence the result. When we need to make
(2,q — 3) alterable, we use the same arguments to change its sign thus making it alterable.

At this point, we have a striped matrix whose entries (4,j) with ¢ — 1 — ¢ and j even are
alterable (except for (2,q —4) or (1,q — 3) when the first row is all * which we will discuss later).
We can alter twice each of these entries to make all of them be — and all of their left, bottom
and bottom-left neighbors +, thus resulting in a normalized striped matrix. When the first row is
all *, the only entry that can not be changed this way is the last one of the second row which
stays as a sign +. [l

Note that a normalized striped matrix has all its entries (i, 7) with ¢ > 2 alterable.

Lemma 3.24. In the alteration class of any matriz that is not ©-positive, there is a unique
normalized striped matriz such that the first row is either all red * or a sequence of + and % such
that only the last sign + of the row may be —.

Proof. Let M be a normalized striped matrix. Let jo such that m; ;, = — and there exists a
J1 > jo such that m, ;, = =. We can suppose that j; is minimal for this property. Then for all
jo < j < j1, we have my ; = . Then by altering twice (1, jo), (1,jo + 1),..., (1,71 — 1), we can
change only the signs of (1, jo) and (1, j1). When j; = jo + 1, it may happen that (1, jo) is not
alterable. If that is the case, altering twice (2, jop) changing the signs of (2, jo) and (2,jo + 1)
makes (1, jo + 1) alterable, then altering twice (1, jo + 1) changing the signs of (1,59 + 1) and
(1, 5o + 2) makes (1, jo) alterable, and finally altering twice again (2, jo) takes the matrix back to
being normalized striped form, except that now (1, jo) is alterable and we can proceed. ([

Remark 3.25. From the previous lemmas we get that the the alteration class of a sign matrix
(hence a connected component of Q(Fy) NQ(Fx)) that is not ©-positive is entirely determined by
the sequence of blue/red entries of the first line and the parity of the number of — entries of any
striped sign matrix in its alteration class.

From these lemmas we obtain the following count of the number of connected components of
O(Fp) NQ(Fy) for all p and ¢:
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Proposition 3.26. In SO(p,q)/Pi1,.. 41, forp > q:

o When q = 2, there are 3 connected components in Q(Fo)NQ(Fw), 2 of which are ©-positive.
o When q = 3, there are 11 connected components in Q(Fo) NQ(Fx), 4 of which are positive.

o When q > 4, there are 3 x 2971 connected components in Q(Fy) N Q(Fy), 2971 of which
are ©-positive.

Remark 3.27. The two cases we have already treated, SOg(p,2)/P1 and SOg(p,3)/Pi 2, are
actually special cases where the general formula does not apply.

Remark 3.28. The ©-positive components can be obtained in the following way: the corresponding

sign matrix must not contain any *, hence is striped, with a first line being also striped, i.e.

Q(vf’(zfl)) is positive when 7 is odd and negative when j is even for all 1 <7 < g — 1. Then, the
component is determined by the signs &+ of the first line: indeed, since no entry is alterable, fixing
any signs in the first line determines uniquely the (2, ¢ — 3) entry by p2 4—3 = +, which in turn
determines (2,q — 4) etc. By computing line by line starting with the second line, going from
right to left on each line, one can find a unique ©-positive striped matrix having the prescribed
first line, thus describing the 297! ©-positive components. Computing all the vectors v] (-1
and checking that no entry of the corresponding sign matrix is alterable allow for an explicit
algorithm to decide whether a matrix in Ug is O-positive. Also note that with our conventions

on the quadratic form @, the sign matrix with only + entries is not ©-positive.

3.5. (1,...,q)-flags in SOy (p, g¢). Asumme thatp > ¢+1. Let F' € Q(Fo)NQ(Fixo) C SOo(p,q)/Px,...
The first (¢ — 1) equations already separates Q(Fp) N Q(Fl) into 3 x 2971 connected components.

When all relevant elements are non-zero, the equation added by the transversality of the maximal
isotropic spaces is Q(vs Y™} # 0. However v5"“"") belongs in the Euclidean space RP~40 which
is of dimension at least 2 since p > ¢ + 1, meaning that the space Q(vg’(q_l)) # 0 is actually
connected.

Proposition 3.29. The connected components of Q(Fp) N Q(Fx) C SOo(p,q)/P1,....q are exactly
those coming from the transversality in flags of SOo(p, q)/Pi,... q—1, meaning that the map induced
on connected components by w: SOg(p,q)/P1,....q = SOo(p,q)/P,... .q—1 is bijective.

Proof. By combining proposition with the fact that the v?’(j ~ Jive in a connected space,
one gets the result. [l

3.6. (1,...,q)-flags in SOg(g+1, q). Let us now deal with the case of maximal flags when p = ¢+1.

Since the group SO¢(g + 1, q) is a split group for which Py, is a Borel subgroup, we know from
|[Lus94] that there must be 29 totally positive connected components in Q(Fp) N Q(F). This

stems from the fact that the vJOf(j -b

Q(vg’(q_l)) = 0 separates R into two connected components determined by the sign of v

Proposition 3.30. In SOo(q+1,9)/Pi,.. 4:

o When q = 2, there are 8 connected components in Q(Fy) NQ(Fu), 4 of which are totally
positive.

e When q = 3, there are 30 connected components in Q(Fo) NQ(Fy), 8 of which are totally
positive.

o When q > 4, there are (q + 5)29~1 connected components in Q(Fy) N Q(Fx), 29 of which
are totally positive.

now live in the Euclidean space R and that the equation
2,((1—1).

Proof. Let (U‘f—l’(o), ey vg’(o)) be an element of ug. As proven before, the first ¢ — 1 equations of
transversality already splits Q(Fy) NQ(F,) into 3 x 29! connected components, 29~1 of which are
(vgfl’(o), e v;f?)) lives in a component which is not ©-positive.
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The last equation of transversality is

[or [ I £ 0,
with the cells where the change of variables are defined being those where all the v?’(j D

positive or negative for j < q. The sign of vg’(qfl) separates each cell into two connected

(Ug),(o)’ ...,Ugf(l))) is, the signs of the b;’(jfl) may

be fixed or not. Assume that it is not fixed and let us change the sign of v?“ -b

-1 > 0. Since vo’(j) ~ M e have UO’(j) — 400 which
. j+1 "~ oG-m > We have v, w
J

re

components. Depending on the cell of in which

from positive

to negative. Let us first take bg

means that the space v?ﬁ) < 0 does not cross over. However, when taking bg"(j -b negative,
the opposite happens, meaning that in the end both U?ﬁ) < 0 and U?ﬁ) > 0 cross over. When

assuming that the sign of bg-)’(j g fixed, one then cannot connect all the parts of the cells into

two different connected components.

. . —1,(0 1,(g—2 . .. .
However, since it was assumed that (v? ©) U 7((1 ) was not in a ©-positive component, it
) 1 ) » Yqg—1 )

is possible the get into a different cell within the same connected component of the sub-maximal
U1 is no longer fixed. Furthermore,

O 0

flags. Doing this can always make it so that the sign of b?

(vrlz—l,(o) vl’(q_z)) does not change the signs of v?

switching the cell of s Uglq , meaning
that the connected component of the sub-maximal flags is split into two connected components
when adding the last equation.

IO La-2)

s Uglt ) is in a ©-positive component. The sign of

the b}7('j_1) are now all fixed. One then sees from switching the signs of the v?’(j Y that the

last equation split the component into ¢ + 1 connected components, two of which are positive.
Combining those two cases gives the result.

Let us now assume that (

bi'(o) > 0, b;‘m > 0, b.};(z) > Ojbjt'(g) >0

<0 v >0
0,(1) 0,(1 i 0,(1) 0,(1)
112( b <0 1!2( ) >0 fr.‘z'[ L0 1}2( ) >0
0,(2 0,(2 0,(2) 0,(2 0,(2) 0,(2) 0,(2) 0,(2
AP o | WP s0] P <o | P o | WP <o | BP0 | ST <o [P0
oy 0 [ s 0ol < ob 2 o]0 < [ s 0 ] <0 o s 0 [of < 0]l s o [P <o s 0 |0 2 g s o < g 00

+ 1

P|+P|B|+ PP+

F1GURE 3.7. The six connected component in a O-positive cell of the sub-
maximal flags in SOy(6,5). The components in pink and yellow are totally
positive.

O

Remark 3.31. This result was already known due to Gekhtman-Shapiro-Vainshtein, see [GSV03].
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Remark 3.32. When all necessary vectors are non-zero, the last equation of transversality becomes

@120V £ 0.

0,(0 0,(g—1 0,(0 0,(g—1
[Ul( )]2“.[1}[] (¢ )]2 ( )...vq (¢ )]

However, since = [v; 2. Let us define the map f: ug — R as

i 0)) — v?’(o)...vg’(q_l).

One may check that f is actually polynomial and thus may be defined on the whole ug,
regardless of the fact that the change of variables may sometimes be undefined. One then gets
that det(S) = f2, and that the sign of f splits Q(Fy) N Q(F.) into two groups of connected
components. In fact, this precisely gives the two connected components composing the groups
defined by the first (¢ — 1) equations of transversality which are not ©-positive.

3.7. Incomplete flags in SO¢(p, ¢). From the computations we have done we can deduce the
number of connected components of Q(Fy) N Q(Fx) C SOp(p,q)/Po where © is a subset of
the set of roots of SOg(p,q) which has not been already covered and p > ¢. In order to do
this, one only has to take the description of connected components in SOg(p, ¢)/P,... r where
k = max(©) and identify the connected components which are no longer separated by an equations

Q(U;-C_j G _1)) # 0. We will give a quasi-complete list of all the cases barring those involving the

biggest roots of SOg (g, ¢) which will require its own separate study.

Proposition 3.33. In Q(Fy) N Q(Fx):

e When © does not contain the biggest root and is not equal to {1,...,q — 1}, there are 2/°!
connected components determined by the signs of the significant minors of S.

o When © contains the biggest root, is not equal to {1,...,q} and p > q+ 1, there are
connected components determined by the signs of the significant minors of S except the
determinant of S itself which is always non-negative and does not add any connected
components.

o When © contains the biggest root, is not equal to {1,...,q} and p = q+ 1, there are 2lel
connected components determined by the signs of the significant minor of S except the
determinant of S itself which is always non-negative but split in two connected components
nonetheless.

210|—-1

Proof. Let us first suppose that © does not contain the last root and p > ¢q. Then © C {1,...,¢—1}
and the projection from Q(Fy 7" ") NQ(FL771) to QF) NQ(F2) obtained by forgetting the
subspaces whose dimensions do not belong to © is surjective. However since © # {1,...,q — 1}
there is jo € {1,...,¢—1}\0, and the alteration classes of matrices defined in are identified if
they differ only from their jo column. This identifies the two different classes of normalized striped
matrices having the same signs of all det;(U), showing that there are at most 2191 connected
components in Q(FY)NQ(FY). However since there are still |©| minors that have to be non-zero,
there are at least 2/l connected components, hence the result. ([

3.8. Maximal photons in SOy(q,q). We are only going to discuss partially the case p = ¢. In
this case, the group SOg(q, q) is split.

Proposition 3.34. The space of mazimal photons of Eing_q q—1 s the union of two connected
components.

Proof. The space Eing_; 4—1 is conformally equivalent to S9! x S9! and the maximal photons

are exactly the graphs of isometries f : S9! — S97! for the round Riemannian metric. The space

of isometries Isom(S?71) ~ O(g) is the union of two connected components, hence the result. O
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This stems from the fact the the root diagram of SOg(g,¢) has two highest roots, each
corresponding to a connected component of the space of maximal photons in SOq(q, q). We will
denote by P, and P(; the parabolic subgroups associated to those two roots.

Proposition 3.35. For each sub-maximal photon Q in SO¢(q,q)/Py—1, there exists a unique
pair of mazimal photons in SOg(q, q)/ Py % SOo(q,q)/ P, each containing Q.

Proof. Let @ be an isotropic sub-vector space in R?? of dimension ¢ — 1. The orthogonal of @ is of
dimension ¢ + 1 and is the orthogonal sum of @ with a space of signature (1,1), @+ = Q &+ R%%.
Taking an isotropic space of dimension g containing ¢ is equivalent to taking an isotropic line in
RU:1. There are exactly two isotropic lines in R, hence the result. O

In particular, P, and Pé may not be self-opposite, while every other parabolic space associated
with SOg(p, q) is self-opposite.

Proposition 3.36. The spaces SOo(q,q)/P; and SOo(q,q)/P, are self-opposite if and only if
q =0 mod 2.

Proof. Let Fy € SO¢(q,q)/P, be the graph of the identity map in S9=* for a conformal model
Eing_1,4—1 = S971 x S771. Two maximal photons in Eing_1,4—1 are transverse if and only if they
do not intersect. Any other maximal photon in Ein,_; ;1 can be seen as the graph of an isometry
g:S? ! — S971. When ¢ is odd, any direct isometry in SOg(q) must have a fixed point, meaning
that its graph in Eing_; 4—; must intersect Fj. Therefore any maximal photon transverse to Fy
must be within SO (g, q)/P;. Inversely, when ¢ is even, any maximal photon transverse to F
must be within SOq(g, ¢)/P,, hence the result. O

The question of counting and parametrizing connected components in Q(Fy) NQ(F) can then
only make sense when ¢ is even.

Proposition 3.37. When q is even, the subset Q(Fp) NQ(Foo) of SOo(q, q)/ Py has two connected
components.

Proof. As before, the equation of transversality is given by the determinant of the matrix 5,
det(S) # 0. However in SOg(q,q)/F,, all the aé and v§ are equal to zero and the matrix S is
skew-symmetric. In particular, when ¢ is even, det(S) is always non-negative. It is then well
known that the space det(S) # 0 is the union of two connected components determined by the

sign of the Pfaffian of S, hence the result. (]

4. OBSTRUCTIONS ON THE STRUCTURE OF Pg-ANOSOV SUBGROUPS OF SQOq(p, q)

The aim of this section is to answer a variant of a question by Sambarino regarding the
structure of Anosov subgroups.

Question 4.1. Let T be a Borel Anosov subgroup of SL(d,R). Is T wvirtually isomorphic to either
a free group of a surface group ?

In [DGR23|, Dey-Greenberg-Riestenberg generalize the arguments developped in [Dey24| to
any Pg-Anosov subgroup of a semi-simple Lie group G as long as Pg is self-opposite. Let Pg be
a parabolic subgroup of a semi-simple group G such that G/Pg is self-opposite. Let Fp, Fuo be
two transverse points in G/Pg. The unipotent radical Ug acts freely and transitively on Q(Fi),
which gives a parametrization g € Ug +— g - Fy. This parametrization of Q(Fy) endows it with a
continuous involution i inherited from Ug defined by i(g - Fy) = g~' - Fy. Since Fy is fixed by i
and i preserves transversality, the involution acts on Q(Fp) N Q(Fx) and on mo((Fp) N Fx)).

28



Theorem 4.2 (Dey-Greenberg-Riestenberg, [DGR23|). Assume that
WQ(Q(F@) n Q(Foo)) — WQ(Q(F@) N Q(Foo))

does not have any fized point. Then any Pg-Anosov subgroup of G is virtually isomorphic to
either a free group or a surface group.

Our aim is to compute the action of the involution on the connected components of Q(Fp) N
Q(F) for any parabolic subgroups Po of SOg(p, ¢), to answer positively to Question (when
replacing SL(d, R) with SO(p, ¢)) when possible and to provide counter-examples in some other
cases.

4.1. Computing the involution. In order to parametrise the space Q(F) in SOo(p, q)/Pi.... ks
we used the diffeomorphism from ug to Ug,

(0F1 . 0D) € ug — exp(Ar(vF ). exp(Ax(v))) - Fo € SOo(p, q)/Pr... k-
We wish to compute the effect of the involution on the coordinates in ug. For each (vF~1, ... v9)
in ue, there exists an element (i(v¥~1),...;i(v})) in ug such that

[exp(Ar(vy ™). exp(Aw(v))] ~H = exp(=Ag(1R))... exp(— A1 (v1 ™))
= exp(A1(i(vf 1)))... exp(Ak (i(v}))).

We will write
iy = (i(ay™h), iad),i(0D), i (by), - (B T)),

i(vlifl) = (i(allcq)» i(vgfl)v i(bllcfl)%
i(vp) = i(vp).

Proposition 4.3. The involution on ug is as follows :

k—i—j

( = —a =+ Z Z+l ]+l)
( = _U? + ZZ ]+l J-‘rl

(b)) = —bi — Q(vl, v)) Z a5~ i) ).

Proof. This is a straightforward computation. Of particular note is that the involution acts by
transposition on the matrix .S, providing further evidence that i preserves the transversality to
Fy. O

4.2. (1,...,k)-flags in SOy(p,q). As explained in proposition the connected components
of Q(Fy) N Q(Fw) in SOy(p,q)/Pr,... .k, k < g — 1 are determined by the signs of the successive
upper-left minors of S. Since the involution acts on S by transposition, those minors are left
unchanged and every connected component of Q(Fp) N Q(F) is preserved by the involution.

Proposition 4.4. When © = {1,....,k} and k < g — 1, the action of i on wo(2(Fo) NN(F)) s
trivial.
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4.3. (1,...,q — 1)-flags in SOq(p,q). In order to compute the action of ¢ on the connected
components of Q(Fy) N Q(F), one only has to exhibit one element of each connected component
on which the involution is easily computable. Let us first assume that for each ¢, 7, a’ = 0.

We deduce from the formulas of the change of variables that for each i, j, m, az.’(m) = O. This

implies that for each j, Q(v] k=3.0= 1)) Q(vf_j_l’(j_l)) =..= Q(v?’(j_l)). Since only the signs

of Q(’Ulf L )), Qv 5 ) )5 - Qv 0. (q 3 ) are fixed, it is possible to find a cell of any connected
components determined by the ﬁrst q — 2 equations in which all the aé are equal to zero. Since
the ©-positive connected components are never stable by the involution, we will not discuss them.

As the involution preserves to signs of the upper-left minors, and since all the a; are equal to
zero, it must also preserve each equation set (Q(U?’(]_l)) # 0). Let us determine the action of
the involution on its connected components.

Proposition 4.5. For each j, the action of I on (Q(v?’(j_l)) # 0) always sends the space
component on itself. When j is even, the future and past components are preserved. When j is
odd, the future and past components are exchanged.

q—2
Proof. For j = 1, the result is clear since i(v)) = —v9. For j = 2, we have vg’(l) =] + éb( 7y v ¢
Let us take v = 0. Since the involution acts by #(b?"?) = —b?% — Q(v9,49), we now have
i(b97%) = —b772. Since i(v)) = —vY, this gives us i(vy My = vy ‘(M hence the result.
Let us take v) = 0 and b}, = 0 for each ¢ even. For j = 3, we have
-3 q—3,(1)
0,(2) _ 0 Zb(f 0, 2by 0,(1)
v =v3+ vy + v
’ QW) T Qi)
Since v = 0 and by ~® = 0, we have
—2;9-3
pa—3 () _ 2607
2 - )
Q(v7)
as well as vg’(l) = éb(vo)vl This gives us
0@ _ o W i
° QM) Q)
.y
B hi btain that wh 001 - T 062 4g
y repeating this process, we obtain that when j is even, v; mvj 1 an

0,(j—1)

when j is odd, v; = U?. This gives us the intended result. O

The first ¢ — 2 equations of transversality split Q(Fp) N Q(Fs) into 292 groups of connected
components. When all relevant variables are non-zero, the last equation of transversality is

QoY Qg ™M), .., Q4 # 0.

The sign of the determinant of S once again splits each of the 2972 groups into two groups.
Finally, as proven in the parity of the number of timelike vectors in the v; (0), e vSf‘{_Q)

which are in the future cone splits each of these groups into two connected components.

Proposition 4.6. Among the 3 x 2971 connected components in Q(Fy) N Q(F, the 2971 O-
positive components are all exchanged, 2971 of the remaining components are exchanged and the
rest is stable by 1.
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Proof. Assume that q is even. The involution thus acts on ( 0 (q 2 #0) by exchanglng the past

and future parts. Let us chose the vectors v? (0)7 . 2 473 The choice of vq { =) determines

three connected components. If the parity of the number of future vectors among the timelike

vectors of the vo’(o), . 2 (g 3) is unchanged by the involution, the component where vg a= 2)

spacelike must be sent to itself and the two components where vq’((f 2 i past and future must be

sent to each other. Since ¢ is an involution, the fourth connected component must be stable by i.
If the parity of the number of future vectors among the timelike vectors of the v (0), . vofgfg)

Vg
is changed by the involution, the component where vgfg_z) is spacelike must not be stable by the

involution while the two components defined by vgf‘i_Q) past and future are. This tells us that

half of the non-positive components must be stable by ¢ while the other must be unstable, hence
the result.

Assume that ¢ is odd. The involution thus acts on (vg’_(gfz) # 0) by preserving the past and
future parts. If the parity of the number of future vectors among the timelike vectors of the

v(l)’(o), . vgf%_s) is unchanged by the involution, the three components given by the choice of

must be preserved by .. If the parity of the number of future vectors among the timelike
Vectors of the v; 0.0 vg’_(gfg)

(4=2) st not be stable by 4. This gives us the result. ([

is changed by the involution, the components given by the choice
of qu

Remark 4.7. In particular, there always exists at least one connected component which is stable

by involution. The component where all the vO =D are spacelike is of particular interest as it is
easy to exhibit antipodal spheres of higher dlmenswns contained inside. Let us take all a? s b;

equal to zero and embed RP~9+1.0 iy RP—4+L.1 45 5 positive sub-vector space. The map
@ v €RPTIT 5 exp(A1(v))...exp(A,—1(v)) - Fo

satisfies that for each distinct pair v,v’, the elements ¢(v) and @(v') are transverse. Adding Fi,
as the point at infinity gives us an antipodal sphere of dimension p — ¢ + 1. It is not known to us
whether this sphere may be realised as the boundary of a P . 4—1-Anosov subgroup, except when
g = 2 where those are the boundaries of fuchsian representations of uniform lattices of SOy(p,1).

Remark 4.8. When considering the complete flags of photons SOq(p, q)/Pi....,q for p > g +1, since
the last equation does not change the count of the connected components, the computation of
the involution remains the same.

4.4. Maximal photons in SO((¢+1,¢q). Let us compute the involution for the space of maximal
photons SO¢ (¢ + 1, ¢)/P,. The space of complete flags of photons will be discussed at the end of
the section.

Dealing only with the maximal photons is formally equivalent to taking all the aé. equal to zero,
which brings us back to proposition The equation of transversality is given by f2 # 0, where
f is defined in remark and the two connected components of Q(Fp) NQ(Fu) are determined

by the sign of f. When all necessary vectors are non-zero, f is equal to UO (0) ..vg’(q_l). The same

reasoning as in tells us that depending on the parity of 7, ( 0. 1) < 0) and (v?’(jfl) > 0)
are either preserved or sent to each other. One may easily determme in which case the sign of f
is reversed and in which case it is invariant.

Proposition 4.9. When g =1 or ¢ =2 mod 4, the two connected components of SOo(q+1,q)/P,
are swapped by i. When ¢ =3 or ¢ =0 mod 4, the two connected components of SOg(q+ 1,q)/P,
are stable by 1.

From this we may deduce the following theorem using Theorem
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Theorem 4.10. Assume that g = 1 or ¢ = 2 mod 4 and let I be a Po-Anosov subgroup of
SOo(qg+1,q) where © contains the last root. Then T is virtually isomorphic to either a free group
or a surface group.

This applies in particular to Borel-Anosov subgroups of SOg(g + 1, ¢); however this result was
already known due to Dey (|Dey24]).

4.5. Maximal photons in SOq(q, q). As stated in proposition when ¢ is even, the space
Q(Fp) NQ(Fi) is the union of two connected components. Since all a} and v} are equal to zero,
the involution becomes i(b}) = —bf.

Proposition 4.11. When ¢ = 0 mod 4, the two connected components of Q(Fy) N Q(Fu) are
stable under the involution. When q = 2 mod 4, the two connected components of Q(Fp) NQ(Fuo)
are swapped by the involution.

Proof. The two connected components are determined by the sign of the Pfaffian of S. The effect
of the involution on S is i(S) = —S. When the size of S is equal to 0 mod 4, Pf(—S) = Pf(S5)
while when it is equal to 2 mod 4, Pf(—S) = —Pf(S), hence the result. O

Using Theorem we obtain the following result:

Theorem 4.12. Assume that ¢ = 2 mod 4 and let T' be a P;©-Anosov subgroup of SOy(q, q)
containing one of the two last roots. Then I is virtually isomorphic to either a free group or a
surface group.

5. CONSTRUCTING HIGHER DIMENSIONAL ANOSOV SUBGROUPS

This section will be dedicated to the construction of Pg-Anosov subgroups of SO¢(p, ¢) which
are not virtually isomorphic to a surface group or a free group for some of the © which do not
fall under the assumptions of Theorems [4.12] or ?7.

Lemma 5.1. Let Pg C SOq(p, q) be a parabolic subgroup and let x, 2~ be two transverse points
in SOo(p,q)/Ps. Then there exists § € SOg(p,q) such that (§) is Po-Anosov with boundary

{z*,27}.

Proof. Since 7 and x~ are transverse, they can be completed into two transverse complete

flags 2+, 2= € SO¢(p,q)/P1....q- We thus have z¥ = (Fli,...,Fqi) with F,” @ F;" ~ R% for
each i. Let us decompose orthogonally F~ & F;’ = R%’l D ... D R}I’l such that for each i,
FroF = R%’l D... @Ri’l and let V = (F & Fq‘*‘)L. Finally, let 0 be the transformation acting

trivially on V' and
AL0
5|]R,}’1 = ( 0 )\*i ) )

with A > 1. The subgroup (6) is P .._,-Anosov with boundary {xj7 F} in SOo(p,q)/Pr1,... q-
In particular, (§) is also Po-Anosov with boundary {z*,z~}, hence the result. O

Proposition 5.2. Let Pg be a parabolic subgroup of SOo(p,q), T' a Po-Anosov subgroup of
SOq(p, q) and T, 2~ two points of SOg(p, q)/Pe which are transverse to each other and such
that for all y € OT C SOu(p, q)/Pe, * and y are transverse. Let § € SOq(p,q) associated to x™
and x~ by the previous lemma. Then there exists a finite index subgroup TV C T and k € N such
that (I, 6%) is Pg-Anosov and isomorphic to the free product T" 7.
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Proof. This is a direct application of a result by Dey and Kapovich (|DK23|, |[DK24]). Since z™
and x~ are transverse to the whole boundary of I', there must exist pairwise transverse compacts
B, At, A= such that OT C B and z* € A*. Since A% is transverse to O, there exists C' > 0
such that if v € T satisfies |y| > C, v - AT C B, thus there exists a finite index subset IV C T
such that for all non trivial v € I, v - A* C B. Inversely, there exists k such that 6* - B ¢ At
and % - B C A~. By applying the result from Dey and Kapovich, we then get that (I, §*) is
Po-Anosov and isomorphic to I  Z. O

Remark 5.3. When T is a surface group, any finite index subgroup I'V C T is also a surface group.

Since the free product of a surface group with 7Z is not virtually isomorphic to either a surface
group or a free group, this means that in order to construct a suitable Pg-Anosov subgroup one
only needs to finds a Pg-Anosov subgroup I' isomorphic to a surface group and two transverse
points ™ and 2~ in SOy(p, q¢)/Pe which are transverse to the boundary of T.

Proposition 5.4. Let Pg = Py .. 42 be the stabilizer of a sub-sub-mazimal flag of isotropic
spaces in RP9. There exists a Pg-Anosov subgroup of SOg(p, q) which is isomorphic to the free
product of a surface group and a cyclic group.

Proof. Let T' be a O-positive subgroup of SOp(q¢ — 1,¢ — 1). Since the Borel subgroup of
SOp(q — 1,q — 1) is the stabilizer of a sub-maximal flag of isotropic spaces in RI~%471 the
inclusion I' C SOg¢(g — 1,¢ — 1) C SO¢(p, ¢) with p > ¢ gives a Pi 4_2-Anosov subgroup of
SOo(p, q). For each k < g — 2, let m : SOo(p,q)/P,....q—2 — SOo(p, q)/ P be the projection on
the k-th factor. Let z¢ and z be two distinct points in OI'. In the affine chart of Ein,_; 41
defined by m1(€(z0)) and 71 (§(2x)), the image of m o £ is contained within a sub-vector space V
of RP~14~1 of signature (p — 2, q — 2). Furthermore, depending on whether ¢ is even or odd, all
the elements of the image are of positive or negative norm. Let :Cf and ] be two elements of
the orthogonal of V such that 7 = —2] and of the same sign as the image of m; o £. For each
x € 9T, z7 is transverse to m (£(x)).

Let us consider the set of flags of affine isotropic spaces in RP~14~1 of dimension 1,...,q — 3
containing z*. Since the intersection E of the isotropic cones of % and z, is a copy of
Ein,_s 42, this space can be identified with SOg(p, q)/ P, 4—3, and since z* is orthogonal to
V', the boundary of V in the isotropic cone of x, is contained within . We can then do the
same procedure in the affine chart of E defined by m2(£(2)) and ma(€(zg)) to get two flags

(xli, . x;EQ) which are transverse to each other and transverse to the image of £. This yields the
result via proposition [5.2 ([

Remark 5.5. Tt is actually not necessary to take a finite index subgroup of I'. For each v # e in T,
the set O, of points = in SOq(p, ¢)/Pe which are transverse to -y -  is an open and dense subset
of SOy(p, q)/Pe. Since I is countable, the set ﬂ,#e O, is still dense, meaning that up to a small
perturbation of 27 and = one may assume that they are both in ﬂv “e O,. We may then take
B to be the reunion of a small compact containing I' and of small enough compacts containing
the - 2%. There is only a finite number of those compacts which are not contained within the
compact containing OI', thus B is also compact. We then get that A* and B are transverse to
each other, hence the result.

Remark 5.6. Iterating this procedure allows one to construct a P, . 4—2-Anosov subgroup which
is isomorphic to I' x F,, for each n. Indeed, theorem A from |[DK23| tells us that the boundary of
I' % Z is contained within B U A*; by taking A* small enough, it is possible to find another pair
of transverse points transverse to B U A* and thus to the boundary of T' % Z. The result follows
by repeating the process for I' * F},_.
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