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Abstract
High cycle fatigue in polycrystals is mostly governed by deterministic laws such as crystal plasticity,
but also depends on probabilistic properties, such as random defects and crystallographic and
morphological textures, which result in significant scatter of fatigue lifetime at the macroscopic
scale. Thus, modeling fatigue phenomena so that the probabilistic density function of failure is
anticipated, would be useful especially for very high cycle fatigue involving up to 109 cycles. To
do so, the grain structure with crystal orientations should be considered in full field computations,
which usually involve prohibitive computation cost therefore hindering numerical exploration of
statistical distribution of fatigue failures.

This paper therefore consists in developing a very fast full fieldmesoscopicmodel of polycrystals
subjected to crystal plasticity during cyclic loading based on energy minimization techniques. As a
result, the uniform plastic slip in each grain is obtained in the form of a relatively simple recursive
formula, which guarantees short computation time even for very high cycle fatigue. The proposed
approach has been validated against a classical crystal plasticity finite element model in 2D, and
satisfying agreement is observed. In addition the model has be applied in combination with
classical fatigue criteria to rapidly compute the fatigue lifetime and then derive probabilistic S-N
curves, hence creating a substantial link between crystallographic and morphological textures on
the one hand, and fatigue lifetime estimations on the other hand.

Keywords: High cycle fatigue, Full field computation, Mesoscopic model, Crystal plasticity,
Energetic principle

1. Introduction

Safety analysis of many industrial processes rely on fatigue properties of materials and struc-
tures. As shown in figure 1, several fatigue regimes are classically distinguished. Ratcheting is
a regime for which the elastic-plastic behavior does not stabilize leading to an accumulation of
net plastic strain. Plastic shakedown is a regime for which the behavior stabilizes into a repetitive
elasto-plastic loop so that the cumulative plastic strain increases although the net plastic strain
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remains constant. Elastic shakedown is similar to plastic shakedown but the stabilized steady
state is purely elastic. If the applied load is sufficiently small then the behavior remains purely
elastic. This paper focuses on high or very high cycle fatigue and therefore only involves plastic
and elastic shakedown. While microstructure has little influence on low-cycle fatigue properties, it
does play a role in fatigue properties at high or very high cycle counts, which has been observed by
optical microscope measurements [1] and synchrotron micro-tomography [2, 3]. This paper aims
at developing numerical tools to investigate this link between microstructure and very high cycle
fatigue properties.
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Figure 1: Definition of fatigue regimes (adapted from [4]).

High cycle fatigue in polycrystals is mostly governed by deterministic laws such as crystal
plasticity, but also depends on probabilistic properties, such as random defects in the material,
which result in significant scatter of fatigue lifetime at the macroscopic scale. Since crystal
plasticity depends on local features of polycrystals (e.g. crystal lattice orientation, grain size
and shape etc.) very high cycle fatigue properties depend on the detailed grain structure (i.e.,
mesoscopic scale). However, even though this mesoscopic scale is meaningful for understanding
fatigue phenomena [5], design and risk analysis are usually conducted for very large parts, which
necessitates macroscopic fatigue criteria and lifetime estimation. However, statistically identical
polycrystals at the macroscopic scale have different grain structures at the mesoscopic scale that
evolve differently with respect to cyclic loading. This is responsible for a part of the material
variability resulting in scatter of fatigue lifetime, which is a major issue for design and risk analysis.
Indeed, classical S-N curves [6] necessitate to repeat several times fatigue experiments in order to
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explore lifetime statistical distributions for all loads considered. For design purposes, S-N curves
are generally defined as the average lifetime minus two standard deviations [7]. This approach
not only implies significant experimental efforts, especially for very high cycle fatigue, but is also
insufficient for proof of safety as a non negligible proportion of failures occur for a number of
cycles below the threshold of two standard deviations (e.g., 2.5% for a normal distribution). In
addition, probabilistic approaches [8] fully relying on experimental results and identification of
probability density functions are difficult to perform due to high experimental costs. Indeed, the
probability density function for rare events, which is essential for proof of safety, would be poorly
estimated if experiments cannot be repeated a sufficient number of times.

Thus, modeling fatigue phenomena so that the probabilistic density function of failure is
anticipated, would be useful especially for very high cycle fatigue involving up to 108 cycles. To
develop such models, the grain structure with crystal orientations should be considered in full field
computations. However, the exact grain structure is unknown in most industrial applications, only
statistical information is known such as grain size and shape distributions or crystal orientation
distribution. Thus, to capture the probability density function of rare events, it would be necessary
to perform numerous full field computations corresponding to different draws of random grain
structures, which seems very difficult to achieve for 3D polycrystals due to high computation costs
[9].

Within this framework, this paper aims at contributing to a general upscaling strategy of high
cycle fatigue in order to estimate probabilistic fatigue lifetime at the macroscopic scale as a function
of statistical descriptors of the grain structure. Such an upscaling strategy has already been applied
within the context of grain growth [10, 11]. The proposed methodology consists in developing a
very fast full field mesoscopic model of polycrystals subjected to crystal plasticity during cyclic
loading, and then applying classical fatigue criteria to derive probabilistic S-N curves, hence
creating a substantial link between crystallographic and morphological textures on the one hand,
and fatigue lifetime estimations on the other hand.

Deterministic approaches to characterize the endurance limit (i.e., the stress level below which
an infinite number cycles can be applied without causing fatigue failure), such as the well known
Dang Van criterion [5, 12–16], have been established at the macroscopic scale, but rely on meso-
scopic theoretical bases with the concept of misoriented grain or critical plane. Furthermore, it
may be noted that [17] shows that the mechanisms envisaged to explain fatigue phenomena at the
microstructure scale [18, 19] involve the Dang Van criterion, thus giving it a solid micromechanical
basis. These approaches present the advantage to involve a reduced number of parameters that
can be easily identified with some experiments. However, at the macroscopic scale, even though
these classical fatigue criteria explicitly refer to mesoscopic properties (e.g., misoriented grain or
critical plane), there is no quantitative link between crystallographic and morphological textures
and fatigue lifetime prediction. Themain drawbacks of these models is to rely only on experimental
data to consider the scatter of fatigue lifetime, and to involve new experimental investigations for
each type of texture (obtained from various fabrication and forming processes).

To investigate in more details fatigue mechanisms and the relationship between the grain
structure and fatigue lifetime, numerical simulations at the mesoscopic scale have been developed
[20–23]. These models involve the computation of crystal plasticity in polycrystals subjected to
cyclic loads with hundred of grains whose crystal lattice orientation is specified. Slip systems are
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therefore identified and the cumulative plastic slip can be computed in each grain. Crystal plasticity
finite elements models (CPFEM) are usually utilized, but fast Fourier transform (FFT) techniques
can also be considered. For instance, 106 cycles have been computed in a 2D polycrystal of two
thousand grains. These full field computations only enable to consider high cycle fatigue for a
small number of specific 2D polycrystalline structures due to their computational cost. Moreover,
some interesting studies [22] attempted to introduce probabilistic features on the basis of full field
computations, but the survival probability at n cycles was identified on the basis of very few
different mesostructures, and for a unique number of cycles n.

To overcome this difficulty of large computation costs, simplified fast methodologies have been
proposed such as direct cyclic methods which predict the asymptotic response of an elasto-plastic
body subjected to cyclic loading [24–27]. Such approaches have been used to develop multiscale
fatigue lifetime models [4], which are based on homogenization techniques. However, there is no
reference to the detailed microstructure and the multiscale model is identified on macroscopic S-N
curves. Therefore, despite their great interest, these approaches cannot be used as a replacing tool
of CPFEM of FFT full field computations within the context of the envisaged upscaling strategy.

To significantly reduce computation time of full field mesoscopic computations, a general
semi-analytical approach is proposed both in 3D or 2D in this contribution. A finite polycrystal
composed ofN grains of arbitrary shape is considered with uniform applied stress at the boundary.
Each grain is subjected to an unknown and uniform plastic strain. On this basis, the total energy,
composed of the potential energy (i.e., the elastic energy minus the work of external forces) and
the dissipated energy, can be calculated analytically as a function of the unknown plastic strain in
each grain. Within the framework of rate independent plastic mechanisms [28, 29], the unknown
plastic strain can be determined eventually by minimizing the total incremental energy (see e.g.,
[30–36]). Lagrange multipliers enable to determine the plastic slip analytically in each grain. The
obtained analytical solution is general and takes into account the real shape of the grains and the
interactions between grains. However, this solution is inconvenient because 1) numerical integrals
over arbitrary shapes are involved, which is computationally costly, and 2) the plastic strain in each
grain depends in a very non-linear way of the plastic strain of all the other grains.

To overcome these difficulties and to reach very short computation time, several assumptions
are introduced. In particular, integrals computation is facilitated by approximating the entire
mesostructure by ellipsoids fully embedded in the grains [37]. In addition, a weakly coupled
solution is derived naturally from the general fully coupled formula by introducing assumptions
that are reasonable within the context of very high cycle fatigue involving low applied stress. More
precisely the weak coupling consists in considering the fully decoupled solution (i.e., independent
grains) as a first estimation, and then computing a correction corresponding to the effect of each
grain on its neighbors, and the reciprocal effect of the corrected neighbors on each grain. As a
result, the plastic slip in each grain and for each cycle is obtained as a simple recursive formula,
which guarantees very short computation time. Furthermore, even though the plastic response
is highly anisotropic as slip systems significantly depend on crystal orientation, it is reasonable
to consider isotropic stiffness tensor to compute the elastic response despite the lattice symmetry
(i.e., cubic in the proposed examples). Therefore, the stiffness tensor does not depend on crystal
orientations, which facilitates the calculation of the elastic energy. Moreover, this assumption
is also useful to determine which slip system is activated in each grain. Indeed, an elastic test
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is easily computed under the assumption of elastic isotropy. The obtained trial resolved shear
stresses according to the slip planes of each grain can be compared to the critical shear stress (i.e.,
a threshold above which the grain undergo plastic slip). For each grain, we assumed that only
one slip system is activated. In general, this assumption is not verified as several slip mechanisms
are usually activated simultaneously, but for small applied stress as in very high cycle fatigue,
this assumption is well verified. The proposed semi-analytical strategy to compute very large
number of loading cycles in polycrystals undergoing crystal plasticity can be interpreted as a major
extension of the well known Eshelby elliptical inclusion problem subjected to uniform eigenstrain
in a infinite matrix [38, 39].

Eventually, the fatigue life of each polycrystalline structure is determined using different failure
criteria, depending on whether an infinite endurance regime or regimes leading to a finite lifetime
are reached.

It should be noted that stress gradient is known to have a significant influence on fatigue lifetime
[17, 20, 40]. Indeed, high stress gradients correspond to small area of maximum stress, which
may contain only grains with higher fatigue resistance (i.e., favorable crystal orientation, size or
shape). This effect is taken into account in the proposed methodology by considering that the area
where the stress field is more or less uniform depends on the stress gradient. The higher the stress
gradient is, and the smaller the RVE should be, hence the smaller the number of grains N should
be set.

This paper is organized as follows. First theoretical developments are detailed in section 2,
which leads to the determination of the general fully coupled solution. The weakly coupled solution
is then detailed. In addition, to efficiently capture infinite endurance, asymptotic formula are derived
to provide the stabilized plastic slip and shear stress fields without computing successive cycles.
The model validity and limitations are investigated by a comparison with CPFEM performed on
FreeFEM++ [41] and presented in section 3.1. Results are presented in section 3 to analyze the
model sensitivity to different aspects of the microstructure and derive probabilistic S-N curves.
Conclusive remarks are given in section 4.

2. Model derivation

2.1. Energy optimization strategy
In this section, theoretical developments underlying the proposed mesoscopic model are pre-

sented. The macroscopic load is denoted by σ̄jj for the j-th loading step. Since we assumed that a
single slip direction may be activated, the cyclic macroscopic stress is assumed to be proportional
to a constant macroscopic stress σ̄:

σ̄j = f(j)× σ̄ (1)

Where j ∈ N 7→ f(j) ∈ R is a scalar function (e.g., oscillating around its average value). It should
be noted that f(j) is not necessarily a periodic function, but can represent cycles of different
amplitudes.

Consider a representative volume element (RVE) denoted by Ω composed of N grains of
arbitrary shape denoted byΩk where 1 ≤ k ≤ N . In practicewe useVoronoi-Laguerre tessellations
but other techniques could be used as well. Each grain is associated with a crystal orientation.
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The model is implemented for slip systems corresponding to face-centered cubic system (FCC),
which covers several common metals such as copper, aluminum, nickel or austenitic steels, but
the proposed methodology could be easily adapted for other lattices such as body-centered cubic
systems (BCC). Thus, in each grain there are Nn slip planes (e.g., Nn = 4 for FCC) and for
each slip plane there are Ns slip directions (e.g., Ns = 3 for FCC), hence Mm = Nn × Ns slip
mechanisms. Normal vectors and slip directions are respectively denoted by nmk and smk (where
1 ≤ k ≤ Nm and 1 ≤ m ≤ Nm). For each grain k and slip mechanismm the following maximum
resolved elastic trial shear stress is computed as

τ̄mk (j) = σ̄j : (nmk ⊗ smk ) (2)

To determine the activated slip mechanism we consider the first slip mechanism whose resolved
trial shear stress given by (2) reaches the critical shear stress of grain k denoted by τCk . Otherwise,
if there is no slip mechanism so that the critical shear stress is reached, the grain k remains elastic.
In the following, the exponentm is discarded for the sake of readability.

Since grains undergo plastic slips, the problem to solve is non-linear. To overcome this
difficulty, the unknown plastic slip in grain k denoted by γpk , so that the plastic strain reads
εpk = (γpk/2) (nk ⊗ sk + sk ⊗ nk), is replaced by a trial and known eigenstrain denoted by

ε∗k = γ∗k
2 (nk ⊗ sk + sk ⊗ nk) (3)

where in the following the star exponent always relate to known trial quantities. The problem
becomes linear for any given eigenstrain. The determination of the plastic slips γpk is then carried
out through an energetic principle. Indeed, the total energy composed of the elastic potential energy
Φ [γ∗1 , · · · , γ∗N ] associated with the dissipated energy D [γ∗1 , · · · , γ∗N ], is minimized to determine
the plastic slips (γp1 , · · · , γpN), which reads:

(γp1 , · · · , γpN) = arg min
(γ∗1 ,··· ,γ∗N )∈RN

(Φ [γ∗1 , · · · , γ∗N ] +D [γ∗1 , · · · , γ∗N ]) (4)

It should be noted that the non-linearity associated to the elastic-plastic behavior is entirely con-
tained in the minimization problem (4).

In the following, the plastic strain increment during the j-th loading step is derived as an explicit
analytical formula, which enables us to compute easily the cumulative plastic strain as a function
of cycles. Following calculations are derived for the j-th loading step, knowing that the j − 1
previous loading step has already been computed. Thus, the plastic slip increment ∆γpk in the k-th
grain and taking place during the j-th loading step has to be computed to update the total plastic
slip such that

γp,jk = ∆γpk + γp,j−1
k (5)

where γp,j−1
k is known from previous loading steps. Similarly, the trial additional plastic slip ∆γ∗k

during the j-th loading step is involved in the following calculation, and the total trial plastic slip
reads as

γ∗k = ∆γ∗k + γp,j−1
k (6)
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In addition it should be noted that the proposed minimization procedure is performed over
the set of piece-wise uniform plastic strains according to the grain structure (i.e., plastic strains
are uniform in each grain). This assumption is essential to enable the derivation of an analytical
solution and avoid time consuming FE computation by meshing the grains.

2.2. Elastic potential energy
The elastic bulk energy wk in the k-th grain subjected to uniform eigenstrain ε∗k is given by

wk = 1
2

∫
Ωk

(ε− ε∗k) : C : (ε− ε∗k) dΩ (7)

where ε is the total strain field defined in Ω, ε∗k is the uniform eigenstrain defined in the grain k,
and the elasticity tensor C is the same for all the grains (i.e., isotropy assumption). The elastic
potential energy Φ of the entire polycrystal is defined as

Φ =
N∑
k=1

wk −
∫
∂Ω

(σ̄j.n).u dS (8)

where the second term in (8) corresponds to the work of external forces. The displacement field u
and the corresponding strain field ε in (8) solve the elasticity problem

σ = C : (ε− ε∗k) in Ωk, (∀k, 1 ≤ k ≤ N)
div(σ) = 0 in Ω
σ · n = σ̄j · n on ∂Ω
ε = 1

2

(
∇u+∇u>

) (9)

The following developments detail how to rewrite Φ as an explicit function of σ̄j and (ε∗1, · · · , ε∗N).
Let χk be the characteristic function of Ωk (1 ≤ k ≤ N ), i.e. χk(x) = 1 if x ∈ Ωk and χk(x) = 0
otherwise. Setting

τ = C−1 : σ̄j +
N∑
k=1

χk ε
∗
k (10)

and noting that
∫
∂Ω(σ̄j.n).u dS =

∫
Ω σ̄

j : ε dΩ, the elastic potential energy can be rewritten as

Φ = 1
2

∫
Ω
ε : C : ε dΩ−

∫
Ω
ε : C : τ dΩ + 1

2

N∑
k=1
|Ωk|ε∗k : C : ε∗k (11)

As already mentioned, for a given known eigenstrain ε∗k, the considered problem is linear, and it
is well known that the solution u to the elasticity problem (9) minimizes the potential energy (11)
among all kinematically admissible displacement fields. This implies that for any strain field ε′
corresponding to a kinematically admissible displacement, the following relation holds:∫

Ω
ε : C : ε′dΩ =

∫
Ω
τ : C : ε′dΩ (12)
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Choosing the uniform strain ε′ =
∫

Ω(ε− τ ) dΩ in (12) gives the average value of the strain ε:

1
|Ω|

∫
Ω
ε dΩ = 1

|Ω|

∫
Ω
τ dΩ = C−1 : σ̄j +

N∑
k=1

ckε
∗
k (13)

where ck = |Ωk|/|Ω| is the volume fraction of grain k. In addition, using (12) with ε′ = ε leads to∫
Ω
ε : C : ε dΩ =

∫
Ω
τ : C : ε dΩ (14)

Hence by plugging in (11), we obtain

Φ = −1
2

∫
Ω
τ : C : ε dΩ + 1

2

N∑
k=1
|Ωk|ε∗k : C : ε∗k (15)

The first integral in (15) can be expressed as a linear function of σ̄j and ε∗1, · · · , ε∗N . Indeed, by
using definition (10) of τ and relation (13), we find:

∫
Ω
τ : C : ε dΩ = σ̄j :

∫
Ω
ε dΩ +

N∑
k=1
ε∗k : C :

(∫
Ωk

ε dΩ
)

= |Ω|σ̄j : C−1 : σ̄j +
N∑
k=1
|Ωk|σ̄j : ε∗k +

N∑
k=1
ε∗k : C :

(∫
Ωk

ε dΩ
) (16)

The superposition principle implies that

ε = C−1 : σ̄j +
N∑
k=1
εk (17)

where εk is the strain field corresponding to the solution of the problem where only a single grain
k is subjected to the eigenstrain ε∗k with free boundary conditions. This problem is defined for any
given k = 1, · · · , N as 

σ = C : (ε− ε∗k) in Ωk

σ = C : ε in Ω− Ωk

div(σ) = 0 in Ω
σ · n = 0 on ∂Ω

(18)

Problem (18) is linear in ε∗k so that εk(x) can be written as

εk(x) = Sk(x) : ε∗k (19)

where the Eshelby-like fourth-order tensors Sk do not depend on ε∗k and are entirely determined
from Ω, Ωk and C. Explicit formulae can be derived and are detailed in section 2.5 It follows that

∫
Ωk

ε dΩ = |Ωk|
(
C−1 : σ̄j +

N∑
l=1
Skl : ε∗l

)
(20)
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where the uniform fourth-order tensors

Skl = 1
|Ωk|

∫
Ωk

Sl(x) dΩ (21)

have been introduced. The fourth order stiffness tensor C is assumed to be isotropic, i.e.

C = 2µJ + k0
1⊗ 1

3 (22)

where µ (MPa) and k0 (MPa) are the shear and bulk moduli respectively. In (22) 1 is the second
order identity tensor, I denotes the fourth order identity tensor andJ = I−(1/3)1⊗1. Substituting
(20) in (16) yields

Φ = −1
2 |Ω|σ̄

j : C−1 : σ̄j−
N∑
k=1
|Ωk|σ̄j : ε∗k−

1
2

N∑
k=1

N∑
l=1
|Ωk|ε∗k : C : Skl : ε∗l +

1
2

N∑
k=1
|Ωk|ε∗k : C : ε∗k

(23)
Expression (23) is quadratic in (σ̄j, ε∗1, · · · , ε∗N) as could be expected from the linearity of the
elasticity problem (9). All information on the microstructure (shape and distribution of the grains)
is the contained in the Eshelby like tensors Skl.

The solution to the single inclusion problem (18) satisfies∫
Ω
ε′ : C : (εk − χk(x)ε∗k) dΩ = 0 (24)

for any strain field ε′ deriving from a kinematically admissible displacement. Choosing in particular
ε′ = εl (for 1 ≤ l ≤ N ) we obtain∫

Ω
εl : C : (εk − χk(x)ε∗k) dΩ = 0 (25)

Swapping the role of k and l in the reasoning, we obtain in a similar fashion that∫
Ω
εk : C : (εl − χl(x)ε∗l ) dΩ = 0 (26)

Hence ∫
Ωr

ε∗k : C : εldΩ =
∫

Ωl

ε∗l : C : εk dΩ (27)

Using (20) the following relation is obtained:

|Ωk|ε∗k : C : Skl : ε∗l = |Ωl|ε∗l : C : Slk : ε∗k (28)

Recalling that only one slip system is activated and using (3), the potential energy (23) reduces to:

Φ [∆γ∗1 , · · · ,∆γ∗N ] = −1
2 |Ω|σ̄

j : C−1 : σ̄j −
N∑
k=1
|Ωk|τ̄ jk

(
∆γ∗k + γp,j−1

k

)
+µ2

N∑
k=1

N∑
l=1
|Ωk|αkl

(
∆γ∗k + γp,j−1

k

) (
∆γ∗l + γp,j−1

l

) (29)
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where τ̄ jk is the resolved macroscopic shear stress and αkl are the following dimensionless coeffi-
cients: 

τ̄ jk = nk · σ̄j · sk
αkl =

(
δkl −

1
2(nk ⊗ sk + sk ⊗ nk) : Skl : (nl ⊗ sk + sk ⊗ nl)

) (30)

In (30) δkl is the Kronecker symbol. We note from (28) that the coefficients αkl satisfy the relation:

|Ωk|αkl = |Ωl|αlk (31)

2.2.1. Dissipated energy
In this section, the dissipated energy D [∆γ∗k] is determined. Consider the cumulative plastic

strain at the j-th loading step:

γcum,∗
k (∆γ∗k) = |∆γ∗k|+ γcum,j−1

k (32)

where γcum,j−1
k is the cumulative plastic strain in the k-th grain at the previous loading step. It is

assumed that only one slip system is activated in each grain k, which is well validated for small
applied stress as shown in the following. As shown in figure 2 a three phases hardening curve
composed of a non-linear hardening phase followed by a plateau and then a linear softening is
considered in this paper as suggested in [42]. The hardening phase and plateau (i.e., phase I+II)
are obtained by considering a critical shear stress of the form

τCk = τ 0
k + µ b

√
α ρk (33)

where τ 0
k (MPa) is the critical shear stress before plastic slip, b (m) is the Burger vector norm, α

is a dimensionless hardening coefficient, and ρk (m−2) is the dislocation density in the k-th grain
(defined as the total dislocation length per unit volume). According to the Hall-Petch effect the
initial critical shear stress τ 0

k depends on grain size as

τ 0
k = τmin

(
1 + ξ√

Dk

)
(34)

where Dk is the equivalent grain diameter, τmin (MPa) is the minimal critical shear stress (i.e.,
for infinite grain size), and ξ is a dimensionless material coefficient. For the evolution of the
dislocation density we adopt the law proposed in [43] and given by

ρ̇k = γ̇cum
k

b

(√
ρk
K
− 2yc ρk

)
(35)

whereK is a dimensionless coefficient, and yc (m) is an annihilation distance between dislocations.
We assume that the initial plastic slip and initial dislocation density are negligible. Thus, initially
1 − 2K yc

√
ρk > 0 when ρk = ρini ≈ 0. Then ρk > 0 increases and is bounded by ρmax =

1/(2K yc)2 as ρ̇k = 0 when ρ = ρmax according to (35). Therefore 1 − 2K yc
√
ρk > 0, and a

direct integration of (35) gives:

γcum
k = − b

yc
ln(1− 2K yc

√
ρk) (36)
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By inverting (36) and injecting in (33) one obtains the following hardening law (i.e., phase I+II):

∀γcum
k ≤ γsoft

k , τCk (γcum
k ) = τ 0

k + µ ζ (1− exp(−x γcum
k )) (37)

where x and ζ are the following dimensionless coefficients:

x = yc
b

and ζ =
√
α

2K x
(38)

The softening phase (i.e., phase III) is assumed to be linear such as the critical shear stress reads as

∀γcum
k ≥ γsoft

k , τCk (γcum
k ) = τmax

k

(
1− χ

(
γcum
k − γsoft

k

))
(39)

where τmax
k = τCk (γsoft

k ) is obtained from (37), and χ is a dimensionless softening coefficient. It
should be noted that during the softening phase the critical shear stress decreases and eventually
vanishes when γcum

k = γmax
k where

γmax
k = 1

χ
+ γsoft

k (40)

0

0

Figure 2: Three phase hardening/softening curve.

Since τCk continuously evolves during the hardening and softening, it is necessary to calculate
the dissipated energy as an integral over each loading cycle. The infinitesimal dissipated energy
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per unit volume for an infinitesimal plastic slip dγ reads τCk dγ. Therefore the total dissipated
energy reads as

D [∆γ∗1 , · · · ,∆γ∗N ] =
N∑
k=1

∫
Ωk

[∫ |∆γ∗k|
0

τCk dγ
]

dΩ ≥ 0 (41)

For the hardening phase (i.e., phases I+II), recalling that the plastic slip is assumed uniform in the
each grain and plugging (32) as well as (37) into (41) one obtains:

D [∆γ∗1 , · · · ,∆γ∗N ] =
N∑
k=1
|Ωk|

[(
τ 0
k + µ ζ

)
|∆γ∗k| −

µ ζ

x
exp

(
−x γcum,j−1

k

)
(1− exp(−x |∆γ∗k|))

]
(42)

For the softening phase (i.e., phase III), plugging (32) and (39) into (41) yields

D [∆γ∗1 , · · · ,∆γ∗N ] =
N∑
k=1
|Ωk| τmax

k

(
1 + χγsoft

k − χγcum,j−1
k − χ

2 |∆γ
∗
k|
)
|∆γ∗k| (43)

2.3. Energy minimization and fully coupled solution
The stationary condition of the minimization problem (4) requires to compute the derivative

of the potential and dissipated energies with respect to the plastic slips. From (29) one obtains the
following derivative of the total potential energy:

∂Φ
∂∆γ∗k

= |Ωk|
[
−τ̄ jk + µ

N∑
l=1

αkl
(
∆γ∗l + γp,j−1

l

)]
(44)

Since the absolute value |∆γ∗k| appears in the dissipated energy, one cannot consider the
derivative in ∆γ∗k = 0. For the hardening phase (i.e., phases I+II), the derivative of the dissipated
energy reads (42) as, for ∆γ∗k 6= 0,

∂D
∂∆γ∗k

= |Ωk|
[(
τ 0
k + µ ζ

)
− µ ζexp

(
−x

(
|∆γ∗k|+ γcum,j−1

k

))] ∆γ∗k
|∆γ∗k|

(45)

Therefore the stationary conditions lead to the following fully coupled problem (i.e., involving all
the grains in the polycrystal), for any k (with 1 ≤ k ≤ N ):

− τ̄ jk
µ

+
N∑
l=1

αkl
(
∆γ∗l + γp,j−1

l

)
+
(
τ 0
k

µ
+ ζ − ζexp

(
−x

(
|∆γpk |+ γcum,j−1

k

))) ∆γpk
|∆γpk |

= 0 (46)

For the linear softening phase (i.e., phase III), from (43) one obtains:

∂D
∂∆γ∗k

= |Ωk| τmax
k

(
1 + χγsoft

k − χγcum,j−1
k − χ |∆γ∗k|

) ∆γ∗k
|∆γ∗k|

(47)

Hence the stationary conditions lead to the following fully coupled problem (i.e., involving all the
grains in the polycrystal), for any k (with 1 ≤ k ≤ N ):

− τ̄ jk
µ

+
N∑
l=1

αkl
(
∆γ∗l + γp,j−1

l

)
+ τmax

k

µ

(
1 + χγsoft

k − χγcum,j−1
k − χ |∆γ∗k|

) ∆γ∗k
|∆γ∗k|

= 0 (48)
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Using (46) and (48), the stationary condition enables to determine the plastic slip increment during
the j-th loading step, which reads for all k (1 ≤ k ≤ N ):

∆γpk =


∆γ+

k if ∆γ+
k > 0

∆γ−k if ∆γ−k < 0
0 if ∆γ+

k ≤ 0 and ∆γ−k ≥ 0
(49)

where for the hardening phase (i.e., phase I+II):

∆γ+
k = −γp,j−1

k + τ̄ jk − (τ 0
k + µζ)

µαkk
− ηk

+1
x
W
[
ζ x

αkk
exp

(
−x

(
τ̄ jk − (τ 0

k + µζ)
µαkk

+
(
γcum,j−1
k − γp,j−1

k

)
− ηk

))]

∆γ−k = −γp,j−1
k + τ̄ jk + (τ 0

k + µζ)
µαkk

− ηk

−1
x
W
[
ζ x

αkk
exp

(
x

(
τ̄ jk + (τ 0

k + µζ)
µαkk

−
(
γcum,j−1
k + γp,j−1

k

)
− ηk

))]
(50)

and for the softening phase (i.e., phase III):

∆γ+
k =

(
1− τmax

k

µαkk
χ

)−1
−γp,j−1

k +
τ̄ jk − τmax

k

(
1 + χ

(
γsoft
k − γcum,j−1

k

))
µαkk

− ηk


∆γ−k =

(
1− τmax

k

µαkk
χ

)−1
−γp,j−1

k +
τ̄ jk + τmax

k

(
1 + χ

(
γsoft
k − γcum,j−1

k

))
µαkk

− ηk

 (51)

In (50),W is the Lambert function and ηk is defined by

ηk =
N∑
l=1
l 6=k

αkl
αkk

(
∆γpl + γp,j−1

l

)
(52)

It should be noted that the solution (50) and (51) to the coupled problem (46) and (48) would
necessitate non-linear algorithms as for a given grain k the solution non-linearly depends on all
the other grains solution due to coefficient ηk defined in (52). In the following, weak interaction
between grains is considered to solve explicitly (49) and reach short computation time.

2.4. Weak grain interaction
In this section, we present how the proposed solution is linearized under weak interaction

assumption. First consider the fully decoupled problem, where grains are independent, which
corresponds to αkl = 0 if k 6= l, leading to ηk = 0 for any k such as 1 ≤ k ≤ N . In that case (50)
and (51) can be directly used as for each grain k the solution does not depend on the solution of the
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other grains. This solution without interaction is denoted by ∆0γpk , and is obtained by definition
when ηk = 0 in (50) and (51).

Consider now that the interaction terms αkl (with k 6= l) are small compared to the terms αkk
(i.e., αkl/αkk � 1, which leads to ηk � 1). This assumption enables us to linearize (50) and (51)
using Taylor expansion, which reads for any k such as 1 ≤ k ≤ N :

∆γ±k ≈ ∆0γ±k + ak ηk (53)

where for the hardening phase (i.e., phase I+II):

ak =



1

1 +W
[
ζ x

αkk
exp

(
−x

(
τ̄ jk − (τ 0

k + µζ)
µαkk

+
(
γcum,j−1
k − γp,j−1

k

)))] if ∆0γ+
k > 0

1

1 +W
[
ζ x

αkk
exp

(
x

(
τ̄ jk + (τ 0

k + µζ)
µαkk

−
(
γcum,j−1
k + γp,j−1

k

)))] if ∆0γ−k < 0

(54)
and for the softening phase (i.e., phase III):

ak = −
(

1− τmax
k

µαkk
χ

)−1

(55)

Therefore, the linearly coupled system reads in matrix form:

1 −a1
α12

α11
· · · −a1

α1N

α11

−a2
α21

α22
1 · · · −a2

α2N

α22

... . . . ...

−aN
αN1

αNN
· · · −aN

αNN−1

αNN
1




∆γp1
...

∆γpN

 ≈


∆0γp1
...

∆0γpN

+



a1

N∑
l=2

α1l

α11
γp,j−1
l

...

aN
N−1∑
l=1

αNl
αNN

γp,j−1
l


(56)

Therefore, using the assumption αkl/αkk � 1 for k 6= l, one obtains:


∆γp1
...

∆γpN

 ≈



1 a1
α12

α11
· · · a1

α1N

α11

a2
α21

α22
1 · · · a2

α2N

α22

... . . . ...

aN
αN1

αNN
· · · aN

αNN−1

αNN
1






∆0γp1
...

∆0γpN

+



a1

N∑
l=2

α1l

α11
γp,j−1
l

...

aN
N−1∑
l=1

αNl
αNN

γp,j−1
l




(57)
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In the latter system, all grains are coupled i.e. the effect of all grains on one particular grain is
taken into account and conversely. However, coefficients αkl rapidly decrease when the distance
between grains k and l increases. Therefore, in practice we assume that αkl ≈ 0 when the distance
between grains k and l is higher than a threshold called interaction radius and denoted by r. In
addition, usually only one grain undergoes most of the plastic slip among neighboring grains whose
contributions are an order of magnitude lower. If the k-th grain is undergoing most of the plastic
strain among its neighbors then al � ak and

(
∆0γpl + γp,j−1

l

)
�

(
∆0γpk + γp,j−1

k

)
for k 6= l for

any l ∈ Vk, where Vk is the set of neighboring grain indexes (i.e., grains other than k at a distance
lower than r from grain k). Hence the plastic slip increment in grain k and its neighbors ∀l ∈ Vk:

∆γpk = ∆0γpk + ak
∑
l∈Vk

αkl
αkk

(
∆0γpl + γp,j−1

l

)

∆γpl = ∆0γpl + al
αlk
αll

(
∆0γpk + γp,j−1

k

) (58)

Based on (58) the cumulative plastic strain γcum,j
k can be easily computed in all grains.

2.5. Integral computation and ellipsoid approximation
The plastic strain increment is determined by using (58) together with (50) and (51). However,

αkl coefficients involved in (58) are defined in (30) as integrals over each grain domain Ωk of
tensors implicitly defined in (19). The explicit determination of Skk involved in αkk is analytical
for specific shapes such as ellipsoids, for which Skk reduce to the classical Eshelby tensor [39].
However, the computation of Skl for k 6= l involved in coupling coefficients αkl cannot be reduced
to classical formulas. As detailed in (21), Skl (with k 6= l) tensors necessitate by definition to
integrate Sl, which is associated to the solution εl(x) for which only the grain l is subjected to
plastic deformation, over the domain Ωk lying fully outside Ωl. Therefore, the solution εl(x)
should be explicitly derived outside Ωl. For specific shapes such as ellipsoids, the coefficients αkl
are linked to fourth order symmetric tensor denoted by Hext

k (x) and called the exterior Eshelby
tensor of the grain k computed at any point x outside the grain k (i.e., x /∈ Ωk). The resulting
strain field σk(x) outside grain k associated to the plastic strain εpk (i.e., which takes place in grain
k) reads as

∀x /∈ Ωk, εk(x) =
(
C−1 : Hext

k (x) + I
)

: εpk (59)

Hence by definition (19) we obtain

∀x /∈ Ωk, Sk(x) = C−1 : Hext
k (x) + I (60)

Definition (21) yields
Slk = 1

|Ωl|

[
C−1 :

(∫
Ωl

Hext
k (x)dΩ

)
+ I

]
(61)

For ellipsoids an explicit analytical form is given forHext
k (x) in [44]. Thus, to take advantage

of classical analytical formula, grain domains Ωk are approximated by ellipsoids denoted by Ω̂k

(with 1 ≤ k ≤ N ). It should be noted that ellipsoids should be fully embedded in the grains
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(i.e., Ω̂k ⊂ Ωk) to make sure that Ω̂k are disjoint from each other. Otherwise, the computation of
Hext

k (x) is singular when x ∈ Ω̂l ∩ Ω̂k (with k 6= l), which makes the integral over Ω̂l diverge;
hence failing to compute coupling coefficients αkl. Therefore the mesostructure is approximated
by best fitting ellipsoids under the constrain that ellipsoids should be fully embedded in the grains,
which is achieved by using the MATLAB [45] tool box [37] based on convex optimization [46].

2.6. Asymptotic plastic strain
In the case of elastic shakedown, the plastic strain stabilizes after a certain number of cycles.

Instead of computing a large number of cycles according to the solution derived in section 2.4, an
asymptotic development enables to directly determine the stabilized plastic strain in graink (denoted
by γ∞k ) as well as the cumulative plastic strain (denoted by γcum,∞

k ). Such an asymptotic formula
is derived under the assumption that there is no grain interaction, hence using the fully decoupled
solution ∆0γpk given by (50) with ηk = 0. This assumption is consistent with elastic shakedown
corresponding to very low applied stress σ̄ and hence favoring isolated grains undergoing plastic
slips. It should be noted that the proposed asymptotic formula for the elastic shakedown regime is
of course derived for the hardening phase (i.e., phase I+II) as softening would correspond to rapid
accumulation of plastic slip.

The asymptotic formula is derived for oscillating applied stress, where τ̄ 0
k denoted the average

applied stress and ∆τ̄k is half of the stress amplitude. Thus the stress cycle maximum reads as
τ̄ jk = τ̄ 0

k + ∆τ̄k leading to ∆0γpk ≥ 0 while the minimum reads as τ̄ jk = τ̄ 0
k − ∆τ̄k leading to

∆0γpk ≤ 0. Elastic shakedown is reached as soon as pure elastic loading cycles take place, which
correspond to ∆0γpk = 0 for both lines in (50), i.e.

0 = −γp,∞k + τ̄ 0
k + ∆τ̄k − (τ 0

k + µζ)
µαkk

+1
x
W
[
ζ x

αkk
exp

(
−x

(
τ̄ 0
k + ∆τ̄k − (τ 0

k + µζ)
µαkk

+ (γcum,∞
k − γp,∞k )

))]

0 = −γp,∞k + τ̄ 0
k −∆τ̄k + (τ 0

k + µζ)
µαkk

−1
x
W
[
ζ x

αkk
exp

(
x

(
τ̄ 0
k −∆τ̄k + (τ 0

k + µζ)
µαkk

− (γcum,∞
k + γp,∞k )

))]
(62)

Hence: 
exp(−xγcum,∞

k ) = αkk
ζ

(
−τ̄ 0

k −∆τ̄k + τ 0
k + µζ

µαkk
+ γp,∞k

)

exp(−xγcum,∞
k ) = αkk

ζ

(
τ̄ 0
k −∆τ̄k + τ 0

k + µζ

µαkk
− γp,∞k

) (63)
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Eventually one obtains the stabilized plastic slip γp,∞k and cumulative plastic slip γcum,∞
k as

γp,∞k = τ̄ 0
k

µαkk

γcum,∞
k = −1

x
ln
(
αkk
ζ

(
−∆τ̄k + τ 0

k + µζ

µαkk

)) (64)

2.7. Fatigue lifetime prediction
In the following we consider the grain k with the highest stress. Several cases need to be

considered.

Pure elasticity with no fatigue. If the resolved shear stress σnsk = σ : (nk ⊗ sk) in grain k is
below the initial critical shear stress τ 0

k then the grain remains of course purely elastic and there is
no fatigue.

Elastic shakedown and infinite endurance. On the contrary if τ 0
k ≤ σnsk ≤ τpla

k (i.e., phase I in
figure 2) plastic deformations take place, and the fatigue lifetime may be infinite, which is usually
determined using e.g. the Dan-Van criterion [5]. Thus infinite endurance is reached if:

σeq
k ≤ σb (65)

where σb (MPa) is a positive stress threshold and:

σeq
k = sup (σnsk + a σnnk ) (66)

where a is a positive dimensionless coefficient, and σnsk = σ : (nk ⊗ sk) is the resolved shear stress
and σnnk = σ : (nk ⊗ nk) is the normal stress while σ is the stress tensor computed according
to (9) and nk and sk are the normal vector and slip direction of the activated slip mechanism in
grain k. In addition, it should be noted that in case of elastic shakedown σeq

k is computed based on
asymptotic plastic slip γp,∞k given in (64).

It should be noted that the equivalent stress σeq
k is easily computed using the stabilized plastic

slip γp,∞ defined in (64). In addition, (65) is related to damage indicators proposed by [47] and
can be interpreted as a condition for crack initiation in the plastic slip plane (nk, sk).

Elastic shakedown and Basquin law. When (65) is not satisfied, i.e. when σeq
k > σb, fatigue

failure is expected to occur after a finite number of cycles denoted by Nf . In this case if elastic
shakedown is reached, a common approach to estimate Nf using a Basquin law [48]:

Nf = A×
(
σeq
k

σb

)B
, (67)

where A and B are material constants and where σeq
k is computed based on (64).
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Plastic shakedownandManson-Coffin law. When τpla
k ≤ σnsk ≤ τmax

k the plateau of the hardening
curve (i.e., phase II in figure 2) is reached and a repetitive elasto-plastic loop is reached in grain k
if the cumulative plastic strain is such as γpla

k ≤ γcum
k ≤ γsoft

k . Then a plastic shakedown regime
is reached and the plastic deformation amplitude of the repetitive elasto-plastic loop denoted by
∆εloop

k is computed from direct cycling using (58). In this case the Manson-Coffin’s law is used to
compute the number of cycle to reach fatigue failure, which reads:

Nf = A′ ×
(
∆εloop

k

)B′
, (68)

where A′ and B′ are material coefficients.

Softening and number of cycles to failure. Furthermore, if γcum
k ≥ γsoft

k the softening phase (i.e.,
phase III in figure 2) is reached, and the number of cycles until the plastic slip reaches γmax

k defined
in (40) is considered as the number of cycles to failure Nf .

A logic chart that summarizes the proposed procedure to analyze fatigue failure is presented in
figure 3.

Figure 3: Logic chart of fatigue failure procedure.
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3. Results

3.1. Model validation
The proposed approach leading to the recursive formula (58) to compute the increment of

plastic slip in all grains is validated by comparison with CPFEM. This numerical computation
is carried out in FreeFEM++ [41] under a 2D assumption and a single loading cycle to spare
computation time. It should be noted that for simpler implementation in FreeFEM++ x is set
to 0 in the non-linear hardening curve (37) leading to a constant critical shear stress in all grains
denoted by τ 0 = 100 MPa. A 500 grains tessellation generated with the free software Neper [49]
is considered. A single pure shear loading step is applied in the form σ̄ = τ̄ (ex ⊗ ey + ey ⊗ ex)
where (ex, ey) denotes the plane directions and τ̄ = 101 MPa. All grains are FCC and oriented so
that their <111> plane belongs to the computation plane (ex, ey). Crystal orientation then reduces
to a single angle denoted by θ (◦) ranging from 0 to 60◦ because of crystal hexagonal periodicity in
the <111> plane. Hence, there are six slip systems (i.e., [101̄], [1̄01], [011̄], [01̄1], [1̄10], [11̄0]).
The resolved shear stress σnsk depends on crystal orientation. Considering the 6 slip planes, the
resolved shear stress is maximal for θ = 0◦ and minimal for θ = 15◦ and the same pattern is
repeated as shown in figure 4. Thus for the sake of comparison, crystal orientations are randomly
assigned between 0 and 15◦ following a normal distribution of mean µθ = 7.5◦ and standard
deviation σθ = 2◦. The resulting oriented tessellation is presented in figure 6.a. To avoid edge
effects in the FreeFEM++ computation, the polycrystal is embedded in a purely elastic domain
so that boundary conditions σ̄.n are applied sufficiently far from the grains. The tessellation is
meshed using 80,000 uniform triangular elements, and the surrounding elastic domain is meshed
using non-regular triangular elements as shown in figure 5. The displacement field is discretized
as a piecewise linear function (linear per element). The computation time of the FreeFEM++
computation is around 6 hours on a personal computer.

Resulting plastic slips are presented with the same color scale in figure 6.c for the CPFEM
computation, and in figure 6.d for the present work. A good agreement is observed. In both
computations the same 51 grains undergo plastic deformation with the same activated slip system.
In addition, to asses more quantitatively the quality of the proposed approach a dissipation distance
is introduced for each grain k undergoing plastic deformation:

errk =

∣∣∣|Ωk|
∣∣∣γpk,FEM

∣∣∣− ∣∣∣Ω̂k

∣∣∣ |γpk |∣∣∣
max

1≤k≤51

[
Ωk

∣∣∣γpk,FEM

∣∣∣] (69)

where |Ωk| and
∣∣∣Ω̂k

∣∣∣ are the real and ellipsoid approximated volumes of grain k, whose sums over
all grains are both normalized to 1. In addition, γpk,FEM and γpk are the average plastic slip in grain
k for the CPFEM computation and the proposed approach respectively. It should be noted that the
relative dissipation distance (69) is computed with respect to the maximal grain dissipation over
all the grains. This choice is relevant as only the grains undergoing the highest plastic deformation
play a role in fatigue lifetime prediction. The dissipation distance (69) is presented as a percentage
of the maximal grain dissipation in figure 6.b. The average over the 51 grains undergoing plastic
deformation is around 4.5%. This comparison therefore partly validates the quality of the present
model.
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Figure 4: Resolved stress σns
k as a function of crystal orientation θ.

Figure 5: Mesh of the CPFEM computation.

3.2. Strain stress curves and sensitivity analysis
To characterize typical response of the proposed solution derived in section 2, four different

cyclic loading paths are computed for a single isolated grain k to demonstrate that the solution
(58) is able to capture the four elasto-plastic regimes in fatigue, namely pure elasticity, elastic
shakedown, plastic shakedown and ratcheting (even though model assumptions make the model
more appropriate for low applied stress and hence for high cycle fatigue). In this example the
shear modulus is set to µ = 80769 MPa, the initial critical shear stress and hardening coefficients
involved in (37) read τ 0

k = 100 MPa, ζ = 100/µ and x = 100, and the dimensionless coefficient
defined in (30) reads αkk = 0.6. From the hardening rule (37) the critical shear stress increases
with deformation from τ 0

k to τmax
k ≈ τ 0

k + µ ζ . The four different cyclic loading are presented
in figure 7. Of course when the resolved shear stress remains below τ 0

k the grain remains fully
elastic for all cycles as shown in figure 8.a. When the resolved shear stress reaches its maximum
amplitude between τ 0

k and τmax
k an elastic shakedown regime is obtained after a certain number of
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Figure 6: a) Oriented tessellation (500 grains), b) Relative dissipation distance with respect to the maximal grain
dissipation, c) Average plastic slip per grain for the CPFEM computation, d) Average plastic slip per grain for the
present work.

cycles as shown in figure 7.b. Indeed because of hardening, once the critical shear stress reaches
the maximum applied resolved shear stress τ̄ jk , subsequent loading cycles remain elastic. As shown
in figure 8.c and d, cyclic loading whose maximum amplitude is higher than the maximal critical
shear stress τmax

k results in plastic shakedown regime or even in ratcheting if the loading amplitude
increases along with cycles. Indeed, at each cycle the applied resolved shear stress τ̄ jk overcomes
the critical shear stress, which results in plastic slips.

In addition, a sensitivity analysis is carried out to identify the parameters that have a significant
influence on the plastic slip γp,jk and the cumulative plastic slip γcum,j

k of a given loading cycle j
and grain k, and consequently on the lifetime. Results (50) and (51) show that the microstructural
parameters likely to influence lifetime are : crystalline orientation, which plays a role through τ̄ jk ,
the shape of the ellipse describing the grain, which appears in the expression of the coefficient αkk,
and grain size through the Hall-Petch relationship (34). In the following only the effect of crystal
orientation is demonstrated for the sake of simplicity.

The fatigue lifetime of a given RVE is usually determined by the most critical grains that have
the shortest lifetime. The proposed sensitivity analysis though is performed for a fixed single
critical grain k for which crystal orientation evolves over the entire range 0 to 60◦. It is thus
assumed that the most critical grain can have any crystal orientation with the same probability.
This corresponds to situations with high stress gradient for which RVEs contain only few grains,
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Figure 8: Stress strain curves for a) elastic regime, b) elastic shakedown, c) plastic shakedown, and d) ratcheting.

and hence the probability density function of crystal orientation of the critical grain is uniform.
The effect of crystal orientation is demonstrated for a fixed critical grain shape corresponding

to an ellipse for which the minor to the major axis ratio is set to 0.5, and the angle between the
major axis and the horizontal axis ex is denoted by Ψ (◦) and set to Ψ = 0◦. Hardening parameters
involved in (34) are listed in table 1, and parameters involved in fatigue criteria (65), (66), (67)
and (68) are listed in table 2. The macroscopic applied stress given in (1) where f(j) oscillates
between +1 and -1 with a zero average value, and σ̄ = τ̄ (ex ⊗ ey + ey ⊗ ex). Three different
conditions are tested with condition 1: τ̄ = 79.21 MPa, condition 2: τ̄ = 100.53 MPa, and

22



condition 3: τ̄ = 121.84 MPa.
The equivalent stress σeq

k and the fatigue lifetimeNf are presented for condition 1 as a function
of crystal orientation θ respectively in figures 9 and 10 (where it should be noted that each dot
correspond to a different computation according to a give crystal orientation of the critical grain
k). Loading conditions are such as elastic shakedown is reached for the entire range 0 − 60◦
so that the fatigue lifetime is computed according to the Basquin law (67). According to (66)
since the equivalent stress σeq

k not only includes the resolved shear stress σnsk but also the resolved
normal stress σnnk the evolution presented in figures 9 and 10 is different from the resolved shear
stress evolution alone presented in figure 4. Significant variations of the fatigue lifetime with a
maximum at Nf ≈ 12× 108 cycles are observed around θ = 17◦, while being rather uniform with
Nf ≈ 108 cycles for the rest of the range. Thus for the tested cyclic load the fatigue lifetime is very
often limited to Nf ≈ 108 cycles excepted when the material is strongly textured with a narrow
distribution of crystal orientations around 17◦.

The fatigue lifetime Nf is presented for condition 2 as a function of crystal orientation θ in
figure 11. The applied stress is higher than for condition 1, and is such as elastic shakedown (i.e
Nf is computed according to the Basquin law (67)) is reached only for a part of the range of crystal
orientations, while plastic shakedown (i.e Nf is computed according to the Manson-Coffin law
(68)) is reached for crystal orientations for which the resolved shear stress σnsk is higher than the
threshold τpla

k without reaching the softening zone (i.e., phase III in figure 2). Steep variations
are observed at the transition between elastic and plastic shakedown in figure 11 depending on the
chosen coefficients for each fatigue law. It is clear from figure 11 that for the given cyclic load, the
fatigue lifetime can be significantly increased if the material is textured so that crystal orientations
around 0 and 30◦ are avoided.

The fatigue lifetime Nf is presented for condition 3 as a function of crystal orientation θ in
figure 12. The applied stress is higher than for condition 2 and therefore assumptions underlying
the model are not necessarily verified. Results may therefore be unreliable. However, even though
condition 3 is beyond the scope of the model, it is still presented to complete the analysis and
demonstrate model consistency. The applied stress is sufficient to reach ratcheting regime over the
entire range 0−60◦ so that the fatigue lifetime is computed according to softening (i.e., phase III in
figure 2). Thus the fatigue lifetime is obtained as the number of cycles so that the cumulative plastic
shear stress γcum

k reaches γmax
k . The fatigue lifetime is therefore maximal for crystal orientations

corresponding to θ = 15◦ and θ = 45◦ for which the resolved shear stress is minimal (see. figure 4).

ζ ×10−4 ξ τmin x Dk

(-) (-) (MPa) (-) (mm)
4.4 0.05 59.2 1 0.3536

Table 1: Hardening parameters involved in (34).
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a σb A B A′ B′

(-) (MPa) (-) (-) (-) (-)
0.7 30 1.558 ×1020 3.6 0.65 2.13

Table 2: Fatigue criteria parameters.

Figure 9: Equivalent stress σeq
k as a function of crystal orientation θ◦ for condition 1.

Figure 10: Fatigue lifetime Nf as a function of crystal orientation θ◦ for condition 1.
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Figure 11: Fatigue lifetime Nf as a function of crystal orientation θ◦ for condition 2.

Figure 12: Fatigue lifetime Nf as a function of crystal orientation θ◦ for condition 3.

The proposed approach is also used to derive probabilistic S-N curves when crystal orientation
is the only variability of the critical grain. Hence, for each applied stress the fatigue lifetime Nf is
computed for a large number of crystal orientations of the critical grain. In figure 13 the resulting
S-N curve is presented as a box plot. For each applied stress, the blue box spreads from the 1st
to the 3rd quartile of the distribution of fatigue lifetime Nf and the 2nd quartile (i.e., median) is
marked in red. A clear change of regime is observed at τ̄ = 107.632 MPa for which results are
widely dispersed due to the effect of crystal orientation leading to elastic or plastic shakedown.
For higher applied stress ratcheting and plastic shakedown take place but model assumptions may
limit the reliability of results. On the contrary, for lower applied stress, model assumptions are
valid and then very high cycle fatigue is computed accurately.
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Figure 13: Computed probabilistic S-N curve when crystal orientation is the only variability of the critical grain.

4. Conclusion

In this paper an energetic three-dimensional exact solution of crystal plasticity in polycrystals
subjected to cyclic loading has been derived for arbitrary shaped grains. The model mainly relies
on the assumption that the plastic strain is uniform in each grain and that elastic stiffness can be
considered isotropic. In addition, isotropic hardening is considered as well as a linear softening
phase when the cumulative plastic slip reach a certain threshold. The plastic slip in each grain is
obtained in the form of a recursive formula coupling all grains and involving integrals over the
arbitrary shaped grain domains.

To reach short computation time, weak grain interaction has been assumed, hence decoupling
the recursive formula, and the arbitrary shaped grains have been approximated with ellipsoids to
facilitate integral computation. The resulting solution enables us to rapidly compute plastic slips
and cumulative plastic slips in all grain for very high number of cycles (i.e., up to 109). The proposed
approach has been validated in 2D against a classical crystal plasticity finite element model, and
satisfying agreement has been observed. In addition, an asymptotic formula has been established
for elastic shakedown by neglecting grain interactions, which enables to directly determine the
stabilized plastic slip and cumulative plastic slip without using computing their evolution through
loading cycles.

This model has been combined with classical fatigue criteria to compute the fatigue lifetime
associated to any polycrystal and any cyclic load. The effect of crystal orientation of the most
loaded grain has been investigated and a probabilistic S-N curve has been derived to demonstrate
the model applicability and potential.
Funding This work was supported by the Pierre Ailleret EDF fund.
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