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Abstract

Numerical simulation of gas flow in low permeability formations is a challenging task due to
the high nonlinearity induced by (i) the compressibility of the gas, (if) the Klinkenberg
slippage effect and (ii7) the Langmuir adsorption of the gas on the pore surface. Because of
these nonlinearities, modeling gas flow in low permeability formations requires a great deal of
computational effort. In this work, we develop an efficient numerical model using advanced
spatial and temporal discretization methods for a simultaneous solution of the coupled
equations of gas flow, cubic Peng-Robinson equation of state, slippage effect and Langmuir
adsorption.

The spatial discretization is performed with the lumped hybrid formulation of the mixed finite
element method which is well adapted for fluid flow in heterogeneous porous media. The time
integration is performed with high-order methods via the method of lines (MOL) which
allows large time steps and efficient solution of the nonlinear system of equations.

Numerical experiments, performed for gas extraction in a heterogeneous domain, point out
the high efficiency of the new model since it can be until 10 times more efficient than the
classical first-order time discretization method. Results of global sensitivity analysis show
that the intrinsic gas-phase permeability and the Klinkenberg factor are the most influential
parameters controlling the pumping rate in the case of gas extraction in a homogeneous
domain.

Keywords:

Gas flow, Klinkenberg slippage effect, Langmuir adsorption, Mixed Finite Element, Method

of Lines, Global sensitivity analysis.
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1. Introduction

Gas flow in porous media can be encountered in several areas such as, natural gas
engineering, CO> sequestration in subsurface reservoirs, contaminant transport and
remediation, as in the case of vapor extraction to clean up contamination in shallow aquifers
(Baehr and Hult, 1991; Essaid et al., 2015; Hughes et al., 2012). For all these areas, numerical
models are powerful tools for understanding and optimizing studies of gas flow in porous
media.

Numerical simulation of gas flow in low permeability formations is more complex than liquid
flow (Jia et al., 2017; Shabro et al., 2011). The complexity is mainly related to the
nonlinearity induced by (7) the high compressibility of the gas, (i) the slippage effect and (iii)
the adsorption of the gas on the pore surface. The first nonlinearity is related to the
compressibility of the gas which often needs to be calculated by solving the cubic Peng-
Robinson (Peng and Robinson, 1976) equation of state (EOS), in which the coefficients are
dependent on the gas pressure. Thus, due to the compressibility of the gas, the fluid flow
equation and the EOS of gas are coupled and have to be solved simultaneously, which induces
a strong nonlinearity and requires excessive computational time. The second nonlinearity is
related to the non-Darcy Klinkenberg (1941) effect which represents the slippage effect in
low-permeability formations. This phenomenon occurs because in micro and nano pores, the
no-slip surface condition may not be satisfied. The Klinkenberg effect is the origin of a
nonlinear dependence of the effective permeability on the gas pressure and can have a
significant impact on the gas flow behavior. Finally, the last nonlinearity is related to the
adsorption of the gas on the pore surface which is often described by the nonlinear Langmuir

1sotherm model.
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Due to these nonlinearities, modeling gas flow in low permeability formations is a difficult
task that often requires high computational cost. Several techniques have been developed to
improve the efficiency of the numerical solution of fluid flow in porous media such as domain
decomposition (Wang et al., 2005), parallel computing (Wu et al., 2002) or multigrid methods
(Bastian and Helmig, 1999). Various numerical models (El Amin et al., 2018, 2017;
Huyakorn et al., 1994; Li et al., 2020; Pruess, 1991; Salama et al., 2017; Samuel and
Muggeridge, 2020; Shabro et al., 2011; Wilson et al., 1987; Xiao et al., 2017) have been
developed for gas flow in porous media. Some specific techniques have been proposed to
reduce the computational burden associated with the solution of the gas flow equation in low
permeability formations. For instance, Li et al. (2020) proposed to replace the original model
with a surrogate one that uses a low dimensional space with small degrees of freedom (DOF).
The surrogate model allows a substantial reduction of the computational cost, however, the
accuracy and efficiency of the solution is highly sensitive to the selection of the modes in the
surrogate model (Li et al., 2020). El Amin et al. (2018) used a semi-implicit scheme for the
time discretization with the Mixed Finite Element (MFE) method for the simulation of gas
flow in tight geological media. The semi-implicit numerical scheme keeps all nonlinear terms
at the old time level and, as a consequence, the nonlinearity is removed and no Newton
iterations are required. However, although convenient, it is known that semi-implicit
numerical schemes can suffer from loss of accuracy and stability constraints for highly
nonlinear problems.

In this work we develop an efficient model based on advanced spatial and temporal
discretization methods for a simultaneous solution of the coupled equations of gas flow and
EOS with nonlinear slippage and adsorption. The spatial discretization is performed with the

lumped formulation of the MFE method on general triangular meshes. Further, to reduce the
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computational burden of the solution of the nonlinear system of equations, the time
integration is performed with high-order methods via the method of lines (MOL).

The Mixed Finite Element (MFE) method (Brezzi and Fortin, 1991; Chavent and Jaffré, 1986;
Younes et al., 2010) is well adapted for solving elliptic diffusion problems. The method
ensures local mass conservation and can easily handle heterogeneous domains with
discontinuous parameter distributions and unstructured meshes. The hybridization technique
yields a final system with a reduced number of unknowns and a symmetric positive definite
system matrix (Chavent and Roberts, 1991). A lumped formulation of the hybrid-MFE
method was developed by Younes et al. (2006) and allows: (i) to improve the monotonous
character of the hybrid-MFE solution (Koohbor et al., 2020; Younes et al., 2006) and (ii)
unlike the standard method, it keeps the time derivative continuous which allows employment
of high-order time integration methods. Thus, sophisticated ODE solvers, where the order of
the time integration as well as the time step size are optimized during the simulation, can be
employed. Notably, the DASPK time solver (Brown et al., 1994) was shown to be very
efficient in solving saturated and unsaturated fluid flow and mass transport equations in
heterogeneous porous media (Younes et al., 2022, 2011, 2009). This solver is employed here
to solve the fully coupled nonlinear system of equations of gas flow and Peng-Robinson EOS
with slippage effect and nonlinear adsorption.

The article is structured as follows. In section 2, we recall the mathematical model governing
gas flow in low permeability formations. In section 3, we develop the spatial discretization
based on the lumped-MFE method that we combine with high-order time integration methods.
In section 4, numerical experiments are performed to investigate the efficiency of the new

model. Section 5 concludes the study and reviews the main findings.
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2. The mathematical model for gas flow in low-permeability
media

The mass conservation of gas transport through low-permeability formations, taking into

account the loss of mass of gas per adsorption is:

2(p9)  2[(1-9).]
ot ot

+V.(pu)=0, (1)

where p is the gas density (kg/m?), ¢ (-) porosity, g, the mass of gas adsorbed per solid
volume of rock (kg/m?), u(m/s) the Darcy velocity of gas and Q, the external sink/source
term (kg/m>/s).

Gas flows in porous media differently from liquid. As gas is transported through small pores,
some of the gas adheres (clings) to pore surfaces due to the diffusion of gas molecules. The

most common adsorption model used to estimate the amount of adsorbed gas is based on the

Langmuir isotherm (Civan et al., 2011; Cui et al., 2009; Foo and Hameed, 2010) :

M, vV
G =—"—— 2)
Via PL+D

where p, (kg/m®) denotes the material density of the porous sample, ¥, (m’/kg) is the
Langmuir gas volume, ¥, (m*/mol) is the molar volume of gas at standard temperature
(273.15 K) and pressure (101325 Pa), p (Pa) is the gas pressure, p, (Pa)is the Langmuir gas
pressure and M, (kg/mol) is the molecular weight of gas.

The gas density p (kg/m?) is given by the real-gas equation of state as:

_ e P
p= ~ 3)

where Z (-) is the real gas deviation factor also named Z-factor, T (K) is temperature

(considered constant in this work), and R, is the universal gas constant (8314 J/kmol/K).
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Several methods can be used to calculate the Z-factor, such as empirical correlations
(Mahmoud, 2014; Wang et al., 2023), neural networks (Baniasadi et al., 2012), genetic
algorithms and optimization methods (Chamkalani et al., 2013), molecular dynamics
simulations (Moiseeva and Malyshev, 2019) or by solving the implicit EOS.

Empirical correlations are the easier and faster methods but are usually developed using
specific data set and are therefore not accurate. The EOS is the most accurate method but is
difficult to solve because of its highly nonlinearity. There are several EOS in the literature,
among them the Var der Waals EOS, the Redlich-Kwong EOS, and the Peng-Robinson EOS.
In this work, we choose the Peng-Robinson EOS since it is one of the most useful and
successfully applied models in petroleum engineering (Lopez-Echeverry et al., 2017).

The cubic implicit Peng-Robinson EOS can be expressed as follows (Elliott and Lira, 2012):

2 ~(1-B)Z* +(4-2B-3B")Z~(AB-B’-B’)=0 (4)
where
A~ 0.45724(1 +x(1-1" ))2 % and B~ 0.0778’;—: (5)
with
K~ 0.37464 +1.542260—0.269920° (6)

where, @ is the acentric factor (-), p. = p/p. and T. =T/T. are reduced pressure (-) and
reduced temperature (-), respectively, with p, and T, the critical pressure (Pa) and the critical

temperature (K), respectively.
Neglecting the compressibility of the porous medium as compared to that of the gas, Eq. (1)

writes:

6L 04 (1-9) 2 L (pu) =, )
Using Eq. (2) and Eq (3), we obtain
p =£[1_G_Z£]
dp R]TZ op Z @®

09,4 _ 'OsMg V.p,
oV (p+p)
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Neglecting gravity, the conservation of momentum of gas flowing through the porous medium

writes:
u=-"vp ©)
7,

where 1 (Pa-s) denotes the dynamic viscosity of the flowing gas and k (m?) the effective
permeability.

In low permeability formations, the gas permeability is enhanced by ‘slip flow’” due to
molecular collusions with the pore wall rather than with other gas molecules (Wu et al.,
1998). This effect, named Klinkenberg gas slippage effect, may have a significant impact on
gas flow behavior, especially in low permeability formations (Reda, 1987). According to

Klinkenberg (1941), the effective gas permeability at a finite pressure is given by

k=ko{1+£] (10)
p

where k, (m?) is the absolute gas-phase permeability under very large gas-phase pressure,
also called intrinsic permeability, and £ (Pa) is the Klinkenberg factor. This factor depends
on the pore structure of the medium and the temperature for a given gas. Jones (1972) found
that S generally decreases with increasing permeability.

Combining Eq. (9) and Eq. (10) with Eq. (3) gives:

q=pu=—KVp (11)
where
M
K=o g Pl B (12)
URT " Z p

Using Eq. (8), the mass conservation Eq. (7) can be written in the following form:

op
C,—+Vg=0 13

where
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C, :¢_g[1_£a_2]+(1_¢) M, Vip, . (14)
’ RgTZ VA 8p Vstd (pL +p)

The derivative of the cubic Eq. (4) yields:

0z 1-BZ'-(4-2B-6B*)Z+(24B-2B*-38’)

oz 15
o p 372’ -2(1-B)Z+(A-2B-3B) (2
which gives:
M BZ* +(A-2B—-6B*)Z —(24B-2B* -3B’ M
Cf=¢_g 1_{_1 ( ; ) ( - ) +(1_¢)ps g VLpL .
RIZ| Z 37 -2(1-B)Z+(4-2B-3B) Ve (pL+D)
(16)

Thus, modeling compressible gas flow in low permeability formations using the fully implicit
scheme requires the simultaneous solution of the coupled Eq. (13) (in which we substitute Eq.
(16), Eq. (11) and Eq. (12)) and Eq. (4) (in which we substitute Eq. (5) and Eq. (6)). The
unknowns of this highly nonlinear coupled system of equations are the gas pressure p and

the compressibility factor Z .

3. The numerical model

An efficient numerical model is developed in this section to accurately solve the highly
nonlinear coupled equations of gas flow and EOS with slippage and adsorption. The model is
based on advanced spatial and temporal discretization methods. The lumped MFE method is
employed for the spatial discretization and the time discretization is performed with high-

order time integration methods via the MOL.

3.1 Spatial discretization with the lumped MFE method
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With the lowest-order MFE method, the vector ¢ inside each triangular element E is

approximated with the linear Raviart-Thomas basis functions (see Younes et al. (2010) for

details):
3
q4=2.0/w; (17)

where Qf = I q.nf is the mass flux across the edge OE, of F, qf is the outward unit
OE;

E
1|5 . : ) . .
normal vector to JE; and wf = —[ ’ } is the Raviart-Thomas basis functions (Raviart

2|E[| y—y*
and Thomas, 1977) with (xf , yf) the coordinates of the node j faced to the edge O, of E
and |E| the area of F.

The variational formulation of Eq. (11) on the element E, using w;" as test function writes

I(K qlw —Ipr ijw —ZIpw (18)

E JcE

Using properties of w/ (see Younes et al., 2010), Eq (18) simplifies to

Z =p:—Tpf (19)
where B” is the elemental matrix of terms ij = I(K LE wf ).wiE , Pp 1s the mean pressure at

E

the element £ and Tp” is the mean pressure at the edge OF, .

Inverting Eq. (19) gives the mass flux O as:
O =6"p,~ 2.8, Ty} (20)
J

where 6" = ZB“E.

10
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With the lumped formulation of the MFE method (see Younes et al., 2006), the stationary and
accumulation parts of the flux are distinguished and the storage term is associated to the edge

as:

oTp/

0F =0, +0F - AF > @1)

1 : : . .
where QSE_I. =— j Q. is the sink/source term associated to the edge OE, of the element £ with
ne

. |E| .
ne the number of edges of E (ne=3 for a triangular element), A° :n—eC / ( pE,ZE) is the

compressibility coefficient associated to OE, and Q, is the steady state mass flux given by

5ESF
(T @

(see Younes et al., 2006):

—F

NII
~M

where 5° =Y 5"

Using the continuity of the trace of pressure (T v, =Tpf =Tp/ ) at the edge i between the two

adjacent elements E and E’, the continuity of the flux (QiE +0F = 0) across i writes:
\ OTpE 5E5E 5E 5E :
e LR T LT R
¢ 7 ' a
This equation is written for all the edges of the mesh, which gives the final system to solve.

Notice that the obtained system is highly nonlinear since the coefficients K* =K (Z,, p; ),

B =B (Z,py) . AE=AE(Zppy) . 85 =0%(Z,.p,) and &F =6%(Z,.p,) are
dependent on the sought pressure p, and factor Z, .

It is known that time solvers can ensure accurate and stable evolution of the solution in time

for ODE systems, while some difficulties can be encountered for the solution of DAE systems

11
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as the iteration matrix for DEA can be ill-conditioned when the time step is reduced (Brenan
et al., 1996). To overcome these difficulties, a small transient term is added to the nonlinear
algebraic cubic Peng-Robinson EOS to converted it to an ordinary differential equation. The
added transient term is negligible in the PDE since it is multiplied by a very small factitious
storage coefficient. The obtained transient Peng-Robinson EOS on the element E writes

dZtE +7,—(1-B)Z; +(A-2B-3B*)Z, —(4B—B* - B’)=0 (24)

SE
where the parameters A(p,) and B(p,) of the cubic equation are functions of the gas

pressure p, (see Eq. (5)) and s, is a very small fictitious (SE le‘lo) storage coefficient

used to enhance the convergence of the ODE time solver.
3.2 Time discretization with high-order integration methods

With the MOL, all the spatial derivatives are discretized, while the time derivatives remain
continuous (see Eq. (23) and Eq (24)). Subsequently, time integration is performed using
high-order methods which allow larger time steps and less effort in the nonlinear solver
compared to the low-order methods (Farthing et al., 2002). In addition, high-order methods
are often combined with efficient time-stepping schemes where the time-step size is
optimized in order to reduce the computational cost while maintaining a given temporal
discretization error.

The equations (23)-(24) on all elements £ are gathered into a single implicit system of

ordinary differential equations (ODEs) of the general form

F(t,y.y")=0 (25)
where y:[(T D)t e s (Ze) ot elements:| is the vector of unknowns formed by: (i) the

pressure traces at all the edges of the mesh (except boundary edges with prescribed pressure),

12
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and (ii) the Z-factor at all the elements and y’= [(GT P,/ ot) (0Z, /o)

Thus, the number of unknowns is approximately the number of edges plus the number of
elements.

The system (25) is integrated in time with the DASPK time solver (Brown et al., 1994).
DASPK uses a variable order (up to five) time integration method based on the Fixed Leading

Coefficient Backward Difference Formulas (FLCBDF) which has good stability properties.

The kth-order FLCBDF method transforms the system F(z,,y,,y,)=0 at the time

t, =t, , +h with the solution history y, ,,...,y, , to a nonlinear system F (tn, y,.ay, +5) =0

n

where d and b depend on the order k, the step size /, and the solution history (Brenan et

al., 1996). The obtained nonlinear system is then solved with the Newton method using finite
difference approximation of the Jacobian matrix J . To improve efficiency, the same Jacobian
is used over as many time steps as possible and is updated only when the nonlinear solver
fails during time stepping. Further, the terms of J are calculated using the column grouping
technique. This technique allows perturbing variables by group, knowing the structure of J ,
which can be deduced from the Eqs (23) and (24). The obtained linear systems can be solved
with either iterative or direct methods. In this work, we choose the preconditioned Krylov
iterative method which is more adapted for large linear systems.

During simulation, both the order of the time integration and the time step size are optimized
in order to minimize the computational effort while keeping both relative and absolute time

errors under a small tolerance, fixed to 1077 for all the simulations in this work.
4. Numerical experiments

4.1 Gas extraction in a heterogenous domain

13
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In this section, numerical simulations of compressible gas flow with slippage and adsorption
in a heterogeneous two-dimensional domain is performed to investigate the performance of
the new model. All the simulations are carried out on an Intel Xeno E-2246G, CPU 3.60 GHz
PC with 32.00 GB of RAM.

We consider an isothermal compressible gas flow, where the gas is methane, in a square
600m x 600m heterogeneous domain. The domain is discretized with an unstructured mesh
formed by 9858 triangular elements (Figure 1). The west and east boundaries have fixed

pressures with, respectively, p, and p, . Both the north and south boundaries are
impermeable. The domain has an intrinsic permeability k£, and involves 6 rectangular

heterogeneities having a smaller permeability &, =k, /1000 .

600

500

0 Impermeable |
100 200 30 400 500 600
X(m)

Figure 1: Permeability distribution and boundary conditions for the problem of gas extraction

in a heterogenous domain (blue: permeability &, ; red: permeability &, =&, /1000 )
An extraction well is located at the center of the domain (xc =300m,y, =300m). The

pressure in the extraction well is fixed to p,,, . The initial pressure in the domain is p,, and

14
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the simulation time is set as 10''s. The parameters for the numerical simulation are depicted

in Table 1.

Table 1: Parameters for the problem of gas extraction in a heterogenous domain.

Parameter Value Parameter Value
o0) 0.05 V,(m*mol)  2.83x107
P (Pa) 107 p, (kg/m?) 2550
p.(Pa) 107 V., (m¥mol)  0.0224
p,(Pa) 10° T.(K) 191

Dy (P2) 4x%10° T (K) 314

k, (m?) 107" p, (Pa) 2.07x10°
k, (m?) 107 p. (Pa) 4.6x10°
R, (J/(mol K)) 8.314 1 (Pa.s) 107

() 0.011 f (Pa) 7x10°
M, (kg/mol) 0.016

Figure 2 shows the final pressure distribution as well as the velocity field and streamlines
calculated with the new code. In this figure, a regional gas flow occurs from the west
boundary (high prescribed pressure) to the east boundary (lower prescribed pressure). The
extraction well creates a catchment area at the center of the domain and almost all extracted
gas is originated from the west boundary. The streamlines in Figure 2 show that the local
heterogeneities (with very low permeability) are circumvented by the gas flow. The evolution
of the cumulative extracted mass of gas during time is plotted in the Figure 3. The cumulative
mass of gas shows an almost linear evolution with time.

To investigate the effect of the factitious storage coefficient used to convert the nonlinear

algebraic cubic Peng-Robinson EOS to an ordinary differential equation, three simulations are

conducted using different small storage coefficients corresponding to 10*, 107" and 107",

The three coefficients yield exactly the same results. The required CPU time for the three

15
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simulations is respectively 6.9s, 7.5s and 7.9s. The increase of the CPU time, observed when
the factitious storage coefficient decreases, is mainly due to a larger number of evaluations of

the Jacobian matrix and smaller time step sizes at the beginning of the simulation. Notice that
the DASPK time solver encountered several convergence issues for s, <107'°.

To show the benefit of using high order time integration methods, the studied problem is
simulated using two options: MOL 1 where the time integration is based on a first-order time
discretization method and MOL_V where the time integration is performed using variable
order method. The order of the time integration in MOL_V is adapted between 1 and 5 during
the simulation in order to maximize the time step size while keeping the temporal error small.
Results of simulations show that MOL 1 and MOL V yield exactly the same solution in
terms of pressure distribution and extracted mass of gas. Figure 4 shows the evolution of the
time step size during the simulation with both MOL 1 (Figure 4a) and MOL _V (Figure 4b).
Both methods start with a very small time step, however, with MOL V| the time step size
increases more rapidly than with MOL 1. Table 2 shows that MOL 1 requires 14815 time
steps for the entire simulation, whereas, MOL V requires only 597 time steps. As a
consequence, MOL V requires around 25 times less residual evaluations than MOL 1.
Furthermore, MOL_V requires less Jacobian evaluations than MOL 1. The mean time step
with MOL _V is 26 times greater than that with MOL 1. The entire simulation with MOL 1
requires 75s of CPU time, whereas, it needs only 7.4s with MOL V. Thus the MOL V
model, based on high order methods, is around 10 times more efficient than the MOL 1
model, which is based on the first order time integration method. This highlights the benefit of
using high order time integration methods for the solution of the nonlinear system of
equations governing compressible flow in low permeability formations with slippage and

nonlinear adsorption.

16
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Figure 4: Time step evolution with MOI 1 (a) based on first order and MOL_V (b) based on

variable order time integration methods.

Nbr of residual evaluations | Nbr of Jacobian evaluations | Mean At | CPU

MOL 1 14815 43 6.8x10°s | 75s

MOL_V 597 35 1.8x10°s | 7.4

Table 2: Comparison between first order and high-order time integration methods.

4.2 Influential parameters controlling the gas extraction rate

Accurate and efficient simulators are often necessary when several simulations are required,
as for instance for Bayesian parameter estimation, global sensitivity or uncertainty analysis. In
this section, Global Sensitivity Analysis (GSA) combined with the Polynomial Chaos
Expansion (PCE) surrogate modelling is conducted to assess the influence of hydraulic
parameters on the pumping rate of the gas extraction well. The test case is similar to the

previous problem, but a homogeneous domain is considered with an initial gas pressure of

10° Pa and uniform boundary conditions with a prescribed gas pressure of 10° Pa at the four
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boundaries of the square domain. The well pressure is fixed to 4x10° Pa. The rest of the
parameters are similar to the previous test problem given in Table 1.

The numerical model is employed to analyze the uncertainty of the pumping rate of the gas
extraction well associated with the following parameters: the intrinsic gas-phase permeability
k,, the Klinkenberg factor £, the Langmuir gas volume V,, the Langmuir gas pressure p,
and the porosity ¢ . Sufficiently large uncertainty ranges are chosen (Table 3) to explore the

role of each parameter. All parameters are assumed to be independent.

Table 3: Uncertainty ranges of parameters.

Parameter Uncertainty Range
¢ () [0.02, 0.1]
ky (m?) [107%, 1077 ]
B (Pa) [10°,10°]
p, (Pa) [0.5%10°, 15x10° ]
V, (m’/kg) [0.5%107,10x107 |

The effect of the five parameters on the pumping rate is investigated using the Sobol variance-
based sensitivity indices (Sobol, 2001). These indices measure the contribution of a parameter
(alone or by interactions with other parameters) to the output (pumping rate) variance. The
Sobol indices do not require any assumption of linearity or monotony of the model and are
therefore, well suited for GSA. Two Sobol indices are generally calculated:

- the first-order (main effect) index,

&=%=% 26)

- the total index,
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where y is the model output, y is the set of parameters y,=(¢,k,,5,p,,V;), E[ ] is the
average, V[ ] is the variance, E [ |] and V[ |] are their respective conditional forms. y,
represents one of the parameters, and yx , stands for all parameters y , except the
parameter y, .

The first-order index S, € [0,1] quantifies the share of variance in y due to the parameter y,
alone. The total sensitivity index S7, € [0,1] measures the contribution of y, to the variance

of y, including its interactions with the other parameters (i.e., x ). If S,=S8T, , then
interactions between parameters are negligible.

In this work, the Sobol’ indices are calculated using the Polynomial Chaos Expansion (PCE)
surrogate modeling (Fajraoui et al., 2012; Shao et al., 2017; Younes et al., 2016). A full

surrogate chaos polynomial of order 4 is constructed for the expansion with the five

parameters. The number of polynomial coefficients is '=126. The coefficients are

5ix 4!
calculated by minimizing the sum of squared errors between the PCE and the model output.
To this aim, 300 simulations are performed using parameter values randomly generated in the

intervals of variation given in Table 3.
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Figure 5: Pumping rate variance. The shaded areas represent the partial variance of each
parameter. The blank region below the variance curve and above the shaded areas represents
interactions between parameters.

Figure 5 depicts the pumping rate variance versus time. In this figure, the shaded areas
represent the amount of variance due to each parameter alone. The interaction between

parameters is represented by the blank region below the variance curve and above the shaded
area. In this figure, three periods can be distinguished. In the first short period (t <10° s), the

variance of the pumping rate is constant (Figure 5). Because of the compressibility of the gas,
the mean pressure near the well and the mean pumping rate are constant (Figure 6). During

this period, only the parameters k, and S are influential with a small interaction between
them. The parameters @, p, and V, are non-influential since their total sensitivity indices are

less than 107 (Table 4).
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Figure 6: Evolution of the mean pressure near the well (a) and the mean pumping rate at the

well (b) during time.

¢ kq P Py V.

Period1 (t = 105s)

ST, 0 0.6 0.5

S, 0 0.5 0.4

Period2 (t = 2><107S)

ST, 0 0.56 0.46 0.04 0.03

S, 0 0.49 0.39 0.02 0.02
Period3 (t = 10125)

ST, 0 0.59 0.5

S, 0 0.5 0.4

Table 4: Total and first order Sobol indices of the hydraulic parameters for the three periods.
In the second period (105S <t< IOIOS) , the depression created by the well propagates in the

domain and the capture zone increases with time. As a consequence, the pressure near the

well decreases and also the mean flow rate (Figure 6). During this period the most influential

parameters remain k, and then f. The porosity has no effect on the pumping rate (STZ = 0).
A small effect is observed for p, (STi = 0.04) and V, (S]; = 0.03). To investigate how each

parameter affects the pumping rate, the PCE is used to calculate the marginal effect of each
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parameter on the model output. This effect is obtained by analyzing the variation of the model
output with respect to the chosen parameter whereas the other parameters are fixed at their
mean values. The marginal effects of the parameters are shown in the Figure 7. Figure 7a
shows that the pumping rate has an almost constant value whatever the value of the porosity.
Figures 7b and 7c show that the two parameters k, and S have a strong effect on the
pumping rate with an almost linear increase of the pumping rate when k, or £ increases.
Figure 7d shows that the pumping rate is weakly influenced by p, . When the parameter p,
increases, a weak decrease of the pumping rate is observed. Note that the effect of p, on the
pumping rate is not uniform. Indeed, the slope of the curve in the Figure 7d is more

significant (which reflects a higher sensitivity) for low p, values (S 10° Pa) than for higher

values (> 106Pa) , for which the pumping rate is almost constant. Finally, Figure 7e shows a

small increase of the pumping rate when V, increases, which explains the very weak

sensitivity of the pumping rate to V, .
The last period (IOIOS < t) corresponds to the steady state regime in the whole domain where

no evolution of the pressure distribution occurs. The pumping rate reaches its minimum value
and all the extracted gas is originated from the boundaries of the domain. In this period, only
the parameters k, and £ are influential, as in periodl.

In summary, the main parameters controlling the pumping rate of the gas extraction well
during the whole simulation are the intrinsic gas permeability %, and the slippage factor £ .
The results of this test case demonstrate the applicability of the developed model for an
efficient solution of compressible flow in low permeability formations with slippage and

nonlinear adsorption, in the context of global sensitivity analysis.
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5. Conclusion

Simulation of gas flow in low permeability formations can be computationally demanding
because of the high nonlinearities induced by the compressibility of the gas, the slippage
effect and the nonlinear adsorption of gas on the pore surface. In this work, an efficient model
is developed using advanced spatial and temporal discretization methods for a simultaneous
solution of the gas flow equation and the cubic Peng-Robinson EOS with Klinkenberg
slippage effect and Langmuir adsorption. The spatial discretization is based on the MFE
method which is well adapted for heterogeneous porous media and unstructured meshes. The
lumped hybrid formulation of the MFE method is used since it improves the monotonicity of
the scheme and allows the use of the MOL. Time discretization is performed with high-order
time integration methods. The time step size and the order of the time integration are
optimized during the simulation in order to reduce the computational cost while maintaining a
given temporal discretization error.

The developed model is used for the simulation of gas extraction in a heterogeneous domain.
The results of this test case show that the cumulative extracted mass of gas has an almost
linear evolution with time. Both first-order and high-order time discretization methods yield
the same results, however, the time step size increases more rapidly with the high-order
method and allows a reduction by a factor of 10 in the computational time as compared to the
first-order method. This highlights the benefit of using high order time integration methods
for the solution of gas flow in low permeability formations.

The new model is then employed to assess the influence of hydraulic parameters on the
pumping rate of the gas extraction well in the case of a homogeneous aquifer. The GSA 1is
performed using PCE surrogate modeling. The efficient simulator developed in this work is
suited to perform GSA since several simulations are required to assess the sensitivity indices.

The results of this test case show that the main hydraulic parameters controlling the well

25



475

476

477

478

479

480

pumping rate for the investigated test case are the intrinsic gas permeability and the slippage
factor.
The 2D formulation developed in this work is quite generic and can be easily extended to 3D

problems without too much complicated numerical developments.
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