N
N

N

HAL

open science

Error analysis for stochastic gradient optimization schemes
using modified equations
Charles-Edouard Bréhier, Marc Dambrine, Nassim En-Nebbazi

» To cite this version:

Charles-Edouard Bréhier, Marc Dambrine, Nassim En-Nebbazi. Error analysis for stochastic gradient opti-
mization schemes using modified equations. 2026. <hal-04773810v2)

HAL Id: hal-04773810
https://hal.science/hal-04773810v2

Preprint submitted on 26 Jan 2026

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Au‘to':'lizition
HAL Authorization


https://hal.science/hal-04773810v2
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

ERROR ANALYSIS FOR STOCHASTIC GRADIENT OPTIMIZATION
SCHEMES USING MODIFIED EQUATIONS

CHARLES-EDOUARD BREHIER, MARC DAMBRINE, AND NASSIM EN-NEBBAZI

ABsTRACT. We consider a class of stochastic gradient optimization schemes. Assuming that the
objective function is strongly convex, we prove weak error estimates which are uniform in time
for the error between the solution of the numerical scheme, and the solutions of continuous-time
modified (or high-resolution) differential equations at first and second orders, with respect to the
time-step size. At first order, the modified equation is deterministic, whereas at second order
the modified equation is stochastic and depends on a modified objective function. We go beyond
existing results where the error estimates have been considered only on finite time intervals and
were not uniform in time. This allows us to then provide a rigorous complexity analysis of the
method in the large time and small time-step size regimes. We provide numerical experiments to
illustrate the convergence results.

1. INTRODUCTION

The analysis of numerical optimization methods, whether deterministic or stochastic, has been
the subject of intense research activity. Those methods are widely applied in many situations, in
particular recently in machine learning. In order to approximate minimizers of an objective function
F :R% - R, the simplest method is the gradient descent algorithm

Tpt1 = Tn — WV F(xy,),

with a constant time-step size h. To study the asymptotic behavior of zn when N — oo, it is
fruitful to make a connection with the continuous-time gradient dynamics

7' (t) = —=VF(x(t)).

In fact, the gradient descent algorithm can be interpreted as the standard explicit Euler scheme
applied to the ordinary differential equation above with time-step size h.

Connections between (discrete-time) optimization schemes and continuous-time dynamics have
been studied in the literature, in deterministic and stochastic settings, not only for gradient al-
gorithms but also for other methods such as the Polyak’s heavy-ball method [9] and Nesterov’s
acceleration method [8]. The latter methods intend to accelerate the convergence to minimizers by
introducing inertia in the scheme, and as a result the related continuous-time dynamics are second-
order differential equations. In the last years, the celebrated work [I3] on Nesterov’s acceleration
method has driven the attention of many researchers on that connection. Instead of considering
leading order approximations, better understanding on the discrete-time dynamics can be obtained
by the identification of more accurate continuous-time dynamics, which depend on the time-step size.
In the numerical analysis community for ordinary and stochastic differential equations, such more
accurate approximations are referred to as modified equations, see for instance |2} 4] [6 14]. In the
optimization community, they are referred to as high-resolution equations, see for instance [11 11}, 12].
In this article, we use the terminology modified equations.

2020 Mathematics Subject Classification. 60H35;65C30;65K05;65K10.
Key words and phrases. stochastic optimization schemes; modified equations; weak and strong error analysis.
1



The connection between the discrete and continuous time dynamics motivates the decomposition
of the analysis of the asymptotic behavior of optimization schemes into two parts: the analysis of
the asymptotic behavior of the continuous-time system, and the analysis of the approximation error
between the discrete and continuous time systems. On the one hand, differential and stochastic
calculus techniques can be applied to show convergence of the continuous-time dynamics when
time 7" goes to infinity, by the identification of so-called Lyapunov functionals. For instance, if the
objective function F is strongly convex, the square of the norm is a Lyapunov function, and applying
Gronwall’s inequality it is straightforward to show that the solution of the continuous-time gradient
dynamics converges exponentially fast to the unique minimizer of F. More complex Lyapunov
functions dedicated to objective functions satisfying weaker conditions have been constructed in the
literature. On the other hand, when standard numerical analysis techniques are applied to study
the approximation error between the discrete and continuous time systems, usually the error bounds
with respect to the time-step size h depend on the final time T" = Nh. The dependence obtained
when discrete Gronwall inequalities are employed may be exponential. Instead, it is desirable to
obtain uniform in time error estimates, i.e. with upper bounds independent of the final time 7.
Combining the two types of error bounds then enables to analyze the complexity of the algorithm,
i.e. to determine how to choose the parameters h and N of the algorithm to ensure that the error
is below any arbitrary threshold.

In this article, we analyze the behavior of the following stochastic gradient optimization scheme

Xni1 = Xn — hRVF(Xp) + ho(tn, Xa) i1, V¥ neN,
Xo = o,

where F : R — R is the objective function. Compared with the deterministic version above, the

additional term ho(t,, X, )vn+1 describes random perturbations, where (7")n>1 are independent

standard R?-valued Gaussian random variables. We assume that the objective function F is strongly
convex, it thus admits a unique minimizer denoted by «*. Our objective is to analyze the convergence
of Xy to z* when N — o0 and h — 0. The stochastic gradient optimization scheme above has been
considered previously in the literature, see for instance [I] for the proof of strong error estimates
and in [6] for the proof of weak error estimates. Let us recall that when dealing with approximation
of stochastic systems and associated error bounds, one may consider either strong approximation

and error bounds, concerned with E[| Xy —z*|] or with (E[| Xy —z*[?]) 1/2, or weak approximation
and error bounds, concerned with [E[p(Xx)] — ¢(x*)|. We refer for instance to the reference books
[5, [7] on numerical methods for stochastic (partial) differential equations.

The objective of this article is to fill an important gap in the analysis of the stochastic gradi-
ent optimization scheme above: our main contribution is to establish uniform in time weak error
estimates between the solution Xy of the stochastic optimization scheme and the solution at time
T = Nh of associated modified equations which are either deterministic and stochastic. This is a
major improvement compared with previous works such as [I, 6] where the error bounds are not
uniform with respect to time 7" and are thus not relevant for the analysis of the algorithm in the
large time regime. As explained above, combined with results on the large time behavior of the
continuous-time associated deterministic and stochastic dynamics, we are able to establish complex-
ity results for the stochastic gradient optimization scheme. We consider two modified equations,
which provide first and second order approximation with respect to h.

For the first order approximation, we exploit the connection between the stochastic gradient
optimization scheme and the deterministic gradient system, i.e. the ordinary differential equation

dXO(t)
dt

= —VE(X°(t)), Vt=0.
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As already recalled above, assuming that F is strongly convex, X°(T") converges to * exponentially
fast when T' — oo. Our first main result is the proof of weak error estimates

[E[o(Xn)] = p(a*)| = O(e™#"" + h),
see Theorem [1I| for the precise statement. This follows from uniform in time weak error estimates

sup [E[p(Xn)] — ¢(X°(Nh))| = O(h).
NeN

Moreover, applying the weak error estimates with ¢ = F' and noting that the residual F/(Xy)—F'(z*)
dominates | Xy — z*||2, we also obtain strong error estimates

(B[ Xy — 2*2]) 2 = O(e N + h3).

This is not a standard result in stochastic numerics, since usually weak error bounds may deduced
from strong error bounds. To prove weak error estimates, which are uniform in time, we revisit
the arguments usually employed to study approximations of invariant distributions for stochastic
differential equations, in particular we need to study the regularity properties of an auxiliary map-
ping 1’ (defined by Equation (45])), which is the solution to the (Kolmogorov) partial differential
equation associated with the deterministic gradient system. Precisely we prove the exponential
decay with respect to t for the first and second order spatial partial derivatives V,u’(¢,z) and
V2uO(t, x), see Lemma

The considered stochastic gradient optimization scheme can be interpreted as the Euler-Maruyama
scheme applied to the stochastic differential equation

dX"M(t) = =VF(X"(t))dt + Vho(t, X"(t))dB(t), Yt=0,

which can be interpreted as a modified equation since it depends on the time-step size h. However
that simple connection is not sufficient to obtain higher order approximation with respect to h.
Instead, one needs to consider the following modified stochastic differential equation

dY"(t) = —=VFMY"Mt))dt + Vho(t, Y(t)dB(t), VYt =0,

which has the same diffusion coefficient v/ho but depends on the modified objective function
h
F'=F+ ZHVFH?.

The modified stochastic differential equation and objective function above have been identified in
the recent articles [I1,[6]. We refer to 2], 13 4], [10] for other examples of applications of modified/high-
resolution equations in the context of deterministic and stochastic optimization. In this article, we
prove uniform in time weak error estimates

sup E[p(Xn)] = E[p(V"(NR))]| = O(h?),

under stronger conditions on the modified objective function F: we assume that the modified
objective function F” is strongly convex uniformly with respect to h (in an interval (0,hg)). We
refer to Assumption[2.3|for a rigorous statement. To the best of our knowledge, this condition has not
been exhibited before in the literature. That assumption plays a crucial role in the analysis. First,
it allows us to prove the exponential decay with respect to t of spatial derivatives of the solutions
v}, (defined by Equation (56))) to associated (backward) Kolmogorov equations (57), uniformly with
respect to h. In addition, it allows us to prove error bounds for E[|Y*(T) — 2*|?] in the large time
regime.
Our second main result is thus the proof of weak error estimates

LX) = a")| = O (€% V2ol 412 )
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where the mapping p is defined by and depends on the diffusion coefficient o. We refer to
Theorem [2] for a precise statement. Like for the first order approximation discussed above, one
obtains strong error estimates

(B0 ") = 0 (¥4 Vife2eNtp(vm) + 1),

It is worth mentioning that the mapping 7' — e~ 2T p(T) is bounded, and thus the strong error
bounds obtained using the second order (stochastic) approximation are always at least as good as
the ones obtained using the first order (stochastic) approximation. It remains to compare the two
results in terms of complexity, depending on the large time behavior of the diffusion coefficient, to
see whether considering the second order approximation leads to improved error bounds.

We provide numerical experiments to illustrate the strong error estimates obtained in Theorems
and [2l We observe the strong error estimates obtained in the second main result are sharp since
the three error terms appearing on the right-hand side are visible in some regimes.

The comparison between the first and second order approximation results in the large time regime
is not as straightforward as it may seem. Indeed, to obtain the first order approximation result it is
sufficient to assume that some upper bounds on o(¢,-) which are uniform with respect to t. It turns
out that the second order approximation result reduces the complexity only if o(t,-) converges
to 0 when ¢ goes to infinity fast enough. We refer to Section [3| for a precise discussion on the
computational complexity of the stochastic gradient optimization scheme and a comparison of the
two results.

Let us mention several directions for future works. It would be interesting to study the behavior
of the stochastic gradient optimization scheme under weaker conditions on the objective function F'.
One may also investigate the behavior of other stochastic optimization schemes, such as stochastic
versions of the celebrated heavy ball and Nesterov algorithms. The analysis may also be extended
in an infinite dimensional setting.

The article is organized as follows. Section [2]is devoted to the description of the setting and the
statement of the fundamental assumptions on the objective function F' and the diffusion coefficient
o. The main results of this article, Theorem [I] for the first order approximation, and Theorem [2| for
the second order approximation, are stated in Section [3] which also contains numerical experiments
and a discussion on the computational complexity. Section [d] presents some results on the stochastic
gradient optimization scheme, including uniform moment bounds given by Lemma [£.I] The proof
of the first order approximation result, Theorem [I] is provided in Section [5.2} and the proof of the
second order approximation result, Theorem [2] is provided in Section [6.4] Appendix [6.5] contains
the proof of technical but fundamental results, on the regularity properties of the solutions of the
Kolmogorov equations associated with the first and second order modified equations.

2. SETTING

2.1. Notation. We denote by N* = {1,...} and N = {0, 1,...} the sets of positive and nonnegative
integers respectively. Given d € N* be an arbitrary positive integer, the Euclidean space R? is
equipped with the standard inner product and norm denoted by {:,-) and | - | respectively. Let
M (R) denote the space of real-valued square matrices with d rows and columns. The identity
matrix is denoted by I;. For any matrix M € M4(R), M™* is the transpose of M and Tr(M) is the
trace of M. The space M (R) is equipped with the norm || - | defined by

1
M = ( D1 M %)%, ¥ M e Mg(R).
1<ij<d
4



If M,N e M4(R) are two matrices, let
M:N= Y M;;N;;=Tr(MN").

1<ij<d

If ¢ : R - R is a real-valued function of class C', then V¢(z) = (05,¢(x)) € R? denotes

1<i<d
the gradient of ¢ at € RY. Similarly, if ¢ : R? — R is a function of class C?, then V2¢(x) =
(O 8xjgb(x))1<ij<d e Mg4(R) denotes the Hessian matrix of ¢ at = € R%.

Given dy,dy, m € N*| if ¢ : R — R% is a mapping of class C™, then D" ¢(x).(k1,. .., kn) € R%
denotes the differential of order m of ¢ at x € R% in the directions k1, ..., ky, € R¥. In the case
di =dand dy = 1, if ¢ : R? — R is of class C?, with the notation introduced above one has

Do(z).(k) = (Vo(x),ky, D*p(x).(k1,k2) = (Vo (z)k1, ko).
For any m € N*, if ¢ : R — R is of class C™, then set

_ [D™p(@). (k1 - - -, k)|
llelllm = sup  sup
2€RY ky,. kR {0} [l el

In the sequel we consider functions ¢ of class C? with bounded second order derivative. Note that
its first order derivative of such functions satisfies the following upper bound: for all z € R% and
k € R? one has

(1) De(w) bl < (IVe@) + llellzle ] ) 1k].

Finally, let (B(t)) £0 be a standard R%valued Wiener process defined on a probability space
denoted by (€2, F,P), and which is adapted to a filtration (.7-",5) +20 which satisfies the usual conditions.
If X is an integrable real-valued random variable, its expectation is denoted by E[X]. In addition,
given a o-field G = F, E[X|G] denotes the conditional expectation of X given G.

In the analysis, the value of (deterministic) positive real numbers C' € (0,00) may vary from
line to line. Unless specified, the value of C is uniform with respect to variables such as time
te R* = [0,0), the state x € R? or the time-step size h.

2.2. The considered stochastic gradient optimization scheme. Let 2y € R? be an arbi-
trary initial value assumed to be deterministic. Considering Fp-measurable random initial values
satisfying appropriate integrability properties could be considered with straightforward minor mod-
ifications of the statements.

Let A > 0 denote the time-step size of the considered stochastic gradient optimization scheme.
Without loss of generality, it is assumed that h € (0, Apayx) for some positive real number hpax. For

any nonnegative integer n € N, set ¢, = nh. Let (7")neN* be a sequence of independent standard

centered R%valued Gaussian random variables.
The objective of this article is to study the behavior of the stochastic gradient optimization
scheme

(2)

Xn+1 =X, — hVF(X,) + ho(tn, Xn)Yn+1, Y neN,
Xo = o,

where the mapping F : R — R is the objective function and the mapping o : [0, 0) x R? — My(R)
is the diffusion coefficient. We refer to Section [2.3] for precise assumptions.
Let ABp+1 = B(tn+1) — B(tn) denote the increments of the Wiener process on the interval

tn,tna1|. Recall that _%ABn 1 are independent standard centered Gaussian R%valued
[ +1]- Recall th (h n
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random variables. Thus the sequences of random variables (\/E’V")neN* and (ABn)neN* are equal
in distribution, and as a result, the scheme can be interpreted using the alternative formulation

(3)

Xpi1 = Xp — AVF(Xy) + Vho(tn, Xn)ABpi1, VneN,
X() = Xg.

The formulation suggests to interpret the scheme as a numerical method applied to a stochastic
differential equation, as will be explained below.

2.3. Assumptions. This section provides basic assumptions on the objective function F' and on

the diffusion coefficient o, which are necessary to justify rigorously the main properties of the

stochastic gradient optimization scheme in the large time and small time-step regime. More precisely,

Assumptions[2.J]and [2.2]are required to prove the first main result of this paper, stated in Theorem [T}

Stronger additional conditions are imposed in Assumptions and below in order to prove the

second main result of this paper, stated in Theorem [2] we refer to Section for their statements.
Let us first state the basic assumptions on the objective function F'.

Assumption 2.1 (Basic assumptions on the objective function F). The mapping F : RY — R is
of class C3, and it satisfies the following properties:

(i) VF : R? — R? is globally Lipschitz continuous, i.e. there exists a positive real number
Lp € (0,00) such that one has

(4) HVF(ZL’Q) —VF(ZL’l)H < LFH$2—~T1H> Y 1,22 e R%.
(i) F is a p-convex function, i.e. there exists a positive real number p € (0,00) such that one
has
(5) (VF(x9) — VF(x1),x9 — x1) = pllze — z1]?, ¥ 21,22 € RE

(11i) The third order derivative of F is bounded.
Example 2.1. Assumption[2.1] is satisfied if F is defined as
F(x) = |z|? + eG(z), VY zeRY,

where the mapping G : R — R is of class C® with bounded first, second and third order derivatives,
and for sufficiently small €.

Let us state several elementary consequences of Assumption [2.1]

When the objective function F' satisfies Assumption [2.1] it is straightforward to check that
min(F') exists and is attained for a unique minimizer denoted by z*. Moreover the minimizer
x* is characterized by the first-order optimality condition VF(z*) = 0.

Note that the second order derivative V2F satisfies the property

(6) plk|* < (VPF(2)k,ky < Lp|k|*, ¥V keR?,

where the upper bound follows from the Lipschitz continuity of VF and the lower bound
is a consequence of the pu-convexity property . In addition, the global Lipschitz continuity
condition implies that VF' has at most polynomial growth:

(7) IVF(z)| < Lp|z —2*|, YzeR.

Finally, note that combining the p-convexity condition ([5)) and the optimality condition VF'(z*) =
0, a second-order Taylor expansion yields the following lower bound on the residual

(8) Fz)— F(z*) > %Hm—x*HQ, Y z e RL
6



Similarly, one has an upper bound on the residual:
L
(9) F(z) - F(2*) < g\\x—m*u% V zeR%
Let us now describe the basic assumptions on the diffusion coefficient o.

Assumption 2.2 (Assumptions on the diffusion coefficient o). The mapping o : [0,00) x R? —
My (R) satisfies the following properties:
(i) The mapping o : [0,00) x R* — My(R) is continuous.
(i) For all t € [0,00), the mapping o(t,-) : R? — My(R) is globally Lipschitz continuous and
grows at most linearly : for all t = 0, there exists ¢(t) € [0,00) such that one has

(10) lo(t, x2) = o(t,z1)| < s(t)|wz = z1], V¥ 21,22 € R,
lo(t, )|
(11) sup PEEET——) < ((t)
zerd 1+ [z — 2%
(11i) The mapping < : [0,00) — [0,00) is assumed to be bounded. Let || = sup [s(t)].
=0
Finally, let us introduce the auxiliary mapping a : [0,00) x R? — My(R) defined by
(12) a(t,z) = o(t,z)o(t,x)*, Yt=0zeR™

2.4. First order approximate ordinary and stochastic differential equations. In this sub-
section, we consider that the basic assumptions on F' and o, i.e. Assumptions and respec-
tively, are satisfied.
Let us first study the deterministic situation: when ¢ = 0, the scheme is the explicit Euler
scheme applied to the deterministic gradient system
dx®(t)
(13) dt
XO(O) = XZg.
The analysis of the gradient system ((13) under Assumption is straightforward and well-known.
Owing to the p-convexity condition (5)) from Assumption on the objective function F', and due
to the first-order optimality condition VF(z*) = 0, one obtains for all ¢ > 0
1d|x°() —a*|* _ <d(X°(t) — ")
2 dt B dt
< —p| X0(t) - 2* |,
Therefore, applying the Gronwall lemma, for all ¢ > 0 one obtains
(14) I0(0) — a*] < el — 7]
This means that, for any initial value zg, the solution X°(t) at time ¢ of the deterministic gradient
system converges exponentially fast to the unique minimizer x* of the objective function F' in
the large time regime ¢t — o0, and that the rate of convergence is given by the parameter pu.
Let us now take into account the stochastic perturbation. The stochastic gradient optimization

scheme , using the equivalent formulation , can be interpreted as the Euler—-Maruyama scheme
with time-step size h applied to the stochastic differential equation

dX"(t) = —=VF(X"(t))dt + Vho(t, X"(t))dB(t), Yt=0,
Xh(()) = xp-.

The noise in the stochastic differential equation (|15)) is interpreted in the It6 sense. Observe that

the equation depends on the time-step size h, the diffusion coefficient is v/ho. Let us mention
7

=-VEF(X°(t)), Vt=0,

LXO(t) — 2ty = ~(VE(XO()) — VF(a*), X°(t) — a*)

(15)



that the stochastic differential equation is globally well-posed, since the mappings VF and
o(t,-) satisfy appropriate globally Lipschitz continuity properties, given in Assumptions and
for any initial value zy € RY, there exists a unique global solution to the stochastic differential
equation ([15)).

The deterministic system and the stochastic system are first-order approximations, in
the sense of weak convergence, of the stochastic gradient optimization scheme in the small time-
step size limit h — 0, for arbitrary fixed value of T' € (0, 00). More precisely, for any time 7" € (0, o)
and any sufficiently smooth function ¢ : R — R, there exists C (T, zq, ¢) € (0,00) such that for all
h € (0, hyax) one has

sup |E[p(Xn)] = E[p(X°(nh))]| + sup [E[p(X,)] — E[p(X"(nh))]| < C(T, z0, p)h.
nh<T nh<T

One of the objectives of this work is to show that under appropriate conditions the weak error
estimates are uniform with respect to 7' € (0, c0), which is of tremendous importance in the context
of optimization where one needs to consider the large time regime T' — oo. In other words, it
will be proved that the weak error estimates above hold, with sup C(T,xz¢,¢) < o0, we refer to

Te(0,00
Theorem [1| stated in Section [3| for a precise statement. o)

Note that in order to understand the behavior of the numerical scheme considering the sto-
chastic differential equation instead of the deterministic gradient system is not relevant
since the weak order of convergence is equal to 1 even when the noise is introduced. The objec-
tive of the next section is to introduce a stochastic differential equation depending on a modified
objective function F", depending on the time-step size h, in order to obtain a second order weak
approximation. As already mentioned, stronger conditions will be imposed on F' and o to prove
this result.

2.5. Second order approximate stochastic differential equation. Following the works [0} 1],
instead of considering the stochastic differential equation , we introduce the family of stochastic
differential equations depending on the time-step size h defined by

ay(t) = -V (F + ZHVFHQ)(yh(t))dt +Vho(t, YH()dB(t), Y t=0,
YM(0) = o.

This family provides second order weak approximation for the stochastic gradient optimization
scheme : for any time T € (0,0) and any sufficiently smooth function ¢ : R¢ — R, there exists
C(T, zp,p) € (0,00) such that one has

Sup [E[o(Xn)] = E[p(Y" (nh))]| < CO(T, z0, )%,

(16)

Like for the first order approximations described in Section the main objective of this work is
to show that under appropriate conditions the weak error estimates are uniform with respect to
T € (0,00). We refer to Theorem 2| stated in Section [3| for a precise statement.

Note that the stochastic differential equations and have the same diffusion coefficient
Vho, but they do not have the same drift: the drift in is —VF where F' is the objective
function, whereas the drift in is given by —VE" where F* : R? — R is the so-called modified
objective function defined by

h
(17) F'(z) = F(z) + Z||VF(90)\|2, V z e RY,
It is worth mentioning that * is the unique minimizer of F* for any time-step size h. Indeed, one

has F"(z*) = F(2*) and F"(z) > F(x) for all x € R\ {z*}.
8



Following from straightforward computations, note that V||V F|?(z*) = 0, and that there exists
a positive real number C € (0, c0) such that for all x € R? one has

(18) IVIVFP(@)] < Clz —a*],  [V*IVF|*(2)] < CA + o — 2*|).

As a consequence, there exists a positive real number Lgy € (0,00) such that, for all z1,z5 € R?,
one has

(19) IVIVFP(x2) = VIVF*(21)] < Lr2(l + |21 = 2™ + 2 — 27 [) |22 — 1],

The conditions imposed on F' in Assumption [2.1] are not sufficient for the analysis, additional
conditions are given in Assumption below. Note that as usual higher order regularity conditions
on F' and o are needed to justify the second order weak approximation result stated above, compared
with the first order weak approximation result. A more restrictive condition also needs to be
imposed: the mapping F" is assumed to be p-convex for any (sufficiently small) time-step size h,
and the positive real number p is independent of h. This assumption is non trivial and is discussed
below. To the best of our knowledge, this type of condition has not been presented so far in the
literature.

Assumption 2.3 (Strengthened assumptions on the objective function F'). Assume that the objec-
tive function F' satisfies the basic Assumption|2.1].
Furthermore, assume that the mapping F : RY — R is of class C°, and that it satisfies the following
properties:
(i) There exist positive real numbers hg € (0, hmax) and p € (0,00), such that for all h € (0, ho)
the mapping Fh s H-convex:

(20) (VF"(29) = VF"(21), 20 — 21) = p|zo — 21]?, ¥ 21,22 € RE, YV he (0, hy).
(i) The fourth and fifth order derivatives of F' are bounded.
Let us give an example of a function such that Assumption [2.3]is satisfied.

Example 2.2. Let F be given by F(x) = ||z|?> + ¢G(z) for all x € RY, where G : R? — R is a
mapping of class C° with bounded derivatives of any order and € is chosen to ensure that the ju-
convexity condition from Assumption[2.1) is satisfied. Then Assumption 1s satisfied if and only
if there exists cp € (0,00) such that

inf D3G(z).(x,k, k) = —cp||k|*V k e RY,

xeR4

1s satisfied.

Remark 2.1. The mapping —VF" : RY — R is only locally Lipschitz continuous, owing to the
inequality , following from the basic Assumption : there exists C € (0,0) such that for all
T1,xo € R one has

(21) IVE" (@2) = VF"(21)| < (Lp + hLp2)(1 + o1 — 2™ + 22 — 2*]) |22 — 1]

This local Lipschitz continuity property ensures local well-posedness of the stochastic differential equa-
tion . Owing to the strengthened Assumption FP satisfies the p-convezity condition ,
which implies that —N F" satisfies a one-sided Lipschitz continuity property. This provides the global
well-posedness of by standard arguments. Moreover, the p-convezity condition s employed
to prove moment bounds on the solution of the stochastic differential equation , see Lemma
in Section [0, which are uniform with respect to t = 0.

Finally, let us describe additional regularity conditions imposed on the diffusion coefficient o.
These assumptions are less restrictive than those imposed on F' in Assumption above.
9



Assumption 2.4 (Strengthened assumptions on the diffusion coefficient o). Assume that the dif-
fusion coefficient o satisfies the basic Assumption [2.2.

Furthermore, assume that for all t € [0,00) the mapping o(t,-) : RY — Mg(R) is of class C3.
Moreover, the second and the third derivatives of o(t,-) are assumed to be bounded, uniformly with
respect to t € [0,00): one has

2 3
sup sup sup HD O'(t,(L‘).(kl, k?)” + sup  sup sup HD O'(t,l‘).(kl, ]{72,]{33)“
te[0,00) weR? ky keRe\{0} [ [R2] te[0,00) zeR? k1 k3, k3eR7\{0} [ Rz [[F]

Finally, assume that for all x € R?, the mapping o(-,z) : [0,00) — My(R) is globally Lipschitz
continuous, uniformly with respect to x: there exists a positive real number L, € (0,00) such that
for all x € R* one has

(22) HO’(tg,.@)—O’(tl,w)H <Lg|t2—t1‘, th,tQE[0,00).
We conclude this section by remarks on the modified objective function F".

Remark 2.2. The gradient VF" of the modified objective function can be written as
VFMz) = (I + gVQF(z))VF(a:), V z e RY

This observation suggests to propose alternative stochastic differential equations which provide a
second order weak approximation instead of . For instance, one can consider the stochastic
differential equations

dY"(t) = 0" (V" (t))dt + Vho(t, V" (t))dB(¢)
with Eh(w) =—(I—- %VQF(x))_1VF(x) (under the condition h < 2L to ensure that the matriz is
invertible) or with Bh(a:) = —exp(4V2F(2))VF(z). Note that in general it does not seem possible
to write Bh(x) given in the two examples above as a gradient. It can be proved that second order

weak error estimates are still valid with Y"(nh) replaced by yh(nh), for nh <T.

It would be interesting to exhibit a choice of alternative drift coefficient 5" such that one could
obtain uniform in time weak error estimates at second order in h under weaker conditions on the
objective function F'. For the two examples mentioned above this does not seem to be the case. We
leave investigations in this direction for future works.

3. MAIN RESULTS

This section is devoted to the full and rigorous statements of the main results of this article
in Section [3.]] We then discuss the relevance of the results through numerical experiments in
Section [3:2] and complexity analysis in Section [3.3] The proofs of Theorems [I] and [2] are technical
and require some auxiliary results, they are postponed to Sections [] and [6] respectively.

In each of the main results three types of errors are considered. Weak error estimates deal
with E[p(Xn)] — ¢(2*) for an appropriate class of functions ¢, errors on the expected residual are

concerned with E[F(Xy)] — F(z*), and strong error estimates give upper bounds on E[|| Xy — 2*|]
1

and on (E[|Xx — 2*]?])?. By the Cauchy-Schwarz inequality, one has E[| Xy — 2*[] < (E[[| Xy —
1
2*?])2. The main task is to prove the weak error estimates. The error bounds on the residual will

be obtained from weak error bounds when ¢ = F. Furthermore, the strong error estimates follow
from the error bounds on the residual by a straightforward application of the inequality .

Error bounds are made of two contributions. The first contribution is related to the large time
behavior of solutions to the associated continuous-time dynamics (given by the ordinary differential
equation for Theorem (1| and by the stochastic differential equation for Theorem . The

10



second contribution is related to a time-stepping error as h goes to 0, when comparing the solutions
to the associated continuous-time dynamics and the stochastic optimization scheme .

3.1. Error estimates. The first main result is Theorem [ below.

Theorem 1. Assume that the objective function F and that the diffusion coefficient o satisfy the
basic Assumption [2.1] and the basic Assumption respectively.

There exist positive real numbers H € (0, hymax) and C € (0,00) such that, for any initial value
zo € RY, for all N € N* and h € (0, H), the following error estimates are satisfied:

e weak error estimates: for any mapping ¢ : RY — R of class C* with bounded second order
derivative, one has

(23) [E[p(Xn)] = ¢(z")] < Cilp, o) (e #V" + h),
where the positive real number Cy (¢, xo) is given by
(24) Ci(p,z0) = C (V@) + lell2) (1 + o — z*[%),
e error estimates on the expected residual: one has
(25) E[F(Xn)] — F(z*) < C(1 + |zo — 2*[*) (e 2N + 1),

e strong error estimates: one has
* * 1 * 3 — 1
(26) E[| Xy —2*[] < (E[| XN — 2*]*])2 < C(1 + |lzo — 2*]2) (e N + h2).

We refer to Section [5| for a presentation of the strategy of the proof and to Section for the
details of the proofs of each of the error estimates.

Observe that Theorem [I] only requires to impose the basic Assumptions and on F' and
0. The time-stepping error is of size h in the weak error estimates and the estimates on the

expected residual , and of size h? in the strong error estimates . Improved error bounds,
where the time-stepping error is of size h? in weak error estimates and estimates on the expected
residual, and of size A in the strong error estimates, are stated in Theorem [2| below. Increasing the
order of convergence for the time-stepping error requires to impose the strengthened Assumptions[2.3
and[2.4Jon F and o. As will be clear in the statement of Theorem 2] there is a non-trivial impact on
the other contribution of the error related to the large time behavior of solutions to the stochastic
differential equation ((16)).
Let us introduce the mapping p defined by

T
(27) o(T) = f e215¢(s)2ds, ¥ T e [0,0),

0
where the mapping ¢ : [0,00) — [0,00) is introduced in Assumption [2.2, Note that the mapping
T € [0,00) — e 2T p(T) € [0,0) is bounded: owing to Assumption ¢ is bounded, therefore one
has

2

(28) sup e 2 p(T) < —HgHOO.

>0 2p
As will be clearly explained below, without further conditions on the behavior of ¢(T") when 7" — o0,
obtaining Theorem [2| may not be of any practical interest. However assuming that ¢(7") tends to 0
as T — o0, one obtains
(29) e M p(T) — 0,

T—o0
and the speed of convergence has an impact when analyzing the computational complexity of the
algorithm when comparing Theorems [1] and
11



Theorem 2. Assume that the objective function F' and that the diffusion coefficient o satisfy the
strengthened Assumption [2.5 and the strengthened Assumption[2.]] respectively.

There ezist positive real numbers H € (0, hymax) and C € (0,00) such that, for any initial value
zo € R, for all N e N* and h e (0, H), the following error estimates are satisfied:

e weak error estimates: for any mapping ¢ : R* — R of class C> with bounded second and
third order derivatives, one has

(30) [Elp(Xn)] = ¢(a")] < Cale,0) (e (1 + hp(NR))? + 12,
where the positive real number Ca(p, xo) is given by
(31) Ca(,0) = C(IVe(z™)| + llellz2 + llells) (1 + Jzo — 2*[).
e error estimates on the expected residual: one has
(32) E[F(Xy)] - F(z*) < C(1 + |20 — 2*|°) (e—Wh (1 + hp(Nh)) + h2> ,

e strong error estimates: one has
* %127\ 2 x| 2 —uNh 1
(33)  E[Xn —a"l] < (EIIXn —o*[2])7 < C(1+ Jwo — 2*15) (7 (1+ hp(NR))? + h).

Owing to the boundedness property , it is apparent that comparing the error estimate for
the expected residual and , respectively the strong error estimates and , the upper
bound from Theorem [2] is dominated by the upper bound from Theorem [I} If one compares the
weak error estimates and , the comparison is not clear. We refer to Section for an
analysis of the computational complexity.

Remark 3.1. The reason why p(T) with T = Nh appears in Theorem@ whereas it does not appear
in Theorem[1] is due to the use of different decompositions of the weak error

E[p(Xn)] = ¢(a*) = o(X°(Nh)) = p(z*) + E[p(Xn)] — (X°(Nh))
= E[p(V"(Nh)] = (z*) + E[o(Xn)] — E[o(Y" (NA))].

On the one hand, the first decomposition (see Section @ s the primary step in the proof of
Theorem |1}, and exploits the large time behavior of the solution X°(T) of the deterministic gradient
system The diffusion coefficient o does not appear in this description. On the other hand,
the second decomposition (see Section @ s the primary step in the proof of Theorem @ To
deal with the first term of the decomposition, it is necessary to study the large time behavior of the

solution yh(T) of the stochastic differential equation , see Pmposz’tion which depends on p.

3.2. Numerical experiments. The objective of this section is investigate the behavior of the
stochastic optimization scheme and to verify that the terms appearing in the upper bounds
from Theorem [2| are relevant. We focus only on strong error estimates , which may be rewritten
as

(34) (E[|Xx - 2*[2])? < C(a0) (eﬂT +Vine 2T p(T) + h) ,

using the notation T' = Nh.
The numerical experiments are performed in dimension d = 1. In addition, the noise is additive,
i.e. o only depends only on time ¢: one has

o(t,z) =0(t), Vt=0, zeR

Choosing different objective functions F' and mappings o allows us to illustrate below that the
three terms appearing in the right-hand side of can be observed when evaluating the error as
a function of the time-step size h, for different values of T.

12



3.2.1. Quadratic objective function. Let us first assume that the objective function is given by

1,2

The unique minimizer of F'is z* = 0. In the numerical experiments, the initial value is xg = 1. To

1
estimate the strong error (E[| Xy —x*||?]) 2, Monte Carlo averages over 100 independent realizations
is computed. The time-step size h takes values in

{1.01072,5.0 1072,2.5 1073,1.25 1073,6.25 10%,3.125 107*,1.5625 10~*}.

The error is represented in logarithmic scale and a reference line with slope 1/2 is displayed.

First, let us assume that o(t) = e~ %, with a € {1.5,1.0,0.5,0.1}. Figure [1|illustrates the depen-
dence of the strong error with respect to h for different values of the final time T € {2,4, 8, 16, 32}.
For small values of T' (T = 2 and T' = 4), the error does not depend on h, and is also seen to be
independent of the parameter a. This behavior corresponds to the observation of the error term
e *T" in the right-hand side of (34)). For large values of T' (T = 16 and T = 32), the error does
not depend on h if @ is large (a = 1.5 and a = 1) however it depends on h and converges with rate
1/2 for smaller values of a (a = 0.5 and a = 0.1). In addition, the error depends on 7" (for a fixed
value of a). This behavior corresponds to the observation of the error term v/h+/e=2#Tp(T) in the
right-hand side of .

oty =e~*,a=15 olty=e~*,a=1
107t —— T=2 107t —— T=2
- T=4 - T=4
102 & T=8 102 & T=8
=& T=16 =& T=16
- —+ T=32 s -+ T=32
10 10
=== ref12 === ref12
10 10
10-° 10-%
101 1071
WEy et WBEY et
+ === } } - + L f -+ -+ -+
1073 1072 1073 1072
olth=e~*,a=05 oty =e~*, a=01
— T=2 - - - - - — | o T=2
+* FEE————— I ] 07 - T=4
02 & T=8 & 1=8
=& T=16 =& T=16
—+ T=32 -+ T=32
) o / TTh el
M 107
10°°
102
" M

1072 10 1072 10

Ficure 1. Illustration of strong error estimates for the quadratic objective function
F, and with o(t) = e~ for a = 1.5 (top left), a = 1.0 (top right), a = 0.5 (bottom
left) and @ = 0.1 (bottom right). The values of the final time are T" € {2, 4, 8, 16, 32}.

Second, let us assume that o(t) = ﬁ, with a € {2.0,1.5,1.0,0.5}. Figureillustrates the depen-

dence of the strong error with respect to h for different values of the final time T € {2,4, 8,16, 32}.

Like in the numerical experiments reported in Figure|l| for small values of T (T" = 2 and T' = 4), the

error does not depend on h, and is also seen to be independent of the parameter a. This behavior

corresponds to the observation of the error term e #” in the right-hand side of . For large
13



values of T' (T' = 16 and T = 32), the error converges with rate 1/2 for all the values of a. In
addition, the error depends on 7. This behavior corresponds to the observation of the error term

Vha/e=2+Tp(T) in the right-hand side of ([34).

oty =(1+t%)"La=2 olt) =(1+t3)1,a=15
wil* - - - - - * [ e T=7 il - o - - b * | —— T=2
—- T=4 —H- T=4
& T=5 & T=5
102 * * * * * * * | ¢ 116 * e + e + H——% | =< T=16
—+ T=32 10-2 —+ T-32
=== ref 12 === ref 12
10-® M
1073
- M
10
1072
103 1072 103 1072
oty =(1+t%)"La=1 olt) =(1+t3)71,a=05
" - - - - - - * | e T=7 - - - - - - | g T=2
1w — T4 107 e Tt
& T=5 & T=5
=== T=16 === T=16
Sna— % | -

Yo o T=32 T=32
=== ref 12 === ref 1/2
1072

103 1072 1073 1072

FIGURE 2. Illustration of strong error estimates for the quadratic objective function
F, and with o(t) = H% for a = 2.0 (top left), a = 1.5 (top right), a = 1.0 (bottom
left) and @ = 0.5 (bottom right). The values of the final time are T" € {2, 4, 8, 16, 32}.

Note that in the two numerical experiments reported in Figures [1| and 2, one does not observe
the third error term A appearing in the right-hand side of .

3.2.2. Non-quadratic objective function. In order to exhibit the third error term h appearing in the
right-hand side of , we need to consider a non-quadratic objective function F' = F,, given by

F!(z) = x + arctan(x/e)

where € is a parameter, which takes values in {1071, 1072,1073, 1074,1075, 1075},
The unique minimizer of F'is * = 0. In the numerical experiments, the initial value is o = 1. To

1
estimate the strong error (E[| Xy —2*[?])2, Monte Carlo averages over 10 independent realizations
is computed. The time-step size h takes values in

{1.01072,5.01073,2.51073,1.251072,6.25 1074,3.125 1074, 1.5625 10, 7.8125 1075, 3.90625 10~°}.

The error is represented in logarithmic scale and reference lines with slopes 1/2 and 1 are displayed.
In Figures [3|and [4] one observes how the error depends on the parameter e for different values of
- 1

T € {8, 16,32}, respectively with o(t) = ™" and o(t) = 1=5. The value of ¢ has a strong impact. For

large values of € (e = 107! and € = 1072), the same behavior as in the case of a quadratic objective

function is observed: the rate of convergence with respect to h is 1/2 and the error decreases when

T increases. This behavior corresponds to the observation of the error term vhy/e=2#Tp(T) in the

right-hand side of . For small values of € (¢ = 107> and ¢ = 107%), one observes a different

behavior: the rate of convergence with respect to h is 1 and the error is independent of T'. This
14



behavior corresponds to the observation of the error term A in the right-hand side of (34)). For
intermediate values of € (¢ = 107° and € = 107%), a transition between the two regimes is observed,
depending on the size of h. Figures 3| and [4] thus show that the error bounds obtained in Theorem
are sharp.

In Figure [5] a small sample of the same numerical experiments are presented differently, in order
to illustrate how the error depends on 7" when the value of € is fixed. First, one observes that for
€ = 107! the rate of convergence with respect to h is 1/2 and that the error decreases as T increases.
Second, one observes that for € = 107% the rate of convergence with respect to h is 1 and that the
error does not depend significantly on T'. This confirms the interpretation of the results above.

Let us explain the role of the parameter e: the second and the third error terms in the right-hand
side of depend on €, more precisely one should write

Ce1(x0)Vhr/e=20T p(T) + Cea(z0)h,

where C¢1(z0), Ce2(x0) depend on derivatives of the objective function F, and go to infinity as €
goes to 0 at different speeds: when ¢ — 0, one has C¢1(z9) = 0(06’2(930)). For a fixed value of e,
when h goes to 0 only the first error term above should be visible in the numerical experiments.
However, choosing small values of € allows us to exhibit the second error term for the considered
values of h.

—— £=1071
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—a— £=1071

£=10"7

@ =107 10t -® =10
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107 4 £=1077 e E=107
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107
10-®
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07

10717

FiGURE 3. Illustration of strong error estimates for the non-quadratic objective
function F, for different values of ¢, and with o(t) = e~*. The values of the final
time are 7' = 8 (left), T' = 16 (right) and 7" = 32 (bottom).
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FIGURE 4. Illustration of strong error estimates for the non-quadratic objective

function F¢, for different values of €, and with o(t) = l%t The values of the final

time are T' = 8 (left), T'= 16 (right) and 7" = 32 (bottom).
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FIGURE 5. Illustration of strong error estimates for the non-quadratic objective
function F,, for different values of T. Left: o(t) = e~!. Right: o(t) = #t Top:

e =10"1. Bottom: ¢ = 1076.
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3.3. Complexity analysis. Let us perform some complexity analysis associated with the conver-
gence results stated in Theorems|l{and [2} We only focus on the strong error estimates and .
The conclusions would be the same for the error estimates on the expected residual (25)) and (32)),
owing to the inequalities (8) and @D However, the conclusions are different if one considers weak
error estimates and (30]), but the discussion is omitted in this work.

In order to study the computational complexity, let § € (0,1) be an arbitrarily small error size,
then one needs to find h € (0, H) and N € N* such that the strong error satisfies

(35) (E[|Xy —2*[])? < 6.

The computational cost is proportional to the number of time steps V. Below, the symbol ~ is
used to denote the size of the error, constants which are independent of the considered parameters
6, h and N are omitted.

First, if Theorem [1}is considered, owing to the strong error estimate the upper bound is
satisfied if h is chosen such that h ~ §2 and if then N is chosen such that Nh ~ log(6~!). Therefore,
the computational cost is of size

N = N1(6) ~ 6 2log(671).

Second, if Theorem [2]is considered, the analysis depends on the mapping ¢. As already explained in
Section since the mapping T~ e~2#T p(T) is bounded, the right-hand side of is dominated
by the right-hand side of , therefore one always observe a lower computational cost when
considering Theorem [2]instead of Theorem[I] It remains to study whether some significant reduction
of the computational cost is observed. We consider two cases: either we assume that ¢(t) = e~ or
that (t) = (1+t%)~1, for some positive real number a € (0, 0). These are the two cases considered
in the numerical experiments reported in Section [3.2
If ¢(t) = e, then it is straightforward to check one has

e 2T p(T) < Cpe 2T VT >0,

for some C, € (0,00) and p, € (0,u]. As a result, owing to the strong error estimate the
upper bound is satisfied if A is chosen such that h ~ ¢ and if then N is chosen such that
Nh ~ log(6~1). Therefore, the computational cost is of size

N = Ny(8) ~ 6 tlog(671).

In that case, the comparison of the computational costs is favorable to Theorem [2] compared with
Theorem [k

N2(0)

N

Ny (5) 0—0
It is thus worth using the higher order approximation with respect to h to analyze the algorithm
in that case, but it should be reminded that Theorem [2] requires more stringent conditions on the
objective function, imposed from Assumption [2.3]

If ¢(t) = (1 +t*)~L, then it is straightforward to check one has

C

—2uT T) < a
(1) < e
for some C, € (0,00). As a result, owing to the strong error estimate the upper bound is

satisfied if A is chosen such that h ~ & and if then N is chosen such that Nh ~ §~ 2. Therefore,
the computational cost is of size

VT >0,

1

N = Ny(§) ~ 6 2.
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Contrary to the situation described above, the comparison of the computational costs Ni(d) and
Ny (0) associated with the applications of Theorems (1| and [2] respectively depends on the value of
the parameter a, i.e. on the speed of convergence to 0 of the mapping o. Indeed one has

Na(9) 0, ifa=1/2,
Ni(d) 60 |0, ifa<1/2.

As a conclusion, Theorem [2]is more favorable than Theorem [I]in terms of computational complexity
only when a > 1/2.

4. AUXILIARY RESULTS ON THE STOCHASTIC GRADIENT OPTIMIZATION SCHEME

This section is devoted to studying some properties of the discrete-time stochastic process (Xn)nEN
defined by the stochastic gradient optimization scheme . First, Lemmastates moment bounds,
which are uniform with respect to the time-step size h, and with respect to time n € N. Second,
for any time-step size h an auxiliary continuous time process (X h(t)) =0 18 introduced and some
properties are given in Lemma [4.2]

4.1. Moment bounds on the scheme.

Lemma 4.1. Assume that the objective F satisfies the basic Assumption [2.1] and that the diffusion

coefficient o satisfies the basic Assumption . There exist a non-increasing sequence (Hp)peN*,

with Hy € (0, hyax), and a non-decreasing sequence (Cp) such that for any initial value xo € R?

peN*’
and for any p € N* one has

(36) sup sup E[| Xy, — a*[*] < Cp(1 + o — 2™ [*F).
he(0,Hp) neN

In the proof of Lemma [.1] given below, it will be obtained that H, tends to 0 when p tends
to infinity. In the error analysis below, it will be sufficient to apply the result of Lemma [4.1] with
p = 3, therefore the condition h € (0, H3) on the time-step size will be sufficient.

Remark 4.1. Lemmal{.1 is valid under the basic Assumptions[2.1] and[2.9 on the objective function

F and the diffusion coefficient o, in other words it is not necessary to impose the strengthened

Assumptions and 24}

Proof. Let us first introduce some auxiliary notation.

For any positive integer n € N*, define the o-field F, = cr(')q, . ,fyn). Set also Fy = {,Q}.
Recall the notation E[-|F,] for the conditional expectation.

For all n € N, set

AXpi1 = Xpp1 — Xy = _hVF<Xn) + hU(thn)%Hla
Observe that the random variable X, is F,-measurable for all n € N. In addition, one has
(37) Xpi1—2"=X,—2"+AX,11, VYneN

The proof then proceeds in two steps, in order to treat the cases p = 1 and p > 2 separately.
Step 1: the case p = 1. Using the identity above, one obtains for all n € N

[ Xt =22 = [ X — 2" + 20X, — %, AXpsr) + A X 12
Let n € N. Since the random variable X, is F,,-measurable, one has
E[| X, — 2" |21 F0] = | X — 27 .
In addition, the random variable ;41 is independent of F,,, thus one has

E['Yn+1|fn] = E['VnJrl] = 0.
18



As a result, using the definition of AX,, 11 and the properties of conditional expectation, one has
E[(X, — 2*, AX, 1D Fn] = — KX, — 2", VF(X,)) + WXy, — 2%, 0(tn, Xn)E[vn+1|Fn])
= —WX, —x*,VF(X,)).
Using the p-convexity of F in Assumption one obtains
(X — 2%, VF(Xy)) = (Xp — 2*, VF(X,) — VF(z*)) > | X, — 2|2,
since VF(z*) = 0 by the the first-order optimality condition. One obtains the the upper bound
E[(Xp — 2%, AXp )| Fn] = —W(Xy — 2, VF(X,)) < —ph| X, — 2™ .
Finally, using the definition of AX,,,1 and similar arguments one has
E[|AX 1] Fa] = K*E[|VE(X0)[*1F0] + BElo(tn, Xo)vn+1]?1F0]
= 2WE[(VF (Xn), 0 (tn, Xn)¥n+1)| Fal
= P |VE(X0) [ + h2|o(tn, Xn) .

Recall that the mappings VF and o have linear growth (see and ), and that the mapping ¢
is bounded (by Assumption . Then one obtains for all n € N and all h € (0, Amax)

E[|AX 1 [*[Fn] < LER | Xn — 2 + R26(80)*(1 + [ X — 27])?
and gathering the upper bounds for E[(X,, — z*, AX,,11)|F.] and E[|AX,,;1]%|F] one has
E[|Xn1 — o* 21 Fa] < (1= 20h + (L3 + 206)%)h) [ X0 — o*|2 + 202 5],
For all h € (0, hmax), set
pr() = 1= 2uh + (L3 + 2[c|) 2.
The tower property of conditional expectation yields the identity
E[E[|Xn+1 — 2" 2| Fa]] = E[| Xns1 — 2],
thus taking expectation, for all n € N one has
E[| Xn+1 —2"[*] < pr(RE[| X0 — ¥ [*] + 2% |<[.

Set
1 1 2
= g o)
P T2 g

and observe that one has p1(h) € (0,1) for all h € (0, Hy). Applying the discrete Gronwall inequality,
one obtains for all n > 0 and for all h € (0, Hy)

2h% |5
E[|X, — z*]|?] < pr(h)"|xo — 2*|* + — 2
[ Xn = 2" 7] < pr(h)" |20 — 27| = p(h)
N 2h|s|?
<||1‘0—l‘||2—|— 2H HOO -
2 — (L + 2[<|%)
2H, |55,

< o —a*|* +
I
This concludes the proof of the inequality in the case p = 1.
Step 2: the case p = 2.
We start by a useful elementary remark we shall use also in other proofs.
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Fact 1. Define the auxiliary mapping v, by ¥,(x) = |z — 2*|?. For all z € R one has
(38) Dyy(x).k = 2plo—a*|2P~Vx — 2" k),V ke RY,
(39) |D*Gy(2). (k1 k)| < 2p(2p — 1)@ — 2 PPV ki [ afl, Y Ky, ko € RY.
Applying the Taylor formula, one obtains
[ Xn1 = 2% = p(Xns1) = ¥p(Xn + AXps1)
= Yp(Xp) + Dop(Xy). AX 11

1
+ f (1 —0)D*Yp( Xy + 0AX 1) (AX i1, AX 1) dO
0

< [ X — 2* |2 + 2p| X, — 2720, — 2%, AX i)
* 2(p—1
+ 202 (|1 X0 — %] + | AX 1 )PV | AX 0 |

We first consider the term with the inner product in the first line. Like in the treatment of the case
p = 1, considering the conditional expectation with respect to F,, one has

E[2p] X, — &* [P0, — 27, AX )l Fa] = 20 X5 — 2" PP VE[X, — 27, AXp1)| F
< —2pu| X — 2.

For the reminder term on the second line, the convexity inequality (a + b)? < 297 !(a¥ + b9) infers
the upper bound

* 2(p—1 _ 12—
(10 — 2% + A X1 )2 JAX 1 2 < 22773 (| X — 27 PP DA X 12 + [A X1 |2).

Employing the linear growth conditions and on VF' and on o respectively, then yields the
upper bound

[AXpp1ll < Ch(L+ [Xn — 2 [)(1 + [[ynsa)-

As a result, one obtains the following upper bounds on conditional expectations: there exists a
positive real number C), € (0, 00) such that

E[| Xn — 2" PPV A X1 [P Fn] = [ X — 2" PEVE[| A X1 [*]F]
< Gph*(1+ [ Xy — 2*[*P)
E[| AXp1 [P Fn] < Cph® (1 + | X — 2] ).
Combining the results above, for all n € N one obtains
B[ X1 — " 7| Fa] < (1= 20h + Gyl | X — "7 + Cyh?,
For all h € (0, hmax) set
pp(h) = 1 — 2puh + C,h>.
The tower property of conditional expectation yields the identity
E[E[|Xns1 — 2*|*|Fa]] = E[| Xp41 — ¥ |*7],
thus taking expectation, for all n € N one has
E[| Xn+1 — 2" |*] < pp(RE[| X0 — 2™ ] + Cph?,

Set
1 . 1 2pu
H =3 (7777h X>7
P min oo’ ma
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then for all h € (0, Hp) one has py,(h) € (0,1). Applying the discrete Gronwall inequality, one obtains
for all n > 0 and for all h e (0, Hp)

*||2p n *||2p Oph2
BlIX "] < (1) = a* 7 + 220

p

. Cyh

<l e
p
CpH
< oo — o[+ 2.

This concludes the proof of the inequality in the case p = 2. The proof of Lemma is thus
completed.
O

4.2. Auxiliary process. Given any time-step size h € (0, hmax), let us introduce an auxiliary
stochastic process (X h(t)) defined as follows: for any integer n > 0, and for all ¢ € [¢,,t,,+1] one
has

(40) XM(t) = X, = VF(X,)(t — tn) + Vho(tn, X,) (B(t) — B(tn)).

t=0

Note that X h(tn) = X, for all n € N, i.e. the auxiliary process interpolates the stochastic gradient
optimization scheme at the grid times ¢,, = nh. In addition, the stochastic process (X h(t)) >0
has continuous trajectories. Finally, for any integer n € N, on the interval [t,,t,4+1] the process

t — X"(t) is the solution of the stochastic differential equation
(@) dX"(t) = =VF(X,)dt + Vho(tn, Xn)dB(t), tE€ [tn,tni1],
Xh(t,) = X,.

The auxiliary process (X h (t)) +>o Plays a technical role in the proofs of the weak error estimates.
The following properties, which follow from Lemma [4.1] are employed in the error analysis.

Lemma 4.2. Assume that the objective F satisfies the basic properties of Assumptions[2.1] and that
the diffusion coefficient o satisfies Assumptions . For all p € N*, there exists Hy € (0, hmax) and
Cp € (0,00) such that one has the moment bounds

(42) sup sup E[| X" (t) — 2" |] < Cp(1 + [0 — 27 )
he(0,Hp) t=0

and such that one has the increment bounds: for all h € (0, Hp),

(43) sup  sup IE[HXh(t) — XnHzp] < Cp(1+ |zo — :z:*H2p)h2p.

neN tE[tn ,tn+1]

Proof of Lemma[].3 Let p € N* and let H,, be given by Lemma
Proof of the moments estimates (42). For all h € (0, H,), for any integer n > 0, owing to the

definition of the interpolating process X"(t), one has for all t € [tp, tpi1]
(ENIX" (1) - "] % < (B[IX, —a*|%]) + (¢ — 1) (BIVF(X,)|*])
+ VR (ot X (B() — B(t) 7).
Then by the linear growth conditions and ,
(BUKM (1) — 2 1) < (1+ Lph)(ELXo — 2 [7) %+ Cphlilo (1 + (BLIX, — 2* 7)) ).

using the property

(BIIB(t) — Bt)|])% = Cplt — tn)> < Cph.
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The moment bounds from Lemma then imply that for all h € (0, Hp,) one has

sup( E[IX"(t) —a*?])% =sup  sup  (E[|X"(t) — a*|*7]) %

t=0 n=0 te(tn,tnt1]
1
< Gy (1 + sup (B X, — " |#]) )
n=0
< Cp<1 + |zo — :c*H>

This concludes the proof of the moment bounds (42)).
Proof of the increments bounds . One proceeds by using similar arguments. Let h € (0, H})
and n > 0. Then for all ¢ € [t,,t,+1] owing to (40 one has

(BIX"(2) — Xa ) < (¢ — 1) (BIVF(X) 1) + VA(E[o (b, Xa) (BE) = B(ta)|2])
< Leh(E[| X, — 2 [71) 7 + Cohlclo (1 + (B[ X0 — 2" 7]) %)
< C'ph<1 + ili% (E[| Xn — x*HQp])%)
< Cph<1 + |0 — x*H>

This concludes the proof of the increment bounds . The proof of Lemma is thus completed.
O

5. PROOF OF THEOREM [I]

This section is devoted to the detailed proof of Theorem [I] In the sequel, it is assumed that the
objective function F satisfies the basic Assumption [2.I] and that the diffusion coefficient o satisfies
the basic Assumption

Let us explain the strategy of the proof. Let ¢ : R — R be a mapping of class C2. The error is
decomposed as

(44) E[p(Xn)] = ¢(a*) = p(X°(Nh)) — ¢(z") + E[p(XN)] = o(X°(Nh)),

where (Xo(t))t>0 is the solution of the deterministic gradient system . On the one hand, the

treatment of the first error term (X°(Nh)) — o(2*) follows from the exponential convergence
property of X°(T) —z* when T — o0, with T =ty = Nh. On the other hand, the treatment of
the second error term E[¢(Xn)] —p(X°(Nh)) requires more effort. Introduce the auxiliary function
u® : [0,0) x RY — R given by

(45) u(t,x) = p(X; (1),

where (X0(t)) 1>o denotes the solution of with arbitrary initial value X2(0) = x € R%. As a
result, the second error term is written as

(46) E[p(Xn)] = p(X°(Nh)) = E[u"(0, Xn)] — E[u’(tn, Xo0)]-

Then a standard telescoping sum argument provides the decomposition of the error as

N-1
E[UO((),XN)] _E[ tN7X0 Z tN _tn+17Xn+1)] _E[uo(t]\/ _tnan)])'

n=0
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Recalling that X,, = X"(t,) for all n € {0,..., N}, where the auxiliary continuous time process
(Xh(t))t>0 is defined by (40), one obtains

N-1
(47) E[u’(0, Xn)] — E[u’(tn, Xo)] = > €n,

n=0

where for all n € {0,..., N — 1} the error term ¢, is defined by
(48) en = Elul(ty — tni1, X (tni1))] — E[ul(tn — tn, X" (tn))].

Then one proceeds by applying the Ité formula, using . Error bounds for €, are obtained in the
proof of Proposition [5.1} To analyze the error terms, it is fundamental to observe that the function

u? is solution of the linear transport partial differential equation

(49) ol (t, x) = —(Vul(t,x), VF(2)), Yt=0zeR%
u’(0,z) = p(x), Y xeR%L

The reminder of this section is organized as follows. Regularity properties of the function u® are
stated in Section [5.1] with proofs postponed to Appendix [A] The application of those results to
obtain upper bounds on the second error term appearing on the right-hand side of , following
the strategy outlined above, is then presented in Section [5.2] Finally, Section [5.3] combines the
upper bounds on the error terms and provides the proof of Theorem [I]
5.1. Regularity properties of the auxiliary function u°.
Lemma 5.1. Assume that the objective function F satisfies the basic properties from Assump-
tions . Let ¢ : RY — R be of class C* with bounded second order derivative.

For all t = 0 the mapping u°(t,-) defined by is of class C2. Moreover, there exists a positive
real number C° € (0,0) such that the first order derivative satisfies for all t =0

|Du®(t, z).k| 0 . .
50) sup  sup - < CU [Vl + |[¢]l2)e ",

and such that the second order derivative satisfies for all t = 0

D20, 2). (k)| o »
(51) wp  sup ) < (V)] + lplla)e .
I AP ey prpmy ) TP )

The proof of Lemma [5.1] is given in Appendix [A]

5.2. Proof of weak error estimates. We now focus on the main task of the proof of Theorem
which consists in proving error estimates for E[o(X )] — ¢(X°(Nh)), uniformly with respect to N.

Proposition 5.1. Assume that the objective function F satisfies the basic Assumption[2-1], and that
the diffusion coefficient o satisfies the basic Assumption[2.3.

There exist positive real numbers H € (0,hmax) and C € (0,00) such that for any mapping
¢ : R - R of class C% with bounded second order derivative, for any initial value xo € R, and for
any h € (0, H), one has the weak error estimate

(52) sup [E[p(Xn)] = o(X°(Nh))| < Culp,zo)h,

where the positive real number Cy (¢, xo) is given by .
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In order to prove Proposition [5.1, we follow a standard approach employed to prove weak er-
ror estimates for numerical methods applied to stochastic differential equations, sketched at the
beginning of Section |5 above. Having exponential decrease with respect to ¢ in the bounds
and of the first and second derivatives with respect to x of the solution of the partial differential
equation (45)) is fundamental in order to obtain a right-hand side which is independent of N. The
value of H is imposed to apply some moment bounds on the solution of the stochastic optimization
gradient scheme (X")n>0 given by Lemma and on the solution (X h(t)) +>0 8iven by Lemma

Proof of Proposition[5.1 Let the function ¢ : R? — R and the initial value zy € R? be given.
Combining the expressions and for the weak error E[p(Xn)] — p(X°(Nh)), it is sufficient
to prove the following claim for the error terms €, defined by : for all N € N* and h € (0, H),
for all n € {0,..., N — 1}, one has

tn+1
(53) len] < C1(ep, xo)hf oty —t) dt,

with C (g, zo) defined by (24]) (up to a modification of the multiplicative constant C € (0, o0)).
Let us prove the claim above. For all N € N* and n € {0,...,N — 1}, recall that t €

[tn, tns1] — X" (t) is solution of the stochastic differential equation (41)). Therefore, applying It6’s

formula on the interval [t,, t,+1] yields the following decomposition of the error term €,: one has

n = f B0 (t — t. X" (0)]dt - | " BTt — , X4(0), VE(X)] dr

+ g f BVt — 1, K1) ¢ alta, K ()] .

Recall that the function «? is the solution of the partial differential equation . This allows us
to decompose €, as

€n = €n,1 T €n 2,

where for all n € {0,..., N — 1} one defines

ent = f "BV (ty — £, X (1), V(X (1)) — VF(X,)] dt
ena = g J A E[V2(tn — t, X"(8)) : altn, X" (t))] dt.

The claim follows from the bounds for €, 1 and €, 2 which are obtained below.

Upper bounds for €, 1. Recall that VF' : R? — R? is a Lipschitz continuous mapping (see
Equation from Assumption . Therefore, using the inequality from Lemma on the
first order derivative of u(ty —t,-), one has

tn41 - ~
lena| < C(IVe(a™)] + wll!z)f e HINTOR[(1 + | XM (1) — &) | X"(8) — X,|] dt.

in
Assume that H < Hy where Hy € (0, hyax) is given by Lemma . Applying the Cauchy—Schwarz
inequality and using the moment bounds and the increment bounds from Lemma for

the auxiliary process (X' h(t)) 40 One obtains the upper bounds

tn+1
lena| < C([Ve(@®)] + lell2)2(1 + zo — x*IQ)J eI g

tn+1 !
< C’l(go,:co)hf e HIN=Y) gy
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forall Ne N* allne {0,...,N — 1} and all h € (0, H).

Upper bounds for €,2.

Recall that the mapping (¢,z) — o(t,z) has at most linear growth with respect to z € RY,
uniformly with respect to ¢ > 0 (see Equation (11) from Assumption . Recall also that a is
defined by . Therefore, using the inequality from Lemma on the second order derivative
of u(ty —t,-), one has

lenal < C(IVe(z*)] + [lell2)hs(tn)? L " e HINTDR[ (14 | XM (t) — 2*)) (1 + | X" (tn) — 2*])*] dt.

Recall that ¢(t,) < |[s]s for all n € N. Assume that H < Hy where Hy € (0, hmax) is given by
Lemma Applying the moment bounds from Lemma one obtains the upper bounds

tn+1
Cvel)] + llell2)h(1 + o — x*lg)f e N0 dy
tn+1 !
< Ci (g, xo)hJ e HINTY) gy

forall Ne N* allne {0,...,N — 1} and all h € (0, H).

Conclusion. Gathering the upper bounds on |e, 1| and e, 2| obtained above then yields the
claim , under the condition H < Ho.

The proof of the weak error estimate is then straightforward: for all N € N* one has

[E[p(Xn)] = o(X°(Nh)) Z |€n]

n+1
< Ci(p, x0)h Z f ) dt

tN
< C1(<p,xg)hJ e =) g < M‘
0 I

This concludes the proof of Proposition

5.3. Proof of Theorem [I, We are now in a position to provide the proof of Theorem

Proof of Theorem[]l First, Let us establish the weak error estimates . Recall that owing to
the error term appearing in the left-hand side of can be decomposed as

E[p(Xn)] = o(z*) = (X (Nh)) = p(z*) + E[p(XN)] — @(X°(Nh)).
On the one hand, using the inequality and applying the upper bound , one has
(X2 (Nh)) = ()] < C(IVe(ah)| + llell2 X°(NR) = 2*[) [X°(Nh) — 2|
< Cl(Lp,xg)e’“Nh.

On the other hand, applying the uniform in time weak error estimates from Proposition
one has for all N e N and all h e (0, H)

[E[o(Xn)] — @(X°(Nh))| < Cie, z0)h,

where C1(p,x0) is given by . Gathering the two upper bounds yields the weak error esti-
mates ([23)).
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Second, let us establish the error estimates on the expected residual . Using the decomposi-
tion with ¢ = F, one has

E[F(Xy)] = F(a*) = F(X°(NR)) = F(z*) + E[F(Xn)] = F(X°(NR)).
On the one hand, using the inequality @ and applying the upper bound , one has
F(XO(NR)) = F(a*) < C|XONR) — a*2 < Ce™ N g — o7 2

On the other hand, applying the uniform in time weak error estimates from Proposition
with ¢ = F', one has for all N € N and all h € (0,H)

[E[F(Xn)] — F(X°(NR))| < C(1 + |zo — z*[?) .

Gathering the two upper bounds yields the error estimates on the expected residual .
Finally, let us establish the strong error estimates . Owing to the inequality , one obtains

E[| Xy — 2*’] < i(E[F(XNn )

and it then suffices to apply the error estimates on the expected residual to get .
The proof of Theorem [I] is thus completed.

6. PROOF OF THEOREM [2]

This section is devoted to the detailed proof of Theorem [2| In the sequel, it is assumed that the
objective function F satisfies the strengthened Assumption [2.3] and that the diffusion coefficient o
satisfies the strengthened Assumption [2.4] Recall that this implies that the basic Assumptions
and are also satisfied.

Let us explain the strategy of the proof, and compare it with the proof of Theorem [I] given in
Section |5l Let ¢ : R — R be a mapping of class C3. The error is decomposed as

(54) Elp(Xn)] - ¢(z*) = E[p(V*(Nh)] = ¢(z*) + E[o(Xn)] = E[p(V" (NA))],

where ()/h(t)) />0 18 the solution of the modified stochastic differential equation . On the one
hand, the treatment of the first error term E[p(Y"(Nh))] — p(x*) follows from an upper bound on
E[|Y"(t) — 2*|?] which is stated in Proposition 6.1/ below. On the other hand, the approach used to
treat the second error term E[p(Xy)] — E[@p(Y"(Nh))] follows arguments similar to those used in
Section |5, where an auxiliary function u° has been introduced. The situation is more complex here:
since the diffusion coefficient o depends on time in general, considering the stochastic differential

equation on the time interval [0, c0), with initial value imposed at time ¢ = 0, is not sufficient.
Instead one needs to consider the stochastic differential equation

{dyﬁ(slt) = —VF"Y)(s|t))ds + Vho(s, V]! (s[t))dB(s), Vs>t
Yy () =y,

on time intervals [¢,00), with initial value imposed at time s = ¢, for arbitrary ¢ € [0,00). The time
variable in (55)) and below is denoted by s. The stochastic differential equation is retrieved
by choosing t = 0. Recall that the modified objective function F” is assumed to be p-convex for
all h € (0,hg) (see Assumption , and that the diffusion coefficient o(s, ) is globally Lipschitz
continuous, uniformly with respect to s € [0,0) (see Assumption . As a result, the stochastic
differential equation is globally well-posed: for any time ¢ € [0,00) and any initial condition
y € R?, there exists a unique solution of denoted by (yl’}(s]t))szt. Note that choosing ¢ = 0 and

y = o in (55), one obtains Y"(T') = V! (T'|0) for all T € [0,0). Moment bounds for the solutions

(yg(s]t))pt of are given in Lemmaﬁ below.
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Introducing the auxiliary stochastic differential equations indexed by the initial time ¢ €
[0,00) allows us to define, for any time 7' € [0,00), an auxiliary mapping v/ : [0,T] x R? — R, as
follows: for all t € [0,T] and all y € R?, set

(56) vi(t,y) = E[p(Vy (T[t))].
The mapping véﬂ is the solution of the backward Kolmorogov equation
h
atvgi‘(t) y) - <V’U/§Lﬂ(t, y)a VFh(y)> + §v2’0§2(t, y) : a(tu y) = 07 Vie [07 T]a ye Rd)

VHT,y) = ¢ly), Y yeR”
The following remark justifies why it is necessary to introduce instead of considering only .

(57)

Remark 6.1. Let us emphasize that the mapping u” : [0,00) x R? - R defined by

ut(t,y) = Elp(Vy(1))]
for all t € [0,00) and y € R?, where (y;’(t))po denotes the solution of with arbitrary initial
value yg(o) =y e R?, in general does not solve the partial differential equation

h
opu"(t,y) = —(Vu(t,y), VF"(y)) + §V2uh(t,y) ca(ty), Yt=0,yeRY

u(0,y) = p(y), VyeR™
This would be the case only if the diffusion coefficient o and the auziliary mapping a would be
independent of time t.

The auxiliary functions v play a role in the analysis of the second error term E[p(Xy)] —
E[p(Y"(Nh))] which is similar to the role played by the auxiliary mapping u° in Section [5| Assume
that T'= Nh, then owing to the definition of v:}ﬁ the second error term is written as

(58) E[p(Xn)] = E[p(Y"(Nh)] = E[vH(T, Xn)] — E[v7:(0, Xo)]-
Then a standard telescoping sum argument provides the decomposition of the error as
N-1
E[vp(T, Xn)] = E[v}:(0, X0)] = > (B[} (tnr1, Xn41)] — E[v]:(t, X0)]).
n=0

As in Section [5| recalling that X, = X"(t,) for all n € {0,..., N}, where the auxiliary continuous
time process (X h(t)) +>0 18 defined by ([40)), one obtains

N—-1
(59) E[v#(T, X)] — E[v}(0, Xo)] = )] dn
n=0
where for all n € {0,..., N — 1} the error term §, is defined by
(60) Oon = E[U’fll“(tn+17)2h(tn+l))] - E[U%(tmxvh(tn»]

Then one proceeds by applying the Itd6 formula, using . Compared with Section , one needs
to bound the error terms &, as O(h?) instead of O(h?) in order to obtain second order convergence
with respect to h. This requires different arguments, however similar techniques are used to obtain
error bounds which are uniform with respect to time.

The reminder of this section is organized as follows. Moment bounds for the solutions (Y (s|t)) s>t

are first studied in Section . The large time behavior of the solution Y"(T') = Y2 (T|0) when

T — oo is then studied in Section[6.2] this is the key ingredient to treat the first error term appearing

in the right-hand side of . Regularity properties of the functions U:}ﬁ are stated in Section
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with proofs postponed to Appendix [Bl The application of those results to obtain upper bounds
on the second error term appearing on the right-hand side of , following the strategy outlined
above, is then presented in Section[6.4] Finally, Section [6.5 combines the upper bounds on the error
terms and provides the proof of Theorem 2]

6.1. Moment bounds for the solutions of . Let us first provide moment bounds for the
solutions (y{}(ﬂt))sz , of the stochastic differential equations indexed by time ¢ € [0,00) and
the time-step size h € (0, hy). It is worth mentioning that the moment bounds are uniform with
respect to s =t = 0 and with respect to h € (0, k).

Lemma 6.1. Assume that the objective F satisfies the strengthened Assumption [2.3 and that the
diffusion coefficient o satisfies the basic Assumption [2.9 There exists a non-increasing sequence

(héo))peN*, with hgo) € (0, ho), such that for any p € N*, one has

E[| Yy (s[t) — 2*[*7]
1+ [y — =]

(61) sup sup sup
he(0,n)) $=t yeR?

Proof. Assume that h € (0,hg) and let p € N*. Let the initial time ¢ € [0,00) and the initial value
y € R? be given. Recall that the diffusion coefficient o (s, -) has at most linear growth, uniformly with
respect to s € [0,0), see the condition from Assumption Using the auxiliary results ([38))
and (stated in the proof of Lemma and applying [t6’s formula, there exists a positive real
number C,(JO) € (0,0) such that for all s >t one has
1 dE[| V] (s|t) — x*|?P
o T =T o r 00, Y61 — VR l0) - 22

+ CROREL(L + [ Yy (slt) — " )| Yy (s]t) — 2* 2PV,

The modified objective function F" is p-convex for all h € (0, hg), see the condition from
Assumption Moreover, one has VF"(2*) = 0 for all h € (0, hg). As a consequence, one obtains,
for all s > t,

(VEM(Vy(s1t), Yy (slt) — 2*) < =] Yy (st) — 2™
Applying Young’s inequality, there exists a positive real number C, € (0, 00) such that one has, for
all s > ¢,
1 dE[|V} (s[t) — =*[*7]
2p ds

< —(p = COE[|Yy (s]t) — 2* ] + Cph.

Set h](JO) = L min (Cf(‘o), h0>. For all h € (0, h,(JO)), one has p — CZ(;O)h > p— C,S‘”h,(j)) > 0. Applying
p

Gronwall’s inequality and recalling that y;} (t|t) = y, one obtains the following upper bound: for all
s>t and all he (0, héo)) one has

. OO N Cph
E[| Y} (slt) — "] < e~ =G m )=y — ¥ 4 0,0
H—Lp Nip

Note that h € (0, hz()o)) and that 67(“701(’0)%’0))(870 < 1. Then one obtains the moment bounds ,
and this concludes the proof of Lemma [6.1
O
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6.2. Large time behavior of the solution of .

Proposition 6.1. Assume that the objective function F satisfies the strengthened Assumption
and that the diffusion coefficient o satisfies the basic Assumption[2.2
There exists a positive real number C € (0,00) such that for any initial value xo € R?, any

he (O,hgo)) and any T € (0,00), one has

(62) E[|Y"(T) - 2*|*] < Ce™ T (o — | + hp(T) (1 + |lzo — 2*|?)) ,

where we recall that (yh(t))t>0 denotes the solution of the stochastic differential equation , with
initial value Y"(0) = zo, and that p(T) is defined by (27).

Proof. Applying It6’s formula to the stochastic differential equation , one obtains for all £ > 0

;dE[HWZ — 2P mw (). (1) — 2] + gE[Ha@, YHO)IP]

< —HE[IVM(0) — 2*7] + (6 (1 + BIYM(0) — 2*),

using the p-convexity property of the modified objective function F”, and the at most linear
growth property of the diffusion coefficient o(t, -), for all ¢ = 0.
Applying the moment bounds stated in Lemma , there exists a positive real number C € (0, )

such that, for all h € (0, hgo)) and all ¢ > 0 one obtains the inequality
LdE[|Y"(t) — 2*|?]

2 dt < —pB[|Y"(t) = 2*[*] + Cho(t)* (1 + |wo — 2*|?).

Applying Gronwall’s inequality, as a result one has for all h € (0, hgo)) and all t > 0
t
E[|V"(t) — 2" "] < e 2 lzo — " | + Chf eI (r)? dr (1 + [lzo — 2 |P).
0

This yields the inequality and concludes the proof of Proposition (6.1). O

6.3. Regularity properties of the auxiliary functions v%.

Lemma 6.2. Assume that the objective function F satisfies the strengthened Assumption and
that the diffusion coefficient o satisfies the strengthened Assumption [2.4)
Let ¢ : R* - R be a mapping of class C>, with bounded second and third order derivatives. Given
any T € (0,00), let the mapping v& : [0,T] x R? — R be defined by .
For all t € [0,T] the mapping vi(t,-) is of class C*. Moreover, the first, second and third order
derivatives of Ur_}ﬁ(t, -) satisfy the following upper bounds.
e There exist positive real numbers hy € (0,hg) and Cy € (0,00), satisfying the condition
C1hy < w, such that the first order derivative satisfies: for all h € (0,h1) and all T =t > 0,
one has

Dul(t,y).k
(63) sup sup | vT(vy) ‘

. < C1(|Ve(a*)| + [|g]l2) e~ wCrm(T=1),
yerd kere\fop (1+ [y —2*[)[%]

o Forany X e (0, ), there exist positive real numbers ho € (0, h1) and Cy \ € (Cy,0), satisfying
the condition Ca \ha < A, such that the second order derivative satisfies: for all h € (0, ha)
and all T =t =0, one has

D2l (t,y).(k1, k
(64) sup sup | D7 ,y*)2( 1, k2)|
yer? &y kpera\ (o) (L + |y —2*[2)[ k] [oz]
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o For any X\ € (0,p), there exist positive real numbers hg € (0,hg) and Cs € (Ca,0),
satisfying the condition C3zh3 < X, such that the second order derivative satisfies: for all
h e (0,hs) and all T >t > 0, one has
(65)
sup sup | D30 (t,y)- (K1, ko, k)|
yeRd ky ko kseRi\(0y (1 F [y — 2% [2) [k || ez ]

< O3V + llellz + llollz)e A CoAmT=0,

The proof of Lemma [6.2] is postponed to Appendix [B]

A straightforward consequence of Lemmal6.2]is Lemmal[6.3]stated below, giving bounds on the first
order derivative of 6tv:’}(t, -). The proof follows from using the backward Kolmogorov equation
and the upper bounds from Lemma [6.2

Lemma 6.3. Assume that the objective function F satisfies the strengthened Assumption and
that the diffusion coefficient o satisfies the strengthened Assumption [2.4)

Let ¢ : R* > R be a mapping of class C®, with bounded second and third order derivatives. Given
any T € (0,00), let the mapping vk : [0,T] x R? — R be defined by .

For all t € [0,T], the mapping 8tv§2(t, \) is of class Ct. Moreover, for any X\ € (0, 1), there exists
positive real numbers hy € (0, hg) and Cyx € (0,90), satisfying the condition Cyrhs < X, such that
for all h e (0,hs) and T >t > 0 one has

(66) sup sup |D(atv§z)(ta y)k|
yerd ker\poy (1+ [y = 2*[1)[k]

The proof of Lemma [6.3] is postponed to Appendix [B]

Observe that the rate p— C1h appearing in the exponential factors in the right-hand sides of
can be bounded from below uniformly with respect to h € (0,h1): indeed one has y — Cih >
p — Cihy > 0. Similarly, the rates A — C; \h for j € {2,3,4} , , and can be bounded
from below uniformly with respect to h € (0, h;): indeed one has A — Cj\h = A — Cj zhj > 0. This
means that the upper bounds in Lemma [6.2] and Lemma [6.3] can be interpreted as being uniform
with respect to h.

< Cup(IVe(@) + llellz + llplls)e~A-CarmT=o.,

6.4. Proof of weak error estimates. We now focus on the second main task of the proof of
Theorem , which consists in proving error estimates for E[p(Xn)] — E[¢(Y"(Nh))], uniformly
with respect to N.

Proposition 6.2. Assume that the objective function F' satisfies the strengthened Assumption
and that the diffusion coefficient o satisfies the strengthened Assumption (2.4

There exist positive real numbers H € (0, hg) and C € (0,00) such that for any mapping ¢ : R* — R
of class C3 with bounded second and third order derivatives, for any initial value xo € R%, and for
any h € (0, H), one has the weak error estimate

(67) Sup [E[p(Xn)] — E[p(V*(NR))]| < Ca(e, z0)?,

where the positive real number Ca(p, xo) is given by .

In order to prove Proposition [6.2], we follow the same approach as in the proof of Proposition [5.1
in Section This approach is sketched at the beginning of Section [6] above, see also Section
for some comments. Note that in the order of convergence with respect to h is equal to 2,
instead of 1 in . Obtaining an higher order of convergence requires additional arguments in the
analysis. In particular, in the proof one considers the solution U% of the backward Kolmorogorov
equation , associated with the modified stochastic differential equation , instead of dealing
with the solution u° of the partial differential equation . It is worth mentioning that the proof
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below exploits bounds on derivatives of véﬂ which are uniform with respect to h, given by Lemma
and Lemma

Proof of Proposition[6.9 Let the function ¢ : R? — R and the initial value o be given. Combining
the expressions and for the weak error E[o(Xy)] —E[p(Y"(Nh))], it is sufficient to prove
the following claim for the error terms §,, defined by : for all N € N* and h € (0, H), for all
ne€{0,...,N — 1}, one has

75n+1 ( )
(68) 18] < Ca(p, 20)h? f N g,

with Ca(p, zo) defined by (31]) (up to a modification of the multiplicative constant C' € (0, o0)).
Let us prove the claim above. For all N € N* and n € {0,...,N — 1}, recall that ¢t €

[tn, tny1] — X"(t) is solution of the stochastic differential equation . Therefore, applying Itd’s

formula on the interval [t,,t,+1] yields the following decomposition of the error term d,: one has

tn+1 -
6n = f E[o;vl (t, XP(t)] dt
tn

- [ B %40, YRR @)

+ g FM E[V20l(t, X" (1)) = a(tn, X" (tn))] dt.

Recall that the function vé,? is the solution of the backward Kolmogorov equation . This allows
us to decomposed J,, as

(69) On = On,1 + On2,
where for all n € {0,..., N — 1} one defines

sna = [ BV R 0), V(R 0) - V)] i
oz = [ BV 0)  alt, X)) — olt, KO

The analysis of the error term 4,1 is more subtle than the analysis of the error term €, in the
proof of Proposition since for d,,1 one needs to obtain second order convergence with respect
to h. Let us decompose the error term 4,1 as

(70) On,1 = 0n11 + 0n12,

where the auxiliary error terms 6, 1,1 and 0,12 are defined for all n € {0,..., N — 1} as

On11 = fnﬂ E[(VV(t, X" (t) = Vop(tn, X" (t)), VF" (X"(1)) = V(X" (ta)))] dt,

on2 = Jtnﬂ E[(VV}(tn, X" (ta)), V(X" (1) = VE(X"(tn) )] dt.

The claim follows from the bounds for 6, 1.1, 6,,1,2 and d, 2 which are obtained below.
Upper bounds for dp11.
On the one hand, one has
Vol (t, XM(t)) — Voip(tn, X" (tn)) = VUi (t, X" (£)) — Vol (tn, X" (1))
h

+ Vi (ta, X" (1)) — Vv%(tn,)?h(tn)).
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On the other hand, by the definition of the modified objective function F”, one has
- - - - h -
VEMNX"(t)) = VF(X"(tn)) = VE(X" () = VF(X"(ta)) + TVIVEPH X" @),

and recall that VF' is globally Lipschitz continuous (see the condition from Assumption
and that V(||VF|?) safisties the inequality (18).

Using the inequality from Lemma on the first order derivative of jv/(t,-) and the
inequality from Lemma on the second order derivative of v%(t, ) with A = £, for all
h € (0, hy) one has

tn+1 ~ ~ ~
|0n11] < C(gp)f e~ (Z=CMtv=t) (4 tn)E[(1 + | X" () — :1;*H)4HXh(t) — X"(tn)]] dt

tn+1 ~
+ C(@)hf e (5N (¢ — 4 )E[(1+ | X" (1) — )" dt

tn+1 ~ ~ ld d
+C(p) j e BmOMINTDR] (14 | XM () — 2* | + | X" (t) — 2*[) | X2 (1) = X" (ta)]*] dt
tn

tn+1 ~ ~ ~ nd
+C(p)h e (B-OMINTDR[(1 4 | XM(t,) — 2*| + | X" (1) — 2*]) | X2 (1) = X" (k)] dt,
tn

where C(p) = C(|Ve(z*)| + [lell2 + [[¢]ls) for some positive real number C € (0,0). Moreover,
choose H € (0, hy) such that § — Ch > & for all he (0, H).
Applying the Cauchy—Schwarz inequality, the moment bounds and the increment bounds

from Lemma [£.2] if H is chosen such that H < Hy where Hy is given by Lemma [£.2] one obtains
the upper bound

_uy—t)

tn+1
(71) |0m,1,1] < CZ(SO,wo)hQJ e~ 4 dt,

forall Ne N* allne {0,...,N — 1} and all h € (0, H).
Upper bounds for 6,1 2.
Given the filtration (}—t)t>0 introduced in Section for any n € {0,..., N — 1}, the random

variable X”(t,) = X,, is J;, measurable. Considering the conditional expectation E[-|F,] then
yields the identity

omi2 = f"ﬂ E[(VV] (tn, X" (ta)), E[VF"(X" ()| F1,,] = VE(X" (ta)))] dt.

One thus needs to study the conditional expectation E[VE"(X"(t)) — VE(X"(t,))|F:,] for all
t € [tn,tn+1], which owing to the definition of the modified objective function F* can be
decomposed as

E[VFNX"())|F,] = VF(X"(ta)) = E[VF(X"(1))|F,] — VE(X"(tn))

+ %E[V(\|VFH2)((X ") Fi]

= E[VF(X"(t))|F;,] = VF(X"(tn))

>

+ - VIVE[*) (X" (t))

E[V([VF[*)(X"(t)|F.] — Z
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Let us consider the first term of the right-hand side above. Recall that t € [t,, 1] — X" (t) is
solution of the stochastic differential equation . Therefore, for all t € [t,,t,+1] applying 1td’s
formula on the interval [t,,t] gives

E[VF(X"(#)|F.] - VE(XN(t,)) = ~E[ [ V2F(XN () VEF(X,) dsl |

tn
h g ¢ -
—1-5 Z E[j D3F(Xh(s)).(eg,a(tn,Xn)ek,J(tn,Xn)ek)egdsLFtn].
k=1 “in

Moreover, the first term may be written as

—E[f (V2F(X"(s))VF(X,)ds|F.,] = —E[Jt (V2F(X"(s)) = V2F(X"(t,))) VF(X,) ds|F,]
n - (t - tr:SVQF(Xh(tn))VF(Xn)
Observe that one has the identity
V2E (XM (1)) VF(X,) = V2F(X (1)) VE(X (1)) = S VIV (K" (1),

As a result, using the tower property of conditional expectation, the error term 9, 1 2 is decomposed
as

(72) On12 = 0n121+ 0n122+0n1,23+ 0n1,24,

with the auxiliary error terms defined by

unan = [ 7 (G~ L) KT 1 X 0). VAT ),

Ontng = — f " BT (b, KO (1), j C(VEF(RM(s)) = V2E(R"(t))) VE (X0)ds)] dt

n

nizs = f " EUT b, X(0)), VIVEP)E (1) ~ TITFR) X" (1) dt,

tnt1 -
n,1,24 Z J J D3F Xh ))'(VU%(tnaXh(tn))’U(tnaXn)ek7J(tnaXn)ek)]ds dt.
kﬂ 1

The key observation is that the first auxiliary error term d,, 1,21 vanishes, indeed it is straightforward

to check that
Jtnﬂ () gy Ut 12 f "t

2 4 4 4

The other auxiliary error terms appearing in the right-hand side of the decomposition of 0p12
can then be treated as follows.

First, recall that the third order derivative of the objective function F' is bounded, owing to
the basic Assumption and VF has at most linear growth, see @ As a result, using the
inequality (63) from Lemma [6.2] on the first order derivative of v/(t,-), for all h € (0, k1) one has

n n

tn+1 tn+1 ~ ~ ~
Gnnnal < C f f ~G=OMEN—DR[(1 1 | K (t,) — 2 )X (5) — X (ta) || X — 2] ds

where C(¢) = C(|Vo(z*)| + ||¢ll2) for some positive real number C € (0,00). Moreover, choose
H € (0, hy) such that g — Ch > § for all he (0, H).
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Applying the Cauchy—Schwarz inequality, the moment bounds and the increment bounds
from Lemma [£.2] if H is chosen such that H < Hy where Hj is given by Lemma [£.2] one obtains
the upper bound

tn+1 (tN t)

(73) |0n,1,2,2] < 02(80,930)h2j e dt,
tn
for all N e N*, allne{0,...,N — 1} and all h e (0, H).
Second, recall that the mapping V(|VF|?) satisfies the local Lipschitz continuity property .

As a result, using the inequality from Lemma on the first order derivative of v%(t, -), for all
h € (0,h1) one has

tn+l ~ ~ d d
1601,23] < C()h f e~ W=OMUNTIE[(1 + | X (t,) — 2*| + | X" (t) — 2*])?)| X (s) — X" (ta)[] dt

where C(¢) is defined as above. Moreover, choose H € (0,h;) such that p — Ch > 4 for all
he (0,H).

Applying the Cauchy Schwarz inequality, the moment bounds (42]) and the increment bounds
from Lemma [4.2] if H is chosen such that H < Hy where H» is given by Lemma one obtains
the upper bound

tn+1 (t t)
(74) |0n,1,2,3] < Cz(w,ﬂfo)hQJ e” 4 dt,

forall Ne N* allne {0,...,N — 1} and all h € (0, H).

Finally, recall that the third order derivative of the objective function F' is bounded, owing to
the basic Assumption and the diffusion coefficient ¢ has at most linear growth, see from
the basic Assumption As a result, using the inequality from Lemma on the first order
derivative of v/4(t,-), for all h € (0, h1) one has

n+1
[0n,1,2.4] < Clp )h2f e~ UmEMINTIIR[(1 4 | X, — a])] dt
where C(y) is defined as above. Moreover, choose H € (0,h;) such that p — Ch > 4 for all
he (0,H).
Applying the moment bounds from Lemma if H is chosen such that H < Hs where Hy
is given by Lemma one obtains the upper bound

tn+1 w(t t)
(75) |5n71,274|<02(<p,x0)h2f e T dt,

forall Ne N* allne {0,...,N — 1} and all h € (0, H).

Combining the upper bounds , and on the error terms 0,122, 0n,1,2,3 and 0y 1,24,
and recalling that the error term 6,121 = 0 vanishes, owing to the decomposition one obtains
the following upper bound for the error term 4, 12: one has

tnt1 u( )
(76) Gzl < Calg, a0)? j N g,

for all Ne N*, allne{0,...,N —1} and all h € (0, H).
Upper bounds for 6y 1.
Combining the upper bounds and on the error terms d,1,1 and 0,12, owing to the
decomposition of the error term 6,1 one obtains the following upper bound for the error term
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Opn,1: one has
tn+1 ( —t)
(77) sl < Catpomolt | e

forall Ne N* allne {0,...,N — 1} and all h € (0, H).
Upper bounds for 6, 2.
Let eq,...,eq denote an arbitrary orthonormal system of R%. The error term Op,2 is written as

tn+1 d ~ . -
Sz = hj E[Z D2Vl (t, X (1)) (0 (tn, X" (tn))ej, o (L, X" (tn))e;)] dt

2 Z
-3, BLY, DPub e, K)ot X0t X ()

a1 d - ~ % X
= 5 [ ELY DR R 0) (00, K 00) — o0 KOs (ot X)) + (8 KA )6

Observe that one has
O (tn, X (tn)) — o(t, X"(t)) = o(tn, X" (tn)) — o(t, X (t,)) + o(t, X"(t,)) — o (t, X (t)).

Recall, from Assumption on the diffusion coefficient, that for all € R? the mapping o(-, ) is
globally Lipschitz continuous, and that for all ¢ € [0,00) the mapping o(t,-) is globally Lipschitz
continuous. Moreover, recall the linear growth property for o.

Using the inequality from Lemma on the second order derivative of v%(t, -) with A = §,
for all h € (0, ha) one has

tnt1 ~
|6n,2] < Clp)h f e~ (2OMUN D (¢ — ¢ E[G1(X"(tn), X" (1))] dt

tn+1 -~ -
+ cwf e~ (G=ONN =R [Gy (X (1), X" (1))] dt,

with auxiliary functions G1 and Go defined by
Gi(z1,m2) = (1 + 2o — 2" |*)(1 + |21 — 27| + |lz2 — &™),
Ga(x1,2) = (1 + 2o — 2*[?) |22 — 21 (1 + |21 — 27| + |lz2 — &*]),

where C(¢) = C(|Ve(z*)| + ||¢ll2) for some positive real number C € (0,00). Moreover, choose
H € (0, hp) such that § —Ch > § for all h e (0, H).

Applying the Cauchy—Schwarz inequality, the moment bounds and the increment bounds
from Lemma [£.2] if H is chosen such that H < Hy where Ho is given by Lemma one obtains
the following upper bound for the error term ¢, 2: one has

1 uey—t
(78) el < Calipaali? [ e

forall N e N* allne {0,...,N — 1} and all h e (0, H).

Conclusion. Gathering the upper bounds and on the error terms |0, 1| and |6, 2| and
recalling the decomposition of d,, then yields the claim .

The proof of the weak error estimate is then straightforward: for all N € N* one has

N—-1
E[p(Xn)] — E[p(V"(NR)]| < . 64
n=0
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)
< Cap, wo)h Z J e” 4 dt
n=0 vin

tN (tn—t) 4 9
< 02<%ﬂfo>h2f 0 gy < ACa(p )T
0 I

This concludes the proof of Proposition [6.2] O

6.5. Proof of Theorem [2, We are now in a position to provide the proof of Theorem

Proof of Theorem [ First, Let us establish the weak error estimates . Recall that owing to
the error term appearing in the left-hand side of can be decomposed as

Elp(Xn)] - ¢(z*) = E[p(V*(Nh)] = ¢(z*) + E[o(Xn)] — E[p(V" (NA))].

On the one hand, using the inequality and applying the upper bound from Proposition

one has
[E[p(V"(NR))] = o(a*)] < CE[([Vo(a™)]| + [l |1V (Nh) = 2*[) [Y"(NB) — z*[]
< Ce N0 (14 hp(Nh))? (1 + |z — 27]).

On the other hand, applying the uniform in time weak error estimates from Proposition
one has for all N € N* and all h € (0, H)

[E[o(Xn)] = E[p(V" (NA))]| < Calp, z0)h?,

where Ca(p,x0) is given by . Gathering the two upper bounds yields the weak error esti-
mates (30)).

Second, let us establish the error estimates on the expected residual . Using the decomposi-
tion with ¢ = F, one has

E[F(Xy)] - F(a*) = E[F(Y"(Nh))] = F(z*) + E[F(Xn)] - E[F(Y"(ND))].

On the one hand, using the inequality @D and applying the upper bound from Proposition
one has

E[F(Y"(Nh))] = F(z*) < CE[|Y"(Nh) = 2*[*] < C(1 + zo — «*[*)e” 2" (1 + hp(NR))

On the other hand, applying the uniform in time weak error estimates @ from Proposition
with ¢ = F', one has for all N € N and all h e (0,H)

[E[F(Xn)] — E[F(YMNR)]| < C(1 + |zo — 2*]°) h%

Gathering the two upper bounds yields the error estimates on the expected residual .
Finally, let us establish the strong error estimates . Owing to the inequality , one obtains

E[| Xy — 2*|?] < Z(E[F(XNH ~ F(a"))

and it then suffices to apply the error estimates on the expected residual to get .
The proof of Theorem [2]is thus completed.
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APPENDIX A. PROOF OF LEMMA [B.1]

The objective of this section is to prove the estimates and on the first and second order
derivatives of the mapping u°(t, -) defined by . Let us start with some preliminary results.

Repeating the proof of the inequality with an arbitrary initial value z € R¢, it is straight-
forward to obtain the following bound on the solution (X (t)),_, of the ordinary differential equa-

tion with arbitrary initial value X2(0) = x € R%: one has
|2 )]

79 sup sup ———————— < 00.
() b S T e — o]

t=0

In this section, we let ¢ : R? — R be a mapping of class C? with a bounded second order
derivative. Recall that its first order derivative is not bounded but it satisfies the inequality .

To simplify the notation in the proof below, let b(x) = —VF(x) for all z € R%. As a result one
has Db(z).k = —V?F(2)k for all z € R? and k € R%. Applying the equivalent formulation (6] of
the p-convexity condition from Assumption then one has the inequality

(80) (Db(x).k, ky < —plk|®, VazeR%LkeR
The proof of Lemma proceeds by proving the inequalities and .

Proof of the inequality . Owing to the definition of the mapping u°, for all t > 0, z € R?
and k € R?, one has
Du’(t, ).k = Dp(X, (t)).np (L),
37



where t > 0 — n(t) € R? is the solution of the linear differential equation

0
dncllﬂt(t) = Db(X)(t)).mp(t), Y t=0,

1p(0) = k.
Therefore owing to the inequality , one obtains for all £ > 0
(81) | DuO(t, ). k| < (IIW)(:B*)H + [lell2 7 (1) — w*ll) [AGIE

and one thus needs to prove an upper bound for |79 (¢)|. Employing the inequality yields, for
all ¢t = 0,

Ldmp®)* _  dnp(t)

2 =) = D)0, ) <~ )P
and applying the Gronwall lemma, one then obtains the upper bound
(82) IR < eIkl V>0,

Combining the inequalities and with the upper bound for |Du®(t, z).k| above, there
exists a positive real number C € (0,00) such that for all z, k € R* and all ¢ > 0 one has

DU’ (t,2).k| < C([Ve(a®)| + llell2) (1 + [ —2*)e™ ||
The proof of the inequality is thus completed. O

Proof of the inequality . Owing to the definition of the mapping u?, for all t > 0, z € R?
and ki, ko € R?, one has

D*u(t, x).(ky, k2) = Dp(X(1)).CR, 1, (1) + D2@(X2 (1)) (R, (1), 1k, (1)),

where ¢ > 0 — C,gth (t) € R? is the solution of the linear differential equation

0
ded'Z(t) = DB(AL(1)).C0, 1, (B) + D2H(AL(0))- (0, (1), (1), V>0,

(1, (0) = 0.

Since ¢ is of class C? with bounded second order derivative, using the inequality , one obtains

(83)  |D*u°(t x).(k1, k2)| < (va(fc*)H + llell2ll 22 () —w*H>HC;31,k2(t)H + llell2llng, @) 1nk, )1

Upper bounds for |X0(¢) — 2*| and Hn,gj ()| ( = 1,2) are given by and respectively. It
thus remains to prove an upper bound for Hggth )|
For all ¢ = 0, one has

1 dl\ngl,kz(t)\l2 B <d421,k2 (t)
2 dt N dt

Gk (8

= (DU (1))-Chy ey (1) Gy (8) + (DXL (1)) (1, (), 10, (), Gy s (£))-

Using the inequality , the boundedness of the second order derivative of b (the third order deriv-
ative of F' is bounded, owing to Assumption [2.1]), and the Cauchy—Schwarz and Young inequalities,
there exists a positive real number C € (0, 00) such that for all £ > 0 one has

1 1, (812

5 < =l Gy, O + Cllng, O mR, O ICE, (D]

7
< =16 O + Clln, (O Ik, (B
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As a result, applying the Grénwall inequality and using the inequality , for all ¢ = 0 one obtains
t
I8, (O < C [ e85 s P
0

which gives the following inequality: for all £ > 0
_ kK
1GR, 1 ()] < Ce™ 2" K[ Ko

Using this inequality and the inequality , one then obtains another upper bound: for all £ = 0
one has

1], 4, ()P
5 < —ul G O + ClnR, O, (D1GE, 1, 0]

— I3
< —plIGRy o (DI + O™ D0 k2 s

Applying again the Gronwall inequality, for all ¢ > 0 one obtains
t t
Gk ks (DI < CJ e P2 L) ds |y |? k| = Ce?“tf e ds|lky[|? k2.
0 0

As a result one obtains the following inequality: for all ¢ = 0

(84) IRk (D) < Ce™ Ry R2].

Combining the inequalities (79)), and with the upper bound for |D?u®(t, x).(k1, k2)|
above, as a result there exists a positive real number C € (0, 00) such that for all z, k1, ko € R? one
has

| D> (t, ). (k1 k2)| < C(IVeo(a®) ]| + llpll2) (L + |l — 2 [ e k| 2 -
The proof of the inequality is thus completed. O

APPENDIX B. PROOF OF LEMMAS [6.2] AND [6.3]

B.1. Proof of Lemma Like in Section [A] let us start with some preliminary results.

In this proof, let b* = —VF". As a result one has Db"(y).k = —V2F"(y)k for all y € R? and
k € RY. Since the modified objective function F" is assumed to be u-convex for all h € (0, hg) owing
to Assumption [2.3] one has the inequality

(85) (Db (y).ke,ky < —plk|?, ¥V yeR,keR?, he (0,h).

Moreover, the second and third order derivatives of b" have at most polynomial growth, uniformly
with respect to h € (0, hp): there exists a positive real number C € (0, c0) such that for all h € (0, ho)
and y € R? one has

(86) | D20 (y).(k1, k)| < C(L+ |y —a* )[Rl [Rall, ¥ K k2 € RY,

(87) | D?6" (). (K1, ko, k)| < C(L+ ly — 2 Dk llk2l ksl ko, ko, ks € RY.
To simplify the notation below, given ki, ko, ks € R?, define the set

(88) K(k1, ko, ks) = {(k1, k2, k3), (k2, k3, k1), (k3, k1, k2)}.

The proof below proceeds as the proof of Lemma [5.1] in Section [A] with two main differences:
one needs to deal with stochastic processes, thus [td’s formula is employed, and one needs to prove
bounds up to the third order derivative of v"(¢,-). In addition, the main effort is devoted to prove
bounds which are independent of the parameter h in a range (0, hy).
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Proof of the inequality . Owing to the definition of the mapping v%, forall T >t > 0,
y € R% and k € R?, one has

Duip(t,y)-k = E[Do(Yy (T[).15 (T[1)],
where the process s > t — n,if(s|t) is the solution of the linear stochastic differential equation

i (s1t) = DY (V) (s10)) i (slt) ds + VhDo (s, Vi (slt) i slt) dB()
(59) X
) = b

Using the inequality and the Cauchy—Schwarz inequality, one obtains for all T' >t > 0

(90) | Dvi(t,y) k| < (IIVsO(:v*)H + llell2 (BLIVy (T1t) —w*HQ])%)(E[I\UZ(TIt)IIQ]) -

N

Moment bounds for ygl(T |t) —x* are given in Lemma it thus remains to prove moment bounds

for nZ(T|t). Even if it would be sufficient to deal with second order moments to deal with above,
moment bounds at arbitrary order are proved below since they are instrumental in the analysis of
second and third order derivatives of ’U?«.

Recall that from Assumption the mapping o(s,-) is globally Lipschitz continuous on RY,
uniformly with respect to s € R*. For all p € N*, applying the Itd formula to the process s >t —

In(s|t)|??, there exists a positive real number C’él) € (0,00) such that for all s >t one has

AL CIOTTY < o (9310 51, DI~ + CORETf 10 ]

Applying the inequality which follows from the p-convexity of F”, one obtains the following
upper bound: for all s > ¢ one has

L dE[|ng (s[t)|[**] (1) B gl |2

— kP L —(u—- P].

— (11— SO R)EL I (516

Let hl(,l) e (0, ﬁ), then for all h € (0, hz(,l)] one has p — C,()I)h > p— ngl)hl(,l) > 0. Applying the
P

Gronwall inequality and recalling that nlkl(ﬂt) = k one obtains the following inequality: for all s > ¢
and all h € (0, hz(,l)] one has

(91) B[l (s[t)|27] < e 25 M= |22 < =2(n=CE M) (s=0) g2,

It thus suffices to combine the moment bounds and with p = 1, with the inequality ,
to obtain the inequality : there exist positive real number hy € (0,ho) and C; € (0,0) such
that for all y,k e RY, all T > ¢ > 0, and all h € (0, h;) one has

|Dul(t,y) k| < CL([Ve(a™)] + llell2) (1 + [y — a*|)e b OmT=0 k).
The proof of the inequality is thus completed. (I

Proof of the inequality . Owing to the definition of the mapping v:’}, for all T > t, y € RY,
and ki, ko € R?, one has

D*vih(t, @).(k1, k2) = E[D(Vy (T[1)-G, 1, (TI0] + ELD*(Vy (T10))- (i, (T8), 0, (T10))],

where the processes s > ¢ — 7721 (T|t) and s =t — 7722 (T'|t) are given by with k = k1 and k = ko
respectively, and where the process s > ¢ — C,?l k, (8[t) is the solution of the stochastic differential
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equation
dGt, i, (s1t) = DO (Vy (s16).CL, 1, (5) ds + VhDa (s, Yy (s[t)).C s (s]t) dB(s)

(92) + D2V (Vy (s[t)). (rk, (s[), mi, (s[t)) ds + VRDo (s, Yy (s[t))- (i, (s1t), i, (s]t)) dB(s),
Chypatlt) = 0.

Using the inequality and the Cauchy—Schwarz inequality, one obtains for all T'> ¢ > 0

D20 (t,9)- (1, k)| < (I90(@) | + sl (BLIVE(TIE) — 2 121)® ) (B, 1, (T1E) 1) 2

1 1
+ [lell2 (BLIng, (T1£)1%1) 2 (ELln, (T16)]%]) 2.
Moment bounds for yg(T|t) — x* are given by Lemma whereas moment bounds for 7],};1 (Tt)
and n,’é (T'|t) are given by above. It thus remains to prove moment bounds for C,ffh,w (T|t).
Recall that the first and second order derivatives of the mapping o(s,-) are bounded owing to
Assumption uniformly with respect to s € [0,00). Moreover, the second order derivative of the
auxiliary mapping b" has at most linear growth, uniformly with respect to h € (0, hg), see . For
all p € N*, applying the Itd formula to the process s > t HC,?LM(SH)H%, there exists a positive
real number C), € (0, 0) such that for all s >t one has

1 dE[IG, 1, (s1)]*]
2p ds

(93)

< E[(DV"(Vy (s16))-GR, ey (816), Gy s (SIOMICE, 1y (1017

+ CRhE[CE 1, (s[6)]]

+ CyB[(L+ [V (s[t) — 2 )l (s O rk, (s IGE, gy (1)1
+ CohE[nf, (sI0) Pk, (s[8) 171G, (s[8) [P 1].

Assume that A € (0, u). Using the u-convexity property of the modified objective function F",
one has

E[(DV" (V) ([£))-Ci, ey (5165 G o (ST ICE, iy (IO PP DT < =BG gy (18)*7].

In addition, using the Holder and Young inequalities, one obtains the upper bounds

E[(1+ |2y (s[t) = 2™ Dk, (s[e) ok, (SIICE, g, (51171

< (BI(L+ 19(s10) = " P2 s10)| 27k, (510)70) % (BOIGE, s sI07]) 57
< GUEL(L+ [V} (s1e) — a1y (IO 1) P7) + (= MELICh, s (5101,

and

E|nf, (s[6) Ik, (102 1Gk, v, (s[6)[7E ]
Ef[lk, (1012 g, (s[6)1%71) 7 (ELIGK, 1, (1))

—1
Ef[lk, (102 g, (s[£)17] + pTE[HC;?l,kQ(SIt)HZ”]-

p—1
P

hSA

<

~

<

"=

Combining the upper bounds above, there exists a positive real number C’I(,2) € (0,00) such that for
all s = t one has

1 dE[Jgl 4, (519
2p ds

< —(A = CPRELIGE, 1, (1))

+ CEL(L + 1Yy (s[t) — 2" )™k, (s16) PP Ik, (s12) [*7]-
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In addition, applying the Holder inequality and using the moment bounds and , for all
s =t one has

* * — ,C(l) —
E[(1+ [V (s[t) —2* )P i, (1) [P Ik, (s[)P] < CFP (1 + [ly — 2 [) e PH=Cor MO0 oy |27 g 2.
Without loss of generality, it may be assumed that CI(JQ) > Cé;). Let hz(f) e (0, ﬁ), then for all
p

h € (0, héQ)] one has A — Cg)h >\ — CI(,Z)hI(?) > 0. Applying the Gronwall inequality and recalling
that C,’gl’b (t|t) = 0, one obtains for all s > ¢ and all h € (0, hl()z)]

o B (s— N
(94) E[ICh 1, (sIE)]*] < CPe PP M0 (1 4y — 2% )22 ke |27 | 2.

It thus suffices to combine the moment bounds , and with p = 1, with the inequal-
ity (93)), to obtain the inequality (64): for all A € (0, ut), there exist positive real numbers hs € (0, k1)
and Cy € (0,0) such that for all y,ky, ke € R? all T >t > 0, and all h € (0, ho) one has

| D?0lp(t, ). (K1, ko) | < Co (V@) + [l @llz) (1 + |y — 27 [*)e™ B2 T=0 k| g .
The proof of the inequality is thus completed. O

Proof of the inequality . Owing to the definition of the mapping v%, forall T =t = 0,
y e R and ki, ko, k3 € R?, one has
D?vip(t, ). (ky, ko, ks) = E[D@(Vy (TR oy i (T11))]

+ ), By (T10) i, (T10), ¢y, (T11))]
(1,02,03)e

+ ELD> (Y (T14)) (it (T18), iy (T16), 1, (T1))],
where the set K = K(k1, k2, k3) is defined by (B8], where the processes s > t — nl(T|t) with
( € {ki,ko,ks} are given by (89), where the processes s > t CZ& (T'|t) with indices (¢1,¥02) €
{(ka, k3), (ks, k1), (k1,k2)} are given by (92)), and where the process s > t — £Zl7k2’k3(s|t) is the
solution of the stochastic differential equation
dle,k%kg(s\t) = Dbh(yg(sft))fl}cll,k%kg(S\t) ds + \/EDU(S;yg(sﬂ))-fi}cll,kz,kg(s\t) dB(s)

+ D DAMsI0)-(f, (s[t), ey (s[2)) ds
(Zl ,Zz,ég)elc

S VDo (s, Vi (slt)-nl (s16). ¢, (s11)) dB(s)

(£1,02,03)eK
+ D" (V) (s[t))- (g, (1), i, (s[t), mi, (s]t)) ds
+ VhD3 o (s, Yy (s[t))-(nt, (s[t), mi, (s10), 1k, (s1t)) dB(s),
L fgl,kQ,k?, (t[t) = 0.

Using the inequality and the Cauchy—Schwarz and Hélder inequality, one obtains for all s > ¢
1 1
| D30 (¢, y)- (k1 ko, k3)| < (va(%‘*)H + [lell2 (BLIYy (T]¢) - x*HQ])Z) (B0, o0 s (TIOIPT) 2

(96) el ST (Bl @I (B ., (T1)121)*

(L1,€2,L3)eK

+ el (L (T18)[*1)F BRIk, (710 P]) * (B, (T16)[]) 3.

(95) <




Moment bounds for yS(T|t) — x* are given by Lemma moment bounds for n,ifl (Tt), 7],?2 (Tt)
and 17,2‘3 (T'|t) are given by above, and moment bounds for C,?th (Tt), C,]J%k:s (T'|t) and C,’;&kl (Tt)
are given by above. It thus remains to prove moment bounds for fl}clhkz,kg (T'|t). It suffices to
consider second order moments, i.e. p = 1.

Recall that the first, second and third order derivatives of the mapping (s, -) are bounded owing
to Assumption uniformly with respect to s € (0,00). Moreover, the second and third order
derivatives of the auxiliary mapping b" have at most linear growth, see and , uniformly
with respect to h € (0, hg). Applying the It6 formula to the process s > t — \]5217k27k3 (s[t)|?, there
exists a positive real number C € (0, 00) such that for all s > ¢ one has

1d E[||€r |2
L P s OO o 9 (108 510 € e (5100

+ ChE[HfZl,k2,k3(S|t)H2]

+C Y B+ [y slt) — @ g, (sEICE, e, (STEVIER, oot (510)1]
(fl,ez,fg,)elc

+Ch Y Eln (sI)IPICH e (s16)17]
(417£2,£3)EIC

+ CE[(1 + Yy (s[t) — @)k, (sI) i, (s )y (SO NIER, g s (5]
+ CRE[|i, (s[6) 1 [k, (1)1 1k, (s16)])-

Assume that A € (0, u). Using the u-convexity property of the modified objective function F",
one has

E[(DV"(Vy (5[6))-8, ey (5185 €8 g s (S100] < —HELIER, g 1 (810)[]-
Using the Holder and Young inequalities, there exists a positive real number C’f3) € (0, 00) such that
for all s = t one has

1 d E[J€], 4, 5, 510) ]
Sk TS < (A — OB gy ()]

+CF N B+ YR (slt) — 2 )2l (s)IP1CE o, (] 2]
(41752,f3)€K
+ CPRI(1 + [V (s[t) — a* )2 nf, (I ks, (1) |2l (1))

Applying the Holder inequality and using the moment bounds , and , one thus obtains
the upper bound

1A g, 4, (510)17)
2 ds

< —(A = CY WENE, 4y, (5)17]

+ O 2O EIME0 (1 |y — 2 )2y |2 o 2 |

+ O 3=CIME0(1 4y — 2 )2k |2 o | s

Without loss of generality it may be assumed that C’f’) > max(C’él), C§2), C’il)). Let hgg) € (0, ﬁ),
then for all & e (0,{¥] one has A — C¥h = A — C®'h{¥ > 0. Applying the Gronwall inequ;lity
and recalling that gl}gl,kQ,kB (t|t) = 0, one obtains for all h € (0, hgg)]

3) _ (3 o *
(97) E[&F, gy 1 (502 < O e 2O ME0 (1 4 |1y — 2 )2 oy || Ko 2 s |
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It suffices to combine the moment bounds , , and with the inequality to obtain
the inequality : for all A € (0, u), there exist positive real numbers hg € (0, he) and C3 € (0, 00)
such that for all y, k1, ks € R? all T >t > 0, and all h € (0, h3) one has

| D30l y). (1, ko, k)| < Co([ V(@) + llplla + llplla) (1 + ly — &*[)%e AT ey | o K3
The proof of the inequality is thus completed. O

B.2. Proof of Lemma Lemma [6.3] provides upper bounds for the first order derivative
D(owh)(t,-). To prove them, it suffices to express the temporal derivative ozl (¢,y) using the
backward Kolmogorov equation , to differentiate with respect to y, and to apply the upper
bounds on the derivatives Divl(¢,-) of order j € {1,2,3} stated in Lemma

Proof of Lemma[6.3 Owing to the backward Kolmogorov equation , for all t € [0,T], y € RY,
one has

d
h
5t7)5b“(t7y) DUT(t y) VFh § Z UT t y (t)y)€j70(t’y)ej)7
where ey, ..., e, denotes an arbitrary orthonormal system of R

Differentiating with respect to y € R%, for all k € R? one obtains
D(0:v)(t, y)-k = D*F"(y).(Voi(t,y). k) + D> (t,y).(VE" (), k)

d
h
—h Z D2l (t,y). (Do(t,y).k)ej,o(t,y)ej) — 5 Z D?’v:'ﬁ(t,y).(k, o(t,y)ej, o(t,y)e;).
j=1

It remains to prove upper bounds for the four terms appearing in the right-hand side above. Since
the results of Lemma are employed, it is assumed that h € (0, hg) below.

For the first term, using the local Lipschitz continuity property of VF" and to the inequal-
ity on the first order derivative of Ur_}ﬁ(t, -), one obtains the upper bounds

|D2F"(y). (Vo (t,y), k)| < O(1+ [y — 2* ) [ Vol (t, y) || ]
C(IVe(a®) + llellz) (1 + [y — 2*[*) e~ W MT=0 k.
For the second term, observe that combining and the first inequality from , one has

IVE"(y)| < C|y — 2*|. As a result, using the inequality on the second order derivative
of v!(t,), one obtains the upper bound

|D2(t, ). (VE"(y), k)| < C(|Ve(a*)] + [l@ll2) e A=MTD (1 4y — 27[%) k]

For the third term, using the linear growth and Lipschitz continuity properties of the diffusion
coefficient o(t, -), see and , and the inequality on the second order derivative of v%(t, s
one obtains the upper bounds

| Z D27}T t,y). Da(t,y).k)ej,a(t,y)ej)|

C(IVe(@) + llellz)e*MT=I (1 + |y — 2*|?) | Do (t, y)-kl (¢, )]
SCHGI@O(HWD( N+ llpllz)e AT (1 4y — 2% |) k).

For the fourth term, using the linear growth property of the diffusion coefficient o(t,-), and
the inequality on the third order derivative of v%(t, -), one obtains the upper bounds

Z D*i(t,y). (ko (t, y)ej, o(t,y)e;)]
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< C(IVe@)] + llellz + llells)e” AT (1 4 |y — 2*|?) o (t, )|
< C(IVe(™)] + llellz + llells)eA=CMT=0(1 4 |y — *|*) | &

Combining the four upper bounds then yields the inequality , for a sufficiently large positive real
number Cy € (0,00) and a sufficiently small positive real number (0, hg). The proof of Lemma
is thus completed. ]
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