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Nonlinear Optics Through the Field Tensor Formalism

Julien Duboisset,* Benoît Boulanger,* Sophie Brasselet, Patricia Segonds, and Joseph Zyss

The “field tensor” is the tensor product of the electric fields of the interacting
waves during a sum- or difference-frequency generation nonlinear optical
interaction. It is therefore a tensor describing light interacting with matter, the
latter being characterized by the “electric susceptibility tensor.” The
contracted product of these two tensors of equal rank gives the light-matter
interaction energy, whether or not propagation occurs. This notion having
been explicitly or implicitly present from the early pioneering studies in
nonlinear optics, its practical use has led to original developments in many
highly topical theoretical or experimental situations, at the microscopic as well
macroscopic level throughout a variety of coherent or non-coherent processes.
The aim of this review article is to rigorously explain the field tensor
formalism in the context of tensor algebra and nonlinear optics in terms of a
general time-space multi-convolutional development, using spherical tensors,
with components expressed in the frame of a common basis set of irreducible
tensors, or Cartesian tensors. A wide variety of media are considered,
including biological tissues and their imaging, artificially engineered by
various combinations of optical and static electric fields, with the two
extremes of all-optical and purely electric poling, and also bulk single crystals.
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1. Introduction

Optical processes, be they coherent or in-
coherent, linear or nonlinear, given or
engineered, convolve material properties
with that of interacting fields, both in-
coming and outgoing. They are related to
classical or quantum processes, depend-
ing on the scale of interest, related to elec-
tron displacements in matter under ex-
ternal electromagnetic influences. They
are known as polarization of matter phe-
nomena in the general sense, whereby
material and field properties are mutu-
ally intertwined. The polarizability is ei-
ther generally given as such by nature or
at the outcome of engineering processes
leading to artificial structures. It is gen-
erally considered at the core molecular or
bond scale and then upscaled to the wave-
length scale or above. Relations between
these two scales, including geometric and
physical considerations, are a crucial part
of the prediction and analysis of opti-
cal properties. Geometric considerations

entail framework rotations allowing to move from the molecu-
lar or bond scale to that of interest for electromagnetic waves,
namely the principal dielectric axes for a crystal and more gen-
erally, any adequately chosen laboratory frame provided it is an
orthonormal frame where external parameters can be controlled.
As for the interacting fields themselves, they come to activate
the built-in material properties so as to trigger various optical
processes of interest. The fact that material and field proper-
ties cannot be dissociated is well illustrated by the wave-vector
k⃗𝜔 = 𝜔 n𝜔∕c u⃗ of a propagating electric field E⃗𝜔 at the angular
frequency 𝜔, where u⃗ stands for the unit vector, n𝜔∕c for the in-
verse of the phase velocity of the corresponding wave, c the speed
of light in vacuum ad n𝜔 the refractive index in thematerial, itself
related to its linear polarizability. Clearly, polarizability via the re-
fractive index and propagation of light via the wave-vector are in-
dissociable properties. Note that in addition, the refractive index
is not only depending on the angular frequency but also on the
polarization of the field, which is itself depending on the refrac-
tive index, thus adding another bind between field(s) and matter.
This will play an important role especially in the crystalline part
of this review.
The dual nature of optical processes has led, from the incep-

tion of modern studies at the end of the 19th century, to the
mathematically correct definition of a (multi-)linear convolution
response including successive steps of formalization due to the
slow emergence of a full-fledged tensor algebra toolbox com-
monly available to the optical community. The output of such

Laser Photonics Rev. 2024, 2400411 2400411 (1 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH

http://www.lpr-journal.org
mailto:julien.duboisset@fresnel.fr
mailto:benoit.boulanger@neel.cnrs.fr
https://doi.org/10.1002/lpor.202400411
http://creativecommons.org/licenses/by/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1002%2Flpor.202400411&domain=pdf&date_stamp=2024-09-14


www.advancedsciencenews.com www.lpr-journal.org

a response takes the form of an induced polarization of matter
vector that further radiates an outgoing electric field via Maxwell
equations, whereas the input is a tensor comprising all possi-
ble products of the input electric field components for a given
rank that defines the order of the process. The convolution re-
sponse, also known as the (non-)linear impulse response, stands
upstream to the (hyper-)polarization properties of the medium.
In this review, we focus on the description of electric fields in-

teracting with matter. This has been recognized as a scalar prod-
uct between the susceptibility tensor and the field tensor, which
is the main concern of the present study. Whereas this notion
cannot claim any conceptual originality as such, having been ex-
plicitly or implicitly present from the early pioneering studies in
nonlinear optics, its practical use in specific, however important
situations, has led to original developments. These have either
considerably simplified or even in some cases short-circuited te-
dious derivations as per the earlier crude methods that may have
obscured the underlying physics. It has also led to previously in-
complete insights on optical phenomena by way of new tensor se-
lection rules allowing us to classify, predict or forbid phenomena
as well as to open the way to simultaneous optimization of both
the material and the probing electric field(s). Seemingly haphaz-
ard results at the outcome of calculations generally performed in
a Cartesian basis, can then be seen from a more global and ratio-
nal perspective.
This review will be organized in view of two main objectives:

the first one is aiming at depicting and matching the symme-
try properties of both the electric field and electric susceptibility
tensors, mainly in terms of spherical tensors, with components
expressed in the frame of a common basis set of irreducible ten-
sors abiding to canonical transformation rules. This part will be
mainly applicable to situations whereby propagation considera-
tions can be ignored, such as for surfaces or thin films of di-
mensions much smaller than the wavelength. Various scenarios
of nonlinear interactions will be considered in this frame: har-
monic generation, statistically oriented media, nonlinear nano-
plasmonic where outward shapes become essential as opposed to
internal symmetry in the more classical case of dielectrics, non-
linear spectroscopy including coherent nonlinear Raman effects,
multiphoton transfer of angular momentum and the currently
forefront domain of high order harmonic generation. Special at-
tention will be given in this framework to statistically oriented
media, be they given as such in biological tissues and their imag-
ing, or somehow artificially engineered by various combinations
of optical and static electric fields, with the two extremes of all-
optical and purely electric poling. The terminology and relevance
of multipolar field tensor and that of the matching multipolar
electric susceptibility terms will be discussed in this perspective.
The second line explores situations where propagation

considerations prevail, in connection with thick media and
phase-matching considerations, with emphasis put on single
crystals. Then the field tensor will be indexed by the nature of
eigen-field polarizations, referring to an ordinary (o) or extraordi-
nary (e) refractive index in the case of uniaxial crystals, to a larger
(+) or smaller (-) refractive index in biaxial crystals, whichever
is relevant toward the fulfilment of phase-matching conditions.
In these crystals, the field tensor proves to be a unique tool: on
the one hand, to identify crystal classes for which some phase-

matching polarization configurations are forbidden, which
corresponds to orthogonality between the field tensor and the
electric susceptibility tensor under consideration; on the other
hand, to determine the relative signs and amplitudes of the co-
efficients of the electric susceptibility tensor to be characterized.
We will close this review at a downstream level of the (multi-

ple) Fourier transform of the convolution response which is in
general the starting point of theoretical as well as experimental
studies. Details of the derivation of the Fourier response from the
upstream general convolution are to be found in textbooks.[1,2]

It is nevertheless important to keep in mind the initial (multi-
)linear convolution that accounts formemory effects to be further
reflected in dephasing factors in the Fourier response. These are
of particular of importance for resonant responses where the po-
larization response is actually retarded by the finite lifetime of
the addressed excited levels of the material, be they electronic,
vibrational or both, as it will be considered in this review.

2. Field Tensor Formalism

2.1. Interaction Energy

Introduced by Maker in the context of second harmonic scatter-
ing in liquids,[3] the field tensor derives originally from the con-
stitutive relation between the response of a medium to amultiple
electric fields excitation given by:

P⃗
(
𝜔n

)
= 𝜀0 𝜒

(n−1)E⃗
(
k⃗1,𝜔1

)
… E⃗

(
k⃗n−1,𝜔n−1

)
(1)

where P⃗ is the induced polarization vector, 𝜀0 the vacuum permit-
tivity, 𝜒 (n−1) the (n − 1)-order electric susceptibility tensor of rank
n, and E⃗ the electric field.
From this constitutive relation, Maker used the definition of

the interaction energy written as[3,4]

W = −𝜀0 𝜒 (n−1)E⃗∗
(
k⃗n,𝜔n

)
E⃗
(
k⃗1,𝜔1

)
⋯ E⃗

(
k⃗n−1,𝜔n−1

)
= −E⃗∗.P⃗

(2)

= −𝜀0 𝜒
(n−1) ⋅  (n−1) (3)

where “⋅” stands for the contraction between two tensors of the
same rank n, that is, 𝜒 (n−1) and  (n−1), the Field tensor being de-
fined as:

 (n−1) =
[
E⃗∗

(
k⃗n,𝜔n

)
⊗ E⃗

(
k⃗1,𝜔1

)
⊗…⊗ E⃗

(
k⃗n−1,𝜔n−1

)]
(4)

where ⊗ stands for the tensor product between the interacting
electric fields, * is the complex conjugated, 𝜔 is the angular fre-
quency and k⃗ the wave vector.
Note that the rank of the field tensor corresponds to the n elec-

tric fields involved in the light-matter interaction, that is, the elec-
tric fields exciting thematter plus the electric fields emitted by the
polarization of matter. This formulation is only valid for coherent
optical processes, that is, when the emitted electric fields obey a
phase relationshipwith the incoming electric fields, excluding for
example processes based on fluorescence or luminescence. The
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field tensor depends exclusively on the linear optical properties
of the materials, that is, the wavelength dispersion of the refrac-
tive index, the linear absorption, and also on its orientation with
respect to the material. The field tensor can be divided into two
parts: the first one is a complex amplitude contribution, which re-
flects the amplitudes of the phase dependent electric fields, while
the second one is the tensor contribution built-up from the unit
electric field vectors of the different interacting waves. Then, in
the context of plane wave propagating in the z direction of the lab-
oratory frame (x, y, z), the field tensor can be rewritten as follows:

 (n−1) = ‖E⃗1‖… ‖E⃗n‖F(n−1) ei▵k⃗.z⃗ (5)

where F(n−1) is the unit field tensor defined as,

F(n−1) =
[
e⃗∗

(
u⃗n,𝜔n

)
⊗ e⃗

(
u⃗1,𝜔1

)
⊗…⊗ e⃗

(
u⃗n−1,𝜔n−1

)]
(6)

e⃗ is the unit vector of the electric field E⃗i and u⃗i denotes the unit
vector of the wave vector k⃗i of the wave i. Depending on the con-
sidered applications, the field tensor can be expressed in different
coordinates and frames. Using Cartesian coordinates, the polar-
ization states and the associated components of the wave vectors
are expressed along the three axes x, y, and z of the laboratory
frame. Then any field tensor coefficient can be written as:

F(n−1)ini1…in−1
= e∗in ei1 … ein−1 (7)

where i1 … in refer to the three laboratory frame axes x, y, z.
In this frame, the Cartesian coordinates of the field tensor co-

efficients F(n−1)ini1…in−1
is linked to the corresponding electric suscep-

tibility tensor coefficients 𝜒 (n−1)
ini1…in−1

both expressed in the same
frame with a large number of studies having addressed the sym-
metry properties of the susceptibility tensor to the symmetry ele-
ments of the studied material.[5,6] The Cartesian coordinates are
also suited to describe the macroscopic interaction in crystals to
be developed in Section 5.
Another frame can be used to describe the field tensor, known

as the irreducible tensor base or spherical tensor base.[7,8] This
base has been extensively used in atomic and molecular physics
however less in optics and nonlinear optics.[9] The advantage
of such a spherical approach is to identify invariant quantities
through rotations of the reference frame and keep track of them
via canonical transformation rules. Earlier work on irreducible
tensors in the context of atomic physics led to the definition and
development of a suited algebraic toolbox.[10]

Here, we remind the connection between irreducible spheri-
cal tensors, defined by j andm coordinates, and Cartesian tensors
defined via Cartesian coordinates. First, we start with the elemen-
tary transformation of a Cartesian tensor of rank 1, namely a vec-
tor with three independent components that will transform into
a canonical (j, m) labelled coordinates of the Spherical tensor also
with three independent components. The unit vector relation[3,10]

is defined as

ejm =
∑
p

(jm|p)ep (8)

with

(
jm|p) =

⎛⎜⎜⎜⎝
i∕
√
2 1∕

√
2 0

0 0 −i
−i∕

√
2 1∕

√
2 0

⎞⎟⎟⎟⎠ (9)

with j = 1, m = +1, 0, −1 and p = x, y, z and i is the complex
number.
Using the spherical tensor notation for a vector in the labora-

tory frame, and assuming a wave vector along the z-axis, which
means an electric field orientation located in the x-y plane, the
three basis vectors can be written:

e11 =
1√
2
(ix + y)

e10 = −iz

e1−1 =
1√
2
(−ix + y) (10)

Each of them corresponds to a circularly invariant polariza-
tion state of the electric field, namely left- (m = 1), right-handed
(m = −1) circular polarization state and axial (m = 0) polarization
state. Note that the transformation of a vector into a spherical ten-
sor is said to be irreducible since three independent components
are transformed into three independent components in a unique
way.
In linear optics, the field tensor is a coupling of two electric

fields. Using any of the previous unit vectors, the irreducible
spherical tensor is given by:

FJ
M = e∗,1m1

⊗ e1m2
(11)

with m1, m2 = (−1, 0, 1)
In amore explicit way, the field tensor can be generated by way

of the vector coupling method (Wigner or CB) to yield:

FJ
M =

∑
−1 ≤ m1 ≤ 1
−1 ≤ m2 ≤ 1

(j1m1j2m2|JM)e∗,1m1
e1m2

(12)

where (j1m1j2m2|JM) are the Clebsh-Gordan coefficients.
These coefficients are non-zero when M = m1 +m2 and J ≤

j1 + j2. Using the transformation between the Cartesian and the
spherical coordinates basis, Equation (12) becomes:

FJ
M =

∑
p,q

∑
−1 ≤ m1 ≤ 1
−1 ≤ m2 ≤ 1

(j1m1j2m2|JM)
(
j1m1|p) (j2m2|q) epeq (13)

This equation leads to a relation between the Cartesian com-
ponents and the spherical components expressed in Table 1,[9]

In a full spherical picture, that is, when the electric fields are ex-
panded over the circular basis and using the orthogonality of the
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Table 1. Cartesian components as a function of the spherical components
of a second-order tensor.

J;±Mpq 2;±2 2;±1 2; 0 1;±1 1; 0 0;0

xx −1∕2 1∕
√
6 1∕

√
3

yy 1∕2 1∕
√
6 1∕

√
3

xy ∓i∕2 −i∕
√
2

yx ∓i∕2 i∕
√
2

zx ∓1∕2 1∕2

xz ∓1∕2 −1∕2

zy −i∕2 ±i∕2

yz −i∕2 ∓i∕2

zz −
√
2∕3 1∕

√
3

Clebsh-Gordan coefficients, the link between the electric fields
and the tensor field can be expressed as:

e∗,1m1
e1m2

=
∑

0≤J≤2,−J≤M≤J
(j1m1j2m2|JM) FJ

M (14)

with m1, m2 = (−1, 0, 1). The combination of electromagnetic
fields expressed in the spherical base allows to generate lin-
ear combination of field tensors of different orders, as given in
Table 2.
The irreducible frame shows that the first-order field tensor

built-up from Equation (14) has only spherical components of de-
grees J = 0, 1 and 2 with the corresponding orders M following
−J ≤ M ≤ J. When the polarization fields are limited to in-plane
polarizations, that is, along the x and y coordinates, the degrees
J = 0, 2 can only be generated (Table 1). In order to further gener-
ate a F22 field tensor, the excitation electric field must be of order
m = 1, which corresponds to a left-handed circular polarization
state, and the emitted electric field should be of order m = 1 as
well. Since the complex conjugate of the emitted electric field has
to be considered, it leads to a right-handed circular polarization
state. Circular polarizations of the same handedness will gener-
ate several tensor fields of different degrees J, all with the same
M = 0 order. Note that the generation of a purely isotropic field
tensor F00 is not possible, as seen in Table 2. Therefore, the inci-
dent polarization states ultimately govern the order M, which is

Table 2. Spherical tensor components generated from combinations of cir-
cular and axial polarization fields.m = 1 is the right-handed circular polar-
ization, m = −1, the left-handed polarization and m = 0, axial/linear po-
larization.

em1
⊗ em2

F22 F21 F20 F11 F10 F00

e1 e1 1

e1 e0 1∕
√
2

e1 e−1 1∕
√
6 1∕

√
3

e−1 e1 1∕
√
6 1∕

√
3

e0 e0
√
2∕3 1∕

√
3

e1 e0 1∕
√
2

e0 e1 0

e1 e−1 −1∕
√
2

e−1 e1 1∕
√
2

the order of symmetry of the projection of the field tensor spher-
ical representation, onto the plane orthogonal to the field prop-
agation direction z. M is the sum of the m values of each field,
such that:

M =
∑
n

mn (15)

The symmetry of the field tensor will be designated by this
valueM in the following.
The building principle is the same for the second-order and

the third-order field tensors[3,11,12] by adding tensorial products
as:

FJ
M = e∗,1mn

⊗ e1m1
⊗…⊗ e1mn−1

(16)

Note that irreducible tensors can be more easily visualized by
using the associated spherical harmonic functions. Indeed, elec-
tric vectors can be expressed as a function of the spherical har-
monics YL

M(𝜃,𝜑) as:

FL
M
(𝜃,𝜑) = e1m1

(𝜃,𝜑) ×… × e1mn−1
(𝜃,𝜑) × e∗,1mn

(𝜃,𝜑) (17)

where L = J and with m1,…mn = (−1, 0, 1).
The field tensor then becomes the algebraic product of spheri-

cal harmonics of order 1, representing each field. This construc-
tion makes it possible to go beyond the tensor description and
take advantage of an analytical formalism.[13] Figure 1 shows the
tensor fields generated by several combinations of circular polar-
ization states for different multiphotonic processes.

2.2. Electric Susceptibility Tensor

The use of the multipolar terminology has been introduced by
way of the analogous behaviors of any arbitrarily defined sym-
metric tensor and that of the classically defined multipole charge
tensor, both of the same rank and defined in the same frame.
Any moment of order n for an arbitrary distribution could also
be used as a reference but charge distribution, including their
most reduced form as point charges, has been considered more
consistent with electronic charge displacement and even explic-
itly related to it in early models of nonlinearities.[14,15]

Indeed, a general momentum tensor or multipolar tensor for
a f (x⃗) charge distribution can be expressed jointly in Cartesian
and irreducible terms as:

M(n−1) =
∑

i1 ,i2⋯in

Mi1 ,i2⋯in
(n−1) xi1 ⊗ xi2 ⊗⋯⊗ xin =

0≤J≤n∑
−J≤m≤J

Mm
(n−1),Je

m
J

(18)

Mi1 ,i2⋯in
(n−1) = ∬ ⋯ ∫

Rn−1

f
(
x⃗
)
xi1xi2 ⋯ xindx1dx2 ⋯ dxn (19)

The relations between the Cartesian and irreducible compo-
nents are the same as discussed earlier.
In general, the irreducible component of J order of any sym-

metric susceptibility tensor has been referred to a multipole ten-
sor, hence J = 0 a scalar charge, J = 1 a vector-like dipole, J = 2

Laser Photonics Rev. 2024, 2400411 2400411 (4 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 1. Spherical tensor generated in the cases of second- and third-
order processes: a) second-harmonic generation (SHG) energetic diagram
(odd orders FM=1 and FM=3 tensor field are generated by combination of
circular polarizations); b) third-harmonic generation (THG) energetic di-
agram (only FM=2 and FM=4 can be generated); c) Degenerated four-wave
mixing (FWM) (orders FM=0, FM=2, FM=4 can be generated, FM=2 from two
different possible configurations).

a rank 2 quadrupole, a rank 3 J = 3 an octupole, J = 4 a rank 4
hexadecapole (or 24-pole) and more generally an arbitrary J to be
labelled as a 2J-pole. Note that J cannot be higher than the rank of
the field tensor, while the rotational spectrum is greatly reduced
for symmetric tensors, imposing identical parities for J and n,
namely J taking only odd (respectively even) values for an odd
(respectively even) n rank.
This leads for example to quadratic (second-order) and cubic

(third-order) electric susceptibility tensors as well as second- and
third-order field tensors to be made-up respectively of two irre-
ducible components, namely a J = 1 dipole and a J = 3 octupole
for the 𝜒 (2) susceptibility and the corresponding F(2) field tensor
and three, namely a J = 0 scalar charge, a J = 2 quadrupole and
a J = 4, 24-pole for 𝜒 (3) and the corresponding F(3).
Similarly as for a distribution of charges, the tensor formal-

ism and its spherical decomposition has been exploited to express
the characteristics of macroscopic electric susceptibility tensors
originating from a collection of molecules in the focal volume
using of a microscope, in particular in molecular and biologi-

cal media.[16] Supposing a molecular angular distribution f (Ω)
withΩ = (𝜃,𝜙,𝜓) the Euler set of angles determining the molec-
ular orientation in 3D, themacroscopic electric susceptibility ten-
sor of order n deduced from the molecular electric susceptibility
𝜒
(n−1)
molec can be expressed as:

𝜒 (n−1) = N ∫ 𝜒molec
(n−1) f (Ω) dΩ (20)

with dΩ = sin 𝜃 d𝜃d𝜙d𝜓 and N is the molecular density.
The 𝜒 (n−1)

molec molecular electric susceptibility tensor corresponds
to themicroscopicmolecular electric susceptibility, denoted 𝛽 (n−1)

in increasing order of optical interactions. Its components can
be decomposed onto symmetry elements when expressed in the
macroscopic laboratory frame (indices I1, I2… In),

[3,16]

𝜒
molec,I1 ,…In
(n−1) (Ω) =

∑
i1 ,…in

𝜒
molec,i1 ,…in
(n−1)

(
I1 ⋅ i1

)
⋯

(
In ⋅ in

)
(Ω)

=
∑
i1 ,…in

0≤J≤n∑
−J≤m≤J

𝝌
molec,i1⋯in
(n) c(i,I)mJ Ym

J
(𝛀)

=
0≤J≤n∑
−J≤m≤J

𝝌
molec,m
(n−1),J Y

m
J
(𝛀) (21)

with (i1… in) the microscopic molecular frame and c(i, I)Jm coeffi-
cients of the projection of the (I1 ⋅ i1)… (In ⋅ in)(Ω) angular func-
tions on the YJ

m(Ω) spherical harmonics.[16]

On the other hand, the angular distribution f (Ω) can be
decomposed onto an orthonormal basis of Wigner functions
DJ

mm′ (𝜃,𝜙,𝜓). Supposing that this function is of cylindrical sym-
metry, it is sufficient to use spherical harmonics YJ

m(𝜃,𝜙) with
f (Ω) =

∑
m,J f

J
m YJ

m(Ω). Thanks to the orthogonality rule between
spherical harmonics, the previous expression (20) can be reduced
to:

𝜒 (n−1) =
∑
J,m

𝜒molec,m
(n−1),J f mJ (22)

This leads to a general property applying beyond the case of
cylindrical symmetry distributions: the macroscopic electric sus-
ceptibility tensor is the result of a symmetry coupling between
the microscopic spherical components of the microscopic elec-
tric susceptibility tensor and those of the angular distribution
of its constituents. As a result, the symmetry orders J ≤ n of a
molecular distribution have the ability to influence the forma-
tion of a macroscopic electric susceptibility tensor up to the or-
der (n − 1), only if they match with the symmetry orders J of
this tensor. In even order processes such as linear scattering
(n = 2 for which L = 0, 2) and third order nonlinearities (n = 4,
for which L = 0, 2, 4), the distribution symmetry orders influenc-
ing the optical response are therefore even orders, while in odd
order processes such as second order nonlinearities (n = 3, for
which L = 1, 3), these symmetry orders are odd, as expected in
non-centrosymmetric media which are second-harmonic gener-
ation (SHG) active. A large amount of work has been dedicated to
biological nonlinear imaging, where the analysis of macroscopic

Laser Photonics Rev. 2024, 2400411 2400411 (5 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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electric susceptibility 𝜒 (n−1) has allowed the retrieval of informa-
tion on molecular distribution symmetry orders. This has been
applied in SHG in collagen in tissues or in-vitro,[17–19] but also
in third-order nonlinear processes such as Coherent Anti Stokes
Raman Scattering.[12,20,21]

2.3. Light-Matter Interaction

It is convenient in nonlinear optics to introduce the effective co-
efficient 𝜒eff that is calculated as a tensor contraction between
the electric susceptibility tensor discussed before and the unit
field tensor defined by Equation (6), expressed in an orthonor-
mal frame using the Cartesian or spherical coordinates,[4,9,11,22–25]

according to:

𝜒eff =
∑
I…K

𝜒I…KFI…K =
∑
J,M

(−1)j𝜒 J
MF

J
M (23)

Of particular relevance in terms of simplification and emer-
gence of tensorial selection rules, it is to be remembered that
irreducible subspaces of different order J being orthogonal, the
generalized scalar product or contraction of two tensors of the
same rank will not scramble different J order.
The amplitude scattered by a single emitter can thus be ex-

pressed in terms of a scalar product between the field tensor and
the electric susceptibility tensor, the latter one only depending on
the emitter orientation described by the following spherical coor-
dinates angles (𝜃,𝜑). For a given orientation of the emitter into
the laboratory frame, the effective electric susceptibility is then:

𝜒eff =
∑
I…K

∑
i…k

(Ti
I
(𝜃,𝜑)…Tk

K
(𝜃,𝜑))𝛽i…k.FI…K (24)

=
∑
J,M

∑
m

(−1)J𝔇J
mM

(𝜃,𝜑) 𝛽Jm.F
J
M (25)

The quantity Ti
I(𝜃,𝜑) is the iI components of the Euler rotation

matrix, and𝔇J
mM(𝜃,𝜑) themM components of the J-orderWigner

rotation matrix.
At the end, the overall scattered amplitude is the sum of the

amplitude scattered by each elementary source, with their respec-
tive orientation. If the phase between nonlinear emitters is not
preserved during the integration time,[4] the total scattering cross
section is N times the cross section of one randomly oriented
molecule. In this case, the intensity scattered Iinc is found to be
incoherent and expressed as:

Iinc = NI0
⟨
𝜒eff 𝜒

∗
eff

⟩
(26)

where I0 is a constant and ⟨ ⟩ represents the average over all the
position and orientation of emitters.[3,26,27]

At the opposite situation of coherent processes, the phase rela-
tionship between emitters is conserved, which confers the prop-
erty to the process to scale nonlinearly with the number of emit-
ters. The coherent intensity Ic of a n-order nonlinear process can
be then written as[4,13,22]

Ic ∝
⟨
𝜒eff

⟩⟨
𝜒∗
eff

⟩
(27)

In what follows, Expressions (21) and (22) will be exploited un-
der different conditions that emphasize the role of the field tensor
formalism in the understanding of nonlinear optical interactions
in molecular environments.

3. Microscopic Interaction

The field tensor formalism is a privileged tool for the study of the
nonlinear interactions of sum- and difference-frequency genera-
tions in the context of microscopy. The nonlinear interaction is
significant only inside the focusing volume which does not ex-
ceed several wavelengths in length. It is usually assumed that the
electric fields are not disturbed by the sample itself, and prop-
agate without any distortion nor depletion. In this context, the
field tensor can be reduced to its polarization part FJ

M, given by
Equation (16), whereas the amplitudes and the phase-matching
term are assumed to remain constant. The case where the beams
propagate in the nonlinear medium over several millimeters or
centimeters length into a non-isotropic medium is discussed in
section 5.

3.1. Raman Scattering

Raman spectroscopy is currently used to address a very wide
range of issues in chemistry and physics. It is now recognized
as a valuable technique in biology, being label-free and non-
invasive. Individual Raman bands have several characteristic
properties such as energy, line shapes, intensity and also polariza-
tion states.[28] The polarization of a Raman band is characteristic
of the non-zero elements of the associated scattering tensor and
allows the assignment of its vibrational symmetry. This method
is used qualitatively to distinguish between fully symmetric vi-
brations modes (that generally scatter highly polarized light, and
non-symmetric modes. The molecular electric susceptibility ten-
sor associated to Raman scattering is determined by the sym-
metry properties of vibrations, which are well documented. The
use of polarized light is of great interest to probe these symme-
try properties in isotropic media. In oriented media however, the
average orientation of molecules makes it more difficult to di-
rectly recover the information as the symmetry rules influence
the readout at both microscopic and macroscopic scales. Several
strategies have been developed to determine the symmetry of vi-
brations at the molecular scale using circular or linear polarized
light. The most elegant and effective method is to concentrate
on the irreducible molecular tensor 𝜒 J

M.
[29] For each symmetry

group, it is necessary to perform the appropriate transformation
to obtain the associated isotropic averages, and finally probe it
with the field tensor spherical components FJ

M.
[4,12] The Raman

effective coefficient, which embeds both the first-order electric
susceptibility and field tensors, is defined as:

𝜒R
eff

(
𝜔r

)
= 𝜒

(1)
R .F

(1) (28)

where F(1) = e⃗∗ (𝜔 − Ω)e⃗(𝜔) and 𝜒 (1)
R is the macroscopic Raman

susceptibility tensor at the angular frequency Ω, which contains
the molecular symmetry information about the vibrating bonds.

Laser Photonics Rev. 2024, 2400411 2400411 (6 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 2. Principle of circularly polarized Raman spectrum. Left, measurement principle with same and opposite circular polarization and field tensors
generated in both case.[33] Right, spectrum of CCl4, with two antisymmetric vibrations and one symmetric, Adapted with permission.[34] Copyright 2024,
ACS Publications.

Raman scattering in solutions being an incoherent process,
the intensity of Raman scattering follows Equation (21):

IM = I0 𝜒
R
eff 𝜒

R∗
eff

= I0
∑

JMm
J′M′m′

(
𝜒 J
m𝜒

∗J′
m′

)(
FJ
MF

∗J′
M′

)
𝔇J

mM𝔇
∗J′
m′M′

= I0
∑
J

1
2J + 1

(
𝜒
J
M

)2(
FJ
M

)2

(29)

Equation (29) emphasizes the consequence of orthogonality
rules (where the term 1

2J+1
is a normalization factor) between

spherical harmonics:−2 ≤ M ≤ 2 as the orders of the field tensor
range between 0 and 2 by construction as seen in Equation (14)
and Table 2. Supposing that only circular polarizations are used
in the construction of the field tensor, then M is equal to either
0 or ±2 (Table 2). Circular polarizations allow therefore to quan-
tify independently the electric susceptibility tensor invariants of
orderM.[28,30]

In the spectrum obtained from circular Raman spectroscopy,
vibrational bands emerge with different amplitudes directly re-
lated to the non-zero components of the scattering tensor.[31] The
IRR bands generated from right circular polarizations only at both
the detection and excitation, also denoted I+, correspond to the
symmetric bands (M = 0), whereas IRL (generated from excita-
tion and detection polarizations of opposite handedness), also
denoted I-, corresponds to anti-symmetric bands (M = 2). An ele-
gant way to quantify the distinction between these different sym-
metry bonds is to plot the difference I+ - I-,

[32] as depicted in
Figure 2. The magnitude of the difference I+ - I- has also been

used to distinguish totally symmetric from non-totally symmet-
ric modes.[33]

3.2. Harmonic Generation

The symmetry coupling described in the previous Section ex-
pands to optical effects of higher orders, such as second- and
third-order nonlinear coherent processes. 3-wave interactions in-
volving three angular frequencies (𝜔1,𝜔2,𝜔3) are governed by
the second-order electric susceptibility tensor 𝜒 (2), which covers
sum-frequency generation effects SFG (𝜔3 = 𝜔1 + 𝜔2) including
second-harmonic generation SHG (2𝜔 = 𝜔 + 𝜔) and difference-
frequency generation DFG (𝜔1 = 𝜔3 - 𝜔2) or DFG (𝜔2 = 𝜔3
– 𝜔1). Four-wave processes involving four angular frequencies
(𝜔1,𝜔2,𝜔3,𝜔4) are governed by the third-order electric suscep-
tibility tensor 𝜒 (3), and dealing with sum-frequency generation
SFG (𝜔4 = 𝜔1 + 𝜔2 + 𝜔3), including third-harmonic generation
THG (3𝜔=𝜔+𝜔+𝜔), difference-frequency generation DFG (𝜔1
= 𝜔4 - 𝜔2 – 𝜔3) or DFG (𝜔2 = 𝜔4 – 𝜔1 – 𝜔3) or DFG (𝜔3 = 𝜔4 – 𝜔1
– 𝜔2), and also four-wave mixing FWM (𝜔4 = -𝜔1 + 𝜔2 + 𝜔3) or
FWM (-𝜔1 = 𝜔4 - 𝜔2 – 𝜔3) or FWM (𝜔2 = 𝜔4 + 𝜔1 – 𝜔3) or FWM
(𝜔3 = 𝜔4 + 𝜔1 – 𝜔2).

3.2.1. Second-Harmonic Generation

The lowest-order electric susceptibility 𝜒 (2) is a rank-3 polar ten-
sor which cancels in media with inversion symmetry. It exhibits,
in themost general cases, 27 tensor elements, however this num-
ber may be drastically reduced by symmetry constraints.[6] The

Laser Photonics Rev. 2024, 2400411 2400411 (7 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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field tensor associated to this nonlinear process is the tensorial
product of the three fields, that is, two of them at 𝜔 the other one
being complex conjugated at 2𝜔.[26]

From the irreducible formalism described in Section 2.1, the
combination of left- or right-handed circular polarizations gener-
ates F(2)M=1 and F

(2)
M=3 field tensors, as illustrated in Figure 1. Simi-

larly, 𝜒 (2),J
M only exhibitsM = 1, 3 components due to its odd num-

ber of involved Cartesian indices, so that the resulting effective
electric susceptibility 𝜒 (2)

eff involves coupling of oddM values. This
result is in adequation with the well-known property of coher-
ent SHG to vanish in isotropic or centrosymmetric materials. In-
deed, the isotropic symmetry cannot match the symmetry of the
field tensor necessary to “read” SHGprocesses. The extensive use
of the irreducible tensor formalism in molecular crystals has al-
lowed to emphasize the interest of dipolar (M = 1) and octupolar
(M = 3) symmetries to enhance material-field coupling.[26,27,35]

In particular, octupolar materials have the ability to lead to SHG
response that are insensitive to the incident polarization state,
making them orientation-insensitive, in contrast to materials of
dipolar symmetry.[26]

More recently, SHG has permitted to address the symmetry
of metamaterials and nano-objects.[36] Behind the complexity of
such metallic nano-objects where the local field is driven by Plas-
mon resonances,[37] some simple symmetry rules emerge. In
many cases, the local nonlinear source indeed takes its origin in
the symmetry breaking at the metallic interface.[38,39] This im-
plies that the electric susceptibility symmetry is the same as the
symmetry of the nanoparticle imposed by its geometry, when
both the excitation and emission energies are far from electronic
resonances. In the case of a pure dipolar material, a right-handed
circular polarization generates harmonic photons with the same
polarization. Conversely, a pure octupolar (or a threefolded sym-
metry) nanostructure will change the direction of rotation of the
harmonic photons. In Figure 3a, nanotriangle cavities show a
clear threefold symmetry which efficiently matches with a FM=3
field tensor, whereas circular nanocavities do not exhibit any
SHG.[40,41]

3.2.2. Third-Harmonic Generation

Using circular polarization states, the available field tensors for
THG are limited to F(3)M=4 and F(3)M=2. This result also confirms
the well-known property of THG, to vanish in isotropic ma-
terials when a circular polarization is used.[43] This property
of THG that is not sensitive to isotropic distributions under
circularly polarized light has also been used in bioimaging to
select tissue symmetries and add orientation selectivity.[44] In
the plasmonic context, Figure 3b clearly illustrates the sensitivity
of THG to the symmetry of different nanoparticles. Nanorods,
of second-order symmetry, interact with the circularly polarized
fields combination producing FM=2 (Right Circular Polarization
– Right Circular Polarization) and nano-crosses, of fourth-order
symmetry, interact effectively with the FM=4 tensor field compo-
nent (Right Circular Polarization – Left Circular Polarization).[42]

This rank-3 process shows its complementarity with SHG, even
orders being accessible while odd orders are absent.

Figure 3. Symmetry resolved imaging. a) Field tensor of order M = 1
and M = 3 addressed to nano-cavites; Left: nanotriangles show strong
up conversion of the signal in counter hand circular polarization; Right:
the isotropic symmetry of the nanoholes does not match the field symme-
try and no SHG is allowed; scale bar 2 μm. Adapted with permission.[40]

Copyright 2024 by the American Physical Society b) HG from linear, three-
fold cross and fourfold cross; the RCP-RCP probes the M= 2 order, mainly
in the nanowire; the RCP-LCP probe M = 4 in the fourfold cross; the three-
fold nano-cross are not excited whatever the RCP/LCP configuration; scale
bar 400 nm. Adapted with permission.[42] Copyright 2024 by the Ameri-
can Physical Society c) FWM on salt micro-crystal of cubic crystal system,
the isotropic order is present in the surrounded medium composed of
oil and from the crystal. The order 2 is absent, and the order 4 is only
present into the cubic crystal, which highlights the symmetry sensitivity of
the technique; Adapted with permission.[11] Copyright 2024 by the Amer-
ican Physical Society. scale bar 10 μm.

3.2.3. Four-Wave-Mixing

Similar to THG, FWMprocesses give access to specific even sym-
metry orders up to order four. An access to the isotropic order
(M = 0) is only possible when FWM involves non-degenerated

Laser Photonics Rev. 2024, 2400411 2400411 (8 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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angular frequencies. In this case, isotropic order can be ad-
dressed when all the electric fields display the same circular po-
larization. This behavior differs fromTHG thanks to different an-
gular frequencies in the energetic path. FWM images of Sodium
Chloride (NaCl) salt microcrystals are depicted in Figure 3c. The
different sets of circular polarizations lead to different informa-
tion: the F(3)M=0 field tensor interacts with the isotropic electric sus-
ceptibility from the liquid (oil) and that from the salt crystal; the
F(3)M=2 tensor does lead to any signal since there is no twofold sym-
metry in the sample; However, the F(3)M=4 field tensor efficiently
matches the electric susceptibility tensor of the NaCl crystal that
belongs to the symmetry Oh group and has a strong cubic elec-
tric susceptibility.[45] Furthermore, the oil background is invisible
with this last configuration. By using field tensors of pure sym-
metry, it is therefore possible to reveal the symmetry of the elec-
tric susceptibility tensor in one single configuration, leading to a
symmetry-resolved imaging capability.[13]

3.2.4. High-Harmonic Generation

Since the advent of ultra-short pulse lasers, HHG in gas has been
at the center of a great interest. It provides a unique light source
in the UV and X-ray ranges, however HHG is strongly affected by
symmetry issues.[46,47] The full tensor description used as for low
harmonic generation, that is, SHG or THG, cannot be exploited
in this configuration, since the number of tensor coefficients dra-
matically increases. In this context, symmetries have been used
to explain the presence or absence of some harmonics in the large
spectrum of the emitted light. Even if the irreducible formal-
ism is not strictly used in this field of research, the use of circu-
lar polarizations has emerged to monitor HHG. HHG has been
generated in a molecular sample,[48–50] and more often in rare
gases, which exhibit an isotropic distribution of molecules. As
in THG whereby isotropic sample cannot be addressed when all
the exciting beams are circularly polarized, circular HHG is for-
bidden in such samples.[48] To circumvent this issue, two beams
at different wavelengths, whose polarization can be monitored
independently, have been focused into the sample.[51–53] In this
scheme, the circular polarization of each beam is adjusted in or-
der to generate a field tensor containing isotropic components.
Hence, the field tensor generated can sustain an isotropic order
that matches the symmetry of the sample. However, the tensor
formalism is questionable in the present context where it is as-
sociated with an electric susceptibility, if not both invalid, in the
case of strong fields much above the internal atomic field, such
as in HHG related phenomena where one is playing a role at
the threshold of ionization. In this context, the perturbative ex-
pansion as such is not correct and may need to be completed by
thermal and squeezed states of light.[54]

3.3. Coherent Molecular Spectroscopy

3.3.1. Coherent Raman Scattering

Coherent Raman scattering microscopy is based on a third-order
nonlinear process in which a vibrational resonance is reached
through angular frequencies mixing. Because of such a sensi-

Figure 4. Symmetry resolved molecular spectroscopy. CARS spectrum of
a zeolite crystal; two circular polarization configurations probeM = 0 and
M = 4 symmetries; the spectrum shows the symmetry signature of each
vibration and its assignment. Adapted with permission.[12] Copyright 2024
by the American Physical Society.

tivity to vibration bonds, this provides a label-free, 3D, chemi-
cally selective and real-time imagingmethod.[55] In coherent anti-
Stokes Raman scattering (CARS), two beams of different angular
frequencies (pump 𝜔p and Stokes 𝜔s) interact with the sample to
excite a vibrational resonance at the angular frequency Ω = 𝜔p
- 𝜔s. The symmetry of the vibration bond being generally differ-
ent from the crystal symmetry of the corresponding macroscopic
sample, the probe at 𝜔p is interacting with the excited vibration
at Ω to generate a new “blue shifted” photon at 𝜔as called anti-
Stokes, as shown in Figure 4. This CARS process occurs over-
all through a four-wave mixing process with an emission at the
anti-Stokes angular frequency 𝜔as = 2𝜔p-𝜔s. A CARS recorded
spectrum is typically formed by tuning the Stokes or pump fre-
quency, emphasizing the resonance when 𝜔p-𝜔s = Ω depicted
Figure 4.
The symmetry of the intermediate vibrational level probed in

the CARS path has a crucial importance for the symmetry of the
tensor field used. This is illustrated in the example described
in[13] where a Zeolite crystal belonging to the cubic crystal system
was investigated. This molecular crystal has a large number of
atomic vibrations spanning a broad variety of symmetries.[56]

Off any vibrational resonance, the response from the crystal
is mainly isotropic. However, the symmetry orders of the two
vibrations depicted Figure 4 differ drastically from that of the
crystal symmetry. The T2g resonance is an anti-symmetric vi-
bration appearing in the spectral response of the CARS process
when the field tensor probes the symmetry order M = 4, using
the appropriate circular polarizations mixture. The Eg resonance
is a two-time degenerated vibration possessing an isotropic
order M = 0 as well as M = 4 order contribution. The M = 0
component of this vibration interacts with theM = 0 component
from the non-resonant response of the crystal, leading to a Fano
profile (e.g., originating from an interference process), as seen in
Figure 4.[12] In this context, the symmetry resolved spectroscopy,
which uses circularly polarized beams, allows the symmetry of
vibrations to be directly identified, bringing a clear added-value
onto the sample. Usually, the samples are less ordered than
crystals, especially in biology. In these cases, the symmetry of
molecular assemblies must consider the molecular distribution
in addition to the symmetry of the vibration, similarly to the
description in Section 2.2. In order to reveal the symmetry of the
sample, it is then necessary to introduce an angular distribution
function representing the probability to find a molecule pointing
in a certain direction. The macroscopic electric susceptibility
tensor in the laboratory frame is the result of the combination of

Laser Photonics Rev. 2024, 2400411 2400411 (9 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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both molecular electric susceptibilities and of their distribution
which can be probed with the same field tensor configuration.
Beyond this organization selectivity, the field tensor formalism

has been used to suppress the isotropic background in CARS
images and spectra, thus enhancing the contrast by one to two
orders of magnitude.[57] It also allows to retrieve quantitative
information on the molecular organization, without any post-
processing and independently of the sample orientation in the
transverse plane.[13]

3.3.2. Spinning Molecules

Whereas the CARS process probes the vibrational level of an
assembly of molecules, other types of energetic levels can be
probed, such as the rotational ones.
A way to probe rotational levels is the rotational Doppler shift

(RDS) which is related to the transfer of angular momentum
between an anisotropic rotating body and circularly polarized
light.[58] In order to populate the rotational level, several meth-
ods exist based on optical or physical interactions. For example,
molecules have been rotated by optical TeraHz pulses and probed
by circular THG.[59] In materials with isotropic symmetry, like
gases, THG with circular polarization is forbidden, as seen pre-
viously. However, when another process aligns the molecules,
and therefore populates a rotational level, the process is allowed
again. RDS can be considered as a multiphoton effect where
the first two photons are coming from a first excitation to pre-
pare the alignment of molecules. Then a THG or HHG can
occur.[60] Figure 5 illustrates the multiphoton process using cir-
cular polarizations. In the case of isotropic materials, such as
randomly oriented molecules, the electric susceptibility belongs
to the isotropic order which is inaccessible with a field tensor
of order 2 or 4. When the molecules are oriented with a two-
photon process, the electric susceptibility tensor of the sample
belongs to the orderM = ±2, or higher even orders. From there,
the molecule can convert three photons at 𝜔 onto one photon at
3𝜔. The scheme of Figure 5 describes the THG as a fifth-order
nonlinear process. The THG signal is blue shifted for molecules
rotating in the same direction as circular polarization of the elec-
tric field, and red shifted for counter-rotating molecules.
As a way to cancel a nonlinear process into an isotropic

medium, the circular THG offers a clear picture of rotational
Doppler Effect by way of a multiphotonic process.

4. Multi-Poling Field Tensor

4.1. Induced Poling processes

Imprinting order in an initially isotropic media is of crucial im-
portance to allow for rank-3 tensors such as attached to SHG and
other three-wave-mixing phenomena. In general, a sequence of
two processes is required: a first one to print a single dipole, or
more generally as will be further developed, to multipole an ini-
tially amorphous or isotropic media such as a liquid, polymer or
ferroelectric medium, and a second one to probe the emergence
and eventually decay of a previously or simultaneously imprinted

Figure 5. Multiphotonic picture of the rotational Doppler shift. Circular
THG is forbidden in static gas but becomes available when molecules ro-
tate due to 2-photon orientation. Adapted with permission.[59] Copyright
2024 by the American Physical Society.

(multi)polar order. Tensor considerations have played from the
beginning a central role in poling processes, with irreducible ex-
pressions shown to considerable rationalize derivations and lend-
ing themselves to generalizations that may have been obscured
by the earlier purely Cartesian expressions. In that respect, id-
iosyncratic loops had locked molecular engineering of materials
to the sole pool of dipolar molecules until the mid-80′s, whereas
broader tensorial considerations have allowed to enlarge the do-
main to octupolarmolecules for SHGor highermultipolar orders
for two-photon absorption. This has triggered to this day an active
search for multipolar methods of both electric, optical or mixed
nature toward their orientation. A basic challenge in the domain
had originally been the impossibility to upscale and measure the
octupolar component of a molecule as it cannot be coupled to a
dipolar field due to tensorial orthogonality of the J = 3 and J = 1
irreducible spaces.
Two main generic configurations have been investigated in-

depth, both theoretically and experimentally: one relates to
equilibrium “writing” conditions whereby a Maxwell-Boltzmann
statistic can be applied[27]; the other one relates to out-of-
equilibrium dynamical processes where transient states are
participating by way of quantum transitions at the molecular
level and iterative cycling processes, until an equilibrium is
reached.[27,61]

Both situations feature a sequential combination of write- and
read-multipolar field tensors, in conjunction with the nonlinear
electric susceptibility at stake. This write- and read- field tensors
and associated experiments are the equivalent of pump-probe
experiments in time-resolved spectroscopy. This similarity has
been purposely used in[62] where a first write sequence imprints a

Laser Photonics Rev. 2024, 2400411 2400411 (10 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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non-centrosymmetric grating in a viscous fluid, to be followed by
a probe field tensor diffracted by the grating, the whole scheme
pertaining to a six-wave-mixing configuration. A wealth of stud-
ies has been dedicated to oriented liquids and polymers for SHG,
the former under the label of EFISH, for electric field induced
second-harmonic.[27,26] EFISHhas remained throughout decades
the gold standard for the measurement of the quadratic nonlin-
ear tensor of dipolar molecules. Dipolar orientation of guest-host
polymers has been a domain of intensive investigations in the
perspective of Pockels electro-opticmodulation and their possible
large-scale implication in broad-band optical telecommunication
systems. In both cases, the write tensor is made-up of a single
static or low angular frequency field that is generated by planar
capacitor types of electrodes sandwiching the medium. In such
situations whereby the field-molecule coupling is weak compared
to intermolecular interactions, the write tensor reduces to a sin-
gle constant E⃗ = EJ=1 vector component that can only couple to
the corresponding 𝛽J=1 component of themolecular quadratic hy-
perpolarizability 𝛽.
There are two important exceptions to this configuration: that

of planar interdigitated electrodes for waveguided applications as
in the case of periodically-poled LiNbO3.

[63] In this medium, the
field distribution is more complex, in particular at domain in-
terfaces as seen by using Pockels linear electro-optic microscopy
(PLEOM) imaging[64] requiring the consideration of multipolar
J orders higher than 1. Another important configuration con-
sists in breaking both the weak-field and homogenous condi-
tions of poling, thus involving a writing-field tensor consisting
higher multipolar orders beyond J = 1. Such conditions are met
in nanoscale experiments where a non-homogeneous write-field
is applied over very short distances, possibly down to the nanome-
ter scale via a scanning tunneling microscope (STM) tip leading
to strong fieldmolecule interactions that invalidate the weak field
assumption.[65] Finally, polymer poling in a liquid crystal environ-
ment would also preclude a weak field type coupling assumption
and require the consideration of higher order components in the
write-tensor.
As introduced in Section 2.2, the macroscopic tensor 𝜒 (n−1) is

obtained from the statistical superposition of molecular electric
susceptibilites 𝛽 (n−1) averaged over the orientational molecular
distribution function f (Ω), that is:

⟨
𝜒 (n−1)⟩

Ω = N
kT ∫ RΩ(𝛽

(n−1))f (Ω) dΩ (30)

where RΩ is a rotation operator and f (Ω) originates from the
Boltzmann distribution

f (Ω) = exp
[
−W (Ω)

kT

]
(31)

where T , associated to the Boltzmann constant, is the tempera-
ture and the potentialW (Ω) = W0 − T .E occurring from the in-
teraction between the writing-field E and the molecular tensor
T .T is a general coupling tensor best defined in the molecular
frame with J components eventually beyond the sole J = 1 dipo-
lar order.
The writing-field tensor E is defined along the suited axis of

the laboratory frame, thus requiring rotation of T to bring it in

the same frame, so that:

f (Ω) = exp
[
−W (Ω)

kT

]
≈ 1 −

W0

kT
+ 1
kT

∑
m,J

(−1)mRΩ(T)
m
J E

−m
J

(32)

then

⟨
𝜒 (n−1)⟩

Ω.F = N
kT

n∑
J=0 or 1

1
2J + 1

(
TJ.𝛽 (n−1),J

)
EJ.FJ (33)

In this last general expression, the contracted product of the ir-
reducible components EJ and FJ of the write-field tensor with the
read-out electric field tensor is weighted by the contracted prod-
uct at the same J order of the coupling tensor T with the molecu-
lar hyperpolarizability 𝛽 (n−1) tensor. Summation over J is limited
by parity considerations on the rank n asmentioned earlier in the
case of symmetric tensors. The detailed derivation for this expres-
sion is based on a fundamental tensor permutation scheme valid
within each J-labelled irreducible sub-space,[27] that is:

(TJ.EJ)𝛽 (n−1),J = (TJ.𝛽 (n−1),J)EJ (34)

In the special cases of quadratic processes with respectively
n = 3, it comes:

𝜒 (2) =
∑
J=1,3

𝜒 (2),J = N
kT

∑
J=1,3

1
2J + 1

(
TJ.𝛽J

)
EJ (35)

In order to fully upscale at the macroscopic level the full rota-
tional spectrum of 𝛽, these expressions show that the coupling
term needs to match the J = 1 and 3 rotational spectrum of the
nonlinear susceptibility either. It therefore appears from Equa-
tion. (35) that a purely dipolar write-field tensor, namely T = T1

while allowing to orient the corresponding J = 1 vector compo-
nent 𝛽J will not allow for the corresponding orientation of the
J = 3 octupolar component, thus requiring more elaborate pol-
ing schemes. This can be ensured by way of strong coupling con-
ditions or via and adequately designed set of multipolar, in the
case octupolar electrodes both at the nanoscale of an octupoling
and more generally a multipoling scheme.[66,67]

In the case of third-order processes with n = 4, it comes:

𝜒 (3) =
∑

J=0,2,4
𝜒 (3),J = N

kT

∑
J=0,2,4

1
2J + 1

(
TJ.𝛾 J

)
EJ (36)

Likewise, orientational upscaling of the full rotational spec-
trum of the cubic susceptibility 𝛾 requires the involvement of a
coupling tensor T comprising the same J = 0, 2, 4 orders as for
𝛾 .
The above expressions (35) and (36) can be specialized to the

more classical case of dipolar coupling in both EFISH and poled
polymer cases, with the poled molecular dipole moment for the
coupling, namely T = T1 = 𝜇. Dynamical studies of build-up and
relaxation of poled polymers have been performed by way of alter-
nating electric write- and optical read-tensors within adequately
defined duty cycles.[68]

Laser Photonics Rev. 2024, 2400411 2400411 (11 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 6. Imprint of a statistical order in a DR1-MMA functional polymer for various write-read field tensor configurations. Adapted with permission.[27]

Copyright 2024 Optica Publishing Group. Polar plot I2𝜔(𝜙) of the second-harmonic signal read out by linearly polarized fundamental beam (with the
polarization angle 𝜙) in the case of grafted DR1-MMA spin-coated films. Squares correspond to experimental values; solid curves to theoretical fit. a)
Analyzer at 2𝜔 along X, E2𝜔 and E𝜔 writing fields linearly polarized along X. b) Analyzer at 2𝜔 along Y, E2𝜔 and E𝜔 writing fields linearly polarized along
Y. c) Analyzer at 2𝜔 along X, E2𝜔 and E𝜔 writing fields linearly polarized along respectively Y an X. d) Analyzer at 2𝜔 along Y, E2𝜔 and E𝜔 writing fields
linearly polarized along respectively Y and X.

4.2. All-Optical Poling Processes

All-optical processes involve in general a sequential or inter-
twinned cooperation of write and read field tensors as it will be
derailed later for different configurations. We therefore revisit
and generalize our earlier definition of the field tensor as a mul-
tiple field tensor so as to accommodate such more general con-
figurations, as developed in Appendix B.
The possibility of inducing a permanent 𝜒(2) by light in a

centrosymmetric material has been originally discovered by
serendipity in silica fibers.[69] It used the irradiation of a single
laser beam and was subsequently optimized by simultaneous
seeding of harmonic light at the doubled frequency.[40] The origin
of the ensuing SHG process has been phenomenologically ac-
counted for by the non-zero average of the write-field tensor over
a period T = 2𝜋∕𝜔, namely ⟨E⃗2𝜔 ⊗ E⃗𝜔 ⊗ E⃗𝜔⟩T ≠ 0.[70] The quan-
tum origin of this symmetry breaking process had been shown
by R. Glauber back in the 70′s[71] to be governed by interferences
between one- and two-photon pathways, then in the context of
statistical correlation studies in quantum optics. In photosen-
sitive polymers abiding to molecular reorientation under cycles
of randomizing cis-trans-photoisomerization, like PMMA-DR1
shown in Figure 6, it has been first demonstrated by[41,42]

in a dipolar scheme. Further it has been extended by[27] and

subsequent papers for the full molecular and orientational or-
ders, including the otherwise elusive J = 3 octupolar component
shown to be orientable under an adequately defined all-optical oc-
tupoling scheme. Microscopically, the photo-induced excitation
of molecules, coupled to possible transient photo-isomerization
processes and other possible intramolecular or intermolecular
mechanisms, results in an angularly selective randomization
process leading to an orientationally selective hole-burning with
the possibility to engineer its multipolar symmetry at will. This
dynamical process has been studied in[72,73] based on alternation
of write- and read-tensor exposure of the sample.
The introduction of the irreducible tensor formalism high-

lights the rotational symmetry of the core-molecules via their
nonlinear hyperpolarizability tensor. It is in conjunction with the
orientating mechanism via the adequate transition interference
tensor that is in general amenable to an equivalent hyperpolar-
izability tensor and last of both the write- and the read-tensor
fields.[14,21,44] Here it has been assumed that an orientational hole-
burning process is responsible for the imprint via partial ran-
domization of the molecules. The depth of the orientational hole
burnt in the initially isotropic distribution of photo-isomerizable
nonlinear molecules scales, with the probability of activating the
reorienting trans-cis transition. A simple semi-classical quantum
model of joint one- and n-photon transition probability P01(Ω)

Laser Photonics Rev. 2024, 2400411 2400411 (12 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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within a two-level quantum molecular model accounts for the
emergence of the non-linearity 𝛽 (n−1) appearing again, however
in relation with a multiphoton transition:

f (Ω) ∝ P01 (Ω) ∝ 𝛽 (n−1).E (37)

⟨
𝜒 (n−1)⟩

Ω ∝ ∫ RΩ(𝛽
(n−1)) f (Ω) dΩ ∝

[
∫ RΩ(𝛽

(n−1))𝛽 (n−1)dΩ
]
.E

(38)

with the writing field E now occurring from multiple optical
fields:

E =
(
E⃗n𝜔

)∗
⊗ E⃗𝜔⋯⊗ E⃗𝜔 (39)

The writing field E is then a field tensor rank n comprising the
(n-1) harmonic and n − 1 times the fundamental field. Finally,
along similar irreducible tensor expressions and their canonical
orientational transformation properties it comes:

⟨
𝜒 (n−1)⟩

Ω.F ∝
n∑
J=0

1
2J + 1

(
𝛽 (n−1),J.𝛽 (n−1),J

)
EJ.FJ (40)

Equation (40) looks, at least at a formal level, strikingly similar
to the corresponding one for multipoling at equilibrium under a
Maxwell-Boltzman statistic. However, it is of a fundamentally dif-
ferent physical origin. It is most striking to notice here the same
𝛽 (n−1) tensor showing-up as a nonlinear electric susceptibility and
also as a multiphoton transition rate for parallel mutually coher-
ent interfering one- and n-photon pathways. TheEwrite-field ten-
sor provides a powerful control on the orientation of the medium
by way of its rotational spectrum.
In a transverse planar configuration with beams perpendicu-

lar to a planar sample and in-plane transverse field polarizations,
the double integer (J,m) labelling can be reduced to m = ±J very
much like general YJ

m(𝜃,𝜑) spherical harmonics are amenable
to eim𝜑 complex exponentials. Splitting the fundamental beam at
frequency 𝜔 in n circularly polarized beams of individually con-
trolled handedness labelled by 𝜀i𝜔, with 𝜀i = ±1 with 1 ≤ i ≤ n
and 𝜀0 = ±1 for the nth- harmonic, allows to span the full rota-
tional spectrum for the write-tensor and therefore promote any
J = ±m component of the molecular hyperpolarizability via the
following expression of the write field:

E = (E𝜀nn𝜔)∗ ⊗ E𝜀1𝜔⋯⊗ E𝜀n−1𝜔

= E1⋯Ene
i(−𝜀n+𝜀1⋯+𝜀n−1)𝜑c⃗𝜀n∗ ⊗ c⃗𝜀1 ⋯⊗ c⃗𝜀n−1

− n ≤ 𝜀1 +⋯ + 𝜀n ≤ n

c⃗𝜀i =
1√
2

(
x⃗ + 𝜀iy⃗

) (41)

where the c⃗𝜀i stand for the normalized right or left-handed cir-
cularly polarized complex unit vectors. The more general case,
where the transition is governed by the interference between p-
and q- multiphoton pathways, would introduce other degrees of
control. Its derivation would be technically tedious but follows
essentially the same path as above for p = 1 and q = n.

The following simpler expression applies to the case of
quadratic nonlinear properties, sustained by a molecular hyper-
polarizability tensor with both J = 1 dipolar and J = 3 irreducible
components, that is:⟨
𝜒 (n−1)⟩

Ω.F ∝
∑
J=1,3

1
2J + 1

‖𝛽J‖2EJ.FJ (42)

where F is the field tensor of Equation (4). The 𝛽J.𝛽J contracted
product is expressed here as the square of the tensor norm 𝛽J

norm. In order to single out the dipolar (respectively octupolar)
component of 𝛽, it is necessary to make use of the correspond-
ing dipolar (respectively octupolar) write- and read-field tensors.
In a planar configuration with in-plane write- and read-field ten-
sors, the write-field tensor can be expressed on a basis of complex
exponential with integer exponents as following:

EJ =
(
E⃗𝜀32𝜔

)∗
⊗ E⃗𝜀1𝜔 ⊗ E⃗𝜀2𝜔 = E1E2E3e

i(−𝜀3+𝜀1+𝜀2)𝜑c⃗𝜀3∗ ⊗ c⃗𝜀1 ⊗ c⃗𝜀2

(43)

The writing field tensor can be engineered by different combi-
nations of circular polarizations of the harmonic and fundamen-
tal beams to sustain an adjustable balance of dipolar or octupolar
symmetries, namely 𝜀1 = 𝜀2 = ∓1, 𝜀3 = ±1 for dipolar symmetry
and 𝜀3 = ∓1, 𝜀1 = 𝜀2 = ±1 for octupolar symmetry.[74] A reading
field tensor and analyzer with matching parities are to be further
used to probe the dipolar and octupolar components of the im-
printed 𝜒 (2). Note that there exists the possibility of chiral orien-
tation for the octupolar component by inverting the parity of the
fields contributing to the write-field tensor.
As an example, a sample of DR1-methyl methacrylate was ex-

cited with collinear circular or counter circular (𝜔, 2𝜔) polariza-
tions, as shown in Figure 6.[75] The E1 field tensor component
produces in the collinear (𝜔, 2𝜔) circular configuration imprints
a dipolar statistical order resulting in a macroscopic dipolar re-
sponse of the sample. The read-field tensor then reveals the dipo-
lar response that can be identified by its two lobes on the polar-
ization plot (Figure 6a). In the counter circular (𝜔, 2𝜔) configura-
tion, the 𝐹3 “writing” field tensor imprints an octupolar symme-
try order into the sample, as seen in Figure 6c via its isotropic
polarization response. In the general topic of all-optic poling,
the purely octupolar configuration is of particular interest, as
it is the unique configuration which is capable of generating a
polarization-independent harmonic response.

5. Macroscopic Interaction

The field tensor formalism is also a privileged tool for the study
of the second- and third-order nonlinear interactions of sum-
and difference-frequency generations at the macroscopic scale in
crystals. The configuration of polarization is of prime importance
as in the case of the microscopic scale, but it becomes neces-
sary to take into propagative considerations when the interacting
waves propagate in the nonlinear medium over several millime-
ters or centimeters, a configuration which is of prime interest
when phase-matching conditions are fulfilled. It is therefore our
aim in the following paragraphs to illustrate the role and poten-
tial of the field tensor to investigate such configurations.

Laser Photonics Rev. 2024, 2400411 2400411 (13 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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5.1. Optical Classes and Eigenmodes of Polarization in Crystal
Optics

In this context, the field tensor is built from the unit electric
field vectors corresponding to the eigenmodes of polarization of
the different interacting waves. These polarization states are im-
posed by the direction of propagation u⃗ that is considered. Sit-
uations differ depending on the crystal of interest that can be-
long to the isotropic optical class or to the two anisotropic op-
tical classes, labeled uniaxial and biaxial. It is based on relative
values between the three principal refractive indices nx (𝜔) =√
1 + 𝜒 (1)

xx (𝜔), ny (𝜔) =
√
1 + 𝜒 (1)

yy (𝜔) and nz (𝜔) =
√
1 + 𝜒 (1)

zz (𝜔)
where 𝜔 refers to the angular frequency and (x, y, z) stands for
the dielectric frame, that is the frame that diagonalizes the first-
order electric susceptibility tensor 𝜒 (1)(𝜔) that is a rank-3 polar
tensor. The optical classes are derived from the application of
Neumann’s principle to 𝜒 (1). This principle stipulates that if mat-
ter remains invariant according to several orientation symmetry
operations, then any physical property of matter has to be invari-
ant according to the same orientation symmetry operations. As
a consequence, the tensor of interest, that is 𝜒 (1), has to be in-
variant according to all the orientation symmetry operations of
the point group of matter. Doing this for the 32 point groups
leads to three possible forms for the matrix representing 𝜒 (1),
with the following symmetries when the matrices are expressed
in the dielectric frame: 𝜒 (1)

xx = 𝜒
(1)
yy = 𝜒

(1)
zz for the isotropic optical

class, which corresponds to crystals belonging to the cubic crystal
classes, but also to gas, liquids and glasses; 𝜒 (1)

xx = 𝜒
(1)
yy ≠ 𝜒

(1)
zz for

the uniaxial anisotropic optical class to which the trigonal, tetrag-
onal and hexagonal crystals belong; and 𝜒 (1)

xx ≠ 𝜒
(1)
yy ≠ 𝜒

(1)
zz for the

biaxial anisotropic optical class corresponding to triclinic, mon-
oclinic and orthorhombic crystals. Then it comes for the refrac-
tive indices: nx (𝜔) = ny (𝜔) = nz (𝜔) ≡ n(𝜔) for the isotropic opti-
cal class; nx (𝜔) = ny (𝜔) ≡ no(𝜔) ≠ nz(𝜔) ≡ ne(𝜔) for the uniaxial
anisotropic optical class, where no(𝜔) and ne(𝜔) are the ordinary
and extraordinary principal refractive indices, respectively; and
nx(𝜔) ≠ ny(𝜔) ≠ nz(𝜔) for the biaxial anisotropic optical class. Let
e⃗(𝜔, u⃗) be the unit electric field vector describing the linear polar-
ization state of a wave propagating in a direction u⃗(𝜃,𝜑), where
(𝜃,𝜑) are the angles of spherical coordinates linked to the Carte-
sian coordinates in the dielectric frame.
The calculation of e⃗(𝜔, u⃗) can be done from solving the wave

propagation equation projected on the three axes of the dielectric
frame.[6] It can be shown that any direction of polarization is al-
lowed in media of the isotropic optical class. The case of the two
anisotropic optical classes, for which there are only two possible
directions of polarization imposed by the direction of propaga-
tion u⃗(𝜃,𝜑), is completely different. In the cases of any direction
of propagation in a uniaxial crystal, the two eigenmodes of polar-
ization are given in terms of ordinary and extraordinary modes,
respectively e⃗o(𝜔, u⃗) and e⃗e(𝜔, u⃗) and are expressed in the dielec-
tric frame as:

e⃗o
(
𝜔, u⃗

)
=

⎛⎜⎜⎜⎝
e0x

(
𝜔, u⃗

)
e0y

(
𝜔, u⃗

)
e0z

(
𝜔, u⃗

)
⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
− sin (𝜑)

cos (𝜑)
0

⎞⎟⎟⎟⎠ (44)

and

e⃗e
(
𝜔, u⃗

)
=

⎛⎜⎜⎜⎝
eex

(
𝜔, u⃗

)
eey
(
𝜔, u⃗

)
eez

(
𝜔, u⃗

)
⎞⎟⎟⎟⎠ =

⎛⎜⎜⎜⎝
− cos (𝜑) cos

(
𝜃 ± 𝜌e

(
𝜔, u⃗

))
− sin (𝜑) cos

(
𝜃 ± 𝜌e

(
𝜔, u⃗

))
sin

(
𝜃 ± 𝜌e

(
𝜔, u⃗

))
⎞⎟⎟⎟⎠ (45)

with

𝜌e
(
𝜔, u⃗

)
= Arcos

⎡⎢⎢⎢⎣
no−2 (𝜔) cos

2 (𝜃) + ne−2 (𝜔) sin
2 (𝜃)√

no−4 (𝜔) cos
2 (𝜃) + ne−4 (𝜔) sin

2 (𝜃)

⎤⎥⎥⎥⎦ (46)

The sign (± or-) in Equation (45) is (+) for a negative uniax-
ial crystal, and (-) for a positive one. The quantity 𝜌e(𝜔, u⃗) is the
spatial walk-off. Note that 𝜌e (𝜔, u⃗) = 0 in the xy-plane.
Equation (44) shows that the ordinary polarization is orthogo-

nal to the z-axis that is called the optical axis of the uniaxial crystal.
The extraordinary polarization is then orthogonal to the ordinary
polarization, and so parallel to a plane including the optical axis
according to Equation (45).
The ordinary and extraordinary eigenmodes of polarization are

also relevant in the case of a propagation in the principal planes
of the dielectric frame of biaxial crystals. But it is necessary to re-
place (no, ne) by (nx, nz) in the xz-plane (𝜑 = 0), by (ny, nz) in the
yz-plane (𝜑 = 𝜋∕2), and by (ny, nx) in the xy-plane (𝜃 = 𝜋∕2) in
Equations (45) and (46) for the extraordinary polarization. Equa-
tion (44), that describes the ordinary polarization, can be also
used in the xz- and yz-planes of biaxial crystals provided the pre-
viousmodifications are done, but not in the xy-plane where it has
to be replaced by:[6]

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

e⃗o
(
𝜔, u⃗

)
=

⎛⎜⎜⎜⎝
− sin

(
𝜑 ∓ 𝜌o

(
𝜔, u⃗

))
cos

(
𝜑 ∓ 𝜌o

(
𝜔, u⃗

))
0

⎞⎟⎟⎟⎠
𝜌o

(
𝜔, u⃗

)
= Arcos

⎡⎢⎢⎢⎣
n−2y (𝜔) cos2 (𝜑) + n−2x (𝜔) sin2 (𝜑)√
n−4y (𝜔) cos2 (𝜑) + n−4x (𝜔) sin2 (𝜑)

⎤⎥⎥⎥⎦
(47)

The sign (- or +) in Equation (47) is (-) for a negative uniaxial
crystal, and (+) for a positive one.
For a propagation out of the principal planes of biaxial crystals,

it is necessary to use the following equation:

e±i
(
𝜔, u⃗

)
=

[
n±

(
𝜔, u⃗

)]2[
n±

(
𝜔, u⃗

)]2 − [
ni (𝜔)

]2 ui
[
u⃗.e⃗±

(
𝜔, u⃗

)]
(48)

where i = x, y, z.
n±(𝜔, u⃗) refers to the two possible values that the refractive in-

dex can take in the direction of propagation u⃗ that is considered. It
is expressed by the two solutions of the index surface equation,[6],

that is,:

n±
(
𝜔, u⃗

)
=

√
2

−B ∓
√
B2 − 4C

(49)
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Figure 7. Index surfaces and ordinary (o) and extraordinary (e) eigenmodes of polarizations in the cases of positive uniaxial (left) and biaxial (right)
crystals. OA denotes the optical axis and (x, y, z) is the dielectric frame. V is the angle between the optical axis of the biaxial crystal and the z-axis.

with

B = −u2x (b + c) − u2y (a + c) − u2z (a + b)

C = u2x bc + u2yac + u2zab

a = n−2x (𝜔) , b = n−2y (𝜔) , c = n−2z (𝜔) (50)

Equations (48–50) allow us to establish that e⃗+(𝜔, u⃗) and
e⃗−(𝜔, u⃗) are never orthogonal out of the principal planes of biaxial
crystals. Note that the quantity n+(𝜔, u⃗) − n−(𝜔, u⃗) is the birefrin-
gence in the direction u⃗ and that the relation of order between
the principal refractive indices leads to the definition of the op-
tical sign of uniaxial and biaxial crystals: the sign is positive if
n0(𝜔) < ne(𝜔) for uniaxial crystals, and if nx(𝜔) < ny(𝜔) < nz(𝜔)
for biaxial crystals. The inequalities are reversed for a negative
optical sign. Since the eigenmodes are linear polarizations, then
they are described by real quantities.
As an example, the index surface with the associated eigen-

modes of polarization of positive uniaxial and biaxial crystals are
shown in Figure 7.

5.2. Symmetries of Field Tensors

The relations between the field tensor coefficients at different an-
gular frequencies are built up from the commutativity of the al-
gebra product of the unit electric field vectors Cartesian coordi-
nates that compose the field tensors. Below are detailed their ex-
pression for all the possible 3-wave and 4-wave nonlinear optical
processes, coming from Equation (6), where all the electric fields
are real quantities, that is, e⃗∗ (u⃗n,𝜔n) = e⃗(u⃗n,𝜔n), since they corre-
spond to linear polarizations described by Equations (44)-(48):

• for SFG/DFG 3-wave mixing,[23]

Fijk
(
𝜔3 = 𝜔1 + 𝜔2, u⃗

)
= ei

(
𝜔3, u⃗

)
ej
(
𝜔1, u⃗

)
ek

(
𝜔2, u⃗

)
= Fjik

(
𝜔1 = 𝜔3 − 𝜔2, u⃗

)
= ej

(
𝜔1, u⃗

)
ei
(
𝜔3, u⃗

)
ek

(
𝜔2, u⃗

)
= Fkij

(
𝜔2 = 𝜔3 − 𝜔1, u⃗

)
= ek

(
𝜔2, u⃗

)
ei
(
𝜔3, u⃗

)
ej
(
𝜔1, u⃗

) (51)

• for SFG/DFG 4-wave mixing,[24]

Fijkl
(
𝜔4 = 𝜔1 + 𝜔2 + 𝜔3, u⃗

)
= ei

(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
ek

(
𝜔2, u⃗

)
el
(
𝜔3, u⃗

)
= Fjikl

(
𝜔1 = 𝜔4 − 𝜔2 − 𝜔3, u⃗

)
= ej

(
𝜔1, u⃗

)
ei
(
𝜔4, u⃗

)
ek

(
𝜔2, u⃗

)
el
(
𝜔3, u⃗

)
= Fkijl

(
𝜔2 = 𝜔4 − 𝜔1 − 𝜔3, u⃗

)
= ek

(
𝜔2, u⃗

)
ei
(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
el
(
𝜔3, u⃗

)
= Flijk

(
𝜔3 = 𝜔4 − 𝜔1 − 𝜔2, u⃗

)
= el

(
𝜔3, u⃗

)
ei
(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
ek

(
𝜔2, u⃗

)
(52)

• for FWM 4-wave mixing:

Fijkl
(
𝜔4 = −𝜔1 + 𝜔2 + 𝜔3, u⃗

)
= ei

(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
ek

(
𝜔2, u⃗

)
el
(
𝜔3, u⃗

)
= Fjikl

(
−𝜔1 = 𝜔4 − 𝜔2 − 𝜔3, u⃗

)
= ej

(
𝜔1, u⃗

)
ei
(
𝜔4, u⃗

)
ek

(
𝜔2, u⃗

)
el
(
𝜔3, u⃗

)
= Fkijl

(
𝜔2 = 𝜔4 + 𝜔1 − 𝜔3, u⃗

)
= ek

(
𝜔2, u⃗

)
ei
(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
el
(
𝜔3, u⃗

)
= Flijk

(
𝜔3 = 𝜔4 + 𝜔1 − 𝜔2, u⃗

)
= el

(
𝜔3, u⃗

)
ei
(
𝜔4, u⃗

)
ej
(
𝜔1, u⃗

)
ek

(
𝜔2, u⃗

)
(53)

Equations (51–53) show that the field tensor coefficients re-
main unchanged by concomitant permutations of the unit elec-
tric field vectors coordinates at the different angular frequen-
cies and the corresponding Cartesian indices. These relations
are equivalent to thermodynamic symmetry regarding the elec-
tric susceptibility tensor in the case of a lossless medium,
that is, when the electric susceptibility coefficients are all real
numbers.[76] It is illustrated by the following equalities in the case
of a 3-wave mixing process:

𝜒ijk(𝜔3 = 𝜔1 + 𝜔2) = 𝜒jik(𝜔1 = 𝜔3 − 𝜔2) = 𝜒kij(𝜔2 = 𝜔3 − 𝜔1)

(54)

The effective coefficients of SFG and DFG can be then derived
from Equations (51) and (54) for the 3-wave mixing processes,
leading to:

𝜒SFG
eff (𝜔3 = 𝜔1 + 𝜔2, u⃗) = 𝜒 (2)(𝜔3 = 𝜔1 + 𝜔2).F

(2) (𝜔3 = 𝜔1 + 𝜔2, u⃗)

= 𝜒DFG
eff (𝜔1 = 𝜔3 − 𝜔2, u⃗) = 𝜒 (2)(𝜔1 = 𝜔3 − 𝜔2).F

(2) (𝜔1 = 𝜔3 − 𝜔2, u⃗)

= 𝜒DFG
eff (𝜔2 = 𝜔3 − 𝜔1, u⃗) = 𝜒 (2)(𝜔2 = 𝜔3 − 𝜔1).F

(2) (𝜔2 = 𝜔3 − 𝜔1, u⃗)

(55)
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Similar relations can be established for the 4-wave processes.
As seen previously from Equations (44–50), there are two

possible eigenmodes of polarization for each wave, which gives
a total of 23 = 8 possible configurations of polarization in any
direction of propagation for SFG or DFG 3-wave mixing pro-
cesses: (eee), (ooo), (eoo), (oee), (eoe), (eeo), (ooe) and (oeo) in
uniaxial crystals or in the principal planes of biaxial crystals, and
the same in terms of (+) and (-) polarization modes out of the
principal planes of biaxial crystals. Similarly, there are 24 = 16
possible configurations in the case of a SFG and DFG 4-wave
mixing or FWM: (oooo), (eeee), (eooo), (oeee), etc. There are four
kinds of symmetry directly depending on these configurations of
polarization that are built from ordinary (o) and extraordinary (e)
eigenmodes; they are due to: i) cancellations of Cartesian coordi-
nates of the unit electric field, ii) orthogonality between ordinary
and extraordinary polarizations, iii) independence of polariza-
tion directions occurring at different angular frequencies, and
iv) equality between angular frequencies.[6] These symmetries
will determine the shape of the (3 × 9) or (3 × 27) matrices
describing the field tensor of 3-wave or 4-wave mixing processes,
respectively. Below we demonstrate the rationale that underlies
the construction of the field tensor matrix based on a few exam-
ples applying as well to principal planes of positive uniaxial or
biaxial crystals, in particular with a (eoo) configuration.

i. According to Equations (44–47) and to Figure 7, the ordinary
polarization always lies in the xy-plane, so that Feoo

ijz = Feoo
izk =

Feoo
izz = 0, which leads to the cancellation of 15 field tensor
components in this case. This symmetry depends also on the
direction of propagation. By keeping the same example of a
propagation in the xy-plane, Equation (45) and Figure 7 show
that the extraordinary wave is polarized along the z-axis, then:
Feoo
xjk = Feoo

yjk = 0 leading to the annihilation of 8more field ten-
sor coefficients. This type of relations never applies out of the
principal planes of biaxial crystals since all the Cartesian co-
ordinates of the unit electric fields are non-zero.

ii. Ordinary and extraordinary polarizations are always perpen-
dicular so that for example Feoo

xxk + Feoo
yyk + Feoo

zzk = Feoo
xjx + Feoo

yjy +
Feoo
zjz = 0, which leads to the following relations in addition
to those mentioned in (i): Feoo

xxx = −Feoo
yxy = −Feoo

yyx and Feoo
yyy =

−Feoo
xxy = −Feoo

xyx. Note that this relations do not apply out of the
principal planes of biaxial crystals where the two eigenmodes
of polarization are never orthogonal.

iii. Equation (44) and Figure 7 show that the ordinary polariza-
tion of a uniaxial crystal, or in the xz- and yz-planes of a bi-
axial crystal, never depends on the frequency, whereas it is
the case for a direction of propagation at 𝜃 = 𝜋∕2, that is,
in the xy-plane, according to Equations (45–47). Again using
the example of the configuration (eoo), a permutation rela-
tion can be found over the two last Cartesian indices, that
is, Feoo

ijk = Feoo
ikj , which leads to the equality Feoo

zxy = Feoo
zyx in ad-

dition to the relationships provided by (i) and (ii). Note also
that (iii) leads to the full permutation symmetry for the (ooo)
field tensor, that is, Fooo

ijk = Fooo
ikj = Fooo

jki = Fooo
jik = Fooo

kij = Fooo
kji for

any direction of propagation of a uniaxial crystal or in the xz-
and yz-planes of a biaxial crystal.

iv. Equalities between the frequencies of interacting waves of
same polarization can provide new permutation rules. It

is the case of SHG (2𝜔 = 𝜔 + 𝜔), THG (3𝜔 = 𝜔 + 𝜔 + 𝜔)
or the optical Kerr effect, that is, (𝜔 = −𝜔 + 𝜔 + 𝜔), which
corresponds to a full degenerated FWM. The relations
found in (iiii) do not provide new equalities between
the field tensor coefficients in the cases of the previ-
ous examples with (eoo) and (ooo) due to (iii). But it
is not always the case, in particularly for a propagation
out of the principal planes of biaxial crystals where (iiii)
is the only allowed permutation. For example it comes
F−++
ijk (2𝜔 = 𝜔 + 𝜔, u⃗) = F−++

ikj (2𝜔 = 𝜔 + 𝜔, u⃗) and similarly

F−+−+
ijkl (3𝜔 = 𝜔 + 𝜔 + 𝜔, u⃗) = F−+−+

ilkj (3𝜔 = 𝜔 + 𝜔 + 𝜔, u⃗).

The symmetries of both the field tensor and the electric sus-
ceptibility tensor can lead to situations where their contraction is
nil, that is:

𝜒eff = 𝜒 (n−1).F(n−1) = 0 (56)

with n = (3, 4).
This orthogonality between the field tensor and the electric

susceptibility tensor occurs when second-order or third-order
processes are achieved in specific crystal classes for given con-
figurations of the input polarizations. It happens in the follow-
ing situations involving uniaxial crystals only: D4 (422) and D6
(622) for the configurations of polarization (eoo), (oeo) and (ooe);
C4v (4 mm) and C6v (6 mm) for (oee), (eoe) and (eeo); D6 (622),
D6h (6/mmm), D3h (62m) and C6v (6 mm) for (eooo), (oeoo),
(ooeo), (oooe) and also (oeee), (eoee), (eeoe), (eeeo).[6,23,24] Note
that the corresponding conversion efficiency is nil even if phase-
matching or quasi-phase-matching is achieved. This orthogonal-
ity criterion is then of prime importance for choosing the right
crystal and the well-suited configuration of polarization.

5.3. Determination of the Absolute Magnitudes and Relative
Signs of the Nonlinear Tensor Coefficients

The field tensor formalism is of particular interest for the char-
acterization of the second- and third-order electric susceptibility
tensors of crystals, the goal being to determine both the magni-
tude and the relative signs of the non-zero coefficients of these
tensors from the measurement of frequency conversion efficien-
cies.
The best situation is to perform such ameasurement when the

nonlinear process is phase-matched, which allows the conversion
efficiency to be enhanced, providing a good signal to noise ratio.
Two examples are considered here, allowing us to show two pos-
sible strategies.
The first example is that of the famous nonlinear optical crys-

tal, KTiOPO4 (KTP) that is used nowadays for numerous appli-
cations in the visible and far infrared. It crystallizes in the or-
thorhombic crystal class C2v (mm2), it belongs to the biaxial opti-
cal class, and its optical sign is positive.[77]

There are 7 non-zero and independent coefficients of the
second-order electric susceptibility tensor for this crystal class.[20]

Kleinman’s assumption can be used when both the absorp-
tion and the wavelength dispersion of the principal refractive in-
dices are weak, which is often relevant in the used wavelength
ranges. In this case, the second-order electric susceptibility

Laser Photonics Rev. 2024, 2400411 2400411 (16 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 8. Field tensor coefficients calculated as function of the phase-
mathing angle for Type II SHG (𝜆𝜔 = 1.064 μm; 𝜆2𝜔 = 0.532 μm) in KTP.
Adapted with permission.[78] Copyright 2024 Optica Publishing Group.

tensor becomes symmetric over the three Cartesian indices,
which gives for C2v: 𝜒xxz = 𝜒xzx = 𝜒zxx ≠ 𝜒yyz = 𝜒yzy = 𝜒zyy ≠
𝜒zzz, corresponding respectively to 𝜒15 = 𝜒31 ≠ 𝜒24 = 𝜒32 ≠ 𝜒33
using the contracted notation. This leads to three independent
coefficients to determine.
It is interesting at this stage to consider the corresponding ef-

fective coefficients expressed on the basis of the field tensor. For
example, a phase-matched Type II SHG configuration of polar-
ization in the positive biaxial crystal KTP, leads to:

𝜒eff
(
2𝜔 = 𝜔 + 𝜔, u⃗

)
= 𝜒15.F15 + 𝜒24.F24 + 𝜒31.F31 + 𝜒32.F32 + 𝜒33.F33

(57)

with

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

F15 =[
e−x

(
2𝜔, u⃗

)
.e+x

(
𝜔, u⃗

)
.e−z

(
𝜔, u⃗

)
+ e−x

(
2𝜔, u⃗

)
.e+z

(
𝜔, u⃗

)
.e−x

(
𝜔, u⃗

)]
F24 =[

e−y
(
2𝜔, u⃗

)
.e+y

(
𝜔, u⃗

)
.e−z

(
𝜔, u⃗

)
+ e−y

(
2𝜔, u⃗

)
.e+z

(
𝜔, u⃗

)
.e−y

(
𝜔, u⃗

)]
F31 = e−z

(
2𝜔, u⃗

)
.e+x

(
𝜔, u⃗

)
.e−x

(
𝜔, u⃗

)
F32 = e−z

(
2𝜔, u⃗

)
.e+y

(
𝜔, u⃗

)
.e−y

(
𝜔, u⃗

)
F33 = e−z

(
2𝜔, u⃗

)
.e+z

(
𝜔, u⃗

)
.e−z

(
𝜔, u⃗

)
(58)

The Cartesian coordinates e+∕−x and ee∕ox stand for a propaga-
tion out-of and in the principal planes, respectively. They can
be calculated using Equations (44)-(49) according to the direc-
tion of propagation. The Type II SHG phase-matching cone ly-
ing from the xy-plane to the yz-plane,[78] the corresponding vari-
ation of the field tensor coefficients are plotted as a function
of the corresponding phase-mathing angle 𝜑 in Figure 8 for
(𝜆𝜔 = 1.064 μm; 𝜆2𝜔 = 0.532 μm).
Figure 8 shows first that 𝜒15(0.532 μm) is the only excited non-

linear coefficient in the yz-plane, that is, at𝜑 = 90◦. Themeasure-

Figure 9. Type II SHG (𝜆𝜔 = 1.064 μm; 𝜆2𝜔 = 0.532 μm) in KTP. Calcu-
lated and measured second-harmonic power as function of the phase-
matching angle; the coefficients d15 and d24 correspond to 𝜒15∕2 and
𝜒24∕2, respectively. Adapted with permission.[72] Copyright 2024 Optica
Publishing Group.

ment of the corresponding Type II SHG conversion efficiency,
which depends on the square of the effective coefficient, can di-
rectly lead to the magnitude of 𝜒15(0.532 μm): it had been found
that |𝜒15(0.532 μm)| = 2.8 pm∕V.[78] From this data combined
with such a measurement performed in the xy-plane at 𝜑 = 23◦,
Figure 8 shows that it is then possible to access to two possible
values for the magnitude of 𝜒24(0.532 μm) according to its rela-
tive sign with 𝜒15(0.532 μm): |𝜒24(0.532 μm)| = 5.3 pm∕V in the
hypothesis of same sign, and |𝜒24(0.532 μm)| = 6.5 pm∕V in the
hypothesis of an opposite sign. The choice between these two val-
ues can be then done by measuring the Type II SHG conversion
efficiency for different directions of propagation ranging between
the xy- and yz-planes. Actually, the weights of excitation of the two
nonlinear coefficients, that is, F15 and F24, vary antagonistically
while the three other field tensor coefficients F31, F32 and F33 are
neglegible, as shown in Figure 9.
Figure 9 well indicates a clear difference between the two sign

assumptions, with or without a zero crossing according to the
phase-matching angle. The corresponding measurements had
been carried out using a KTP crystal cut as a sphere. It undoubt-
edly showed an agreement between the experimental data and
the calculated curve that never vanishes to zero, which means an
identical sign for 𝜒15 and 𝜒24. It was then possible to determine
the suitedmagnitude of 𝜒24, that is, |𝜒24(0.532 μm)| = 5.3 pm∕V.
And as mentionned above, under Kleinman’s assumption, the
magnitudes of 𝜒31 and 𝜒32 are the same than those of 𝜒15 and
𝜒24, respectively. Finally, using Type I SHG and the sphere exper-
imental setup, it had also been possible to determine 𝜒33, which
is not detailed here.[78]

The second example is that of the positive biaxial crystal
BaGa4Se7 (BGSe) belonging to the monoclinic crystal class
Cs (m). This crystal is a promising material for mid-infrared

Laser Photonics Rev. 2024, 2400411 2400411 (17 of 29) © 2024 The Author(s). Laser & Photonics Reviews published by Wiley-VCH GmbH
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Figure 10. Type I SHG as function of the phase-matching angle in the xz-
plane of BGSe. a) Calculated tuning curve of the fundamental wavelength.
b) Calculated and measured square of the effective coefficient. The coeffi-
cients d21 and d23 correspond to 𝜒21∕2 and 𝜒23∕2, respectively. Adapted
with permission.[80] Copyright 2024 Optica Publishing Group.

generation.[79] However, the characterization of the coefficients of
its second-order electric susceptibility tensor is much more com-
plicated than in the case of KTP. Indeed, BGSe has six nonzero
and independent components under Kleinman’s assumption,
that is, using the contracted notation and the proper dielectric
frame: 𝜒15 = 𝜒31, 𝜒16 = 𝜒21, 𝜒22, 𝜒23 = 𝜒34, 𝜒24 = 𝜒32 and 𝜒33. The
field tensor analysis shows that it is necessary to combine non-
phase-matched and phase-matched measurements on the one
hand, and to consider the wavelength evolution of the phase-
matching angle in different principal planes in order to access
to the different relative signs on the other hand.[80] The case
of the relative signs between 𝜒21 and 𝜒23 is detailed hereafter.
Type I SHG phase-matched in the xz-plane is suited for that pur-
pose because the effective coefficient only depends on these two
coefficients whose amplitude had been previously determined,
that is.: |𝜒21(0.532 μm)| = 10.6 pm∕V,[80] and |𝜒23(0.532 μm)| =
28.4 pm∕V.[81] Since a principal plane is considered, the field ten-
sor coefficients can be expressed in terms of ordinary and extraor-
dinary waves, which gives in the xz-plane at V < 𝜃 < 𝜋∕2:

𝜒eff
(
2𝜔 = 𝜔 + 𝜔, u⃗

)
=

𝜒21 (2𝜔 = 𝜔 + 𝜔) .F21
(
2𝜔 = 𝜔 + 𝜔, u⃗

)
+ 𝜒23 (2𝜔 = 𝜔 + 𝜔) .F23

(
2𝜔 = 𝜔 + 𝜔, u⃗

) (59)

with{
F21

(
2𝜔 = 𝜔 + 𝜔, u⃗

)
= eoy

(
2𝜔, u⃗

)
eex

(
𝜔, u⃗

)
eex

(
𝜔, u⃗

)
F23

(
2𝜔 = 𝜔 + 𝜔, u⃗

)
= eoy

(
2𝜔, u⃗

)
eez

(
𝜔, u⃗

)
eez

(
𝜔, u⃗

) (60)

where the expressions of eoi and e
e
i can easily be found using Equa-

tions (44) and (45) at 𝜑 = 0.
The corresponding calculations as a function of wavelength

shown in Figure 10 are performed in the two hypotheses of rel-

ative sign using the numerical amplitudes of 𝜒21 and 𝜒23 given
above and also Miller’s rule.[82]

The corresponding experimental data given in Figure 10 un-
doubtedly showed an agreement with the curve that starts from
zero, which means different signs for 𝜒21 and 𝜒23.

[80]

6. Beyond the Conventional Susceptibility and
Field Expansion: Nonlinear Response as a
Multi-Variable Time-Space Convolution of Material
and Field Tensors

Modeling of nonlinear optical phenomena under weak field con-
dition is sustained by of nonlinear electric susceptibility tensor
𝜒 (n)(𝜔1,𝜔2 …𝜔n) with coefficients that take the familiar and ubiq-
uitous expressions 𝜒i1i2…in

(𝜔1,𝜔2 …𝜔n). These expressions stand
for the tensor coefficients of the electric susceptibility of rank n,
order n − 1, at the angular frequencies (𝜔1,𝜔2 …𝜔n).

[83]

Knowledge of these expressions provide inter alia the Fourier
spectrum of the (n − 1)th order response of themedium under an
input with space-time Fourier spectrum Eij (k⃗j,𝜔j) for 1 ≤ j ≤ n,

this expression standing for the (k⃗j,𝜔j) Fourier components of a
vectorial input’s spatial component along an axis ij = (x, y, z).
The wide use of the expression

Pi1
(n)

(
k⃗1;𝜔1

)
= 𝜒

i1i2⋯in
(n)

(
k⃗1, k⃗2⋯ k⃗n;𝜔1,𝜔2 ⋯𝜔n

)
Ei2

(
k⃗2,𝜔2

)
Ei3

(
k⃗3,𝜔3

)
⋯Ein

(
k⃗n,𝜔n

)
(61)

as a starting point tends to be oblivious of both its more physi-
cally intuitive and mathematically grounded upstream roots as
well as of their implications. It is preferable to start from our
usual perception of space and time and not from more elaborate
time and/or space frequencies that are the less intuitive Fourier
transform of the former. One should therefore try and express
nonlinear phenomena by way of some upstream expression of
the response function where only time and space variable are
taking part, whereas the above expression appear as downstream
consequences by way of an adapted multiple time-space Fourier
transformation. This point of view is particularly important to-
ward the purpose of setting firm foundations to the field tensor
such as would pertain for example to exposure to multiple time-
varying field in nonlinear media mediated by non-local delaying
interactions.
For the stake of simplicity, we shall start here from a purely

time-dependent input-output pair, the spatial dependence disap-
pearing in the case of a purely local phenomenon as it will be
further detailed. It will then be straightforward to extend this
purely time dependent approach to the more general combined
time-space one. Moreover, for the sake of simplification and with
no prejudice to the bottom-line issues, we shall first restrict our-
selves to a scalar isotropic medium and further generalize to an
anisotropic one where tensor inputs and outputs are to be con-
sidered.
It is generally admitted in physics textbooks, such as in non-

linear optics, that an arbitrary nonlinear response in time can be
expanded into a sum ofmultilinear responses.While being taken
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as granted for a starting point, this assumption requires justifi-
cation based on reasonably rigorous mathematical foundations.
Let us consider a couple of input and output, or action and re-

sponse time dependent functions E(t), P(t), it is indeed generally
admitted that the output can be expressed as a sum of multiple
integrals of the form:

P [t, E (.)] =
∞∑
n=1

Pn [t, E (.)]

= ∫ ∫ ⋯∫ R̃nt; 𝜏1, 𝜏2 ⋯ , 𝜏n)E(𝜏1)E
(
𝜏2
)
⋯E

(
𝜏n
)
d𝜏1𝜏2 ⋯ 𝜏n

(62)

The response P at time t is a scalar (to be further generalized to
a vector or a tensor) which depends on the input E as a whole, that
is at all times and not just at any given time, hence the notations
E(.) and P[t, E(.)] that have been chosen here.
We propose to call this important property as the basic theo-

rem for a weak nonlinear response. We will later clarify the label
“weak” by way of the convergence condition imposed on the de-
velopment of the nonlinear response function P[t, E(.)].
The special cases of linear (e.g., n = 1) and quadratic (e.g., n =

2) contributions of the induced polarization ofmatter, the general
response takes the more familiar forms:

P1 [t, E (.)] = ∫ R̃1(t; 𝜏) E (𝜏) d𝜏 (63)

P2 [t, E (.)] = ∬ R̃2(t; 𝜏1, 𝜏2)E
(
𝜏1
)
E
(
𝜏2
)
d𝜏1d𝜏2 (64)

We justify in Appendix A those expressions, before proceed-
ing to their generalization and subsequent multivariable Fourier
transform, to serve as a sound basis for the definition of fre-
quency dependent linear and nonlinear electric susceptibility ten-
sors.
Based now on Appendix A with the basic theorem for a scalar

isotropic purely time-dependent response of a medium, we are
now in a position to generalize to the more general case of an
anisotropic space-time-dependent response which is at this stage
a matter of technicality entailing no difficulty.
We now use in the following vectors notations for the space

variable x⃗, the induced polarization of matter P⃗, the electric field

E⃗ and the nonlinear functional ⃖⃖̃⃗ :
P⃗
(
t; x⃗

)
= ⃗̃ [

E⃗
(
t, x⃗

)]
(65)

The vector functional ⃖⃖̃⃗ relates an input electric field to an
output response which stands for the induced polarization in
nonlinear optics. This notation features a (t; x⃗) dependence on
both sides may be somewhat misleading. It is left here simply
to remind that the left and right hand-side vector functions are
(t; x⃗) dependant while in no way meant to single-out their values
at (t; x⃗).

The vector functional ⃖⃗̃F is assumed to be “well behaved” in
the sense of fulfilling conditions for further derivations already

detailed in Appendix A as well as nonlinear in the most general
sense that is:

P⃗
(
t; x⃗

)
= ⃗̃ [

E⃗1
(
t, x⃗

)
+ E⃗2

(
t, x⃗

)] ≠ ⃗̃ [
E⃗1

(
t, x⃗

)]
+ ⃗̃ [

E⃗2
(
t, x⃗

)]
(66)

As for vectors of electric fields, we assume that they fulfil con-
ditionsmet for well-behaved distributions in the sense of general-
ized functions encompassing such distributions as that of Heav-
iside or Dirac as extreme cases.[84] They can be further Fourier
transformed in the sense again of well-behaved functions that
can be considered as regular distributions in the general case.
At this stage, the notion of nonlinearity does not entail any

given order such as attached to individual nonlinear optical pro-
cesses, namely SHG quadratic, FWM cubic or other as it will ap-
pear later in this paragraph.
A more general functional can be expressed in terms of n

input-fields, such as in:

P⃗
(
t; x⃗

)
= ⃗̃ [

E1
(
t, x⃗

)
,…En

(
t, x⃗

)]
(67)

Byway of a technical extension of the derivation inAppendix A,

the more general nonlinear vector functional ⃖⃖̃⃗ can be expanded
in terms of a sum of multiple convolution vector functions of
increasing order p provided perturbation conditions are satisfied.
This basically amounts to assume that all participating electric
fields are much smaller than the atomic electric fields within the
material of interest.
Under this condition, each p-order time-space response can

be expressed as a multiple convolution of order p with the full
tensor contraction (hereafter as cont[̃ (p)(.). F̃(p)(.)]) over the p + 1
Cartesian indices of the time-space field tensor with the multiple
impulse function expressed as follows:

P⃗
(
t; x⃗

)
. u⃗ = ∫ d 𝜏1 ⋯∫ d𝜏p ∫ d𝜌1 ⋯∫ d𝜌pcont[̃ (p) (𝜏1 ⋯ 𝜏p; 𝜌1 ⋯ 𝜌p

)
⋯ F̃(p)

(
t − 𝜏1 ⋯ t − 𝜏p; x⃗ − 𝜌1 ⋯ x⃗ − 𝜌p

)
] (68)

with the read-field tensor expressed in space-time variables:

F̃(p)
(
t1⋯ tp; x⃗1⋯ x⃗p

)
= u⃗⊗ E⃗

(
t1, x⃗1

)
⊗⋯⊗ E⃗

(
tp, x⃗p

)
(69)

and the impulse response ̃ (p) = 𝜒 (p)(𝜏1 … 𝜏p; 𝜌1 … 𝜌p)
The different time-space variables are now unambiguously

designating the application points of the related functions as
would be demanded for nonlocal interactions such as for non-
linear plasmonic propagative media. In accordance with classical
conventions, we will henceforth switch to the 𝜒 (p) = ̃ (p) notation
for a nonlinear electric susceptibility of order p (expressed here
in time-space variables leaving the final 𝜒 (p) notation to repre-
sent that same electric susceptibility now expressed with respect
to (𝜔, k⃗) frequency variables following a multi-variable Fourier
transform.
The following equation

P⃗
(
t; x⃗

)
.u⃗ = ∫ d 𝜏1⋯∫ d𝜏p ∫ d𝜌1⋯∫ d𝜌p ⋯

𝜒 (p)
(
t − 𝜏1⋯ t − 𝜏p; x⃗ − 𝜌1⋯ x⃗ − 𝜌p

)
u⃗⊗ E⃗

(
𝜏1, 𝜌1

)
⊗⋯⊗ E⃗

(
𝜏p, 𝜌p

)
(70)
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can be alternatively written, due to the fundamental property of
convolutions as:

P⃗
(
t; x⃗

)
.u⃗ = ∫ d 𝜏1⋯∫ d𝜏p ∫ d𝜌1⋯∫ d𝜌p ⋯

𝜒 (p)
(
𝜏1⋯ 𝜏p; 𝜌1⋯ 𝜌p

)
u⃗⊗ E⃗

(
t − 𝜏1, x⃗ − 𝜌1

)
⊗⋯⊗ E⃗

(
t − 𝜏p, x⃗ − 𝜌p

)
(71)

The impulse response terminology originates from the special
case of a F̃𝛿 field-tensor made- up of pure space-time Dirac im-
pulses (e.g., fully instantaneous and localized):

F̃𝛿 = 𝛿(p)
(
𝜏1 − t1⋯ 𝜏p − tp; 𝜌1 − r⃗1⋯ 𝜌p − r⃗p

)
(72)

With all the properties of a multi-variable Dirac distribution
where the tensorial indices are omitted for the sake of simplicity,
it comes:

𝛿(p)
(
𝜏1 − t1⋯ 𝜏p − tp; 𝜌1 − r⃗1⋯ 𝜌p − r⃗p

)
= 0 for

𝜏1 ≠ t1or⋯ 𝜏p ≠ tp; 𝜌1 ≠ r⃗1or⋯ 𝜌p = r⃗p
(73)

𝛿(p)(𝜏1 − t1… 𝜏p − tp; 𝜌1 − r⃗1 … 𝜌p − r⃗p) diverging for
𝜏1 = t1 or… 𝜏p = tp; 𝜌1 = r⃗1 or… 𝜌p = r⃗p with the following
more rigorous definition of a Dirac distribution:

∫ dt1dr⃗1 ⋯ dtpdr⃗p 𝛿
(p)

(
𝜏1 − t1.𝜏p − tp; 𝜌1 − r⃗1⋯ 𝜌p − r⃗p

)
𝜑
(
t1 ⋯ tp; r⃗1⋯ r⃗p

)
= ⋯∫ dt1dr⃗1 ⋯ dtpdr⃗p 𝛿

(p)
(
t1 ⋯ tp; r⃗1⋯ r⃗p

)
𝜑
(
𝜏1 − t1⋯ 𝜏p − tp; 𝜌1 − r⃗1⋯ 𝜌p − r⃗p

)
= 𝜑

(
𝜏1 ⋯ 𝜏p; 𝜌1⋯ 𝜌p

)
(74)

valid for any infinitely differentiable 𝜑(t1… tp; r⃗1,… r⃗p) function
of 4p variables (e.g., p in time and 3p in space).
In the present context, taking 𝜑(t1… tp; r⃗1… r⃗p) =

𝜒 (p) (t1… tp; r⃗1… r⃗p) leads to identify 𝜒 (p)(t1… tp; r⃗1… r⃗p) with
the response of the NL system of order p to the multiple Dirac
function input as a set of p time-space vector field distributions
of instantaneous durations at times ti and point-wise localization
at positions r⃗i for 1 ≤ i ≤ p, hence the terminology of impulse
response.
The full tensorial expression of the multiple Dirac function is

self-understandably as follows:

(u⃗)w𝛿(p)u1⋯up

(
t1⋯ tp; r⃗1⋯ r⃗p

)
(75)

And corresponds more specifically to a Dirac tensor field po-
larized along ui = {x, y or z} for 1 ≤ i ≤ p and of unit amplitudes.
The fully index expression for themultiple-convolution writes:

(
P⃗
)
u

(
t, r⃗

)
=

⎧⎪⎨⎪⎩
∑

w,u1…up
∫ d𝜏1 ∫ d𝜌1,…∫ d𝜏p ∫ d𝜌p …

… (u⃗)w[𝜒
(p)
w,u1…up

(
𝜏1, r⃗1,… 𝜏p, r⃗p

)
…E(r)u1

(
t − 𝜏1, r⃗ − 𝜌1

)
…Eup

(
t − 𝜏p, r⃗ − 𝜌p

)
…

(76)

Its multiple Fourier transform leads to the usual expressions
including time-space frequency dispersion whereby a convolu-
tion in space time simplifies into a product in the frequency
space:(
P⃗
)
u

(
𝜔, k⃗

)
=

∑
w,u1⋯up

(u⃗)w 𝜒 (p)
w,u1⋯up

(
𝜔1, k⃗1,…𝜔r

p, k⃗p
)
⋯

Eu1

(
𝜔1, k⃗1

)
⋯Eup

(
𝜔p, k⃗p

)
(77)

The Fourier transform of the electric field tensor is simply the
tensor product of the individual fields, namely:

Eui

(
𝜔i, k⃗i

)
=  [

Eui
(
t, r⃗

)]
= ∬ Eui

(
t, r⃗

)
ei
(
𝜔i t+r⃗.k⃗i

)
dt d3r⃗ (78)

The multiple Fourier transform leading to the usual time and
space frequency dispersed expression of the electric susceptibility
is as follows:

𝜒 (p)
w,u1…up

(
𝜔1, k⃗1,…𝜔r

p, k⃗p
)
=  [𝜒 (p)

w,u1…up

(
𝜏1, r⃗1,… 𝜏p, r⃗p

)
]

= ⋯𝜒 (p)
w,u1…up

(
𝜔1, k⃗1,…𝜔r

p, k⃗p
)
=  [𝜒 (p)

w,u1…up

(
𝜏1, r⃗1,… 𝜏p, r⃗p

)
]

= ⋯𝜒 (p)
w,u1…up

(
𝜔1, k⃗1,…𝜔r

p, k⃗p
)
=  [𝜒 (p)

w,u1…up

(
𝜏1, r⃗1,… 𝜏p, r⃗p

)
]

= ⋯ = ∫ d𝜏1 ∭ d3 r⃗1…∫ d𝜏p ∭ d3 r⃗p𝜒
(p)
w,u1…up(

𝜏1, r⃗1,… 𝜏p, r⃗p
)
ei
(
𝜔1𝜏1+⋯+𝜔p𝜏p+k⃗1 .r⃗1+⋯+k⃗p .r⃗p

)
(79)

A
√
2𝜋

−4p
multiplying factor can be introduced to symmetrize

the direct and inverse Fourier transform expressions.
Note that all integrations over the 𝜏i delays have to be per-

formed over positive values corresponding to the past, namely
t − 𝜏i ≥ 0. In order to allow for the implementation of classical
rules of Fourier transform. Therefore, for the sake of simplifying
notations, all 𝜏i- Fourier transforms are made to implicitly con-
taining a Y(𝜏i) Heaviside distribution equal to unity for 𝜏i positive
and cancels otherwise, namely by introduction of

∫ Y
(
𝜏1
)
d𝜏1 ⋯∫ Y

(
𝜏p
)
d𝜏p (80)
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in the above expression of the frequency dependent electric sus-
ceptibility as well as electric fields.
Note also that the multivariable transform of the field-tensor is

the product of the Fourier transform of individual electric fields,
namely:

F
(
𝜔1 ⋯𝜔p; k⃗1 ⋯ k⃗p

)
=  [

Eu1
(
t1, r⃗1

)]
⊗⋯⊗  [

Eup
(
tp, r⃗p

)]
= u⃗⊗ E⃗

(
𝜔1, k1

)
⊗⋯⊗ E⃗

(
𝜔p, k⃗p

)
(81)

One will have recognized here the time space expression of the
field tensor, namely:

F
(
t1⋯ tp; r⃗1⋯ r⃗p

)
=  [

Eu1
(
t1, r⃗1

)]
⊗⋯⊗  [

Eup
(
tp, r⃗p

)]
(82)

At this stage, we can safely express the nonlinear response of
order n in a proper context and discuss its physical meaning and
practical implications.
A number of configurations involve a sequence of two incom-

ing optical perturbations with different time and space features,
leading to an outgoing beam as a result of nonlinear interac-
tions in a given medium. Such a situation is met in the all-
pervading pump and probe configuration toward time-resolved
experiments or write and read fields in the different context of
optical poling. These configurations require the extension of the
above framework from a single electric field E⃗(r⃗, t) to a couple
of distinct field perturbations that we conventionally designate
respectively as E⃗w(r⃗, t) and E⃗r(r⃗, t) each one featuring its own
time-space distribution. We explore the extension of the previous
single-field frame in Appendix B which provides full expressions
of the extended multilinear operators and the associated impulse
response that require independent integration over the different
time and space variables related to the two interacting fields.
We show that the combined write-read process can be ex-

pressed by a single multiple convolution response:

P⃗(t, r⃗) = ̃(r,w)
(p,q) ⊙ F̃(r,w)(p,q) (83)

which expresses via the ⊙ symbol connecting the generalized
multilinear response function ̃(r,w)

(p,q) and the F̃
(r,w)
(p,q) field tensor via

the combination of a multiple convolution over 4(p + q) space-
time set of variables together with a full tensor contraction over
Cartesian indices. The (p + q) order nonlinear effect involves here
p-times the write field and q-times the read field.

7. Conclusion

In this review, we have explored the practical as well as concep-
tual relevance of the field tensor throughout a variety of coherent
and non-coherent processes. To recall but a few, we have shown
that the field tensor comprehends the full extension of polariza-
tion and phase properties of the intervening fields. Indeed, the
field tensor has been shown to uniquely comprise all the optical
physics ingredients that are required to analyze and discuss in
a synthetic way a broad variety of nonlinear phenomena. How-
ever, as expected, the field tensor was never found useful on its

own, but only by way of an intimate one-to-one conjunction with
the corresponding material based (non-)linear electric suscepti-
bility tensor of the same rank. Throughout this review, we have
made use of the all-pervading algebraic operation underlying the
field-matter tensor coupling known as tensor contraction which
is a generalization of the usual scalar product of vectors. Its prop-
erties are particularly striking and useful when expressed in the
irreducible tensor formalism. We have basically explored two di-
rections with different results for each.
Whenever symmetry considerations predominate and con-

versely propagation is less important, such as in thin films or
nanoscale samples, the key issue is to express the field tensor
and the electric susceptibility tensor in the same tensor refer-
ence frame. This can of course be readily done in Cartesian co-
ordinates with a subsequent reduction taking into considerations
symmetry.However, it results in complex expressions that scram-
ble components and fail to properly reflect the core invariances
that are attached to different symmetry types. By contrast, we
have shown that the irreducible tensor formalism allows to de-
couple different rotational orders corresponding to combinations
of circular polarization states with different parities. These irre-
ducible tensor componentsmake-up for a symmetry eigenstate of
the field tensor very much like adequate o/e and ± combination
account for the propagation tensor eigenstates in the context of
crystalline nonlinear optics. The power of the irreducible tensor
formalism is showing up in the designation of specific combina-
tion of circular polarization states that are capable of singling-out
specific irreducible components of the nonlinear electric suscep-
tibility of a material and its environment. Indeed, a one-to-one
coupling between irreducible components of the same J order for
both the electric susceptibility and field tensors is evidenced both
theoretically and experimentally, the latter in a nano-plasmonic
context. The case of statistically oriented media with built-in fea-
tures or an externally applied order by means of electrical and/or
optical fields has been reviewed and shown to lead to the defi-
nition of two field tensors. The first one is a “write” field ten-
sor which is meant to impart a given rotational order to a plastic
medium, and the second one a “read-out” or “probing” field ten-
sor, both made of adequate combinations of circular polarization
states. It is possible to imprint any combination of irreducible or-
ders onto a photo-polymerizablematerial, with so-far unexploited
consequences in terms of high capacity tensorial optical data stor-
age with protected access due to the need of complex nonlinear
combinations for the read-out.
Extensions of this formalism to such processes as coherent-

anti-Stokes Raman spectroscopy, harmonic light scattering, high-
harmonic generation, transfer or photon angular momentum to
fast-rotating molecules and others have been addressed, all of
them pointing-out at the “filtering” potential of the field tensor
in order to characterize the nonlinear properties, including inter-
mediate vibrational resonances, of a given medium.
Second- and third-order phase-matched nonlinear propaga-

tion phenomena are also discussed, making central the use of
the field tensor by way of combinations of the polarization eigen-
states of the propagation equations in both uniaxial and biaxial
crystals. This allows to discuss in the proper frame the emer-
gence of birefringence-based phase-matching and the existence
as well as of systematic expressions of the corresponding effective
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nonlinear coefficients leading in particular to the determination
of the absolute values and relative signs of the coefficients of the
nonlinear electric susceptibility tensors. This is developed in the
prototypical case of some available inorganic nonlinear crystals
of broad application interest, in particular toward three- and four-
wave parametric emission that are currently playing a major role
in the production of entangled photons and related perspectives
in future quantum information and computation schemes.
Finally, we revisit and justify the expression of the nonlinear

response in the perturbation regime limit in terms of a general
time-spacemulti-convolutional development that had been so far
taken as a starting basis with no rigorous justification. Based on
this firm ground, usual expressions of the susceptibilities and
of the tensor field on a time-space Fourier series can be derived
allowing to retrieve the usual form used in the literature. We
furthermore extend the previous considerations to the case of a
sequence of two perturbating fields, such as in pump-prove or
write-read configurations that are respectively attached to time-
resolved nonlinear spectroscopy and to light induced structural
modifications of photosensitive materials.
Some more advanced issues have been purposely left aside,

due to their nature of an ongoing research or of their more spec-
ulative nature. Among the current workswhere the formalism as-
sociated to the field tensor is most probably of high importance
is quantum nonlinear optics, aiming at the generation and fre-
quency conversion of quantum states of light. It benefits today
from considerable technological progresses where efficient inter-
actions between photons in nonlinear media are made possible,
with applications in quantum computing or sensitive metrology.
It however requests to introduce quantumexpressions of the field
tensor, in which non-classical states of light are involved through
tensorial forms for the efficient production of entangled pairs or
triplets of photons. Another interest for the use of field tensors
is the extension to situations involving chirality, either from the
optical side through spin or orbital angularmomentum, or in chi-
ral molecular or artificial media. In optical chirality, fields carry
orbital angular momentum as a spatial property, such as occur-
ring from a phase vortex, extending the field tensor along prop-
agation pathways based on tensorial extensions of the nonlinear
Maxwell-Helmholtz equations and others. It is also remarkable
that singularities appearing in the field tensor under specific sit-
uations, such as non-paraxial phase/polarization-shaped beams
or beams propagating along a crystal optical axis for example, can
lead to novel situations, like original phase-matching scenarios
based on the Berry geometric phase.[85,86] At last, in chiral molec-
ular media or nanostructures, electric susceptibilities involve ad-
ditional magnetic dipole or quadrupolar electric interactions that
complicate the material susceptibility tensor to which the field
tensor must be coupled.[7,87] These components have been evi-
denced and accounted for in the modelling of nonlinear chirality
from surfaces,[88] and in biologicalmolecules such as collagen.[89]

Of high interest is also the interaction between complex vortex
beams and chiral materials, for which mostly linear optical pro-
cesses have been studied so far.[90]

Over the last decades, the field of modern optics has been
prone to constant renewals that forbid to limit ourselves to the
sole extrapolation of current developments. In any scenario, it is
likely that the field tensor will remain a useful tool albeit in evolv-
ing formats along developments to come.

Appendix A: Proof of the Expression of the Weak
Nonlinear Response as a Sum of Multilinear
Responses

We proceed to show that the decomposition into a sum of multilinear
kernel[91] functions as per Equation 62 is legitimate. Let us consider N
sampling values in the time interval [−A, A] to be further extended, when
needed, to the whole-time space spanned by E(t) from −∞ to ∞ by al-
lowing A → ∞ under certain divergence conditions. We now divide the
[−A, A] interval in N time smaller time intervals [ti, ti+1] defined by Δ𝜏 =
ti+1 − ti = 2A∕N, corresponding to N equidistant sampling times ti with
1 ≤ i ≤ N spanning the [−A, A] interval starting from t1 = −A to tN = A.

Given the N discrete sampling times t1, t2 … tN as defined above, we
now define a corresponding basis of rectangular sampling functions[92]

centered at times ti, 1 ≤ i ≤ N given by

Δi (t) =
1
Δ𝜏

(A1)

that take a constant 1∕Δ𝜏 value over the [ti − Δ𝜏∕2, ti + Δ𝜏∕2] interval and
cancel elsewhere. As Δ𝜏 → 0[93] one can easily show that the sampling
function s Δi(t) tend toward Dirac functions 𝛿(t − ti) also centered at ti.

Indeed, for any well-behaved[94] function it is straightforward to prove
that

Int =
∞

∫
−∞

f (t)Δi (t) dt =
1
Δ𝜏

ti+Δ𝜏∕2

∫
ti−Δ𝜏∕2

f (t) dt → f (ti) =
∞

∫
−∞

f (t) 𝛿 (t − ti) dt

(A2)

forΔ𝜏 → 0,making use here of the definition of integral Int as the primitive
F(t) of its integrand f (t), that is dF∕dt = f and then

Int = 1
Δ𝜏

ti+
Δ𝜏
2

∫
ti−

Δ𝜏
2

f (t) dt = 1
Δ𝜏

[
F
(
ti +

Δ𝜏
2

)
− F

(
ti −

Δ𝜏
2

)]

⇒ Int = 1
Δ𝜏

[(Δ𝜏
2

) dF
dt

(ti) +
(Δ𝜏

2

) dF
dt

(ti)
]
+ 0 (Δ𝜏)

⇒ Int = 1
Δ𝜏

[(Δ𝜏
2

)
f (ti) +

(Δ𝜏
2

)
f (ti)

]
+ 0 (Δ𝜏) = f (ti) + 0 (t)

(A3)

Hence Int → f (ti) as Δ𝜏 → 0 and the convergence property

Δi (t) → 𝛿 (t − ti) (A4)

or Δi(.) → 𝛿 (. − ti) = 𝛿i (.) is now duly established.
Introducing F(t) as a sampled version of E(t):

F (t) = Δ𝜏
N∑
i=1

E(ti)Δi (t) (A5)

Let us now proceed to show that as Δ𝜏 → 0

F (t) →

∞

∫
−∞

E (𝜏) 𝛿 (t − 𝜏) d𝜏 = E (t) (A6)

We shall make use of a well-known definition of the Riemann integral
as a limit of sampling sums, sometimes referred to as Darboux sums, as
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the sampling period Δ𝜏 tends to zero, namely for a well-bahaved5 (w.b.)
function f (t):

N∑
i=1

f (ti)Δ𝜏 →

A

∫
−A

f (𝜏) d𝜏 (A7)

as Δ𝜏 → 0 or N → ∞
Let us now extend the previous definition and consider a sequence of

functions f (N, t) with (N, t) converging to f (t) as N → ∞.[95]

It can straightforwardly be shown that

N∑
i=1

f (N, ti)Δ𝜏 →

A

∫
−A

f (𝜏) d𝜏 (A8)

as Δ𝜏 → 0 or N → ∞
Indeed,

N∑
i=1

f (N, ti)Δ𝜏 =
N∑
i=1

[f (N, ti) − f (ti)]Δ𝜏 +
N∑
i=1

f (ti)Δ𝜏 (A9)

from strong convergence conditions, for any arbitrarily small 𝜀 value, there
is an integer N0 such that for any N > N0, and any i, |f (N, ti) − f (ti)| < 𝜀.

Then for N > N0,

N∑
i=1

||f (N, ti) − f (ti)||Δ𝜏 < 2𝜀A (A10)

and therefore,

||||||
N∑
i=1

[f (N, ti) − f (ti)]Δ𝜏
|||||| =

||||||
N∑
i=1

[f (N, ti) − f (ti)]Δ𝜏
|||||| ≤

N∑
i=1

||f (N, ti)
− f (ti)||Δ𝜏 < 2𝜀A (A11)

N∑
i=1

f (ti)Δ𝜏 − 2𝜀A ≤
N∑
i=1

f (N, ti)Δ𝜏 ≤
N∑
i=1

f (ti)Δ𝜏 + 2𝜀A (A12)

Now for N > N1, as per the Riemann integrability condition for f :

A

∫
−A

f (𝜏) d𝜏 − 𝜀 ≤
N∑
i=1

f (ti)Δ𝜏 ≤
A

∫
−A

f (𝜏) d𝜏 + 𝜀 (A13)

In conclusion, for N > sup(N1, N0) and arbitrary small 𝜂 = 𝜀(1 + 2A),

A

∫
−A

f (𝜏) d𝜏 − 𝜂 ≤
N∑
i=1

f (N, ti)Δ𝜏 ≤
A

∫
−A

f (𝜏) d𝜏 + 𝜂 (A14)

and hence the now proven property is:

N∑
i=1

f (N, ti)Δ𝜏 →

A

∫
−A

f (𝜏) d𝜏 (A15)

as N → ∞ or 𝜏 → 0

Back to the main course of the demonstration, asΔ𝜏 → 0 orN → ∞, F
converges to a Riemann integral, by virtue of the above-mentioned exten-
sion of the basic definition of the Riemann integral as:

F →

A

∫
−A

E (𝜏) 𝛿 (t − 𝜏) d𝜏 = E (t) (A16)

Let us start with a linear approximation for the response function and
proceed to establish Equation 63:

P1 [t, E (.)] = ∫ R̃1(t; 𝜏) E (𝜏) d𝜏 (A17)

P1 [t, E (.)] = limN→∞
{
P1 [t, F (.)]

}
= limN→∞

N∑
i=1

E (ti)P
1 [t,Δi (.)]Δ𝜏

(A18)

where we have made use of the linearity of P1[t, E(.)].
As N → ∞, we know that Δi(.) → 𝛿(. − ti), hence P1[t,Δi(.)] →

P1[t, 𝛿(. − ti)] and, by virtue of the extended definition of the Riemann in-
tegral,

P1 [t, E (.)] = limN→∞

N∑
i=1

E (ti)P
1 [t,Δi (.)]Δ𝜏 =

A

∫
−A

E (𝜏) P1 [t, 𝛿 (. − 𝜏)] d𝜏

(A19)

P1 [t, E (.)] =
A

∫
−A

E (𝜏)R1 (t, 𝜏) d𝜏 (A20)

where we have introduced the simplified notation R̃1(t, 𝜏) = P1[t, 𝛿(. − 𝜏)].
The interpretation of R1(t, u) appears now clearly as the linear impulse

response of the system under a Dirac excitation at time 𝜏.
Most importantly, knowledge of the linear impulse response R̃1(t, 𝜏) al-

lows the reconstruction of the output response of the linear system to any
w.b. E(.) input as from expression above.

Let us now extend this result to nonlinear responses beyond the linear
approximation, leading us to introduce the multilinear impulse response
R̃n(t; 𝜏1, 𝜏2 … , 𝜏n) at order n according to Equation 62 namely:

Pn [t, E (.)] = ∬ …∫ R̃n(t; 𝜏1, 𝜏2 … , 𝜏n)E(𝜏1)E (𝜏2)… E (𝜏n) d𝜏1𝜏2 … 𝜏n

(A21)

P [t, E (.)] = limN→∞ {P [t, F (.)]} = limN→∞ P

[
t,

N∑
i=1

E (ti)Δi (.)Δ𝜏

]
(A22)

P

[
t;

N∑
i=1

Ei Δi (.)Δ𝜏

]
∼ P (t; 0) +

N∑
i=1

EiΔ𝜏
(
𝜕P[t; uiΔi (.)]

𝜕ui

)
u=0

+
N∑
i=1

N∑
j=1

EiEjΔ𝜏2
(
𝜕2P[t; uiΔi (.) + ujΔj (.)

𝜕ui𝜕uj

)
u=0

+
N∑
i=1

N∑
j=1

N∑
k=1

EiEjEkΔ𝜏3
(
𝜕3P[t; uiΔi (.) + ujΔj (.) + ukΔk (.)

𝜕ui𝜕uj𝜕uk

)
u=0

…

(A23)
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Note that we used here the following property, expressed here in a sim-
plified form for an n-variable w.b. function f which cancels at the origin
hereafter developed at first order:

f (x1,… ., xn) =
n∑
j=1

xj

(
𝜕f
𝜕xj

)
x1 ,….,xn=0

=
n∑
j=1

xj
df

(
0,… 0, xj, 0… 0

)
dxj

(A24)

This property can be easily established on a function of two variables
and then straightforwardly generalized to n:

f (x, y) = x
(
𝜕f (x, y)

𝜕x

)
x,y=0

+ y
(
𝜕f (x, y)

𝜕y

)
x,y=0

= x
(
df (u, 0)

du

)
u=0

+ y
(
df (0, u)

du

)
u=0

(A25)

Indeed(
𝜕f (x, y)

𝜕x

)
x,y=0

= lim𝛿x→O

(
f (x + 𝛿x, y) − f (x, y)

𝛿x

)
x,y=0

= lim𝛿x→O
f (𝛿x, 0) − f (0, 0)

𝛿x
=

(
df (u, 0)

du

)
u=0

(A26)

As N → ∞,(
𝜕P[t; uiΔi (.)]

𝜕ui

)
u=0

→

(
𝜕P[t; ui𝛿i (.)]

𝜕ui

)
u=0

(A27)

(
𝜕2P[t; uiΔi (.) + ujΔj (.)

𝜕ui𝜕uj

)
u=0

→

(
𝜕2P[t; ui𝛿i (.) + uj𝛿j (.)

𝜕ui𝜕uj

)
u=0

(A28)

(
𝜕3P[t; uiΔi (.) + ujΔj (.) + ukΔk (.)

𝜕ui𝜕uj𝜕uk

)
u=0

→

(
𝜕3P[t; ui𝛿i (.) + uj𝛿j (.) + uk𝛿k (.)

𝜕ui𝜕uj𝜕uk

)
u=0

(A29)

We make now use of the generalized form of the Riemann integral con-
vergence, for n variable functions, according to

N∑
j=1

N∑
j=1

f (xi, xj)Δx2 →
A

∫
−A

A

∫
−A

f (x, y) dxdy (A30)

and likewise for higher orders, thereby introducing multiple integral ex-
pressions.

In the present case, this allows to express accordingly the relevant in-
duced polarization limits according to:

P

[
t;

N∑
i=1

Ei Δi (.)Δ𝜏

]
→ P [t; E (.)] (A31)

Also

P

[
t;

N∑
i=1

Ei Δi (.)Δ𝜏

]
→ P [t; E (.)] = P (t; 0) (A32)

+
A

∫
−A

d𝜏E (𝜏)
(
𝜕P [t; u𝛿 (. − 𝜏)]

𝜕u

)
u=0

(A33)

+
A

∫
−A

A

∫
−A

E(𝜏1)E(𝜏2)d𝜏1d𝜏2

(
𝜕2P[t, u1𝛿 (. − 𝜏1) + u2𝛿 (. − 𝜏2)

𝜕u1𝜕u2

)
u1 ,u2=0

+
A

∫
−A

A

∫
−A

A

∫
−A

E(𝜏1)E(𝜏2)E(𝜏3)d𝜏1d𝜏2d𝜏3

(
𝜕3P[t; u1𝛿 (. − 𝜏1) + u2𝛿 (. − 𝜏2) + u3𝛿 (. − 𝜏3)

𝜕u1𝜕u2𝜕u3

)
u1 ,u2 ,u3=0

… (A34)

Now calling:

R̃1 (t; 𝜏) =
(
𝜕P [t; u𝛿 (. − 𝜏)]

𝜕u

)
u=0

(A35)

R̃2 (t; 𝜏1, 𝜏2) =
(
𝜕2P[t; u1𝛿 (. − 𝜏1) + u2𝛿 (. − 𝜏2)

𝜕u1𝜕u2

)
u1 ,u2=0

(A36)

R̃3 (t; 𝜏1, 𝜏2, 𝜏3) =
(
𝜕3P[t; u1𝛿(. − 𝜏1) + u2𝛿 (. − 𝜏2) + u3𝛿 (. − 𝜏3)

𝜕u1𝜕u2𝜕u3

)
u1 ,u2 ,u3=0

(A37)

One ends-up with the desired expressions now set on firm grounds:

P [t; E (.)] = P [t; 0] + P1 [t, E (.)] + P2 [t, E (.)] + P3 [t, E (.)] +⋯ (A38)

P1 [t, E (.)] = ∫ R̃1(t; 𝜏) E (𝜏) d𝜏 (A39)

P2 [t, E (.)] = ∬ R̃2(t; 𝜏1, 𝜏2)E (𝜏1) E (𝜏2) d𝜏1d𝜏2 (A40)
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P3 [t, E (.)] = ∬ R̃3(t; 𝜏1, 𝜏2, 𝜏3)E (𝜏1) E (𝜏2) E (𝜏3) d𝜏1d𝜏2d𝜏3 etc…

(A41)

P1 [t, E (.)] = ∫
(
𝜕P [t; u𝛿 (. − 𝜏)]

𝜕u

)
u=0

E (𝜏) d𝜏 (A42)

P2 [t, E (.)] = ∬
(
𝜕2P[t; u1𝛿 (. − 𝜏1) + u2𝛿 (. − 𝜏2)

𝜕u1𝜕u2

)
u1 ,u2=0

E (𝜏1)

E (𝜏2) d𝜏1d𝜏2 (A43)

P3 [t, E (.)] = ∬ ∫
(
𝜕3P[t; u1𝛿 (. − 𝜏1) + u2𝛿 (. − 𝜏2) + u3𝛿 (. − 𝜏3)

𝜕u1𝜕u2𝜕u3

)
u1 ,u2 ,u3=0

E (𝜏1) E (𝜏2) E (𝜏3) d𝜏1d𝜏2d𝜏3 etc… (A44)

The above result may be reached by way of a shortcut allowing to by-
pass the introduction of theΔi functions, then directly considering the sole
𝛿i Dirac distributions.

Indeed, the E(.) input can be expressed as

E (.) = ∫ E (𝜏) 𝛿 (. − 𝜏) d𝜏 (A45)

where 𝛿(. − 𝜏) stands for the Dirac distribution at t = 𝜏.
Then

P [t; E (.)] = P
[
t;∫ E (𝜏) 𝛿 (. − 𝜏) d𝜏

]
(A46)

Applying the definition of the Riemann integral, here in a reverse mode:

∫ E (𝜏) 𝛿 (. − 𝜏) d𝜏 = limN→∞ P

[
t,

N∑
i=1

E (𝜏i) 𝛿 (. − 𝜏i)Δ𝜏

]
(A47)

One can then expand the above P expression in terms of the E(𝜏i)Δ𝜏
values by way of a Taylor expansion, using a similar step as in the above
derivation, and finally transform the discrete summations into integrals
that have the same expressions as obtained by the first longer derivation.

The derivations above can be straightforwardly generalized to time and
space, E(.) standing now for a function of space and time locally given by
E(r⃗, t):

P
[
r⃗, t; E (.)

]
= P

[
r⃗, t; 0

]
+ P1

[
r⃗, t; E (.)

]
+ P2

[
r⃗, t; E (.)

]
+ P3

[
r⃗, t; E (.)

]
+⋯

(A48)

P1
[
r⃗, t; E (.)

]
= ∫ R̃1( ⃖⃗r,t; 𝜌, 𝜏) E

(
𝜌, 𝜏

)
d𝜌d𝜏 (A49)

P2
[
r⃗, t; E (.)

]
= ∬ R̃2(r⃗, t; 𝜌1, 𝜌2, 𝜏1, 𝜏2)E

(
𝜌1, 𝜏1

)
E
(
𝜌2, 𝜏2

)
d𝜌1d𝜌2d𝜏1d𝜏2

(A50)

P3
[
r⃗, t; E (.)

]
= ∬ R̃3(r⃗, t; 𝜌1, 𝜌2, 𝜌3; 𝜏1, 𝜏2, 𝜏3)E

(
𝜌1, 𝜏1

)
E
(
𝜌2, 𝜏2

)
E
(
𝜌3, 𝜏3

)
d𝜌1d𝜌2d𝜌3d𝜏1d𝜏2d𝜏3 etc… (A51)

R̃1
(
⃖⃗r,t; 𝜌, 𝜏

)
=

(
𝜕P

[
r⃗, t; u𝛿

(
. − 𝜌,−𝜏

)]
𝜕u

)
u=0

(A52)

R̃2
(
r⃗, t; 𝜌1, 𝜌2, 𝜏1, 𝜏2

)
=

(
𝜕2P[r⃗, t; u1𝛿

(
. − 𝜌1,−𝜏1

)
+ u2𝛿

(
. − 𝜌2,−𝜏2

)
𝜕u1𝜕u2

)
u1 ,u2=0

(A53)

R̃3
(
r⃗, t; 𝜌1, 𝜌2, 𝜌3; 𝜏1, 𝜏2, 𝜏3

)
=

(
𝜕3P[r⃗, t; u1𝛿

(
. − 𝜌1,−𝜏1

)
+ u2𝛿

(
. − 𝜌2,−𝜏2

)
+ u3𝛿

(
. − 𝜌3,−𝜏3

)
𝜕u1𝜕u2𝜕u3

)
u1 ,u2 ,u3=0

(A54)

where 𝛿(. − 𝜌,−𝜏) is the multivariable Dirac distribution at pace time po-
sition (𝜌, 𝜏) defined for any well behaved E(r⃗, t) by:⟨
E
(
r⃗, t

)|𝛿 (. − 𝜌,−𝜏)⟩ = ⨌ E
(
r⃗, t

)
𝛿
(
r⃗ − 𝜌, t − 𝜏

)
d𝜌d𝜏 = E

(
𝜌, 𝜏

)
(A55)

Derivatives over u such as

𝜕P
[
r⃗, t; u𝛿

(
. − 𝜌,−𝜏

)]
𝜕u

(A56)

have to be understood as distribution derivatives[84]

Appendix B: Multiple Field Tensor

In the general case of a two-step, possibly inter-twinned, of write and read
configurations, both assumed to be nonlinear, the upstream functional
can be expressed:

P⃗
(
t; x⃗

)
= ⃖⃖̃⃗ (r,w)

(p,q)

[
E⃗(r)1

(
t, x⃗

)
… E⃗(r)p ; E⃗(w)1

(
t, x⃗

)
… E⃗(w)q

]
(B1)

where E⃗(r)i , 1 ≤ i ≤ p (resp. E⃗(w)q , 1 ≤ i ≤ q) stand for read- (resp. write-)
electric field vectors. One can then follow the derivation above extended
to an increased number of input electric fields, leading to a generalized
response function ultimately expressed in the Fourier domain to be further
developed.

We therefore assume that the write-read process is referred to a single
but dual impulse response dependent on 4q write process and 4p time-
space variables related to the probe process, namely:

̃(r,w)
(p,q)

(
𝜏r1, r⃗

r
1,… 𝜏rp, r⃗

r
p; 𝜏

w
1 , r⃗

w
1 ,… 𝜏wq , r⃗

w
q

)
(B2)

The write-read tensor is correspondingly expressed a:

F̃(r,w)(p,q) = F̃(r)(p) ⊗ F̃(w)(q) = u⃗(r) ⊗ E⃗(r)1
(
𝜏r1, r⃗

r
1

)
⊗…⊗ E⃗(r)p

(
𝜏rp, r⃗

r
p

)
⊗

E⃗(w)1

(
𝜏w1 , r⃗

w
1

)
⊗…⊗ E⃗(w)q

(
𝜏wq , r⃗

w
q

)
(B3)
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The combined write-read process can then be condensed in a single
multiple convolution response:

P⃗(t, r⃗) = ̃(r,w)
(p,q) ⊙ F̃(r,w)(p,q) (B4)

where the ⊙ symbol stands for the combination of a multiple convolution
of the two tensorial functions over the 4(p + q) space-time set of variables
together with a full tensor contraction (e.g., generalized scalar product in
the Euclidian space) over Cartesian indices. The Cartesian components of
the impulse response tensor ̃(r,w)

(p,q) of rank p + q + 1 are the 3p+q+1 com-

plex numbers ̃(r,w)
w,u1…up ,v1…uq

with its Cartesian indicesw, u1 … up, v1 … vq
spanning independently the x, y, z directions in the chosen Cartesian refer-
ence frame.

Likewise for the dual write-read field tensor F̃(r,w)(p,q) which is cor-

respondingly made-up of the matching components F̃(r,w)w,u1…up,v1…uq
=

uw E(r)u1 … E(r)up E
(w)
v1

… E(w)vq
and

(
P⃗
)
u
= P⃗.u⃗ = cont

(̃(r,w)
(p,q), F̃

(r,w)
(p,q)

)
=

∑
w,u1…up,v1…uq

(̃(r,w)
w,u1…up,v1…uq

) ∗

(
uw E(r)u1 … E(r)up E

(w)
v1

… E(w)vq

)
(B5)

where notations are self-understandingly cont(A,B) for the full contraction
of the same rank Cartesian tensors A and B and the star stands for the
multiple convolutions, namely

(
P⃗
)
u

(
t, r⃗

)
=

⎧⎪⎪⎪⎨⎪⎪⎪⎩

∑
w,u1…up,v1…uq

∫ d𝜏r1 ∫ dr⃗r1,…∫ d𝜏rp ∫ dr⃗rp ∫ d𝜏w1 ∫ dr⃗w1 …∫ d𝜏wq ∫ dr⃗wq …

(u⃗)w[̃(r,w)
w,u1…up,v1…uq

(
𝜏r1, r⃗

r
1,… 𝜏rp, r⃗

r
p; 𝜏

w
1 , r⃗

w
1 ,… 𝜏wq , r⃗

w
q

)
…

… E(r)u1
(
t − 𝜏r1, r⃗ − r⃗r1

)
… E(r)up

(
t − 𝜏rp, r⃗ − r⃗rp

)
…

… E(w)v1

(
t − 𝜏w1 , r⃗ − r⃗w1

)
… E(w)vq

(
t − 𝜏wq , r⃗ − r⃗wq

)
]

(B6)

Leading to the more usual form after a multiple Fourier transform:

(
P⃗
)
u

(
𝜔, k⃗

)
=

∑
w,u1…up,v1…uq

⎧⎪⎨⎪⎩
(u⃗)w(r,w)

w,u1…up,v1…vq

(
𝜔r
1, k⃗

r
1,…𝜔r

p, k⃗
r
p;𝜔

w
1 , k⃗

w
1 ,…𝜔w

q , k⃗
w
q

)
…

… E(r)u1

(
𝜔r
1, k⃗

r
1

)
… E(r)up

(
𝜔r
p, k⃗

r
p

)
E(w)v1

(
𝜔w
1 , k⃗

w
1

)
… E(w)vq

(
𝜔r
p, k⃗

r
p

) (B7)

The relevance of combining both read-and write-field tensors under a
single tensor together with the corresponding response function is illus-

trated by the all-optical poling configuration which entails a sequence of
write and read fields, with a rich literature devoted to the domain (Refs.).

Upstream to these considerations stands a response functional, de-
pending on write and read electric field vectors expressed in time-space,
namely:

P⃗
(
t; x⃗

)
= ⃖⃖̃⃗ [

E⃗r
(
t, x⃗

)
, E⃗w

(
t, x⃗

)]
= ⃖⃖̃⃗ [E⃗r (t, x⃗) , E⃗w,f (t, x⃗) + E⃗w,h

(
t, x⃗

)
]

(B8)

Here the write electric field is the combination of interfering fundamen-
tal and harmonic input electric fields that we prefer to express at this up-
stream stage in this unusual time-space form, so as to leave room for
further elaboration in terms of short pulse.

Likewise, the seminal work of Baranova and Zeld’ovitch[70] is based on
time-dependent expressions, upstream to the more common frequency-
dependent expression (E2𝜔)∗(E𝜔)2)

One can then follow the general write-read derivation detailed above in
the case of AOP configurations, ending with

(
P⃗
)
u

(
2𝜔(r), 2k⃗r

)
=

∑
w,u1…up,v1…uq

⎧⎪⎨⎪⎩
(u⃗)w(r,w)

w,u1u2 ,v1 ,v2,v3

(
𝜔(r), k⃗r ;𝜔(w), k⃗w

)
…

… E(r)u1

(
𝜔(r), k⃗r

)
E(r)u2

(
𝜔(r), k⃗r

)
E(w)v1

(
2𝜔(w), 2k⃗w

)
E(w)v2

(
𝜔(w), k⃗w

)
E(w)v3

(
𝜔(w), k⃗w

) (B9)

The field tensor can be expressed in condensed form in the Fourier
space as:

 (w,r)
AOP = ⋯ u⃗⊗ E(r)

(
𝜔(r), k⃗r

)
⊗ E(r)

(
𝜔(r), k⃗r

)
⊗ (E(w))

∗ (
2𝜔(w), 2k⃗w

)
⊗

E(w)
(
𝜔(w), k⃗w

)
⊗ E(w)

(
𝜔(w), k⃗w

)
(B10)

In the commonly encountered configuration whereby the write and
read beam are generated in a fully collinear configuration by a single
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fundamental laser source with an additional frequency doubling contri-
bution to the write electric field, the above expression simplifies into:

 (w,r)
AOP = ⋯ u⃗⊗ E(r)(𝜔, k⃗)⊗ E(r)(𝜔, k⃗)⊗ [E(w)(2𝜔, 2k⃗)]∗ ⊗

E(w)(𝜔, k⃗)⊗ E(w)(𝜔, k⃗) (B11)

In the above, we leave aside a discussion of the relevant phase factors
contributing significantly to the different electric fields above, herein im-
plicitly contained in their amplitudes. These phase factors play a crucial
role in the read process, as evidenced by propagative phasematching con-
siderations to be developed in the part of this paper devoted to crystals.
In the case of AOP processes and related ones, external phases have been
identified early on as playing a crucial role in the formation of nonlinear
gratings and allowing for the control of their diffraction efficiency by way
of phase control devices.

Indeed, a rank-6 𝜒 (5) electric susceptibility tensor has been introduced
and studied by means of nonlinear ellipsometry,[96] followed by the rich
literature of AOP. Moreover, this work explores the particularly notewor-
thy case of a liquid where orientational relaxation of nonlinear solute
molecules plays a central role, moreover in a AOP induced holographic
grating, both pointing at the relevance of a time-space frame to start with.

In many studies, this dual write- and read- configuration is inter-
twinned with an appropriate duty cycle depending on both, the relax-
ation constant of the medium such as pertain to its viscosity and related
physical-chemical parameters, and on the relaxation times of the excited
states in the spectrum that contribute to the NL write and read processes
for the involved atoms or molecules. Note that in general the write beams
must be tuned to the excited state of the molecule, so as to further trigger
the Weigert effect, namely the diazo- bond photo-isomerization respon-
sible for the statistical molecular randomization, whereas the read funda-
mental beam is not necessarily tuned to the excited state and furthermore,
in cases involving a significant propagation, should not be resonant so as
to avoid spurious reabsorption effects.
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