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Abstract

Mixed Finite Element (MFE) method is a robust numerical technique for solving elliptic and
parabolic partial differential equations (PDEs). However, MFE can generate solutions with
strong unphysical oscillations and/or large numerical diffusion for hyperbolic type PDEs. For
its part, Discontinuous Galerkin (DG) finite element method is well adapted to solve hyperbolic
systems and can accurately reproduce solutions involving sharp fronts. Therefore, the
combination of DG and MFE is a good strategy for solving hyperbolic/parabolic problems such
as advection — diffusion/dispersion equations. The classical formulation of the two methods is
based on operator and time splitting allowing for separate solutions to advection with an explicit
scheme and to dispersion with an implicit scheme. However, this kind of approach has the
following drawbacks: (i) it lacks efficiency, as two systems with different unknowns are solved
at each time step, (ii) it induces errors generated by the splitting, (iif) it can be CPU wise-
expensive because of the CFL constraint, and (iv) it cannot be employed for steady-state
transport simulations.

To overcome these difficulties, we develop in this work a fully implicit edge/face centered DG-
MFE formulation where the two methods share the same unknowns. In this formulation, the
DG method is developed on lumping regions associated with the mesh edges/faces instead of
mesh elements. Thus, the traces of concentration at mesh edges/faces, which are the Degrees
Of Freedom (DOF) of the hybrid-MFE, are also part of the DOFs of the DG. The temporal
discretization is based on the Crank—Nicolson method for both advection and dispersion.
Numerical tests are performed to validate the new scheme by comparison against an analytical
solution and to show its ability to handle steady-state transport simulations.

The procedure is developed for 2D triangular meshes but can easily be extended to other 2D

and 3D shape elements.
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Highlights
— Advection-dispersion solved at once by mixed and discontinuous finite elements.
— Comparisons with analytical solutions show the accuracy of the new scheme.

— Numerical tests show its ability to use large time steps and to achieve steady-state

simulations.
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1. Introduction

Numerous physical processes are described by mathematical models using partial differential
equations (PDEs) of elliptic or parabolic types (as for instance, steady-state diffusion or
transient energy conduction) or of hyperbolic type (advection, shock propagation). Nowadays,
many numerical methods exist to solve these PDEs, mainly based on finite volume or finite
element approaches. We will focus here on the solution of the advection-dispersion equation
(ADE) governing solute transport in porous media. Compared to diffusion, dispersion is an
anisotropic process, described by a full tensor which depends on the fluid velocity, contrarily
to diffusion, described by a scalar coefficient independent of the velocity. Therefore, according
to the velocity distribution and magnitude, the transport process can locally be either advection
or dispersion dominated. Moreover, the dispersion tensor is a full tensor which is discontinuous
over space. To address these challenges, mixed and discontinuous finite element methods have
become more and more popular over the last decades.

Mixed Finite Element (MFE) ([1], [2], [3]) is a robust numerical method, well adapted to
solving elliptic and parabolic diffusion problems such as fluid flow or diffusion transport
equations in porous media. The MFE method is locally conservative; it rigorously treats highly
heterogeneous domains with full permeability and dispersion tensors and can easily handle
unstructured meshes ([4]). MFE provides more accurate fluxes than conventional numerical
methods ([5], [6]) and is more accurate than Local Discontinuous Galerkin (LDG) method for
non-smooth grids ([7]). The hybridization technique, initially proposed by [8], allows for
reducing the number of unknowns of the original MFE and results in a final system with a
symmetric positive-definite matrix ([9], [10]). The unknowns with the hybrid-MFE method are
the traces (also seen as average values) of the scalar variable at mesh edges (2D) or faces (3D)
([2]). A lumped formulation of the MFE method has been developed in [11] to improve its

monotonicity and reduce the unphysical over- and under-shoots observed when simulations of
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diffusion with small time steps are performed ([12], [13]). When the classical MFE method is
employed for advection diffusion transport, it returns solution with spurious oscillations
because of the hyperbolic nature of the advection equation ([14], [15]). The combination of
MFE with an upwind scheme renders a stable solution but with excessive numerical diffusion
smearing the sharp concentration front in the case of advection dominated transport ([15]).
Discontinuous Galerkin finite element (DG) method is well adapted to hyperbolic problems
([14]). The method has been developed for hyperbolic ([16], [17], [18]) and elliptic equations
([19], [20], [21]). However, contrarily to DG applied to elliptic equations, the DG applied to
hyperbolic systems is clearly more accurate than other existing finite element methods ([22]).
The DG method yields a high-resolution scheme which is strictly conservative at the element
level and can accurately solve problems involving sharp front propagations ([14]). When used
with an explicit scheme, the time-step size has to fulfil the Courant—Friedrichs—Levy (CFL)
condition and a slope-limiting procedure is necessary to ensure the stability of the solution
([23], [24], [25]). The DG method can also be used with an implicit time discretization which
avoids both the CFL constraint and the slope limiting procedure ([26]). In the literature, DG is
often used with piecewise linear approximation and with degrees of freedom (DOF)
corresponding to the discontinuous interior concentrations at the nodes of each element (see,
for example, [2], [14], [27], [28]).

Both mixed and discontinuous finite element methods have the interesting property of
preserving mass locally, and as such, they can be linked to the finite volume method. For
instance, the MFE method was shown to be equivalent to some finite volume methods in ([29],
[30],[31]). For its part, the DG method is a high-resolution scheme for advection that maintains
the local conservation of finite volume methods but also allows for high-order approximations

through a variational formulation instead of a functional reconstruction [32].
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Thus, an efficient way to solve the ADE is to rely upon the most appropriate method for each
operator, that is, MFE for the diffusion operator and DG for advection. However, because MFE
and DG methods use different DOFs, their combination requires additional approximations. In
the literature, the combination has been ensured by operator and time splitting ([14], [27], [28],
[33], [34]), a procedure which is based on the following two steps (see [14] for details):

1.the advection equation is solved with the DG method to obtain the concentrations at the

new time level.
2. these concentrations are used as initial concentrations to solve the dispersion equation
with the MFE method.

The time splitting procedure has been employed in [35], [36] and [37] by coupling the implicit
MFE method in its hybrid form for dispersion with high resolution explicit finite volumes for
advection. In [38], it is suggested to use the linear Galerkin method instead of the MFE method
for the dispersion operator in the case of strong anisotropic dispersion tensor coefficients.
Note that one of the major drawbacks of the explicit time discretization of advection is a time
step selection based on the CFL condition which requires the time step to be less than the time
for flow to pass through one mesh element. The impact of this condition can be highly severe
in the case of local mesh refinement and/or locally high velocity magnitude such as around
injection or pumping wells. To alleviate this drawback, spatially variable time stepping
procedures have been developed to improve computational efficiency (e.g., [39, 40]), but their
usage remains scarce due to the difficulty of their implementation when the velocity field
changes at each time step.
To sum up, the classical MFE-DG combination based on operator and time splitting procedure
is convenient but has the following drawbacks: (7) the procedure is not very efficient since two
linear systems with different unknowns are solved at each time step, (i7) the procedure generates

splitting errors which can be important for large time steps, (iif) it can be CPU-wise expensive
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in the case of explicit time discretization of advection, and (iv) steady-state transport
simulations cannot be performed.

The main objective of this work is to develop a new and alternative coupling of the MFE and
DG methods that avoids these drawbacks. The basic idea in this formulation is to develop the
DG method on the lumping regions associated with the mesh edges/faces, instead of mesh
elements. In this way, the traces of concentration at mesh edges/faces, which are the DOFs of
the hybrid-MFE, are also part of the DOFs of the DG. This yields a unique system where
advection and dispersion are assembled and solved simultaneously. In this way, the proposed
scheme uses different numerical techniques that are specifically suited to achieve high accuracy
for each type of equation while avoiding the splitting procedure. Both advection and dispersion
are discretized with the Crank-Nicolson implicit time discretization which allows for both large
time steps and steady-state transport simulation in a single step.

The outline of the paper is as follows. Section 2, reminds us on the classical approach combining
MFE and DGs based on operator and time splitting. In Section 3, we present the lumped-MFE
for the discretization of the dispersive transport equation. In Section 4, we introduce the
edge/face centred DG method for advection and its combination with the lumped-MFE for
dispersion. Numerical experiments are reported in the last Section to investigate on the

efficiency and accuracy of the new approach for advection-dispersion problems.

2. The classical MFE-DG formulation for the advection-dispersion equation

In this section, we recall the main steps of the classical MFE-DG formulation to solve the

advection-dispersion equation, based on the operator and time splitting procedure.

2.1 The advection-dispersion transport equation
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The transport of a non-reactive solute in a saturated porous medium is governed by the
following advection-dispersion equation:

ocC
—+V. =0 1
& é’t + (qa + qd) ( )

where C is the concentration [ML ], & is the porosity [L*L ], ], #is the time [T], ¢, = ¢C is
the advective flux with ¢ the Darcy velocity [LT™'], and ¢, is the dispersive flux given by:
g,=-DVC (2)
with D, the dispersion tensor, expressed by:
D=D,I+(a,-a,)qg®q/|q|+a;|q1 (3)
in which ¢, and «, are the longitudinal and transverse dispersivities [L]. D, is the pore water

diffusion coefficient [L°T!] and 7 is the unit (diagonal) tensor.

Equation (1) is subject to the following initial and boundary conditions:

C(x,O):CO(x) xeQ

C(xt)=g (x.1) (xeoQ',t>0)

4
(qC_DVC)"IOQ =& (X,t) (xe@Qz,t>0) )

(-DVC).y1, =0 (xeoq’,t>0)
where Q is a bounded, polygonal open set of R?, 0Q',0Q" and 6Q’ are partitions of the
boundary 0Q of Q corresponding to Dirichlet, total flux, and outflow boundary conditions,
respectively and 7., is the unit outward normal to the boundary 6Q . The outflow boundary

condition considered in this work corresponds to a null dispersive flux (i.e., the solute exits only

by advection).

2.2 The operator and time splitting procedure
Operator and time splitting (e.g., [33]) offers the possibility to adapt the numerical technique to

each type of PDE. To this aim, the advection equation is solved first by writing:
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Cn+l,ad _ Cn
e—————+
At

V.(q,)=0 )
where C" is the known concentration at the previous time level (n) and C"™"“ is the

concentration at the new time level (n + 1) due to the advection process only.

In a second step, the dispersion equation is solved using C"*"** as the initial concentration:

Cn+1 _ Cn+1,ad
E—+V. =0 6

AL (‘Id ) (6)

where C"* is the final concentration at the new time level (n + 1) resulting from both advection

and dispersion.

2.3 The DG discretization of the advection part of the transport equation

The advection equation (5) solved by DG is usually approximated by linear functions (P1-DG)

on triangles:
3
Ce(x,3)= D 4:C; Q)
i=1

where C,, (i = 1,..,3) are the three DOFs for the approximated concentration.

The DOFs of the P1-DG generally correspond to the discontinuous concentrations at the nodes
([21, [71, [27], [28]). Thus, C; is the concentration at the node i of element £ and ¢ is the

classical linear chapeau interpolation function (see Fig. 1).
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Fig. 1. DOFs ( C},) for the classical P1-DG, linear chapeau interpolation function (¢, ),
Raviart-Thomas vector basis functions (w}), and diffusive fluxes (Q;, ) through the edges of

an element E .

Assuming a constant porosity over the element, the variational formulation of Eq. (5) on the

element E using the test function ¢, writes:

dCy (i i i 4 i g
D m i ¢ fdx + £ V.(¢Cdy ) dx— Z]: £ Clol gV fidx=0 8)

J

By approximating the Darcy velocity ¢ inside each triangular element £ with the lowest order

Raviart-Thomas (RTO) basis functions, the second term of Eq. (8) can be transformed into a

boundary element integral and evaluated using upstream concentrations as:

J‘V.(qC¢,’;: )dx = 23: ‘%‘ J- Eé*ﬁd}/ ©)

where Ci- is the upstream concentration at the edge OE; of element E . It is either calculated

as the approximation of the concentration in the element E in the case of outflow

) =/ . i . . . . .
(C e =Cg if Q) > O) , or the approximated concentration of its adjacent element E’ in the case

10
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of inﬂow(EfE* =Cr if Qg <O). Q) = I g, dy is the water flux (counted positive for
aE J

outflow) across the edge OF; of unit outward normal vector #,, and shared by the two adjacent

elements £ and E'.
Substituting Eq. (9) into Eq. (8) and using the three test functions @ leads to a local system of

ordinary differential equations for the DOFs of element £ and eventually for the DOFs of its

three adjacent elements. In the case of an explicit time discretization, this local system is
independently solved for each element £ to obtain C}*”, the concentrations at the node
i=1,..,3 of the element E at the new time level. In the case of an implicit or a & -scheme
temporal discretization, all local systems are assembled into a global system, then solved to

obtain all the C;*” of all elements. Then, the mean concentration at each element £ due to

. . . adv 1 2 i,adv
advection is calculated as the average of the three nodal concentrations [C Ed = 3 Z C; ¢ j and
i=1

used as a starting concentration for the solution of the dispersion equation.

2.4 The MFE discretization of the dispersion equation
The dispersive flux ¢, is approximated using the Raviart-Thomas (RTO) vectorial basis

functions wy:

3
9. :Zde,Ewl{E (10)
1

11
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where Q] , =qu.n_fd7/ is the dispersive flux across the edge OE, of element E and

J

A X—Xi o
wl = ﬁ{ E] is the RTO basis function ([4]), with (xg y[,) the coordinates of the node
y=yi

J opposite to the edge JF, of E and |E| the area of E (see Fig. 1).

The variational formulation of Eq. (2) (rewritten as VC =—-D'q ) over the element E using

the test function w} yields:

J’D;]qdwi,dx=JACV.w2dx—z I Cwy,.nldy (11)
E E /

J e,
where D, is the local dispersion tensor at the element £ and #}, the unit outward normal vector

to the edge OF;.
Using Eq. (10) and properties of w} (see [4] for details) results in:

> 05 [(D'w)) wide=C, —TC, (12)
J

E

where C, is the mean concentration at element £ and TC;, is the mean concentration at the

edge OE,. Inverting Eq. (12) yields the following expression for the dispersive flux Q;' I’

0, =>.B5"(C,—TC)) (13)

J

where ij = J. (D;wé).w;dx are the terms of a local matrix B”, assuming that the tensor D,
E

is constant over the element £ .
The MFE solution of the dispersion Eq. (6) is then calculated in two steps as follows:

Stepl: A finite volume (FV) discretization of the dispersion equation over the element £ is

written using an implicit scheme and starting with Ci":

E .
& %(CEM—I _ ngv)_'_ ZQ;IEH =0 (14)

12
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Substituting Eq. (13) into Eq. (14) gives C,"" as:

1 . .
CEn+1 — ﬂ_zachén+l +z_Engv (15)
E i E

[£]

in which «a, =;ij1‘1 , Ay =Za; , A =6 and B, =4, +a,.
Finally, plugging Eq. (15) with the dispersive flux Eq. (13) yields:

i
Q{lanJrl — Z[O!Ea}j _ijfleCé’nH _I_;_Ea‘i:cgdv (16)

j E E
Step2: At each interior edge OF, , shared by the two adjacent elements £ and E’, the continuity
of the dispersive flux is written as:

O =0 (17)
Thus, substituting Eq. (16) into Eq. (17) renders the final system solved to obtain the traces of
concentration at edges 7C;"*' at the new time level.

Knowing the values TC}""', the average concentration at the new time level C,""' can be

calculated using Eq. (15) and the nodal concentrations (the DOFs of DG) are updated by equally

distributing the change of mass due to dispersion in the element E :
C}[;Hl — C;'f,n + (CEn+1 _ C;dv) (18)

These nodal concentrations are then used as initial DG concentrations for the new time step

calculation solving Eq. (8).

3. The new edge-centered MFE-DG formulation

The previous classical MFE-DG formulation suffers from loss of efficiency. In the case of

implicit time discretization, two different systems must be solved at each time step, generating

13
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significant splitting errors in the case of large time steps ([30]). In addition, the scheme cannot
treat steady-state transport simulations. To overcome these difficulties, we present in this
section a new MFE-DG formulation where the two methods are developed with the same DOFs
on mesh edges. We rely upon the lumped formulation developed by [11] for the MFE method,
to which we combine the DG method developed on the lumping regions associated with the

mesh edges.

3.1 The lumped hybrid-MFFE method for dispersion transport

We consider a simplex region S, associated with each edge 6, of an element £ by joining
the centre of £ with the nodes j and & forming the edge i (Fig. 2). A lumping region R, (the
grey area in Fig. 2), is then associated with the edge i . It is formed by the two simplex regions
S, and S;. for an interior edge i, shared by two adjacent elements £ and E’. For a boundary
edge i, the lumping region R, is only formed by the single simplex region S .

The lumped MFE formulation is developed in two steps as follows ([15]):

Step1: The transient term is not considered, resulting in a dispersive transport over the element

E written as:
in+l
2.0, =0 (19)
with QZ"; the steady-state dispersive fluxes across the edges i.

Using Eq. (13), we obtain:

c, = ZETC;’"H (20)

i O

and Eq. (16) reduces to:

in+ ai aj - i n+
0, Z(— S I}Cé | @n

i\ O

14
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Step2: The transient term is allocated to the mesh edges and not to the element by simply writing

the FV dispersion equation over the lumping region R;:

aC
e—dx+|V.q,dc=0 22
[+ I 4, @2)

R,
where R, is associated with the edge i corresponding to AE, of concentration TC,, . This leads
to (see notations in Fig. 2):

E E' aTCl ij ,n+1 ik,n+1 ij ,n+1 ik,n+1
(%th’_}—i+gﬁ+gﬂ-w55+%f=0 3

3 "3 ) o
where Q’:Z“ are the (interior) dispersive fluxes through the edges of R,. Using Eq. (10), an

interior dispersive flux between the lumping regions R, and R; writes:

) 1/ . ,
ij,n+l1 _ J.n+l i,n+l1
Qd,E _E(Qd,E _Qd,E ) (24)
Hence, Eq.(23) becomes:

E E, aTCl i,n+ in+
[%th’_}—i—g;—g;=o ©3)

3 "3 ) o

Substituting Eq. (21) in Eq. (25), we obtain the final system to solve for dispersive transport in
the form:

It is worth noting that the solution of this system has an improved monotonicity compared to
the standard hybrid MFE formulation (see [11]). Indeed, with the lumped formulation, the
maximum principle is respected for parabolic diffusion equations on acute triangulations, which
is not the case of the standard mixed hybrid finite element method. For more general shapes of
2D and 3D elements, numerical experiments showed that the lumping procedure significantly

improved the monotonous character of the hybrid-MFE solution [11]. The lumped formulation

15



310  was applied to unsaturated flow and revealed more efficient and more robust than the standard

311  hybrid formulation for both unfractured ([41]) and fractured ([42]) aquifers.
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{.‘r" 54 }
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(if ]E mterface
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314 Fig. 2: The lumping region R, associated with the edge OF, , sharing the elements £ and
315 E' and formed by the two simplex regions S and S;. .
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3.2 The edge/face centred DG-MFE scheme for advection dispersion transport

The main idea of the new scheme is to combine an edge-based upwind DG method for advection
with the previously discussed lumped hybrid-MFE for dispersion. The DG method is developed
on the dual mesh formed by the lumping regions R, instead of the original mesh formed by the
elements E.

The concentration over each lumping region R, is approximated via linear basis

functions ¢" as:

3 ~
C(xt)=>C  x) (27)
m=1
where ( ~ are the new DOFs for the P1-DG concentration approximation.

For each lumping region R, centred at (;?i,yi), the new DOFs correspond to the edge

concentration 7C’ considered as the mean concentration at R,, associated with a deviation of

the concentration in each space direction ([18]) evaluated by the three following interpolation

functions:
¢ g 4 (x.y)=1
- Ox— ¢ (x,y)=x-%, (28)
C Oyl» 8 (x,y)=y-7.

The variational formulation of the whole transport equation (1) over the lumping area R, using

¢" as test functions writes:
[e—=tgrdx+ [V.(4C) g kdx+ [ (V.q,) 4 dx =0 (29)
R, ot R, R,

The first integral corresponds to the (mass) accumulation term:

3
j é) dx = ZO”(— b(//i(//l.'dx (30)
R, =1 é)t

17
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Using Green’s formula, the second integral in Eq. (29) is decomposed into:

[V.(aC)prax=[ C'¢qnydy - Z< B d (31)

R, R, 3

in which, the boundary integral is developed as (see notations in Fig. 2):

O

i ‘

[cigr d7/+QE ch ¢"1dy+gf ch¢ d7+%‘ [ Crgray

| ik ‘ ']‘E

IC¢ q’faRdV ‘

(32)
J|

where Q7 is the water flux across the interior interface E, (between R, and R;) of length ‘E

. ai-* is the upstream concentration at £, defined as:

Cr =A51Cl +(1-2F7)C) (33)
where aj (respectively EZ) is the concentration at the interface E; calculated by the
approximation (Eq. (27)) of the concentration in R, (respectively R;) and A5 is defined at E,

by:

. |1 ] >0
A oo (34)
0 if 7 <0

The third term in Eq. (29) corresponds to the dispersion integral, which is approximated by:

J'(V qd)¢mdx— ; (er;l +sz i+l +Qt/ n+l ik, n+1)J'¢mdx (35)

R; | z|
Using Eq. (24) in Eq. (35) renders:

[(Vag,)gdx= —L(Q‘ "y g ) j ¢ dx (36)

Substituting Eq. (21) in Eq. (36) results in:

i Il i /
[(V.g,)gdx = _%[Z[%% ~ B! }Tcg"“ + Z[M _B" }Tcg,"“ ] [grax @7
R;

R | i| 1\ % 1\ O

18



354  Hence, using the three test functions ¢" in Eq. (29) leads to the following local system:
¢
ot ~ ~ ~ ~
oC
Al — = (
(4] % =10

355 oC - - SRR - (38)
o |

356  with

= Ig¢il¢imdx, Bl,m = j@’q.V@mdx
R,

M, = E"‘QE‘IM'"WME*%IM dyw“‘QE‘Jqﬁqﬁ”dyw”f'QE [ dorar

N =(“E“E g lja 5. (ﬂB}w

o

N i

= (1-450) 2, N, = —“E“E—Bf,rlj@,@,m
‘ il E, A
ik

My, =(1-4"") O; [ digrdy, N2, = %_Bi{f,;'j@,,am
| 1k| 255

lm:(l ){’EU QE N;m: aéyaéy lj )5115
EU Oy
i ) 0( a

357 M), = ( —A" k |QE|I¢k¢ : N}, =| ZE " -Bf lj5 O
lk E'

358 If the edge oF, of element E is a boundary edge with a prescribed concentration

359 T_C_l:gl(x,t), the term [M1+N1] , in Eq. (38) is replaced by

voAaAp
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370

371

&
Eii \ Aii a;“é E~1 . . )
(l -4 ) pt| —— B 0 | and placed in the right hand side of the system to solve.
aE

0

If OE, is a boundary edge with a total flux O, =g, (x,t) , all the contributions of the element

E' are removed from Eq. (38). Finally, if the edge OF, is an outflow boundary with a null

diffusive flux, the total flux Q' in the system (38) is replaced by the advective flux fo( .

The time discretization of the system (38) is performed using an implicit & -scheme with for

both advection and dispersion, which leads to:

39)
Notice that the developed DG method comes down to the upwind finite volume scheme on the

lumping regions if the second and the third equations of system (39) are removed. In all the

simulations reported hereafter, the value of @ is fixed to 1/2, which corresponds to the Crank-

Nicolson scheme.

20



372

373

374

375

376

377

378

379

380

381

382

383

384

385

386

387

388

4. Numerical Experiments

The new DG-MFE formulation is first compared with an analytical solution. It is then used to
simulate: (i) solute transport in the case of surface contamination with a total flux boundary
condition, and (i7) in the case of a steady-state transport problem between an injection/extraction

well pair.

4.1 Comparison against the analytical solution
The analytical solution was developed by [43] for a simplified 2D transport problem (Fig. 3)

and was employed by [14] and [15] for the verification of numerical codes. The domain is a

rectangle of dimension (0—100m)x(0—40m) with a uniform flow from left to right (Fig. 3).

Impermeable boundary

— I
—s ¢ Saturated porous medium
q :0.5m/d c=0.5
! —> g(l Tl e
q,=0 — >0 & <o
y i 3 <
- o
o
—
Impermeable boundary

100m

Fig.3. Description of the problem of transport in a 2D domain with a uniform flow.

A Dirichlet boundary condition is prescribed for the concentration at the inflow boundary with:

0 for 0<y<12
C=<1g/l for 12<y<28 (40)
0 for 28<y <40

The right side is an outflow boundary (null diffusive flux) and the lateral (no flow) boundaries
are impermeable. The fluid flow is uniform over the domain with a constant horizontal velocity

q. =0.5 m/day imposed at the left boundary and a uniform porosity & =0.5. The simulation
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is performed for a final simulation time T = 30 days.

The analytical solution to this test case for an infinite domain is given by [43]:

x -12 28— (x—z)
C(omt) e[| 2712 || 22y (Ll 2T)
anal}( y ) (167[aL )1/2! { f{(4arr)1/21| f|:(4aTT)l/2 p 46{L’Z'

(41)

with erf (x exp(—rz)dr.

— 2 i
=7
The domain is discretized with an unstructured triangular mesh formed by 4000 elements.
Although, the test case involves a uniform velocity field, a local refinement is performed around
the point (30m, 15m) to obtain a highly unstructured mesh with significant differences in the
distribution of the Courant and grid Peclet numbers inside the domain. Furthermore, we located
the refinement in the expected transition zone, where the gradient of the concentration is high,
in order to detect the eventual impact of the mesh on the solution.

The comparison between the analytical and numerical solutions is performed for three test
cases, from highly convective to highly dispersive scenarios (Table 1), characterized by their
Peclet number defined for the investigated horizontal flow as:

>[of]

Pe, , =———
L’T 20‘””‘1”

(42)

where Pe, ;. is the grid Peclet number in either the longitudinal () or the transverse (7) direction
and ||q|| is the velocity norm. The different values of dispersivities (&) are given in Table 1

with the range of Peclet numbers (irregular grid).

Test case a,(m) «a,(m) <Pe, > (-) Cp, ()  <Pey> (-) Cpe, ()
TC1_A 0.05 0.01 27.3 13.3 136.3 66.7
TC1_AD 0.5 0.2 2.73 1.33 6.81 3.33
TC1 D 5.0 1.0 0.273 0.133 1.36 0.66
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Table 1. Dispersivities and Peclet numbers (average and standard deviation) for the different
test cases (_A stands for advective dominant, AD for advective-dispersive, and D for
dispersive dominant transport).

The three test cases are simulated using a large time step of Af =1d. It is worth noting that the
new developed scheme is not constrained by the CFL condition since we use an implicit
scheme. This feature departs from the classical approach, based on operator and time splitting
(Egs (5)-(6)) with an explicit time discretization for the advection operator and an implicit

discretization for dispersion [14, 27, 35, 36 and 37]. For stability reasons, the explicit time

discretization requires the strict respect of the CFL condition (CFL < 0.5), with a CFL defined
by [44]):
210/
CFL=-——At (43)

2|E|

where |E| is the area of element E.

Thus, for the classical approach with an explicit time discretization, the time step should be less
than a critical value Af, =0.04d corresponding to (CFL = 0.5). This critical time step

corresponds to the smallest element in the domain since the velocity field is uniform. The time
step with the new model is therefore 25 times greater than that allowed by the explicit scheme.
This gain can be much more important if the CFL constraint is more severe, as for instance, in
the presence of an injection or a pumping well, where the region around the well is usually
characterized by mesh refinement and high velocities.

Fig. 4 depicts the numerical and analytical concentration profiles at x = 20m and y = 20m for
the three test cases. Sharp longitudinal and transverse concentration profiles are observed for
the advection dominated scenario (TC1_A) whereas, widely spread concentration fronts are

obtained in the dispersion dominated test scenario (TC1_D).
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The results of the three test cases show a very good agreement between the analytical and the
numerical solutions. These results validate the new edge-centered DG-MFE model as able to
accurately simulate solute transport in a wide panel of settings from advection dominated to

dispersion dominated transport.
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Fig. 4: Analytical and numerical concentrations for longitudinal profiles at x = 20m and
transversal profiles at y = 20m for the three test cases.
To investigate the order of convergence of the edge-centered DG-MFE formulation, the
advective-dispersive test problem TC1_AD is simulated using different mesh sizes. We start
with a uniform unstructured mesh formed by 1004 triangles and fix the time step to a small
value of Af=0.01d for all simulations. In each level of refinement, each triangle is subdivided

into four similar triangles, by joining its three mid-edges of the initial triangle. The L, error
(L,Er) is then calculated at the simulation time 7, =20d for the different meshes. The runs

are performed on a single computer with an Intel Xeon E-2246G processor and 32 GB memory.
The results of the simulations, plotted in Fig. 5, show an average order of convergence in space

of 1.63 for the investigated TC1_AD test problem.
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Fig. 5: Convergence in space of the edge-centered DG-MFE formulation for the TC1_AD test
problem.

To investigate the convergence in time, the TC1_AD test problem is simulated using a fine

spatial discretization formed by 16064 elements and different time steps for 6 =1 (full-implicit)

and @ = 0.5 (Crank-Nicolson) schemes. Results in Fig. 6 show that both schemes yield an order

of convergence around 1. Nevertheless, the Crank-Nicolson scheme is much more accurate than

the implicit scheme. For a given space and time discretization, the L, error with the Crank-

Nicolson scheme is on average 2.3 lower than that of the implicit scheme (Table2).
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459
460 Fig. 6: Convergence in time of the edge-centered DG-MFE formulation with @ =1 (implicit)
461 and 6 = 0.5 (Crank-Nicolson) schemes for TC1_AD test problem.
462
At L Er L'Er L7 Er| L7 Er CPU time (s)
2 3.2 4.57 1.43 0.7
1 1.38 2.77 2.0 1.0
0.5 0.6 1.57 2.6 1.65
0.25 0.29 0.84 2.9 3.0
0.125 0.14 0.44 2.6 5.62
463 Table 2: Convergence in time of the edge-centered DG-MFE formulation for TC1_AD test
464 problem.
465 4.2 Transport simulation with total flux boundary condition

466  The proposed edge-centered DG-MFE formulation is well adapted to simulate transport
467  problems involving total flux boundary conditions since advection and dispersion are treated in

468  asingle system. A 2D transport problem is simulated with a total flux boundary condition over
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469  the same domain as that of the previous test case TC1.

470  The boundary conditions for flow and transport are described in Fig. 7. The hydraulic

471  conductivity of the porous material is K =10m/d . The prescribed total (advection and

472  dispersion) lateral solute flux is ¢, =1g / (mza’ ) and the injected water flux is ¢, =0.2m /d .
q,=0.2m/d

q. :lg/[ m*d)

150”‘3 Impermeable

: !
10m Saturated porous medium

K =10m/d a, =2m da-=0.5m

Head 100m
Head 90m
40m

Impermeable
-

100m
473

474 Fig. 7: Description of the 2D transport problem with lateral injection as a total flux boundary
475 condition.

476  To obtain the velocity field, we first solve the following steady-state Darcy’s flow:

V.q=qs

477 (44)
q=—-KVH

478  where q is the Darcy velocity [LT'], ¢, the source/sink term [T™'], H the water head [L], and

479 K the hydraulic conductivity tensor [LT™].

480  The flow system is solved with the mixed finite element method ([4]) under the corresponding

481  Dirichlet (prescribed head) and Neumann (prescribed flux) boundary conditions reported in Fig.

482 7.
483  Since there is no analytical solution for the investigated problem, the transport solution of the

484 new DG-MFE scheme is compared to the solution obtained with COMSOL multiphysics
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software v. 6.1. (www.comsol.com) which is based on the standard Galerkin Finite Element
(GFE) method. Two test cases are investigated: TC2 A (advection dominated) with
a, =0.02m and «, =0.005m, and TC2_D (dispersion dominated) with «, =2m and
a, =0.5m.

The concentration distributions at t = 60 days for both cases are plotted in Fig. 8. For the case
TC2 A, the solute remains near the injected lateral boundary of the domain, whereas, for
TC2 D, solute is more spread over the domain because of large transverse dispersion. Results
in Fig. 6 show a very good agreement between DG-MFE and GFE solutions in the case of high
dispersion. When advection is dominant, a less satisfactory agreement is observed between the
two solutions. The DG-MFE solution shows a sharp solute interface (see the tight iso-
concentration lines in Fig. 8), while the interface is smoother with the GFE scheme due to
numerical diffusion. Notice that in both test cases and for both DG-MFE and FE models, the
concentration at the injection region is not fixed but calculated during the simulation to fulfill
the total (advection + dispersion) flux conditions. For TC2_ A, the concentration at the injection

region reaches 4.96 g/l. For TC2_D, it is lower, due to dispersion (C= 2.8 g/l).
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Fig. 8. Concentration distributions for transport with a prescribed total flux boundary
condition. Results of FE (color map) and DG-MFE (dashed lines) models for TC2 A (top)

and TC2_D (bottom).

For a deeper comparison between the two models, we plot in Fig. 9 the evolution of
concentrations near the injection region, at the observation point located in (x =20m,y = 40m)

. There is a very good agreement between the GFE and DG-MFE breakthrough curves for the
case TC2_ D with high dispersion. For TC2 A, the breakthrough curve from the GFE model

shows unphysical oscillations near the sharp concentration front, those being absent from the

DG-MFE results. Notably, by neglecting dispersion and assuming a total flux as that of

advection only, the concentration at the injection region should be C = 4 _5 g/l. When
9w

dispersion is present, the concentration C should always be smaller than C (red line in Fig. 9).
The asymptotic value reached by the DG-MFE model at the observation point is 4.96 g/l (Fig.

9), whereas the GFE model shows an asymptotic concentration value of 5.12 g/l which is

unphysical since it exceeds C . These results highlight the very good accuracy of the DG-MFE

model for advection-dominated transport problems with total flux boundary conditions.
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Fig. 9. Concentration evolution at (20m,40m) with the GFE and DG-MFE schemes.

4.3 Steady-state transport simulation of an injection/extraction well pair problem

This test problem considers the contamination of a 2D confined homogeneous domain where
the flow field is induced by a pair of extraction (sink) and injection (source) wells in an initially
uniform sweeping flow over the whole modeled area. The domain has a square shape of

100m x100m (Fig. 10) with initial (before the wells are active) uniform flow, occurring from
the left side, with head fixed to #, =102m and inlet concentration fixed to C, =0 , toward the
right side, with head fixed to #, =100m and a null diffusive flux for transport. The hydraulic
conductivity is 2m/d and the longitudinal and transverse dispersivities are «, =2m and
a, =0.5m, respectively. The lag distance between the sink and source terms is 18 m. Solute is
injected at a fixed rate of 3m?/d at the location (x = 41m, y = 50m) and extracted at (x = 59m,

v = 50m) where the hydraulic head is prescribed at H

extract

=98m . An unstructured triangular

mesh with local mesh refinement in the vicinity of the injection and extraction wells (Fig. 10)
is used for both flow and transport simulations.
The flow problem is solved by the MFE method ([4]). The hydraulic head distribution and path

lines representing fluid particles trajectories are drawn in Fig. 11, showing that the extraction
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well captures almost all the water from the injection and a fraction of water coming from the

left boundary. Although the head at the sink (H
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=98m) is less than that of the right

boundary (H = 100m) , no flow occurs from the right boundary toward the extraction well.
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Fig. 10. Results of the flow simulation for the injection/extraction well pair problem.

In this example, we are interested in the distribution of a solute invading the system from a
continuous injection to a distant continuous extraction, the whole resulting in a steady-state
solute plume. The direct steady-state simulation is not possible with the classical DG-MFE
formulation based on operator and time splitting. In addition, the long-term transient simulation
of transport until reaching the steady-state solution is hardly affordable with classical DG-MFE.
Usually, the classical formulation is associated with an explicit time discretization of the
advection operator which requires the strict respect of the CFL criterion. In the present test case,
the high magnitude of velocities and the small element size in the vicinity of the injection and
extraction wells, would imply a time step of Az <1.3107d to respect the CFL criterion. Given
that the steady-state regime (when the total mass in the system becomes constant) is reached at

approximately 7 =5000d , the classical approach with an explicit scheme would requires
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4x10° time steps to reach the steady-state regime.

The new DG-MFE numerical scheme can be employed to obtain the steady-state solution in a
single step only requiring 0.3s of CPU time. Fig. 11 compares the solution from the steady-state
calculation and that of a transient simulation (also performed by solving Eq. (39)) using 5000
time steps of At =1d . In the latter, the whole simulation needs for approximately 87s of CPU
time.

A very good agreement is observed between the steady-state and the “transient” solutions (Fig.
11), while the steady-state calculation is approximately 300 times faster than the transient
calculation. Fig. 11 also reports on the steady-state solution obtained with a fully upwind MFE
method (described in [15]) in which the MFE is complemented by an upwind scheme for
advection to avoid unphysical oscillations due to the hyperbolic nature of the operator. As
expected, the steady-state solution from the fully upwind MFE scheme shows (dashed iso-
concentration lines in Fig. 11) large numerical diffusion, which renders it less accurate than the
DG-MFE solution.

These results point out the accuracy of the new DG-MFE scheme compared with the fully
upwind MFE solution; they also highlight how efficient the new scheme can be for single-step
steady-state simulations (and also here, accurate for implicit transient simulations even with

large time steps).
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Fig. 11: Results of transport simulations for the injection/extraction pair problem. Steady-state
DG-MFE simulation (black lines), transient DG-MFE simulation using 5000 time steps of 1

day (color maps), and steady-state upwind-MFE simulation (purple dashed lines).

5. Conclusions

We propose in this work a new DG-MFE scheme to solve the advection-dispersion equation.
The DG method is developed over the lumping regions associated with the mesh edges and is
combined with the lumped MFE method. The DOFs of DG are the mean concentration on the
lumping region complemented by the deviation of the concentration in each space direction.
This allows for obtaining a single system of equations with common DOFs (edge concentration)
for both advection and dispersion discrete operators. The temporal discretization is based on
the Crank—Nicolson method for both advection and dispersion.

The accuracy of the new DG-MFE formulation was investigated using three types of problems

involving a full dispersion tensor. The first test problem highlights the accuracy of the DG-
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MFE model by comparing the calculations with analytical solutions for highly advective
transport problems, moderately and highly dispersive problems. The results of the new DG-
MFE model showed very good agreements with the analytical solution for all the investigated
scenarios. The second test case handled a transport problem with a total flux boundary
condition. For this problem, the DG-MFE solution was compared to the GFE solution obtained
with Comsol software in the cases of both advection-dominated and dispersion-dominated
transports. The results showed a very good agreement between the GFE and DG-MFE
concentration curves in the case of high dispersion. In the case of high advection, the
concentration profile with GFE concealed unphysical oscillations and reached anomalous
asymptotic concentration values. These drawbacks are avoided with the new DG-MFE model.
Finally, the DG-MFE model was used for the steady-state transport simulation with sink and
source terms. A very good agreement was obtained between the steady-state and the long-term
transient simulation results, while, the steady-state calculation required approximately 300
times less CPU time than the transient calculation. The steady-state problem was also simulated
with the fully upwind MFE method which resulted in a solution with large numerical diffusion.
These results highlight the efficiency of the new DG-MFE model for steady-state transport
simulations that cannot be performed with the classical approach. They also point out the
accuracy of the obtained solution as compared to the fully upwind MFE solution.

The 2D formulation is quite generic and can be extended to 3D tetrahedral elements without
too much complicated numerical developments. These numerical investigations are under

progress.
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