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ABSTRACT: In mixed-phase clouds, graupel forms by riming, a process whereby ice crystals and supercooled water droplets settling
through a turbulent flow collide and aggregate. We consider here the early stage of the collision process of small ice crystals with water
droplets, and determine numerically the geometric collision kernel in turbulent flows (therefore neglecting all interactions between the
particles and assuming a collision efficiency equal to unity), over a range of energy dissipation rate 1 cm2 s−3 − 250 cm2 s−3 relevant to
cloud microphysics. We take into account the effect of small, but non-zero fluid inertia, which is essential since it favors a biased orientation
of the crystals with their broad side down. Since water droplets and ice crystals have different masses and shapes, they generally settle with
different velocities. Turbulence does not play any significant role on the collision kernel when the difference between the settling velocities
of the two sets of particles is larger than a fewmm/s. The situation is completely different when the settling speeds of droplets and crystals
are comparable, in which case turbulence is the main cause of collisions. Our results are compatible with those of recent experiments
according to which turbulence does not clearly increase the growth rate of tethered graupel in a flow transporting water droplets (Jost et al,
J. Atmos. Sci., 2019).

1. Introduction

In the mixed-phase zone of convective clouds,
metastable liquid droplets coexist with ice crystals. Col-
lisions and aggregation of these hydrometeors lead to the
formation of graupels or hailstones (Wallace and Hobbs
2006; Pruppacher and Klett 1997; Wang 2013). This pro-
cess, known as riming, is an essential step in the formation
of snow flakes (Grazioli et al. 2015; Moisseev et al. 2017).
The significance of riming has been observed, not only in
high altitude mixed phase clouds, but also under a wide
range of conditions e.g. in Arctic regions (Fitch and Gar-
rett 2022a,b).
Reliable models for this process are therefore important

for cloud microphysics (Wang and Ji 2000; Morrison et al.
2020). Nonetheless, a number of fundamental questions
concerning this process remain open. The question we
focus on in this manuscript concerns the role played by
turbulence.
In the related, but different context of collisions between

monodisperse water droplets it is well known that turbu-
lence can increase the rate of collision (Grabowski and
Wang 2013; Pumir and Wilkinson 2016). The physical
mechanisms leading to an increase of the collision rate are
well understood. The seminal work of Saffman and Turner
(1956) predicted that in the absence of gravitational set-
tling, the collision rate in a turbulent fluid grows as 𝜀1/2,
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where 𝜀, the kinetic energy dissipation rate per unit mass,
provides a measure of the turbulence intensity. Further
effects, due to the particle inertia, lead to further enhance-
ments of the collision rate (Falkovich et al. 2002;Wilkinson
and Mehlig 2005; Wilkinson et al. 2006; Falkovich et al.
2007; Bec et al. 2023). In a polydisperse solution, larger
droplets settle faster than smaller ones, and the resulting
differential settling is known to provide an efficient colli-
sion mechanism (Saffman and Turner 1956; Ayala et al.
2008b,a). Turbulence also increases the collision rate be-
tween ice crystals (Sheikh et al. 2022). In this case, even
in the case of a monodisperse solution, differential settling
can play a dominant role over a range of parameters as
a result of the dependence of the settling velocity of the
crystals on their orientation (Siewert et al. 2014; Gavze
and Khain 2022; Sheikh et al. 2022).
Riming, on the other hand, involves different particle

types namely ice crystals and droplets, that tend to have
different settling velocities. The considerations above sug-
gest that this differential settling should play a major role
in this system. Based on theoretical considerations, Pin-
sky and Khain (1998); Pinsky et al. (1998) predicted an
increase in the collision rate with the turbulence intensity.
Such an increase has been observed in the recent study
of Naso et al. (2018), based on a highly simplified model
for the dynamics of ice crystals. The results of the recent
experimental study of Jost et al. (2019), however, point to
a completely different conclusion: no measurable differ-
ence between the collision kernel in laminar and turbulent
conditions.
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The study of Naso et al. (2018) was based on a model
involving several key assumptions. The crystals were as-
sumed to have the shape of very thin oblate spheroids, with
a semi-major axis 𝑎 very small compared to the size of the
smallest eddies in the flow, the Kolmogorov length scale
𝜂: 𝑎≪ 𝜂. This allows us to justify a simplified description
of the dynamics of the crystals in terms of point particles.
The equations of motion used by Naso et al. (2018) were
derived by assuming that the Reynolds number of the flow
around the particle is always very small, which therefore
justifies the use of the Stokes equations, in which fluid in-
ertia is effectively neglected. The physically more realistic
model used in the present work (Gustavsson et al. 2019,
2021) includes the effect of fluid inertia (Khayat and Cox
1989;Dabade et al. 2015), which is essential to describe the
orientation of settling particles (Klett 1995; Kramel 2017;
Lopez and Guazzelli 2017; Gustavsson et al. 2019; Roy
et al. 2019; Sheikh et al. 2020; Anand et al. 2020; Cabrera
et al. 2022), and also their settling velocity (Sheikh et al.
2022).
In the present manuscript, we use this model to study

the influence of turbulence on the collision kernel between
crystals and droplets (Jost et al. 2019). Since the settling
velocities of the two kinds of particles generally differ, the
collision mechanisms induced by differential settling are
likely to play an important role. On general grounds, it is
expected that a very large turbulence intensity may affect
the collision kernel, as it is the case for droplets (Saffman
and Turner 1956). For crystals, turbulence also plays a
role by affecting their dynamics, in particular through their
orientation (Gustavsson et al. 2021; Sheikh et al. 2022).
We simplify the crystal shape, assumed to be spheroidal,

fix the length 𝑎 of the semi-major axis, and consider several
values of the aspect ratio 𝛽 (or, equivalently, the thickness).
We also study several populations of spherical droplets,
with different radii (𝑟𝐷 = 5 𝜇m, 10 𝜇m, 15 𝜇m and 20 𝜇m).
The size of these particles is smaller than the smallest
length scale of turbulence, namely the Kolmogorov scale
𝜂. We detect the geometric collisions between ice crystals
and water droplets, by neglecting all (hydrodynamic and
non-hydrodynamic) interactions between them, thereby as-
suming a collision efficiency equal to one.
For many pairs of values of 𝛽 and 𝑟𝐷 , the settling ve-

locities of the droplets, 𝑈𝐷 , and the crystals, 𝑈𝐶 , are
sufficiently different. In this case, we show that differential
settling is the dominant mechanism and that the geomet-
rical collision kernel is given by 𝐾𝐷𝐶 ∼ 𝜋𝑎2 |𝑈𝐷−𝑈𝐶 |.
Additionally, the random motion induced by turbulence
can bring particles together, therefore providing a contri-
bution to the collision kernel even in the absence of grav-
ity. The comparison between the two effects however is
more subtle than for droplets, as turbulence directly affects
the settling of crystals as a result of orientation fluctua-
tions. Up to the largest energy dissipation rates considered
here, 𝜀 ∼ 250 cm2 s−3, the collision kernel depends only

weakly on the turbulence intensity, in qualitative agreement
with Jost et al. (2019).
Our work is organized as follows. We introduce the ap-

proximations made, and describe the numerical setup used
in this work in Section 2. The numerical results, presented
in Section 3, start with a discussion of the relative veloc-
ity between the particles. We further present the collision
kernel and its dependence on the various parameters of the
problem. We also determine the location where collisions
occur over the surface of crystals, whose size ismuch larger
than that of the droplets. The implications of our results
are discussed in Section 4. We summarize and present our
conclusions in Section 5.

2. Problem setup

This work is based on the methodology introduced
in Naso et al. (2018) and on the equations for the dy-
namics used by Sheikh et al. (2022). We briefly review
these aspects in turn.

Turbulent flow simulations In this work, we approxi-
mate the flow as a homogeneous, isotropic turbulent flow,
which can be simulated by using standard pseudo-spectral
methods to solve the Navier-Stokes equations:

𝜕𝑡u+ (u · ∇)u = −∇𝑝
𝜌 𝑓

+ 𝜈∇2u+ f , (1)

∇ ·u = 0 . (2)

Here, u is the velocity of the fluid, 𝑝 its pressure, 𝜌 𝑓 and 𝜈
are its mass density and kinematic viscosity, respectively.
We take the realistic values of 𝜌 𝑓 = 1.413×10−3 g cm−3,
and 𝜈 = 0.1132 cm2 s−1.
The Navier-Stokes equations, Eqs.(1,2), were solved in a

triply periodic box, of size 𝐿 = 8𝜋 cm ≈ 25 cm in each spa-
tial direction, by a pseudospectral method with 𝑁3 Fourier
modes (𝑁 in the number of Fourier modes in each of the
three directions). This number is sufficient to reliably fol-
low the smallest eddies in the flow and to interpolate the
velocity field and its derivatives at the particle positions,
which is required to solve the equations of motion for the
particles. In our simulations, the largest wavenumber re-
solved, 𝑘𝑚𝑎𝑥 , satisfies 𝜂𝑘𝑚𝑎𝑥 ≳ 3, where 𝜂 = (𝜈3/𝜀)1/4 is
the Kolmogorov scale. The code is described in more de-
tail by Jucha et al. (2018); Naso et al. (2018); Sheikh et al.
(2022). We chose three values of 𝜀, 𝜀 = 0.976 cm2 s−3
(flow I), 𝜀 = 15.62 cm2 s−3 (flow II), and 𝜀 = 246.4 cm2 s−3
(flow III). The physical properties and the values of 𝑁 are
listed for these three flows in Table 1 of Sheikh et al. (2022).
The Kolmogorov scale is ≈ 0.2 cm for flow I, ≈ 0.1 cm for
flow II, and ≈ 0.05 cm for flow III. All particles considered
in this work are smaller than 𝜂. Therefore, we use the
point-particle approximation for the equations of motion
of the crystals and of the droplets, as explained below.
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When two particles come close to one another, the
individual point-particle approximation breaks down be-
cause of hydrodynamic interactions between the parti-
cles (Klett and Davis 1973; Sundarajakumar and Koch
1996; Dhanasekaran et al. 2021; Patra et al. 2022). The
precise nature of these interactions is hard to describe, in
particular for collisions between ice crystals and droplets.
Their effect can be parameterised by a collision effi-
ciency (Pinsky et al. 1999, 2007; Devenish et al. 2012;
Pumir and Wilkinson 2016). As stated earlier, we restrict
ourselves to geometric collisions, effectively assuming a
collision efficiency equal to unity.

Droplet dynamics Wemodelwater droplets as spherical
particles of volumetric mass 𝜌𝐷 = 0.998 g cm−3, with a
radius 𝑟𝐷 , taken equal to 5, 10, 15 and 20 𝜇m. Given that
the size of the particles is very small (𝑟𝐷 ≪ 𝜂), and also
that the density of the fluid is much smaller than that of the
particle (𝜌 𝑓 ≪ 𝜌𝐷), the force acting on droplets reduces
to the sum of a linear viscous (Stokes) drag force and of a
gravitational force:

𝑑x𝐷
𝑑𝑡

= v𝐷 , 𝑚𝐷
𝑑v𝐷
𝑑𝑡

= f𝐷 +𝑚𝐷g , (3)

with the following expression for the force f𝐷 :

f𝐷 =
𝑚𝐷

𝜏𝐷𝑝
[u(r𝐷 , 𝑡) −v𝐷], (4)

where 𝑚𝐷 = 4
3𝜋𝑟

3
𝐷
𝜌𝐷 is the mass of the particle, and its

characteristic time scale is defined by:

𝜏𝐷𝑝 =
2
9
𝜌𝐷

𝜌 𝑓

𝑟2
𝐷

𝜈
. (5)

The Stokes number of the droplet, 𝑆𝑡𝐷 , is defined as the
ratio 𝑆𝑡𝐷 = 𝜏𝐷𝑝 /𝜏𝐾 , where 𝜏𝐾 = (𝜈/𝜀)1/2 is theKolmogorov
timescale. We notice that the settling velocities of the
droplets considered in this work are sufficiently small, so
the effect of fluid inertia does not significantly contribute
to the force.

Ice crystal dynamics We focus on small ice-crystals,
shaped as platelets. For the sake of simplicity, we con-
sider objects shaped as oblate spheroids (Pitter et al. 1973;
Chen and Lamb 1994), i.e. as ellipsoids of revolution,
with a fixed semi-major axis 𝑎 = 150 𝜇m and four values
of the semi-minor axis 𝑐, the aspect ratio 𝛽 = 𝑐/𝑎 being
taken very small, 𝛽 = 0.005, 0.01, 0.02 and 0.05, as also
done in Sheikh et al. (2022). These values correspond to
the thinnest plates discussed by Um et al. (2015). The
mass density of the crystals, 𝜌𝐶 , is taken to be equal to
0.9194 g cm−3.
As for the droplets, the dynamics of the crystals is de-

termined by Newton’s equations for the center of mass of

the particle, x, and for its velocity, v:

𝑑x
𝑑𝑡

= v , 𝑚
𝑑v
𝑑𝑡

= fℎ +𝑚g, (6)

as well as for the orientation, n̂, defined as the unit vector
parallel to the axis of symmetry of the spheroid, and for its
angular velocity, ω:

𝑑n̂
𝑑𝑡

= ω∧ n̂ , 𝑚
𝑑

𝑑𝑡

[
I(n̂)ω

]
= τℎ . (7)

In Eqs. (6) and (7), 𝑚 = 43𝜋𝑎
3𝛽𝜌𝐶 denotes the mass of the

particles and I(n̂) is the moment-of-inertia tensor, given
by Eq. (A3) in Appendix A. The crucial modeling chal-
lenge consists in using a realistic expression for the hydro-
dynamic force, fℎ, and for the hydrodynamic torque, τℎ,
exerted by the fluid on the particle. To determine fℎ and
τℎ, we use the fact that the Reynolds number Re𝑝 ≡ 𝑎𝑣𝑠/𝜈
based on the semi-major axis 𝑎 of the crystals and on the
slip velocity 𝑣𝑠 = |u−v|, is of the order 1. Starting from the
expressions of the force and torque obtained in theRe𝑝→ 0
by solving Stokes equations (Happel and Brenner 1983),
the finite Reynolds number corrections are taken into ac-
count using a perturbation expansion (Cox 1965; Khayat
and Cox 1989; Dabade et al. 2015). Although valid in
principle only at very small Reynolds numbers, the cor-
responding expressions for force and torque remain quali-
tatively valid in the range covered in this study (Ouchene
2020; Fröhlich et al. 2020; Jiang et al. 2020). We stress
once again the importance of incorporating the effect of
fluid inertia, in particular in the description of the crys-
tal orientation (Khayat and Cox 1989; Klett 1995; Kramel
2017; Lopez and Guazzelli 2017; Gustavsson et al. 2019;
Roy et al. 2019; Sheikh et al. 2020; Cabrera et al. 2022).
The explicit expressions used in our work can be found in
Appendix A of Sheikh et al. (2022). For the thin platelets
considered here, the Reynolds number is of order 1. Con-
sidering platelets with larger values of 𝛽 would lead to
larger values of the Reynolds number. We note that the re-
cent study of Bhowmick et al. (2023) thoroughly validates
the description of the motion of spheroids settling in air
used here.
The equations of motion of the particles, used in this

work and discussed in detail in Sheikh et al. (2020); Gus-
tavsson et al. (2021); Sheikh et al. (2022), involve several
important dimensional quantities. The first one is the char-
acteristic time 𝜏𝑝 of the particle originating from the Stokes
drag, and the second one is the typical settling velocity, 𝑤𝑠:

𝜏𝑝 =
2
9
𝜌𝐶

𝜌 𝑓

𝛽𝑎2

𝜈
and 𝑤𝑠 = 𝑔𝜏𝑝 . (8)

The particle response time 𝜏𝑝 and the velocity 𝑤𝑠 are
made dimensionless by dividing them respectively by 𝜏𝐾
and by the velocity across the smallest eddies in the flow,
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𝑢𝐾 ≡ (𝜈𝜀)1/4. This, in turn, allows us to define the Stokes
number, St, and the settling number, Sv, as:

St =
4𝛽
9
𝜌𝐶

𝜌 𝑓

( 𝑎
𝜂

)2
and Sv =

4𝛽
9
𝜌𝐶

𝜌 𝑓

𝑎2𝑔

(𝜈5𝜀)1/4
, (9)

where 𝑔 = 981 cm s−2 is gravity. St and Sv are non-
dimensional measures of the particle inertia and its settling
velocity (Devenish et al. 2012). Note that the definitions
in Eq. (9) differ by factors close to 2 from the definitions
used in Gustavsson et al. (2021). The ratio between the
torque induced by fluid inertia and the Jeffery torque is
proportional to ∝ Sv2 (Kramel 2017; Sheikh et al. 2020).
The estimate 𝑤𝑠 provides only an order of magnitude

for the settling velocity of the crystal. The settling velocity
of droplets and crystals in a still fluid will be respectively
denoted here by 𝑈𝐷0 and 𝑈

𝐶
0 . Their values are listed in

table 1 and discussed in Section 3a.
To solve the equations of motion of the crystals, we

followed the method described in Jucha et al. (2018); Naso
et al. (2018); Sheikh et al. (2022). As the flow is periodic in
the three spatial dimensions, we reinjected particles leaving
the box through one of the sides at the opposite side. In all
runs considered here, the time taken by a particle to settle
through the numerical box is larger than ≳ 2.5𝑇𝐿 , where
𝑇𝐿 is the large eddy turnover time, so the flow has time to
decorrelate between two passages of the particles.

Collision detection We determined the geometric colli-
sion rate (Wang et al. 2005; Ayala et al. 2008b; Grabowski
andWang 2013), which is to say that we neglected the inter-
action between particles as they approach each other (Klett
and Davis 1973). Furthermore, we simply detected, from
a large set of numerical trajectories of ellipsoids, the times
when two particles come into contact (“collide”) with each
other. This approximation, known as the “ghost-collision”
approximation (Wang et al. 1998; Gustavsson et al. 2008),
has been thoroughly checked and more recently redis-
cussed (Meng and Saw 2023) in the case of spherical
particles in a turbulent flow (Voßkuhle et al. 2013).
To determine when a collision occurs, we implemented

the algorithm developed by Choi et al. (2009) to detect
when two ellipsoids moving in three dimensions touch.
Specifically, the equation of the surface of an ellipsoid or
of a droplet can be expressed in the form: X ·B𝑖 ·X = 1,
where X is a vector in 4-dimensions: X = (𝑥, 𝑦, 𝑧,1), and
the matrix B𝑖 characterizes the 𝑖𝑡ℎ ellipsoid. To detect
possible contacts between ellipsoids 𝑖 and 𝑗 , one com-
putes the fourth-order polynomial: 𝑃𝑖 𝑗 (𝜆) = det(B𝑖−𝜆B 𝑗 ).
The polynomial 𝑃𝑖 𝑗 has exactly two positive, real roots.
Whether the two ellipsoids 𝑖 and 𝑗 are in contact can be
determined from the nature of the two other roots of 𝑃𝑖 𝑗 ,
that can be real (negative) or complex (Choi et al. 2009). In
the former case, the two ellipsoids are separated, while in

the latter they overlap. When they are in contact, the poly-
nomial 𝑃𝑖 𝑗 has a real, negative double root. The algorithm
implemented for collision detection therefore consists in
representing, for each pair of ellipsoids, the evolution of
the polynomial 𝑃𝑖 𝑗 as a function both of 𝜆 and of 𝑡, and in
detecting the formation of a negative double root of 𝑃𝑖 𝑗 .
This algorithm has been used successfully to detect colli-
sions of settling spheroids in a turbulent flow (Siewert et al.
2014; Jucha et al. 2018; Sheikh et al. 2022).
We simulated 𝑁𝐷 = 106 droplets, and 𝑁𝐶 = 106 crystals,

except for runs 10, 11 and 12 in Table 1. The duration of
the runs was ≳ 50𝑇𝐿 for flow I, ≳ 30𝑇𝐿 for flow II, and
≳ 20𝑇𝐿 for flow III. Note that we waited for 50𝜏𝐾 before
recording any statistics, in order to ensure that the particles
have reached a statistically steady state in the flow. The
time over which we computed the collision kernel, 𝑇𝑠𝑡𝑎𝑡 , is
indicated in Table 1. We carefully checked that the values
of the collision kernel, 𝐾𝐷𝐶 , are converged, in the sense
that the numbers indicated are not significantly affected by
counting the collisions over a smaller fraction of the run.
The data shown in the following sections correspond to at
least ∼ 2000 detected collisions (run 25), but more than
10,000 for most of the other runs.

3. Results

a. Settling velocities

As explained before, differential settling is one of the
mechanisms leading to collisions between droplets and
crystals. To quantify this effect, we document in this
subsection the settling velocities of crystals and droplets.
We use throughout the definition 𝑈𝐶,𝐷 = ⟨𝑢𝐶,𝐷𝑧 ⟩, the
velocities being positive when particles are settling (going
downwards). We also denote by 𝑈𝐶0 and 𝑈

𝐷
0 the settling

velocities of crystals and droplets in a fluid at rest,
assuming in the case of crystals that particles settle with
their broad face down (maximal drag orientation).

Figure 1 shows the settling velocity of the droplets and
the crystals for the four values of 𝛽 and the four values of
𝑟𝐷 , at intermediate turbulence intensity (𝜀 = 15.6 cm2 s−3).
We find a dependence of the settling velocity of droplets,
𝑈𝐷 , on the radius of the particles, 𝑟𝐷 , essentially propor-
tional to 𝑟2

𝐷
, as predicted by balancing drag and gravita-

tional forces, see Eqs. (3-5). Furthermore, since the mass
of a crystal is proportional to 𝛽, but the drag proportional
to the surface, the settling velocity of crystals, 𝑈𝐶 , is ap-
proximately proportional to 𝛽. The deviations from this
close-to-linear behavior are clearly visible in Fig. 1 and can
be due to fluid inertia effects, or to turbulence. When 𝜀 in-
creases, the crystals do not remain horizontal, which affects
the settling velocity. At 𝜀 = 15.62 cm2 s−3, corresponding
to Fig. 1, the r.m.s of the angle between the axis of sym-
metry of the crystals and the direction of gravity, 𝜑, varies
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Table 1: Runs used in this work to determine the collision rates between crystals and droplets. The flow properties
are listed in Table 1 of Sheikh et al. (2022). Collision statistics were accumulated during a duration 𝑇𝑠𝑡𝑎𝑡 , whose value
is given in units of the Kolmogorov time, 𝜏𝐾 . The values of the settling velocity in a fluid at rest,𝑈𝐶,𝐷0 , differs from the
settling velocity in the presence of turbulence, 𝑈𝐶,𝐷 . While the inequality between the settling velocities of droplets
and crystals is independent of 𝜀, and is the same in a quiescent fluid, we observe that, surprisingly, for 𝑟𝐷 = 20𝜇m and
𝛽 = 0.02 (runs 7, 23 and 31) 𝑈𝐶0 < 𝑈

𝐷
0 , whereas 𝑈

𝐶 > 𝑈𝐷 in the presence of turbulence. The values of the collision
kernel 𝐾𝐷𝐶 and of ⟨𝜙2⟩1/2, the r.m.s of the angle between the axis of symmetry of the crystals and the direction of
gravity, are also provided.

Runs Flows 𝛽 𝑈𝐶 𝑈𝐶0 ⟨𝜑2 ⟩1/2 𝑟𝐷 𝑈𝐷 𝑈𝐷0 𝑇𝑠𝑡𝑎𝑡/𝜏𝐾 𝐾𝐷𝐶

[cm s−1] [cm s−1] [deg] [𝜇m] [cm s−1] [cm s−1] [cm3 s−1]
1 I 0.005 1.84 1.56 12.7 10 1.40 1.36 20.6 1.58×10−4
2 I 0.01 3.08 2.95 3.13 10 1.40 1.36 20.6 1.28×10−3
3 I 0.02 5.48 5.41 0.99 10 1.40 1.36 20.6 3.26×10−3
4 I 0.05 11.24 11.2 0.99 10 1.40 1.36 20.6 7.94×10−3
5 I 0.005 1.84 1.56 12.7 20 5.44 5.44 20.6 3.45×10−3
6 I 0.01 3.08 2.95 3.13 20 5.44 5.44 20.6 2.25×10−3
7 I 0.02 5.48 5.41 0.99 20 5.44 5.44 41.1 2.82×10−5
8 I 0.05 11.24 11.27 0.99 20 5.44 5.44 20.6 5.28×10−3

9 II 0.005 2.12 1.56 39.7 5 0.34 0.34 17.6 7.41×10−4
10 II 0.01 3.50 2.95 13.7 5 0.34 0.34 17.6 1.91×10−3
11 II 0.02 5.78 5.41 4.05 5 0.34 0.34 17.6 3.80×10−3
12 II 0.05 11.50 11.27 4.05 5 0.34 0.34 17.6 8.24×10−3
13 II 0.005 2.12 1.56 39.7 10 1.40 1.36 17.6 1.44×10−3
14 II 0.01 3.50 2.95 13.7 10 1.40 1.36 17.6 1.27×10−3
15 II 0.02 5.78 5.41 4.05 10 1.40 1.36 17.6 3.28×10−3
16 II 0.05 11.50 11.27 4.05 10 1.40 1.36 17.6 7.97×10−3
17 II 0.005 2.12 1.56 39.7 15 3.16 3.06 17.6 1.05×10−3
18 II 0.01 3.50 2.95 13.7 15 3.16 3.06 17.6 1.28×10−4
19 II 0.02 5.78 5.41 4.05 15 3.16 3.06 17.6 2.05×10−3
20 II 0.05 11.50 11.27 4.05 15 3.16 3.06 17.6 7.06×10−3
21 II 0.005 2.12 1.56 39.7 20 5.60 5.44 17.6 2.90×10−3
22 II 0.01 3.50 2.95 13.7 20 5.60 5.44 7.05 2.37×10−3
23 II 0.02 5.78 5.41 4.05 20 5.60 5.44 17.6 6.63×10−5
24 II 0.05 11.50 11.27 4.05 20 5.60 5.44 17.6 5.34×10−3

25 III 0.005 2.41 1.56 54.3 10 1.60 1.36 7.46 1.96×10−4
26 III 0.01 4.52 2.95 38.0 10 1.60 1.36 7.46 1.26×10−3
27 III 0.02 7.48 5.41 19.8 10 1.60 1.36 7.46 3.55×10−3
28 III 0.05 13.49 11.27 17.2 10 1.60 1.36 11.2 8.53×10−3
29 III 0.005 2.41 1.56 54.3 20 6.88 5.44 37.3 2.73×10−3
30 III 0.01 4.52 2.95 38.0 20 6.88 5.44 37.3 2.48×10−3
31 III 0.02 7.48 5.41 19.8 20 6.88 5.44 37.3 6.16×10−4
32 III 0.05 13.49 11.27 17.2 20 6.88 5.44 37.3 7.00×10−3

from ∼ 4𝑜 for 𝛽 = 0.05 to ∼ 40𝑜 for 𝛽 = 0.005. This obser-
vation explains qualitatively the slower than linear growth
of 𝑈𝐶 with 𝛽 shown by Fig. 1. Additional effects, due to
particle inertia, can also play an important role. This is par-
ticularly the case for 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m, where the
settling velocity of crystals slightly exceeds that of droplets
in the presence of turbulence: 𝑈𝐶 −𝑈𝐷 ≈ 0.18 cm s−1 for
𝜀 = 15.62 cm2 s−3, whereas in a fluid at rest, 𝑈𝐶0 < 𝑈

𝐷
0 ,

see Table 1. Settling velocities of the droplets and crys-

tals are also quite close when 𝛽 = 0.01 and 𝑟𝐷 = 15 𝜇m
(𝑈𝐶 −𝑈𝐷 ≈ 0.34 cm s−1), although in this case,𝑈𝐶0 <𝑈

𝐷
0 .

We finally briefly compare the values reported in Fig. 1
with experimental measurements. The settling velocity of
natural ice crystals in the atmosphere was measured by
Kajikawa (1972). For crystals of type P1A (the shape the
closest to the one we are considering) and diameters of
300 𝜇m, the settling velocity was found to be ≈ 15 cm s−1,
with an aspect ratio close to 0.08. This value is definitely
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Fig. 1: Settling velocity of the droplets (horizontal lines)
and of crystals of semi-major axis 𝑎 = 150 𝜇m as a function
of 𝛽 ("+" symbols), at a fixed value of 𝜀 = 15.62 cm2 s−3.

in agreement with the ones reported in our Fig. 1, 𝑈 ≈
12 cm s−1 for 𝛽 = 0.05.
The terminal velocity of water droplets settling in stag-

nant air was measured by Gunn and Kinzer (1949). Ex-
trapolating the values from their Table 1 to a diameter of
40 𝜇m leads to a settling velocity ∼ 5 cm s−1, in agreement
with the value reported in our Fig. 1, slightly smaller than
6 cm s−1.

b. Collision kernel

Under the assumption that 𝑁𝐶 crystals and 𝑁𝐷 droplets
are uniformly distributed in a volume 𝑉 , the number of
collisions occurring in a time 𝑇 grows as:

𝑁𝑐𝑜𝑙𝑙 = 𝐾𝐷𝐶
𝑁𝐶 ×𝑁𝐷

𝑉
𝑇 . (10)

The proportionality constant in Eq. (10) is the collision
kernel, with a dimension cm3 s−1.
Consider horizontally oriented crystals settling at a ve-

locity 𝑈𝐶0 through a still fluid seeded with droplets of
radius 𝑟𝐷 , settling at velocity 𝑈𝐷0 . In the reference frame
where droplets are at rest, a settling crystal falls during a
time 𝑇 by a distance |𝑈𝐶0 −𝑈𝐷0 |𝑇 , and will collide with
any droplet within a volume 𝜋(𝑎 + 𝑟𝐷)2 |𝑈𝐶0 −𝑈𝐷0 |𝑇 . This
leads to the following estimate of the collision kernel in a
fluid at rest: 𝐾 𝑙𝑎𝑚

𝐷𝐶
= 𝜋(𝑎 + 𝑟𝐷)2 |𝑈𝐶0 −𝑈𝐷0 |, where “lam”

stands for “laminar”. A way to characterize the collision
mechanism between crystals and droplets is to consider the
collision efficiency, defined as the ratio between 𝐾𝐷𝐶 and
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Fig. 2: Difference between the averaged settling velocities
of the crystals,𝑈𝐶 , and those of the droplets,𝑈𝐷 , indicated
by the triangle symbols, in the case (a) 𝑟𝐷 = 10 𝜇m, and
(b) 𝑟𝐷 = 20𝜇m. They are comparable with the r.m.s. fluc-
tuations of the turbulent velocity fluctuations in the flow,
shown by the crosses.

𝐾 𝑙𝑎𝑚
𝐷𝐶
(Grabowski and Wang 2013):

𝐸𝐷𝐶 =
𝐾𝐷𝐶

𝜋(𝑎 + 𝑟𝐷)2 |𝑈𝐶0 −𝑈𝐷0 |
. (11)

We stress that the values of 𝑈𝐶0 and 𝑈
𝐷
0 are meant to

provide only an estimate of the settling velocities of the
crystals and droplets; as can be seen in Table 1, the average
settling velocities 𝑈𝐶 and 𝑈𝐷 in a turbulent fluid differ
from𝑈𝐶0 and𝑈

𝐷
0 , and depend on the turbulence intensity.

Dependence on the turbulence intensity 𝜀 The depen-
dence of the collision kernel on 𝜀 for the four crystal shapes,
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𝛽 = 0.005 (left-pointing triangle), 𝛽 = 0.01 (down-pointing
triangle), 𝛽 = 0.02 (right-pointing triangle), and 𝛽 = 0.05
(up-pointing triangle) are shown in Fig. 3. The radii of
the droplets are 𝑟𝐷 = 10 𝜇m [Fig. 3(a)] and 𝑟𝐷 = 20 𝜇m
[Fig. 3(b)]. For 𝑟𝐷 = 10 𝜇m, the crystals always settle
faster than the droplets (𝑈𝐶 −𝑈𝐷 > 0), see Fig. 1. In con-
trast, for 𝑟𝐷 = 20 𝜇m, when 𝛽 = 0.005 and 0.01, droplets
settle faster (𝑈𝐶 −𝑈𝐷 < 0). To clearly distinguish the
two cases, we use filled symbols throughout when droplets
settle faster than crystals.
Interestingly, for 𝑟𝐷 = 10 𝜇m, the variations of 𝐾𝐷𝐶 as

a function of 𝜀 are small. The largest variation is observed
for 𝛽 = 0.005, where 𝐾𝐷𝐶 varies by no more than ≈ 30%
over the range 1 cm2 s−3 ≲ 𝜀 ≲ 250 cm2 s−3. Similarly, as
shown byFig. 3b, the collision kernel for 𝑟𝐷 = 20 𝜇m varies
littlewith 𝜀, exceptwhen 𝛽 = 0.02. More quantitatively, the
variations of 𝐾𝐷𝐶 over the range of values 1 cm2 s−3 ≲ 𝜀 ≲
250 cm2 s−3 is≈ 25% for 𝛽 = 0.005,≈ 10% for 𝛽 = 0.01 and
≈ 30% for 𝛽 = 0.05. This is to be contrasted with the much
more substantial increase of 𝐾𝐷𝐶 with 𝜀, by a factor ≳ 20,
when 𝛽 = 0.02. As noted earlier, this case corresponds to
crystals (𝛽 = 0.02) and droplets (𝑟𝐷 = 20 𝜇m) settling at
velocities very close to each other. One observes only a
very small increase in the difference between the settling
velocities, 𝑈𝐶 −𝑈𝐷 remaining positive for all values of
𝜀. As implied by Fig. 1 and 2, the velocity difference is
much larger in all other cases. This can be interpreted as
an indication that differential settling plays a major role
in inducing collisions between droplets and crystals for
most pairs of crystals and droplets considered, for which
the difference |𝑈𝐶 −𝑈𝐷 | is large, whereas when 𝑈𝐶 and
𝑈𝐷 are close to each other, as it is the case when 𝑟𝐷 =

20 𝜇m and 𝛽 = 0.02, we observe a stronger dependence of
𝐾𝐷𝐶 on 𝜀, and collisions are therefore more influenced by
turbulence.
Figure 4 shows the collision efficiency, Eq. (11), for

the four values of 𝛽 considered in this study. For 𝑟𝐷 =

10 𝜇m [Fig. 4(a)] the measured values of 𝐸𝐷𝐶 differ from
1 by less than 20%. A qualitatively similar conclusion is
reached when 𝑟𝐷 = 20 𝜇m, and 𝛽 = 0.005, 0.01 and 0.05,
see Fig. 4(b). Namely, in these cases, 𝐸𝐷𝐶 differs by less
than 30% from 1. The values of 𝐸𝐷𝐶 very close to 1
imply that collisions occur mostly via differential settling
between crystals and droplets.
In comparison, the values of 𝐸𝐷𝐶 for 𝑟𝐷 = 20 𝜇m and

𝛽 = 0.02 are much larger than 1 when 𝜀 > 1 cm2 s−3. This
reflects the very small value of |𝑈𝐶0 −𝑈𝐷0 |, which is much
smaller than the values of |𝑈𝐶 −𝑈𝐷 | in the presence of
turbulence. We notice that introducing the alternative def-
inition of the collision efficiency, �̂�𝐷𝐶 , defined by replac-
ing |𝑈𝐶0 −𝑈𝐷0 | in Eq. (11) by |𝑈𝐶 −𝑈𝐷 | leads to values of
�̂�𝐷𝐶 much closer to 1 in the case 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m.
This suggests that the main collision mechanism between
particles is differential settling, with the caveat that the
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Fig. 3: Collision kernel between platelet crystals at various
values of 𝛽, as indicated by the legend, and droplets of
radius (a) 𝑟𝐷 = 10 𝜇m and (b) 𝑟𝐷 = 20 𝜇m. Full (empty)
symbols correspond to caseswhere the droplets settle faster
(slower) than the crystals.

settling velocities in the presence of turbulence should be
taken into account, as turbulence modifies the settling ve-
locity of crystals and droplets: (𝑈𝐶 −𝑈𝐷) ≠ (𝑈𝐶0 −𝑈𝐷0 ).
This effect is only important when the difference in the
settling velocities between the crystals and the droplets is
small, as in the case 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m.
The main conclusion from Fig. 4 concerns the dominant

role of differential settling as a collision mechanism. For
all the cases shown in Fig. 4, we observe that the values of
𝐸𝐷𝐶 are extremely close to 1 when 𝜀 ≈ 1 cm2 s−3. This
is the case where the fluctuations of the orientations of the
crystals are small, ⟨𝜑2⟩1/2 ≲ 13𝑜. The observation that
𝐸𝐷𝐶 ≈ 1 when the turbulence intensity is weak, and when
the crystals settle essentially horizontally is consistent with
the elementary expectation based on kinetic theory. When
the turbulence intensity increases, and when fluctuations in
the crystals orientations becomemore significant, however,
the collision efficiency drops for 𝛽 = 0.005 at intermedi-
ate values of 𝜀 (𝜀 ≈ 16 cm2 s−3). The increased value of
𝜀 leads to larger orientation fluctuations, up to ≈ 40𝑜, re-
sulting in larger deviations of 𝐸𝐷𝐶 from 1. Beyond these
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qualitative considerations, it is more challenging to ex-
plain quantitatively the small variations of 𝐸𝐷𝐶 on 𝜀 for
the values shown in the figure.
The strong deviation of 𝐸𝐷𝐶 from 1 for 𝛽 = 0.02 and

𝑟𝐷 = 20 𝜇m points to the importance of another collision
mechanism. In this case, the stronger role played by turbu-
lence can be appreciated by comparing the collision kernel,
𝐾𝐷𝐶 , with the hypothetical collision kernel, 𝐾0𝐷𝐶 obtained
by turning off gravity in the simulations. We observe that
for 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m, the values of 𝐾𝐷𝐶 and 𝐾0𝐷𝐶
do not differ by more than 20%. For comparison, the ratio
between 𝐾0

𝐷𝐶
and 𝐾𝐷𝐶 for all the cases shown in Fig. 4

is smaller than 1/20. More generally, the role of turbu-
lence becomes important when the difference |𝑈𝐶 −𝑈𝐷 |
is small. As another example, in the case 𝑟𝐷 = 10 𝜇m
and 𝛽 = 0.005, for which the values of 𝑈𝐶 and 𝑈𝐷 are
also quite close, the increase of 𝐾𝐷𝐶 by ≈ 30% between
𝜀 ≈ 16 cm2 s−3 and 𝜀 ≈ 250 cm2 s−3, see Fig. 3a, can be
attributed to the role of turbulence, as 𝐾0

𝐷𝐶
grows to values

comparable to 𝐾𝐷𝐶 .
We notice that the Stokes number reaches a value ≈ 0.27

for 𝛽 = 0.02 at the highest value of 𝜀 (flow III). As noticed
in the context of droplet-droplet collisions (Voßkuhle et al.
2014; Pumir and Wilkinson 2016), and also in the study of
collisions between crystals (Jucha et al. 2018; Sheikh et al.
2020), inertial effects play a prevalent role at such values
of the Stokes numbers. This indicates that the strong effect
of turbulence at 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m in flow III is
strongly influenced by the importance of particle inertia.

Dependence on the crystal shape, 𝛽 We now dis-
cuss the dependence of the collision kernel 𝐾𝐷𝐶 , and of
the collision efficiency 𝐸𝐷𝐶 , on 𝛽 at the fixed value of
𝜀 = 15.62 cm2 s−3, see respectively panels (a) and (b) of
Fig. 5. The four sets of symbols correspond to differ-
ent droplet radii: 5 𝜇m (left-pointing triangles), 10 𝜇m
(downward-pointing triangles), 15 𝜇m (right-pointing tri-
angles) and 20 𝜇m (upward-pointing triangles). The faces
of the symbols have been colored in the case where
𝑈𝐷 > 𝑈𝐶 i.e. when droplets are settling faster than crys-
tals. Consistent with Fig. 1, this occurs only for small
values of 𝛽, and for large values of 𝑟𝐷 .
In the case of crystals settling faster than droplets (empty

symbols), Fig. 5(a) shows that the collision kernel increases
with 𝛽. This can be understood, since when𝑈𝐶 >𝑈𝐷 , the
higher the value of 𝛽, the larger is the difference𝑈𝐶 −𝑈𝐷 ,
hence the larger the collision kernel due to differential
settling, assuming that 𝐸𝐷𝐶 remains close to 1. In com-
parison, when 𝑈𝐶 < 𝑈𝐷 , increasing 𝛽 and therefore 𝑈𝐶
decreases |𝑈𝐶 −𝑈𝐷 |, therefore decreasing the kernel of
collision due to differential settling (filled symbols). When
𝑈𝐶 −𝑈𝐷 changes sign, which happens for 𝑟𝐷 = 20 𝜇m be-
tween 𝛽 = 0.01 and 0.02, and for 𝑟𝐷 = 15 𝜇m between
𝛽 = 0.005 and 𝛽 = 0.01, the difference |𝑈𝐶 −𝑈𝐷 |, and as
a consequence the collision kernel 𝐾𝐷𝐶 itself, go through
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Fig. 4: Dependence of the collision efficiency, 𝐸𝐷𝐶 , on
𝜀 for (a) 𝑟𝐷 = 10 𝜇m and (b) 𝑟𝐷 = 20 𝜇m. Full (empty)
symbols correspond to caseswhere the droplets settle faster
(slower) than the crystals. In the case 𝑟𝐷 = 20 𝜇m, 𝐸𝐷𝐶
is not shown for 𝛽 = 0.02, as the corresponding values are
much larger than 1.

a minimum.
Whereas the values of 𝐸𝐷𝐶 do not depend much on 𝛽
when 𝑟𝐷 = 5 𝜇m and 10 𝜇m, a much stronger variation is
observed for 𝑟𝐷 = 15 𝜇mwhen 𝛽 = 0.01, with a large value
of the 𝐸𝐷𝐶 ≈ 1.4, and even more so for 𝑟𝐷 = 20 𝜇m, for
𝛽 = 0.02, where the value of 𝐸𝐷𝐶 reaches ≈ 2.4 (out of
Fig. 5(b)). These two large values of 𝐸𝐷𝐶 correspond to
the cases where the velocity differences between crystals
and droplets are small, see Fig. 1 and Table 1. The collision
efficiency determined with |𝑈𝐶 −𝑈𝐷 | in the denominator
to take into account themodification of the settling velocity
by turbulence is in fact much closer to 1.
To summarize, the numerical results indicate that, as

long as the settling velocities 𝑈𝐶 and 𝑈𝐷 are different
enough, collisions are essentially due to differential set-
tling, in the sense that 𝐸𝐷𝐶 ≈ 1. Only when |𝑈𝐶 −𝑈𝐷 | (or
alternatively |𝑈𝐶0 −𝑈𝐷0 |) is small enough does the role of
turbulence become important.
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Fig. 5: Dependence of the (a) collision kernel𝐾𝐷𝐶 , and (b)
collision efficiency 𝐸𝐷𝐶 , on 𝛽 for 𝜀 = 15.62 cm2 s−3. Full
(empty) symbols correspond to cases where the droplets
settle faster (slower) than the crystals. In panel (b), 𝐸𝐷𝐶
reaches a value ≈ 2.4 and is therefore out of the figure.

c. Location of impacts on the crystals

We now explore a consequence of the dominant role of
differential settling on the collision kernel. Namely, we
demonstrate that droplets preferentially impact the surface
of the crystal on the downward (upward) facing side when
𝑈𝐶 > 𝑈𝐷 (𝑈𝐶 < 𝑈𝐷). We study this question by using
the method of analysis introduced by Naso et al. (2018),
which we first briefly recall.

Parametrization of the impact of a droplet on a crys-
tal We first introduce the parametrization of the ellip-
soid, using the angle 𝜙, so that 𝑟, the distance to the axis
of symmetry, and 𝑧, the vertical distance, are respectively
parameterized by:

𝑟 = 𝑎 cos(𝜙) and 𝑧 = 𝛽𝑎 sin(𝜙), (12)

where the angle 𝜙, the eccentric anomaly, varies between
−𝜋/2 and 𝜋/2 and is different from the angle between the
𝑟 axis and the dashed line in Fig. 6. Additionally, we
introduce an angle 𝜃 to parametrize the azimuthal position

Fig. 6: Representation of an ellipsoid in a plane containing
its short axis. The dashed-dotted curve shows the surface
formed by the center of a droplet at a collision: the dashed-
dotted surface is deduced from the surface of the ellipse
by constructing a new point a distance 𝑟𝐷 apart, along
the normal N (𝜙) to it. The inset illustrates that near the
rim, the arclength of the surface reached by the center of
a colliding droplet is much larger than that of the original
ellipse, due to the very small radius of jj curvature, 𝑟𝑐 at
the tip.

on the spheroid. We average here along the variable 𝜃, and
work on an ellipse parametrized by Eq. (12).
With the parametrization given by Eq. (12), the elemen-

tary area on the ellipse between 𝜙 and 𝜙+ 𝑑𝜙 is 𝑑A(𝜙) =
2𝜋𝑑𝑠 𝑟 (𝜙), with 𝑑𝑠 = 𝑎

√︃
sin2 (𝜙) + 𝛽2 cos2 (𝜙)𝑑𝜙. This al-

lows us to express the signed areaA as a function of 𝜙 by in-
tegrating elementary functions. We denote the total area of
the crystal byA𝑡𝑜𝑡 (A𝑡𝑜𝑡 =A(𝜙 = 𝜋/2) −A(𝜙 = −𝜋/2)),
and we take the convention that A(𝜙 = 0) = 0. We
further make A dimensionless by dividing it by A𝑡𝑜𝑡 :
𝜉 ≡ A/A𝑡𝑜𝑡 . The variable 𝜉 is an increasing function
of 𝜙, which maps the interval −𝜋/2 ≤ 𝜙 ≤ 𝜋/2 onto
−1/2 ≤ 𝜉 ≤ 1/2.
In order to distinguish the direction of gravity, we chose

the convention here that the direction given by 𝜙 = 𝜋/2
(𝜉 = 1/2) points upwards, so the unit vector normal to
the surface at this location, n ≡ N(𝜙 = 𝜋/2), illustrated in
Fig. 6, satisfies: n ·g < 0. We use the convention, justified
for very thin platelets, that droplets with 0 ≤ 𝜙 ≤ 𝜋/2 (or
equivalently, 𝜉 ≥ 0) hit the surface of the crystal from
above, and those with −𝜋/2 ≤ 𝜙 ≤ 0 (𝜉 ≤ 0) from below.

Distribution of impact for 𝑈𝐶 > 𝑈𝐷 The position of
the impacts of the droplets on the surface of the crystal
is shown in Fig. 7(a), for 𝛽 = 0.01 and 𝑟𝐷 = 10 𝜇m, with
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Fig. 7: (a) Representation of the probability density of
impact of a droplet on the ellipsoid, for 𝜀 = 246.4 cm2 s−3,
𝛽 = 0.01 and 𝑟𝐷 = 10 𝜇m. The color code is shown on
the right. (b) Cumulative distribution of the location of
impact, defined by Eq. (13), for the same parameters.

the largest energy dissipation rate 𝜀 = 246.4 cm2 s−3 (run
26 of Table 1). As indicated in the table, the settling
velocity of the crystals, 𝑈𝐶 ≈ 4.52 cm s−1, is larger than
that of the droplets (𝑈𝐷 ≈ 1.60 cm s−1). The logarithm
of the probability density function 𝑃(𝜉), defined by the
condition that the probability of a droplet to impact the
ellipsoid between 𝜉 and 𝜉 +𝑑𝜉 is 𝑃(𝜉)𝑑𝜉, is color coded, as
indicated on the color bar. We observe a clear asymmetry
between the upper side and the lower side of the crystal.
We recall that for this particular configuration, the settling
velocity of the crystal is larger than that of the droplets,
so collisions occur mostly when a crystal catches up with
droplets underneath. In fact, the probability that a droplet
hits crystal from above is extremely small in this case (less
than ≈ 1% of all collisions).
We also observe a large increase of 𝑃(𝜉) near the rim.

This shows in Fig. 7(a) by a very localized bright red spot
at the tip of the crystal. To characterize more precisely this
sharp increase of the probability of impact close to the rim,

we compute the cumulative distribution of impacts,

Π(𝜉) =
∫ 𝜉

−1/2
𝑃(𝜉′)𝑑𝜉′. (13)

The values of Π(𝜉) for run 26 in Table 1 is shown in
Fig. 7(b). The dependence of Π on 𝜉 is essentially linear
for 𝜉 < 0, which corresponds to the downward facing side
of the crystal, and is very close to constant for 𝜉 > 0, which
reflects the fact already noticed that droplets seldom collide
with the crystal on its upper face. Close to 𝜉 = 0, Fig. 7
reveals a jump of probability of ≈ 0.17 over an extremely
narrow region.
The origin of this excess in the probability of collision

right at the rim of the crystal has already been discussed
by Naso et al. (2018). Collisions are detected when the
center of a droplet hits not the ellipsoid itself, but rather the
curve obtained by shifting a point on the ellipsoid, x(𝜙),
parametrized using Eq. (12), by 𝑟𝐷 ×N (𝜙), whereN (𝜙)
is the normal to the surface, oriented outwards (see Fig. 6).
The probability that the droplet hits the surface of the
ellipsoid between 𝜙 and 𝜙+ 𝑑𝜙 is proportional to the area
of the surface shifted alongN , denoted as 𝑑𝑠′ (see Fig. 6),
which results in a probability per unit length on the surface
of the crystal ∝ 𝑑𝑠′

𝑑𝑠
. The key observation, illustrated in

Fig. 6 and obtained by using elementary geometry (Thales
theorem), is that the ratio between the arclength on the
shifted curve, 𝑑𝑠′, and that on the original ellipse, 𝑑𝑠,
satisfies the relation 𝑑𝑠′

𝑑𝑠
= 1+ 𝑟𝐷

𝑟𝑐
, where 𝑟𝑐 is the radius

of curvature of the ellipse. For a thin platelet, 𝛽≪ 1, the
radius of curvature near the tip is 𝑟𝑐 ∼ 𝑎𝛽2, much smaller
than elsewhere along the curve: 𝑟𝑐 ∼ 𝑎/𝛽. This leads to a
peak of the large probability of the point of impact at 𝜙 = 0,
which explains that a significant fraction of all collisions
occur right on the rim of the crystal. This can be clearly
seen in the unphysical situation where gravity is turned
off (Naso et al. 2018).
As a side note, we recall here that the backreaction of

the crystal on the flow is neglected in the present model,
whereas the flow around a real crystal would be distorted
it in its vicinity. As shown by Pitter et al. (1973); Cheng
et al. (2015); Wang and Ji (1997, 2000), the streamlines
are closer to each other near the rim, which would increase
the concentration of droplets and therefore the collision
kernel in this region. As a consequence, accounting for
the distorsion of the flow by the ice crystals would lead to
a result qualitatively similar to the one obtained with the
present approach, i.e., collisions preferentially occur on
their rim. This feature was also observed experimentally,
see Fig.15 of (Martin et al. 1980).

Distribution of impact for 𝑈𝐷 > 𝑈𝐶 When droplets
settle faster than crystals, we now demonstrate that the
tendency observed when crystals settle faster than droplets
is simply reversed. Namely, the points of impact of the
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Fig. 8: (a) Representation of the probability density of
impact of a droplet on the ellipsoid, for 𝜀 = 246.4 cm2 s−3,
𝛽 = 0.01 and 𝑟𝐷 = 20 𝜇m. The color code is shown on
the right. (b) Cumulative distribution of the location of
impact, defined by Eq. (13), for the same parameters.

droplet on the crystal are mostly on the upward face of the
crystal. This is illustrated in Fig. 8, which corresponds
to 𝛽 = 0.01, 𝑟𝐷 = 20 𝜇m, and at turbulence intensity 𝜀 =
246.4cm2/s3 (run 30 in Table 1). The difference between
the mean averaged settling velocities of the droplets and of
the crystals is, in this case,𝑈𝐷 −𝑈𝐶 = 2.36 cm s−1.
Figure 8(a) shows that the probability of an impact along

the surface of the crystal is overwhelmingly on the upper
face. This is shown more quantitatively in Fig. 8(b), which
reveals that only≈ 0.6% of the droplets reaching the crystal
hit it from below, whereas ≈ 79% collide with the upper
face. As in Fig. 7, a very significant fraction of all collisions
occur right at the rim.

4. Discussion: collision mechanisms

The results shown in Figs. 7 and 8 appear as very
straightforward, and generally agree with the simple pic-
ture of crystals settling with different velocities in a sus-
pension of droplets at rest. We recall that the values of
the collision efficiencies, shown in Figs. 4 and 5b, were all

found to be quite close to 1. It should be kept in mind, how-
ever, that the motion of the particles is very turbulent. This
can be clearly seen by comparing the velocity differences
between the two objects, |𝑈𝐶 −𝑈𝐷 |, along with the r.m.s.
of the turbulent fluid velocity fluctuations, ⟨𝑢2𝑥⟩1/2. Fig-
ure 2 reveals that the velocity difference is overall smaller
than ⟨𝑢2𝑥⟩1/2 for the two smallest values of 𝛽, and for the
most turbulent flows considered, |𝑈𝐶 −𝑈𝐷 | is actually
always smaller than ⟨𝑢2𝑥⟩1/2 for all the values of 𝛽 consid-
ered. Thus, the relatively simple picture of particles set-
tling faster, colliding with particles settling slower, holds
even in the presence of a strong turbulent environment. In
this sense, turbulence does not appear to be very important
at first sight. This result is qualitatively consistent with re-
cent experimental observations. Namely, Jost et al. (2019)
measured the collection kernel between graupel and super-
cooled water droplets transported in a flow under laminar
and turbulent conditions, and did not observe any enhance-
ment due to turbulence. Despite the differences between
the experimental setup (a tethered spherical collector of ra-
dius 220−340 𝜇m in a turbulent flow at a Taylor Reynolds
number 𝑅𝜆 = 48) and the numerical work (flattened parti-
cles of semi-major axis 150 𝜇m freely settling through a
turbulent flow, with 55 ≤ 𝑅𝜆 ≤ 150), it is worth stressing
that the conclusions of both studies are qualitatively sim-
ilar, i.e., turbulence does not generally play a significant
role on the collision kernel between particles when their
settling velocities are large enough.
To show the role of the collision mechanism based on

differential settling, it is useful to compare the collision ker-
nel determined here and presented inTable 1, with the colli-
sion kernel, 𝐾0

𝐷𝐶
, one would obtain in an hypothetical sus-

pension, in the absence of gravity. Our numerical results
are generally consistent with those of Naso et al. (2018),
and demonstrate that the collision kernels in the absence of
settling are in fact very small compared to those obtained
with gravity. In fact, we observe that for 𝑟𝐷 = 10 𝜇m and
𝜀 = 246.4 cm2 s−3, the smallest values of 𝐾𝐷𝐶 , obtained
for 𝛽 = 0.005 (𝐾𝐷𝐶 ≈ 1.96×10−4 cm3 s−1) and presented
in Fig. 3a, is still larger but comparable to 𝐾0

𝐷𝐶
at the

same turbulence intensity (𝐾0
𝐷𝐶

≈ 1.60× 10−4 cm3 s−1).
As indicated by Fig.4 of Naso et al. (2018), 𝐾0

𝐷𝐶
appears

to grow very strongly with 𝜀, suggesting that the collision
kernel 𝐾𝐷𝐶 should depend on the turbulence intensity. On
the other hand, for 𝑟𝐷 = 20 𝜇m and 𝛽 = 0.02, the differ-
ence of the settling velocities of the two kinds of particles
is so small that the observed increase in 𝐾𝐷𝐶 can in fact
be attributed to the collision kernel 𝐾0

𝐷𝐶
. In this sense,

our observations that for most sets of values of 𝛽 and 𝑟𝐷 ,
the collision kernel does not vary very much with the tur-
bulence intensity should be understood as the effect that
differential settling provides the dominant collision mech-
anism, at least for the values of 𝜀 considered here. Never-
theless, we do expect that at sufficiently large values of 𝜀,
turbulence will affect the collision kernel.
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Although for most of the values shown in Fig. 3, the
values of 𝐾𝐷𝐶 shows at most a weak dependence on 𝜀,
we observed much more significant variations of 𝐾𝐷𝐶 for
𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m when varying 𝜀. As indicated
in Fig. 1, this corresponds to the case where the settling
velocity of the crystal is very close to that of the droplets:
𝑈𝐶 ≈ 𝑈𝐷 (with 𝑈𝐶 > 𝑈𝐷). This suggests that differen-
tial settling may not be the major mechanism leading to
collision in this particular case.
To estimate the turbulence intensity for which turbu-

lence becomes important, we can simply use the following
estimates. In a domain of parameters in which particle in-
ertia remains relatively weak, the collision kernel induced
by turbulence can be estimated to be (Jucha et al. 2018):
𝐾𝐷𝐶 ≈ 𝜋𝑎2× (𝑎+𝑟𝐷)/𝜏𝐾 ≈ 𝜋𝑎2× (𝑎/𝜏𝐾 ), while the colli-
sion kernel due to differential settling is ≈ |𝑈𝐶0 −𝑈𝐷0 |𝜋𝑎2.
As a consequence, the latter is higher than the former if
|𝑈𝐶0 −𝑈𝐷0 | ≳ 𝑎/𝜏𝐾 . At the largest value of 𝜀 and at the
value of 𝑎 considered here, this implies that only crystals
and droplets whose settling velocities differ by less than
≈ 0.7 cm s−1 will be affected by turbulence. This estimate,
which does not take into account the effect of particle
inertia, underestimates the velocity difference |𝑈𝐶0 −𝑈𝐷0 |
below which turbulence is important. It nonetheless ex-
plains the observations, when 𝛽 = 0.005 and 𝑟𝐷 = 10 𝜇m,
and when 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m, see Fig. 3.
A further complication arises when the velocities of the

droplet and of the crystal are very close, as for the case
when 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m. Over the range of values
of 𝜀 covered here, we find that 𝑈𝐶 > 𝑈𝐷 , with a small
difference between the two averaged settling velocities.
One may infer from this relation between𝑈𝐷 and𝑈𝐶 that
colliding droplets will hit the crystal from underneath, as
illustrated in Fig. 7. It turns out that the exact opposite
is true, namely that during collisions, droplets happen to
be settling slightly faster than crystals, so the majority of
collisions occur on the upper side of the crystals, quali-
tatively similar as shown in Fig. 8. Figure 9 shows the
cumulative distribution of the location of impact for crys-
tals with 𝛽 = 0.02 and droplets with size 𝑟𝐷 = 20𝜇m when
𝜀 = 246.4cm2s−3. It demonstrates that many more colli-
sions occur when droplets hit the crystal from above, rather
than from below, despite the fact that 𝑈𝐶 > 𝑈𝐷 , see Ta-
ble 1. The inset of the figure shows the probability density
function of the difference in the vertical component of the
velocity, 𝑣𝐷𝑧 − 𝑣𝐶𝑧 , when a droplet and a crystal collide,
and provides further evidence for our observation that col-
lisions occur preferentially when a droplet hits a crystal
from above.
To explain this paradoxical behavior, we recall that the

settling velocity of an object through fluid depends on a
subtle manner on how the object samples the fluid around
it (Maxey 1987): settling particles preferentially reside in
regions of downward flow, ⟨𝑢𝑧⟩ > 0 (we recall the above
mentioned convention according to which the velocities
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Fig. 9: Cumulative distribution of the location of impact,
defined by Eq. (13) for 𝜀 = 246.4cm2s−3, 𝛽 = 0.02 and
𝑟𝐷 = 20𝜇m. Although the crystals settle on average slightly
faster, droplets collide preferentially on the upper side of
the crystal. The inset shows the probability density func-
tion of the vertical component of the difference, 𝑣𝐷𝑧 − 𝑣𝐶𝑧
when the particles collide.

are positive when particles are settling). We find that this
property, well studied for spheres (Maxey 1987), is also
true for spheroids. In fact, we observe that the spheroids
tend to sample regions of the flow in which the fluid set-
tles, in average, faster than where droplets reside, the fluid
velocity difference in the two regions being larger than that
between the crystals and droplets settling in quiescent air.
However, when droplets and crystals collide, they reach the
same position in space, so the enhanced settling velocity
of the crystal due to the preferential sampling of regions
moving downward faster than for droplets becomes less
important. This explains quantitatively our numerical ob-
servations. A more complete discussion of these effects
will be presented elsewhere.
The quasi absence of any dependence of 𝐾𝐷𝐶 when 𝜀 is

varied should be contrasted with the results of Naso et al.
(2018), see in particular their Fig.4 which indicates an in-
crease by a factor ≈ 2 when 𝜀 varies from 𝜀 ≈ 1 cm2 s−3
to ≈ 250 cm2 s−3. We recall that the description presented
in the present work takes into account the effect of fluid
inertia on the dynamics, contrary to Naso et al. (2018), and
that this effect is crucial to reproduce the orientation of the
crystals in the flow. As a result, we observe that crystals
remain strongly oriented with their broad face down (Gus-
tavsson et al. 2021). This stronger alignment of crystals
leads to a reduction of their settling velocities compared to
what was found by Siewert et al. (2014); Jucha et al. (2018);
Naso et al. (2018), using a model that led to wider fluc-
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tuations of the angular position. The stronger alignment
of the crystals observed in this work also leads to a larger
probability of collision between crystals and droplets.
Most of the configurations studied in Naso et al. (2018), as
well as in the present study, correspond to crystals settling
faster than droplets. The reduction of the crystal veloc-
ity induced by fluid inertia therefore leads to a decrease
of the relative velocity between particles. However, we
observe that in all these cases, the collision kernel values
reported in the present paper are higher than those reported
in Naso et al. (2018). This is a consequence of the larger
volume swept by the crystals settling with their broad side
facing down. This effect appears to be more important
than the decrease of the relative velocity. For 𝛽 = 0.01 and
𝑟𝐷 = 20 𝜇m, droplets settle faster than crystals. As a conse-
quence, in the present paper their relative velocity and the
collisional cross section are both higher than in Naso et al.
(2018), which leads to an increase of the collision kernel,
consistent with our observations. Finally, for 𝛽 = 0.01 and
𝑟𝐷 = 15 𝜇m, and for 𝛽 = 0.02 and 𝑟𝐷 = 20 𝜇m, the set-
tling velocities of droplets and ice crystals are very close
to each other in the present investigation, which leads to a
sharp decrease of the collision kernel, as already discussed.
This contrasts with the earlier results of Naso et al. (2018),
who found that the relative velocities between droplets and
crystals was significantly larger, resulting in values of the
collision kernel larger than reported here.
Neglecting the hydrodynamic interaction between crys-

tals and droplets coming into contact is a clear limita-
tion of our work. To address the problem, Wang and Ji
(2000) used fully resolved numerical simulations of the
flow around planar crystals settling in a quiescent fluid,
and also considered the motion of droplets. The colli-
sion efficiency between both particles was calculated for
two different crystal shapes. With hexagonal plate, the
collision efficiency was found to drop sharply when the
droplet is strictly smaller than 10 𝜇m, or when the droplet
is so large that it settles at the same speed as the crystal.
Assuming that these results extend to the turbulent case
suggests that hydrodynamic effects would reduce the colli-
sion kernel for 𝑟𝐷 = 5 𝜇m in Fig. 5(a). When𝑈𝐶 ≈𝑈𝐷 , we
already observe a sharp decrease of the collision efficiency.
We expect that hydrodynamic effects would accentuate this
effect.

5. Conclusions

We have determined here the collision kernel between
crystals and droplets settling in turbulent flows, over a
realistic range of turbulent kinetic energy dissipation rate
(1 cm2 s−3 ≤ 𝜀 ≤ 250 cm2 s−3). Our work is based on
several simplifying assumptions. First of all, we assumed
that the flow is statistically homogeneous and isotropic,
therefore neglecting the possible role of stratification in the
flow. We have also assumed a simplified geometry of the

crystals (ellipsoid, instead of the characteristic hexagonal
shape documented many times). Nonetheless, our model
takes into account the effect of turbulence, which leads for
hydrometeors to a wide range of fall speeds with a mean
value different from the velocity measured in a still fluid.
This effect of turbulence is well known even for spherical
particles (Good et al. 2014). Our model also takes into
account the effect of fluid inertia, which plays a crucial
role to determine the orientation of settling crystals. The
present study therefore differs in an essential way from the
work of Naso et al. (2018), who completely ignored this
effect.
Our results for crystals settling faster than droplets quali-

tatively agree with the conclusion of Jost et al. (2019), who
found that turbulence plays a limited role in the determina-
tion of the collision kernel between droplets and a model
crystal tethered in vertical wind tunnel. In fact, the results
of our work suggest that turbulence does not play a signif-
icant role as long as the difference in the settling velocities
between crystals and droplets are sufficiently different. In
contrast, Naso et al. (2018) observed, over a similar range
of parameters, a mild but visible dependence of the col-
lision kernel on the turbulence intensity. This suggests
that the tendency of crystals to align with their broad side
perpendicular to gravity reduces the dependence of the col-
lision kernel on turbulence. Although the setup used by
Jost et al. (2019) makes it difficult to study the effect of
the Reynolds number on the collision kernel, it would be
interesting from a fundamental point of view to study this
problem experimentally.
We have restricted ourselves in our numerical work to

identical ice crystals collidingwith identicalwater droplets.
This is a highly idealized simplification, as hydrome-
teors generally display a strong polydispersity, both in
size and in aspect ratio (see, e.g., Garrett et al. (2015)),
whose influence will be considered in future work. We
have also neglected the collision-breakup-relaxation pro-
cess (Montero-Martínez et al. 2009) according towhich the
droplet velocity can temporarily take values incompatible
with their size following aggregation or breakup events.
This effect is also expected to play a prominent role in the
process of secondary ice production (Korolev and Leisner
2020).
Finally, we recall that our work rests on the ghost col-

lision approximation, which consists in simply following
the motion of particles in the flow and in simply deter-
mining when the particles come into contact, neglecting
any possible interactions between them. As shown in re-
cent studies about the interactions of droplets, the effect of
electrostatic forces (Dubey et al. 2022) very significantly
affects the outcome of collisions. Also, the role of non-
hydrodynamic effects play a crucial role to determine the
outcome of a collision (Sundarajakumar andKoch 1996; Li
Sing How et al. 2021). A natural extension of the present
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work would be to include these effects in the determination
of the collision kernel between particles.
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APPENDIX A

Equations of motion

We provide here explicit expressions for the hydrodynamic force and torque acting on a spheroid, fℎ and τℎ.
As explained in the text, we express fℎ and τℎ as the sum of the force and torque obtained in the Stokes limit, f (0)ℎ and

τ (0)
ℎ
, and of a correction induced by taking into account the fluid inertia in a perturbative expansion in powers of 𝑅𝑝 ,

f (1)
ℎ
and τ (1)

ℎ
. The expressions of f (0)

ℎ
and τ (0)

ℎ
are derived by neglecting all the nonlinear terms in the Navier-Stokes

equations Eq. (1). This limit is valid when the particle Reynolds number 𝑅𝑒𝑝 ≪ 1.
The expression of the force f (0)

ℎ
reads:

f (0) = 6𝜋𝑎𝜇A
(
u−v

)
, (A1)

where A is the resistance tensor. For a spheroid, the expression of the resistance tensor is known exactly, see e.g. Kim
and Karrila (1991), and is given here for convenience. Namely, the translational resistance tensor A is equal to:

𝐴𝑖 𝑗 ≡ 𝐴⊥ (𝛿𝑖 𝑗 −𝑛𝑖𝑛 𝑗 ) + 𝐴∥𝑛𝑖𝑛 𝑗 , (A2)

with coefficients

𝐴⊥ =
8(𝛽2−1)

3𝛽[(2𝛽2−3)𝛾 +1]
, 𝐴∥ =

4(𝛽2−1)
3𝛽[(2𝛽2−1)𝛾−1]

, 𝛾 =
ln[𝛽+

√︁
𝛽2−1]

𝛽
√︁
𝛽2−1

.

These expressions are consistent with those given in Tables 3.4 and 3.6 in Kim and Karrila (1991). In the case of interest
here, 𝛽 ≪ 1, 𝛾 ≈ 𝜋

2𝛽 , so 𝐴⊥ ≈ 16/(9𝜋) and 𝐴∥ ≈ 8/(3𝜋). This implies that in a still fluid, crystals settling with their
narrow side down are 3/2 times faster than crystals settling with their broad side down.
The expression of the moment of inertia tensor of spheroids, I reads:

𝐼𝑖 𝑗 = 𝐼⊥ (𝛿𝑖 𝑗 −𝑛𝑖𝑛 𝑗 ) + 𝐼∥𝑛𝑖𝑛 𝑗 with 𝐼⊥ =
1+ 𝛽2
5

𝑎2 and 𝐼∥ =
2
5
𝑎2 (A3)

The expression for the torque, τ (0)
ℎ
, named after Jeffery (Jeffery 1922), is for oblate spheroids:

τ (0) = 6𝜋𝑎𝜇
[
C(𝛀−ω) +H ..S

]
. (A4)

The resistance tensors C and H in Eq.(A4) have the following explicit expression:

𝐶𝑖 𝑗 ≡ 𝐶⊥ (𝛿𝑖 𝑗 −𝑛𝑖𝑛 𝑗 ) +𝐶∥𝑛𝑖𝑛 𝑗 , 𝐻𝑖 𝑗𝑘 = 𝐻0𝜖𝑖 𝑗𝑙𝑛𝑘𝑛𝑙 , (A5)

with

𝐶⊥ =
8𝑎2 (𝛽4−1)

9𝛽[(2𝛽2−1)𝛾−1]
, 𝐶∥ = −8𝑎

2 (𝛽2−1)
9(𝛾−1)𝛽 , 𝐻0 = −𝐶⊥

𝛽2−1
𝛽2 +1

.

Here 𝜖𝑖 𝑗𝑙 is the antisymmetric tensor, and repeated indices are summed over.
The expression of the contributions due to fluid inertia are estimated by considering a particle falling through a

quiescent fluid with a steady settling velocity. The slip generates fluid accelerations, and acts as a homogeneous
background flow. To leading order in the particle Reynolds number, the resulting steady convective-inertia corrections
to the force and torque in a quiescent fluid are (Brenner 1961; Cox 1965; Khayat and Cox 1989; Dabade et al. 2015):

f (1) =−(6𝜋𝑎𝜇) 316
𝑎𝑊

𝜈

[
3A−⊮(Ŵ ·AŴ )

]
AW , (A6a)

τ (1) = 𝐹 (𝛽)𝜇 𝑎
3𝑊2

𝜈
(n̂ ·Ŵ ) (n̂∧Ŵ ) . (A6b)
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Here𝑊 = |W | is the modulus of the slip velocity, Ŵ =W /𝑊 is its direction, and 𝐹 (𝛽) is a shape factor computed by
Dabade et al. (2015). For oblate spheroids with 𝛽 ≪ 1, the shape factor 𝐹 (𝛽) is positive and tends to a finite limit of
order ≈ 2.2 when 𝛽→ 0.
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