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MASS CONSERVATIVE LIMITING AND APPLICATIONS TO THE
APPROXIMATION OF THE STEADY-STATE RADIATION TRANSPORT
EQUATIONS

JEAN-LUC GUERMOND{ AND ZUODONG WANGT

Abstract. A limiting technique for scalar transport equations is presented. The originality of the method is
that it does not requires solving nonlinear optimization problems nor does it rely on the construction of a low-
order approximation. The method has minimal complexity and is numerically demonstrated to maintain high-order
accuracy. The performance of the method is illustrated on the radiation transport equation.

Key words. limiting, advection equation, radiation transport equation, stiff sources, conservation equations,
asymptotic preserving, invariant domains.

AMS subject classifications. 35165, 65M12, 65M60, 76V05

1. Introduction. The objective of the paper is to present two simple limiting techniques
for scalar-valued partial differential equations with a structure like the radiation transport equa-
tion. The first limiting method is iterative, locally mass conservative, and does not involve solv-
ing any nonlinear optimization problem. At convergence, this method enforces the local mini-
mum,/maximum principle (assuming that local bounds are known). Two iterations of the method
are in general sufficient, but although the method is observed to converge quickly, there is no guar-
antee that the bounds are enforced everywhere after a number of iterations that is independent
of the meshsize. We then propose a second limiting method that is globally mass conservative
and that also does not involve solving any nonlinear optimization problem. The second limiting
is applied after the first one. The purpose of this second post-processing is simply to certify that
some global bound like positivity is exactly and unconditionally enforced while preserving the total
mass of the solution. The combination of these two limiting techniques is illustrated using con-
tinuous finite elements stabilized with the continuous interior penalty (CIP) technique (a.k.a. edge
stabilization) from Douglas and Dupont [7] and Burman and Hansbo [5]. The method presented in
the paper is not restricted to continuous elements and CIP though. It can be used with other spa-
tial discretization and other types of stabilization as well. For instance, one can use discontinuous
elements (of degree p > 1) stabilized with the upwind numerical flux. One can also use continuous
elements stabilized with other methods like Galerkin Least-Squares, Local Projection Stabilization,
Orthogonal Subscale Stabilization, and Subgrid Viscosity.

The original motivation for the work presented here is the solution to the radiation transport
equation. Based on our experience on nonlinear hyperbolic systems, we have tried for many years
to use upwinding, artificial viscosity, and nonlinear variations thereof to enforce positivity of the
angular intensity. But it is well established in the literature that one needs to be careful with this
type of method in the context of the radiation transport equations. For instance, it is shown in
Adams [1] (see also Larsen [14], Larsen et al. [15], and [9, Rmk. 5.2], [11, §3.2]), that upwinding
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2 J.-L. Guermond and Z. Wang

and artificial viscosity may lock in the diffusion limit if the artificial viscosity is strong enough so
as to guarantee that the local minimum/maximum principle holds. We have long tried to modify
the artificial viscosity techniques to overcome this difficulty. For instance in [11] we have adopted a
technique inspired by Gosse and Toscani [8] consisting of scaling the transport term, the scattering
term, and the artificial diffusion by H—ﬁ where h is the mesh size and ¢° is the scattering cross
section. This gives a method that is indeed positive, convergent, and asymptotic preserving, but
it is not locally conservative on nonuniform meshes. Moreover, it does not behave properly with
grazing incidences in the diffusion regime unless the grazing boundary data is replaced by its angular
average weighted with Chandrasekhar’s H-function, thereby seriously diminishing the usefulness of
the method as estimating the H-function is nontrivial. In the paper we propose instead to rely on the
Galerkin approximation augmented with a traditional linear stabilization technique and to enforce
the local minimum /maximum principle by using a mass conservative post-processing technique.

An important aspect of the limiting technique we propose is the estimation of local bounds.
The approach we use for this purpose consists of using the method of characteristics as in Yee
et al. [28, Eq. (16)]. Note that here we do not propose to use the method of characteristics as a
solution method but just as a means to estimate guaranteed local upper and lower bounds. We
refer to Lathrop [16], Sanchez and McCormick [25, §II.C.2| for early reviews on solution methods
based on the method of characteristics. Once local bounds are found, the next problem consists
of enforcing these bounds. This can be done as in Maginot et al. [19] where the authors develop
a nonlinear characteristics-based methods that is positivity-preserving. Another idea is to invoke
strategies like the so-called flux corrected transport method of Zalesak combining in a nonlinear
fashion a low-order and a high-order approximation [29]. The problem with this approach is that it
relies on a low-order approximation which itself relies in one way or another on artificial viscosity,
which as explained above leads to locking. Another possibility more aligned with what we propose
in the paper is to enforce local bounds by using nonlinear optimization techniques. The problem is
then to find a maximum-principle-satisfying object that minimizes some distance to the maximum-
principle-violating solution while maintaining constant the total mass (either locally or globally).
This type of method is developed in e.g., Bochev et al. [3, 4], Yee et al. [28] Peterson et al. [24], and
references therein. A fast convergent algorithm for finding such a minimizer is proposed in Liu et al.
[18], Ancellin et al. [2]. Here we propose a slightly different approach consisting of just computing a
quasi-minimizer with a set of two methods whose algorithmic complexity is significantly lower than
that of computing a genuine minimizer. We finally mention that if positivity is the only property
one is interested in, one can use “fix-up” techniques like that presented in Lewis and Miller [17,
Chap. 4]. This iterative method sets negative fluxes to zero and continues the iterations with the
other degree of freedom to restore balance. This idea is generalized to the discontinuous Galerkin
setting in Hamilton et al. [12]. Other improvements of the fix-up technique are presented in Maginot
et al. [20].

The paper is organized as follows. We introduce in §2 the two limiting techniques mentioned
above. We choose to present them without invoking the radiation transport equation as these two
methods are quite general and can be used for other purposes. We recall in §3 how local bounds can
be extracted for the scalar-valued linear transport equations using the method of characteristics.
We also introduce in this section a second-order relaxation technique that is essential to achieve
accuracy beyond second-order. We present in §4 the Galerkin approximation of the radiation
transport equation stabilized with the continuous interior penalty technique. The full solution
method is explained in Algorithms A.1 and A.2. The proposed method is illustrated on the scalar
linear transport equation in §5 and on the radiation transport equation in §6.

This manuscript is for review purposes only.
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IDP-AP schemes for transport with stiff sources 3

2. Iterative limiting algorithm. We present in this section two simple conservative iterative
limiting algorithms. The first one preserves mass locally. The second one only preserves mass
globally, and is only used as theoretical safeguard. These two algorithms are quite general. They
are not specific to the radiation transport equations and can be used in many different contexts.

2.1. The setting. Let {z;};cy be degrees of freedom that have to be limited, x; € R for
all 7 in the index set V. Let M := Ziev m;x; be the to‘gal mass, where the coefficients m; are
nonnegative and are called mass at i. For all i € V, let ;"™ and u;*** be the local minimum and
maximum we want to enforce on the i-th degree of freedom. It is henceforth assumed that these
local bounds w™™ and u"®* satisfy the following reasonable estimate:
(2.1) Zmiu?ﬁ“ <ML Zmiu?‘a".

SY eV

Our objective is to post-process the degrees of freedom {z;};cy to enforce the local bounds while
maintaining mass conservation, either locally or globally.

We assume that the lumped mass is non-negative, i.e., m; > 0 for all ¢ € V. This assumption
holds, for example, when using finite elements with Bernstein basis of any polynomial degree, and
for Lagrange bases of degree 1, 2 and 3 with equally distributed interpolation nodes. We introduce
a concept of locality by introducing a notion of stencil. For all i € V we assume that there exists
a collection of indices Z(i) C V that can exchange mass with ¢. We call this index set stencil. For
instance, for finite elements we have j € Z(i) if ¢;p; # 0, where ¢; and ¢; are the global shape
function associated with the degrees of freedom 7 and j. We also define Z(i)* := Z(i)\{i}. For all
the finite element tests reported in §5 and §6, the set Z(7) is the standard stencil, i.e., Z(i) collects
the indices of all the global shape functions ¢; that are such that ¢;¢; # 0.

2.2. Local conservative limiting. We describe here an iterative algorithm that is locally
conservative. The algorithm consists of looping over all the indices ¢ in V and proceeds as follows.
Let i € V. If m; = 0, then the i-th degree of freedom does not contribute to the global mass; we
simply set y; = min(u®, max(u™™, x;)) and continue to the next degree of freedom in the list V.
This possible modification of the value at 7 does not change the mass, either locally or globally. Let
us assume now that m; > 0. Then either x; < u™®* (i.e., the maximum principle is satisfied) or
uP®* < g, (i.e., the maximum principle is violated). If z; < «u*®*, we do nothing and continue to
the next index in the loop. If u]"** < z;, then we compute

(2.22) af == Y mymax(0,uf* —zj),  bf = max(z; - %m?’a"),
JET (i) i
N 0 if 0 =a;
(22b) éi = :Di—b~ X
mi——+ otherwise,

i

max
?

and the actual limiting with respect to w is done by setting

(2.3a) yj = + £ max(0, u™ —x;), VjeI(i)*
(2.3b) yi = b .

LEMMA 2.1. Leti € V. If uf*™* < x;, then the following holds for all {y;},cz(;) given by (2.3):
(i) There is local mass conservation, i.e., m;(y; — x;) + ZjeI(i)* m;(y; —xj) = 0.

This manuscript is for review purposes only.
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4 J.-L. Guermond and Z. Wang

(i) z; <y; < max(x;,u™) for all j € Z(i)*.
(iii) wme* <y; < x;. Moreover, y; < x; if 0 < af”'

Proof. (i) Assume first that aj” # 0. The equation (2.3a) implies that the mass transferred
to the node j € Z(i)* is m,{; maX(O uF™ — x;), while the equation (2.3b) implies that the mass
transferred to the node 4 is m; (b — ) The total mass exchange is then

Ap=mily; — i)+ Y myly; — ;)

JEL()*
=m;(b] —z;) + £ Z mj max (0, uj™ — x;) =m;(b] — ;) + {faf .
JEL(i)*
_pt
But since a;” # 0, (2.2b) gives £ = m; I’af" ; hence
x; — by
A =m(bf — ;) + mi%az‘f =0.

3

Otherwise, if aj” = 0, then b} = max(a:i,umax) = x; and £} := 0. Then again A; = 0.

(ii) The assertion is trivial when a = 0. Let assume now that a+ > 0. As z; — ;—L < b;r, we
have £} = m;~ o7 bj < 1. Moreover, the assumptions u® < z; and b} = max(z; — g umPex),
imply that b < max(m“um"‘x) < x;; hence, 0 < £F. As 0 < ¢ < 1, we infer that z; <
z;+ 4 maX(O, uP™ — xj) = y; < x; + max(0, uf** — xj) = max(x]7u;nax)

(2

uPx <y, = b < z;. Let us now assume that a # 0. Notice that if b+ =y then y; = b < :z:z

4
(iii) By (2.2a), we have u"® < b} and b} = max(m zfzi,uma") < max(z;, u™®) = z;; hence,

(Whether a; is equal to zero or not does not matter here). On the other hand, if b} = z; —

m )
then the assumption a:r = 0 implies that y; = b;Lml O

The same idea as above can be used to enforce the minimum principle. Let i € V. Either
ut < 7, (i.e., the local minimum principle is satisfied) or x; < u™® (i.e., the local minimum
principle is v1olated). If u™" < z;, do nothing and continue to the next index in the list V. If

x < u™" then compute

(2.42) ap = Y mymax(0a; — ™), by = mines oS ul),
JEL()* i
0 if0=a;
(24b) El_ = Ii—b-i A
mi——— otherwise,
and set
(2.5a) y; = + € max(0,z; — ul™), VjeZ(i)\ {i}

LEMMA 2.2. Leti € V. If z; < u™", then the following holds for all {yj}iez) given by (2.5):

This manuscript is for review purposes only.
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IDP-AP schemes for transport with stiff sources 5

(1) mi(yi — 20) + 2 ey mi(y; — x5) =0, d.e., (2.5) is locally mass conservative
(ii) min(zj,u;-nin) <y; <z; forall j € I(i)*.

(iii) z; <y < u™M. Moreover, z; < y; if 0 < a; .

The algorithm (2.2)—(2.5) guarantees that the local maximum decreases and the local minimum
increases until reaching the prescribed values (see Items (iii) and (iii) in Lemmas 2.1 and 2.2). The
statements made in Items (ii) and (ii) in Lemmas 2.1 and 2.2 guarantee that by correcting x; — y;,
the neighboring values that are already in bounds stay in bounds after limiting. The algorithm is
iterative, but there is no guarantee that the prescribed bounds are reached in a finite number of
iterations. Extensive numerical tests show though that convergence is quick when one starts from
a reasonable solution (e.g., a linearly stabilized Galerkin approximation). In all the tests reported
in the paper the above algorithm is only applied two times in a row. The limiting algorithm is
summarized in Algorithm 2.1. We note that the order of dofs does not influence the behavior of

the algorithm.

Algorithm 2.1 Local conservative limiting (2.2)—(2.5)

Require: Bounds {u® y®in}, oy, {x;}icp.

1: for i €V do > Loop over dofs
2 if m; = 0 then

3 y; = min(uP®™ max(u® x;)).

4 else if u"** < z; then > Local maximum principle violated
5: Compute a;f, b}, 6?‘ using (2.2).

6 yi = b

7 for j € Z(i)* do

8 y; = xj + £ max(0, uP — )

9 end for
10: else if z; < u™™ then > Local minimum principle violated
11: Compute a; , b; , £; using (2.4).
12: yi =b;
13: for j € Z(i)* do
14: y;j = xj + £; max(0,z; — u™")
15: end for
16: else > Do nothing
17: Yi = T4
18: end if
19: end for

20: return {yi}iev

2.3. Global conservative limiting. As the iterative algorithm (2.2)—(2.5) does not guaran-
tee that the prescribed bounds are achieved in a finite number of iterations, we now propose a final
conservative post-processing that can be used to make sure that global bounds that are essential
to the physics are strictly enforced.

Consider the set of degrees of freedom {x;};cy, the associated mass M := )., m;x;, and the
local bounds {u™™, u*®*},cy,, which we recall are assumed to satisfy (2.1). We compute a new set

This manuscript is for review purposes only.
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6 J.-L. Guermond and Z. Wang

of limited values {z;};cy as follows:

(2.6a) For all ¢ € V, compute, y; = min((max(z;, u™"), u"*)

M= o)y myy;
(2.6b) Then compute a® :=max | 0, Zjen\fax 1Y) ,
Zjev mj (uj —Yj)
M =3, mjy;
(2.6¢) and a” :=max | 0, den\fin 7Y, .
Zjev mj (Uj —Y5)
(2.6d) For all ¢ € V, set, zi =y + o (U — ;) + a7 (Ut — ;).

LEMMA 2.3. The following holds for all i € V:

(2.7) Ut <z < e
(2.8) Zmizi = Zmﬂ?l
i€V 2%

Proof. (1) By definition 0 < ot If M — %", .\, m;y; <0 then a™ =0. If M =37, ., miy; >0,
then using the assumption (2.1) together with >, ), m;(u*®* — ;) > 0 (which holds owing to
(2.6a)), we infer that

at < - Ziev miYs < Ziev mgu; ™ — Ziev miYi
T ey ma(uP =) T Y ey ma (U — ;)
Hence 0 < at < 1. We proceed similarly to show that 0 < o~ < 1.

(2) Observing that w™® —y; < 0, 0 <y — g (which holds owing to (2.6a)), 0 < a™ < 1,
and 0 < o™, we obtain

=1

zi= g+ oW = y) + o (W =) <+ o (W — )
< i+ (P ) =

K2 3

We proceed similarly to prove that u® < z;.
(3) Since 0 < Doy, my(ui™ —y;) and ),y mi(ui™™ —y;) < 0, we have

Zmizi = Z miy; + ot Zmi(uinax —yi) t o Z mi (u™ — y;)

= =% =% =%
= Z m;y; + max(0, M — Zmiyi) + min(0, M — Z m;y;) = M.
i€V i€V =%
This completes the proof. ]

Remark 2.4 (Local vs. global bounds). Although the bounds «™" and u®* invoked in the
algorithm can in principle be local, we insist that the algorithm (2.6) should only be used to make
sure that global bounds are enforced because the mass conservation mechanism is not local. Notice
that the local and global limiting algorithms can be used to limit the solution of time-dependent
nonlinear conservation equations as well. Preliminary tests (not shown here for brevity) reveal
that these two algorithms perform very well when combined as described above. Preliminary tests,

This manuscript is for review purposes only.
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(not shown here for brevity) also show that the global limiting algorithm should not be used alone.
When used alone, the algorithm may make the approximation to converge to a solution that does not
satisfy the Rankin-Hugoniot condition. The purpose of the global limiting is purely theoretical. Its
purpose is simply to certify that some global bound (like positivity) is exactly and unconditionally
enforced while preserving the total mass of the solution, but the bulk of the job is done by the local
limiting algorithm O

3. Bounds for the transport equation. A critical aspect of the algorithm (2.2)—(2.5) is
the estimation of the local bounds {u™™ u®*},cy,. We explain in this section how this can be
done for scalar transport equations. To simplify the presentation, we assume that the degrees of
freedoms enumerated with the list )V are Lagrange finite elements associated with the Lagrange
nodes {x;};cy from a mesh 7, based on a domain D C R?, d € {1,2,3}. In the rest of this section,
the symbol x is a position vector in one dimension and @ is a position vector in two and higher

dimensions.

3.1. Computations of the bounds. We start by explaining the method we use to compute
bounds in one space dimension. We then generalize the method to high space dimensions later.
No originality is claimed here as most of what is said in this section can be found in the radiation
transport literature, see e.g., Lathrop [16].

3.1.1. One-dimensional case. Let us consider the one-dimensional transport equation
(3.1) Q(x)0u(x) + o(z)u(z) = q(x).

We assume to simplify the presentation that both £ and o are piecewise contant over the mesh
cells. We also assume that Q is not equal to 0; otherwise, (3.1) is trivial and there is nothing to
limit. For each ¢ € V, let z; be one of the Lagrangian node in the mesh where one wants to estimate
an upper and a lower bound. Let K be the (unique) cell in the mesh 7, such that the segment
{z; — sQ(s) | s € R > 0} N K is not empty. This cell exists if z; is not on the inflow boundary (if
z; is on the inflow boundary one can set u® = y** = o9(z;) where o is the inflow boundary
data of the problem). Then one defines ;" := K N {z; — s2(s) | s € R > 0}. The point z;” is
the farthest away from x; in K along the direction —2. This point is at the upwind boundary of
K (see the left panel in Figure 3.1 for example). Then, setting Q := Q|x and o := 0|k, the exact
solution to (3.1) is such that

(3.2) u(w;) = u(]P)ed ") +/ %@egs ds.
Setting ¢™" := minge x q(z), ¢ := max e q(z), this gives v < u(z;) < u®* where
(3.3a) un = (P E (@ ) 1 (1 — B @2y,
o
(33b) u;nax = u(x?p)e%(aj?pfafi) + L(l _ e%(w;‘pf‘m))
o

As these expressions are not robust with respect to o (in particular they do not make sense for
s

Q

i

o = 0), we instead define Az :=

, and use the following bounds motivated by Taylor

This manuscript is for review purposes only.
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230 expansion, when & (z; —z;") < 0.005:

; o . Ar? A3 Azt
231 (3.4a) Ui = (2)P)ef @ ) 4 gmin (Aw —0 2x +0° g -0’ 2231 )7
o (..up A 2 A 3
232 (3.4b) ugnax = u(x;lp)eﬁ(xi —x;) 4 gmax (Am . ; + o2 6$ )

233 So assuming that u(x;") is known, or one has access to some good approximation thereof by some
234 iteration process, the bounds (3.3) (or (3.4) if oAz is small) gives an estimate of the local bounds
235 of the solution at z;.

36 3.1.2. Two-dimensional case. The high-dimensional case is similar to the one-dimensional
37 one. We consider 7 (i) the collection of the cells containing x; and we set ;" := ke 0K N
238 {x; — sQ(s) | s € R > 0}. The point ;¥ (green one) is the farthest away from x; (red node) in
239 T (i) along the direction —§2 (see the right panel in Figure 3.1 for example). One key difference
240 with the one-dimensional case is that «;” is not necessarily a Lagrangian node. Then if one only
241 knows u at the vertices of the triangulation, then one needs to reconstruct u at ;. For instance,
242 in two space dimensions one can proceed as follows:

243 1. Compute @;” 1= gy OK N{z; —sQ(s) | s € R > 0}.

244 2. Define u(x,?) := u(x;,) + 0(u(x;,) — u(xy,)), where § = —”(m,"f_mivl)xm‘ﬂ .
g 1 2 1 ||(m7r2 fl’tl)XQH[?

Figure 3.1: Examples for inflow nodes: left panel: 1D case; right panel: 2D case.

245 3.2. Relaxation. As for any local limiting technique that we know of, second-order relaxation
246 of the bounds must be applied to avoid order reduction. We refer for instance to [10, §4.7] where
247 this question is discussed at length. This issue is addressed by another way in the finite volume
248 literature consists of relaxing the slope reconstructions; see Harten and Osher [13], Schmidtmann
249 et al. [26, §2.1]. Here we adopt the methodology proposed in [10, §4.7]. Let us assume that we
250 have (approximate) knowledge of u at the Lagrange node {x;}icv, say u(x) = .., uipi(x) where
251 {p; }iey are the global Lagrange shape functions. We estimate the local curvature of u by

ez Pij (Wi — u; <3
252 (3.5) A2 = Zjeg(:) i 5 J), and set A? := minmod{A%},e7(:),
JET()* 1

253 where Bi; = [, Vp;-Vo;dax are the stiffness coefficients of the Laplace operator. Observe that
54 Zjel(i)* Bij = —Bii = — fD (V)2 dx # 0. The relaxed local bounds are then defined as follows:

255 (3.6) w0 = max (u — A2 ™), U = min (w4 AZ, ),

This manuscript is for review purposes only.
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IDP-AP schemes for transport with stiff sources 9
where u™" and u™#* are global bounds, if known (see Algorithm A.3). Relaxation is essential to
recovers optimal convergence rates, see numerical tests in §5.

4. Approximation of the radiation transport equations. We are going to illustrate
the local mass conserving limiting algorithm (2.2)—(2.5) and the global mass conserving limiting
algorithm (2.6) on the radiation transport equation. We introduce here the radiation transport
equation and the associated finite element approximation.

4.1. The model problem. The computational domain D is assumed to be an open, bounded,
connected polyhedron in R?. The boundary of D is denote by D. The symbol n denotes the outer
unit normal on OD. The unit sphere in R? is denoted by S. The surface of the unit sphere is
denoted |S|; recall that |S| = 4m. We set O := 0D xS, and to define the boundary conditions we
introduce the inflow boundary O_ = {(2,Q) € O | Q-n(x) < 0}.

Given a non-negative source term ¢ : DxS — R, and a non-negative boundary data af :
O_ — Ry, we look for ¥ : DxS — Ry so that

(4.1a) QVY(z, Q) + o' (z2)¥(x, Q) = o (x)¥(z) + q(z, Q), in DxS

(4.1b) U(x, Q) =a(z,Q), in O_
_ 1 .

(4.1c) U(x) = S /s U(x,2)dQ, in D,

The dependent variable ¥(z, §2) is called angular intensity or angular flux, and ¥(z) is called scalar
intensity or scalar flux. The coefficient o° : D — R, is the scattering cross section and ot : D — R
is the total cross section with of > o*. At some occasions we are also going to use the absorption
cross section 0% := gt — o°.

Our goal is to construct an approximation of (4.1) that is positivity preserving and asymptotic
preserving in the diffusion limit. We also want to make sure that the above properties hold with
grazing incidences and inhomogeneous materials.

4.2. Angular discretization. To simplify the presentation of the method we use the dis-
crete ordinate technique to do the discretization with respect to the angles. The resulting angular
quadrature is denoted {u;, ;}1c. and is assumed to satisfy

(4.2) Swm=18, > u=0 > QleQ|=0, Zuzﬂ@nlz‘%'ﬂ,

leL el el lel

for all ¢ € R?, where I is the 3x3 identity matrix. We define L := card(£). All the simulations
reported in the paper are done with the Sy technique (Gauss-Legendre quadrature along the polar
axis and equi-distributed angles along the azimuth with %N (N + 2) angles per octant).

4.3. Space discretization. We are going to use continuous finite elements stabilized with the
continuous interior penalty (CIP) technique (a.k.a. edge stabilization) from Douglas and Dupont
[7] and Burman and Hansbo [5]. The method presented in the paper is not restricted to continuous
elements and CIP though. It can be used with other types of stabilization. For instance, one
can use discontinuous elements (of degree p > 1) stabilized with upwind numerical flux. One can
also use continuous elements stabilized with methods like Galerkin Least-Squares (GaLsS) (or its
SUPG variation), Local Projection Stabilization (LPS), Orthogonal Subscale Stabilization (OSS),
and Subgrid Viscosity (SGV).
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Let (7h)nen be a shape-regular family of unstructured matching meshes exactly covering D. For
simplicity we assume that all the elements are generated from a reference element denoted K. The
geometric transformation mapping K to an arbitrary element K € 7j, is denoted Tk : K — K.
We now introduce a reference finite element (K, P,3), which we assume, for simplicity, to be a
Lagrange element. We define the following scalar-valued finite element space:

(4.3) Vi = {v € C°(D;R) | vy x0Tk € P, VK € Tp}.

The global shape functions are denoted by {®;};cy. Recall that V}, = span{y; }icy.

Given any mesh cell K in 73, we denote by hx the diameter of K and ng the outward unit
normal at the boundary of K. We set h := maxxe7;, hx. The collection of the mesh faces is denoted
Fn. The set of interfaces is denoted by F7. The set of boundary faces is denoted by F?. Each
interface F' in F}, is oriented using a unit normal vector nr. Letting K;, K, be the two cells sharing
an interface F' € F}, we adopt the convention that nr points from K; to K,. Every boundary face
F e ]-',‘3 is oriented by the unit normal nr := np. For all F' € Fp, with F' = 0K; N JK,, and all
function w smooth enough to have traces on F', we define the jump of w across F as

4.4 wlp:= lim w(x)— lm w(x).
(4.4) [wlr = lim (@)~ lin o)

4.4. Finite element approximation. First, we define the sesquilinear form associated with
the continuous interior penalty. We start by defining o! = o' + €0, 05 = 0° + €o., where o, =

esupgep ot(x) and € > 0. The tests reported in the paper are done with € = 10719, Then, for all
Un, on € Vi, we set

(4.52) sn(Wn, ¢n) == Y Wp([VYnlo.r, [Vénlo.r)r2 ),
FerFy
(4.5b) [Vorlo,r == (0, Vénx, — OVonk,)nr,
t t
Oc1 Oc¢.r
4, = <ol o -
( 5C) 97‘ 0_271 + 0_277‘ ) H'r 0_2[ + 0_277’ ’

In all the simulations reported in the paper the parameters, w, and hp are defined by

d 3 (| Ki| + | Ko )
4.6 W= —, hp =217,
0 i+ 7
where d is the space dimension and p is the polynomial degree of the approximation.
Next, for all k € £, we define the bilinear form associated with the operator ¢ s -V + ol
and the bilinear form we use to weakly enforce boundary conditions. For all k& € L, we set

(4.7) te(,¢) = /D (Vi i(x) + o' () k() pi () dz,
(48) wl.0)i= [ 5(%n] - Benyi(a)of) ds.
FeFp F

The approximation of the angular flux 4, is done in (V4)%. We set ¥, = (¥n.1,...,¥n.1) €

Vix ... xVy, with ¥y, = Zjev Virp; € Vi, for all the angular direction in the quadrature k € L.
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Let ag be the value of the boundary incidence along the quadrature angle €2;. The discrete ordinate
Galerkin approximation of (4.1) consists of seeking ¥}, € (V4,)¥ so that the following holds for all
ke Landallie)V:

(4.9) tk(Vn ke, 0i) + 50 (Unk, 0i) + bk (Vn ks @i)
- [ ¢ @h@n@ e+ [ @) de+biado
D D

We are also going to make use of the diffusion approximation with weakly enforced Dirichlet
boundary condition. For this purpose, for all ¢, 7, € V3, we set

(4.10)
a(gi)h, Th) = /D @Vgﬁh(m)Vrh(m) dx + /D U“(m)qﬁh(m)rh(m) dx + i gi)h(a:)rh(m) dS7

oD
where we recall that ﬁ Jaes(Qn| +Qn)ds = ﬁ Jameo 2] ds = 1.

4.5. Solution method. There are many solution methods to solve (4.9). The method that
is used does not really matter for the purpose of the paper which we recall is about conservative
limiting not involving computing a low-order solution based on artificial viscosity. The key idea is
that limiting is done after (4.9) is solved. We explain in Appendix A the method that we use for
all the simulations reported in the paper. As the purpose of the paper is just to discuss limiting,
we have adopted a simple source iteration technique preconditioned with a diffusion approximation
and using a minimum residual technique.

5. Numerical illustrations, scalar transport equation. The objective of this section is
to illustrate the limiting technique proposed in the paper. We start by testing the method on the
scalar advection equation. Examples involving the radiation transport equation are reported in §6.

5.1. Numerical details. The tests are done with continuous finite elements in one and two
space dimensions. Unless specified otherwise, the simulations realized in one dimension are done on
uniform meshes and those realized in two dimensions are done on unstructured Delaunay meshes.
In all the tests reported below the quadratures are exact for the mass matrix. The index I stands for
the number of degrees of freedom (or gridpoints) of the approximation. Given a nonzero function
u € LY(D) and wy, its finite element approximation, we call relative error in the L'-norm the
quantity [lu — un|L1(p)/[lullLr(p)-

5.2. 1D smooth solution. We start by solving a transport problem in one space dimension
with a smooth solution. We let D = (0, 8) and solve

(5.1) Q0yu+ou=gq, ae z€D, u(0) = 0.

with Q =1, o(z) = 1, ¢(x) = Qnsin(wz) + o(z)(1 — cos(wz)). The solution is u(x) =1 — cos(mz).

We test the method with Py, Py, and P3 continuous finite elements on a series of meshes. We
compute the relative error in the L'-norm. The results are shown in Table 5.1. We observe the
expected convergence rates: 2, 3, and 4 for P1, Po, and P53 finite elements, respectively.

5.3. 1D non-smooth solution. We continue with one-dimensional transport problem with
a non-smooth solution. We consider D = (0, 1) and solve

(5.2) Qo,u+ou=gq, ae x€D, u(0) = 0.
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Table 5.1: Problem (5.1). Py, Py, and P35 continuous finite elements. Relative error in the L'-norm.

Py Py Py
1 L™-Err rate I LI-Err rate I LI-Err rate
101 2.28E-03 - 101 2.02E-04 - 100 1.07E-04 -

201 4.61E-04 2.32 201 2.22E-05 3.21 202 6.80E-06 3.91
401 1.02E-04 2.18 401 2.67E-06 3.07 400 4.46E-07 3.99
801 2.42E-05 2.08 801 3.30E-07 3.02 799 2.81E-08 4.00
1601 5.92E-06 2.04 1601 4.12E-08 3.01 1600 1.74E-09 4.00

with = 1, and the scalar fields o(z) and ¢(z) are piecewise constants and given by

81 o<z <1 q zTo<z<1Tq
(5.3) olx)=<s x1<x<19 gx)=<q z1<z<xs
s3 o<z <1 q3 x2 <z < 1.

The exact solution is given by

o (1 —exp(s1(zo — 7)) zo < a <1
(5.4) u(z) = < uy exp(sa(r1 — 7)) T <z < To
uz exp(sz(z2 — z)) + £(1 —exp(s3(22 — 7)) 22 <z <1,

where u; = %(1 —exp(s1(zo — x1))) and ug = ug exp(sa2(x1 — z2)). In the simulations reported

below we use zg = 0, 1 = 0.3, 22 = 0.6, 51 =1, 55 =103, 53 =2, q; = 1, g2 = 0, g3 = 1.

0.90 - 0.70 - 030 -
080 P1 Galerkin 0.60 P2 Galerkin 025 . P3 Galerkin
070 Exact solution Exact solution 0.20 Exact solution
0.60 050 0.15 |
0.50 0.40 0.10 |
0.40 0.30 0.05
0.30 0.20 0.00
0.20 i 010 0.05
0.10 g -0.10
0.00 0.00 o1
0104 02 04 06 0.8 1 010 02 04 06 08 1 0205 02 04 06 0.8 1
035 035 035
0.30 P1'CIP no limiting 0.30 P2'CIP no limiting 0.30 P3'CIP no limiting

- Exact solution - Exact solution - Exact solution
0.25 | 0.25 | .
0.20 | 0.20 | .
0.15 | 0.15 | .
0.10 | 0.10 \ .
0.05 0.05 .
0.00 I — 0.00 O —— .
0055 0.2 04 06 08 1 0084 0.2 0.4 06 08 1 0084 0.2 0.4 06 08 1
030 030 030

P1'CIP with limiting P2'CIP with limiting P3'CIP with limiting

025 Exact solution 025 Exact solution e 025 Exact solution
020 0.20 020
015 0.15 0.15
0.10 0.10 0.10
0.05 0.05 0.05
0005 02 0.4 0.6 08 1 000G 02 0.4 0.6 08 1 0004 02 0.4 0.6 08 1

Figure 5.1: Nonsmooth solution (5.2). Left column: Py, 101 dofs. Center column: Po, 101 dofs.
Right column: P53, 91 dofs. Top row: Galerkin. Center row: CIP without limiting. Bottom row:

CIP with limiting.

We test the method with Py, Py, and P3 continuous finite elements. We show in Figure 5.1 the
graph of the P;, Py, and P35 approximation on a mesh composed of 101, 101 and 91 grid points,
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IDP-AP schemes for transport with stiff sources 13

respectively. The panels in the top row of the figure show the unstabilized Galerkin solution.
oscillations are clearly visible in the interval (0,21). The panels in the second row of the figure
show the solution stabilized with the CIP method. Most of the oscillations are gone at the exception
of overshoots localized at the interface located at x1. We finally show in the panels of the third row
the results obtained with CIP stabilization and the limiting technique proposed in the paper. The
maximum principle is satisfied.

Table 5.2: Non-smooth solution (5.2). Py, Po, and P3 continuous finite elements. Relative error in
the L'-norm.

Py Py ]P)3
I L™-Err rate I L™-Err rate I L'-Err rate
101 1.49E-02 — 101 1.91E-02 — 91 1.68E-02 -

201 5.15E-03 1.54 201 2.82E-03 2.78 181 5.88E-03 1.53
401 1.56E-03 1.72 401 9.59E-04 1.56 361 1.49E-03 1.99
801 3.34E-04 2.23 801 4.12E-04 1.22 721 3.35E-04 2.16
1601 1.01E-04 1.73 1601 1.49E-04 1.47 1441 7.11E-05 2.24

The results of the convergence tests are shown in Table 5.2. We observe the expected conver-
gence rate close to 2 for P3 elements and between 1.5 and 2 for P; and Py elements. Note that the
convergence rate 2 is optimal since the gradient of the solution is only in BV.

5.4. 2D slip line. We now consider the two-dimensional unit square D = (0,1)? and solve
the problem

(5.5) Qo,u=0, ae xz€D, ur, =0, up, =1,

with Q@ = (0,1)2, and I'; = {(0,y) |0 <y < 1}, T3 = {(2,0) | 0 < = < 1}. The exact solution is
discontinuous; it exhibits a slip line align the axis { = y,2 > 0}. The solution is given by

(5:6) u(w.y) = {i’ vy

We show in the top three panels of Figure 5.2 the graph of the limited CIP solution obtained
with Py, Py and P3 elements on meshes composed of 9535, 9529, and 9541 grid points, respectively.
We show in the bottom three panels of the figure the meshes and 11 isolines {0.05,0.1,...,0.9,0.95}
(4 triangles are shown for each Py cell, and 9 triangles are shown for each Ps cell)

We report in Table 5.3 the convergence rates for Py, Py, and P3 continuous finite elements. We
observe a rate close to 0.73 for linear elements. The convergence rate for Py and P35 elements is
equal to 1 which is optimal as the solution is only in BV. This test confirms the near-optimality
of the method for P, and P53 elements.

5.5. 2D non smooth problem. Let D = (0,1)2. We solve the two-dimensional version of
the problem (5.2),

(5.7) QVu+ou=gq, ae x€D, u(0,y) =0, 0 <y <1.

This manuscript is for review purposes only.
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Figure 5.2: Slip line problem (5.5). Non-uniform Delaunay meshes. Left: Py, 9535 grid points;
Center: Py, 9529 grid points; P3, 9541 grid points.

Table 5.3: Problem (5.5). P, Py, and P35 continuous finite elements. Relative error in the Li-norm.

Py Py Ps
I L'-Err rate I LI-Err rate I L'-Err rate
961 5.47E-02 - 1681 4.14E-02 - 961 7.09E-02 -

3721 3.45E-02 0.68 6561 2.16E-02 0.96 3721 3.71E-02 0.96
14641 2.12E-02 0.71 25921 1.10E-02 0.98 14641 1.89E-02 0.98
58081 1.28E-02 0.73 103041 5.57E-03 0.99 58081 9.57E-03 0.99
231361 7.75E-03 0.73 410881 2.80E-03 0.99 231361 4.81E-03 1.00

395 with € = (1,0), and, with the notation @ := (z,y), the scalar fields o(x) and ¢(x) given by

51 To ST <X @ rosT <@
396 (5.8) o(z,y) =< 82 a1 <x <19 gz, y) =g 11 <z <29
s3 xoe<z <1 g3 x2<x< 1.
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IDP-AP schemes for transport with stiff sources 15
The exact solution is given by

L(1 = exp(si(zo — 7)) zg <z <2
(5.9) u(z,y) = { ug exp(sz2(x1 — x)) 1 <x <o
uzexp(sz(z2 — ) + £(1 —exp(sz(z2 —2))) 22 <z <L

We use the same set of the coefficients xq, x1,x2, s1,82,53, and ¢1,¢2,q3 as in §5.3 (i.e., xg = 0,
21 =03, 20=06,8=1,5 =103 53=2,¢1=1,¢2=0, g3 = 1).

The results of the convergence tests done on uniform meshes are shown in Table 5.4. The
convergence rate varies between 1.1 and 2. Recall that the convergence rate 2 is the optimal since
the gradient of the solution is only in BV.

Table 5.4: Problem (5.7). Py, Py, and P3 continuous finite elements. Relative error in the L!-norm.

Py Py P
1 L™-Err rate I L™Err rate 1 L™Err rate
961 5.08E-02 - 1681 2.32E-02 - 961 4.12E-02 -

3721 2.34E-02 1.15 6561 1.04E-02 1.18 3721 1.96E-02 1.10
14641 9.62E-03 1.30 25921 3.74E-03 1.49 14641 7.08E-03 1.49
58081 3.18E-03 1.61 103041 1.09E-03 1.79 58081 1.71E-03 2.06
231361 8.28E-04 1.95 410881 4.64E-04 1.23 231361 4.18E-04 2.04

6. Radiation transport. In this section, we report the tests done on the radiation transport
equation using the algorithm described in the paper.

6.1. Numerical details. The positive- and asymptotic-preserving algorithm defined in Al-
gorithms A.1 and A.2 is implemented with continuous finite elements of degree p € {1,2,3} on
simplices. The meshes in one dimension are uniform. The meshes in two space dimension are non-
uniform and composed of triangles. The angular discretization is done with the Gauss-Chebyshev
SN quadrature. In one dimension, the x;-component of the angles are the N quadrature points
of the Gaussian-Legendre quadrature over [—1, 1] and the weights are the weights of the Gaussian-
Legendre quadrature. In two-dimensions we use the standard triangular Sy quadrature. As the
x3-direction is ignored, there are four quadrants and the total number of angular directions is
%N (N + 2). Unless specified otherwise, the units are cm for lengths, nb.part./cm?-s-sr for ,
nb.part./cm?-s for 1, nb.part./cm3-s for ¢, and cm™! for the cross sections.

6.2. One-dimensional benchmark tests. We start by illustrating the performance of the
method in one space dimension. We compare the results given by the proposed the method with
those given by the unlimited dG1 approximation stabilized by using the upwind flux. We use the
angular quadrature Sg (8 discrete directions in 1D) for all the cases. The angles, characterized
by their x;-component, are enumerated in increasing order from 1 to 8. The data for the four
cases considered here are reported in Table 6.1. In each case we give the length of the domain and
the number of zones composing the domain. For each zone we give the values of o?, o°, and ¢
(constants), and we also give the number of cells composing the zone. The boundary condition for
cases 1, 3, and 4 are v, |5p_ = 0 (this is the so-called vacuum boundary condition). We enforce a
grazing incidence for case 2; we set 1y, xjop_ = 0 for k # 5, 1 <k <8, and ¢y, 5(0) = 1.0.
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Table 6.1: Data for the one-dimensional test cases.
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#zones 5 #zones 1 #zones [ 1 #zones 1
Length | 2.0 |1.0/2.0(1.0|2.0 Length 10.0 Length | 10.0 Length | 100.0
2 s 0.0 {0.0[0.0{0.9]0.9 ~ o5 100.0 o os 10.0 - os 0.09999
E ot 50.0[5.0[0.0[/1.0|1.0 o ot 100.0 @ ot 10.0 o ot 0.1
S 25. [0.0/0.0] 5 (00| |S[ ¢ 0.0 S ¢ 005 S« 0.5
Fcells | 25 [ 25 25|25 | 25 #£cells 100 #cells | 100 ##cells 100
B.C. Vac. B.C. |¢¥5(0)=1 B.C. | Vac. B.C. Vac.

Figure 6.1: Comparisons between the present method using ¢G1 and the upwind dG1 method.

cG1
dG1 ——

cG1
dG1 ——

cG1
dG1 ——

35.00
150 1 30.00
25.00
20.00
15.00

0.50 1 10.00

0 1 2 3 4 5 6 7 8 0 2 4 6 8 10

(a) Case 1, 21, (b) Case 2, 2v,, (c) Case 3, 2¢,, (d) Case 4, 1n,1, zoom

The results of the simulations are reported in Figure 6.1. We show in Panels (6.1a)-(6.1c) the
total scalar flux, 2¢,, obtained with the dG1 approximation (labeled dG1) and with the proposed
method (labeled ¢G1). We observe a fair agreement between the two methods given the number
of grid points (recall that dG1 has two times has many grid points as ¢Gl). Panel (6.1d) shows
the angular flux ¢y, for case 4 in the last cell close to the right boundary. For this case the
dG1 approximation gives negative values at © = 100 on the angular fluxes 1, 2, and 3 (the values
are —0.24, —0.22, —0.066, respectively (approximated to 2 digits)). In all the cases the proposed
method is always nonnegative.

6.3. Grazing incidences. We now focus on the second test case discussed in §6.2. A grazing
incidence is enforced on the left boundary of the domain (only 5,5(0) is nonzero). We also have
oth = o®h = 10; that is, the diffusive regime is dominant. The conjunction of these two conditions
produces a boundary layer as shown in Chandrasekhar [6], Malvagi and Pomraning [21]. Moreover,
as established in Theorem 5.4 in [9], convergence of the dG approximation only occurs in a weak
norm; more precisely, convergence on v, occurs in the Sobolev space H*(D) only for smoothness
indices s strictly less that % That is to say, the values of ¢, at the boundary does not converge
(recall that boundary traces do not exit when s < 3). Let us for a moment denote by a?(€, x) the
boundary data of the problem. Then as observed in Adams [1, Eq. 66] (see also Prop. 3.6 in [9])
the leading term of the diffusion expansion of the dG approximation at the boundary is

— 1

(6.1 Bu(@on ~ 5

/ (17| + 3[Qn|?)a?(Q, z) dS2,
Q:n<0
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Jam<o §|Q-n\H(|Q-n|)aa(ﬂ, x) dQ, (where H is Chandrasekar’s func-

which is almost equal to i
tion), because @/LH(;L) ~ 0.91p + 1.6354% ~ p+ 347 up to a “a few percents” over the interval
u € [0,1]. Hence, although, strictly speaking, the dG approximation is not asymptotic preserving
when there are grazing incidences (unless the mesh or the shape functions are designed to resolve
boundary layers), due to the above observation, it is a common practice in the radiation trans-
port literature to say that the dG approximation with the upwind numerical flux is asymptotic

preserving regardless of whether the boundary data is isotropic or not.

0.30 T T T T 0.30 T T T T 0.30

cG1, 101 —— cG1, 401 —— ‘ cG1, 1601 ——

G2, 101 G2, 401 G2, 1601

¢G3,100 —— cG3, 400 —— cG3, 1600 ——
025 dG1,200 -~ 1 025} dG1,800 -—----- 1 025} dG1,3200 ------

Exact Exact Exact

0.20 1 020} 4 020}
045 [/ 1 015} . 1 045}
040t 1 010} 4 010F
0.05 | 1 005} 4 005}
0005 2 4 6 8 1099 2 4 6 8 1099 2 4 6 8 10

Figure 6.2: Total scalar flux, 2¢,, for the grazing problem with cG1, cG2, cG3, and dG1. Left: 100
grid points. Center: 400 grid points. Right: 1600 grid points

Note that the above comments regarding dG are independent of the polynomial degree, i.e.,
(6.1) does not depend on p. Note also that the numerical results reported in the second panel of
Figure 6.1 show that the result holds true as well for the stabilized cG1 approximation. The key
here is that in both cases the boundary condition is enforced weakly using the bilinear form by
defined in (4.8). We show in Figure 6.2 simulations done with the proposed method using cGp,
p € {1,2,3}, on meshes composed on 100 (left panel), 400 (center panel), and 1600 (right panel)
grid points. In each case, the number of cells is adjusted so as to maintain the same number of grid
points for all p € {1,2,3}. We also report in this figure the results from the dG1 approximation
with 200, 800, and 3200 grid points. The red line labeled “exact” is obtained by using cG3 with
300000 grid points. We observe that, for each number of degrees of freedom all the methods give
almost exactly the same results (regardless of whether the method is dG or ¢G). We notice also that
with 100 grid points the numerical solution is indeed “a few percents” away from the exact solution,
as claimed in [1, Eq. 66]. The reader is invited to zoom on the right panel where we used 1600
gridpoints: the dG1 solution and the three c¢G solutions all align on one line that is still slightly
away from the exact solution. This confirms the theoretical result established in Theorem 5.4 in [9]
where it is shown that when grazing incidences are enforced, convergence occurs in weak norms only
and the convergence rate is weak (the convergence rate behaves like (’)(h%) in one space dimension).

Remark 6.1 (Comparison with [11]). The positive and asymptotic preserving method presented
in [11] behaves properly in the diffusion limit with grazing incidences only if the asymptotic bound-
ary value (6.1) (or Chandrasekar’s exact value) is enforced weakly (just enforcing a?(€2, ) is not
asymptotic preserving). This is not the case here. The present method properly works in every
regime by just enforcing the boundary conditions using the bilinear form by defined in (4.8). O
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We finally repeat the above test by adding a vacuum region on the left while still enforcing the
same grazing incidence boundary condition as above. This test is meant to assess the behavior of
the proposed method in the presence of interfaces with vacuum and grazing incidences. We show
the results in Figure 6.3 using 200 grid points in the center panel and 800 grid points in the right
panel. We observe that the proposed method properly behaves. The ¢G and dG results almost
coincide in both cases. We observe again, that due to the grazing incidence all the methods are
(almost) asymptotic preserving up to “a few percents”.

0.60 T T T 0.60

¢G1,200 —— ‘ ‘ ¢G1,800 ——
¢G2, 200 G2, 800
cG3,200 —— cG3,800 ——
0.50 F--mmmmm dG1,400 ------ 4 0.50 dG1, 1600 ------ B
#zones 2 | Exact Exact
Length | 10.0 | 10.0
0.40 |- 1 0401
o5 0.0 | 100.0
ot 0.0 | 100.0 030 030
q 0.0 | 0.0 ’ ’
B.C. | ¢5(0)=1
020+ 1 020F
040t 1 010f
0005 5 10 15 20900 5 10 15 20

Figure 6.3: Total scalar flux, 2¢,,, for the grazing problem with a vacuum interface using cG1, cG2,
¢G3, and dG1. Left: data. Center: 200 grid points. Right: 800 grid points

6.4. Diffusion limit with constant cross sections. To verify that the method does not
lock in the diffusion regime, we consider the two-dimensional test reported in [11, §5.2.1]. The
computational domain is D = (0,1)2. The cross sections are constant o = % = % with € > 0. The
source is isotropic and given by ¢(x) = e%wz sin(mx1) sin(mxe). When e — 0, the regime becomes
dominated by diffusion. The asymptotic limit in this case is ¥°(x) = sin(mz;) sin(mzz).

We solve (4.1) with the method described in the paper using linear elements (p = 1). The tests
are done using five meshes with 140, 507, 1927, 7545, and 29870 Lagrange nodes, respectively; the
corresponding mesh-sizes are approximately h = 0.1, 0.5, 0.025, 0.125, and 0.00625. We use the Sg
quadrature (24 angular directions).

Table 6.2: Diffusion limit. Convergence test with respect to the mesh-size and e.

€ 1 rel(fle[l2) rate rel([Ve[l;2) rate € 1 rel(fle[l;2) rate rel([Ve[[;2) rate
140 3.48E-02 - 7.57TE-02 - 140 1.25E-02 - 2.24E-02 -

7 507 5.19E-03 2.96 1.91E-02 2.14 9 507 3.16E-03 2.13  6.98E-03 1.81

= 1927 2.35E-03 1.18 5.88E-03 1.77 = 1927 7.66E-04 2.12 2.65E-03 1.45

7545 2.91E-03 -.31 2.32E-03 1.36 7545 1.70E-04 2.21 7.11E-04 1.93

29870 3.05E-03 -.07 1.44E-03 0.69 29870 2.81E-05 2.62 2.38E-04 1.59

140 1.52E-02 3.92E-02 140 1.23E-02 1.95E-02

M 507 3.39E-03 2.33 1.20E-02 1.84 ® 507 3.14E-03 2.12 5.75E-03 1.90

= 1927 6.35E-04 2.51 4.23E-03 1.56 = 1927 7.84E-04 2.08 1.98E-03 1.60

7545 1.82E-04 1.83 1.19E-03 1.86 7545 1.92E-04 2.06 7.06E-04 1.51

29870 2.70E-04 -.57 3.14E-04 1.93 29870 4.59E-05 2.08 2.35E-04 1.60

We show in Table 6.2 the results of the test for the following four values of the small parameter
e € {1072,1074,107°,107%}. We report in this table the relative L?-norm and the relative H!-
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semi-norm of the difference between Eh and the Lagrange interpolant of the asymptotic limit «°.
We observe that, as proved in [9, Th. 5.3] for the upwind dG1 approximation, the scalar flux 1,
converges optimally to ¥° when e is significantly smaller than the mesh-size. The convergence order
is O(h?) in the L%-norm. It seems that some super-closeness phenomenon occurs in the H!-semi-
norm since the rate behaves like O(h'-5). Tests with quadratic and cubic elements demonstrate the
same behavior. These tests are not reported for brevity.

6.5. Reflection effects. We now reproduce a test case proposed in [11] using exactly the
same finite element grids and angular discretization in order to illustrate that the proposed method
is indeed more accurate than that from the reference.

Figure 6.4: Grazing and reflection effects: Top: scalar intensity 1;,. Bottom: first angular intensity,
Yr,1. Left, Py, 76230 grid points. Center P2, 303893 grid points. Right: Pz, 682990 grid points.

1.1e05 002 004 006 008 0.1 33e08 002 004 006 008 0.1 1.6e06 002 004 006 008 01

We consider the two-dimensional domain D = (0,1)? composed of two regions: one that
is optically thick and one without any scattering. The cross sections are distributed as fol-
lows: of(x) = 100, o*(x) = 99 if x5 > 0.5 (optically thick and diffusive zone), and o,(x) =
os(x) = 0 if 29 < 0.5 (void). The angular approximation is done with the Sg quadrature (24
angular directions). We enforce a grazing incidence boundary condition on the leftmost bound-
ary: this boundary is illuminated with intensity 1 along the first direction of the quadrature
Q; := (0.93802334, 0.25134260, 0.23861919) (eight digits truncation). All the other incoming an-
gular fluxes are set to zero on this boundary. All the incoming angular fluxes are set to zero on
the other three boundaries. The approximation in space for the asymptotic-preserving method is
done on a non-uniform grid composed of 151434 triangles. There are 76230 P; grid points (i.e.,
1829520 dofs in total), 303893 Py grid points (i.e., 7239432 dofs in total), 682990 P3 grid points
(i.e., 16391760 dofs in total).

The results are shown in Figure 6.4. Comparing these results with what is shown in the two
leftmost panels in Fig. 3 in [11], we observe that the present method is significantly more accurate
than that in [11] while being positivity-preserving and asymptotic preserving. We also notice the
ray effect in the vacuum region {z3 < 0.5}, which is an artifact of the Sy method (recall that we
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are just using 24 angular directions on purpose). That the ray effect is so crisply captured clearly
demonstrates that the space approximation is very accurate; one cannot discern any smoothing
induced by numerical dissipation.

6.6. Crooked pipe problem. We now solve a problem known in the literature as the crooked
pipe problem. We adopt here the setting used in Olivier et al. [22, §7.3]. The geometry of the
problem is shown in the left panel of Figure 6.5, D = (0,7)x(—2,2). In the pipe we have ¢° = 0.2,
0% = 1073, ¢ = 1077. The characteristics of the material composing the walls are ¢* = 200,
0% =103, and ¢ = 10~7. The boundary condition is ¥(z,y) = 2/|S| = 1/27 on {z = 0, |y| < 0.5}
and ¥(z,y) = 0 on the rest of the boundary.

Figure 6.5: Crooked pipe problem. Left: setting of the problem. Center: profile of the total scalar
flux, | S|4, for various meshes and polynomial degrees. The symbol “Ref.” stands for the data from
[22]. Right: total scalar flux distribution (IP3)
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We use unstructured triangular Delaunay meshes. The meshes are generated so that the
pipe/wall interface is exactly represented. The computations are done on various meshes and
with various polynomial degrees ranging form Py to P5: P; with 13226 grid points, P; with 51916
grid points, P, with 13529 grid points, Py with 524621 gridpoints, P3 with 30274 grid points, and
P3 with 117706 grid points.

We show in the center panel of Figure 6.5, the profile of the total scalar intensity, |S|¢),, along
the segment {0 < x <7, y = 0}. There are six different simulations. The angular discretization is
done as in [22, §7.3| using the So4 angular quadrature (%N(N + 2) = 312 angles). We also report
in this panel the results given in Olivier et al. [22, Fig. 10] (red line). We observe that the results
from the six simulations with the proposed method collapse on a single curve, suggesting that all
the spatial features are resolved. There are slight discrepancies of a few per cents with the results
from [22], but overall the agreement is satisfactory.

6.7. Lattice problem. We continue with a benchmark test from Peng and McClarren |23,
§5.2] called “Lattice problem” therein. The computational domain is D = (0,7)?. The material
is organized in a checkerboard fashion. Each elementary region has size 1x1. The details of the
geometry are shown in the left panel of Figure 6.6. There are 11 purely absorbing regions (ot = 10,
o® = 0, black boxes in Figure 6.6), there are 37 regions that are purely scattering (ot =1, 0® = 1,
white boxes in Figure 6.6), and there is one region with a strong source and scattering material
(g =10 =1, 0° =1, yellow box). The homogeneous Dirichlet boundary condition is enforced
over the entire boundary of the domain.

The meshes are generated so that the material interfaces are exactly represented. The compu-
tations are done on three meshes with polynomial degrees ranging from P; to P3. Five different
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simulations done: P; with 11236 grid points, P; with 44521 grid points, P, with 44521 grid points,
Py with 177241 grid points, and P3 with 99856 grid points. The angular quadrature is done with
312 angular directions (this is the So4 quadrature).

Figure 6.6: Lattice problem. Left: setting of the problem. Center: profile of the total scalar flux,
|S|1;, for various meshes and polynomial degrees. The symbol “Ref.” stands for the data collected
from [23]. Right: total scalar flux distribution in logscale (P3, 99856 grid points)
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We show in the center panel of Figure 6.6 the profile of the total scalar intensity, |S|t;,, along the
segment {zx = 3.5, 0 <y < 7}. We also report in this figure results from Peng and McClarren [23,
Fig. 8(e)]. These results are shown in red and identified with the symbol “Ref.” The representation

is done in log scale along the y-axis. We observe that the agreement between the present method
and the reference results is overall quite satisfactory.

Ref
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6.8. Hohlraum. We finish with a test that is purely qualitative and loosely inspired from the
hohlraum problem in Southworth et al. [27, IV.B]. The objective is to give some feeling on how
the method behaves when solving a somewhat realistic problem. The problem under consideration
is a very simplistic representation of a hohlraum device used in the indirect-drive approach of
inertial confinement fusion. The dimensions are not given in the reference, but we use a square
domain D = (0,10)? (i.e., 10cmx10cm). These values are significantly larger than those of an
actual hohlraum, but as the problem is linear, everything can be recalled by a length scale. The
zero incidence boundary condition is imposed. The thickness of the walls of the cavity is 0.3. The
width of the opening at the top and bottom of the cavity is 5.1. The “spherical” capsule inside the
cavity is centered at (5.,5.). Its internal radius is 3.3 and its external radius is 3.6. The opening
on the right side of the capsule (simulating a filling hole) is a cone with half angle equal to 5° and
vertex located at (5.,5.). The sources are meant to simulated simulate the heating of the wall by
lasers, hence the sources are only located in the walls of the cavity in the region composed of the
points = (1, 22) where (0 < x; < 0.3 or 9.7 <z < 10) and (2.7 < x5 <33 o0r4 < zy <6 or
6.7 < 29 < 7.3). The constant value of the source is arbitrarily set to ¢ = 108. The cross sections
are distributed as follows. “Gold” wall of the cavity: o = 102, 0* = 2.5. “Helium filling” around the
spherical capsule: ¢ = 1074 ¢% = 1074, “Plastic” capsule wall: o' = 10, 0* = 6. “Hydrogen fuel”
inside the capsule: o = 1072, 0® = 1072, Again, these values are inspired from [27, IV.B] and are
not to be taken as actual values. Note that the problem is heterogeneous. It involves streaming
and diffusive regions.
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Figure 6.7: Hohlraum problem. Left: geometry of the problem. Center, scalar flux, 1y, Py, 682261
grid points, S12 quadrature. Right, scalar flux, v;,, P3, 864754 grid points, Si2 quadrature.

y(em)

We show in the center and right panels of Figure 6.7 the results of two simulations using
continuous P; and P3 elements. The meshsize is approximately 0.0125 for the P; approximation
(682261 grid points) and 0.035 for the P3 approximation (864754 grid points). We use the Sio
angular quadrature as in [27, IV.B]. This makes 84 directions. The figure shows the scalar flux, v,
in both cases. The results look visually similar to what is reported in Figure 3(b) in [27] although
the color scheme is slightly different.

Appendix A. Preconditioned source iteration and limiting.

We explain here the preconditioned source iteration method that is used in the radiation trans-
port tests reported in the paper. We start with a few definitions to help us make the algorithm
more concise. We define the mapping ® : V}, — V}, so that for all p € V}, (not to be confused with
the polynomial degree), ®(p) solve the diffusion equation a(®(p),v) = [, pvdz for allv € V' (notice
that the boundary condition is homogeneous). For all angular quadrature index k € £, we define
the mapping U9 : Vj, — V}, so that for all scalar flux ¢ € Vj,, U9(¢) solves (4.9) with homogenous
boundary condition (i.e., zero incidence) and zero source term (i.e., ¢ = 0). Likewise we define
Uy € V3, so that ¥y solves (4.9) with the correct boundary condition and the correct source term
g. In summary, ®(p), U9(¢) and ¥; are defined so that the following holds for all v € Vj:

(A1) a(@(p),v):/Dpvdx,

(A.2) aw%¢wi+axwy¢xv>+baw2wmvw=/Zowwda
(A.3) t(Ur,0) + sp(Vr,0) + bp (¥, v) = / qudx + bk(a‘z,v).
D
We set U0 (¢ VI(p),..., W9 (¢)) € ViFand U* := (U3,...,¥3) € ViL'. Then ¥(¢) := WO (¢)+U*

solves (4.9) 1ff \IJ(
(A1) b T(g) = T,

) = ¢. Hence we have to solve the hnear system Find ¢ € V}, so that

This can be done in a multitude of ways. The simple algorithm we use in the numerical simulations
reported in the paper proceeds as follows. We initialize the algorithm by setting ®° = ®(q). Using
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Krylov’s method to construct the solution, it is natural to define the first search direction to be
the residual of (A.4), ie., p° = ¢° — WO(40) — U*. Let ¢™ (here n € N is the loop index) be some
estimate of ¢. We add the direction induced by the diffusion limit " := ®(c°p™). Then we search
for o™, ™ € R so that the new update

(A.5) ¢" =" +ap" + B,

minimizes ||¢" ! — W(¢7+1)|| where || - || is some norm induced by some inner product (-, ) that can
be chosen by the user. As the next search direction is the residual p"*! = ¢" 1 — WO(pn+1)  after
some algebraic manipulations we obtain

(A.6) P =t al (" = WO(pn)) + B (" — WO(rm)).

To avoid stalling, which is a standard for steepest descent methods, we enforce p™*! to be orthogonal
to p™. Setting dp := p" — VO(p") and dr := r™ — UO(r"), the two constraints on o™ and 3" are then

(A7) Ip"* 4 o™ (p", dp™) + 8" (p", dr™) = 0,
(A.8) min [Hp”||2+ 2a™(p™, dp™) 4+ 28" (p", dr™) + || dp™ + B"dr"Hz} .

The solution to this quadratique system is

(A 9) Bn — HanQ HdanQ(pn’drn) — (dp”vdrn)(pnvdpn)
2(dp™, drm)(p, dp™) (p, drm) — ||dp™ |2 (p™, dr)? — [|drm |2 (p™, dp™)?’
_nmll2 _ RN (. dr™
(pn, dpn)

and (A.5) gives the next estimate of the solution. At this point one applies the global mass
conserving limiting algorithm (2.6) to {¢™"'};cy with the global mass M := 3., m;¢l T and
¢ = 0 (and one can also enforce ¢®* if it happens that the maximum is a priori known). The
algorithms stops when [|p"Tt||/||¢" || is smaller than some tolerance.

The final and key part of the algorithm is the conservative limiting (local and global). For
each angle k € £, we proceed as follows: (1) For every i € V, we use the method of characteristics
explained in §3 to compute the lower and upper bounds on the angular intensity, {\I/;n,;n, \I/;f‘,jx}iev.
(2) We then apply the local mass conserving algorithm (2.2)—(2.5) to {¥; x}:cy using the bounds
{\Ilﬁl,in, V> }iey computed above. (3) Finally we apply the global mass conserving algorithm (2.6)

min

to {W; 1 }iey with the global mass M := ", ), m;W;;, ¥; ;. =0 (one can also enforce @in,jx if the
maximum happens to be a priori known).
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Algorithm A.1 Preconditioned source iteration

Require: Tolerance § > 0, upper bounds {®M**},.y, (optional).

1: n=0, e= 0. > initialize iteration count and error

2: ¢° = ®(q), p° = ¢° — (VO(¢0) + W*) « solution of (A.3). © Initialize scalar flux and residual

3: while e > ¢ do > iteratively update W°(¢)

dp™ + p™ — WO(pn) > set dp”

™ ®(o®p™), solution of (A.1) with source o®p™. > set "

dr™ "™ — Wo(rn) > set dr”

"12(|ldp™||% (p™,dr™)—(dp™ ,dr™) (p™,dp™ ..

G B e T A > optimize 5

a™ _‘lpnl‘(szfa;p%n’dTn). > optimize a™

5: Pl P + adp™ + Brdr™. > update p"

: P — " 4 P + BT > update ¢"

7 M = Ziev m; 1 > compute the global mass

M — 0 for all i € V. > set lower bound

Optional: <I>?+1’max — O for alli € V. > set upper bound

{®7 1), ey (2.6) with above parameters. > post-processing by global limiter

8: € < ﬁ > estimate error at current step

9: n—n+1 > go to next iteration
10: end while

11: {; ;i kevse — VO(o™) + U . > Compute final solution

12: return (U, 1)i kevxc

Algorithm A.2 Conservative limiting

Require: Numerical solution {¥; 1 }; revxc, Iteration number §¢™2*.

1: for it € {1:it™*} do > iteratively apply local limiter
2: for (i,k) € V x L do > loop on each DoF
3: ik i“,i“ < (3.3) with scattering source defined with ;. > estimate local bounds
ik ;n,;“ < Relaxation Algorithm A.3. > relax local bounds
U, 1 < (2.2)—(2.5) with above bounds. > Local conservative limiting

4: end for

5: end for

6: Mk. = Ziev m;V;  forall k € L. > set global mass for each angular
Wit =0 for all (4,k) € V x L. > set lower bounds for global limiter
Optional: W' < input data, for all (i,k) e V x L. > set upper bounds for global limiter
{¥; k}ikevse < (2.6), with above bounds. > apply global conservative limiter

7. return {U; 1 }i kevxe
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