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Generalized perimeters and gradient estimates

Jordan Serres *

June 27, 2025

Dedicated to Patrick Cattiaux, my former teacher,
from whom I learned the fundamentals of functional analysis.

Abstract

We use a variational formulation to define a generalized notion of perimeter, from
which we derive abstract isoperimetric Cheeger’s inequalities via gradient estimates
on solutions of Poisson equations. Our abstract framework unifies many existing
results and in particular allows us to recover the W, — Wh! transport inequality,
which strengthens the usual transport-information inequality. Conversely, we also
prove that Cheeger’s inequality implies certain first order Calderén-Zygmund-type
gradient estimates.

1 Introduction

The aim of this article is to revisit the link between isoperimetric inequalities and gradient
estimates on solutions of the Poisson equation. Isoperimetric inequalities consist in bounding by
below the perimeter of a set by a function of its volume. This problem has attracted considerable
interest since antiquity when the usual notions of perimeter and volume, 7.e. induced by the
Lebesgue measure, are considered. Among the incredibly vast literature on the subject, let us
mention Ros’ survey [28]. However, it is possible to define the notion of perimeter for any non-
negative measure, and there are even several different definitions, all of which boil down to the
same thing for regular sets. In this work, we will start from the weak formulation of perimeter
as the total variation of indicator functions. We refer the reader to Ziemer’s book [32], Chapter
5] for a rigorous overview on functions of bounded variation. This formulation goes back to the
work of Caccioppoli [8, @] and De Giorgi [I6, [I7], where the perimeter of a set 2 C R? is defined
by

Per(092) = sup {/Qdivgﬂd) ecl (Rd,Rd) s D)oo < 1}

where C! (Rd, Rd> denotes the set of compactly supported and continuously differentiable func-

tions on R, and the integration is with respect to the Lebesgue measure. Gradient estimates
on solutions of the Poisson equation consist in showing that for any function f on a domain
that is sufficiently regular,

IVAII < ClIAS]]

where C' does not depend on f, and ||-|| denotes a norm on a functional space which depends on
the context, for instance L°°, see Section The most common gradient estimates come from
Schauder estimates in the theory of elliptic PDE, which are estimates involving the C?>-norm of f,
see e.g. [20]. In this work, we will consider this approach for the perimeters of general probability
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measures, and the Laplace operator will therefore be replaced by another second-order elliptic
operator. In that case, such estimates are implied by gradient commutation relations at the level
of the semigroup generated by the operator, which are equivalent to curvature conditions, see [2]
for a complete monograph. Such curvature conditions imply strong isoperimetric inequalities,
see [3, [6] and Cattiaux and co-authors [I1], and also allow to invert the usual hierarchy between
concentration and isoperimetry, as shown in [27] and then reinforced by Cattiaux and co-author
in [12].

In this work, we show how the weaker condition of admitting gradient estimates implies
isoperimetric Cheeger-type inequalities. This problem is tackled in a general way in Section [2]
by introducing an abstract and generalized notion of perimeter, which leads to Theorem (1 In
the rest of the paper, we analyze the consequences of this abstract theorem in different cases.
In particular, we show in Section that it implies a transport inequality which bounds the
Kantorovich-Wasserstein distance W; between two probability distributions g and v, by the
Whlnorm of the density of v with respect to p, see Theorem [2| This recovers a result in [22].
Next, we show that this W; — W1 inequality holds for uniformly log-concave distributions, for
semi-log-concave probability distributions under an additional assumption, and also for moment
measures with uniformly semi-concave moment map. Finally, in Section [4, we give a partial
reverse by showing that Cheeger’s inequality implies LY — LP-Calderon-Zygmund-type gradient
estimates for all p > 2, with ¢ the conjugate exponent of p, see Theorem []

2 The abstract setting

Let p be a probability distribution on R%, let (E, || - ||g) be a space of functions g : R? — R

equipped with a seminorm || - ||g, and let F' be a space of weakly differentiable functions f :
R? — R, equipped with a seminorm || - || which takes the following form
I le =V fllvr
where || -||vF is a norm of the space of vector-valued functions R? — R? satisfying the following
3K >0, Yo:R' =R [|¢lle < K [¢llvr (1)
where ||¢]]|oo 1= Supycpa ||¢]|2, and || - ||2 denotes the euclidean norm of vectors. We consider

a linear operator £ : F' — E, which vanishes on constant functions, and we assume that there
exists a constant Cg g such that

Vge E,3f € F: Ef:g—/Rdgdu and ||f||r < Cgr

g—/RdgduHE (2)

It is implicitly assumed that the space F' is included in the domain of £, at least in a weak sense.
Intuitively, the constant Cg r is the operator norm of the inverse operator

ﬁleﬂ{g:/gduzo}%F.

Note that if the equation L£f = g — [pa g du does not admits a solution, or if £7! is unbounded,
then Cg r = co. We assume that the linear operator £ admits a divergence form S, i.e. we
assume that there exists some operator S acting on vector valued functions, taking values in F,
and such that for all ¢ € C}(R? R),

L(y)=5(Vy).

Moreover, we assume that this operator satisfies the following integration by parts formula:
V(@) du=— [ V- odu 3)
Rd Rd
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for all ¢ € C} (Rd, R) and all ¢ : R? — R? in the domain of S. Given a measurable set Q C RY,
we define its generalized perimeter as follows

Per,.r(0) i=sup { [ S(@)du|o € c! (BB, [follvr <1 (4)
We can define its generalized isoperimetric profile function I, p by

I, r(t) = #(is%f:t Per,, p(082),

which, of course, includes the isoperimetric profile function for the usual perimeter. We also
define, for any two probability distributions v, v, on R?, the quantity

0p (n1|v2) = SUP{/ gdl/lf/ gdvs : 9*/ gdvs
Rd Rd R

which quantifies the proximity of v and v. Note that dg is related to usual integro-differential
distances between probability distributions such as the total variation distance and the Wasser-
stein distance, see Sections For @ C R? with non-zero mass u(Q) > 0, we denote by
po the measure o restricted to €2, i.e. for all measurable subsets A C R?, it is given by
pa(A) = p(2N A)/p(2). Our main result is the following generalized Cheeger isoperimetric
inequality.

Theorem 1. For all probability distributions p on R, and for all Q C R? with positive mass
w(§2) > 0, it holds that

Per,,r(09) = Cgly () 8 (o |n).

As an immediate corollary, we have the following lower bound on the generalized isoperimetric
profile function I,

Corollary 1. For all probability distributions i on R and for all t € (0, u(R?)),
Lp(t) > tsup (Cple 0 (t))
E

where the supremum runs over all normed spaces (E.|| - ||g) of functions on RY, the constant
Cp.r denotes the operator norm of L™ given in , and

Upp(t) = M(iél)f:f}s (ko |p) -

Note that if £7! is unbounded or undefined on E, then the inverse of its operator norm is zero,
and therefore the corresponding term in the supremum is not taken in account.

Proof of Theorem [1| The proof consists in the following calculation.

Per,, p(002) = sup {/Q S(@)dul s € Ct (RLRY), [16]lvr < 1}
= Cilenl) sup{ [ S(6)dualo € CL(RLRT), éllvr < Cre}
> Cgle (@) sup { [ S(VS)dua | £ € P, [V llor < Crr )

> CEF,u(Q sup{/ Lfduq| f € F givenin (2))

B () Sup{/Q (g—/Rdgdu)

o 11(8) 05 (pa 1)

Lo
oo, 1

<



On the second line, we have used the linearity of the operator S, on line 4 we have used
Assumption and the definition of S and L, on the last line, we have used that uq is a
probability distribution, and on line 3, we have used that

sup{/QS(¢>) dul¢ € C} (R{W) Nellvr < CE,F} > sup{/QS(Vf)de €L ||Vf|vr < CE,F}

Let us justify this inequality. Let us pick f € F such that ||V f||vr < Crp. Let ¢, : R — Ry
be a sequence of mollifiers, 4.e. they satisfy that for all n > 1, ¢, € C} (R4, R), ¢, > 0 and
[ ¢n(z)dzr = 1 and each ¢, has its support included in the ball B(0,1/n). We then take the

convolution g, := ¢, x V.f € C} (Rd,Rd>. Note that ||gs||vr < CE,r because

lew sVt @livr =|| [ eVt =nds||_ <IVSlor [ eutw)dn =V Sllor.

Since ||V f||vr < oo and p is a probability distribution, it follows from Assumption (1)) that V f €
L' (), and therefore the Lebesgue differentiation theorem ensures that p-almost everywhere, g,
converges to Vf. Let & be a smooth approximation of the indicator function 1g (taking e.g.
& = @ x 1q with ¢, another mollifying sequence will work). By using the integration by parts
formula given in Assumption , we can then write that

[ e8ndn~ [ &Sdu=— [ (9.~ 1) Vedp
R4 R4 R4

which goes to zero as n — oo, indeed since ||gn — V f|[oc < Kl|gn|lvr + K[|V f|[vr < 2KCg F,
we can apply the dominated convergence theorem, using again the fact that p has finite mass.
Letting then e goes to zero, it follows that for all Cg p-Lipschitz functions, the quantity
Jo S(Vf)du can be approximated by quantities of the form [, S(¢)du with ¢ € C} (Rd,Rd>
and ||¢||cc < Cg . Whence we deduce the claimed inequality between supremum. The proof is

complete. [

3 Applications

In this section, we consider the case of a probability distribution u = e=Vdz, V € C2(R?), with
its usual perimeter u*, i.e. we consider Definition with F' the set of Lipschitz functions
equipped with its seminorm

7 =1V flloo := sup [[Vf()[|2 (6)
zeR
where || - ||2 denotes the euclidean norm of vectors, (so || ||vr = || ||co := Supga || - ||2), and the

divergence operator is given by S(¢) = div¢— V'V - ¢, and hence we have L(1)) = Ay —VV -V.
Let us point out that the Laplacian of a Lipschitz function is here defined in a weak sense. Indeed,
by using the integration by parts formula, one gets that for all test functions ¢ : R — R,

/fAzﬁd,u: —/vg-wdwr/vv-wdu.

Now, it is well known that in that case, the quantity

ut (8Q)zsup{/gdiv¢—VV-¢du L pect (]Rd,Rd), 16|10 < 1}

is the total variation of the indicator function 1 with respect to the measure p, which is actually
the p-perimeter of 02, see e.g. [26]. In the next two sections, we will consider the cases where
FE is the set of bounded functions, giving the usual Cheeger inequalities, see Section and
where E is the set of Lipschitz functions, giving the W, — W transport inequality, see Section



Remark 1. Note that if one takes an open, bounded, convex set A C R%, and considers its
associated (not necessarily symmetrical) norm given by ga(x) := inf{\ > 0|x € \A}, then for
a probability distribution given by p = e~"Vdx, one can define from Definition the following
notion of perimeter

14 (09) = sup {/Qdiw ~VV - gdp: ¢ eCl(RLRY), sup ga(o(x)) < 1}

xcR4

If A = By is the Euclidean unit ball of R%, one recovers the usual perimeter. If A is the unit

1
ball for the p-norm ||z||, = (Z‘ij:l ]mi\p) /p, then this perimeter corresponds to the notion of

perimeter with p-enlargement, see e.g. [4,[3,7]. If A is only a general convex domain, then this
perimeter corresponds to the notion of anisotropic perimeter, see [19].

3.1 Cheeger’s inequality

When E = L* is the set of bounded functions equipped with the uniform norm || - ||, the
quantity g defined by controls the total variation distance: For all Q such that p(2) > 0,

1
dpe (o |p) > idTV(,U«Sb/J)v

where

dTv(uQ,#)zsup{/ gd/m—/ gdu : Hg\loo<1}
R4 R4

denotes the total variation distance between the two probability distributions p and pq(-) =
(1/p(2)) (2N -). This is an immediate consequence of the fact that ||g — [ gdu||, < 2]|g]]-
Moreover, by taking the combination of indicators g = 1g — lpa\q, it is easy to see that
dry (pa, ) = 2 (1 — u(2)) . Therefore, in that case, Corollary gives the usual Cheeger inequal-
ity
Lu(t) = Cpe pp t(1 = 1)

The fact that gradient estimates imply Cheeger’s inequality was already noticed by Wu [30,
Corollary 2.2], who showed that such gradient estimates hold on a complete connected Rieman-
nian manifold when V € C? admits a second moment, and the constant Cre,1Lip depends on the
Ricci curvature. Let us end this section by mentioning how this method is related to Stein’s
method when p = v is the standard one-dimensional normal distribution. Indeed, in that case,
the perimeter is given by

7T () = sup {/Q (V' (z) — zv(z)) dy(x) : v ECE(R,R), ||[v]|oo < 1} ,

and Stein’s lemma [29, Lemma 2.5] gives that for any bounded function g, there is a solution
of the Stein equation v'(z) — zv(x) = g(x) — [ gdy satisfying ||v||e < \/§||g(az) — [ gdy]|]co-

Therefore C’Li,lo Lip = \/g which, up to a factor 1/2, gives the sharp Cheeger constant for the
Gaussian.

3.2 The W, — W'! transport inequality

When E = Lip is the set of Lipschitz functions equiped with the Lipschitz seminorm ||Vg||o,
the quantity dg is the L'-Wasserstein distance

1
Wt i) = /d—/d:vmgl}
1(, po) sup{Rdg ) Jo 0 [Vl



and Theorem [1] gives that for all © € R? with non-zero mass,

ph(09) = Cpyp, 1y 1(Q) Wi (p, i) (7)
from which we deduce the following.

Theorem 2. For all probability distributions p on R%, and for all functions f : R — R, such
that [ fdu =1, it holds that

Wi f1) < Cripip [, 1951 dp (8)

Note that when the constant Cr;, 1ip is not bounded, then Inequality is just empty. Let us
point out that Theorem [2| recovers [22, Theorem 3.1] of Guillin, Léonard, Wang and Wu. Note
also that Lipschitz-to-Lipschitz gradient estimates are a vast topic in the literature, including
Kuwada’s duality theorem, stating that for semigroups, they are equivalent to a Wasserstein
contraction (see [25]). We now give the proof of Theorem

Proof Let h: R? = R be a 1-Lipschitz function. We can compute that
L9 du= [t s> 0
R4 0
>Crh i /0 p(f >t)Wh (M, M{f>t}) dt

= CZi;,Lip /000 u(f >1) /]Rd h(z) (1 - m) du(zx)dt

@) [ (uF > 0 = Loy (@) de duta)

where we used the co-area formula at lines 1 and 5, see e.g. |2, Theorem 8.5.1], Inequality at
line 2, and the fact that [ fdu =1 at the last line. Since this holds for all 1-Lipschitz functions
h, by taking the supremum, we deduce that

/]Rd V[ dp > Cf,z‘lln,up Wi (s f1e)

which is exactly Inequality [§] O
Notice that the converse statement, that is the fact that the transport Inequality implies the
isoperimetric-type inequality is also true, as can be seen by taking Lipschitz approximations
of the indicator function 1q in and passing to the limit. Note also that Theorem [2| and its
converse are reminescent of 7, Theorem 1.1], whose proof is also based on the co-area formula,
but not on gradient estimates, since they study perimeters using the notion of Minkowski content
and not Caccioppoli’s formulation. Let us also point out that Inequality was first introduced
in [22]. We refer the reader to [2I] for a survey on transport inequalities, and to [23| 22]
for comparison between the transport inequality and others transports inequalities. In
particular, let us underline that the W; — Wh! inequality can be seen as a reinforcement
of the usual transport-information inequality. Indeed, if f is strictly positive, then by using the



Cauchy-Schwarz inequality, we can write that
Wi (, 1) < CLip,Lip /Rd IVl dp

= ClLip,Lip /]Rd W\/j;'\/fdu

\V4 2

< CLz‘pyLz‘p\//Rd AR ;' dM\//Rdfdu
VI

- \/C%ip,Lip /Rd f d'u

The next subsection of this section will now examine, from the literature, how the constant
CLip,Lip can be explicitly bounded in the case of uniformly log-concave and semi-log-concave
probability distributions, the second subsection will show how to derive the transport Wi-Wh!
inequality for moment measures, and finally at the third subsection, we will show that the
transport Wi-Wh! inequality implies a Cheeger-type inequality.

3.2.1 Application to semi-log-concave distributions

The previous approach can be refined to non-uniformly semi-log-concave distributions. Indeed,
let dp(z) = e~V @ dz be a probability distribution, and for all € R%, let x(z) € R denote the
smallest eigenvalue of the symmetric matrix V2V (z), so we have

Ve e RY, VAV (z) > k()]

Then it is possible to show, see e.g. [2, Section 4.9.2], that for all Lipschitz functions g, the
equation

Af—VV'szg—/ gdp
]Rd

admits a solution f satisfying

o t
vaHoo < Hv.gHoo sup / E |:€—f0 H(Xs)d8:| dt,
zeR JO

where (Xs)s>0 is the Markov diffusion generated by the operator £L =A — VV -V and starting
at Xog = z. Let us mention that this type of probabilistic representation was used by Cattiaux

et al., to study the long-term behavior of diffusion processes [10]. In particular, this estimate
assures us that the constant Cp;p 1 satisfies

o0 t
ClLip,Lip < sSup / E {6 Jo K(Xs)ds] dt 9)
zeR2 /0

and Theorem [2| gives that as soon as this supremum is finite, then for all functions f : R* — R,
such that [ fdu =1, it holds

Wi (, fi1) < <sup [E [efi “‘X”ﬂ dt) L1911 d

zcRd

In particular, if for some p > 0, du(z) = e V(@ dg is p-uniformly log-concave, i.e. VV > pl; in
the sense of quadratic forms with I; the identity matrix, then we can take x(z) = p, and @
gives

CLip,Lip < 1//413



and Theorem [2] gives that for all functions f : R — R, such that [ fdp=1,

1
Wi (u, fr) < ;/Rd IV f| dp.

Note that the assumption of uniform convexity on V corresponds to the so-called curvature
dimension criterion C'D(k,o0) which has been widely studied and whose implications are very
profound, see [I, Chapter 5] for an overview.

3.2.2 Application to moment measures

In this section, we suppose that x is a moment measure, i.e. that for some ¢ : R? — R, it can
be written as the pushforward by V¢ of the probability distribution dv(zx) := e=?®)dz,

du(z) = Vo (e*‘p(x)d:ﬁ) ,

and Vo is called the moment map. Such a function exists if p is centered, admits a finite
first moment and is not supported on a hyperplane, and moreover V¢ is the Brenier map from
optimal transport theory, see [15]. We have the following.

Theorem 3. If pi is a moment measure and V¢ denotes its moment map, then it satisfies the
following transport Wi-Wht inequality for all non-negative functions f : R4 — R such that

Jfdu=1,

W 1 f0) < 2 5D A (V2(2)) [ 1951 ds
zERI R

where Amax (V2¢(x)) denotes the largest eigenvalue of the matriz V2o ().

Note that since V¢ is the Brenier map from optimal transport theory, it follows that ¢ is convex,
and therefore for all z € R, A\pax (V2p(x)) > 0. Note also that the standard d-dimensional
Gaussian distribution is the only fixed point of the moment measure functional, i.e. the only
distribution such that Vo = I;. As a consequence, it is natural to expect that the quantity
I; — V2@ characterizes the proximity between p and the standard normal distribution. This
observation was put forward by Fathi in [I8] where it was shown that VZp (V1) is a Stein
kernel for yu, from which it follows that the L? norm of I; — V2 controls the L?-Wasserstein
distance between p and the Gaussian. By way of comparison, our bound involving the supre-
mum of V2¢ is much more restrictive.

Proof By using the integration by parts formula, it is straigtforward to see that there exists
some vector-valued function W : R — R such that the operator

A(f) = (V2 L V2 ys — W - Vf

satisfies for all smooth functions f,g: R — R,
@) v =~ [ VP (V1. Vg)dv.
R4 R4

Let us also define the operator S which acts on vector-valued functions ¢ : R — R? as S(¢) =
(V21 Vé)ys — W - ¢. Tt has been shown by Kolesnikov in [24] that the metric measure
space (RY, V2, v) satisfies the curvature-dimension condition CD(1/2,00). In particular, this
implies that the solution of the Poisson equation A f = g— [pa g dv satisfies the gradient estimate
V20 YV, Vo < 2[|[V2071(Vg,Vg)||oo, see e.g. [2]. Therefore we have that the operator
norm Cl;p o, Lipy satisfies Cr;p o.Lip, < 2, where Lip, denotes the space of Lipschitz functions
with respect to the Hessian metric V2¢, and Theorem [2| gives the following transport inequality
for v = e %dx

Wig (i fr) <2 [ V2% (VL9 ) av (10)

8



which holds for all non-negative function f : R — R such that J fdv =1, and where
Wi, (av, B) :sup{/ hda— | hdg :||[V% (Vh,Vh)|| < 1}
Ra Ra o0

denotes the L'-Kantorovich distance with respect to the distance induced by the Hessian metric
V2p. Using the fact that Vo is the moment map of p, we can see that for all non-negative
function f : R? — R such that [ fdu =1,

Wi (s, ) = Wi (Ve (), 1V 6% (1))
—sup{ [ o(Ve)dv— [ o(Ve)5(Ve)dv s |Vgll < 1

<o [ v [ nicworin [T ORI < e (75000 |

co  x€Rd

) 1/2
< SUP Amax (V @(x)) Wi (v, (foVe)v)
xER4

1 2
< 2 sup Amax V2 / / \/V2 L (V(foVp),V(foVy))dv
zER4

< 2 sup Amax (VQ ) / \/V2 (Vf)oVep,(Vf)oVy)dv

z€R4

<2 sup A (V20(@) [ 1V f1 dp
zeR R4

where we used the definition of Wi, on line 4, and Inequality on line 5. The proof is
complete. n
3.2.3 A Cheeger-type isoperimetric inequality

In this section, we show that the W;-Wh! transport inequality of Theorem [2| implies a different
version of Cheeger’s inequality.

Proposition 1. If the probability distribution p on R satisfies the W1-Wb! transport inequality,
i.e. for all functions f :RY — Ry such that [ fdu =1,

Wil f) <C [ V1] du
then  satisfies the following version of Cheeger’s inequality, for all measurable subsets Q@ C R,
pHOR) = €7 min(u(2),1 - (@) [ dla, 00 du(a).
R

Proof The proof consists in applying the Wi-Wh! transport inequality to Lipschitz approxi-
mation of the indicator function u(€2)~!1q, then observing that the distance W7y satisfies

Wi (u, po) > min (1,1;#) / d(x,0Q) du(zx).

Indeed, by choosing

(z) = —d(x,00) x el
K=V d(z,00)  zeRI\Q
which is 1-Lipschitz, one can see that
1—p(2) /
Wi, >———= | d(z,00)du + d(x,00) du.

9



Now if u(Q) € (0,1/2), we have that * 2 > 1 and therefore Wi (pa |p) > fRd d(xz,0Q) du, and

()
similarly, if () € (1/2,1), then 1 > u(f(l) ) so we get that Wi(palp) > d(x,00) du,

achieving the proof. O

It is worth mentioning that Corollary [I] gives the following bound on the isoperimetric pro-
file function

L(t) > Cp} min (¢,1 —¢) inf d(x,08) dpu.

Ly (@)=t Jrd

Let us make a few comments on the minimization problem

'u(lsgl)f:t » d(xz,0) du (11)
Firstly, if 09 is not regular enough, the infimum may be zero. For example, let us take the
uniform distribution on [0, 1], and a dyadic decomposition whose volume remains constant but
whose diameter of connected components becomes zero. This Cheeger-type inequality therefore
only makes sense if we restrict ourselves to sufficiently regular sets, e.g. at least connected.
Secondly, note that if we take ¢ = 0 and restrict the infimum to singleton sets, then the mini-
mizers of Problem are exactly the medians of u. Consequently, even in the case t > 0, the
minimizers among the connected sets can be interpreted as t-mass medians, and the infimum
itself as the L'-variance for t-mass sets. In particular, for the multivariate standard normal
distribution, the minimizer will be the ball centered at zero whose Gaussian mass is equal to t.

4 Gradient estimates from Cheeger’s inequality

So far, we have studied how gradient estimates can lead to certain isoperimetric inequalities.
The aim of this section is to give a partial reciprocal by showing that Cheeger’s inequality
implies first order gradient estimates of the Calderén-Zygmund type. We say that a probability
distribution yu satisfies the Poincaré inequality with constant Ay if for all f € H'(p), it holds

A;/Q—/}w03u</Wﬂ%w (12)

It is well known that the Poincaré inequality is equivalent to the following convergence in L?,

\nn - [t 1= [,

where P, is the semigroup generated by the operator £ for which u is a reversible probability
distribution, see e.g. [I] for details. Moreover, Cattiaux and his collaborators showed in [13]
that the Poincaré inequality also implies the following LP convergence of semigroups

P - [ ran 7= [ san

where K, = 2=, Ap = rpA2 and 1, = 2min (%, 1-— %) In the following lemma, we show that

< e M2t

L2(p)

S Kp 6—>\p t
L (p)

(13)

L (p)

the Poincaré inequality implies the first order Calderén-Zygmund estimate for all p > 2.

Lemma 1. Let p = e Vdz, V € CQ(Rd), be a probability distribution, let p > 2, and let
g € L), for q € [1,2] the conjugate exponent of p. If u satisfies a Poincaré inequality with
constant Ao, then the Poisson equation

Ef:g—/gdu (14)

10



admits a solution f satisfying the following first order Calderon-Zygmund estimate
Ve < Cp 1L e (15)

where Cp, = /2 (8\g) ™~ %,

Proof Recall that the operator £ generates an ergodic Markov semigroup given as a solution
of the parabolic equation 0;P,g = LP.g, and admitting x4 as an invariant distribution, i.e.
Vg, [ Pgdu = [ g, dp. We refer the reader to [2l, Part I] for a complete exposition. In particular,
this theory leads us to consider the following function

fz—/ooo (Pt(g)—/gdu)dt

as the solution of the Poisson equation which will satisfy the gradient estimate . Indeeed,
since u satisfies a Poincaré inequality, we can use , and we obtain

/fpdu=/</oo (Pt(g) —/gdu) dt)pdu

</ /gd,u dt
Lr(p
/ Kle Pty /gdu dt
LP(p)
P
ol /gdu :
p P LP ()

Now since p > 2, we have that ¢ € [1, 2], and therefore HVfH%q(M) < HVfH%Q(“) and [|Lf|[La(u) <
[[£f[|Lp(u) SO wWe can write that
/gdu

IV 1ago < = [ ££5d < W11z 1126 L <

LP(p

where for the first inequality we have used the integration by parts formula
[19sdu == [ sesap.

The gradient estimate is proved. O

Note that in the case p = 2, Inequality is in fact equivalent to the Poincaré inequality
(12), see e.g. [I]. We are now able to state the following result.

Theorem 4. Let y = e Vdz, V € C2(R?), be a probability distribution satisfying Cheeger’s
inequality
§(09) = by, min (u(©), 1 — ().

Then for all p > 2, the following first order LY — LP Calderén-Zygmund estimate holds
_1
IV fllzag) < V2 (V2hy) " I1LF] Lo, (16)

where q is the conjugate exponent of p, and Lf = Af —VV -V f.

Proof It is well known, see [14, [31], that Cheeger’s inequality

p(992) > hy, min (u(2),1 - u(Q2)),

11



implies the Poincaré inequality

x (f—/fdu)2du§/\vfl2du,

and moreover that the constant Ao in the Poincaré inequality satisfies

1 2
Ao > Sl

Combined with Lemma |1}, this gives the first order Calderén-Zygmund estimate (16]). O

Aknowledgements. I would like to thank Aldéric Joulin for encouraging me to write this
article, and also Xavier Lamy for helping me to tame the notion of total variation.
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