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5Max Planck Institute for Dynamics and Self-Organization, 37077 Göttingen, Germany

(Dated: January 25, 2024)

Turbulence in stratified and rotating turbulent flows is characterized by an interplay between
waves and eddies, resulting in continuous exchanges between potential and kinetic energy. Here,
we study how these processes affect the turbulent energy cascade from large to small scales, which
manifests itself by an irreversible evolution of the relative kinetic energy between two tracer particles.
We find that when r0, the separation between particles, is below a characteristic length ℓt, potential
energy is on average transferred to kinetic energy, reducing time irreversibility, and conversely when
r0 > ℓt. Our study reveals that the scale ℓt coincides with the buoyancy length scale LB over a
broad range of configurations until a transitional wave-dominated regime is reached.

The dynamics of rotating and stratified flows, as they
occur in the oceans on Earth, in planetary atmospheres
and in stars, depend strongly on their rotation rate, natu-
ral buoyancy frequency and the ratio between these phys-
ical parameters [1, 2]. These flows in nature are in gen-
eral highly turbulent, with estimated Reynolds numbers
of at least Re > 109 for terrestrial oceans [3], involv-
ing a wide range of spatial scales, from the largest flow
structures of the order of tens of kilometers (or more in
astrophysical frameworks [4]), down to dissipative scales
of a few millimeters [3, 5, 6]. Much of our understand-
ing of turbulent flows comes from studying the idealized
case of three-dimensional homogeneous isotropic turbu-
lence (HIT), which has been postulated to describe the
properties of small-scale motions in the limit of very large
Reynolds numbers [7, 8]. In this case, flows are charac-
terized by a flux of kinetic energy from large to small
scales, where dissipation occurs at a rate εν . The re-
sulting cascade of energy introduces a fundamental irre-
versibility of the flow, which has a clear signature on the
relative motion of two tracer particles that are initially
separated by a distance r0 = |r(0)|. This property rests
on the identity relating the average of the scalar product
between their velocity and acceleration differences to the
energy dissipation rate ⟨∆r0u · ∆r0a⟩ ≈ −2εν , with the
Lagrangian acceleration a = D/Dt u, provided r0 is in
so-called inertial range [9–11]. This relation implies that
the relative kinetic energy of pairs of tracers, as well as
their separation ⟨(r(t) − r0)

2⟩, are not even functions of
time, which allows us to distinguish the time evolutions
forwards and backwards in time [12, 13]. We notice that
other manifestations of the time-irreversibility have been
obtained from Lagrangian turbulence [12, 14].

In geophysical frameworks, turbulent flows are subject
to stratification (STRAT) and rotation (ROT), which in-
troduce waves that couple velocity (kinetic energy) and
density fluctuations (potential energy) [2, 15]. These

waves induce flow instabilities, and lead to the forma-
tion of strong vertical drafts, and to turbulence as a re-
sult of wave breaking [16–21]. Furthermore, they affect
the inter-scale energy transfer leading in some cases to
inverse or dual kinetic and/or potential energy cascades
[22–24]. Here, we investigate the interaction between ki-
netic u2/2 and potential energy θ2/2 in the flow, their
effect on the turbulent cascade and the resulting irre-
versibility. We revisit the energy budget for such flows
using the Boussinesq approximation [2], thereby gener-
alizing the Karman-Howarth-Monin relations to the La-
grangian framework [25]. We establish that the time-
symmetry breaking term involves not only the energy
dissipation εν , but also an exchange term between po-
tential and kinetic energy.

Numerically, we study the influence of waves and tur-
bulence, keeping fixed the ratio between stratification
and rotation in a configuration of oceanographic rele-
vance [26, 27]. In a flow forced by injecting kinetic en-
ergy, we observe that at large scales, energy is transferred
on average from kinetic to potential energy. We find at
smaller scales an inversion of the flux, i.e. from potential
to kinetic energy, which is in qualitative agreement with
previous numerical observations in spectral space [28–32].
This inversion allows us to identify a characteristic length
scale ℓt of the flow, which we relate to the typical verti-
cal length scale of stratification layers and therefore the
complex interactions of waves and vortices [31, 33, 34].

We perform direct numerical simulations (DNS) of the
Boussinesq equations in a rotating frame, with constant
solid body rotation rate Ω (and frequency f = 2Ω) and
gravity g anti-aligned in the vertical (z) direction. The
fluid is linearly stably stratified, subjected to a mean den-
sity profile ρ = ρ0 − γz, parameterized by the Brunt-
Väisälä frequency N = (γg/ρ0)

1/2. The equations of
motion for the incompressible velocity field u(x, t) =
(u, v, w) (e.g. ∇ · u = 0) and the density fluctuation
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TABLE I. Parameters of the runs. N Brunt-Väisäilä frequency, ν kinematic viscosity, εν kinetic energy dissipation rate (averaged
over particle integration time), Fr Froude number, Re Reynolds number, RIB Buoyancy Reynolds number, ℓO Ozmidov scale.
Runs A0 - A4 where run at a grid resolution of M = 512, runs B0 - B4 at M = 1024. We set the viscosity to ν = 1.5 · 10−3 for
run A0, ν = 1 · 10−3 for runs A0-A4 and ν = 2.1 · 10−4 for runs B0-B1. We integrated the trajectories of 1.5 · 106 particles for
runs A0-A4 and 6 · 106 particles for runs B0-B4. All simulations have been run for at least 4.5 eddy turnover times after the
insertion of the particles.

Run A0 A1 A2 A3 A4 B0 B1 B2 B3 B4

N 0 2.95 4.92 7.37 14.7 0 1.18 2.95 7.37 14.7

εν 0.375 0.206 0.156 0.123 0.0237 0.00784 0.00932 0.00715 0.0136 0.0344

Fr ∞ 0.169 0.105 0.0777 0.0410 ∞ 0.155 0.0823 0.0599 0.0356

Re 2380 3140 3270 3620 3820 4790 5510 7300 13300 15800

RIB ∞ 23.8 6.47 2.26 0.109 ∞ 31.9 3.92 1.19 0.755

η 0.00974 0.00834 0.00894 0.00950 0.0143 0.00586 0.00561 0.00600 0.00511 0.00405

ℓO ∞ 0.0700 0.0318 0.0167 0.00161 ∞ 0.00791 0.00243 0.00185 0.00234

LB ∞ 0.424 0.264 0.195 0.103 ∞ 0.390 0.207 0.151 0.0896

field θ(x, t) = (γ/N)(ρ− ρ) read

∂tu+ u ·∇u = −∇p− fez × u (1)

−Nθez + ν∇2u+Φ,

∂tθ + u ·∇θ = Nw + κ∇2θ, (2)

where p(x, t) denotes the reduced pressure, ν the kine-
matic viscosity and κ thermal diffusivity. Here, we choose
ν = κ, or equivalently, Pr = ν/κ = 1. Equations (2),
(1) are integrated in a triply periodic box of resolu-
tion M = 512, 1024 by means of the pseudo-spectral
solver GHOST (Geophysical High-Order Suite for Tur-
bulence) [35] with a 2-nd order explicit Runge-Kutta
scheme for the time stepping. To sustain turbulence and
to achieve a statistically stationary state, an external me-
chanical isotropic forcing Φ(x, t) is included to inject en-
ergy at large scale in a narrow wave number band within
the range 2 ≤ kΦ ≤ 3, hence the resulting characteristic
forcing length scale LΦ = 2π/2.5. The rate of kinetic
energy injection reads εΦ = ⟨u ·Φ⟩. To quantify the rel-
ative strength of turbulence, stratification and rotation,
we consider the dimensionless Reynolds (Re), Froude (Fr)
and Rossby (Ro) numbers at forcing scale LΦ, given by

Re =
u′LΦ

ν
, Fr =

u′

LΦN
, Ro =

u′

LΦf
, (3)

where u′, defined as the root mean square of the velocity
fluctuation u′ = ⟨|u|2⟩1/2, is the characteristic velocity of
the large-scale flow. The ratio N/f = Ro/Fr measures
the relative strength of stratification and rotation. In
the present simulations, we chose to fix N/f = 5, which
is found in the Southern Ocean [26, 27]. The typical
vertical length scale of stratification layers is given by
the buoyancy scale [31, 33]

LB = u′/N . (4)

To compare the relative strength of stratification and dis-
sipation on small scales, i.e. the relative importance of

internal-gravity waves and vortices, we define the buoy-
ancy Reynolds number RIB = εν/(νN

2) [2], which is
related to the ratio between the Ozmidov scale ℓO =
(εν/N

3)1/2 and the Kolmogorov scale η = (ν3/εν)
1/4 as

RIB = (ℓO/η)
4/3. The former is the length scale be-

low which stratification effects become negligible and the
flow recovers isotropy, while the latter is the character-
istic scale for dissipation. Alternatively, RIB can be in-
terpreted as a ratio between times as RIB = (τηN)−2,
namely the viscous time τη = (ν/εν)

1/2 and the typical
time of the internal gravity waves ∼ 1/N . For the dy-
namics of single tracer particles, at transition between
a wave-dominated (RIB < 0) and an eddy-dominated
regime (RIB > 0) was recently observed [36]. The buoy-
ancy Reynolds number RIB used here is related to, but
differs from RB = ReFr2, see [37].

To ensure that our simulations are satisfactorily re-
solved, we kept kmaxη ≳ 2, where kmax = M/3 is the
largest wavenumber in the simulation. We choose a time
increment dt sufficiently small so that the fastest waves
are well resolved. The simulation parameters are sum-
marized in table I.

While solving the Boussinesq equations (eqs. (1), (2)),
we follow the trajectories of Np ≳ 106 tracer particles,
initially randomly distributed throughout the system.
To obtain information of particle pairs from trajectories
both forwards and backwards in time, we identify, at spe-
cific times, pairs of particles whose relative distance is
within a chosen range of distance r −∆r ≤ |r| ≤ r +∆r
with the tolerance ∆r. For large databases, the computa-
tion time to compute all relative distances grows rapidly.
For an efficient parallelized approach to this challenge we
refer to [38]. Here, we focus on single processor optimiza-
tion by employing a novel algorithm using hierarchical
spatial domain partitioning with an octree data struc-
ture [39]. In test runs with synthetic data, we observed
a reduction of computational time by a factor of up to
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FIG. 1. Time anti-symmetric part of relative pair dispersion for different initial separations r0 within the inertial range
(indicated by color), compensated by the HIT prediction using ⟨∆r0u ·∆r0a⟩ = −2εν . Compare with the previously studied
HIT case [12]. The left panel shows run B1, with only small differences to the HIT case [12], the right panel shows, run B2 in
table I showing a scale dependency of the pair dispersion time asymmetry. The inlets demonstrate the validity of the Taylor
expansion in eq. (5) for both cases. Here, we used a different set of pairs to estimate Ψ(r0, t) and ⟨∆r0u ·∆r0a⟩ to avoid biasing
the analysis.

103, depending on various parameters such as Np, r and
∆r. For a short description of the algorithm we refer to
the supplemental material [40], for more details see [41].
For the analysis presented in the following, we chose the
tolerances ∆r0 ∝ r0

−2 to keep the number of pairs in-
dependent of r0. As a reference, we chose ∆r0 = 0.005η
for r0 = 10η. We averaged over ∼ 106 pairs per run
and distance r0 that are taken, assuming a statistically
stationary flow, from 256 snapshots of the simulation.

A measure of the relative dispersion of two particles
is provided by the evolution of the squared separation
δr0r(t)

2 = (r(t)− r0)
2
, imposing that the initial separa-

tion r(0) = r0 [12, 42–45]. Focusing on short times, a
straightforward Taylor series expansion leads to:

δr0r(t)
2 ≈ (∆r0u)

2
t2 + (∆r0u ·∆r0a)t

3, (5)

where ∆r0u and ∆r0a denote the initial value of the pairs
relative velocity and acceleration respectively [42]. Note
that eq. (5) holds for the motion of particle pairs in any
Newtonian system. By averaging over all pairs of par-
ticles with the same initial separation, the cubic term
in eq. (5) provides a direct connection with the intrin-
sic time-asymmetry of the flow, as it was the case for
HIT [12]. Inserting eq. (5) we obtain, for the function Ψ
characterizing the asymmetry of δr0r(t)

2:

Ψ(r0, t) ≡ ⟨δr0r2(−t)− δr0r
2(t)⟩ ≈ −2⟨∆r0u ·∆r0a⟩t3.

(6)

The approximate expression eq. (5) is estimated
to remain valid over the Bachelor time tB(r0) =∣∣∣⟨(∆r0u)

2⟩/⟨∆r0u ·∆r0a⟩
∣∣∣ [42, 46]. For HIT, assuming

⟨(∆r0u)
2⟩ ∝ ε

2/3
ν r

2/3
0 and ⟨∆r0u · ∆r0a⟩ = −2εν , tB re-

duces to the Kolmogorov time: tB(r0) ∝ ε
−1/3
ν r2/3 = τr0 .

For ROTSTRAT turbulence, ⟨(∆r0u)
2⟩ follows a differ-

ent scaling law with r0 [2, 24]. Here, we merely determine

tB as the ratio between ⟨(∆r0u)
2⟩ and ⟨∆r0u ·∆r0a⟩,

measured from our own simulations.
Figure 1 shows that contrary to the HIT case, where

Ψ(r0, t)/t
3 ≈ 4εν is independent of r0, provided that r0 is

in the inertial range and t ≪ tB [12], in the ROTSTRAT
case, Ψ(r0, t)/t

3 is a function of r0, which increases with
the initial separation r0, the more so as Fr decreases.

In eq. (6), we identify the average rate of change of the

pairs kinetic energy ⟨D/Dt E
(r0)
kin ⟩ = ⟨∆r0u · ∆r0a⟩. To

proceed, we extend the one-particle energy budget to the
pair energy budget. The former is obtained by averag-
ing the Boussinesq equations (eqs. (1), (2)). Assuming
homogeneity and stationarity, one finds (see [40]):

εΦ − εν −N⟨θw⟩ = 0 and N⟨θw⟩ − εκ = 0, (7)

where εΦ is the energy source, and εν and εκ are respec-
tively the dissipation terms for the kinetic and potential
energy. The exchange termN⟨θw⟩ represents the amount
of kinetic energy converted into potential energy. This
term is positive and equal to the amount of dissipated
potential energy εκ [25]. The Lagrangian two-point en-
ergy budget, describing the transfer of energy between
two particles, generalizes the classical Karman-Howarth-
Monin relations. By averaging over the Boussinesq equa-
tions (eqs. (1), (2)), assuming homogeneity and station-
arity [9, 25, 47], we obtain (see [40]):

⟨∆r0u ·∆r0a⟩ = −2εν −N⟨∆r0θ∆r0w⟩ − 2Dν(r0), (8)
〈
∆r0θ ·∆r0 θ̇

〉
= −2εκ +N⟨∆r0θ∆r0w⟩ − 2Dκ(r0), (9)

with the mixed dissipation terms Dν(r0) =

ν
〈∑

i,j
∂ui(x)
∂xj

∂ui(x+r)
∂xj

〉
and Dκ(r0) =

κ
〈∑

j
∂θ(x)
∂xj

∂θ(x+r)
∂xj

〉
. We assume the gradients to

decorrelate quickly for sufficiently large separations r0,
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FIG. 2. Kinetic energy budget (first row) and exchange term (second row) for all runs. The left column shows the observations
for the M = 512 runs (A0-A4) (diamonds), the right column those for the M = 1024 runs (B0-B4) (circles). Colors indicate
different values of RIB, as indicated in the legend. The shaded areas indicate the standard deviation computed averaging over
4 subsets. The lines correspond to the average over the whole data set. Furthermore, the dotted gray line in the second row
denotes a vanishing energy exchange, i.e. N⟨∆r0θ∆r0w⟩ = 0.

such that the mixed dissipation terms can be neglected.
In the absence of stratification, the Karman-Howarth-
Monin relation reduces to the well-known relation
⟨∆r0u ·∆r0a⟩ = −2εν ., valid in HIT. Furthermore, we
note that all rotational terms vanish.

The signs of the various terms in eqs. (8), (9) deter-
mine the direction of the transfer. The negative sign of
−2εν is the signature of the presence of a direct energy
cascade. We remark that in two-dimensional turbulence,
the sign of the cross-correlation between acceleration and
velocity is inverted. This is a consequence of the corre-
lation between velocity and dissipation at large scales,
whereas forcing acts at a much smaller scale, from which
energy flux arranges in an inverse cascade [48, 49].

In our simulations, we observe the sum −[⟨∆r0u ·
∆r0a⟩ +N⟨∆r0w∆r0θ⟩]/2εν to be constant and close to
unity over a certain range of scales (which increases with
the Re) for runs with RIB > 1, as shown in the first
row of fig. 2. According to eq. (8), this term is equal
to 1 +Dν(r0)/(2εν) and can thus be seen as the full ki-
netic energy budget. For the cases considered here with
RIB < 1, we observe a stronger deviation from 1, possi-
bly pointing to a transition to a different energy transfer
mechanism.

Judging from eqs. (8), (9), the term N⟨∆r0θ∆r0w⟩,
represents an average exchange from kinetic to potential
energy if positive, or conversely if negative. In our sim-
ulations, we observe for large separations in the inertial
range the average energy exchange to be positive, i.e.
converting kinetic energy to potential energy. For small

separations and RIB > 1, however, we observe a nega-
tive average energy exchange, hence transferring energy
in the opposite direction, i.e. from potential to kinetic
energy, as shown in the second row of fig. 2. This result is
consistent with other observations from Eulerian studies
in spectral space [28–32].

We now consider the transition length scale ℓt, where
the change of sign occurs, i.e. N⟨∆ℓtθ∆ℓtw⟩ = 0. Fig-
ure 3 shows the ratio between ℓt and the buoyancy length-
scale LB as a function of RIB. Although the ratio ℓt/LB

is not strictly constant, it remains of order 1 throughout
the simulations with RIB > 1, where 0.035 ≲ Fr ≲ 0.17.
This suggests that the mechanism leading to the energy
exchange results from the complex interactions between
internal gravity waves and turbulent eddies. The connec-
tion even prevails very close to the transition at RIB = 1
(see run B3 and B4). At even lower RIB, we see a tran-
sition to a different regime. Furthermore, at the largest
value of RIB studied here, ℓt/LB deviates more from ∼ 1
than for the runs at lower values of RIB. In addition, we
remark that run B1 (full, yellow line with circles in fig. 2)
shows a reduced exchange term at small scales compared
to the other runs. This may indicate a different behavior,
due to the large value of RIB.

The observed energy exchange directly influences the
time asymmetry in particle dispersion Ψ(r0, t), and ex-
plains the differences to the previously studied case of
HIT [12]. For separations r0 > LB , the average energy
transfer is directed from kinetic to potential energy and
increases with r0. This explains the observed increase
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FIG. 3. Length scale ℓt at which the exchange term changes
compensated by the buoyancy length scale LB as a function
of RIB

of Ψ(r0, t) with increasing r0 in fig. 1. For separations
η < r0 < LB , the energy transfer is from potential to
kinetic energy, symmetrically increasing and decreasing
pair dispersion backwards and forwards in time and are
therefore reducing the pair asymmetry Ψ(r0, t).

A precise description of the energy exchanges in rotat-
ing stratified turbulent flows is crucial to understand the
interplay between waves and eddies. Remarkably, our
work stresses the role of the buoyancy length scale, LB ,
over a broad range ofRIB from an eddy dominated regime
(RIB ≳ 10) [15] until the transitional regime to wave-
dominated flows (RIB ≲ 1). Interesting questions for
future investigation are whether our conclusions extend
to the range 100 ≲ RIB ≲ 1000, corresponding to mea-
surements in the oceans [50] and to similar values of RIB

at higher Re and lower Fr. We conclude by noticing that
the time-asymmetry of the relative energy between two
tracer particles could be used to measure the energy dis-
sipation rate, εν , in terrestrial or planetary flows [51, 52].
In this context, understanding of the exchange between
kinetic and potential energy in such flows appears as an
important step.
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OCTREE BASED ALGORITHM FOR PARTICLE PAIR IDENTIFICATION

Experimental and numerical studies of turbulent flows often generate very large databases. The present investigation
in Lagrangian turbulence relies on the analysis of millions of particle trajectories. Extracting meaningful information
on the structure of the flow, as a function of scale r, rests on the capability to identify sets of particles separated by a
distance r, up to a tolerance ∆r. The corresponding search through the database, however, can be a very expensive
task, the more so as the total number of particles Np, increases. This calls for the development of efficient methods
to search through the database.

A way to reduce computational costs is to divide the domain into sub-domains, e.g. into sub-cubes of edge length
ℓ and sort all the particles into these sub-cubes. When r + ∆r < ℓ, the particles within a distance between r −∆r
and r +∆r from a given particle p1 are either in the same sub-cube as p1 or in one of the neighboring 26 sub-cubes.
Restricting the search to these sub-cubes can lead to a significant reduction of the computational effort. To further
improve the performance especially for larger separations r between particles, we propose a search algorithm based on
the octree data structure [1]. Within this approach, the original cubic domain, [0, 2π]3, is subdivided into 8 sub-cubes
with each half the original side length. The original cube is referred to as the root node and the sub-cubes as its
children. Each of the children nodes is then itself recursively subdivided into 8 sub-cubes per generation, with each
half the side length of the previous generation. The process is repeated for a total of m times. The particles are
then sorted into the 8m smallest sub-cubes (leaf nodes). For the present application, we assume the particles to be
uniformly distributed (note that for some other applications of the octree-data structure, the number of refinements
is chosen locally based on the local particle density). To choose the number of refinements m, we found that the
method works efficiently with at least ∼ 10 particles per cube on the smallest level.

Particles at a separation within [r − ∆r, r + ∆r] to a particle p1 are located in a shell, as represented for the
two-dimensional case in fig. 1(a). To find these particles, we start at the root node and descent in the tree to the child
node that contains the position of p1. We repeat this descent until we arrive at a node whose side length ℓi fulfills
ℓi/2 < r + ∆r < ℓi, which is the node with the smallest side length that is still larger than the maximum search
distance r+∆r. All particles that are at distance r±∆r to p1 can therefore be only either within this node, or within
one of its neighbors , see fig. 1(b). We then look for all the nodes of smaller size that intersect with the shell by the
following recursive approach. A given node can contain a particle at a distance between r −∆r and r + ∆r from a
particle p1 only if it has an intersection with the shell represented in fig. 1. Therefore, if a node is either too close or
too far away from p1, itself and its children can be discarded. The children of the nodes that have an intersection with
the shell are considered in the next step, using the same procedure until the leaf nodes are reached (see fig. 1(c-f)).
To finalize the search, we compute the distances of the particles in the remaining nodes to p1 to find all pair partners.
This procedure is repeated for all p1 to find all possible pairs. To avoid double counting, we only keep pairs with
increasing indices, i.e. p1 < p2.

DERIVATION OF THE PAIR ENERGY BUDGET

In this work, we consider a stably stratified fluid with a linear density profile ρ = ρ0 − γz in a rotating frame
of reference with solid body rotation rate Ω (and frequency f = 2Ω). In this case, the equations of motion for the
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FIG. 1. Exemplary depiction of the pair search algorithm using a quadtree-data structure in two dimensions. (a-f) The blue
point with black edge is the particle p1, the shell of distances r±∆r is colored in blue. (b-f) Iterative search using the quadtree
data structure. The hatched regions are the nodes that intersect with the shell in the respective generation.

incompressible velocity field u = (u, v, w), i.e. ∇ · u = 0 and density fluctuation θ = (γ/N)(ρ− ρ) read

∂tu+ u ·∇u = −∇p− fez × u−Nθez + ν∇2u+Φ, (1)

∂tθ + u ·∇θ = Nw + κ∇2θ, (2)

with the reduced pressure p, the Brunt-Väisälä frequency N = (γg/ρ0)
1/2, the kinematic viscosity ν, the external

forcing Φ and the thermal diffusivity κ.
In the following, we derive the energy budget for the relative kinetic and potential energy for two particles separated

by r. For the original Eulerian work, we refer to [2].

One Particle Energy Budget

We start by considering a single particle with velocity u and acceleration a = D
Dtu = ∂tu + u · ∇u. The rate of

change of the kinetic energy Ekin = u2/2 of this particle along its trajectory is given by

D

Dt
Ekin = u · a. (3)

Averaging this quantity over many particles and inserting the equation of motion, we obtain
〈

D

Dt
Ekin

〉
= −⟨u ·∇p⟩ − ⟨u · fez × u⟩ − ⟨u ·Nθez⟩+

〈
u · ν∇2u

〉
+ ⟨u ·Φ⟩ . (4)
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The first term on the right hand side of eq. (4) can be rewritten as

⟨u ·∇p⟩ = ∇ · ⟨u · p⟩ − ⟨p∇ · u⟩ = 0, (5)

and therefore vanishes due to homogeneity (first term) and incompressibility (second term).
The second term on the right hand side of eq. (4) is zero for geometric reasons (u · ez × u = 0).
The third term on the right hand side of eq. (4) represents the energy exchange between potential and kinetic

energy. For a more compact notation, we introduce

εχ ≡ ⟨u ·Nθez⟩ = N ⟨wθ⟩ , (6)

where w denotes the vertical velocity component. With our sign conventions, εχ represents a sink of kinetic energy
and a source of potential energy for εχ > 0.

The fourth term on the right hand side of eq. (4) describes the energy dissipation by viscosity

〈
u · ν∇2u

〉
=

ν

2
∇2
〈
(u)

2
〉
− εν . (7)

The first term on the right hand side of the equation above vanishes due to homogeneity. Furthermore we introduced
the kinetic energy dissipation rate

εν ≡ ν

〈∑

i,j

(
∂ui

∂xj

)2
〉
. (8)

Finally, the remaining term on the right hand side of eq. (4) is the insertion of energy due to the large scale forcing
Φ. For a more compact notation, we introduce

εΦ ≡ ⟨u ·Φ⟩ . (9)

Putting everything together, we arrive at the one point budget for the kinetic energy

〈
D

Dt
Ekin

〉
= ⟨u · a⟩ = εΦ − εχ − εν . (10)

For the potential energy Epot = θ2/2, we rewrite the thermal diffusive term similarly to the viscous term and directly
obtain similarly the budget

〈
D

Dt
Epot

〉
= ⟨θθ̇⟩ = εχ − εκ, (11)

with the potential energy dissipation rate

εκ ≡ κ

〈∑

j

(
∂θ

∂xj

)2
〉
. (12)

Two Particle Energy Budget

We now consider a pair of particles with positions x(1)(t) and x(2)(t), separated by a displacement r(t), where

|r(0)| = r is in the inertial range, and study the evolution of the relative kinetic energy of this pair E
(r)
kin = ∆ru

2/2:

D

Dt
E

(2)
kin = ∆ru ·∆ra, (13)

where we have used the notation ∆rq ≡ q(2) − q(1) for any observable q. Averaging eq. (13) over many pairs with the
same separation r, and using the Boussinesq equations, one obtains:

〈
D

Dt
E

(2)
kin

〉

r

=
〈
u(2) · a(2)

〉
r
−
〈
u(2) · a(1)

〉
r
−
〈
u(1) · a(2)

〉
r
+
〈
u(1) · a(1)

〉
r
. (14)
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Note that we are not only prescribing here the length of r, but also its orientation. The first and last term on the
right hand side of eq. (14) are the rates of change of the kinetic energy of each of the two particles separately. Because
of statistical homogeneity, they are independent of the initial separation r and therefore each term is given by the
single particle budget for the kinetic energy derived above:

〈
u(2) · a(2)

〉
r
=
〈
u(1) · a(1)

〉
r
= εΦ − εχ − εν . (15)

To evaluate the mixed terms on the right hand side of eq. (14), we first use arguments similar to those used for the
one-particle energy budget to show that pressure terms do not contribute. As an example:

〈
u(2)∇(1)p(1)

〉
r
= ∇(1) ·

〈
u(2)p(1)

〉
r
−
〈
p(2)∇(2) · u(1)

〉
r
= 0, (16)

where, we used ∇(2) · u(1) = ∇(1) · u(1) = 0.

The sum of the mixed terms involving the rotational (Coriolis force) vanishes as a consequence of the anti-symmetry
of the cross product

〈
u(2) · fez × u(1)

〉
r
+
〈
u(1) · fez × u(2)

〉
= fez ·

〈
u(2) × u(1) + u(1) × u(2)

〉
= 0. (17)

The mixed terms involving the density fluctuation θ cannot be eliminated. Together with the contribution from the
single particle budgets of each of the particles, we obtain

2εχ −
〈
w(2)Nθ(1)

〉
r
−
〈
w(1)Nθ(2)

〉
r
= N ⟨∆rw∆rθ⟩r , (18)

In this work, we consider a forcing on the large scales. We thus assume it to vary little for sufficiently small r and
write Φ(2) ≈ Φ(1). The forcing contribution from the mixed particle terms thus read

−⟨u(2) ·Φ(1)⟩ − ⟨u(1) ·Φ(2)⟩ ≈ −2εΦ (19)

and cancel out the +2εΦ from the single particle terms.

To simplify the mixed viscous terms, we rewrite their sum

〈
u(2) · ν

(
∇(1)

)2
u(1)

〉

r

+

〈
u(1) · ν

(
∇(2)

)2
u(2)

〉

r

= ν
(
∇(1)

)2 〈
u(1)u(2)

〉
r
− 2Dν(r), (20)

where the first term on the right hand side vanishes due to homogeneity and with the mixed dissipation term

Dν(r) ≡ ν

〈∑

i,j

(
∂u

(1)
i

∂x
(1)
j

)(
∂u

(2)
i

∂x
(2)
j

)〉

r

. (21)

Putting everything together, we obtain the two point budget for the kinetic pair energy

〈
D

Dt
E

(2)
kin

〉

r

= ⟨∆ru ·∆ra⟩r = −2εν −N ⟨∆rw∆rθ⟩r − 2Dν(r). (22)

Similarly, we obtain the two particle budget for the potential pair energy E
(2)
pot = θ2/2:

〈
D

Dt
E

(2)
pot

〉

r

=
〈
∆rθ ·∆rθ̇

〉
= −2εκ +N⟨∆rθ∆rw⟩ − 2Dκ(r). (23)

with the mixed thermal diffusion term

Dκ(r) ≡ κ

〈∑

j

∂θ(1)

∂xj

∂θ(2)

∂xj

〉

r

. (24)
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Comment on Isotropy

We note that in the derivation above, we did not explicitly assume the system to be isotropic. In fact, the flows
we are considering here are largely anisotropic. In classical textbooks for the case of Navier-Stokes turbulence,
the velocity-pressure gradient correlations are normally eliminated under the assumption of isotropy [3, 4]. It was
then later demonstrated, that the derivation can alternatively be performed by assuming solely homogeneity and
incompressibility [5–7]. Furthermore, we note that in the derivation of the pair energy budget, we explicitly fixed
the orientation of the separation vector r. The energy budgets are thus valid when averaging for any fixed distance
and orientation, e.g. by prescribing the angle ϑ between the two particles and the z-axis, or when averaging over all
orientations as we do in the present work.

Comment on Stationarity

In the derivation above, we did not explicitly assume stationarity. Equations (10), (11), (22) and (23) should thus
also hold at any point in time in a non-stationary system, such as decaying turbulence. Note that then, quantities on
both sides of the equations are time-depended.

In our simulations, we have considered statistically steady flows. For this reason, we expect that all quantities on
the right hand side of eqs. (10), (11), (22) and (23) reach a statistical equilibrium. Assuming ergodicity, we compute
the Lagrangian averages over particle positions and time, as pointed out in the main manuscript.

In a stationary state, the one particle energy budgets simplify to

〈
D

Dt
Ekin

〉
= 0 = ⟨u · a⟩ = εΦ − εχ − εν , (25)

〈
D

Dt
Epot

〉
= 0 = ⟨θθ̇⟩ = εχ − εκ. (26)

Hence, velocity and acceleration are correlated in such a way that their scalar product on average is zero.
The left-hand side of the two-particle energy, using the Lagrangian point of view, remains non-zero, even when the

flow is statistically steady, as the cross-correlation between velocity and acceleration is not vanishing. We stress that
in this case, the identity

⟨∆ru ·∆ra⟩r =
1

2
∇ ·
〈
|∆ru|2∆ru

〉
r

(27)

establishes a connection with the Karman-Howarth-Monin in the Eulerian framework [2].
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