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Abstract: Numerical tesseroid and radial-type approaches are presented and compared in terms of
their efficiency for deriving the regional geoid height, vertical gravity, and gradiometric anomalies
from sea floor topography grids. The vertical gradient function is particularly suitable for representing
shorter wavelengths of gravity, typically less than 10 km. These two modeling methods were applied
to the Great Meteor guyot in the Atlantic Ocean using its bathymetry. To optimize the computation of
high-resolution gravity anomalies, the Armadillo, GSL, and OpenMP libraries were used to provide
an environment for fast vector implementation, numerical integration for tesseroid calculation, and
parallelization for loop iterations, resulting in a computation speed increase. The tesseroid and radial
methods remain equivalent up to a resolution of about 1 min, with the radial method being faster
when dealing with a large number of model points for the geoid. Aside from optimization enabling
high-resolution gravity simulations, these fast modeling data can be used as the main operators in
gravimetric inversion or to reduce the terrain effects in gravity observations, revealing gravity and
sedimentary layers.

Keywords: gravimetry; forward problem; altimetry; vertical gravity gradient; bathymetry; gravimetry
anomaly reduction; gravity operators; global seafloor topography

1. Introduction

The accurate estimation of the seafloor topography is crucial for various applications,
including physical oceanography, marine geology, geophysics, biology, and marine resource
management [1]. The traditional methods for mapping seafloor bathymetry involve the use
of single- and multi-beam echo sounders operated along ship tracks. However, achieving
complete coverage of the oceans using this technique is challenging, especially in vast
unexplored regions outside shipping lines or those with known scientific observations. This
is because conducting a comprehensive depth mapping of the entire ocean using sounders
would take centuries and cost billions of USD [2].

Another option is to consider the systematic and global observations of marine geoid
height, which refers to the static component of the gravity field that aligns with the static
mean sea surface.

Satellite altimetry uses radar pulses to measure, with very high precision, the altitude
of the satellite above the nearest point on the sea surface. On the other hand, precise orbit
tracking coupled with dynamic calculations provides an independent measurement of
the satellite’s height above the ellipsoid. The difference between these two measurements
equals the instantaneous height of the sea surface (geoid height) minus any radar echo

Remote Sens. 2024, 16, 4031. https://doi.org/10.3390/rs16214031

https://www.mdpi.com/journal /remotesensing


https://doi.org/10.3390/rs16214031
https://doi.org/10.3390/rs16214031
https://creativecommons.org/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com
https://orcid.org/0009-0001-6352-8844
https://orcid.org/0000-0002-7007-3198
https://orcid.org/0000-0003-4504-0770
https://orcid.org/0000-0003-1750-2819
https://orcid.org/0000-0002-9809-6543
https://orcid.org/0000-0001-8582-2553
https://doi.org/10.3390/rs16214031
https://www.mdpi.com/journal/remotesensing
https://www.mdpi.com/article/10.3390/rs16214031?type=check_update&version=1

Remote Sens. 2024, 16, 4031

20f18

propagation delay caused by the ionosphere and troposphere. Indeed, observations of ocean
surface topography through altimetry are, in a first approximation, a measurement of the
geoid height or gravitational potential. It is thus possible to obtain gravity anomalies from
a dense network of geoid height profiles [3]. These anomalies are the vertical derivative of
the potential. It is also possible to obtain the vertical gravity gradient (VGG) from altimetric
observations. The VGG highlights short-wavelength variations that are more suitable for
mapping seafloor structures on a relatively fine scale of around 16 km [4]. In practice, the
VGG corresponds to the curvature of the ocean surface as measured by satellite altimetry [4].
Unfortunately, in the estimation of the VGG, short-wavelength noise primarily originating
from waves is also amplified. The improvement in the accuracy and spatial resolution
of the VGG has been possible due to the inclusion of observations from new altimeters
over the past few years. This has enabled the revelation of small-scale tectonic structures,
notably abyssal hills or small seamounts [5].

These observations are conducted by multiple satellite-borne radar altimeters and are
used to derive bathymetric signals through inversion. This is typically conducted within a
spatial bandwidth of less than 160 km, where there is a strong correlation between sea floor
topography and gravity. In the past, spectral methods based on Parker’s formula [6] and
Fast Fourier decomposition have been developed to filter out altimetric signals [7,8]. How-
ever, these spectral approaches require grids that are fully regular and do not accommodate
sparse observations or non-planar domains.

On the other hand, non-linear strategies based on discrete inverse theory [9] take
into account the curvature of Earth and enable the combination of different types and
distributions of data, such as geoid height, free-air anomaly (FAA), and vertical gravity
gradient (VGG), in large oceanic areas. Unfortunately, these approaches come with the
drawback of longer computation times due to the calculation of non-linear operators and
large-dimension matrix products and inversions. The non-linear least-square methods [10]
and Kalman filtering [11] provide an optimal estimate of the bathymetry based on the
gravity observations and physical modeling. These methods include the forward problem
and iteratively build an optimal topographic solution. Therefore, the precision of the
direct gravity operator is crucial in guaranteeing the final estimate to be the most realistic.
Previous studies were devoted to the calculation of the gravity operators and especially to
the integral over the radial part, with different methods including the use of a spherical
cap, Taylor series, or analytic primitives [10-16].

Moreover, tesseroid approximation offers the best precision but requires the numerical
evaluation of a 3D integral [17,18]. On the other hand, the decomposition of radial rock columns of
constant density remains faster for a large number of starting topographic heights [10,11,13,15,19].

In this article, both approaches are compared in order to determine which one offers the
best compromise between high spatial resolution and low computing time when applying
gravity operators. The radial approximation method always offers the fastest calculation
time, but the spatial resolution thresholds at which the radial and tesseroid approaches are
nearly equivalent should be determined. In addition, the threshold is dependent on the
considered gravity operator (geoid, gravity anomaly, vertical gravity, or gradient).

The Great Meteor (GM) guyot has been used as a test area in order to compare the
performances of these modeling approximations on various gravity functionals, such as
geoid height anomaly, FAA, and VGG.

The article is structured as follows: The first part presents an introduction to the
geophysical dataset available in the GM area that is used in the present study. The second
part develops the approximations used in the modeling of the gravity functionals, followed
by the strategy of numerical optimization. The Results section includes the gridded models
for the three functionals and a comparison of the computation times before and after
optimization. The Discussion section examines the estimates obtained using different
strategies to determine the most precise one. Finally, the article ends with a Conclusion
that synthesizes the important findings of the study and proposes new perspectives.
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2. Data and Methodology
2.1. Bathymetric Data

The simulations are calculated from the GEBCO topography (GEBCO2020 version)
computed with a spatial resolution of 15" (450 m by 450 m at the equator) using bathymetric
grids and surveys from many data contributors around the world [2,20].

We focus our study on the Great Meteor (GM) guyot [27°00"W-30°00"W; 28°30'N-31°30'N]
in the mid-Atlantic Ocean [21,22], which has been extensively studied [23,24]. This
seamount is particularly interesting because of its irregular shape, its flat summit close to
the ocean surface (250 m depth), and its large size (24,000 km3), making it a good test case
for gravity modeling. On a finer scale, two additional seamounts, Little Meteor and Closs
Seamount, increase the interest in this region because of their complex shape contrasting
the detection capacity of each gravity operator. Moreover, this area is well covered with
multi-beam ship tracks in order combined with gravity anomaly inversion for topography
recovery [25] (Figure 1).

BATHYMETRY GREAT METEOR SHIP TRACKS GREAT METEOR
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Figure 1. Bathymetry available in the region of the Great Meteor Seamount from the global GEBCO
grid (left) and sparse depth ship tracks of GEBCO (altimetry data excluded), gmrt, MNT terrestrial
Copernicus, and the SHOM free access database.

Figure 2 shows a segment of the Mid-Atlantic Ridge (54°W, 26°W, 20°N, 37°N) from
the global GEBCO grid, which includes the region of the Great Meteor Seamount. This
bathymetry will be used to determine the 1 min FAA grid and the complete Bouguer
anomalies by comparison with satellite altimetry data to examine sediment contribution,
compensation, and deep varying density structure on a much larger area than the Great
Meteor Seamount region.
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Figure 2. Bathymetry available in the region of a segment of the Mid-Atlantic Ridge (54°W, 26°W,
20°N, 37°N) from the global GEBCO grid, including the Great Meteor Seamount area.

2.2. Gravity Operators Approaches
2.2.1. Tesseroids
Mass elements to model gravity operators are best approximated using a tesseroid

shape (Figure 3 [17]). The expression of each operator is provided in [18], and their
evaluation consists of performing a triple integral for geoid anomalies as follows:

N(r,6,1) = S2P / / / st gy (1)
Y r'2 412 — er’cosgb)

for free-air anomalies (FAAs) as follows:

/
Ag:(r,6,A) = GAp / / / rocosO'(r'eosy = 1) g @
(F2 + 12 — 2rv'cosip) 2

for vertical gravity gradient (VGG) anomalies as follows:

/ _ )2
st e | [ o s e e o

(F2 4+ 12 — 2r'cosp)? (12 + 12 — 2rvcosip) 2

where G in m3- kg~!- s72 is the gravitational constant, Ap in kg:m ™2 is the density con-
trast between the rocks composing the superficial layers of the seafloor and water, § and



Remote Sens. 2024, 16, 4031

50f18

A are the latitude and longitude of the observation point P, § and A’ are the latitude
and longitude of the mass element M, 7 is the acceleration of gravity in m- s~2, and
cos P = sinBsinf + cosf cos @’ cos(A — A), where id  is the spherical distance between
the points M and P.

Integrals (1) (geoid), (2) (FAA), and (3) (VGG) have no analytical solution because of
the elliptical integral over 6 and A.

4+ 7

Figure 3. Schematic view of the volume element A() to be integrated for computing gravity operators,
and notations used in the study. P is the observation point and M is the material mass element.

2.2.2. Radial Approximation

The radial approximation consists of using the analytical primitive in " and in approx-
imating the elementary surface to

9+% A+A27/\ ! !/ ! / ! /
= COS =~ COS
AQ /G—A;’ //\—Az’\ 0'd0’'d\ ~ cos 0' A0 AN )

This approximation drastically reduces the calculation time by avoiding the computa-
tion of the numerical integrals over the angles 6 and A. The radial integral over dr’ has an
analytical primitive [11]. In this work, we address the question of the validity of the radial
approximation Equation (4) and compare it with our tesseroid method in order to quantify
the errors with respect to the resolution of the data. We also suggest an improved method
using a spherical cap [11,12] in order to improve the radial approximation at the plumb
of the element of mass. The radial approach is inaccurate at this position, where there is
singularity when ¢ tends to 0. However, we can divide the total gravitational effect at P
into two parts, the gravitational spherical cap attraction of thickness for the height of the
seafloor at the plumb and its difference with respect to the bathymetry around (Figure 4).

In the radial approximation, the gravity effect of a complete rock column of height h
for the geoid is calculated using [11]

N(r,0,A) = GAPAOAA cos O[CGeoia (r' + 1,7, 9) — Eceoia(r, 7, 1)] (5)
with the analytic primitive
EGeoid (r',1,0) = —%r'z —r = In(r — 1) ®)

aty =0,and
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1
CGeoid (1,7, cO8 ) = 5 {rZ(B cos?p — 1) ln(\/r2 + 12 —2rr' cosp —rcosp + 1)

+(3rcosyp + 1) \/r2 + 12 — 2rr' cos 1/1] )
for ¢ # 0. The gravity effect of a rock column for the FAA is determined with

Ag: = GApAO' AN cos 0’ (Epan(r' + h,r,cos ) — Cpan(r', 1, cos ) 8)

with the primitive

2

Eran(r,r,0) = p— +2rIn(rt’) — (r —7) 9)

aty = 0°, and

6cos® i — 1)rr’ — cosyp(r'? + 3r2)
v, r,cos) = (
Sraal 2 /112 =21 cos ¢
+7(1 —3cos? ) ln(\/r+r’2 —2rr' cosp —rcosp + 1) (10)
for ¢ # 0°.
Using a spherical cap [11,12], Equation (8) is separated in two parts as follows:

Ag: = 27tGAP(Eraa(ry,1,0) — Graa(r',1,0)) (11)

atyp = 0°, and
Agz = GAPAY'AN cos O (Cran(r' +h,1,cos ) — Gran(ry, 1, cos ) (12)

for ¢ # 0°. At = 0, the primitive (Equation (9)) becomes

1(1
Eran(r,r,0) = = [3 \/72 + 12 — 217’ cos P (r* (3 cos? e — 2) + rr’ cos . + 1'?)

3
+72 cos P (cos® P — 1) ln(\/r+r’2 —2rr' cosp —rcos . +1') + % (13)

where 1. = 1.5° (~ 167 km) is the truncation angle [11,12].

r, is chosen such that 7}, = ' + h at = 0 and is the radius taken to determine the
spherical cap (Equation (11)). At ¢ # 0, the actual topography is added or removed from
the spherical cap as presented in Figure 4 (Equation (12)).

The vertical gradient primitive can be written as follows:

8Gorr 7,/3 _ r/3
dvee = 7; P 3 (14)

for p = 0° [14] and

/3

1”3 (r2 _ rlz)

2(r2 412 — 11 cos ) 2

1
&vee = = ! +r\/rz+r’2—rr’cos¢+

r (72\/1’2 + 12 — 1 cos P

+ 3r’cos¢1\/r2 + 12 — rr' cos i + 1r*(3cos’ P — 1) ln(\/r2 + 72 —rr' cosp+ 1 —rcosy)) (15)
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for ¢ # 0°. Results are in agreement with [13] for ¢ # 0°. Equation (14) determines the
spherical cap. The gravity effect of a complete rock column for the VGG is

Agzz = 2GAP(Evea(ry 7, 0) — Evea(r',1,0) (16)
aty =0,and

Agzz = GAPAY' AN cos 0 (Gyea (1 +h,1,cos ) — Gvaa(ry, 1, cos ) (17)
for ¢ # 0.

To summarize, this section recalls that the tesseroid approximation is the reference
to determine the gravity effect of a single rock column and requires to evaluate a 3D
numerical integration. The radial approximation consists of determining the approximation
in Equation (4) on the angular 2D integral in order to have only the radial integral to
perform. This integral has an analytical solution for each gravity operator. The method of
the spherical cap reduces the error regarding the radial approximation by performing an
exact integration of the angular part at ¢ = 0 such that only the i # 0 part of the angular
integration contributes to the error compared to the tesseroid approximation.

SPHERICAL
CAP

Figure 4. Schematic view of the spherical cap. At ¢ = 0°, the integral over the entire spherical cap is
calculated. At ¢ # 0°, the integral over the orange area is added, and the integral over the blue area
is subtracted. At the end, we recover the total integral over the topography and reduce the error on
the radial approximation by performing an exact integral on the plateau and completing with the
radial approximation, only locally considering the difference with the topography.

2.3. Computational Optimization

In the previous section, the equations derived describe the gravity effect of a single
rock column at a particular point. To obtain the total gravity effect, the results of the gravity
effect of every single rock column of the grid at this particular point must be summed.
In addition, this scheme is repeated on every point of the grid, making it necessary for a
computational optimization to have reasonable calculation time.

The code is optimized using the C++ Armadillo library for vector environment [26,27].

The gravity operators are calculated by discretizing Earth into rock columns i with
a size that depends on the resolution or grid sampling considered. The anomaly at each
point is the sum of the anomalies generated by all the rock columns of the area considered.
For simplicity, only two layers of density, rock and water, will be considered in this work.
The OpenMP library is used for loop multithreading parallelization of the sum over the
rock columns.

Figure 5 shows the speed up on the total execution of the program to determine the
FAA (with radial approximation and spherical cap):

Speed up = tTO (18)
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where t is the computing time with one core. Efficiency increases parabollically and
saturates at 20 cores, the limit from which calculation of the FAA operator using the radial
approximation with spherical cap at 1’ resolution is 12 times faster than with one core. The
gain time increases linearly from one to six cores. The parallelized part, the calculation
of the gravity functional, is the most time consuming. The sequential parts become non-
negligible compared to the parallel task from six cores, which is the longest operation from
19 cores.

Speed up with parallelisation
14 v v v v v v v v v

10 T 1

Speed up

O L L L L L L L L L
0 2 4 6 g§ 10 12 14 16 18 20

Nb of Cores

Figure 5. Speed up for the Great Meteor grid at a resolution of 1’ (~1.8 km) with respect to the

number of cores using OpenMP 4.5 parallelization.

To evaluate the forward problem on large areas, we have created a bash script that
divides the map into 5° by 5° cells. This script contains several stages:

e The first stage cuts the map into strips of 1° width and aggregates them such that each
strip is surrounded by a 2° overlap before and after.

*  The second stage involves inverse x and y columns for each 5° strip.

* In the third stage, the strips are cut into square of 5° by 5°.

In the end, we obtain 5° by 5° cells, with 1° by 1° center elements calculated, and each
cell of the center has at least 2° of overlapping cells that ensure that no discontinuity occurs
(see Figure 6).

After calculating the forward problem, another script gathers all the 1° by 1° center
cells into a single file from which the map can be drawn.

Calculations are performed on the Observatoire Midi-Pyrénées (Toulouse, France)
cluster using a bi-sockets CPU Intel Xeon Silver 4210 (Santa Clara, CA, USA) with 20 cores
of base frequency 2.20 GHz, RAM memory of 96 GB, and hyperthreading deactivated.
Materiel was bought from HPE, France.

Our numerical evaluation of tesseroids differs from [18] as we use the analytical
primitives of the radial component and numerically integrate the solution over " and A’ in
°, while [18] performs a 3D numerical integration with a Gauss quadrature.

Here, the GSL library [28] is used for numerical integration of the tesseroids with the
CQUAD algorithm. The CQUAD integration relies on the Clenshaw—Curtis quadrature
rules, which can handle most types of singularities [29]. This quadrature is rather equivalent
to the Gauss quadrature in the literature but faster to implement [30] and provides an error
estimate on the integration.

The 2D integration is rather quick but remains longer than evaluating an analytical
expression. The fact that, to determine the total gravity effect at a particular point, the
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operator also has to be determined for every rock column around that point still implies a
considerable computation time when applied over large areas or high-frequency maps.

r 3

LATITUDE

v

LONGITUDE

I Computed area
[ ] Neighbouring cells
B Bufferarea

Figure 6. 5° by 5° cell (blue square) with the effective calculated 1° by 1° cell in orange and the
overlap cells in blue 2° around the calculated cell. The next adjacent cells are shown by the 5° by 5°
white square delimited by black lines. Only the 1° by 5° beside the cell of interest is visible in white.

We validate our method to calculate tesseroids by comparing it with the method in [18]
in Table 1.

Table 1. Min and Max difference values and RMS values of our tesseroid modelization compared to
the modelization from [18] for each gravity operator at 1’ resolution.

Geoid (m) FAA (mGal) VGG (E)
Min 0.001 0.024 0.277
Max 0.012 0.258 0.886
RMS 0.005 0.052 0.049

Results show that the RMS values between the tesseroid approaches in this study
and [18] are 5 mm, 0.05 mGal, and 0.048 E for each gravity operator. These slight mismatches
arise from the different numerical approaches used for integrating tesseroid decomposition.

Our tesseroid modelization can then be compared with our radial approximation. The
resolution threshold from which the radial approximation can be used, as equivalent to the
tesseroid approximation, will be evaluated in order to secure a high-quality simulation.

3. Results

In this section, we will present through residual maps and descriptive statistics the
differences between the tesseroid and radial approximations computed over the test area
described above.

Our calculations are conducted with the following set of parameter values:
G = 6.667 x 1071 m® kg1 572, pyater = 1030 kg: m ™3, pjpeq = 2700 kg- m~3, and
Reartn = 6378 km. The mean depth calculated on the seafloor of the GM region is —4150 m [11].
In this study, we consider only the water—rock density contrast and do not introduce sedi-
ments, as previously discussed in [31]. Compensation by elastic flexion is not taken into
account as the topographic contribution of the GM guyot is largely dominant. The gravity
operators are calculated at the sea surface.

The variations in the RMS values for the tesseroid and radial approximations as a
function of the resolution are presented for each gravity operator in Figure 7. Computing
at higher resolutions is limited to the accuracy of the altimetry measurement (1).
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Figure 7. Modeled gravity operators” RMS values between our tesseroid and radial-based estimations
for (top) geoid, (middle) FAA, and (bottom) VGG for standard radial approximation (black) and
radial approximation + spherical cap (blue). Threshold resolution is indicated with a vertical line.

The dotted lines indicate a linear extrapolation at higher resolutions.
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Figure 7 is complemented by

e Table 2, which shows the extreme difference values between the tesseroid and radial
approximations for each given resolution and for the three gravity operators.

e  Figure 8, which represents a 1’ resolution map of the differences between the simula-
tions obtained with the tesseroid and radial approximations for the geoid, tesseroid,
and radial approximations with a spherical cap for the FAA and VGG. The results
obtained show the location of the differences between the approximations.

Figure 8, Table 2, and Figure 7 are used to qualitatively determine the resolution
thresholds where the radial approximations can be used.

Table 2. Min and Max difference values of the differences between the tesseroid and radial approaches
for each resolution and gravity operator.

Resolution Stats Geoid (m) FAA (mGal) FAA(cap) VGG (E) VGG(cap)
(mGal) (E)

0.05° Min 0.01 1.8 48 20 135.9
Max 0.3438 832.3 53.9 35,122.3 170.6

o Min 0.0112 1.7 29.4 4.8 115.5
Max 0.1252 360.2 30.3 17,118.6 177.5

0.02° Min 0.0109 2.7 13.6 6.87 120.8
Max 0.0224 100.8 14.6 5553.1 154.2

1 Min 0.0103 2.2 7.6 45 96.5
Max 0.0106 64.6 8.1 3972 135.1

The radial approximations for the VGGs in Figure 7 and Table 2 are calculated with
the expression in [13] (Equations (16) and (17)).

Figure 7 shows that the difference between the radial approximation with and without
including a spherical cap is large when the grid sampling is large and decreases when the
grid sampling becomes smaller. Both methods are equivalent when the resolution tends
to zero.

The results show that, for the geoid, the radial approximation is equivalent to the
tesseroid for small resolutions (<0.02°), with an RMS of 0.0047 m at 1’ and Max and Min
difference values of 0.0106 m and 0.0103 m, respectively.

Regarding the FAA, the radial approximation is not equivalent to the tesseroid even for
a 1’ resolution because of a too-large Max difference of 64.6 mGal and an RMS of 7.95 mGal.
Using a spherical cap to determine the FAA reduces the Min and Max error values dras-
tically to 7.6 and 8.1 mGal and the RMS to 0.92 mGal. The RMS becomes small, and the
maximum and minimum values are located on small seamounts or on the border of the
large seamount, as shown in Figure 8. We estimate the resolution threshold at 1’ depending
on the accuracy wanted and the area studied when using the radial approximation with
the spherical cap method and do not recommend using radial approximation alone to
determine the FAA.

The errors in the calculation of the vertical gravity gradient using the radial approxi-
mation are not negligible even for a resolution of 1 . The Max value of the difference is
much larger than the measurement errors (3972 Eo6tvos). The utilization of the spherical cap
method decreases the error for the Min and Max differences (96.5 Eotvos and 135.1 Eotvos,
respectively), which remain too large despite a low RMS of 5.2 E6tvos.

Figure 8 shows that the differences are located around the seamount reconstruction,
especially regarding the FAA, for which the Min and Max difference values are clearly
identified on the Little Meteor Seamount.

Figure 9 shows the coherency between the GEBCO topography over the Great Meteor
area chosen and each gravity operator calculated with the tesseroid approximation. The
geoid does not recover small wavelengths as the coherency reaches 0.8 at 80 km but
describes the large wavelengths of the topography well. The FAA and VGG both provide
good descriptions of the small wavelengths compared to the geoid, but noise from the
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resampling to a 1’ resolution limits the viability of the results below 16 km for the FAA and
20 km for the VGG.

Difference Tesseroid - radial GEOID Difference Tesseroid - radial (cap) FAA Difference between tesseroid - radial (cap) VGG
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Figure 8. Modeled gravity operators and differences between our tesseroid and radial-based estima-
tions for geoid (left), FAA (center), and VGG (right) at 1’ resolution.
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Figure 9. Spectrum analysis of the three gravity functionals in the specific Great Meteor region;
long-wavelength content is described by the geoid height (blue), while vertical gradient (green) is
well-adapted to sense short wavelengths of the seafloor topography.

Eventually, we proceed to a comparison with real data from [5] and compute the
differences between the data and simulation, as presented in Figures 10 and 11. We filter
the simulation at 10 km in order to remove the small wavelengths of the bathymetry
contribution not present in the data measurement to perform the Bouguer reduction. The
VGG acts as a high-pass filter that removes most of the large wavelengths coming from
internal earth signals. The FAA and geoid also contain large wavelengths that are not
related to the topography, demonstrating that the gravity signal in the data is lower than
expected around the Great Meteor Seamount and at the north of it (in the direction of the
rest of the Seewarte Seamounts) and higher than expected everywhere else on the grid. The
amplitudes are similar between the simulations and real measurements. Small wavelengths
from the ship tracks included in the topography used to compute the simulations are clearly
visible when comparing the FAA and VGG simulations to the data measurements.

Figure 12 (top) illustrates the 1-min FAA grid derived from the bathymetric data
using Equations (11) and (12), employing an optimized radial approximation around a
segment of the Mid-Atlantic Ridge (54°W, 26°W, 20°N, 37°N). The computation is conducted
using a mosaic of 415 overlapping 5°-by-5° geographical cells. FAA is commonly used in
geophysical and geological interpretations. Similar calculations can be processed for geoid
heights and vertical gravity gradients. The gravity anomalies deduced by [5] by radar
altimetry are also shown in Figure 12 (bottom) for comparison.
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Figure 10. Comparison of our estimates with independent gravity datasets over the Great Meteor
Seamount for each gravity operator.
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Figure 11. Comparison of our estimates with independent gravity datasets. RMS = 2.125 m,
28.71 mGal, and 6.971 E6tvos and the difference (or Bouguer reduction) between the two regional
grids over the Great Meteor Seamount for each gravity operator. Both data and simulation are filtered
below 10 km to ensure that the spectral content is the same at short wavelengths.

Figure 13 shows the differences between the estimated and observed free-air anoma-
lies resulting in the complete Bouguer anomalies. These anomalies range in amplitude
from —174 to 93 mGal, with a mean value of 0.3 mGal and a Root Mean Square (RMS)
of 49.5 mGal regarding the effects of the unmodeled contributions of the sediments, com-
pensation, and deep varying density structures at such a large scale of a complete oceanic
basin. Alongside other types of measurement, such as seismic data, Bouguer anomalies
are essential for deriving lithospheric parameters, including the characteristics of poorly
understood sedimentary layers, elastic thickness, crustal thickness, and density variations.



Remote Sens. 2024, 16, 4031 14 of 18

Free-Air Anomalies derived from bathymetry
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Figure 12. Comparison of our FAA estimates with independent gravity datasets on a larger area,
around a segment of the Mid-Atlantic Ridge (54°W, 26°W, 20°N, 37°N). The top figure shows the FAA
derived from the bathymetry using the radial approximation with the spherical cap. The bottom
figure displays the gravity data derived from satellite altimetry from [5].
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Figure 13. Comparison of our FAA estimates with independent gravity datasets on a larger area,
around a segment of the Mid-Atlantic Ridge (54°W, 26°W, 20°N, 37°N). The Bouguer anomalies range
in amplitude from —98 to 186 mGal, with a mean value of 0.2 mGal and a Root Mean Square (RMS)
of 52 mGal.

4. Discussion

The classical tesseroids calculated from [18] have been implemented so that their re-
sults on the GM seamount can be compared to ours for validation. Our tesseroid calculation
of the VGG and that from [18] are in good agreement. The method from [18] is very close to
the present study corresponding to a map of very high-frequency low residuals, meaning
that both tesseroid methods provide equivalent estimates.

The comparison between the tesseroid and radial approximation strategies has been
addressed, the latter always remaining the fastest. However, the radial approximation is
not valid at the lowest resolution since, mathematically, it does not take the shape of the
rock columns into account.

The differences between the two approaches vary depending on the chosen resolution
(or grid sampling) and on the specificity of each gravity operator (see Figure 7). At a
resolution of 1/, these differences are on the order of 0.005 m, 0.9 mGal, and 5.22 E, the
geoid height providing the lowest difference. The radial approximation is almost equivalent
at a 1’ resolution to the tesseroid approximation for the geoid, presenting the advantage of
being much faster, which makes it the perfect method for geoid anomaly inversion.

For the FAA, the spherical cap makes a significant contribution by drastically reducing
the error regarding the angular approximation in Equation (4). The 3D integration has an
exact primitive at y = 0 compared to the standard radial approximation consisting of a
1D analytic primitive of the radial component. For values of i # 0, the radial primitive is
used. The error while computing the difference with the tesseroid approximation comes



Remote Sens. 2024, 16, 4031

16 of 18

now only from the ¢ # 0 part of the angular integral. The improvement in the error, while
comparing FAA and FAA(cap) in Table 2 and Figure 7, comes from the exact integration of
the angular part at ¢ = 0.

The RMS, Min, and Max difference values (see Table 2) become of the order of the
error measurement for the FAA in [5], but [32] shows that those measurement errors are
optimistic and can be locally larger.

However, the radial approximation applied to the VGG, even using the spherical cap
method, results in important errors compared with the tesseroid approximation. The results
show that, by considering higher derivatives of the gravity potential and consequently
including higher frequencies, the simulations are sensible to details that make it necessary
to consider the real shape of the rock column in our modelization. Therefore, the use of this
approximation should be undertaken carefully in gravity data simulation and inversion and
especially for a second derivative like the VGG. Yet, inversion of real data is a challenging
aim that has already been largely addressed. Despite the non-negligible difference with
tesseroids, standard radial approximation has been yielding satisfying results [13].

The spectral analysis presented in Figure 9 shows that the sensitivity of the VGG
to noise induces a coherency lower than the FAA, even if the VGG is supposed to better
describe a low-wavelength signal. Tests have shown that the spectral analysis for coherency
depends upon the size and nature of the considered oceanic province. The coherency is
global over the test area, and the region of the Great Meteor presents low rugosity with a
large flat seamount and two small seamounts only, which do not favor high gradients.

Those results are obtained from the synthetic case of a topography from which a gravity
anomaly is calculated and do not include many features that affect real data, like density
distribution, deep earth signals, or earth measurement. The reduction in real data using
our gravity simulations shows that the compensation appears around the Great Meteor
Seamount. The geoid and FAA simulated from the topography do not take compensation
into account.

Eventually, the presence of sediments is not considered in the simulation, but they
surely exist around the Great Meteor Seamount at around 400 m of thickness [33] and up to
200-900 m at the top of the seamount [34]. Consequently, sediments of various density can
also contribute to the differences observed.

To have access to more details of the underwater topography or extend the simulation
of the gravity functionals to larger oceanic areas, increasing the spatial resolution of the
gravity grids remains challenging as the number of data points increases. As demonstrated
in this study, this can be optimized by dispatching the computational work on more threads
for tesseroids, or fast radial approximation when the spatial resolution is high enough.

5. Conclusions

Theoretical tesseroids and radial-based operators for gravity modeling have been
successfully derived to accurately estimate the realistic geoid height, vertical gravity, and
gradient anomaly grids from the regional seafloor topography data around the Great
Meteor Seamount. Vertical gravity gradient modeling is particularly suitable for the smaller
scales of the undersea region as geoid measurements are better adapted to the larger spatial
components of the gravity field. In order to reduce the computation time, numerical
optimization is necessary, especially when the spatial resolution becomes finer, such as a
couple of kilometers. Parallelization improves the computation time by a factor of 12 for
a 2° by 3° grid at a 1’ resolution. When both the tesseroid and radial modeling methods
provide very similar numerical estimates, the radial method is faster and preferred when
the resolution (or spatial sampling of the gravity grid) is less than 1’ for geoids. Radial
approximation combined with the use of a spherical cap can also be used to determine the
FAA, but this strategy is not recommended to calculate the VGG as the difference with the
tesseroid approximation is considerable. Those results are summarized in Table 3.
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These optimized modeling strategies enable the terrain reduction or inversion of gravity
observations in larger oceanic areas, but they need to include more information on rock density
difference, sediment layers, as well as the effects of the seamount load compensation.

Table 3. Summary of the resolution thresholds, indicating if the radial approximation can be safely
used or if the tesseroid approximation should be considered.

Geoid (m) FAA (mGal) VGG (E)
Resolution threshold <0.02° <1’ -
Approximation Radial Radial + spherical cap Tesseroids
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