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ASYMPTOTIC ERROR ANALYSIS FOR STOCHASTIC GRADIENT

OPTIMIZATION SCHEMES WITH FIRST AND SECOND ORDER MODIFIED

EQUATIONS

CHARLES-EDOUARD BRÉHIER, MARC DAMBRINE, AND NASSIM EN�NEBBAZI

Abstract. We consider a class of stochastic gradient optimization schemes. Assuming that the
objective function is strongly convex, we prove weak error estimates which are uniform in time
for the error between the solution of the numerical scheme, and the solutions of continuous-time
modi�ed (or high-resolution) di�erential equations at �rst and second orders, with respect to the
time-step size. At �rst order, the modi�ed equation is deterministic, whereas at second order
the modi�ed equation is stochastic and depends on a modi�ed objective function. We go beyond
existing results where the error estimates have been considered only on �nite time intervals and
were not uniform in time. This allows us to then provide a rigorous complexity analysis of the
method in the large time and small time step size regimes.

1. Introduction

The analysis of numerical optimization methods, whether deterministic or stochastic, has been
the subject of intense research activity. Those methods are widely applied in many situations, in
particular recently in machine learning. In order to approximate minimizers of an objective function
F : Rd Ñ R, the simplest method is the gradient descent algorithm

xn`1 “ xn ´ h∇F pxnq,

with a constant time-step size h. To study the asymptotic behavior of xN when N Ñ 8, it is
fruitful to make a connection with the continuous-time gradient dynamics

x1ptq “ ´∇F pxptqq.

In fact, the gradient descent algorithm can be interpreted as the standard explicit Euler scheme
applied to the ordinary di�erential equation above with time-step size h.

Connections between (discrete-time) optimization schemes and continuous-time dynamics have
been studied in the literature, in deterministic and stochastic settings, not only for gradient al-
gorithms but also for other methods such as the Polyak's heavy-ball method [9] and Nesterov's
acceleration method [8]. The latter methods intend to accelerate the convergence to minimizers by
introducing inertia in the scheme, and as a result the related continuous-time dynamics are second-
order di�erential equations. In the last year, the celebrated work [13] on Nesterov's acceleration
method has driven the attention of many researchers on that connection. Instead of considering
leading order approximations, better understanding on the discrete-time dynamics can be obtained
by the identi�cation of more accurate continuous-time dynamics, which depend on the time-step size.
In the numerical analysis community for ordinary and stochastic di�erential equations, such more
accurate approximations are referred to as modi�ed equations, see for instance [2, 4, 6, 14]. In the
optimization community, they are referred to as high-resolution equations, see for instance [1, 11, 12].
In this article, we use the terminology modi�ed equations.
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The connection between the discrete and continuous time dynamics motivates the splitting of
the analysis of the asymptotic behavior of optimization schemes into two parts: the analysis of
the asymptotic behavior of the continuous-time system, and the analysis of the approximation error
between the discrete and continuous time systems. On the one hand, di�erential calculus techniques
can be applied to show convergence of the continuous-time dynamics when time T goes to in�nity,
by the identi�cation of so-called Lyapunov functionals. For instance, if the objective function F is
strongly convex, the square of the norm is a Lyapunov function, and applying Grönwall's inequality
it is straightforward to show that the solution of the continuous-time gradient dynamics converges
exponentially fast to the unique minimizer of F . More complex Lyapunov functions dedicated to
objective functions satisfying weaker conditions may be constructed. On the other hand, when
standard numerical analysis techniques are applied to study the approximation error between the
discrete and continuous time systems, usually the error bounds with respect to the time-step size h
depend on the �nal time T “ Nh. The dependence obtained when discrete Grönwall inequalities are
employed may be exponential. Instead, it is desirable to obtain uniform in time error estimates, i.e.
with upper bounds independent of the �nal time T . Combining the two types of error bounds then
enables to analyze the complexity of the algorithm, i.e. to determine how to choose the parameters
of the algorithm h and N to ensure that the error is below a given threshold.

In this article, we analyze the behavior of the following stochastic gradient optimization scheme
"

Xn`1 “ Xn ´ h∇F pXnq ` hσptn, Xnqγn`1, @ n P N,
X0 “ x0,

where F : Rd Ñ R is the objective function. Compared with the deterministic version above, the
additional term hσptn, Xnqγn`1 describes random perturbations, where

`

γn
˘

ně1
are independent

standard Rd-valued Gaussian random variables. We assume that F is strongly convex, thus F
admits a unique minimizer denoted by x‹. Our objective is to analyze the convergence of XN

to x‹ when N Ñ 8 and h Ñ 0. The stochastic gradient optimization scheme above has been
considered previously in the literature, see for instance [1] for the proof of strong error estimates
and in [6] for the proof of weak error estimates. Let us recall that when dealing with approximation
of stochastic systems and associated error bounds, one may consider either strong approximation

and error bounds, concerned with Er}XN ´x‹}s or with
`

Er}XN ´x‹}2s
˘1{2

, or weak approximation
and error bounds, concerned with |ErφpXN qs ´ φpx‹q|. We refer for instance the reference books
[5, 7] on numerical methods for stochastic (partial) di�erential equations.

The objective of this article is to �ll an important gap in the analysis of the stochastic gradient
optimization scheme above: we establish uniform in time strong and weak error estimates between
the solutionXN of the stochastic optimization scheme and the solution at time T “ Nh of associated
modi�ed equations. Indeed, the error bounds obtained in previous works such as [1, 6] are not
uniform with respect to time T . As explained above, combined with relevant results on the large
time of the modi�ed equations, we are able to establish complexity results for the stochastic gradient
optimization scheme. We consider two modi�ed equations, which provide �rst and second order
approximation with respect to h.

For the �rst order approximation, we exploit the connection between the stochastic gradient
optimization scheme and the deterministic gradient system, i.e. the ordinary di�erential equation

dX 0ptq

dt
“ ´∇F pX 0ptqq, @ t ě 0.

As already recalled above, assuming that F is strongly convex, X 0pT q converges to x‹ exponentially
fast when T Ñ 8. Our �rst main result is the proof of weak error estimates

|ErφpXN qs ´ φpx‹q| “ O
`

e´µNh ` h
˘

,
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see Theorem 1 for the precise statement. This follows from uniform in time weak error estimates

sup
NPN

|ErφpXN qs ´ φpX 0pNhqq| “ Ophq.

Moreover, applying the weak error estimates with φ “ F and noting that the residual F pXN q´F px‹q

dominates }XN ´ x‹}2, one obtains directly strong error estimates

Er}XN ´ x‹}2s “ O
`

e´µNh ` h
˘

,

see Corollary 1. This is not a standard result in stochastic numerics, since usually weak error bounds
may deduced from strong error bounds. To prove weak error estimates, which are uniform in time,
we revisit the arguments usually employed to study approximations of invariant distributions for
stochastic di�erential equations, in particular we need to study the regularity properties of an
auxiliary mapping u0 (de�ned by Equation (48)), which is the solution of the (Kolmogorov) partial
di�erential equation (52) associated with the deterministic gradient system. Precisely we prove
the exponential decay with respect to t for the �rst and second order spatial partial derivatives
∇xu

0pt, xq and ∇2
xu

0pt, xq, see Lemma 5.1.
The considered stochastic gradient optimization scheme can be interpreted as the Euler�Maruyama

scheme applied to the stochastic di�erential equation

dX hptq “ ´∇F pX hptqqdt`
?
hσpt,X hptqqdBptq, @ t ě 0,

which can indeed be seen as a modi�ed equation since it depends on the time-step size h. However
that simple connection is not su�cient to obtain higher order approximation. Instead, one needs to
consider the following modi�ed stochastic di�erential equation

dYhptq “ ´∇F hpYhptqqdt`
?
hσpt,YhptqqdBptq, @ t ě 0,

which has the same di�usion coe�cient
?
hσ but depends on the modi�ed objective function

F h “ F `
h

4
}∇F }2.

The modi�ed stochastic di�erential equation and objective function above have also appeared in
the recent articles [1, 6], see also [2, 3, 4, 10] for other examples of applications of modi�ed/high-
resolution equations in the context of deterministic and stochastic optimization. In this article, we
prove uniform in time weak error estimates

sup
NPN

|ErφpXN qs ´ ErφpYhpNhqqs| “ Oph2q,

under stronger conditions on the modi�ed objective function F : we assume that the modi�ed
objective function F h is strongly convex uniformly with respect to h (in an interval p0, h0q). We
refer to Assumption 2.3 for a rigorous statement. To the best of our knowledge, this condition has not
been exhibited before in the literature. That assumption plays a crucial role in the analysis. First,
it allows us to prove the exponential decay with respect to t of spatial derivatives of the solutions
vhT (de�ned by Equation (59)) of associated (backward) Kolmogorov equations (60), uniformly with

respect to h. In addition, it allows us to prove error bounds for Er}YhpT q ´ x‹}2s in the large time
regime.

Our second main result is thus the proof of weak error estimates
ˇ

ˇErφpXN qs ´ φpx‹q
ˇ

ˇ “ O
´

e´µNh p1 ` hρpNhqq
1
2 ` h2

¯

,

where the mapping ρ is de�ned by (30) and depends on the di�usion coe�cient σ. We refer to
Theorem 2 for a precise statement. Like for the �rst order approximation discussed above, one
obtains strong error estimates

Er}XN ´ x‹}2s “ O
´

e´µNh p1 ` hρpNhqq
1
2 ` h2

¯

,
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see Corollary 2.
The comparison between the �rst and second order approximation results in the large time regime

is not as straightforward as it may seem. Indeed, to obtain the �rst order approximation result it is
su�cient to assume that some upper bounds on σpt, ¨q which are uniform with respect to t. It turns
out that the second order approximation result reduces the complexity only if σpt, ¨q converges
to 0 when t goes to in�nity fast enough. We refer to Section 3 for a precise discussion on the
computational complexity of the stochastic gradient optimization scheme.

Let us mention several directions for future works. It would be interesting to study the behavior
of the stochastic gradient optimization scheme under weaker conditions on the objective function F .
One may also investigate the behavior of other stochastic optimization schemes, such as stochastic
versions of the celebrated heavy ball and Nesterov algorithms. The analysis may also be extended
in an in�nite dimensional setting.

The article is organized as follows. Section 2 is devoted to the description of the setting and the
statement of the fundamental assumptions on the objective function F and the di�usion coe�cient
σ. The main results of this article, Theorem 1 and Corollary 1 for the �rst order approximation,
and Theorem 2 and Corollary 2 for the second order approximation, are stated in Section 3, which
also contains a discussion on the computational complexity. Section 4 presents some results on the
stochastic gradient optimization scheme, including uniform moment bounds given by Lemma 4.1.
The proof of the �rst order approximation result, Theorem 1, is provided in Section 5.2, and the
proof of the second order approximation result, Theorem 2, is provided in Section 6.4. Appendix 6.5
contains the proof of technical but fundamental results, on the regularity properties of the solutions
of the Kolmogorov equations associated with the �rst and second order modi�ed equations.

2. Setting

2.1. Notation. We denote by N‹ “ t1, . . .u and N “ t0, 1, . . .u the sets of positive and nonnegative
integers respectively. Given d P N‹ be an arbitrary positive integer, the Euclidean space Rd is
equipped with the standard inner product and norm denoted by x¨, ¨y and } ¨ } respectively. Let
MdpRq denote the space of real-valued square matrices with d rows and columns. The identity
matrix is denoted by Id. For any matrix M P MdpRq, M‹ is the transpose of M and TrpMq is the
trace of M . The space MdpRq is equipped with the norm } ¨ } de�ned by

}M} “
`

ÿ

1ďi,jďd

|Mi,j |
2
˘

1
2 , @ M P MdpRq.

If M,N P MdpRq are two matrices, let

M : N “
ÿ

1ďi,jďd

Mi,jNi,j “ Tr
`

MN‹
˘

.

If ϕ : Rd Ñ R is a real-valued function of class C1, then ∇ϕpxq “
`

Bxiϕpxq
˘

1ďiďd
P Rd denotes

the gradient of ϕ at x P Rd. Similarly, if ϕ : Rd Ñ R is a function of class C2, then ∇2ϕpxq “
`

BxiBxjϕpxq
˘

1ďi,jďd
P MdpRq denotes the Hessian matrix of ϕ at x P Rd.

Given d1, d2,m P N‹, if ϕ : Rd1 Ñ Rd2 is a mapping of class Cm, then Dmϕpxq.pk1, . . . , kmq P Rd2

denotes the di�erential of order m of ϕ at x P Rd1 in the directions k1, . . . , km P Rd1 . In the case
d1 “ d and d2 “ 1, if φ : Rd Ñ R is of class C2, with the notation introduced above one has

Dφpxq.pkq “ x∇φpxq, ky, D2φpxq.pk1, k2q “ x∇2φpxqk1, k2y.

For any m P N‹, if φ : Rd Ñ R is of class Cm, then set

~φ~m “ sup
xPRd

sup
k1,...,kmPRdzt0u

|Dmφpxq.pk1, . . . , kmq|

}k1} . . . }km}
.
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In the sequel we consider functions φ of class C2 with bounded second order derivative. Note that
its �rst order derivative satis�es the following upper bound: for all x P Rd and k P Rd one has

(1) |Dφpxq.k| ď

´

}∇φpx‹q} ` ~φ~2}x´ x‹}

¯

}k}.

Finally, let
`

Bptq
˘

tě0
be a standard Rd-valued Wiener process de�ned on a probability space denoted

by pΩ,F ,Pq, and which is adapted to a �ltration
`

Ft

˘

tě0
which satis�es the usual conditions. If X

is an integrable real-valued random variable, its expectation is denoted by ErXs. In addition, given
a σ-�eld G Ă F , ErX|Gs denotes the conditional expectation of X given G.

In the analysis, the value of (deterministic) positive real numbers C P p0,8q may vary from
line to line. Unless speci�ed, the value of C is uniform with respect to variables such as time
t P R` “ r0,8q, the state x P Rd or the time-step size h.

2.2. The considered stochastic gradient optimization scheme. Let x0 P Rd be an arbi-
trary initial value assumed to be deterministic. Considering F0-measurable random initial values
satisfying appropriate integrability properties could be considered with straightforward minor mod-
i�cations of the statements.

Let h ą 0 denote the time-step size of the considered stochastic gradient optimization scheme.
Without loss of generality, it is assumed that h P p0, hmaxq for some positive real number hmax. For
any nonnegative integer n P N, set tn “ nh. Let

`

γn
˘

nPN‹ be a sequence of independent standard

centered Rd-valued Gaussian random variables.
The objective of this article is to study the behavior of the stochastic gradient optimization

scheme

(2)

"

Xn`1 “ Xn ´ h∇F pXnq ` hσptn, Xnqγn`1, @ n P N,
X0 “ x0,

where the mapping F : Rd Ñ R is the objective function and the mapping σ : r0,8qˆRd Ñ MdpRq

is the di�usion coe�cient. We refer to Section 2.3 for precise assumptions.
Let ∆Bn`1 “ Bptn`1q ´ Bptnq denote the increments of the Wiener process on the interval

rtn, tn`1s. Recall that
`

h´ 1
2∆Bn`1

˘

ně0
are independent standard centered Gaussian Rd-valued

random variables. Thus the sequences of random variables
`
?
hγn

˘

nPN‹ and
`

∆Bn

˘

nPN‹ are equal
in distribution, and as a result, the scheme (2) can be interpreted using the alternative formulation

(3)

#

Xn`1 “ Xn ´ h∇F pXnq `
?
hσptn, Xnq∆Bn`1, @ n P N,

X0 “ x0.

Let us stress that the schemes (2) and (3) can be considered as being equivalent since in this work
we only study weak error estimates. The formulation (3) suggests to interpret the scheme as a
numerical method applied to a stochastic di�erential equation, as will be explained below.

2.3. Assumptions. This section provides basic assumptions on the objective function F and on
the di�usion coe�cient σ, which are necessary to justify rigorously the main properties of the
stochastic gradient optimization scheme in the large time and small time-step regime. More precisely,
Assumptions 2.1 and 2.2 are required to prove the �rst main result of this paper, stated in Theorem 1.
Stronger additional conditions are imposed in Assumptions 2.3 and 2.4 below in order to prove the
second main result of this paper, stated in Theorem 2, we refer to Section 2.5 for their statements.

Let us �rst state the basic assumptions on the objective function F .

Assumption 2.1 (Basic assumptions on the objective function F ). The mapping F : Rd Ñ R is
of class C3, and it satis�es the following properties:

5



(i) ∇F : Rd Ñ Rd is globally Lipschitz continuous, i.e. there exists a positive real number
LF P p0,8q such that one has

(4) }∇F px2q ´ ∇F px1q} ď LF }x2 ´ x1}, @ x1, x2 P Rd.

(ii) F is a µ-convex function, i.e. there exists a positive real number µ P p0,8q such that one
has

(5) x∇F px2q ´ ∇F px1q, x2 ´ x1y ě µ}x2 ´ x1}2, @ x1, x2 P Rd.

(iii) The third order derivative of F is bounded.

Example 2.1. Assumption 2.1 is satis�ed if F is de�ned as

F pxq “ }x}2 ` ϵGpxq, @ x P Rd,

where the mapping G : Rd Ñ R is of class C3 with bounded �rst, second and third order derivatives,
and for su�ciently small ϵ.

Let us state several elementary consequences of Assumption 2.1.
When the objective function F satis�es Assumption 2.1, it is straightforward to check that

minpF q exists and is attained for a unique minimizer denoted by x‹. Moreover the minimizer
x‹ is characterized by the �rst-order optimality condition ∇F px‹q “ 0.

Note that the second order derivative ∇2F satis�es the property

(6) µ}k}2 ď x∇2F pxqk, ky ď LF }k}2,@ k P Rd,

where the upper bound follows from the Lipschitz continuity (4) of ∇F and the lower bound
is a consequence of the µ-convexity property (5). In addition, the global Lipschitz continuity
condition (4) implies that ∇F has at most polynomial growth: for all x P Rd,

(7) }∇F pxq} ď LF }x´ x‹}.

Let us now describe the basic assumptions on the di�usion coe�cient σ.

Assumption 2.2 (Assumptions on the di�usion coe�cient σ). The mapping σ : r0,8q ˆ Rd Ñ

MdpRq satis�es the following properties:

(i) The mapping σ : r0,8q ˆ Rd Ñ MdpRq is continuous.
(ii) For all t P r0,8q, the mapping σpt, ¨q : Rd Ñ MdpRq is globally Lipschitz continuous and

grows at most linearly : for all t ě 0, there exists ςptq P r0,8q such that one has

}σpt, x2q ´ σpt, x1q} ď ςptq}x2 ´ x1}, @ x1, x2 P Rd,(8)

sup
xPRd

}σpt, xq}

1 ` }x´ x‹}
ď ςptq.(9)

(iii) The mapping ς : r0,8q Ñ r0,8q is assumed to be bounded. Let }ς}8 “ sup
tě0

|ςptq|.

Finally, let us introduce the auxiliary mapping a : r0,8q ˆ Rd Ñ MdpRq de�ned by

(10) apt, xq “ σpt, xqσpt, xq‹, @ t ě 0, x P Rd.
6



2.4. First order approximate ordinary and stochastic di�erential equations. In this sub-
section, we consider that the basic assumptions on F and σ, i.e. Assumptions 2.1 and 2.2 respec-
tively, are satis�ed.

Let us �rst study the deterministic situation: when σ “ 0, the scheme (3) is the explicit Euler
scheme applied to the deterministic gradient system

(11)

$

&

%

dX 0ptq

dt
“ ´∇F pX 0ptqq, @ t ě 0,

X 0p0q “ x0.

The analysis of the gradient system (11) under Assumption 2.1 is straightforward and well-known.
Owing to the µ-convexity condition (5) from Assumption 2.1 on the objective function F , and due
to the �rst-order optimality condition ∇F px‹q “ 0, one obtains for all t ě 0

1

2

d}X 0ptq ´ x‹}2

dt
“ x

dpX 0ptq ´ x‹q

dt
,X 0ptq ´ x‹y “ ´x∇F pX 0ptqq ´ ∇F px‹q,X 0ptq ´ x‹y

ď ´µ}X 0ptq ´ x‹}2.

Therefore, applying the Grönwall lemma, for all t ě 0 one obtains

(12) }X 0ptq ´ x‹} ď e´µt}x0 ´ x‹}.

This means that, for any initial value x0, the solution X 0ptq at time t of the deterministic gradient
system (11) converges exponentially fast to the unique minimizer x‹ of the objective function F in
the large time regime t Ñ 8, and that the rate of convergence is given by the parameter µ.

Let us now take into account the stochastic perturbation. The stochastic gradient optimization
scheme (2), using the equivalent formulation (3), can be interpreted as the Euler�Maruyama scheme
with time-step size h applied to the stochastic di�erential equation

(13)

#

dX hptq “ ´∇F pX hptqqdt`
?
hσpt,X hptqqdBptq, @ t ě 0,

X hp0q “ x0.

The noise in the stochastic di�erential equation (13) is interpreted in the Itô sense. Observe that

the (13) depends on the time-step size h, the di�usion coe�cient is
?
hσ. Let us mention that the

stochastic di�erential equation (13) is globally well-posed, since the mappings ∇F and σpt, ¨q are
globally Lipschitz continuous, see Assumptions 2.1 and 2.2: for any initial value x0 P Rd, there
exists a unique global solution to the stochastic di�erential equation (13).

The deterministic system (11) and the stochastic system (13) are �rst-order approximations, in
the sense of weak convergence, of the stochastic gradient optimization scheme (2) in the small time-
step size limit h Ñ 0, for arbitrary �xed value of T P p0,8q. More precisely, for any time T P p0,8q

and any su�ciently smooth function φ : Rd Ñ R, there exists CpT, x0, φq P p0,8q such that for all
h P p0, hmaxq one has

sup
nhďT

|ErφpXnqs ´ ErφpX 0pnhqqs| ` sup
nhďT

|ErφpXnqs ´ ErφpX hpnhqqs| ď CpT, x0, φqh.

One of the objectives of this work is to show that under appropriate conditions the weak error
estimates are uniform with respect to T P p0,8q, which is of tremendous importance in the context
of optimization where one needs to consider the large time regime T Ñ 8. In other words, it
will be proved that the weak error estimates above hold, with sup

TPp0,8q

CpT, x0, φq ă 8, we refer to

Theorem 1 for a more precise statement.
Note that in order to understand the behavior of the numerical scheme (2) considering the sto-

chastic di�erential equation (13) instead of the deterministic gradient system (11) is not relevant
7



since the weak order of convergence is equal to 1 even when the noise is introduced. The objec-
tive of the next section is to introduce a stochastic di�erential equation depending on a modi�ed
objective function F h, depending on the time-step size h, in order to obtain a second order weak
approximation. As already mentioned, stronger conditions will be imposed on F and σ to prove
this result.

2.5. Second order approximate stochastic di�erential equation. Following the works [6, 1],
instead of considering the stochastic di�erential equation (13), we introduce the family of stochastic
di�erential equations depending on the time-step size h de�ned by

(14)

$

&

%

dYhptq “ ´∇
`

F `
h

4
}∇F }2

˘

pYhptqqdt`
?
hσpt,YhptqqdBptq, @ t ě 0,

Yhp0q “ x0.

This family provides second order weak approximation for the stochastic gradient optimization
scheme (2): for any time T P p0,8q and any su�ciently smooth function φ : Rd Ñ R, there exists
CpT, x0, φq P p0,8q such that one has

sup
nhďT

|ErφpXnqs ´ ErφpYhpnhqqs| ď CpT, x0, φqh2.

Like for the �rst order approximations described in Section 2.4, the main objective of this work is
to show that under appropriate conditions the weak error estimates are uniform with respect to
T P p0,8q. We refer to Theorem 2 for a precise statement.

Note that the stochastic di�erential equations (13) and (14) have the same di�usion coe�cient?
hσ, but they do not have the same drift: the drift in (13) is ´∇F where F is the objective

function, whereas the drift in (14) is given by ´∇F h where F h : Rd Ñ R is the so-called modi�ed
objective function de�ned by

(15) F hpxq “ F pxq `
h

4
}∇F pxq}2, @ x P Rd.

It is worth mentioning that x‹ is the unique minimizer of F h for any time-step size h. Indeed, one
has F hpx‹q “ F px‹q and F hpxq ą F pxq for all x P Rdztx‹u.

Following from straightforward computations, note that ∇}∇F }2px‹q “ 0, and that there exists
a positive real number C P p0,8q such that for all x P Rd one has

(16) }∇}∇F }2pxq} ď C}x´ x‹}, }∇2}∇F }2pxq} ď Cp1 ` }x´ x‹}q.

As a consequence, there exists a positive real number LF,2 P p0,8q such that, for all x1, x2 P Rd,
one has

(17) }∇}∇F }2px2q ´ ∇}∇F }2px1q} ď LF,2p1 ` }x1 ´ x‹} ` }x2 ´ x‹}q}x2 ´ x1}.

The conditions imposed on F in Assumption 2.1 are not su�cient for the analysis, additional
conditions are given in Assumption 2.3 below. Note that as usual higher order regularity conditions
on F and σ are needed to justify the second order weak approximation result stated above, compared
with the �rst order weak approximation result. A more restrictive condition needs to be imposed:
the mapping F h is assumed to be µ-convex for any (su�ciently small) time-step size h, and the
positive real number µ is independent of h. This assumption is non trivial and is discussed below.
To the best of our knowledge, this type of condition has not been presented so far in the literature.

Assumption 2.3 (Strengthened assumptions on the objective function F ). Assume that the objec-
tive function F satis�es the basic Assumption 2.1.

Furthermore, assume that the mapping F : Rd Ñ R is of class C5, and that it satis�es the following
properties:

8



(i) There exist positive real numbers h0 P p0, hmaxq and µ P p0,8q, such that for all h P p0, h0q

the mapping F h is µ-convex:

(18) x∇F hpx2q ´ ∇F hpx1q, x2 ´ x1y ě µ}x2 ´ x1}2, @ x1, x2 P Rd, @ h P p0, h0q.

(ii) The fourth and �fth order derivatives of F are bounded.

Let us give an example of a function such that Assumption 2.3 is satis�ed.

Example 2.2. Let F be given by F pxq “ }x}2 ` ϵGpxq for all x P Rd, where G : Rd Ñ R is a
mapping of class C5 with bounded derivatives of any order and ϵ is chosen to ensure that the µ-
convexity condition from Assumption 2.1 is satis�ed. Then Assumption 2.3 is satis�ed if and only
if there exists cF P p0,8q such that

inf
xPRd

D3Gpxq.px, k, kq ě ´cF }k}2,@ k P Rd,

is satis�ed.

Remark 2.1. The mapping ´∇F h : Rd Ñ Rd is only locally Lipschitz continuous, owing to the
inequality (17), following from the basic Assumption 2.1: there exists C P p0,8q such that for all
x1, x2 P Rd one has

(19) }∇F hpx2q ´ ∇F hpx1q} ď pLF ` hLF,2qp1 ` }x1 ´ x‹} ` }x2 ´ x‹}q}x2 ´ x1}.

This local Lipschitz continuity property ensures local well-posedness of the stochastic di�erential equa-
tion (14). Owing to the strengthened Assumption 2.3, F h satis�es the µ-convexity condition (18),
which implies that ´∇F h satis�es a one-sided Lipschitz continuity property. This provides the global
well-posedness of (14) by standard arguments. Moreover, the µ-convexity condition (18) is employed
to prove moment bounds on the solution of the stochastic di�erential equation (14), see Lemma 6.1
in Section 6, which are uniform with respect to t ě 0.

Finally, let us describe additional regularity conditions imposed on the di�usion coe�cient σ.
These assumptions are less restrictive than those imposed on F in Assumption 2.3 above.

Assumption 2.4 (Strengthened assumptions on the di�usion coe�cient σ). Assume that the dif-
fusion coe�cient σ satis�es the basic Assumption 2.2.

Furthermore, assume that for all t P r0,8q the mapping σpt, ¨q : Rd Ñ MdpRq is of class C3.
Moreover, the second and the third derivatives of σpt, ¨q are assumed to be bounded, uniformly with
respect to t P r0,8q: one has

sup
tPr0,8q

sup
xPRd

sup
k1,k2PRdzt0u

}D2σpt, xq.pk1, k2q}

}k1}}k2}
` sup

tPr0,8q

sup
xPRd

sup
k1,k2,k3PRdzt0u

}D3σpt, xq.pk1, k2, k3q}

}k1}}k2}}k3}
ă 8.

Finally, assume that for all x P Rd, the mapping σp¨, xq : r0,8q Ñ MdpRq is globally Lipschitz
continuous, uniformly with respect to x: there exists a positive real number Lσ P p0,8q such that
for all x P Rd one has

(20) }σpt2, xq ´ σpt1, xq} ď Lσ|t2 ´ t1|, @ t1, t2 P r0,8q.

We conclude this section by remarks on the modi�ed objective function F h.

Remark 2.2. The gradient ∇F h of the modi�ed objective function can be written as

∇F hpxq “ pI `
h

2
∇2F pxqq∇F pxq,@ x P Rd.

This observation suggests to propose alternative stochastic di�erential equations which provide a
second order weak approximation instead of (14). For instance, one can consider the stochastic
di�erential equations

dYh
ptq “ b

h
pYh

ptqqdt`
?
hσpt,Yh

ptqqdBptq
9



with b
h
pxq “ ´pI ´ h

2∇
2F pxqq´1∇F pxq (under the condition h ă 2LF to ensure that the matrix is

invertible) or with b
h
pxq “ ´ expph2∇

2F pxqq∇F pxq. Note that in general it does not seem possible

to write b
h
pxq given in the two examples above as a gradient. It can be proved that second order

weak error estimates are still valid with Yhpnhq replaced by Yh
pnhq, for nh ď T .

It would be interesting to exhibit a choice of alternative drift coe�cient b
h
such that one could

obtain uniform in time weak error estimates at second order in h under weaker conditions on the
objective function F . For the two examples mentioned above this does not seem to be the case. We
leave investigations in this direction for future works.

3. Main results

This section is devoted to the full and rigorous statements of the main results of this article. We
also discuss the relevance of the results. The proofs of Theorems 1 and 2 are technical and require
some auxiliary results, they are postponed to Sections 5 and 6 respectively.

Let us �rst state Theorem 1, which provides weak error estimates, i.e. upper bounds for
ErφpXN qs ´ φpx‹q for su�ciently smooth functions φ. The error is the sum of two contributions:
one term which converges exponentially fast to 0 when Nh Ñ 8, and one term which converges to
0 with order 1 when h Ñ 0.

Theorem 1. Assume that the objective function F and that the di�usion coe�cient σ satisfy the
basic Assumption 2.1 and the basic Assumption 2.2 respectively.

There exist positive real numbers H P p0, hmaxq and C P p0,8q such that for any mapping
φ : Rd Ñ R of class C2 with bounded second order derivative, for any initial value x0 P Rd, for all
N P N‹ and h P p0, Hq, one has

(21)
ˇ

ˇErφpXN qs ´ φpx‹q
ˇ

ˇ ď C1pφ, x0q
`

e´µNh ` h
˘

,

where the positive real number C1pφ, x0q is given by

(22) C1pφ, x0q “ C
`

}∇φpx‹q} ` ~φ~2

˘`

1 ` }x0 ´ x‹}3
˘

.

Applying the result of Theorem 1 with the function φ “ F , and applying the inequality

(23) F pxq ´ F px‹q ě
µ

2
}x´ x‹}2, @ x P Rd,

which follows from the µ-convexity condition (5) of F and the optimality condition ∇F px‹q, one
obtains the following error estimates for the residual F pXN q ´ F px‹q and for the error }XN ´ x‹}.

Corollary 1. Let the setting of Theorem 1 be satis�ed. For any initial value x0 P Rd, for all N P N‹

and h P p0, Hq, for the residual one has the upper bound

(24) ErF pXN q ´ F px‹qs ď C
`

1 ` }x0 ´ x‹}3
˘`

e´µNh ` h
˘

,

and one has strong error estimates

(25) Er}XN ´ x‹}s ď
`

Er}XN ´ x‹}2s
˘

1
2 ď C

`

1 ` }x0 ´ x‹}
3
2

˘`

e´
µNh
2 ` h

1
2

˘

.

Observe that the upper bound (25) is a strong error estimate for the error }XN ´ x‹}, contrary
to (21) and (24) which are weak error estimates. It is not common in stochastic numerics to deduce
strong error estimates from weak error estimates. However it is common (but it is not always the
case) to observe that the weak order of convergence is twice the strong order of convergence with
respect to a discretization parameter h. From the strong error estimates (25), it is straightforward
to deduce error bounds associated with convergence in probability.

Let us perform some complexity analysis as a consequence of the weak and strong error estimates
stated in Theorem 1. Let the initial value x0 be �xed, and assume also that the function φ is �xed

10



when dealing with errors in the weak sense. Given an arbitrarily small positive real number ε P p0, 1q,
the objectives is to identify small enough parameters h P p0, Hq and large enough parameters N P N‹

such that

(26) |ErφpXN qs ´ φpx‹q| ď Cε,

when one is concerned with weak error estimates, or such that

(27)
`

Er}XN ´ x‹}2s
˘

1
2 ď Cε,

when one is concerned with strong error estimates. In the above C P p0,8q is a positive real number
which is independent of N , h and ε.

If one is interested in weak errors, owing to (21), N and h should be chosen such that h « ε and
such that Nh « logpε´1q to ensure that (26) holds. The complexity is given by the computational
cost, which is proportional to

(28) N « ε´1 logpε´1q “: N1,w.

If one is interested in strong error estimates, owing to (25), N and h should be chosen such that?
h « ε and such that Nh « | logpεq| to ensure that (27) holds. The complexity is given by

(29) N « ε´2 logpε´1q “: N1,s.

Let us now state Theorem 2. The main achievement is to obtain a second order convergence with
respect to h in the weak error estimates for ErφpXN qs´φpx‹q, instead of the �rst order convergence
obtained in Theorem 1. In order to obtain this result, it is necessary to impose the strengthened
Assumptions 2.3 and 2.4 on the objective function F and on the di�usion coe�cient σ. Let us
emphasize that the strengthened Assumption 2.4 contains only a few additional regularity conditions
on σ, whereas the strengthened Assumption 2.3 is more restrictive and more fundamental, since it
is needed to ensure that the modi�ed objective function F h de�ned by (15) satis�es a µ-convexity
property, uniformly with respect to h P p0, h0q.

The statement of Theorem 2 requires to introduce

(30) ρpT q “

ż T

0
e2µsςpsq2 ds,

for all T P p0,8q.

Theorem 2. Assume that the objective function F and that the di�usion coe�cient σ satisfy the
strengthened Assumption 2.3 and the strengthened Assumption 2.4 respectively.

There exist positive real numbers H P p0, hmaxq and C P p0,8q such that for any mapping
φ : Rd Ñ R of class C3 with bounded second and third order derivatives, for any initial value
x0 P Rd, for all N P N‹ and h P p0, Hq, one has

(31)
ˇ

ˇErφpXN qs ´ φpx‹q
ˇ

ˇ ď C2pφ, x0q

´

e´µNh p1 ` hρpNhqq
1
2 ` h2

¯

,

where the positive real number C2pφ, x0q is given by

(32) C2pφ, x0q “ C
`

}∇φpx‹q} ` ~φ~2 ` ~φ~3

˘`

1 ` }x0 ´ x‹}5
˘

.

Similarly as Corollary 1 which is deduced from Theorem 1, we obtain Corollary 2 as a consequence
of Theorem 2.

Corollary 2. Let the setting of Theorem 2 be satis�ed. For any initial value x0 P Rd, for all N P N‹

and h P p0, Hq, for the residual one has the upper bound

(33) ErF pXN q ´ F px‹qs ď C
`

1 ` }x0 ´ x‹}5
˘

´

e´µNh p1 ` hρpNhqq
1
2 ` h2

¯

,

11



and one has strong error estimates

(34) Er}XN ´ x‹}s ď
`

Er}XN ´ x‹}2s
˘

1
2 ď C

`

1 ` }x0 ´ x‹}
5
2

˘

´

e´
µNh
2 p1 ` hρpNhqq

1
4 ` h

¯

.

To perform a complexity analysis and a comparison with the results obtained in Theorem 1 and 1,
one needs to study the behavior of the mapping ρ de�ned by (30) above. Recall that the mapping
ς is assumed to be bounded, see the basic Assumption 2.2 on the di�usion coe�cient σ. Therefore
one obtains the upper bound

ρpT q ď
}ς}28
2µ

e2µT , @ T P p0,8q.

Plugging that inequality in the error bounds stated in Theorem 2 and Corollary 2 is not satisfactory,
since the error bounds in Theorem 1 and Corollary 1 would be more precise. Improved error bounds
are obtained if one assumes that

ςpsq Ñ
sÑ8

0.

Then the upper bounds on ρpT q depend on the speed of convergence. Let us consider the cases of
exponential and polynomial convergence.

On the one hand, assume that there exist positive real numbers c P p0,8q and ν P p0,8q such
that for all s ě 0 one has ςpsq ď ce´νs. It is straightforward to check that for all T ě 0 one obtains

ρpT q ď

$

’

&

’

%

C, if ν ą µ,

CT, if ν “ µ,

Ce2pµ´νqT , if ν “ µ.

Therefore, when the convergence of ς to 0 is exponential one has

e´2µTρpT q ď Ce´2µ1T , @ T ě 0,

for some positive real numbers C P p0,8q and µ1 P p0, µs. As a result, the analysis of the computa-
tional cost can be performed as above, but one can take advantage of the second order convergence
with respect to h to reduce the computational cost. Owing to (31), to ensure that (26) holds, when
one is concerned with weak error estimates, N and h should be chosen such that h «

?
ε and such

that Nh « logpε´1q. The complexity is then given by

(35) N « ε´ 1
2 logpε´1q “: N2,w,e.

If one is interested in strong error estimates, owing to (34), to ensure that (27) holds, N and h
should be chosen such that h « ε and such that Nh « logpε´1q. The complexity is then given by

(36) N « ε´1 logpε´1q “: N2,s,e.

On the other hand, assume that there exist positive real numbers c P p0,8q and α P p0,8q such
that for all s ě 0 one has ςpsq ď cp1 ` sαq´1. Then one checks that for all T ě 0 one obtains

ρpT q ď
Ce2µT

1 ` T 2α
.

As a result, when the convergence of ς to 0 is polynomial one has

e´2µTρpT q ď
C

1 ` T 2α
, @ T ě 0,

for some positive real number C P p0,8q. As a result, the analysis of the computational cost
needs more care. Owing to (31), to ensure that (26) holds, when one is concerned with weak error
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estimates, N and h should be chosen such that h «
?
ε and such that h

1`pNhq2α
« ε2. The complexity

is then given by

(37) N « ε´ 1
2

´ 3
4α “: N2,w,p.

If one is interested in strong error estimates, owing to (34), to ensure that (27) holds, N and h
should be chosen such that h « ε and such that h

1`pNhq2α
« ε4. The complexity is then given by

(38) N « ε´1´ 3
2α “: N2,s,p.

It remains to compare the complexity results obtained above. Note �rst that the computational
cost related to the strong error estimates is in all cases the square of the computational cost related
to the weak error estimates, namely one has N1,s “ N2

1,w, N2,s,e “ N2
2,w,e and N2,s,p “ N2,w,p.

This is consistent with the fact (which is common in stochastic numerics and is observed in the
results stated above) that the weak rate of convergence is twice the strong rate of convergence. To
compare the results, it is thus su�cient in the sequel to deal with the weak error estimates. It
is necessary to treat separately the cases where ς converges either exponentially or polynomially
fast to 0 at in�nity. When the convergence is exponentially fast, one obtains N2,w,e “

a

N1,w,
meaning that Theorem 2 implies a lower computational cost � but recall that this requires to
impose the strengthened Assumption 2.3 on the objective function F . When the convergence is
only polynomially fast, it is not always true that N2,w,p is smaller than N1,w, i.e. that Theorem 2
provides a reduction of the computational cost compared with Theorem 1. This reduction only
occurs when α is su�ciently large, namely that α ą 3{2. When α ď 3{2, considering Theorem 1
seems to provide better results than using Theorem 2.

Remark 3.1. The reason why ρpT q with T “ Nh appears in Theorem 2 and Corollary 2, whereas
it does not appear in Theorem 1 and 1 is due to the use of di�erent decompositions of the weak error

ErφpXN qs ´ φpx‹q “ φpX 0pNhqq ´ φpx‹q ` ErφpXN qs ´ φpX 0pNhqq

“ ErφpYhpNhqqs ´ φpx‹q ` ErφpXN qs ´ ErφpYhpNhqqs.

On the one hand, the �rst decomposition (47) (see Section 5) is the primary step in the proof of
Theorem 1, and exploits the large time behavior of the solution X 0pT q of the deterministic gradient
system (11). The di�usion coe�cient σ does not appear in this description. On the other hand,
the second decomposition (57) (see Section 6) is the primary step in the proof of Theorem 2. To
deal with the �rst term of the decomposition, it is necessary to study the large time behavior of the
solution YhpT q of the stochastic di�erential equation (14), see Proposition 6.1.

4. Auxiliary results on the stochastic gradient optimization scheme

This section is devoted to studying some properties of the discrete-time stochastic process
`

Xn

˘

nPN
de�ned by the stochastic gradient optimization scheme (2). First, Lemma 4.1 states moment bounds,
which are uniform with respect to the time-step size h, and with respect to time n P N. Second,
for any time-step size h an auxiliary continuous time process

`

X̃hptq
˘

tě0
is introduced and some

properties are given in Lemma 4.2.

4.1. Moment bounds on the scheme.

Lemma 4.1. Assume that the objective F satis�es the basic Assumption 2.1 and that the di�usion
coe�cient σ satis�es the basic Assumption 2.2. There exist a non-increasing sequence

`

Hp

˘

pPN‹ ,

with H1 P p0, hmaxq, and a non-decreasing sequence
`

Cp

˘

pPN‹, such that for any initial value x0 P Rd

and for any p P N‹ one has

(39) sup
hPp0,Hpq

sup
nPN

Er}Xn ´ x‹}2ps ď Cpp1 ` }x0 ´ x‹}2pq.
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In the proof of Lemma 4.1 given below, it will be obtained that Hp tends to 0 when p tends
to in�nity. In the error analysis below, it will be su�cient to apply the result of Lemma 4.1 with
p “ 3, therefore the condition h P p0, H3q on the time-step size will be su�cient.

Remark 4.1. Lemma 4.1 is valid under the basic Assumptions 2.1 and 2.2 on the objective function
F and the di�usion coe�cient σ, in other words it is not necessary to impose the strengthened
Assumptions 2.3 and 2.4.

Proof. Let us �rst introduce some auxiliary notation.
For any positive integer n P N‹, de�ne the σ-�eld Fn “ σ

`

γ1, . . . , γn
˘

. Set also F0 “ tH,Ωu.
Recall the notation Er¨|Fns for the conditional expectation.

For all n P N, set
∆Xn`1 “ Xn`1 ´Xn “ ´h∇F pXnq ` hσptn, Xnqγn`1,

Observe that the random variable Xn is Fn-measurable for all n P N. In addition, one has

(40) Xn`1 ´ x‹ “ Xn ´ x‹ ` ∆Xn`1, @ n P N.
The proof then proceeds in two steps, in order to treat the cases p “ 1 and p ě 2 separately.
Step 1: the case p “ 1. Using the identity (40) above, one obtains for all n P N

}Xn`1 ´ x‹}2 “ }Xn ´ x‹}2 ` 2xXn ´ x‹,∆Xn`1y ` }∆Xn`1}2.

Let n P N. Since the random variable Xn is Fn-measurable, one has

Er}Xn ´ x‹}2|Fns “ }Xn ´ x‹}2.

In addition, the random variable γn`1 is independent of Fn, thus one has

Erγn`1|Fns “ Erγn`1s “ 0.

As a result, using the de�nition of ∆Xn`1 and the properties of conditional expectation, one has

ErxXn ´ x‹,∆Xn`1y|Fns “ ´hxXn ´ x‹,∇F pXnqy ` hxXn ´ x‹, σptn, XnqErγn`1|Fnsy

“ ´hxXn ´ x‹,∇F pXnqy.

Using the µ-convexity of F (5) in Assumption 2.1, one obtains

xXn ´ x‹,∇F pXnqy “ xXn ´ x‹,∇F pXnq ´ ∇F px‹qy ě µ}Xn ´ x‹}2,

since ∇F px‹q “ 0 by the the �rst-order optimality condition. One obtains the the upper bound

ErxXn ´ x‹,∆Xn`1y|Fns “ ´hxXn ´ x‹,∇F pXnqy ď ´µh}Xn ´ x‹}2.

Finally, using the de�nition of ∆Xn`1 and similar arguments one has

Er}∆Xn`1}2|Fns “ h2Er}∇F pXnq}2|Fns ` h2Er}σptn, Xnqγn`1}2|Fns

´ 2h2Erx∇F pXnq, σptn, Xnqγn`1y|Fns

“ h2}∇F pXnq}2 ` h2}σptn, Xnq}2.

Recall that the mappings ∇F and σ have linear growth (see (7) and (9)), and that the mapping ς
is bounded (by Assumption 2.2). Then one obtains for all n P N and all h P p0, hmaxq

Er}∆Xn`1}2|Fns ď L2
Fh

2}Xn ´ x‹}2 ` h2ςptnq2p1 ` }Xn ´ x‹}q2

and gathering the upper bounds for ErxXn ´ x‹,∆Xn`1y|Fns and Er}∆Xn`1}2|Fns one has

Er}Xn`1 ´ x‹}2|Fns ď

´

1 ´ 2µh`
`

L2
F ` 2}ς}28

˘

h2
¯

}Xn ´ x‹}2 ` 2h2}ς}28.

For all h P p0, hmaxq, set

ρ1phq “ 1 ´ 2µh`
`

L2
F ` 2}ς}28

˘

h2.
14



The tower property of conditional expectation yields the identity

ErEr}Xn`1 ´ x‹}2|Fnss “ Er}Xn`1 ´ x‹}2s,

thus taking expectation, for all n P N one has

Er}Xn`1 ´ x‹}2s ď ρ1phqEr}Xn ´ x‹}2s ` 2h2}ς}28.

Set

H1 “
1

2
min

´ 1

2µ
,

2µ

L2
F ` 2}ς}28

, hmax

¯

and observe that one has ρ1phq P p0, 1q for all h P p0, H1q. Applying the discrete Grönwall inequality,
one obtains for all n ě 0 and for all h P p0, H1q

Er}Xn ´ x‹}2s ď ρ1phqn}x0 ´ x‹}2 `
2h2}ς}28
1 ´ ρ1phq

ď }x0 ´ x‹}2 `
2h}ς}28

2µ´
`

L2
F ` 2}ς}28

˘

h

ď }x0 ´ x‹}2 `
2H1}ς}28

µ
.

This concludes the proof of the inequality (39) in the case p “ 1.
Step 2: the case p ě 2.
We start by a useful elementary remark we shall use also in other proofs.

Fact 1. De�ne the auxiliary mapping ψp by ψppxq “ }x´ x‹}2p. For all x P Rd one has

Dψppxq.k “ 2p}x´ x‹}2pp´1qxx´ x‹, ky,@ k P Rd,(41)

|D2ψppxq.pk1, k2q| ď 2pp2p´ 1q}x´ x‹}2pp´1q}k1}}k2}, @ k1, k2 P Rd.(42)

Applying the Taylor formula, one obtains

}Xn`1 ´ x‹}2p “ ψppXn`1q “ ψppXn ` ∆Xn`1q

“ ψppXnq `DψppXnq.∆Xn`1

`

ż 1

0
p1 ´ θqD2ψppXn ` θ∆Xn`1q.p∆Xn`1,∆Xn`1q dθ

ď }Xn ´ x‹}2p ` 2p}Xn ´ x‹}2pp´1qxXn ´ x‹,∆Xn`1y

` 2p2
`

}Xn ´ x‹} ` }∆Xn`1}
˘2pp´1q

}∆Xn`1}2.

We �rst consider the term with the inner product in the �rst line. Like in the treatment of the case
p “ 1, considering the conditional expectation with respect to Fn one has

Er2p}Xn ´ x‹}2pp´1qxXn ´ x‹,∆Xn`1y|Fns “ 2p}Xn ´ x‹}2pp´1qErxXn ´ x‹,∆Xn`1y|Fns

ď ´2pµ}Xn ´ x‹}2p.

For the reminder term on the second line, the convexity inequality pa ` bqq ď 2q´1paq ` bqq infers
the upper bound

`

}Xn ´ x‹} ` }∆Xn`1}
˘2pp´1q

}∆Xn`1}2 ď 22p´3
`

}Xn ´ x‹}2pp´1q}∆Xn`1}2 ` }∆Xn`1}2p
˘

.

Employing the linear growth conditions (7) and (9) on ∇F and on σ respectively, then yields the
upper bound

}∆Xn`1} ď Chp1 ` }Xn ´ x‹}qp1 ` }γn`1}q.
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As a result, one obtains the following upper bounds on conditional expectations: there exists a
positive real number Cp P p0,8q such that

Er}Xn ´ x‹}2pp´1q}∆Xn`1}2|Fns “ }Xn ´ x‹}2pp´1qEr}∆Xn`1}2|Fns

ď Cph
2p1 ` }Xn ´ x‹}2pq

Er}∆Xn`1}2p|Fns ď Cph
2p1 ` }Xn ´ x‹}2pq.

Combining the results above, for all n P N one obtains

Er}Xn`1 ´ x‹}2p|Fns ď

´

1 ´ 2pµh` Cph
2
¯

}Xn ´ x‹}2p ` Cph
2,

For all h P p0, hmaxq set

ρpphq “ 1 ´ 2pµh` Cph
2.

The tower property of conditional expectation yields the identity

ErEr}Xn`1 ´ x‹}2p|Fnss “ Er}Xn`1 ´ x‹}2ps,

thus taking expectation, for all n P N one has

Er}Xn`1 ´ x‹}2ps ď ρpphqEr}Xn ´ x‹}2ps ` Cph
2,

Set

Hp “
1

2
min

´ 1

2pµ
,
2pµ

Cp
, hmax

¯

,

then for all h P p0, Hpq one has ρpphq P p0, 1q. Applying the discrete Grönwall inequality, one obtains
for all n ě 0 and for all h P p0, Hpq

Er}Xn ´ x‹}2ps ď ρpphqn}x0 ´ x‹}2p `
Cph

2

1 ´ ρpphq

ď }x0 ´ x‹}2p `
Cph

2pµ´ Cph

ď }x0 ´ x‹}2p `
CpHp

pµ
.

This concludes the proof of the inequality (39) in the case p ě 2. The proof of Lemma 4.1 is thus
completed. □

4.2. Auxiliary process. Given any time-step size h P p0, hmaxq, let us introduce an auxiliary

stochastic process
`

X̃hptq
˘

tě0
de�ned as follows: for any integer n ě 0, and for all t P rtn, tn`1s one

has

(43) X̃hptq “ Xn ´ ∇F pXnqpt´ tnq `
?
hσptn, Xnq

`

Bptq ´Bptnq
˘

.

Note that X̃hptnq “ Xn for all n P N, i.e. the auxiliary process interpolates the stochastic gradient

optimization scheme (2) at the grid times tn “ nh. In addition, the stochastic process
`

X̃hptq
˘

tě0

has continuous trajectories. Finally, for any integer n P N, on the interval rtn, tn`1s the process

t ÞÑ X̃hptq is the solution of the stochastic di�erential equation

(44)

#

dX̃hptq “ ´∇F pXnqdt`
?
hσptn, XnqdBptq, t P rtn, tn`1s,

X̃hptnq “ Xn.

The auxiliary process
`

X̃hptq
˘

tě0
plays a technical role in the proofs of the weak error estimates.

The following properties, which follow from Lemma 4.1, are employed in the error analysis.
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Lemma 4.2. Assume that the objective F satis�es the basic properties of Assumptions 2.1 and that
the di�usion coe�cient σ satis�es Assumptions 2.2. For all p P N‹, there exists Hp P p0, hmaxq and
Cp P p0,8q such that one has the moment bounds

(45) sup
hPp0,Hpq

sup
tě0

Er}X̃hptq ´ x‹}2ps ď Cpp1 ` }x0 ´ x‹}2pq

and such that one has the increment bounds: for all h P p0, Hpq,

(46) sup
nPN

sup
tPrtn,tn`1s

Er}X̃hptq ´Xn}2ps ď Cpp1 ` }x0 ´ x‹}2pqh2p.

Proof of Lemma 4.2. Let p P N‹ and let Hp be given by Lemma 4.1.
Proof of the moments estimates (45). For all h P p0, Hpq, for any integer n ě 0, owing to the

de�nition (43) of the interpolating process X̃hptq, one has for all t P rtn, tn`1s

`

Er}X̃hptq ´ x‹}2ps
˘

1
2p ď

`

Er}Xn ´ x‹}2ps
˘

1
2p ` pt´ tnq

`

Er}∇F pXnq}2ps
˘

1
2p

`
?
h

`

Er}σptn, Xnq
`

Bptq ´Bptnq
˘

}2ps
˘

1
2p .

Then by the linear growth conditions (7) and (9),

`

Er}X̃hptq ´ x‹}2ps
˘

1
2p ď p1 ` LF qh

`

Er}Xn ´ x‹}2ps
˘

1
2p ` Cph}ς}8

´

1 `
`

Er}Xn ´ x‹}2ps
˘

1
2p

¯

,

using the property
`

Er}Bptq ´Bptnq}2ps
˘

1
2p “ Cppt´ tnq

1
2 ď Cph

1
2 .

The moment bounds (39) from Lemma 4.1 then imply that for all h P p0, Hpq one has

sup
tě0

`

Er}X̃hptq ´ x‹}2ps
˘

1
2p “ sup

ně0
sup

tPrtn,tn`1s

`

Er}X̃hptq ´ x‹}2ps
˘

1
2p

ď Cp

´

1 ` sup
ně0

`

Er}Xn ´ x‹}2ps
˘

1
2p

¯

ď Cp

´

1 ` }x0 ´ x‹}

¯

.

This concludes the proof of the moment bounds (45).
Proof of the increments bounds (46). One proceeds by using similar arguments. Let h P p0, Hpq

and n ě 0. Then for all t P rtn, tn`1s owing to (43) one has

`

Er}X̃hptq ´Xn}2ps
˘

1
2p ď pt´ tnq

`

Er}∇F pXnq}2ps
˘

1
2p `

?
h

`

Er}σptn, Xnq
`

Bptq ´Bptnq
˘

}2ps
˘

1
2p

ď LFh
`

Er}Xn ´ x‹}2ps
˘

1
2p ` Cph}ς}8

´

1 `
`

Er}Xn ´ x‹}2ps
˘

1
2p

¯

ď Cph
´

1 ` sup
ně0

`

Er}Xn ´ x‹}2ps
˘

1
2p

¯

ď Cph
´

1 ` }x0 ´ x‹}

¯

.

This concludes the proof of the increment bounds (46). The proof of Lemma 4.2 is thus completed.
□

5. Proof of Theorem 1

This section is devoted to the detailed proof of Theorem 1. In the sequel, it is assumed that the
objective function F satis�es the basic Assumption 2.1, and that the di�usion coe�cient σ satis�es
the basic Assumption 2.2.
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Let us explain the strategy of the proof. Let φ : Rd Ñ R be a mapping of class C2. The error is
decomposed as

(47) ErφpXN qs ´ φpx‹q “ φpX 0pNhqq ´ φpx‹q ` ErφpXN qs ´ φpX 0pNhqq,

where
`

X 0ptq
˘

tě0
is the solution of the deterministic gradient system (11). On the one hand, the

treatment of the �rst error term φpX 0pNhqq ´ φpx‹q follows from the exponential convergence
property (12) of X 0pT q´x‹ when T Ñ 8, with T “ tN “ Nh. On the other hand, the treatment of
the second error term ErφpXN qs´φpX 0pNhqq requires more e�ort. Introduce the auxiliary function
u0 : r0,8q ˆ Rd Ñ R given by

(48) u0pt, xq “ φpX 0
x ptqq,

where
`

X 0
x ptq

˘

tě0
denotes the solution of (11) with arbitrary initial value X 0

x p0q “ x P Rd. As a
result, the second error term is written as

(49) ErφpXN qs ´ φpX 0pNhqq “ Eru0p0, XN qs ´ Eru0ptN , X0qs.

Then a standard telescoping sum argument provides the decomposition of the error as

Eru0p0, XN qs ´ Eru0ptN , X0qs “

N´1
ÿ

n“0

`

Eru0ptN ´ tn`1, Xn`1qs ´ Eru0ptN ´ tn, Xnqs
˘

.

Recalling that Xn “ X̃hptnq for all n P t0, . . . , Nu, where the auxiliary continuous time process
`

X̃hptq
˘

tě0
is de�ned by (43), one obtains

(50) Eru0p0, XN qs ´ Eru0ptN , X0qs “

N´1
ÿ

n“0

ϵn,

where for all n P t0, . . . , N ´ 1u the error term ϵn is de�ned by

(51) ϵn “ Eru0ptN ´ tn`1, X̃
hptn`1qqs ´ Eru0ptN ´ tn, X̃

hptnqqs.

Then one proceeds by applying the Itô formula, using (44). Error bounds for ϵn are obtained in the
proof of Proposition 5.1. To analyze the error terms, it is fundamental to observe that the function
u0 is solution of the linear transport partial di�erential equation

(52)

#

Btu
0pt, xq “ ´x∇u0pt, xq,∇F pxqy, @ t ě 0, x P Rd,

u0p0, xq “ φpxq, @ x P Rd.

The reminder of this section is organized as follows. Regularity properties of the function u0 are
stated in Section 5.1, with proofs postponed to Appendix A. The application of those results to
obtain upper bounds on the second error term appearing on the right-hand side of (47), following
the strategy outlined above, is then presented in Section 5.2. Finally, Section 5.3 combines the
upper bounds on the error terms and provides the proof of Theorem 1.

5.1. Regularity properties of the auxiliary function u0.

Lemma 5.1. Assume that the objective function F satis�es the basic properties from Assump-
tions 2.1. Let φ : Rd Ñ R be of class C2 with bounded second order derivative.

For all t ě 0 the mapping u0pt, ¨q de�ned by (48) is of class C2. Moreover, there exists a positive
real number C0 P p0,8q such that the �rst order derivative satis�es for all t ě 0

(53) sup
xPRd

sup
kPRdzt0u

|Du0pt, xq.k|

p1 ` }x´ x‹}q}k}
ď C0

`

}∇φpx‹q} ` ~φ~2

˘

e´µt,
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and such that the second order derivative satis�es for all t ě 0

(54) sup
xPRd

sup
k1,k2PRdzt0u

|D2u0pt, xq.pk1, k2q|

p1 ` }x´ x‹}q}k1}}k2}
ď C0

`

}∇φpx‹q} ` ~φ~2

˘

e´µt.

The proof of Lemma 5.1 is given in Appendix A.

5.2. Proof of weak error estimates. We now focus on the main task of the proof of Theorem 1,
which consists in proving error estimates for ErφpXN qs ´φpX 0pNhqq, uniformly with respect to N .

Proposition 5.1. Assume that the objective function F satis�es the basic Assumption 2.1, and that
the di�usion coe�cient σ satis�es the basic Assumption 2.2.

There exist positive real numbers H P p0, hmaxq and C P p0,8q such that for any mapping
φ : Rd Ñ R of class C2 with bounded second order derivative, for any initial value x0 P Rd, and for
any h P p0, Hq, one has the weak error estimate

(55) sup
NPN‹

ˇ

ˇErφpXN qs ´ φpX 0pNhqq
ˇ

ˇ ď C1pφ, x0qh,

where the positive real number C1pφ, x0q is given by (22).

In order to prove Proposition 5.1, we follow a standard approach employed to prove weak er-
ror estimates for numerical methods applied to stochastic di�erential equations, sketched at the
beginning of Section 5 above. Having exponential decrease with respect to t in the bounds (53)
and (54) of the �rst and second derivatives with respect to x of the solution of the partial di�erential
equation (48) is fundamental in order to obtain a right-hand side which is independent of N . The
value of H is imposed to apply some moment bounds on the solution of the stochastic optimization
gradient scheme

`

Xn

˘

ně0
given by Lemma 4.1 and on the solution

`

X̃hptq
˘

tě0
given by Lemma 43.

Proof of Proposition 5.1. Let the function φ : Rd Ñ R and the initial value x0 P Rd be given.
Combining the expressions (49) and (50) for the weak error ErφpXN qs ´φpX 0pNhqq, it is su�cient
to prove the following claim for the error terms ϵn de�ned by (51): for all N P N‹ and h P p0, Hq,
for all n P t0, . . . , N ´ 1u, one has

(56) |ϵn| ď C1pφ, x0qh

ż tn`1

tn

e´µptN´tq dt,

with C1pφ, x0q de�ned by (22) (up to a modi�cation of the multiplicative constant C P p0,8q).
Let us prove the claim (56) above. For all N P N‹ and n P t0, . . . , N ´ 1u, recall that t P

rtn, tn`1s ÞÑ X̃hptq is solution of the stochastic di�erential equation (44). Therefore, applying Itô's
formula on the interval rtn, tn`1s yields the following decomposition of the error term ϵn: one has

ϵn “

ż tn`1

tn

Er´Btu
0ptN ´ t, X̃hptqqsdt´

ż tn`1

tn

Erx∇u0ptN ´ t, X̃hptqq,∇F pXnqys dt

`
h

2

ż tn`1

tn

Er∇2u0ptN ´ t, X̃hptqq : aptn, X̃
hptnqqs dt.

Recall that the function u0 is the solution of the partial di�erential equation (52). This allows us
to decompose ϵn as

ϵn “ ϵn,1 ` ϵn,2,

where for all n P t0, . . . , N ´ 1u one de�nes

ϵn,1 “

ż tn`1

tn

Erx∇u0ptN ´ t, X̃hptqq,∇F pX̃hptqq ´ ∇F pXnqys dt
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ϵn,2 “
h

2

ż tn`1

tn

Er∇2u0ptN ´ t, X̃hptqq : aptn, X̃
hptnqqs dt.

The claim (56) follows from the bounds for ϵn,1 and ϵn,2 which are obtained below.

Upper bounds for ϵn,1. Recall that ∇F : Rd Ñ Rd is a Lipschitz continuous mapping (see
Equation (4) from Assumption 2.1). Therefore, using the inequality (53) from Lemma 5.1 on the
�rst order derivative of uptN ´ t, ¨q, one has

|ϵn,1| ď Cp}∇φpx‹q} ` ~φ~2q

ż tn`1

tn

e´µptN´tqErp1 ` }X̃hptq ´ x‹}q}X̃hptq ´Xn}s dt.

Assume that H ď H1 where H1 P p0, hmaxq is given by Lemma 4.2. Applying the Cauchy�Schwarz
inequality and using the moment bounds (45) and the increment bounds (46) from Lemma 4.2 for

the auxiliary process
`

X̃hptq
˘

tě0
, one obtains the upper bounds

|ϵn,1| ď Cp}∇φpx‹q} ` ~φ~2qhp1 ` }x0 ´ x‹}2q

ż tn`1

tn

e´µptN´tq dt

ď C1pφ, x0qh

ż tn`1

tn

e´µptN´tq dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Upper bounds for ϵn,2.

Recall that the mapping pt, xq ÞÑ σpt, xq has at most linear growth with respect to x P Rd,
uniformly with respect to t ě 0 (see Equation (9) from Assumption 2.2). Recall also that a is
de�ned by (10). Therefore, using the inequality (54) from Lemma 5.1 on the second order derivative
of uptN ´ t, ¨q, one has

|ϵn,2| ď Cp}∇φpx‹q} ` ~φ~2qhςptnq2
ż tn`1

tn

e´µptN´tqEr
`

1 ` }X̃hptq ´ x‹}
˘`

1 ` }X̃hptnq ´ x‹}
˘2

s dt.

Recall that ςptnq ď }ς}8 for all n P N. Assume that H ď H2 where H2 P p0, hmaxq is given by
Lemma 4.2. Applying the moment bounds (45) from Lemma 4.2, one obtains the upper bounds

|ϵn,2| ď Cp}∇φpx‹q} ` ~φ~2qhp1 ` }x0 ´ x‹}3q

ż tn`1

tn

e´µptN´tq dt

ď C1pφ, x0qh

ż tn`1

tn

e´µptN´tq dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Conclusion. Gathering the upper bounds on |ϵn,1| and |ϵn,2| obtained above then yields the

claim (56), under the condition H ď H2.
The proof of the weak error estimate (55) is then straightforward: for all N P N‹ one has

ˇ

ˇErφpXN qs ´ φpX 0pNhqq
ˇ

ˇ ď

N´1
ÿ

n“0

|ϵn|

ď C1pφ, x0qh
N´1
ÿ

n“0

ż tn`1

tn

e´µptN´tq dt

ď C1pφ, x0qh

ż tN

0
e´µptN´tq dt ď

C1pφ, x0qh

µ
.

This concludes the proof of Proposition 5.1. □
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5.3. Proof of Theorem 1. We are now in a position to provide the proof of Theorem 1, by
a straightforward combination of the inequality (12) and of the weak error estimates (55) from
Proposition 5.1.

Proof of Theorem 1. Recall that owing to (47) the error term appearing in the left-hand side of (21)
can be decomposed as

ErφpXN qs ´ φpx‹q “ φpX 0pNhqq ´ φpx‹q ` ErφpXN qs ´ φpX 0pNhqq.

On the one hand, using the inequality (1) and owing to (12) one has
ˇ

ˇφpX 0pNhqq ´ φpx‹q
ˇ

ˇ ď C
`

}∇φpx‹q} ` ~φ~2}X 0pNhq ´ x‹}
˘

}X 0pNhq ´ x‹}

ď C1pφ, x0qe´µNh.

On the other hand, applying the result (55) from Proposition 5.1 one has for all N P N and all
h P p0, Hq

ˇ

ˇErφpXN qs ´ φpX 0pNhqq
ˇ

ˇ ď C1pφ, x0qh.

Gathering the two upper bounds yields the error bound (21) and concludes the proof of Theorem 1.
□

6. Proof of Theorem 2

This section is devoted to the detailed proof of Theorem 2. In the sequel, it is assumed that the
objective function F satis�es the strengthened Assumption 2.3, and that the di�usion coe�cient σ
satis�es the strengthened Assumption 2.4. Recall that this implies that the basic Assumptions 2.1
and 2.2 are also satis�ed.

Let us explain the strategy of the proof, and compare it with the proof of Theorem 1 given in
Section 5. Let φ : Rd Ñ R be a mapping of class C3. The error is decomposed as

(57) ErφpXN qs ´ φpx‹q “ ErφpYhpNhqqs ´ φpx‹q ` ErφpXN qs ´ ErφpYhpNhqqs,

where
`

Yhptq
˘

tě0
is the solution of the modi�ed stochastic di�erential equation (14). On the one

hand, the treatment of the �rst error term ErφpYhpNhqqs ´ φpx‹q follows from an upper bound on
Er}Yhptq ´x‹}2s which is stated in Proposition 6.1 below. On the other hand, the approach used to
treat the second error term ErφpXN qs ´ ErφpYhpNhqqs follows arguments similar to those used in
Section 5, where an auxiliary function u0 has been introduced. The situation is more complex here:
since the di�usion coe�cient σ depends on time in general, considering the stochastic di�erential
equation (14) on the time interval r0,8q, with initial value imposed at time t “ 0, is not su�cient.
Instead one needs to consider the stochastic di�erential equation

(58)

#

dYh
y ps|tq “ ´∇F hpYh

y ps|tqqds`
?
hσps,Yh

y ps|tqqdBpsq, @ s ě t,

Yh
y pt|tq “ y,

on time intervals rt,8q, with initial value imposed at time s “ t, for arbitrary t P r0,8q. The time
variable in (58) and below is denoted by s. The stochastic di�erential equation (14) is retrieved
by choosing t “ 0. Recall that the modi�ed objective function F h is assumed to be µ-convex for
all h P p0, h0q (see Assumption 2.3), and that the di�usion coe�cient σps, ¨q is globally Lipschitz
continuous, uniformly with respect to s P r0,8q (see Assumption 2.2). As a result, the stochastic
di�erential equation (58) is globally well-posed: for any time t P r0,8q and any initial condition
y P Rd, there exists a unique solution of (58) denoted by

`

Yh
y ps|tq

˘

sět
. Note that choosing t “ 0 and

y “ x0 in (58), one obtains YhpT q “ Yh
x0

pT |0q for all T P r0,8q. Moment bounds for the solutions
`

Yh
y ps|tq

˘

sět
of (58) are given in Lemma 6.1 below.
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Introducing the auxiliary stochastic di�erential equations (58) indexed by the initial time t P

r0,8q allows us to de�ne, for any time T P r0,8q, an auxiliary mapping vhT : r0, T s ˆ Rd Ñ R, as
follows: for all t P r0, T s and all y P Rd, set

(59) vhT pt, yq “ ErφpYh
y pT |tqqs.

The mapping vhT is the solution of the backward Kolmorogov equation

(60)

$

&

%

Btv
h
T pt, yq ´ x∇vhT pt, yq,∇F hpyqy `

h

2
∇2vhT pt, yq : apt, yq “ 0, @ t P r0, T s, y P Rd,

vhT pT, yq “ φpyq, @ y P Rd.

The following remark justi�es why it is necessary to introduce (58) instead of considering only (14).

Remark 6.1. Let us emphasize that the mapping uh : r0,8q ˆ Rd Ñ R de�ned by

uhpt, yq “ ErφpYh
y ptqqs

for all t P r0,8q and y P Rd, where
`

Yh
y ptq

˘

tě0
denotes the solution of (14) with arbitrary initial

value Yh
y p0q “ y P Rd, in general does not solve the partial di�erential equation

$

&

%

Btu
hpt, yq “ ´x∇uhpt, yq,∇F hpyqy `

h

2
∇2uhpt, yq : apt, yq, @ t ě 0, y P Rd,

uhp0, yq “ φpyq, @ y P Rd.

This would be the case only if the di�usion coe�cient σ and the auxiliary mapping a would be
independent of time t.

The auxiliary functions vhT play a role in the analysis of the second error term ErφpXN qs ´

ErφpYhpNhqqs which is similar to the role played by the auxiliary mapping u0 in Section 5. Assume
that T “ Nh, then owing to the de�nition (59) of vh the second error term is written as

(61) ErφpXN qs ´ ErφpYhpNhqqs “ ErvhT pT,XN qs ´ ErvhT p0, X0qs.

Then a standard telescoping sum argument provides the decomposition of the error as

ErvhT pT,XN qs ´ ErvhT p0, X0qs “

N´1
ÿ

n“0

`

ErvhT ptn`1, Xn`1qs ´ ErvhT ptn, Xnqs
˘

.

As in Section 5, recalling that Xn “ X̃hptnq for all n P t0, . . . , Nu, where the auxiliary continuous

time process
`

X̃hptq
˘

tě0
is de�ned by (43), one obtains

(62) ErvhT pT,XN qs ´ ErvhT p0, X0qs “

N´1
ÿ

n“0

δn

where for all n P t0, . . . , N ´ 1u the error term δn is de�ned by

(63) δn “ ErvhT ptn`1, X̃
hptn`1qqs ´ ErvhT ptn, X̃

hptnqqs.

Then one proceeds by applying the Itô formula, using (44). Compared with Section 5, one needs
to bound the error terms δn as Oph3q instead of Oph2q in order to obtain second order convergence
with respect to h. This requires di�erent arguments, however similar techniques are used to obtain
error bounds which are uniform with respect to time.

The reminder of this section is organized as follows. Moment bounds for the solutions
`

Yh
y ps|tq

˘

sět

are �rst studied in Section 6.1. The large time behavior of the solution YhpT q “ Yh
x0

pT |0q when
T Ñ 8 is then studied in Section 6.2, this is the key ingredient to treat the �rst error term appearing
in the right-hand side of (57). Regularity properties of the functions vhT are stated in Section 6.3,
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with proofs postponed to Appendix B. The application of those results to obtain upper bounds
on the second error term appearing on the right-hand side of (57), following the strategy outlined
above, is then presented in Section 6.4. Finally, Section 6.5 combines the upper bounds on the error
terms and provides the proof of Theorem 2.

6.1. Moment bounds for the solutions of (58). Let us �rst provide moment bounds for the
solutions

`

Yh
y ps|tq

˘

sět
of the stochastic di�erential equations (58) indexed by time t P r0,8q and

the time-step size h P p0, h0q. It is worth mentioning that the moment bounds are uniform with
respect to s ě t ě 0 and with respect to h P p0, h0q.

Lemma 6.1. Assume that the objective F satis�es the strengthened Assumption 2.3 and that the
di�usion coe�cient σ satis�es the basic Assumption 2.2. There exists a non-increasing sequence
`

h
p0q
p

˘

pPN‹ , with h
p0q

1 P p0, h0q, such that for any p P N‹, one has

(64) sup
hPp0,h

p0q
p q

sup
sět

sup
yPRd

Er}Yh
y ps|tq ´ x‹}2ps

1 ` }y ´ x‹}2p
ă 8.

Proof. Assume that h P p0, h0q and let p P N‹. Let the initial time t P r0,8q and the initial value
y P Rd be given. Recall that the di�usion coe�cient σps, ¨q has at most linear growth, uniformly with
respect to s P r0,8q, see the condition (9) from Assumption 2.2. Using the auxiliary results (41)
and (42) (stated in the proof of Lemma 4.1) and applying Itô's formula, there exists a positive real

number C
p0q
p P p0,8q such that for all s ě t one has

1

2p

dEr}Yh
y ps|tq ´ x‹}2ps

ds
ď ´Erx∇F hpYh

y ps|tqq,Yh
y ps|tq ´ x‹y}Yh

y ps|tq ´ x‹}2pp´1qs

` Cp0q
p hErp1 ` }Yh

y ps|tq ´ x‹}2q}Yh
y ps|tq ´ x‹}2pp´1qs.

The modi�ed objective function F h is µ-convex for all h P p0, h0q, see the condition (18) from
Assumption 2.3. Moreover, one has ∇F hpx‹q “ 0 for all h P p0, h0q. As a consequence, one obtains,
for all s ě t,

x∇F hpYh
y ps|tqq,Yh

y ps|tq ´ x‹y ď ´µ}Yh
y ps|tq ´ x‹}2.

Applying Young's inequality, there exists a positive real number Cp P p0,8q such that one has, for
all s ě t,

1

2p

dEr}Yh
y ps|tq ´ x‹}2ps

ds
ď ´pµ´ Cp0q

p hqEr}Yh
y ps|tq ´ x‹}2ps ` Cph.

Set h
p0q
p “ 1

2 min

ˆ

µ

C
p0q
p

, h0

˙

. For all h P p0, h
p0q
p q, one has µ ´ C

p0q
p h ě µ ´ C

p0q
p h

p0q
p ą 0. Applying

Grönwall's inequality and recalling that Yh
y pt|tq “ y, one obtains the following upper bound: for all

s ě t and all h P p0, h
p0q
p q one has

Er}Yh
y ps|tq ´ x‹}2ps ď e´pµ´C

p0q
p h

p0q
p qps´tq}y ´ x‹}2p `

Cph

µ´ C
p0q
p h

p0q
p

.

Note that h P p0, h
p0q
p q and that e´pµ´C

p0q
p h

p0q
p qps´tq ď 1. Then one obtains the moment bounds (64),

and this concludes the proof of Lemma 6.1. □
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6.2. Large time behavior of the solution of (14).

Proposition 6.1. Assume that the objective function F satis�es the strengthened Assumption 2.3
and that the di�usion coe�cient σ satis�es the basic Assumption 2.2.

There exists a positive real number C P p0,8q such that for any initial value x0 P Rd, any

h P p0, h
p0q

1 q and any T P p0,8q, one has

(65) Er}YhpT q ´ x‹}2s ď Ce´2µT
`

}x0 ´ x‹}2 ` hρpT q
`

1 ` }x0 ´ x‹}2
˘˘

,

where we recall that
`

Yhptq
˘

tě0
denotes the solution of the stochastic di�erential equation (14), with

initial value Yhp0q “ x0, and that ρpT q is de�ned by (30).

Proof. Applying Itô's formula to the stochastic di�erential equation (14), one obtains for all t ě 0

1

2

dEr}Yhptq ´ x‹}2s

dt
“ ´Erx∇F hpYhptqq,Yhptq ´ x‹ys `

h

2
Er}σpt,Yhptqq}2s

ď ´µEr}Yhptq ´ x‹}2s `
h

2
ςptq2

`

1 ` Er}Yhptq ´ x‹}s
˘2
,

using the µ-convexity property (18) of the modi�ed objective function F h, and the at most linear
growth property (9) of the di�usion coe�cient σpt, ¨q, for all t ě 0.

Applying the moment bounds stated in Lemma 6.1, there exists a positive real number C P p0,8q

such that, for all h P p0, h
p0q

1 q and all t ě 0 one obtains the inequality

1

2

dEr}Yhptq ´ x‹}2s

dt
ď ´µEr}Yhptq ´ x‹}2s ` Chςptq2

`

1 ` }x0 ´ x‹}2
˘

.

Applying Grönwall's inequality, as a result one has for all h P p0, h
p0q

1 q and all t ě 0

Er}Yhptq ´ x‹}2s ď e´2µt}x0 ´ x‹}2 ` Ch

ż t

0
e´2µpt´rqςprq2 dr

`

1 ` }x0 ´ x‹}2
˘

.

This yields the inequality (65) and concludes the proof of Proposition (6.1). □

6.3. Regularity properties of the auxiliary functions vhT .

Lemma 6.2. Assume that the objective function F satis�es the strengthened Assumption 2.3, and
that the di�usion coe�cient σ satis�es the strengthened Assumption 2.4.

Let φ : Rd Ñ R be a mapping of class C3, with bounded second and third order derivatives. Given
any T P p0,8q, let the mapping vhT : r0, T s ˆ Rd Ñ R be de�ned by (59).

For all t P r0, T s the mapping vhT pt, ¨q is of class C3. Moreover, the �rst, second and third order

derivatives of vhT pt, ¨q satisfy the following upper bounds.

‚ There exist positive real numbers h1 P p0, h0q and C1 P p0,8q, satisfying the condition
C1h1 ă µ, such that the �rst order derivative satis�es: for all h P p0, h1q and all T ě t ě 0,
one has

(66) sup
yPRd

sup
kPRdzt0u

|DvhT pt, yq.k|

p1 ` }y ´ x‹}q}k}
ď C1p}∇φpx‹q} ` ~φ~2q e´pµ´C1hqpT´tq.

‚ For any λ P p0, µq, there exist positive real numbers h2 P p0, h1q and C2,λ P pC1,8q, satisfying
the condition C2,λh2 ă λ, such that the second order derivative satis�es: for all h P p0, h2q

and all T ě t ě 0, one has

(67) sup
yPRd

sup
k1,k2PRdzt0u

|D2vhT pt, yq.pk1, k2q|

p1 ` }y ´ x‹}2q}k1}}k2}
ď C2,λp}∇φpx‹q} ` ~φ~2qe´pλ´C2,λhqpT´tq.
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‚ For any λ P p0, µq, there exist positive real numbers h3 P p0, h2q and C3,λ P pC2,λ,8q,
satisfying the condition C3,λh3 ă λ, such that the second order derivative satis�es: for all
h P p0, h3q and all T ě t ě 0, one has

(68)

sup
yPRd

sup
k1,k2,k3PRdzt0u

|D3vhT pt, yq.pk1, k2, k3q|

p1 ` }y ´ x‹}2q}k1}}k2}}k3}
ď C3,λp}∇φpx‹q} ` ~φ~2 ` ~φ~3qe´pλ´C3,λhqpT´tq.

The proof of Lemma 6.2 is postponed to Appendix B.
A straightforward consequence of Lemma 6.2 is Lemma 6.3 stated below, giving bounds on the �rst

order derivative of Btv
h
T pt, ¨q. The proof follows from using the backward Kolmogorov equation (60)

and the upper bounds from Lemma 6.2.

Lemma 6.3. Assume that the objective function F satis�es the strengthened Assumption 2.3, and
that the di�usion coe�cient σ satis�es the strengthened Assumption 2.4.

Let φ : Rd Ñ R be a mapping of class C3, with bounded second and third order derivatives. Given
any T P p0,8q, let the mapping vhT : r0, T s ˆ Rd Ñ R be de�ned by (59).

For all t P r0, T s, the mapping Btv
h
T pt, ¨q is of class C1. Moreover, for any λ P p0, µq, there exists

positive real numbers h4 P p0, h0q and C4,λ P p0,8q, satisfying the condition C4,λh4 ă λ, such that
for all h P p0, h4q and T ě t ě 0 one has

(69) sup
yPRd

sup
kPRdzt0u

|DpBtv
h
T qpt, yq.k|

p1 ` }y ´ x‹}4q}k}
ď C4,λp}∇φpx‹q} ` ~φ~2 ` ~φ~3qe´pλ´C4,λhqpT´tq.

The proof of Lemma 6.3 is postponed to Appendix B.
Observe that the rate µ´C1h appearing in the exponential factors in the right-hand sides of (66)

can be bounded from below uniformly with respect to h P p0, h1q: indeed one has µ ´ C1h ě

µ ´ C1h1 ą 0. Similarly, the rates λ ´ Cj,λh for j P t2, 3, 4u , (67), (68) and (69) can be bounded
from below uniformly with respect to h P p0, hjq: indeed one has λ´ Cj,λh ě λ´ Cj,λhj ą 0. This
means that the upper bounds in Lemma 6.2 and Lemma 6.3 can be interpreted as being uniform
with respect to h.

6.4. Proof of weak error estimates. We now focus on the second main task of the proof of
Theorem 2, which consists in proving error estimates for ErφpXN qs ´ ErφpYhpNhqqs, uniformly
with respect to N .

Proposition 6.2. Assume that the objective function F satis�es the strengthened Assumption 2.3,
and that the di�usion coe�cient σ satis�es the strengthened Assumption 2.4.

There exist positive real numbers H P p0, h0q and C P p0,8q such that for any mapping φ : Rd Ñ R
of class C3 with bounded second and third order derivatives, for any initial value x0 P Rd, and for
any h P p0, Hq, one has the weak error estimate

(70) sup
NPN‹

ˇ

ˇErφpXN qs ´ ErφpYhpNhqqs
ˇ

ˇ ď C2pφ, x0qh2,

where the positive real number C2pφ, x0q is given by (32).

In order to prove Proposition 6.2, we follow the same approach as in the proof of Proposition 5.1
in Section 5.2. This approach is sketched at the beginning of Section 6 above, see also Section 5.2
for some comments. Note that in (70) the order of convergence with respect to h is equal to 2,
instead of 1 in (55). Obtaining an higher order of convergence requires additional arguments in the
analysis. In particular, in the proof one considers the solution vhT of the backward Kolmorogorov
equation (60), associated with the modi�ed stochastic di�erential equation (14), instead of dealing
with the solution u0 of the partial di�erential equation (52). It is worth mentioning that the proof
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below exploits bounds on derivatives of vhT which are uniform with respect to h, given by Lemma 6.2
and Lemma 6.3.

Proof of Proposition 6.2. Let the function φ : Rd Ñ R and the initial value x0 be given. Combining
the expressions (61) and (62) for the weak error ErφpXN qs ´ErφpYhpNhqqs, it is su�cient to prove
the following claim for the error terms δn de�ned by (63): for all N P N‹ and h P p0, Hq, for all
n P t0, . . . , N ´ 1u, one has

(71) |δn| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

with C2pφ, x0q de�ned by (32) (up to a modi�cation of the multiplicative constant C P p0,8q).
Let us prove the claim (71) above. For all N P N‹ and n P t0, . . . , N ´ 1u, recall that t P

rtn, tn`1s ÞÑ X̃hptq is solution of the stochastic di�erential equation (44). Therefore, applying Itô's
formula on the interval rtn, tn`1s yields the following decomposition of the error term δn: one has

δn “

ż tn`1

tn

ErBtv
h
T pt, X̃hptqs dt

´

ż tn`1

tn

Erx∇vhT pt, X̃hptqq,∇F pX̃hptnqqys dt

`
h

2

ż tn`1

tn

Er∇2vhT pt, X̃hptqq : aptn, X̃
hptnqqs dt.

Recall that the function vhT is the solution of the backward Kolmogorov equation (59). This allows
us to decomposed δn as

(72) δn “ δn,1 ` δn,2,

where for all n P t0, . . . , N ´ 1u one de�nes

δn,1 “

ż tn`1

tn

Erx∇vhT pt, X̃hptqq,∇F hpX̃hptqq ´ ∇F pX̃hptnqqys dt,

δn,2 “
h

2

ż tn`1

tn

Er∇2vhT pt, X̃hptqq : paptn, X̃
hptnqq ´ apt, X̃hptqqqs dt.

The analysis of the error term δn,1 is more subtle than the analysis of the error term ϵn,1 in the
proof of Proposition 5.1, since for δn,1 one needs to obtain second order convergence with respect
to h. Let us decompose the error term δn,1 as

(73) δn,1 “ δn,1,1 ` δn,1,2,

where the auxiliary error terms δn,1,1 and δn,1,2 are de�ned for all n P t0, . . . , N ´ 1u as

δn,1,1 “

ż tn`1

tn

Erx∇vhT pt, X̃hptqq ´ ∇vhT ptn, X̃
hptnqq,∇F hpX̃hptqq ´ ∇F pX̃hptnqqys dt,

δn,1,2 “

ż tn`1

tn

Erx∇vhT ptn, X̃
hptnqq,∇F hpX̃hptqq ´ ∇F pX̃hptnqqys dt.

The claim (71) follows from the bounds for δn,1,1, δn,1,2 and δn,2 which are obtained below.
Upper bounds for δn,1,1.
On the one hand, one has

∇vhT pt, X̃hptqq ´ ∇vhT ptn, X̃
hptnqq “ ∇vhT pt, X̃hptqq ´ ∇vhT ptn, X̃

hptqq

` ∇vhT ptn, X̃
hptqq ´ ∇vhT ptn, X̃

hptnqq.
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On the other hand, by the de�nition (15) of the modi�ed objective function F h, one has

∇F hpX̃hptqq ´ ∇F pX̃hptnqq “ ∇F pX̃hptqq ´ ∇F pX̃hptnqq `
h

4
∇p}∇F }2qpX̃hptqq,

and recall that ∇F is globally Lipschitz continuous (see the condition (4) from Assumption 2.1)
and that ∇p}∇F }2q sa�sties the inequality (16).

Using the inequality (69) from Lemma 6.3 on the �rst order derivative of Btv
h
T pt, ¨q and the

inequality (67) from Lemma 6.2 on the second order derivative of vhT pt, ¨q with λ “
µ
2 , for all

h P p0, h4q one has

|δn,1,1| ď Cpφq

ż tn`1

tn

e´p
µ
2

´ChqptN´tqpt´ tnqEr
`

1 ` }X̃hptq ´ x‹}
˘4

}X̃hptq ´ X̃hptnq}s dt

` Cpφqh

ż tn`1

tn

e´p
µ
2

´ChqptN´tqpt´ tnqEr
`

1 ` }X̃hptq ´ x‹}
˘5

s dt

` Cpφq

ż tn`1

tn

e´p
µ
2

´ChqptN´tqEr
`

1 ` }X̃hptnq ´ x‹} ` }X̃hptq ´ x‹}
˘2

}X̃hptq ´ X̃hptnq}2s dt

` Cpφqh

ż tn`1

tn

e´p
µ
2

´ChqptN´tqEr
`

1 ` }X̃hptnq ´ x‹} ` }X̃hptq ´ x‹}
˘3

}X̃hptq ´ X̃hptnq}s dt,

where Cpφq “ Cp}∇φpx‹q} ` ~φ~2 ` ~φ~3q for some positive real number C P p0,8q. Moreover,
choose H P p0, h4q such that µ

2 ´ Ch ě
µ
4 for all h P p0, Hq.

Applying the Cauchy�Schwarz inequality, the moment bounds (45) and the increment bounds (46)
from Lemma 4.2, if H is chosen such that H ď H4 where H4 is given by Lemma 4.2, one obtains
the upper bound

(74) |δn,1,1| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Upper bounds for δn,1,2.
Given the �ltration

`

Ft

˘

tě0
introduced in Section 2.1, for any n P t0, . . . , N ´ 1u, the random

variable X̃hptnq “ Xn is Ftn measurable. Considering the conditional expectation Er¨|Ftns then
yields the identity

δn,1,2 “

ż tn`1

tn

Erx∇vhT ptn, X̃
hptnqq,Er∇F hpX̃hptqq|Ftns ´ ∇F pX̃hptnqqys dt.

One thus needs to study the conditional expectation Er∇F hpX̃hptqq ´ ∇F pX̃hptnqq|Ftns for all
t P rtn, tn`1s, which owing to the de�nition (15) of the modi�ed objective function F h can be
decomposed as

Er∇F hpX̃hptqq|Ftns ´ ∇F pX̃hptnqq “ Er∇F pX̃hptqq|Ftns ´ ∇F pX̃hptnqq

`
h

4
Er∇p}∇F }2qppX̃hptqq|Ftns

“ Er∇F pX̃hptqq|Ftns ´ ∇F pX̃hptnqq

`
h

4
∇p}∇F }2qpX̃hptnqq

`
h

4
Er∇p}∇F }2qpX̃hptqq|Ftns ´

h

4
∇p}∇F }2qpX̃hptnqq.
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Let us consider the �rst term of the right-hand side above. Recall that t P rtn, tn`1s ÞÑ X̃hptq is
solution of the stochastic di�erential equation (44). Therefore, for all t P rtn, tn`1s applying Itô's
formula on the interval rtn, ts gives

Er∇F pX̃hptqq|Ftns ´ ∇F pX̃hptnqq “ ´Er

ż t

tn

∇2F pX̃hpsqq∇F pXnq ds|Ftns

`
h

2

d
ÿ

k,ℓ“1

Er

ż t

tn

D3F pX̃hpsqq.
`

eℓ, σptn, Xnqek, σptn, Xnqek
˘

eℓ ds|Ftns.

Moreover, the �rst term may be written as

´Er

ż t

tn

p∇2F pX̃hpsqq∇F pXnq ds|Ftns “ ´Er

ż t

tn

`

∇2F pX̃hpsqq ´ ∇2F pX̃hptnqq
˘

∇F pXnq ds|Ftns

´ pt´ tnq∇2F pX̃hptnqq∇F pXnq.

Observe that one has the identity

∇2F pX̃hptnqq∇F pXnq “ ∇2F pX̃hptnqq∇F pX̃hptnqq “
1

2
∇p}∇F }2qpX̃hptnqq.

As a result, using the tower property of conditional expectation, the error term δn,1,2 is decomposed
as

(75) δn,1,2 “ δn,1,2,1 ` δn,1,2,2 ` δn,1,2,3 ` δn,1,2,4,

with the auxiliary error terms de�ned by

δn,1,2,1 “

ż tn`1

tn

´h

4
´

pt´ tnq

2

¯

dtErx∇vhT ptn, X̃
hptnqq,∇p}∇F }2qpX̃hptnqqys,

δn,1,2,2 “ ´

ż tn`1

tn

Erx∇vhT ptn, X̃
hptnqq,

ż t

tn

`

∇2F pX̃hpsqq ´ ∇2F pX̃hptnqq
˘

∇F pXnqdsys dt,

δn,1,2,3 “
h

4

ż tn`1

tn

Erx∇vhT ptn, X̃
hptnqq,∇p}∇F }2qpX̃hptqq ´ ∇p}∇F }2qpX̃hptnqqys dt,

δn,1,2,4 “
h

2

d
ÿ

k,ℓ“1

ż tn`1

tn

ż t

tn

ErD3F pX̃hpsqq.
`

∇vhT ptn, X̃
hptnqq, σptn, Xnqek, σptn, Xnqek

˘

s ds dt.

The key observation is that the �rst auxiliary error term δn,1,2,1 vanishes, indeed it is straightforward
to check that

ż tn`1

tn

pt´ tnq

2
dt “

ptn`1 ´ tnq2

4
“
h2

4
“

ż tn`1

tn

h

4
dt.

The other auxiliary error terms appearing in the right-hand side of the decomposition (75) of δn,1,2
can then be treated as follows.

First, recall that the third order derivative of the objective function F is bounded, owing to
the basic Assumption 2.1, and ∇F has at most linear growth, see (7). As a result, using the
inequality (66) from Lemma 6.2 on the �rst order derivative of vhT pt, ¨q, for all h P p0, h1q one has

|δn,1,2,2| ď Cpφq

ż tn`1

tn

ż tn

tn

e´pµ´ChqptN´tqErp1 ` }X̃hptnq ´ x‹}q}X̃hpsq ´ X̃hptnq}}Xn ´ x‹}s ds dt,

where Cpφq “ Cp}∇φpx‹q} ` ~φ~2q for some positive real number C P p0,8q. Moreover, choose
H P p0, h1q such that µ´ Ch ě

µ
4 for all h P p0, Hq.
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Applying the Cauchy�Schwarz inequality, the moment bounds (45) and the increment bounds (46)
from Lemma 4.2, if H is chosen such that H ď H2 where H2 is given by Lemma 4.2, one obtains
the upper bound

(76) |δn,1,2,2| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Second, recall that the mapping ∇p}∇F }2q satis�es the local Lipschitz continuity property (17).

As a result, using the inequality (66) from Lemma 6.2 on the �rst order derivative of vhT pt, ¨q, for all
h P p0, h1q one has

|δn,1,2,3| ď Cpφqh

ż tn`1

tn

e´pµ´ChqptN´tnqErp1 ` }X̃hptnq ´ x‹} ` }X̃hptq ´ x‹}q2}X̃hpsq ´ X̃hptnq}s dt,

where Cpφq is de�ned as above. Moreover, choose H P p0, h1q such that µ ´ Ch ě
µ
4 for all

h P p0, Hq.
Applying the Cauchy�Schwarz inequality, the moment bounds (45) and the increment bounds (46)

from Lemma 4.2, if H is chosen such that H ď H2 where H2 is given by Lemma 4.2, one obtains
the upper bound

(77) |δn,1,2,3| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Finally, recall that the third order derivative of the objective function F is bounded, owing to

the basic Assumption 2.1, and the di�usion coe�cient σ has at most linear growth, see (9) from
the basic Assumption 2.2. As a result, using the inequality (66) from Lemma 6.2 on the �rst order
derivative of vhT pt, ¨q, for all h P p0, h1q one has

|δn,1,2,4| ď Cpφqh2
ż tn`1

tn

e´pµ´ChqptN´tnqErp1 ` }Xn ´ x‹}q3s dt,

where Cpφq is de�ned as above. Moreover, choose H P p0, h1q such that µ ´ Ch ě
µ
4 for all

h P p0, Hq.
Applying the moment bounds (39) from Lemma 4.1, if H is chosen such that H ď H2 where H2

is given by Lemma 4.2, one obtains the upper bound

(78) |δn,1,2,4| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Combining the upper bounds (76), (77) and (78) on the error terms δn,1,2,2, δn,1,2,3 and δn,1,2,4,

and recalling that the error term δn,1,2,1 “ 0 vanishes, owing to the decomposition (75) one obtains
the following upper bound for the error term δn,1,2: one has

(79) |δn,1,2| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Upper bounds for δn,1.
Combining the upper bounds (74) and (79) on the error terms δn,1,1 and δn,1,2, owing to the

decomposition (73) of the error term δn,1 one obtains the following upper bound for the error term
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δn,1: one has

(80) |δn,1| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Upper bounds for δn,2.

Let e1, . . . , ed denote an arbitrary orthonormal system of Rd. The error term δn,2 is written as

δn,2 “
h

2

ż tn`1

tn

Er

d
ÿ

j“1

D2vhT pt, X̃hptqq.
`

σptn, X̃
hptnqqej , σptn, X̃

hptnqqej
˘

s dt

´
h

2

ż tn`1

tn

Er

d
ÿ

j“1

D2vhT pt, X̃hptqq.
`

σpt, X̃hptqqej , σpt, X̃hptqqej
˘

s dt

“
h

2

ż tn`1

tn

Er

d
ÿ

j“1

D2vhT pt, X̃hptqq.
`

pσptn, X̃
hptnqq ´ σpt, X̃hptqqqej , pσptn, X̃

hptnqq ` σpt, X̃hptqqqej
˘

s dt.

Observe that one has

σptn, X̃
hptnqq ´ σpt, X̃hptqq “ σptn, X̃

hptnqq ´ σpt, X̃hptnqq ` σpt, X̃hptnqq ´ σpt, X̃hptqq.

Recall, from Assumption 2.2 on the di�usion coe�cient, that for all x P Rd the mapping σp¨, xq is
globally Lipschitz continuous, and that for all t P r0,8q the mapping σpt, ¨q is globally Lipschitz
continuous. Moreover, recall the linear growth property (9) for σ.

Using the inequality (67) from Lemma 6.2 on the second order derivative of vhT pt, ¨q with λ “
µ
2 ,

for all h P p0, h2q one has

|δn,2| ď Cpφqh

ż tn`1

tn

e´p
µ
2

´ChqptN´tqpt´ tnqErG1pX̃hptnq, X̃hptqqs dt

` Cpφqh

ż tn`1

tn

e´p
µ
2

´ChqptN´tqErG2pX̃hptnq, X̃hptqqs dt,

with auxiliary functions G1 and G2 de�ned by

G1px1, x2q “ p1 ` }x2 ´ x‹}2qp1 ` }x1 ´ x‹} ` }x2 ´ x‹}q,

G2px1, x2q “ p1 ` }x2 ´ x‹}2q}x2 ´ x1}p1 ` }x1 ´ x‹} ` }x2 ´ x‹}q,

where Cpφq “ Cp}∇φpx‹q} ` ~φ~2q for some positive real number C P p0,8q. Moreover, choose
H P p0, h2q such that µ

2 ´ Ch ě
µ
4 for all h P p0, Hq.

Applying the Cauchy�Schwarz inequality, the moment bounds (45) and the increment bounds (46)
from Lemma 4.2, if H is chosen such that H ď H2 where H2 is given by Lemma 4.2, one obtains
the following upper bound for the error term δn,2: one has

(81) |δn,2| ď C2pφ, x0qh2
ż tn`1

tn

e´
µptN ´tq

4 dt,

for all N P N‹, all n P t0, . . . , N ´ 1u and all h P p0, Hq.
Conclusion. Gathering the upper bounds (80) and (81) on the error terms |δn,1| and |δn,2| and

recalling the decomposition (72) of δn then yields the claim (71).
The proof of the weak error estimate (70) is then straightforward: for all N P N‹ one has

ˇ

ˇErφpXN qs ´ φpYhpNhqq
ˇ

ˇ ď

N´1
ÿ

n“0

|δn|
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ď C2pφ, x0qh2
N´1
ÿ

n“0

ż tn`1

tn

e´
µptN ´tq

4 dt

ď C2pφ, x0qh2
ż tN

0
e´

µptN ´tq

4 dt ď
4C2pφ, x0qh2

µ
.

This concludes the proof of Proposition 6.2. □

6.5. Proof of Theorem 2. We are now in a position to provide the proof of Theorem 2. It is
a straightforward combination of the inequality (65) from Proposition 6.1 and of the weak error
estimates (70) from Proposition 6.2.

Proof of Theorem 2. Recall that owing to (57) the error term appearing in the left-hand side of (31)
can be decomposed as

ErφpXN qs ´ φpx‹q “ ErφpYhpNhqqs ´ φpx‹q ` ErφpXN qs ´ ErφpYhpNhqqs.

On the one hand, using the inequality (1) and owing to the inequality (65) from Proposition 6.1
one has

ˇ

ˇErφpYhpNhqqs ´ φpx‹q
ˇ

ˇ ď CE
“`

}∇φpx‹q} ` ~φ~2}YhpNhq ´ x‹}
˘

}YhpNhq ´ x‹}
‰

ď e´µNh p1 ` hρpNhqq
1
2

`

1 ` }x0 ´ x‹}
˘

.

On the other hand, applying the result (70) from Proposition 6.2 one has for all N P N‹ and all
h P p0, Hq

ˇ

ˇErφpXN qs ´ ErφpYhpNhqqs
ˇ

ˇ ď C2pφ, x0qh2.

Gathering the two upper bounds yields the error bound (31) and concludes the proof of Theorem 2.
□

Appendix A. Proof of Lemma 5.1

The objective of this section is to prove the estimates (53) and (54) on the �rst and second order
derivatives of the mapping u0pt, ¨q de�ned by (48). Let us start with some preliminary results.

Repeating the proof of the inequality (12) with an arbitrary initial value x P Rd, it is straight-
forward to obtain the following bound on the solution

`

X 0
x ptq

˘

tě0
of the ordinary di�erential equa-

tion (11) with arbitrary initial value X 0
x p0q “ x P Rd: one has

(82) sup
tě0

sup
xPRd

}X 0
x ptq}

1 ` }x´ x‹}
ă 8.

In this section, we let φ : Rd Ñ R be a mapping of class C2 with a bounded second order
derivative. Recall that its �rst order derivative is not bounded but it satis�es the inequality (1).

To simplify the notation in the proof below, let bpxq “ ´∇F pxq for all x P Rd. As a result one
has Dbpxq.k “ ´∇2F pxqk for all x P Rd and k P Rd. Applying the equivalent formulation (6) of
the µ-convexity condition (5) from Assumption 2.1, then one has the inequality

(83) xDbpxq.k, ky ď ´µ}k}2, @ x P Rd, k P Rd.

The proof of Lemma 5.1 proceeds by proving the inequalities (53) and (54).

Proof of the inequality (53). Owing to the de�nition (48) of the mapping u0, for all t ě 0, x P Rd

and k P Rd, one has

Du0pt, xq.k “ DφpX 0
x ptqq.η0kptq,
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where t ě 0 ÞÑ η0kptq P Rd is the solution of the linear di�erential equation
$

&

%

dη0kptq

dt
“ DbpX 0

x ptqq.η0kptq, @ t ě 0,

η0kp0q “ k.

Therefore owing to the inequality (1), one obtains for all t ě 0

(84) |Du0pt, xq.k| ď

´

}∇φpx‹q} ` ~φ~2}X 0
x ptq ´ x‹}

¯

}η0kptq},

and one thus needs to prove an upper bound for }η0kptq}. Employing the inequality (83) yields, for
all t ě 0,

1

2

d}η0kptq}2

dt
“ x

dη0kptq

dt
, η0kptqy “ xDbpX 0

x ptqq.η0kptq, η0kptqy ď ´µ}η0kptq}2,

and applying the Grönwall lemma, one then obtains the upper bound

(85) }η0kptq} ď e´µt}k}, @ t ě 0.

Combining the inequalities (82) and (85) with the upper bound (84) for |Du0pt, xq.k| above, there
exists a positive real number C P p0,8q such that for all x, k P Rd and all t ě 0 one has

|Du0pt, xq.k| ď C
`

}∇φpx‹q} ` ~φ~2

˘

p1 ` }x´ x‹}qe´µt}k}.

The proof of the inequality (53) is thus completed. □

Proof of the inequality (54). Owing to the de�nition (48) of the mapping u0, for all t ě 0, x P Rd

and k1, k2 P Rd, one has

D2u0pt, xq.pk1, k2q “ DφpX 0
x ptqq.ζ0k1,k2ptq `D2φpX 0

x ptqq.pη0k1ptq, η0k2ptqq,

where t ě 0 ÞÑ ζ0k1,k2ptq P Rd is the solution of the linear di�erential equation
$

’

&

’

%

dζ0k1,k2ptq

dt
“ DbpX 0

x ptqq.ζ0k1,k2ptq `D2bpX 0
x ptqq.pη0k1ptq, η0k2ptqq, @ t ě 0,

ζ0k1,k2p0q “ 0.

Since φ is of class C2 with bounded second order derivative, using the inequality (1), one obtains

(86) |D2u0pt, xq.pk1, k2q| ď

´

}∇φpx‹q} ` ~φ~2}X 0
x ptq ´ x‹}

¯

}ζ0k1,k2ptq} ` ~φ~2}η0k1ptq}}η0k2ptq}.

Upper bounds for }X 0
x ptq ´ x‹} and }η0kj ptq} (j “ 1, 2) are given by (82) and (85) respectively. It

thus remains to prove an upper bound for }ζ0k1,k2ptq}.
For all t ě 0, one has

1

2

d}ζ0k1,k2ptq}2

dt
“ x

dζ0k1,k2ptq

dt
, ζ0k1,k2ptqy

“ xDbpX 0
x ptqq.ζ0k1,k2ptq, ζ0k1,k2ptqy ` xD2bpX 0

x ptqq.pη0k1ptq, η0k2ptqq, ζ0k1,k2ptqy.

Using the inequality (83), the boundedness of the second order derivative of b (the third order deriv-
ative of F is bounded, owing to Assumption 2.1), and the Cauchy�Schwarz and Young inequalities,
there exists a positive real number C P p0,8q such that for all t ě 0 one has

1

2

d}ζ0k1,k2ptq}2

dt
ď ´µ}ζ0k1,k2ptq}2 ` C}η0k1ptq}}η0k2ptq}}ζ0k1,k2ptq}

ď ´
µ

2
}ζ0k1,k2ptq}2 ` C}η0k1ptq}2}η0k2ptq}2.
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As a result, applying the Grönwall inequality and using the inequality (85), for all t ě 0 one obtains

}ζ0k1,k2ptq}2 ď C

ż t

0
e´µpt´sqe´4µs ds}k1}2}k2}2,

which gives the following inequality: for all t ě 0

}ζ0k1,k2ptq} ď Ce´
µ
2
t}k1}}k2}.

Using this inequality and the inequality (85), one then obtains another upper bound: for all t ě 0
one has

1

2

d}ζ0k1,k2ptq}2

dt
ď ´µ}ζ0k1,k2ptq}2 ` C}η0k1ptq}}η0k2ptq}}ζ0k1,k2ptq}

ď ´µ}ζ0k1,k2ptq}2 ` Ce´p2µ`
µ
2

qt}k1}2}k2}2.

Applying again the Grönwall inequality, for all t ě 0 one obtains

}ζ0k1,k2ptq}2 ď C

ż t

0
e´2µpt´sqe´2pµ`

µ
2

qs ds}k1}2}k2}2 “ Ce´2µt

ż t

0
e´µs ds}k1}2}k2}2.

As a result one obtains the following inequality: for all t ě 0

(87) }ζ0k1,k2ptq} ď Ce´µt}k1}}k2}.

Combining the inequalities (82), (85) and (87) with the upper bound (86) for |D2u0pt, xq.pk1, k2q|

above, as a result there exists a positive real number C P p0,8q such that for all x, k1, k2 P Rd one
has

|D2u0pt, xq.pk1, k2q| ď C
`

}∇φpx‹q} ` ~φ~2

˘

p1 ` }x´ x‹}qe´µt}k1}}k2}.

The proof of the inequality (54) is thus completed. □

Appendix B. Proof of Lemmas 6.2 and 6.3

B.1. Proof of Lemma 6.2. Like in Section A, let us start with some preliminary results.
In this proof, let bh “ ´∇F h. As a result one has Dbhpyq.k “ ´∇2F hpyqk for all y P Rd and

k P Rd. Since the modi�ed objective function F h is assumed to be µ-convex for all h P p0, h0q owing
to Assumption 2.3, one has the inequality

(88) xDbhpyq.k, ky ď ´µ}k}2, @ y P Rd, k P Rd, h P p0, h0q.

Moreover, the second and third order derivatives of bh have at most polynomial growth, uniformly
with respect to h P p0, h0q: there exists a positive real number C P p0,8q such that for all h P p0, h0q

and y P Rd one has

}D2bhpyq.pk1, k2q} ď Cp1 ` }y ´ x‹}q}k1}}k2}, @ k1, k2 P Rd,(89)

}D3bhpyq.pk1, k2, k3q} ď Cp1 ` }y ´ x‹}q}k1}}k2}}k3}, @ k1, k2, k3 P Rd.(90)

To simplify the notation below, given k1, k2, k3 P Rd, de�ne the set

(91) Kpk1, k2, k3q “ tpk1, k2, k3q, pk2, k3, k1q, pk3, k1, k2qu.

The proof below proceeds as the proof of Lemma 5.1 in Section A, with two main di�erences:
one needs to deal with stochastic processes, thus Itô's formula is employed, and one needs to prove
bounds up to the third order derivative of vhpt, ¨q. In addition, the main e�ort is devoted to prove
bounds which are independent of the parameter h in a range p0, h1q.
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Proof of the inequality (66). Owing to the de�nition (59) of the mapping vhT , for all T ě t ě 0,

y P Rd and k P Rd, one has

DvhT pt, yq.k “ ErDφpYh
y pT |tq.ηhk pT |tqs,

where the process s ě t ÞÑ ηhk ps|tq is the solution of the linear stochastic di�erential equation

(92)

#

dηhk ps|tq “ DbhpYh
y ps|tqqηhk ps|tq ds`

?
hDσps,Yh

y ps|tqqηhk ps|tq dBpsq,

ηhk pt|tq “ k.

Using the inequality (1) and the Cauchy�Schwarz inequality, one obtains for all T ě t ě 0

(93) |DvhT pt, yq.k| ď

´

}∇φpx‹q} ` ~φ~2

`

Er}Yh
y pT |tq ´ x‹}2s

˘
1
2

¯

`

Er}ηhk pT |tq}2s
˘

1
2 .

Moment bounds for Yh
y pT |tq ´x‹ are given in Lemma 6.1, it thus remains to prove moment bounds

for ηhk pT |tq. Even if it would be su�cient to deal with second order moments to deal with (93) above,
moment bounds at arbitrary order are proved below since they are instrumental in the analysis of
second and third order derivatives of vhT .

Recall that from Assumption 2.2 the mapping σps, ¨q is globally Lipschitz continuous on Rd,
uniformly with respect to s P R`. For all p P N‹, applying the Itô formula to the process s ě t ÞÑ

}ηhk ps|tq}2p, there exists a positive real number C
p1q
p P p0,8q such that for all s ě t one has

1

2p

dEr}ηhk ps|tq}2ps

ds
ď ErxDbhpYh

y ps|tqq.ηhk ps|tq, ηhk ps|tqy}ηhk ps|tq}2pp´1qs ` Cp1q
p hEr}ηhk ps|tq}2ps.

Applying the inequality (88) which follows from the µ-convexity of F h, one obtains the following
upper bound: for all s ě t one has

1

2p

dEr}ηhk ps|tq}2ps

ds
ď ´pµ´ Cp1q

p hqEr}ηhk ps|tq}2ps.

Let h
p1q
p P p0, µ

C
p1q
p

q, then for all h P p0, h
p1q
p s one has µ ´ C

p1q
p h ě µ ´ C

p1q
p h

p1q
p ą 0. Applying the

Gronwäll inequality and recalling that ηhk pt|tq “ k one obtains the following inequality: for all s ě t

and all h P p0, h
p1q
p s one has

(94) Er}ηhk ps|tq}2ps ď e´2ppµ´C
p1q
p hqps´tq}k}2p ď e´2ppµ´C

p1q
p h

p1q
p qps´tq}k}2p.

It thus su�ces to combine the moment bounds (64) and (94) with p “ 1, with the inequality (93),
to obtain the inequality (66): there exist positive real number h1 P p0, h0q and C1 P p0,8q such
that for all y, k P Rd, all T ě t ě 0, and all h P p0, h1q one has

|DvhT pt, yq.k| ď C1

`

}∇φpx‹q} ` ~φ~2

˘

p1 ` }y ´ x‹}qe´pµ´C1h1qpT´tq}k}.

The proof of the inequality (66) is thus completed. □

Proof of the inequality (67). Owing to the de�nition (59) of the mapping vhT , for all T ě t, y P Rd,

and k1, k2 P Rd, one has

D2vhT pt, xq.pk1, k2q “ ErDφpYh
y pT |tqq.ζhk1,k2pT |tqs ` ErD2φpYh

y pT |tqq.pηhk1pT |tq, ηhk2pT |tqqs,

where the processes s ě t ÞÑ ηhk1pT |tq and s ě t ÞÑ ηhk2pT |tq are given by (92) with k “ k1 and k “ k2
respectively, and where the process s ě t ÞÑ ζhk1,k2ps|tq is the solution of the stochastic di�erential
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equation

(95)

$

’

’

&

’

’

%

dζhk1,k2ps|tq “ DbhpYh
y ps|tq.ζhk1,k2psq ds`

?
hDσps,Yh

y ps|tqq.ζhk1,k2ps|tq dBpsq

`D2bhpYh
y ps|tqq.pηhk1ps|tq, ηhk2ps|tqq ds`

?
hD2σps,Yh

y ps|tqq.pηhk1ps|tq, ηhk2ps|tqq dBpsq,

ζhk1,k2pt|tq “ 0.

Using the inequality (1) and the Cauchy�Schwarz inequality, one obtains for all T ě t ě 0

(96)
|D2vhT pt, yq.pk1, k2q| ď

´

}∇φpx‹q} ` ~φ~2

`

Er}Yh
y pT |tq ´ x‹}2s

˘
1
2

¯

`

Er}ζhk1,k2pT |tq}2s
˘

1
2

` ~φ~2

`

Er}ηhk1pT |tq}2s
˘

1
2
`

Er}ηhk2pT |tq}2s
˘

1
2 .

Moment bounds for Yh
y pT |tq ´ x‹ are given by Lemma 6.1, whereas moment bounds for ηhk1pT |tq

and ηhk2pT |tq are given by (94) above. It thus remains to prove moment bounds for ζhk1,k2pT |tq.

Recall that the �rst and second order derivatives of the mapping σps, ¨q are bounded owing to
Assumption 2.4, uniformly with respect to s P r0,8q. Moreover, the second order derivative of the
auxiliary mapping bh has at most linear growth, uniformly with respect to h P p0, h0q, see (89). For
all p P N‹, applying the Itô formula to the process s ě t ÞÑ }ζhk1,k2ps|tq}2p, there exists a positive

real number Cp P p0,8q such that for all s ě t one has

1

2p

d Er}ζhk1,k2ps|tq}2ps

ds
ď ErxDbhpYh

y ps|tqq.ζhk1,k2ps|tq, ζhk1,k2ps|tqy}ζhk1,k2ps|tq}2pp´1qs

` CphEr}ζhk1,k2ps|tq}2ps

` CpErp1 ` }Yh
y ps|tq ´ x‹}q}ηhk1ps|tq}}ηhk2ps|tq}}ζhk1,k2ps|tq}2p´1s

` CphEr}ηhk1ps|tq}2}ηhk2ps|tq}2}ζhk1,k2ps|tq}2pp´1qs.

Assume that λ P p0, µq. Using the µ-convexity property (88) of the modi�ed objective function F h,
one has

ErxDbhpYh
y ps|tqq.ζhk1,k2ps|tq, ζhk1,k2ps|tqy}ζhk1,k2ps|tq}2pp´1qs ď ´µEr}ζhk1,k2ps|tq}2ps.

In addition, using the Hölder and Young inequalities, one obtains the upper bounds

Erp1 ` }Yh
y ps|tq ´ x‹}q}ηhk1ps|tq}}ηhk2ps|tq}}ζhk1,k2ps|tq}2p´1s

ď
`

Erp1 ` }Yh
y ps|tq ´ x‹}q2p}ηhk1ps|tq}2p}ηhk2ps|tq}2ps

˘
1
2p

`

Er}ζhk1,k2ps|tq}2ps
˘

2p´1
2p

ď CpErp1 ` }Yh
y ps|tq ´ x‹}q2p}ηhk1ps|tq}2p}ηhk2ps|tq}2ps ` pµ´ λqEr}ζhk1,k2ps|tq}2ps,

and

Er}ηhk1ps|tq}2}ηhk2ps|tq}2}ζhk1,k2ps|tq}2pp´1qs

ď
`

Er}ηhk1ps|tq}2p}ηhk2ps|tq}2ps
˘

1
p

`

Er}ζhk1,k2ps|tq}2ps
˘

p´1
p

ď
1

p
Er}ηhk1ps|tq}2p}ηhk2ps|tq}2ps `

p´ 1

p
Er}ζhk1,k2ps|tq}2ps.

Combining the upper bounds above, there exists a positive real number C
p2q
p P p0,8q such that for

all s ě t one has

1

2p

d Er}ζhk1,k2ps|tq}2ps

ds
ď ´pλ´ Cp2q

p hqEr}ζhk1,k2ps|tq}2ps

` Cp2q
p Erp1 ` }Yh

y ps|tq ´ x‹}q2p}ηhk1ps|tq}2p}ηhk2ps|tq}2ps.
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In addition, applying the Hölder inequality and using the moment bounds (64) and (94), for all
s ě t one has

Erp1` }Yh
y ps|tq ´x‹}q2p}ηhk1ps|tq}2p}ηhk2ps|tq}2ps ď Cp2q

p p1` }y´x‹}q2pe´4ppµ´C
p1q

2p hqps´tq
}k1}2p}k2}2p.

Without loss of generality, it may be assumed that C
p2q
p ě C

p1q

2p . Let h
p2q
p P p0, λ

C
p2q
p

q, then for all

h P p0, h
p2q
p s one has λ ´ C

p2q
p h ě λ ´ C

p2q
p h

p2q
p ą 0. Applying the Grönwall inequality and recalling

that ζhk1,k2pt|tq “ 0, one obtains for all s ě t and all h P p0, h
p2q
p s

(97) Er}ζhk1,k2ps|tq}2ps ď Cp2q
p e´2ppλ´C

p2q
p hqps´tqp1 ` }y ´ x‹}q2p}k1}2p}k2}2p.

It thus su�ces to combine the moment bounds (64), (94) and (97) with p “ 1, with the inequal-
ity (96), to obtain the inequality (67): for all λ P p0, µq, there exist positive real numbers h2 P p0, h1q

and C2 P p0,8q such that for all y, k1, k2 P Rd, all T ě t ě 0, and all h P p0, h2q one has

|D2vhT pt, yq.pk1, k2q| ď C2

`

}∇φpx‹q} ` ~φ~2

˘

p1 ` }y ´ x‹}2qe´pµ´C2h2qpT´tq}k1}}k2}.

The proof of the inequality (67) is thus completed. □

Proof of the inequality (68). Owing to the de�nition (59) of the mapping vhT , for all T ě t ě 0,

y P Rd, and k1, k2, k3 P Rd, one has

D3vhT pt, xq.pk1, k2, k3q “ ErDφpYh
y pT |tqξhk1,k2,k3pT |tqqs

`
ÿ

pℓ1,ℓ2,ℓ3qPK
ErD2φpYh

y pT |tqqpηhℓ1pT |tq, ζhℓ2,ℓ3pT |tqqs

` ErD3φpYh
y pT |tqqpηhk1pT |tq, ηhk2pT |tq, ηhk3pT |tqqs,

where the set K “ Kpk1, k2, k3q is de�ned by (91), where the processes s ě t ÞÑ ηhℓ pT |tq with

ℓ P tk1, k2, k3u are given by (92), where the processes s ě t ÞÑ ζhℓ1,ℓ2pT |tq with indices pℓ1, ℓ2q P

tpk2, k3q, pk3, k1q, pk1, k2qu are given by (95), and where the process s ě t ÞÑ ξhk1,k2,k3ps|tq is the
solution of the stochastic di�erential equation

(98)
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dξhk1,k2,k3ps|tq “ DbhpYh
y ps|tqq.ξhk1,k2,k3ps|tq ds`

?
hDσps,Yh

y ps|tqq.ξhk1,k2,k3ps|tq dBpsq

`
ÿ

pℓ1,ℓ2,ℓ3qPK
D2bhpYh

y ps|tqq.pηhℓ1ps|tq, ζhℓ2,ℓ3ps|tqq ds

`
ÿ

pℓ1,ℓ2,ℓ3qPK

?
hD2σps,Yh

y ps|tqq.pηhℓ1ps|tq, ζhℓ2,ℓ3ps|tqq dBpsq

`D3bhpYh
y ps|tqq.pηhk1ps|tq, ηhk2ps|tq, ηhk3ps|tqq ds

`
?
hD3σps,Yh

y ps|tqq.pηhk1ps|tq, ηhk2ps|tq, ηhk3ps|tqq dBpsq,

ξhk1,k2,k3pt|tq “ 0.

Using the inequality (1) and the Cauchy�Schwarz and Hölder inequality, one obtains for all s ě t

(99)

|D3vhT pt, yq.pk1, k2, k3q| ď

´

}∇φpx‹q} ` ~φ~2

`

Er}Yh
y pT |tq ´ x‹}2s

˘
1
2

¯

`

Er}ξhk1,k2,k3pT |tq}2s
˘

1
2

` ~φ~2

ÿ

pℓ1,ℓ2,ℓ3qPK

`

Er}ηhℓ1pT |tq}2s
˘

1
2
`

Er}ζhℓ2,ℓ3pT |tq}2s
˘

1
2

` ~φ~3

`

Er}ηhk1pT |tq}3s
˘

1
3
`

Er}ηhk2pT |tq}3s
˘

1
3
`

Er}ηhk3pT |tq}3s
˘

1
3 .
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Moment bounds for Yh
y pT |tq ´ x‹ are given by Lemma 6.1, moment bounds for ηhk1pT |tq, ηhk2pT |tq

and ηhk3pT |tq are given by (94) above, and moment bounds for ζhk1,k2pT |tq, ζhk2,k3pT |tq and ζhk3,k1pT |tq

are given by (97) above. It thus remains to prove moment bounds for ξhk1,k2,k3pT |tq. It su�ces to
consider second order moments, i.e. p “ 1.

Recall that the �rst, second and third order derivatives of the mapping σps, ¨q are bounded owing
to Assumption 2.4, uniformly with respect to s P p0,8q. Moreover, the second and third order
derivatives of the auxiliary mapping bh have at most linear growth, see (89) and (90), uniformly
with respect to h P p0, h0q. Applying the Itô formula to the process s ě t ÞÑ }ξhk1,k2,k3ps|tq}2, there

exists a positive real number C P p0,8q such that for all s ě t one has

1

2

d Er}ξhk1,k2,k3ps|tq}2s

ds
ď ErxDbhpYh

y ps|tqq.ξhk1,k2,k3ps|tq, ξhk1,k2,k3ps|tqys

` ChEr}ξhk1,k2,k3ps|tq}2s

` C
ÿ

pℓ1,ℓ2,ℓ3qPK
Erp1 ` }Yh

y ps|tq ´ x‹}q}ηhℓ1ps|tq}}ζhℓ2,ℓ3ps|tq}}ξhk1,k2,k3ps|tq}s

` Ch
ÿ

pℓ1,ℓ2,ℓ3qPK
Er}ηhℓ1ps|tq}2}ζhℓ2,ℓ3ps|tq}2s

` CErp1 ` }Yh
y ps|tq ´ x‹}q}ηhk1ps|tq}}ηhk2ps|tq}}ηhk3ps|tq}}ξhk1,k2,k3ps|tq}s

` ChEr}ηhk1ps|tq}2}ηhk2ps|tq}2}ηhk3ps|tq}2s.

Assume that λ P p0, µq. Using the µ-convexity property (88) of the modi�ed objective function F h,
one has

ErxDbhpYh
y ps|tqq.ξhk1,k2,k3ps|tq, ξhk1,k2,k3ps|tqys ď ´µEr}ξhk1,k2,k3ps|tq}2s.

Using the Hölder and Young inequalities, there exists a positive real number C
p3q

1 P p0,8q such that
for all s ě t one has

1

2

d Er}ξhk1,k2,k3ps|tq}2s

ds
ď ´pλ´ C

p3q

1 hqEr}ξhk1,k2,k3psq}2s

` C
p3q

1

ÿ

pℓ1,ℓ2,ℓ3qPK
Erp1 ` }Yh

y ps|tq ´ x‹}q2}ηhℓ1ps|tq}2}ζhℓ2,ℓ3ps|tq}2s

` C
p3q

1 Erp1 ` }Yh
y ps|tq ´ x‹}q2}ηhk1ps|tq}2}ηhk2ps|tq}2s}ηhk3ps|tq}2s

Applying the Hölder inequality and using the moment bounds (64), (94) and (97), one thus obtains
the upper bound

1

2

d Er}ξhk1,k2,k3ps|tq}2s

ds
ď ´pλ´ C

p3q

1 hqEr}ξhk1,k2,k3psq}2s

` C
p3q

1 e´2pµ`λ´pC
p1q

3 `C
p2q

3 qhqps´tqp1 ` }y ´ x‹}q2}k1}2}k2}2}k3}2

` C
p3q

1 e´3pµ´C
p1q

4 hqps´tqp1 ` }y ´ x‹}q2}k1}2}k2}2}k3}2.

Without loss of generality it may be assumed that C
p3q

1 ě maxpC
p1q

3 , C
p2q

3 , C
p1q

4 q. Let h
p3q

1 P p0, λ

C
p3q

1

q,

then for all h P p0, h
p3q

1 s one has λ ´ C
p3q

1 h ě λ ´ C
p3q

1 h
p3q

1 ą 0. Applying the Grönwall inequality

and recalling that ξhk1,k2,k3pt|tq “ 0, one obtains for all h P p0, h
p3q

1 s

(100) Er}ξhk1,k2,k3ps|tq}2s ď C
p3q

1 e´2pλ´C
p3q

1 hqps´tqp1 ` }y ´ x‹}q2}k1}2}k2}2}k3}2.
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It su�ces to combine the moment bounds (64), (94), (97) and (100) with the inequality (99) to
obtain the inequality (68): for all λ P p0, µq, there exist positive real numbers h3 P p0, h2q and
C3 P p0,8q such that for all y, k1, k2 P Rd, all T ě t ě 0, and all h P p0, h3q one has

|D3vhT pt, yq.pk1, k2, k3q| ď C2

`

}∇φpx‹q} ` ~φ~2 ` ~φ~3

˘

p1 ` }y´ x‹}q2e´pµ´C3h3qpT´tq}k1}}k2}}k3}.

The proof of the inequality (68) is thus completed. □

B.2. Proof of Lemma 6.3. Lemma 6.3 provides upper bounds for the �rst order derivative
DpBtv

h
T qpt, ¨q. To prove them, it su�ces to express the temporal derivative Btv

h
T pt, yq using the

backward Kolmogorov equation (60), to di�erentiate with respect to y, and to apply the upper
bounds on the derivatives DjvhT pt, ¨q of order j P t1, 2, 3u stated in Lemma 6.3.

Proof of Lemma 6.3. Owing to the backward Kolmogorov equation (60), for all t P r0, T s, y P Rd,
one has

Btv
h
T pt, yq “ DvhT pt, yq.∇F hpyq ´

h

2

d
ÿ

j“1

D2vhT pt, yq.
`

σpt, yqej , σpt, yqej
˘

,

where e1, . . . , en denotes an arbitrary orthonormal system of Rd.
Di�erentiating with respect to y P Rd, for all k P Rd one obtains

DpBtv
h
T qpt, yq.k “ D2F hpyq.

`

∇vhT pt, yq, k
˘

`D2vhT pt, yq.
`

∇F hpyq, k
˘

´ h
d

ÿ

j“1

D2vhT pt, yq.
`

pDσpt, yq.kqej , σpt, yqej
˘

´
h

2

d
ÿ

j“1

D3vhT pt, yq.
`

k, σpt, yqej , σpt, yqej
˘

.

It remains to prove upper bounds for the four terms appearing in the right-hand side above. Since
the results of Lemma 6.2 are employed, it is assumed that h P p0, h3q below.

For the �rst term, using the local Lipschitz continuity property (19) of ∇F h and to the inequal-
ity (66) on the �rst order derivative of vhT pt, ¨q, one obtains the upper bounds

|D2F hpyq.
`

∇vhT pt, yq, k
˘

| ď C
`

1 ` }y ´ x‹}
˘

}∇vhT pt, yq}}k}

ď C
`

}∇φpx‹q} ` ~φ~2

˘`

1 ` }y ´ x‹}2
˘

e´pµ´ChqpT´tq}k}.

For the second term, observe that combining (7) and the �rst inequality from (16), one has
}∇F hpyq} ď C}y ´ x‹}. As a result, using the inequality (67) on the second order derivative
of vhT pt, ¨q, one obtains the upper bound

|D2vhT pt, yq.
`

∇F hpyq, k
˘

| ď C
`

}∇φpx‹q} ` ~φ~2

˘

e´pλ´ChqpT´tq
`

1 ` }y ´ x‹}3
˘

}k}.

For the third term, using the linear growth and Lipschitz continuity properties of the di�usion
coe�cient σpt, ¨q, see (9) and (8), and the inequality (67) on the second order derivative of vhT pt, ¨q,
one obtains the upper bounds

|

d
ÿ

j“1

D2vhT pt, yq.
`

pDσpt, yq.kqej , σpt, yqej
˘

|

ď C
`

}∇φpx‹q} ` ~φ~2

˘

e´pλ´ChqpT´tq
`

1 ` }y ´ x‹}2
˘

}Dσpt, yq.k}}σpt, yq}

ď C}ς}28
`

}∇φpx‹q} ` ~φ~2

˘

e´pλ´ChqpT´tq
`

1 ` }y ´ x‹}3
˘

.

For the fourth term, using the linear growth property (9) of the di�usion coe�cient σpt, ¨q, and the
inequality (68) on the third order derivative of vhT pt, ¨q, one obtains the upper bounds

|

d
ÿ

j“1

D3vhT pt, yq.
`

k, σpt, yqej , σpt, yqej
˘

|
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ď C
`

}∇φpx‹q} ` ~φ~2 ` ~φ~3

˘

e´pλ´ChqpT´tq
`

1 ` }y ´ x‹}2
˘

}σpt, yq}2

ď C
`

}∇φpx‹q} ` ~φ~2 ` ~φ~3

˘

e´pλ´ChqpT´tq
`

1 ` }y ´ x‹}4
˘

.

Combining the four upper bounds then yields the inequality (69), for a su�ciently large positive real
number C4 P p0,8q and a su�ciently small positive real number p0, h0q. The proof of Lemma 6.3
is thus completed. □
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