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Abstract

This work introduces an on-the-fly (i.e., online) linear spectral unmixing method which is able to sequentially analyze spectral
data acquired on a spectrum-by-spectrum basis. After deriving a sequential counterpart of the conventional linear mixing model,
the proposed approach recasts the linear unmixing problem into a linear state-space estimation framework. Under Gaussian noise
and state models, the estimation of the pure spectra can be efficiently conducted by resorting to Kalman filtering. Interestingly,
it is shown that this Kalman filter can operate in a lower-dimensional subspace to lighten the computational burden of the overall
unmixing procedure. Experimental results obtained on synthetic and real Raman data sets show that this Kalman filter-based
method offers a convenient trade-off between unmixing accuracy and computational efficiency, which is crucial for operating in
an on-the-fly setting. The proposed method constitutes a valuable building block for benefiting from acquisition and processing
frameworks recently proposed in the microscopy literature, which are motivated by practical issues such as reducing acquisition
time and avoiding potential damages being inflicted to photosensitive samples. The code associated with the numerical illustrations

reported in this paper is freely available online at https://github. com/HKouakou/KF-0SU.
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1. Introduction

Spectral (or hyperspectral) imaging is a widely used mea-
surement technique thanks to its ability to provide rich informa-
tion about sample optical properties at different wavelengths.
Applications arise in many domains ranging from pharmaceu-
tics [1, 2] where it can be used for checking the authenticity of
drugs [3] to medicine [4-7], e.g., in order to detect diseases [7].
However, a common issue inherent to hyperspectral imaging is
data analysis as mixed spectral pixels most often contain the
contributions of several primary components constituting the
sample under study, referred to as endmembers or pure spec-
tra (PS) in the literature. Hence, one ubiquitous task associ-
ated to hyperspectral data consists in extracting these PS with
their respective concentrations for each acquired spectral pixel.
This process is called spectral unmixing (SU) [8] or multivari-
ate curve resolution in the field of chemometrics [9].

Since the introduction of spectral mixture analysis in the
1970s, many SU algorithms have emerged. Under a linear mix-
ing model (LMM), estimating the PS and their respective con-
centrations in each measured spectral pixel amounts to solv-
ing a nonnegative matrix factorization (NMF) problem [10].
NMF involves decomposing a matrix into a product of two non-
negative matrices. For spectral data, these two matrices contain
the PS profiles and their respective concentrations.

*This work has been supported by the ANR IMAGIN Research Project un-
der grant agreement ANR-21-CE29-0007.
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A well-known method for solving the SU problem is mul-
tivariate curve resolution-alternating least squares (MCR-ALS)
[9, 11], which formulates SU as a bilinear least-squares prob-
lem. This algorithm is based on the simple observation that,
even though SU is a (jointly) nonconvex problem, it becomes
(separately) convex when either the PS or the concentrations are
kept fixed. MCR-ALS thus proceeds iteratively, by fixing one
of those unknown matrices and solving the (easier) subproblem
of minimizing the least-squares criterion only with respect to
the other one, until some stopping criterion is met. Each sub-
problem is solved taking into account specific physically-driven
constraints on the PS (e.g., nonnegativity, unimodality) and/or
on the concentrations (e.g., positivity, sum-to-one).

Other works have proposed to formulate SU within a
Bayesian framework. Such Bayesian methods rely upon pos-
tulating some prior distributions for the PS and for the concen-
trations, which are carefully chosen to incorporate the problem
constraints. Then, given the measured observations, the pos-
terior distributions of the unknown quantities (PS and concen-
trations) are determined. In practice, no closed-form expres-
sion of the Bayesian estimators can be derived and computa-
tional methods must be implemented. For instance, Markov
chain Monte Carlo methods are used to approximate these esti-
mates by empirically averaging samples drawn from the result-
ing posterior distribution of interest [12—14]. Another family
of methods resorts to variational Bayesian inference to approx-
imate this posterior by a simpler, instrumental distribution from

November 8, 2024


https://github.com/HKouakou/KF-OSU

which closed-form expressions of the Bayesian estimates can
be derived [15, 16].

Another class of methods, mainly motivated by geometric
considerations, has also been developed. These methods can be
divided into two groups, according to whether they rely or not
on the assumption that at least some of the measurements are
not mixed, but rather contain the sought PS. Under the LMM
and a sum-to-one constraint on the concentrations, the observed
spectra are convex combinations of pure spectra. From a geo-
metric point of view, this means that those spectra lie within a
simplex whose vertices are the PS, which are sometimes avail-
able among the collected data. A well-known algorithm which
makes this assumption is vertex component analysis [17]. This
latter algorithm iteratively finds PS by projections onto ran-
dom axes orthogonal to the subspace spanned by the already
extracted PS, so that the next PS is set as the observation with
the maximal projection coeflicient in absolute value. Other al-
gorithms that rely on the observation of PS are the successive
projection algorithm [18], pixel purity index [19] and N-finder
[20]. However, this rather strong assumption is not fulfilled
in many real-world scenarios. Therefore, other methods seek
instead the simplex with the minimum volume enclosing the
observations, without assuming the presence of observed PS.
Among them, one can cite minimum volume enclosing simplex
[21], minimum volume simplex analysis [22], simplex identifi-
cation via split augmented Lagrangian [23] and minimum vol-
ume constrained nonnegative matrix factorization [24].

Regardless of the used algorithm, SU performance obvi-
ously depends on the quality of the data acquisition procedure.
Acquiring high-quality data comes with its own challenges: of-
ten it is quite (or even prohibitively) time-consuming, and in-
volves long exposure to high-power excitation signals, thus po-
tentially inflicting damages on biological samples. To address
these challenges, innovative acquisition protocols have been re-
cently developed [25, 26] to target only essential spectral pixels,
which are loosely defined as the most dissimilar spectral pixels
of an image [27, 28]. In [29], those essential spectral pixels
are found by identifying the convex hull of the collected data
cloud in a subspace of reduced dimensionality which is deter-
mined via principal component analysis (PCA). Yet, PCA re-
quires first acquiring a sufficiently large batch of pixels, which
may be somehow limiting. Instead, Coic et al. have proposed to
extract the essential spectra in the Fourier domain [25], by com-
puting the convex hull within phasor plots [30, 31]. This strat-
egy has shown to be well suited to a spectrum-by-spectrum ac-
quisition approach based on the relevance of the collected sig-
nal profiles (i.e. whether they are essential spectra or not). This
highlights the increasing need to be able to carry out on-the-fly
(i.e., online) unmixing to update PS estimates after each new
measurement. However, to the best of the authors’ knowledge,
none of the above spectral unmixing methods allows process-
ing spectral pixels in an on-the-fly fashion with a reasonable
computational cost compatible with operational requirements.

To satisfy this very current need, this work presents an
on-the-fly unmixing method based on the Kalman filter (KF)
[32]. The estimated PS are updated through the KF each time
a new measured observation is available. Aiming to reduce the

computational cost of the estimation algorithm, this KF-based
method is implemented in a lower-dimensional subspace. Still,
we show how nonnegativity of the estimated PS in the original
data space along the algorithm iterations can be ensured by a
dedicated strategy, which draws inspiration from the archety-
pal analysis [33] to formulate this task as a constrained regres-
sion problem. Interestingly, the proposed procedure can also
be granted with an optional subspace tracking step. This step
dynamically accounts for substantial variations of the data sub-
space occurring, e.g., when a newly acquired measurement is
likely composed of an additional PS. Numerical experiments
conducted on synthetic and hyperspectral real Raman data sets
demonstrate the ability of the proposed method to estimate PS
on-the-fly while showing comparable results with state-of-the-
art offline unmixing algorithms.

The remainder of the paper is organized as follows. Section
2 presents some related works to the general problem of source
separation when the measurements may be delivered or pro-
cessed sequentially. Section 3 recasts the conventional LMM
in an on-the-fly setting, yielding the so-called on-the-fly LMM.
The proposed algorithm to estimate the parameter of this on-
the-fly LMM is described in Section 4. Experimental protocols
relying on synthetic and real data sets are presented in Section
5. Results and discussions are reported in Section 6, while Sec-
tion 7 concludes the paper.

2. On-the-fly spectral unmixing: related work

The problem of on-the-fly SU tackled in this paper can be
framed as a source separation task that should be performed
along the acquisition process, i.e., for processing a data stream
comprising spectral data that are provided sequentially on a
spectrum-by-spectrum basis. Online! source separation has in
particular been applied with the objective of signal denoising,
that is, for removing noise from the signals of interest mea-
sured in real-time, e.g., to suppress artefacts originating from
eye movements when measuring electroencephalogram signals
[34]. Several online algorithms based on independent compo-
nent analysis have been proposed to solve this problem, see
[35, 36]. Independent component analysis relies on the assump-
tion that the measurements are linear combinations of statisti-
cally independent sources. Although the linearity hypothesis is
relevant in the context of this work, the assumption of statistical
independence between the sources (here, the concentrations) is
generally not fulfilled.

Source separation has also found applications in Gamma-
ray spectroscopy for radionuclide detection [37-39]. The au-
thors in [39] recently proposed a method for performing this
task in real time using a series of short-term measurements on
the aerosol sample being analyzed. Although their approach is
built upon the LMM, it includes a prior imposing that the con-
centrations of two consecutively processed observations must

I'The term “on-the-fly” used in this paper refers to the ability of updating the
PS estimate once a new measurement or a batch of measurements is available.
This is rather referred to as “online” in the signal processing literature. Both
terms are used indistinctly from now on.



be close, which is not justifiable within our setting. Indeed, in
our context the spectral pixels acquired between two succes-
sive measurements can be highly dissimilar, resulting in highly
variable concentrations.

Online NMF and online dictionary learning (DL) define an-
other class of methods for online source separation, where the
basis vectors (that would stand for the PS in the context of SU)
are updated after each new observation is recorded. Several on-
line NMF and DL algorithms exist in the literature, including
the ones described in [40—43]. These algorithms update the ba-
sis vectors from matrices containing information on previously
estimated mixing coefficients (i.e., concentrations) and past ob-
servations, which are thus sequentially updated and stored. The
algorithm proposed in [40] can be interpreted as an online coun-
terpart of the one previously introduced in [44] as it comple-
ments the conventional NMF objective function with an addi-
tional sparsity-inducing regularization accounting for any devi-
ations (i.e., outlier) from the conventional bilinear model gener-
ally adopted to describe spectral mixtures. In [41], the authors
depart from the minimization of a standard quadratic cost to
derive online instances of Itakura-Saito NMF [45] well suited
to analyze audio signals. The seminal work of Mairal et al.
[42] aims at adaptively learning a basis set from a data stream
to perform sparse coding. Their optimization procedure is fur-
ther improved in [40] to reach a better algorithmic convergence
rate based on a robust stochastic approximation of the objective
function, at the price of generating random samples over the
probabilistic subspace spanned by the observations. Unfortu-
nately, in their canonical implementations, all these methods do
not perform any dimensionality reduction of the measurements
before processing, which poses a complexity issue when deal-
ing with high-dimensional hyperspectral data. Moreover, the
robust and non-quadratic cost functions considered in [41] and
[45] significantly deviate from the conventional bilinear model.
More interestingly, the computationally lightest instance of on-
line DL introduced in [42] shares some strong similarities with
the approach described in the sequel of this paper. We will re-
turn to this point later in Section 4.6. However, it turns out that
the online DL scheme of [42] performs poorly in the particular
context of on-the-fly SU targeted in this work due to an inap-
propriate update rule, as we will discuss ahead.

Finally, it is worth mentioning that online unmixing has also
received attention in recent years to process multi-temporal hy-
perspectral images acquired over the same scene at different
time instants. In this context, online SU aims at estimating
the PS as well as the concentrations each time a new image
is acquired in order to identify possible variations in terms of
PS and concentrations over the scene [46—49]. These methods
are clearly not adapted to the context of SU of data delivered
according to a spectrum-by-spectrum acquisition protocol, as
they require acquiring the entire hyperspectral image at each
time step.

3. On-the-fly formulation of LMM

Before delving into the problem statement, the notations for
the key quantities used in the core part of the manuscript are

summarized in Table 1. Moreover, in what follows, 1x € RXx!
denotes a column vector composed of ones, ® stands for the
Kronecker product, S| = card(S) is the number of elements in
the finite set S.

Table 1: Summary of the symbols used in this article.

Symbol Description
KeN Number of pure spectra (PS)
LeN Number of spectral channels
LeN Dimension of the lower-dimensional space
NeN Number of measurements
teN Time/measurement index
Pcil,..., N} Set of indices of the archetype spectra
Y € RYXE Matrix of the N measured spectra
Yo e R Matrix of the first # measured spectra
y, € REX! Measured spectrum at time ¢
y, € R Lower-dimensional representation of y,
Yp e RLP‘XL Matrix of the archetype spectra
Yp € RPIHL Matrix of the lower-dimensional representation of Y
C e RYK Matrix of the N concentration vectors
C e RXK Matrix of the first # concentration vectors
¢, € RIX1 Vector of the concentration associated with y, and y,
H, e ]fo“( Matrix representation of the concentration vector ¢,
H, e REXZK Matrix representation of the concentration vector ¢, (lower-dimensional space)
S e RXK Matrix of the PS
s € RLKXI Vector representation of the PS matrix S
§, € REXK PS matrix estimate at time 7 (unconstrained, lower-dimensional space)
.§,+ € REXK PS matrix estimate at time ¢ (constrained, lower-dimensional space)
5‘, € REXK PS matrix estimate at time 7 (unconstrained, data space)
S: € RPK PS matrix estimate at time 7 (constrained, data space)
S[k] € REX! kth column of S corresponding to the kth PS
o2 eR, Process noise variance
o2 eR, Observation noise variance

3.1. Linear mixing model

This work addresses the problem of on-the-fly SU under the
LMM, which assumes that each measured spectrum, that is to
say each observation, is a linear combination of some unknown
PS. The PS and their concentrations in each measured spectrum
are supposed nonnegative. Moreover, this work considers also a
sum-to-one (closure) constraint imposed on the concentrations.
It is worth noting that this constraint can always be satisfied by
the data after an appropriate normalization [50]. Assuming that
the image to be acquired is composed of N measured spectral
pixels, after a standard unfolding procedure, the LMM writes

Y =CST +E, (1

where ¥ € R contains the full set of N L-dimensional
spectra, C € RY*X is the concentration matrix where the nth
row contains the K concentrations associated to the nth pixel,
S € RE*K contains the K unknown pure spectra and E € RV*E
is an additive white Gaussian noise matrix which models mea-
surement noise and/or mismatches with respect to the LMM.
The number of spectral channels is denoted L, and the number
K of PS is assumed to be known a priori. Moreover, the ma-
trices C and S are nonnegative, i.e., they are composed of non-



negative elements, and the sum-to-one constraint is imposed on
the concentrations as Clg = 1y.

3.2. On-the-fly linear mixing model

In an on-the-fly micropscopy setting, the spectral pixels
composing the full scene are acquired sequentially and should
be processed on a spectrum-by-spectrum basis. Without loss
of generality but to ease the presentation, one can assume that
the spectral pixels are arranged in the matrix ¥ = [y,...,yy]7
according to their order of acquisition, i.e., the vector y, € Rﬁ
defining the tth row of Y corresponds to the tth acquired spec-
trum (¢t = 1,...,N). Given a current estimate S,_l of the PS
recovered from the set of (¢ — 1) acquired spectra Y, =
[y(,---,¥,1]17, one seeks to update it as soon as a new spectral
pixel y, is acquired such that S, tends to the true (but unknown)
PS matrix S. A possible approach would consist in using any
offline SU method each time a new spectral pixel y, is avail-
able. Doing so would give an estimate S; of the PS based on the
whole set of pixels Y., acquired so far, such that Y., = C S,S',T
with C<, = [c1,...,¢]T and ¢, € R’f. Yet, this scheme would
exploit all available spectra to recompute an estimate at each
instant ¢ “from scratch,” which is not suitable for an on-the-fly
approach because of the underlying computational burden. This
naive strategy will be considered in Section 5 when comparing
the proposed method to conventional unmixing algorithms. A
question that arises is thus how to efficiently compute the PS
estimate at instant ¢ based on the information already available,
i.e., exploiting the current estimate at instant # — 1. One natural
way of tackling this challenge is to define the PS matrix S; asso-
ciated with the set of ¢ measurements Y, as a random (matrix-
valued) variable evolving according to S, = fi(S,-1) + V;, for
some suitable function f;(-) and an appropriately defined ran-
dom variable V,. According to this formulation, an estimate of
S;-1 can be leveraged as a prior information for estimating S;,
together with assumptions on f;(-) and on V,.

In this paper, we model the evolution of S, as a random walk
without drift, i.e., f;(-) is assumed to be the identity function and
V, is a random matrix with zero-mean entries. This implies that
S; is distributed around S,_;. More specifically, one adopts the
following on-the-fly formulation of LMM

St = S[_l + st (2)
Y. =8 +ey, 3)

where (V,);; H A, o2), e, ~ N(0,02 1) and I, is the iden-
tity matrix of size L. The variance o2 can be interpreted as the
uncertainty level associated to the PS estimate S, with respect
to the previous estimate S,_; as a new spectrum y, arrives. The
on-the-fly LMM defined by Eq. (2)—(3) states that the spectrum
¥, depends on the PS matrix S; according to the conventional
(static) LMM, and this PS matrix evolves according to a recur-
sion. On-the-fly unmixing can then be formulated as the updat-
ing of a previous PS estimate Sii given a new acquired spec-
tral pixel y,. This can be achieved within a Bayesian framework
by deriving the (conditional) probability density function of S,
given yy,...,Y,. This approach is detailed in the next section.

4. The proposed on-the-fly spectral unmixing algorithm

4.1. Sequential estimation of pure spectra

For the sake of simplicity, this subsection assumes that the
concentrations ¢, € Rf are known; their estimation will be
addressed later in Section 4.4. Moreover, the proposed on-
the-fly LMM is vectorized by stacking the columns of S; and
V, after applying the vec(-) operator. By using the identity
vec(S,¢;) = (¢] ® I)vec(S;) = H,s,, the on-the-fly LMM de-
fined as in (2) and (3) becomes

St = 81tV 4)
Yy, =Hs; +e, ®)]

where s, € RFX (resp., v,) is the vectorized counterpart of S,
(resp., V,) and H, = ¢] ® I} € RY*EK. The posterior distribu-
tion of the unknown PS s, then writes

P Y <) o p(y Isy) p(sidY <i—1).

Given the Gaussian nature of the noise term v, and the error
term e, this posterior is also a Gaussian distribution N (u,, X;),
thus fully defined by its mean pu, and covariance matrix X,.
After each new measurement y, is recorded, these parameters
(u,, X;) can be recursively and explicitly computed from the pre-
vious parameters (¢,_,, X;—;) according to updating rules speci-
fied by the Kalman filter (KF), as detailed in Algo. 1. More pre-
cisely, the KF updates the conditional mean u, and covariance
matrix X, at each time instant ¢ following two steps, namely
prediction and update. The prediction step calculates the pre-
dicted covariance matrix X,_i, of the distribution p(s;|Y<—1) =
N8 -1, E-1p). Once a new spectrum y, is available, the
mean and covariance matrix are updated. This KF scheme is
known to be optimal in the mean-square-error sense [32]. Be-
sides, at each time instant ¢ of the KF (i.e., after each new mea-
surement is collected), it allows a Bayesian estimator to be com-
puted. For example, the minimum mean-square-error estimate
boils down to the posterior mean u,.

At this stage of the estimation process, two important short-
comings should be discussed. First, the steps of this algorithm
can be, in practice, quite costly for spectra typically featuring
hundreds or thousands of spectral variables. Thus, it is imper-
ative to perform dimensionality reduction before executing the
KF to make it feasible for on-the-fly SU. Second, in its canon-
ical implementation, this KF-based unmixing procedure does
not ensure the nonnegativity of the PS. The two next sections
show that this estimation procedure can be carefully adapted
to tackle these two challenges, i.e., reducing the computational
cost via a dimensionality reduction and ensuring the nonnega-
tivity constraint inherent to the PS.

4.2. Kalman filtering in a lower-dimensional subspace

As stated in the introduction, several approaches can be
considered in order to perform dimensionality reduction. Cer-
tainly, the most popular approach consists in deploying PCA.

2Note that Z; is guaranteed to be invertible since it is the sum of a positive
semi-definite matrix H,X,_,H, ,T and a positive definite matrix 0'31 L.



Algorithm 1: KFUpdate
Input

: Newly acquired spectrum y,, posterior mean
H,_; and covariance matrix X,_; at time
instant (f — 1), observation matrix H;,
uncertainty level o-%, model noise variance o
/| Predict the prior covariance matrix

1 Z,_l/z —X 1+ O’%IKL
/| Compute the innovation

2y, —Hp,

/| Compute the innovation covariance

3 Z, — HZEI,I/ZH;I- + O'gIL
/| Compute the optimal gain®

4 K, <X,  HZ!

/| Update the posterior mean

5 My pyy + Koy
/| Update the posterior covariance matrix

6 X — (I - K:H)X, 1,

Output: Posterior mean y, and covariance matrix X, at
time instant ¢.

2
e

One possible alternative capitalizes on the study conducted in
[25], which demonstrated the suitability of the Fourier domain
for identifying the essential spectral pixels. In what follows,
for the sake of generality, this dimensionality reduction will not
be prescribed. Instead, we will refer to a generic linear opera-
tor DR : R — R’ which performs dimensionality reduction
according to

¥, =DR(y), (6)
where y, € RL (with L <« L) denotes the lower-dimensional
representation of the pixel spectrum y, € RE. It is worth noting
that the use of the tilde character ~ refers to the corresponding
quantity expressed in the target lower-dimensional subspace.
Thanks to the linearity of the operator DR(-), the on-the-fly
LMM (4)-(5) can be rewritten in the lower-dimensional sub-
space as

§; =581 17, @)
y, = i{tgt +é, ®)

with H, = ¢] ® I;. In Algo. 1, which remains unchanged, the
KF can then be directly applied to the lower-dimensional repre-
sentation ¥, instead of y,.

Besides, one valuable feature of KF is its ability of grant-
ing Bayesian point estimation with uncertainty quantification.
Since now the KF operates in the lower-dimensional subspace
induced by the linear operator DR(-), deriving confidence inter-
vals associated with estimation of the lower-dimensional rep-
resentation of the PS (e.g., expressed in terms of standard de-
viations) is straightforward in that subspace, as they come as
a byproduct provided by KF. Concretely, this amounts to ex-
amining the diagonal elements of the error covariance matrix
¥, driving the filtering process. By contrast, translating these
quantities into the original data space requires a careful calcu-
lation. The proposed methodology is detailed in Appendix C
and the resulting confidence measures will be investigated in
the numerical experiments (see Section 6).

4.3. Constrained estimation in a lower-dimensional subspace
Enforcing nonnegativity on the PS estimate S expressed
in the original data space would be rather straightforward: it
could be achieved by a simple hard-thresholding of the KF out-
put. Unfortunately, performing the sequential estimation in a
lower-dimensional subspace makes this constraint moreAdif—
ficult to handle. Indeed, the KF provides an estimate S, of
the lower-dimensional representation of the PS while the con-
straint should apply to the PS estimate S, defined in the orig-
inal data space. To overcome this issue, the proposed strat-
egy reformulates the constrained estimation problem as a con-
strained regression inspired by archetypal analysis [33]. More
precisely, the nonnegative constrained PS estimate in the data
space, herein denoted Sﬁﬂ, is assumed to result from linear
combinations of some so-called archetype spectra {y,,t € P}
which span the signal subspace. The set # c {1,...,N} col-
lects the indices of these archetype spectra which are gathered
in the matrix Yp € R with |P| = card {#} and K < |P| < N.
Given these archetype spectra, the nonnegative constrained PS
estimate in the data space is assumed to be expressed as

§" ~ YL R, )

In (9), the regression matrix R, depends on the unconstrained
estimate S, and is defined as the solution of a constrained re-
gression problem leveraging a geometrical interpretation of the
LMM. The technical derivations required to its computation are
reported in Appendix A.1 and Appendix A.2. The set P gath-
ering the indices of the archetype spectra can be chosen as the
first P > K measurements, i.e, P = {I,...,P}and Yp = Y_p.
When the signal subspace is expected to evolve along the acqui-
sition, e.g., when a new component is likely to appear, this set
should be updated dynamically. A simple yet efficient proce-
dure for performing such a subspace tracking task is proposed
in Appendix B.

Throughout Sections 4.1 to 4.3, the concentrations ¢, (f >
1), or equivalently the observation model matrices H,, have
been assumed known, which is obviously not the case in prac-
tice. The next subsection discusses their estimation along the
KF iterations (or time instants).

4.4. Estimation of concentrations

Once a spectral pixel y, is observed at a given instant ¢, the
associated concentration vector ¢, defining the observation ma-
trix H, is required to update the PS estimate. Several strategies
can be envisaged to infer this quantity. Driven by the constraint
of computational efficiency compatible with on-the-fly process-
ing, this work proposes to follow the same strategy advocated
in recent works dedicated to online NMF [40, 43] and online
DL [42]. More precisely, an estimate of ¢, can be computed
from the current constrained estimate St{ of the PS defined in
(9) by solving the constrained regression problem

el =
y,—S[_lc2 s.t. ¢>0 and c"1x=1. (10)

min
(4

Various efficient off-the-shelf algorithms can be considered to
solve this constrained minimization problem, such as the sparse



unmixing by variable splitting and augmented Lagrangian
(SUnSAL) algorithm [51].

4.5. Overview of the proposed algorithm

Algorithm 2: Proposed KF-OSU algorithm for on-
the-fly spectral unmixing

Input : Number K of PS, first P measured spectra Yy,
model noise variance o2, uncertainty level o2
Initialization: Constrained PS estimate ng)
1t P
/| Perform dimensionality reduction (see (6))
o) (+)
2 §,” < DR(s™)
// Initialize the posterior distribution parameters
3 i, < vec (S‘f”)
4 it — U%IKZ
/| Update the PS estimate after each acquisition
5 repeat
6 te—t+1
/| Estimate mixing concentrations c; by solving (10)
(+)
7| € < SUnSAL(y.S/"))
8 | H ¢ ®I;
/| Perform dimensionality reduction (see (6))
9 y, < DR(y,)
/| Update the posterior distribution parameters (Algo. 1)
w | (&%)« KFUpdate (,. i, £1. H,, 02, 02)
/] Update the unconstrained PS estimate in the subspace
11 S; « unvec(ji,)
/ Appendix B
12 P « SubspaceTracking (y,, tLYp, P, (rf,)
/| Compute the regression matrix by solving (A.4)
(Algo. 3)
13 | R, — Regression (Yp, YP,S‘,)
/] Compute the constrained PS estimate in the full space
u | S < YpR,
/| Perform dimensionality reduction (see (6))
15 | 8 e DR(SE”)
/| Update the posterior mean
16 | fi, « vec(S‘ﬁ” )
17 until end of acquisition;
Output : The estimated PS matrix S

A step-by-step description of the proposed KF-based on-
the-fly SU algorithm, termed KF-OSU, is sketched in Algo. 2.
To lighten the notations, the symbol * for denoting estimates
of the various quantities of interest has been omitted, without
any ambiguity. The algorithm takes as inputs the number of
pure spectra K, the first P measured spectra defining the matrix
Yy that can be chosen as the archetype spectra, the observation
noise variance o2 and the uncertainty level o2. The constrained
PS estimate S;:“) can be initialized by applying any offline un-
mixing algorithm to Yp. The parameters of the posterior distri-

butions are also initialized (lines 3-4): the mean f1,, is initialized
as the vectorized form of Sﬁ:') , and the covariance matrix fl,, as
0'%1 KL-

Then, the algorithm proceeds iteratively by updating these
parameters every time a new spectrum y, is acquired. The
algorithm estimates the mixing concentrations ¢, by solving
the optimization problem (10) via SUnSAL (line 7). The ma-
trix representation H, of the concentration vector ¢, is com-
puted (line 8). The new spectrum y, is then projected onto
the lower-dimensional space using the DR(-) operator (line 9).
At the core of the method, KFUpdate updates both the mean
and covariance matrix using the new observation (line 10).
The unconstrained PS estimate S, is then computed by un-
vectorizing the updated mean (line 11). As an optional step,
the set of archetype spectra can be updated according to the
SubspaceTracking procedure (line 12). The nonnegative con-
strained PS estimate is defined as the linear combination of the
archetype spectra (line 14) based on the regression matrix esti-
mated using the Regression procedure (line 13). The posterior
mean is finally defined after dimensionality reduction (line 15)
and vectorization (line 16). The process repeats until the end of
acquisition.

The code of the proposed KF-OSU algorithm can be found
online at https://github.com/HKouakou/KF-0SU.

4.6. Connection to related methods

The core step of the proposed KF-OSU algorithm lies in
the update of the PS estimate after each new measurement y, is
acquired. In this work, this update is performed within a fully
Bayesian framework by Kalman filtering (line 10 in Algo. 2).
Conceptually, one may think of other updating strategies. This
paragraph discusses these alternatives and relates them to the
currently implemented KF-based updating rule.

As a preliminary, it should be noticed that the KF-based up-
dating rule fully detailed in Algo. 1 can be compactly rewritten
as

sKF = gKE +K,( ,-H,s}‘_Fl) an

where K, is the so-called optimal Kalman gain (see line 4
of Algo. 1) resulting from the assumptions of linear-Gaussian
models for the state (4) and the observation (5). It mainly con-
sists in first computing a residual ri* = y, — H,sKY|, also re-
ferred to as innovation within the KF framework. This residual
rKF acts as a drift, weighted by the gain matrix K, to correct
the previous estimate SEF].

Then, because of the simple state evolution model (4), it can
be shown that there is a clear connection with the updating rule
that would result from a recursive least square (RLS) filtering
[52]. RLS aims at solving at each time instant ¢ the weighted
least-squares minimization problem

1

min 3 A |ly; ~ His[;. (12)
i=1

where 4 € (0,1) is a forgetting factor. This leads to an RLS
update rule of the form

st = S5 4 G (v, - HisPY), (13)

t—1


https://github.com/HKouakou/KF-OSU

where G,(1) can be interpreted as a RLS gain. Comparing (11)
and (13), it clearly appears that KF and RLS differs by the def-
inition of the gain applied to the correction drift.

Besides, as already discussed in Section 2, on-the-fly SU
can also be cast into online NMF or online DL frameworks.
In particular, the most popular strategy to perform online DL
is certainly the stochastic optimization algorithm introduced by
Mairal et al. in [42]. In its canonical implementation, updating
the dictionary atoms (associated with the PS in the context of
SU) is achieved by solving the optimization problem

!
mSm; ly; - Seilfs- (14)

Following the vectorization procedure described in Section 4.1,
it can be shown that the original DL updating rule to solve (14)
and given in [42] can be rewritten as

sPt =52 + D, (y, - His?S) (15)

with

p -1
D, = [(Z cic}) c,] oI, (16)
i=1
Again, by interpreting D, as a gain, the link between this DL
update and the KF update (11) is clear.

Numerical experiments conducted on synthetic data sets
empirically showed that replacing the KF update (line 10 in
Algo. 2) with one of these two alternative updating rules, (13)
or (15), did not improve or even severely degraded the PS esti-
mation. This may be due to an unsuitable definition of the gain
matrices in these alternative methods. As a consequence, they
will not be considered further in the sequel of this paper.

5. Numerical experiments

This section describes the numerical experiments conducted
to assess the performance of the proposed method on synthetic
and real Raman data sets. It describes three synthetic data sets
and a real data set used in the experiments, introduces two sim-
ulation protocols and describes the algorithms against which
KF-OSU is compared. In addition to their ability to properly
recover the sought PS, these methods will be compared with re-
spect to their computational burden (i.e, algorithmic runtimes).

5.1. Description of the data sets

5.1.1. Synthetic data sets

Data sets SD1. Two hundred data sets, each composed of N =
4000 spectra with L = 300, have been independently generated
from a mixture of K = 5 spectra according to the linear mixing
model in (1). The profiles of the pure spectra have been gener-
ated by combining Gaussian templates with different locations,
widths, and amplitudes. Mixture concentrations have been first
randomly drawn from a Dirichlet distribution D(«) guarantee-
ing their nonnegativity and their sum-to-one constraints. For
these data sets, the Dirichlet parameter has been chosen as

@ = [ay,...,ak] with ¢ = 1 (for all k), i.e., the mixing co-
efficients are uniformly distributed over the simplex defined by
the constraints. Each generated data set contained pure spec-
tra. Finally, the noise term E was drawn from a white Gaussian
distribution where the noise variance o> has been adjusted to
achieve a signal-to-noise ratio (SNR) of 20dB, as given by

2
SNRgp = 1010g10—||CST”F. (17)
oZNL

These data sets containing pure spectra could appear too sim-
plistic to relevantly contribute in assessing the performance of
unmixing algorithms. However, such a simple simulation pro-
tocol is useful for benchmarking and has been for instance con-
sidered in [53, 54]. It is also worth recalling that the focus of
this work is online unmixing, in the context of a sequential
acquisition on a spectrum-by-spectrum basis. This particular
context somehow questions the way in which the difficulty of
achieving unmixing is usually discussed. To support this state-
ment, one can refer to the experiments results reported in Sec-
tion 6.1: even when analyzing these simple data sets, significant
differences in unmixing performance will be observed depend-
ing on the order of the spectra defining the sequence of acquisi-
tion. Moreover, this simple data set has also the merit of setting
one of the compared algorithms in a favorable experimental sit-
uation. Indeed, one of the geometrical algorithm considered in
Section 5.5 specifically relies on a pure pixel assumption.

Data sets SD2. The generation procedure for this second set
of data is almost the same as for SD1, with an important dif-
ference: all spectra containing more than 75% of one of the
primary spectra have been discarded, to eliminate almost pure
spectra and to make the unmixing problem more challenging.

Data sets SD3. The data sets SD3 have been generated similarly
to SD2 (N = 4000, K = 5, L = 300, no pure spectra), with
the key difference that 1000 out of the 4000 spectra in each
data set are mixtures of only 4 components. More importantly,
these data sets have been rearranged to mimic an acquisition
scenario where the Sth component only appears later during the
measurement process. Specifically, the mixing concentration
of the 5th component is zero in the first 1000 measured spectra,
meaning this component appears from the 1001st observation
onward. The main rationale behind considering these data sets
is to assess the subspace tracking step optionally embedded into
the proposed KF-OSU algorithm. The experimental results will
show that KF-OSU will be able to provide reliable results once
t > 1001, even when initialized with K = 5 and an initial set of
incomplete archetype spectra.

5.1.2. Real data set RD

A 101 x 101 x 343 Raman image, depicted in Fig. 1 has
been obtained from a mixture of sodium nitrate (NaNQO3), cal-
cium carbonate (CaCOs3) and sodium sulphate (Na;SO4) pow-
ders. All spectral pixels have been acquired with a LabRAM
HR microspectrometer (Horiba France SAS, Palaiseau, France)
using a 50x Olympus objective (0.75 NA). Data acquisition has



Figure 1: Data set RD: RGB visualization of the real Raman hyperspectral im-
age used in the experiments. The red (R), green (G) and blue (B) channels
correspond to Raman shifts 711.8, 622.9 and 723.6 cm™!, respectively.

been performed in the spectral range 497.7—901.2 cm™! with an
accumulation time of 5 s per pixel (see [25] for more details on
the acquisition conditions). This real data set denoted RD is in-
teresting for assessing the performance of the compared meth-
ods as reference spectra, i.e. the spectral signatures of the three
components NaNO3, CaCO; and Na, SOy, are available. After
unfolding the acquired hyperspectral image, a N X L matrix Y
of spectra is obtained with L = 343 and N = 10201. A batch
of 199 copies of this matrix has been generated by randomly
permuting the rows. The goal is to evaluate the performance of
the proposed KF-OSU method for different initializations and
sequences of observed spectra.

5.2. Acquisition protocols

Two distinct acquisition protocols have been simulated. For
the first protocol denoted P1, the available spectral pixels are all
considered and no preferred measurement sequence has been
implemented. The second protocol, denoted P2, is inspired by
the principle of essential spectral pixel acquisitions [25, 26].
More precisely, the data sets generated under protocol P2 con-
sist of only essential spectral pixels extracted from the data
resulting from protocol P1. These selected pixels are subse-
quently arranged in a specific order to maximize the spectral di-
versity (i.e., dissimilarity) between consecutive observed spec-
tra. This order relies on an iterative peeling procedure of the
data set conducted by identifying successive convex hulls, in a
fashion similar to the strategy advocated in [55]. The procedure
is fully described in Appendix D. The main motivation behind
protocol P2 is to illustrate the impact of the order in which mea-
surements are carried out and then made available for analysis
by the on-the-fly unmixing algorithm. In particular, it will help
to show that the convergence of KF-OSU can be significantly
accelerated by providing the most informative measured spectra
at an early stage of the estimation procedure.

5.3. Performance metrics

Four metrics have been taken into account to evaluate the
performance of the algorithms under study. The first one is the
spectral angle distance (SAD, in degrees), defined by

SAD,; = arccos[ SIKJTS[K] ],

Stk [|stx1|,

where S[k] € RE! (resp. S[k] € REX) is the kth column of the
matrix S (resp. S) associated with the kth true (resp. estimated)
PS. A small SAD value indicates a strong similarity between the

profiles of the two spectra. To measure the average similarity
over all the PS, the average SAD (aSAD) is reported

K
1
SAD = — > SAD;.
AR 2

Note that this metric is insensitive to multiplicative factors, i.e.
it does not allow to assess whether the estimated PS are scaled
versions of the true ones. To capture this information, the root
mean square error (RMSE) of the concentrations is additionally
calculated as

1 A

RMSE = 4/ — |lc - ¢}
KN

R

where C (resp. 0) is the true (resp. estimated) concentration
matrix. Finally, to assess the ability of the compared methods
to appropriately model the measurements, the spectral recon-
struction error (RE), defined as

¥ - €87,
1Yl

RE =

is also computed. The matrix Y contains the observed spectra
and S is the estimated PS matrix. In particular, RE is used to
compare the performance of the methods when applied to the
real data set RD, as the true PS and mixing concentrations are
unknown.

It is worth noting that these four figures-of-merits will be
computed as functions of the so-called time index of the com-
pared unmixing algorithms. By this, one means that these met-
rics are computed after each new spectral pixel is acquired, in
agreement with the considered operational context character-
ized by a sequential acquisition followed by an on-the-fly pro-
cessing.

5.4. Details on the KF-OSU parameters

Archetype spectra — For each experiment conducted on the
three synthetic data sets SD1—-SD3 and the real data set RD, the
first P = 30 spectra of each data set have been assigned to the
matrix Yp of the archetype spectra to perform the regression
task, i.e., P = {1,...,30} (see (A.4) and line 13 of Algo. 2).
The PS have been initialized as the outputs of VCA applied to
this set of archetype measurements.

Noise and uncertainty levels — The measurement noise level o2
has been estimated from these P spectra after denoising using a
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Figure 2: Synthetic data set SD1 — Performance of the compared algorithms in terms of aSAD (1st row) and RMSE (2nd row) as functions of the time index. Blue
and orange lines refer to the acquisition protocols P1 and P2, respectively. The results have been averaged over 200 data sets and the shaded areas correspond to

one standard deviation.
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Figure 3: Synthetic data set SD2 — Performance of the compared algorithms in terms of aSAD (1st row) and RMSE (2nd row) as functions of the time index. Blue
and orange lines refer to the acquisition protocols P1 and P2, respectively. The results have been averaged over 200 data sets and the shaded areas correspond to

one standard deviation.

Savitzky-Golay filter of order 3 with a sliding window of size 5
[56]. To avoid excessive under- or over-estimation of this noise
level, the results have been averaged over several portions of
the spectra. Formally, each of these P spectra is split into Q
segments of size T = 10 such that QT ~ L. The variance o2
of the noise is then set as the mean of the median variance
calculated on each spectrum. Besides, it has been empirically
observed that the uncertainty level o2 should be greater than or
equal to 1; it has been set as o2 = 1 for all experiments.

Dimensionality reduction — As stated in Section 4.2, several
choices for the operator DR(-) are possible. Two particular in-
stances will be considered during the experiments. The most
conventional solution to perform dimensionality reduction will
consist in applying PCA, i.e.,

5, =DR(y,)=V"y, (18)

where V € REL s an orthogonal projector onto the estimated
principal subspace of dimension L. In addition, another choice
adopted in this paper will benefit from the findings reported
in [25], which promotes the use of the Fourier coefficients for

identifying essential spectral pixels. More precisely, unless oth-
erwise stated, the dimensionality reduction operator DR(-) used
during the experiments will concatenate the real and imaginary
parts of the discrete Fourier transform (DFT) of the input vector
forasetof M = % frequencies, i.e.,

- Re(FTy,)
¥, =DR(y) = “1, (19)
Im(FTy,)
where F € CMM ig the truncated DFT matrix. The mo-

tivation behind this dimensionality reduction approach, lies
in the fact that the DFT can be directly computed on a
spectrum-by-spectrum basis, without need of estimating the
lower-dimensional subspace from data. Moreover, thanks to
the computational efficiency of the fast Fourier transform algo-
rithm, the use of DFT is compatible with real-time data pro-
cessing required within the context of on-the-fly SU. For these
two particular operators (PCA and DFT), the dimension of the
lower-dimensional subspace will be estimated from the set Yp
of archetypal spectra as the minimum number P such that at
least n% energy has been kept, i.e., such that the following cri-



terion is met

P P
2UPRGI[ = 535 > Il
=1 t=1

Table 2 reports the (range of) values chosen for the param-
eters 0'3, L and n for each data set.

Table 2: Algorithmic parameter values for each data set.

= 42 o?

Data set  DR() L n (%) (estimeated) (true \falue)
SD1 DFT 28-32 85-90 8 25
D2 pea gsoo oron b B
SD3 DFT 36-40 75-80 5 20
RD DFT 52-60 85-88 52 -

5.5. Compared methods

The proposed algorithm is compared to three conventional
unmixing methods described below:

e MCR-ALS is a popular unmixing algorithm in the
chemometrics literature, thanks to its ease of implemen-
tation and its ability to produce good estimates of PS [9].
MCR-ALS requires as input the number of PS, the maxi-
mum number of iterations (set to 60 in this paper) and an
initial estimate of PS chosen as the outputs of PCA.

e VCA is a well-known geometric method widely used
by the remote sensing community thanks to its compu-
tational efficiency and its ability to identify PS among
observations when they have been measured [17]. It is
considered in the comparison since it has been used to
initialize KF-OSU.

e SISAL is another well-known algorithm widely used by
the remote sensing community [23]. Contrary to VCA,
it does not assume that PS have been measured. SISAL
shows a competitive (often better) processing time than
its peers and generally produces good PS estimates. Be-
sides the number of PS, it requires as input the maximum
number of constrained quadratic problems to be solved,
set to 80 in the experiments.

These algorithms are designed to process data in an offline con-
text, i.e., to identify PS from a whole given set of measured
spectra. To compare them to KF-OSU, they have been imple-
mented to satisfy the operational requirements imposed by a se-
quential acquisition protocol combined with an on-the-fly spec-
tral processing. More precisely, at each time instant ¢, these
three algorithms are always run on the entire set of available
acquired spectra Y,. In other words, after each new spectrum
¥, is acquired, MCR-ALS, VCA and SISAL provide a new PS
estimate which is computed from all previous acquired spectra
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Y.,_; augmented by this newly acquired spectrum y,. These
three methods are expected to reach good estimation perfor-
mance. However, it will be shown that their respective com-
putational burden makes them inoperative in the targeted prac-
tical setup, imposing an on-the-fly unmixing of data acquired
sequentially according to a spectrum-by-spectrum scheme.

6. Results and discussion

6.1. Performance on synthetic data sets SD1 and SD2

Figure 2 shows the performance of the compared meth-
ods on the data sets SD1. Overall, all algorithms yield good
results, characterized by decreasing aSAD, RMSE and uncer-
tainty (i.e., standard deviation) along the time index. Although
the proposed method performs slightly worse than MCR-ALS
and SISAL, it presents fairly low aSAD and RMSE values from
time index ¢ = 500 for protocol P1 (without the selection of es-
sential spectra) and from time index ¢ = 200 for protocol P2
(with the selection of essential spectra). This performance dis-
crepancy with respect to the compared methods may be partly
explained by the quite low SNR of the investigated data. Since
KF-OSU operates in a purely on-the-fly context, a spectrum-
by-spectrum processing may be less effective to mitigate the
impact of noise. Conversely, the compared methods may bene-
fit from the simultaneous analysis of the whole data sets, since
they can infer the signal subspace at each time instant before
identifying the PS.

Besides, it can be observed in Fig. 2 that the aSAD and
RMSE curves of the four methods reach relatively close final
values for the two acquisition protocols. However, it is im-
portant to highlight that under the second acquisition protocol
P2, the aSAD and RMSE values decrease faster (in comparison
with the experiment conducted under protocol P1) while the un-
mixing improves. This illustrates the benefit of resorting to such
a smart acquisition protocol. In particular, one can notice that
the curves associated to VCA reach a stationary behavior very
late under protocol P1. This results from the fact that pure (or at
least essential) spectra may be observed very late under proto-
col P1, in contrast to P2 which mimics an acquisition sequence
maximizing the spectral diversity. This shows once again the
relevance of a smart acquisition protocol in the context of on-
the-fly unmixing.

All previous findings are corroborated by the outcomes re-
sulting from the analysis of the data sets SD2, as shown in Fig. 3.
The performance of KF-OSU, SISAL and MCR-ALS remains
broadly the same as when the data sets SD1 are concerned. This
demonstrates their ability to provide good PS estimates even in
the absence of pure pixels among the data. As expected, VCA
shows poorer results, since this geometrical method explicitly
assumes that the sought PS belong to the set of measured spec-
tral pixels.

Figures 4 and 5 display the profiles of the pure spectra es-
timated by the compared methods at time instant # = 200, i.e.,
after the 200th acquisition. They show that the estimated PS
signatures are fairly close to the true PS. This demonstrates
the ability of KF-OSU to perform on-the-fly unmixing without
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Figure 4: Synthetic data sets SD1 — Spectral profiles of the PS estimated at time index ¢ = 200 for acquisition protocols P1 (blue) and P2 (orange). The black curves
correspond to the ground-truth spectra. The shaded areas accompanying the results provided by the proposed KF-OSU represent the +30 credible regions.

reprocessing all the previously measured spectra at each new
acquisition. It is also worth noting that KF-OSU provides an
estimation of the covariance matrix of the obtained estimates
as a byproduct, following the strategy detailed in Appendix C.
This estimation can be subsequently exploited to grant the esti-
mated spectral with uncertainty quantification in terms of +30
credible regions depicted as shaded areas in Fig. 4 and 5. This
is clearly a valuable asset of the proposed algorithm inherited
from its intrinsic Bayesian nature.

Finally, Figure 6 presents the performance of KF-OSU on
the data sets SD2, when the dimensionality reduction previously
operated by DFT was carried out by PCA. Two cases have been
considered to demonstrate the relevance of the regression-based
procedure to ensure the nonnegativity of the estimated pure
spectra. In the first one, no further modification has been made
to the KF-OSU algorithm (curves in green). In the second case,
benefiting from standard properties of PCA-based dimensional-
ity reduction, the regression-based procedure has been replaced
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with a naive back-projection method. In this case, the estimated
pure spectra are first back-projected into the original data space
after each iteration of the Kalman filtering procedure, then they
undergo a crude thresholding to impose nonnegativity (and fi-
nally they are projected again onto the lower-dimensional space
for the next iteration). Specifically, lines 13—15 of Algo. 1 have
been replaced by SEH — VTmax (VS,, O) where max(-,0) is a
component-wise thresholding operator. As observed, KF-OSU
is less effective in the second case, highlighting the importance
of enforcing nonnegativity through the regression-based proce-
dure. Moreover, this experiment demonstrates that the DR oper-
ator can be easily chosen as PCA, although the latter generally
requires a higher dimension P than DFT to achieve comparable
performance (see Table 2).

6.2. Performance on the synthetic data sets SD3

Figure 7 presents the results of the KF-OSU algorithm ap-
plied to the data sets SD3 which mimic an acquisition scenario
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Figure 6: Synthetic data sets SD2 — Performance of KF-OSU with PCA-based
dimensionality reduction in terms of aSAD (left) and RMSE (right). Green and
red lines refer to KF-OSU with and without the regression-based procedure,
respectively. The results have been averaged over 200 data sets and the shaded
areas correspond to one standard deviation.

for which a new component is not present in the first 1000 mea-
surements, but appears from the 1001th acquired spectra on-
ward. The green curves represent the proposed KF-OSU al-
gorithm when it is granted with the optional subspace track-
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ing step, while the red curves correspond to its canonical ver-
sion without subspace tracking. As for data sets SD1 and SD2,
both versions of the algorithm have been initialized with the
true number of PS (i.e., K = 5) and a set of archetypal spectra
composed of the first P = 30 measurements. However, because
of the way in which the data sets SD3 have been generated (see
Section 5.1.1), these first P spectra do not contain the Sth PS.
Therefore the matrix Yy of archetypal spectra is expected to
be unable to explain the measurements acquired after the time
instant r = 1001. As expected, the two approaches exhibit com-
parable performance over the first 1000 iterations. Interestingly,
when the 5th pure spectrum emerges from the 1001st measure-
ment, only KF-OSU with subspace tracking adapts effectively.
This is evidenced by the continuous decrease in the aSAD and
RMSE curves until convergence is achieved. Notably, this con-
vergence occurs rapidly after the introduction of the new com-
ponent.
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Figure 7: Synthetic data sets SD3 — Performance of KF-OSU in terms of aSAD
(left) and RMSE (right). Green and red lines refer to KF-OSU with and without
subspace tracking, respectively. The results have been averaged over 200 data
sets and the shaded areas correspond to one standard deviation.

6.3. Performance on the real data set RD

Figure 8 depicts the RE as a function of the time index for
each of the compared methods. These curves are complemented
with a horizontal line corresponding to a so-called lower bound
which approximates the lowest RE that can be expected given
the noise level. This lower bound is defined as the RE with
respect to Y resulting from a denoising by PCA, i.e.,

Y - 7],
¥l

with ¥ = YVVT where V € RXK s the matrix composed of
the first K principal component loadings (K = 3). These curves
show that all methods behave similarly for each protocol with
a clear decreasing of the RE along the time index, i.e., when
the number of measured spectra increases. Under protocol P1,
MCR-ALS and SISAL reach significantly lower RE (close to
the lower bound) when all the spectral pixels are considered
to perform unmixing. Under this same protocol, KF-OSU and
VCA provide higher RE, even when all spectral pixels have
been considered. In general, the RE obtained under protocol P2
are slightly smaller and, above all, they clearly decrease faster
along the first 400 observations, with less dispersion around the
mean.

It is worth noting that the slightly better results obtained by
MCR-ALS and SISAL come with a higher computational bur-
den, since all available spectral pixels are considered at each
new measurement. This remains incompatible with the opera-
tional constraints imposed by a sequential acquisition protocol
combined with an on-the-fly data processing, as it will be dis-
cussed in Section 6.4. In particular, they require a larger amount
of spectra and, thus, a longer data collection time which, in the
context of biological imaging, would significantly increase the
risk of damaging the target specimens.

Finally, Fig. 9 shows that the profiles of the PS estimated
by the methods at time index ¢t = 140 can be easily matched to
the reference spectra associated to the main components of the
sample. They are globally in good agreement with these spectra
that can be roughly considered as ground truth. Note that under
the simulated acquisition protocol P1, a higher reconstruction
error between Raman shifts 700 and 750 cm™! is observed for
the second PS.

lower bound = (20)
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Table 3: Average runtimes required by the compared SU algorithms. All the
SU methodologies under study were implemented using MATLAB R2022b and
run on a laptop with an Intel Core i7-8565U CPU running at 1.80GHz equipped
with 8.00GB RAM.

KF-OSU MCR-ALS VCA SISAL
Data set N
(per obs.) (for N obs.) (for N obs.) (for N obs.)
SD1 4000 0.007 1.38 0.04 0.15
SD2 4000 0.007 0.4 0.04 0.12
SD3 4000 0.009 0.4 0.04 0.12
RD 10201 0.005 0.45 0.08 0.25

6.4. Runtime comparison

Table 3 reports the computational times required by the
compared algorithms for the processing of the synthetic data
sets SD1 — SD3 and the real data set RD. It should be emphasized
that KF-OSU updates the PS estimates at each time instant from
a single newly available observation, i.e, the last acquired spec-
trum. Consequently, it has a constant execution time per time
index. On the contrary, the other compared methods estimate
the PS from the whole set of spectra available at each time in-
stant, which results in computational complexities that increase
along the time index. As expected, KF-OSU is shown to be
computationally more suitable for on-the-fly SU.

Furthermore, the processing time required by MCR-ALS
for the N = 4000 spectra of the data sets SD1 is much higher
than the time required to analyze the data sets SD2 and SD3.
This is certainly due to the absence of PS within the observa-
tions, resulting in a slower convergence of the algorithm. A
similar observation can be made for SISAL, while KF-OSU
takes the same execution time on both data sets.

When considering the real data set RD, KF-OSU shows a
lower execution time compared to when it was run on the syn-
thetic data sets SD1-SD3. This can be explained by the number
of pure spectra to be estimated (K = 3), which is smaller than
for the data sets SD1-SD3 (K = 5). This is not the case for
MCR-ALS, VCA and SISAL, whose computational runtimes
required to unmix the real data set RD are higher. In particu-
lar, VCA and SISAL execution times double with respect to the
simulation experiments. This may be explained by the fact that
their computational burden is also highly driven by the difficulty
of the SU task when analyzing real data.

7. Conclusion

This work introduced a novel algorithm able to perform
spectral unmixing in an on-the-fly setup. This method, named
KF-OSU, was specifically designed to be compatible with se-
quential acquisition protocols delivering measurements on a
spectrum-by-spectrum basis. Indeed, KF-OSU was able to up-
date the pure spectra estimates after each individual spectrum
was acquired. The evolution of the estimates as well as the
spectral mixtures were described by linear Gaussian models,
leading to simple and computationally efficient updating rules
thanks to a Kalman filtering scheme. To further reduce the
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Figure 8: Real data set RD — Performance of the compared algorithms in terms of RE as a function of the time index. Blue and orange lines refer to the acquisition
protocols P1 and P2, respectively. The results have been averaged over 200 data sets and the shaded areas correspond to one standard deviation.

computational cost, a dimensionality reduction was performed
beforehand. The nonnegativity of the pure spectra estimate
was ensured by solving a regression problem relating the pure
spectra in the original data space and their representations in a
lower-dimensional subspace.

Experiments conducted on synthetic and real Raman data
sets showed that the estimation performance of KF-OSU was
comparable to those obtained by standard unmixing methods,
which were developed to estimate pure spectra from a whole
set of measurements. Moreover, an experimental analysis of the
runtimes required by the compared methods demonstrated the
computational efficiency of KF-OSU, whose cost was found to
be in agreement with the requirements imposed by a sequential
data acquisition protocol combined with an on-the-fly spectral
processing.

This method provides a support for the development of
guided image acquisition or smart scanning schemes [25, 26].
Future work could explore extensions of the proposed algorithm
to include mechanisms for detecting and correcting potential
deviations from nominal behaviors.

Appendix A. Constrained PS estimation as a regression
problem

This appendix shows that the constrained PS estimation can
be formulated as an easily solvable constrained regression prob-
lem. Appendix A.l explains how the PS estimation can be
translated into a regression task. Its efficient resolution is de-
tailed in Appendix A.2.

Appendix A.1. Problem formulation

To ease the presentation, we go back to the non-vectorized
notation of the PS estimate at time instant ¢, i.e., we denote the
loweE—dimensional estimate recovered by the KF at time instant
t as S, = unvec(s,). This current estimate is supposed to be
a rather good approximation of the true PS expressed in the
lower-dimensional subspace, i.e., for j < ¢ it holds

(A.1)

14

Reciprocally, akin to an archetypal analysis [33], it is also le-
gitimate to state that the lower-dimensional representations of
the PS can be expressed as linear combinations of some lower-
dimensional representations of the measured spectral pixels,
i.e., there exists a regression matrix R, € RP*K guch that

S; ~ YR, (A.2)
where the |P| columns of ¥» € RP*L contains the lower-
dimensional representations ¥, of some archetypal spectra y,,
t € P (with K < |P| < f). The core idea consists in translating
this regression into the original data space while ensuring the
nonnegativity of the recovered PS. More precisely, the nonneg-

. . . . A(+) .
ative constrained PS estimate in the data space denoted S; Vs
assumed to be expressed as

$ ~ YIR, (A3)

where the regression matrix R, is defined as the solution of the
constrained regression problem

~ ~ 2 12
R, = argminHY;R, -S| st YIRzO. (A4
R,

The nonnegativity of the PS estimate defined in (A.3) is directly
ensured by the nonnegativity constraint included in the regres-
sion problem (A.4). Note that incorporating this constraint into
the original measurement space overcomes the non-invertibility
of the dimensionality reduction induced by (6). Indeed, it only
relies on the straightforward one-to-one mapping between the
set of || archetypal spectra expressed in the original space and
their representations with respect to the chosen dimensionality
reduction operator, namely, Yp and Yp». We propose to solve
the minimization problem in (A.4) by means of the alternating
direction method of multipliers (ADMM) [57]. The algorith-
mic sketch of the regression procedure is detailed in the next
section.

Appendix A.2. Resolution of the regression problem

The following derivations provide practical details on the
resolution of the regression problem in (A.4). This task is
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formulated as the minimization of a quadratic term subject to
inequality constraints. After introducing a splitting variable
U € RYK | the problem can be equivalently rewritten as

~ 112
Mot & VTR _
r%luyple S +wm@ st v-viR=0, (A5

where (g, (-) is the indicator function such that (g, (U) = 0 if
U > 0 and (g, (U) = oo otherwise. The augmented Lagrangian
associated to the constrained problem in (A.5) is

2

P
F 2
+{A,U - Y;R) +u(U)

LRUH=|VIR-S |U-YIR]:

where (X,Z) = trace(XTZ) and A is the Lagrange multi-
plier. Minimizing (A.5) can thus be efficiently achieved using
ADMM whose scheme is detailed in Algo. 3. Solutions to lines
3 and 4 are given respectively by

. ~ ~ -1
RUHD = (zypy; +py,,,y;)

x (YpAd? + pYpUY +2¥58)) (A.6)
and

UYtD = max (0, Y;R(jﬂ) - %ﬁ(j)> . (A7)

It appears that the number |P| of archetype spectra should be
chosen such that the matrix to be inverted in (A.6) is well-
conditioned, or at least, nonsingular. For the experiments de-
scribed in Section 5, the stopping criterion of Algo. 3 is chosen
as a maximum of 50 iterations with p = 1 and U® and A
initialized as null matrices.
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Algorithm 3: Regression

Input : The regressors Yy in the original data space,
their counterparts Y in the
lower-dimensional subspace, the PS estimate
S ; expressed in the lower-dimensional
subspace, the step-size p > 0

Initialization: U, 2©

j<0

2 repeat

/| Update the regression matrix (see (A.6))

3 RYU™D ¢ argming L(R, UV, AY)

/| Update the splitting variable (see (A.7))

4 | UY*D e argming LIRY™D, U, AD)

/| Update the Lagrange multiplier

5 AUTD D +p(U(j+1) _ Y;R(JH))

6 jej+1

7 until stopping criterion;

Output : The regression matrix RV,

—

Appendix B. Subspace tracking: updating the set of

archetype spectra

Let consider a newly acquired measurement y,. Given the
LMM in (3), this spectrum can be decomposed as y, = y, +
e,, where y, is the noise-free spectrum and (e,); Hd N(Q, a’f)
denotes the noise. The question to address is the following:
does this new measurement result from the mixture of PS that

can be explained by the regression model (9)? This translates



into ensuring that the noise-free component y, belongs to the
subspace P = span (Y;) of dimension rank(YJ,) spanned by
the archetype spectra in Yp. Inspired by the approach in [58],
the proposed solution consists in projecting the measurement y,
onto P and evaluating the energy of the residual.

Formally, the orthogonal projector onto PP writes P
YL (YpYL) 'Yp. Let z, = y, — Py, denote the so-called resid-
ual, i.e., the projection of y, onto the orthogonal complement
P+ with dimension L — rank(YJ). If j, € P, then Py, = y, and
Z; = e, — Pe,. In other words, as illustrated in Fig. B.10, the
residual only consists of the measurement noise projected onto
P+. Given the Gaussian nature of this noise, it follows that the
normalized energy of this residual can be statistically described
by a X2 distribution, i.e.,

1 2 2
E ”Zf”z NXL—rank(Y;,)' (Bl)

This property leads to a binary hypothesis testing in order to
check whether y, lies in P or not. For a given probability of
false alarm pga, one can decide

y€P if Lllzl <F ' (1= pra),
Vi ¢P

(B.2)
otherwise,

where F~! (-) denotes the inverse cumulative distribution func-
tion of the y? distribution with L — rank(Y;) degrees-of-
freedom. Deciding y, ¢ P means that the current set of
archetype spectra is not sufficient to explain the new measure-
ment y, and should be complemented with the new measured
spectra, i.e., P < P U {t} and Yy is updated accordingly. In the
numerical experiments reported in Section 6, the probability of
false alarm has been set as pra = 0.05. The overall procedure
is sketched in Algo. 4.

Algorithm 4: SubspaceTracking
Input : Newly acquired spectrum y,, index ¢ of the
new spectrum, archetype spectra Yp, set P of
the indices of archetype spectra, model noise
variance o
/| Project y, onto P+
12t=Y— Y;)(Y'PY;))_IYPJ’r
/| Update the set of indices of archetype spectra
2 if LIzl 2 F~' (1 - pra) then
3| PePU{l
4 end if
Output: Set P of the indices of archetype spectra.

Appendix C. Estimation of the error covariance matrix in
the original space

This section proposes to estimate the posterior covariance
matrix X, characterizing the PS S; in the original space from its
counterpart £, characterizing the lower-dimensional represen-
tation S, of the PS and directly provided by the KF. Elaborating
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Figure B.10: Geometric illustration of the decomposition of y, = y, + ¢, as the
sum of Py, and z; when §, € P (L = 3, rank(Y},) = 2).

on the regression model (A.2), the matrix of the PS can be writ-
ten as

S, = YIR, + B.. (C.1)

where (B,);; o (0, 0'3). The zero mean imposed on noises
(B;);j ensures consistency with (A.3). The choice of a vari-
ance equal to the observation noise variance, namely o-?, can
be motivated as follows: if a pure spectrum is part of the ac-
quired spectra (or considered as an observable spectrum), it is
legitimate to state that it is subject to the measurement noise
whose variance is o2. Let now assume that the matrix ¥, of the
archetype spectra in the lower-dimensional space is full column
rank. Capitalizing on the regression model (A.2), the regression
matrix R, can be approximated as

(C.2)

where ¥}, = (Yp¥},)"! ¥ denotes the (left) pseudo-inverse of
Y;. Plugging (C.2) into (C.1) leads to

=~

S, ~YIY}'S, + B, (C.3)
For simplicity, instead of characterizing the full covariance
matrix X, € RIEXLK which describes the intra- and inter-
dependence of all pure spectra at all spectral bands, one can
restrict the current analysis to characterize the covariance ma-
trices denoted X,[k] = cov (S,[k]) € RX*L associated with each
pure spectrum S,[k] € RY!, where S,[k] refers to the kth col-
umn of S; (k € {1,...,K}). From column-wise counterparts
of (C.3) with Y;Y;f = (I?;Yya)T, and assuming independence
of the terms in (C.3) for simplicity, these covariance matrices
write

Lkl ~ (Vp¥p) Lkl (VpYp) + 0211, (C.4)

where Z,[k] = cov (S‘ A [k]) can be easily extracted from the co-

variance matrix £, provided as an output by the KF. In partic-
ular, the diagonal elements of the matrices X,[k] quantify the
uncertainties of each estimated pure spectrum along the spec-
tral bands.



Appendix D. Algorithmic sketch of the acquisition protocol
P2

The algorithmic sketch of the simulated acquisition proto-
col P2 is given in Algo. 5. Candidate spectral pixels are first
identified by successive convex hull calculations and subse-
quently stored in the matrix Z (line 5), following a peeling pro-

cess (line 7) similar to the one adopted in [55]. These pixels

are then partitioned into J classes using K-means and a repre- Algorithm 5: Acquisition protocol P2

sentative (centroid) of each class is then identified, denoted as Input : Data set Y, number Negs of essential spectra,
mj, j = 1,...,J (line 9). Finally, essential spectral pixels are number J of clusters , number K of pure
selected as the measured spectra which are the closest to the spectra

centroids (line 15) and their observation indices are stored in / Initialization _

g (line 16). A permutation o=(-) is finally introduced into J to 1 D—[,Z«[],Z ]

produce different order sequences (line 18). This introduces a 2 WeY

randomization step, by permuting the indices of the previously /| Project the data set onto a K-dimensional subspace
identified essential spectral pixels. The purpose of this step is to 3 W< PCA(W,K)

increase the likelihood of selecting spectral pixels that are not /] Progressively extract successive convex hulls

too similar in successive measurements. While this randomiza- 4 while card(Z) < N do

tion does not guarantee dissimilarity every time, it enhances the // Identify the indices of the pixels on the convex hull
diversity of the selected pixels compared to a fixed, sequential 5 W « convhull (W)

order. This process contrasts with the acquisition protocol P1, J Store the spectra composing the convex hull

where there is no specific measurement order, and better mim-

ics the acquisition .strategles ac?optefi mn [25,’ 26]. /| Peel the data set by removing the convex hull
For tl'le experiments detallc.ed in Section 5, Protocol P2 . WeW\ZWeY\Z

sketched in Algo. 5 has been implemented with N, = 340

for the data sets SD1 and SD2 and N.,, = 400 for the real data

set RD. The number of clusters used in protocol P2 has been set

to J = 50 for all data sets.

6 | 2|2, W) Z —1Z,Wy

8 end while
/| Partition Z into J clusters and identify the centroids
9 {my,...,my;} «— K-means(Z, J)
10 n<0
uweZz
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