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METASTABLE I'-EXPANSION OF FINITE STATE MARKOV
CHAINS LEVEL TWO LARGE DEVIATIONS RATE
FUNCTIONS.

L. BERTINI, D. GABRIELLI, AND C. LANDIM

ABSTRACT. We examine two analytical characterisation of the metastable be-
havior of a Markov chain. The first one expressed in terms of its transition
probabilities, and the second one in terms of its large deviations rate func-
tional.

Consider a sequence of continuous-time Markov chains (XE") :t > 0)
evolving on a fixed finite state space V. Under a hypothesis on the jump
rates, we prove the existence of times-scales 6’# ) and probability measures
with disjoint supports 7r§.p), j € Sp, 1 < p < q, such that (a) 9,(11) — 00,
0£lk+1)/c9§lk) — 00, (b) for all p, x € V, t > 0, starting from z, the distribution

fX(n)
° (p)
t0.

n

converges, as n — 00, to a convex combination of the probability

measures 7r§p>. The weights of the convex combination naturally depend on x
and t.

Let J5, be the level two large deviations rate functional for Xt("), ast — oo.
Under the same hypothesis on the jump rates and assuming, furthermore,
that the process is reversible, we prove that J, can be written as J, = J(0) +

Zl<p<q(1/0£lp))3(p) for some rate functionals J(P) which take finite values
only at convex combinations of the measures 7r§p): 3(») (1) < oo if, and only if,

"= Zjesp wj 7r]<.p) for some probability measure w in Sp.

1. INTRODUCTION

The metastable behavior of continuous-time Markov chains has attracted some
interest in recent years. We refer to the monographs [52, 13, 32, 37| for the lat-
est developments. In this article, we propose to investigate the Markov chains
metastable behaviour from an analytical perpective, by showing that the Markov
chains semigroup and large deviations rate function encode the metastable proper-
ties of the process. The main results explain how to extract from these functionals
the metastable time-scales, states and wells.

To tackle this problem we consider a sequence of continuous-time Markov chains
(Xt(n) :t > 0) evolving on a finite state space V. Under a natural hypothesis on the
jump rates of these chains, stated in equation (2.4) below, we prove the existence
of

(a) time-scales 921), o 0" such that, as n — oo, o 0, 9537“)/9#) — 00
for 1 <p < q;
(b) and metastable states 7r§p)7 .. ,71'1(53), 1<p<qg.
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The parameter p is called the level and indicates the depth of the wells or, equiva-
lently, the time-scale at which a metastable behaviour is observed. The metastable
) are probability measures on V. It will be shown that, for each fixed

level p, the support of the measures ﬂ” ), . w,(lp ) are disjoint. They represent the

wells among which the process X\™ evolves in the time-scale 6. The number
of metastable set decreases as the time-scales increase: n,41 < n,. A metastable
state at level p+1 is a convex combination of metastable states at level p: for each
l1<p<gqandl<m<n,, (pﬂ) Zj wj(-m)ﬂ](-p) for some probability measure
w™ on {1,...,n,}.

The first main result of this article, Theorem 3.1.(b), states that for all ¢ > 0,
x € V, the distribution of Xt(:;p) starting from x converges to a convex combination

states ;

of the measures 7rj(-p ), 1 < j < n,. More precisely, denote by ptn) (z,y) the transition

probabilities of the Markov chain X("). Then, foreach 1 < p <gq,t >0,z €V,
there exists a probability measure w(p)( )on {1,...,n,} such that

ZW(P) (10) (). (1.1)

lim p

n— 00 tG(p)

The weights wt(pm) (j) of this convex combination naturally depend on z and ¢, and
are obtained by a recursion procedure.

Theorem 3.1 also characerises the asymptotic behavior of the transition proba-
bilities at all intermediate time-scales 5,. Fix 0 < p < q, set 9510) 9(q+1) +00,
and consider a sequence 3, such that ﬁn/G,(Lp) — 00, Bn/&(lp“) — O. Theorem 3.1
provides a formula for the limit of pg:) (x, -) as n — oo. It corresponds to the limit
obtained in (1.1) by letting ¢ — oo after n — co.

Freidlin and Koralov [20], after [3] and [43], examined sequences of Markov
chains on finite state spaces under the same hypothesis (2.4) assumed below and
taken from [3, 43]. Their main results describes the asymptotic behavior of the
transition probabilities at the intermediate time-scales 3,, introduced above. These
results demonstrate the interest of the theory developed in [1, 5, 35, 51, 37], which
permits to investigate the asymptotic behavior of the Markov chain exactly at the
metastable time-scale, and not just before or after it.

We turn to the large deviations. Denote by J,, the level two large deviations
rate functional of the Markov chain X ("), as t — oo [56]. Under the hypothesis
of reversibility, the second main result of this article provides a I'-expansion of the
functional J,, as

I, = 1O 4+ Z J(P> (1.2)

This expansion has to be understood in the sense that J,,, 9,(1”) Jn, 1 <p <y, I'-
converge to (0, @) respectively. The rate functionals J®) take finite values only

at convex combmatlons of the metastable states m; (), I®) (1) < oo if, and only if,

w=>. jes, Wi T; (®) for some probability measure w in Sp,.
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Therefore, both the semigroup and the level two large deviations rate functionals
encode all characteristics of the metastable behaviour of a Markov chain. They pro-
vide the time-scales, the metastable states and the wells. In particular, it becomes
a natural problem to prove such an expansion in other contexts.

We believe that the inductive approach presented here provides a general method
to derive these results, as well as the metastable behavior in the classical sense [1],
of Markov chains with wells of different depths, even if the state space is not fixed,
as assumed here. To be applied, one needs (a) to show that the process quickly
reaches one of the wells (the initial step of the induction procedure) and (b) to
compute the capacities (2.7) and the asymptotic jump rates (2.10).

More precisely, inspecting the proof of Theorem 3.3 reveals that it essentially
relies on the convergences of the generator of the trace process on the wells (more
exactly on the convergence of the average rates P (i,4) introduced in (2.9) be-
low). Since this convergence has been obtained in many different contexts, by
following the strategy proposed here it should be possible to derive the metastable
I-expansion of the large deviations level two rate function for dynamics in which
the state space is not fixed.

This includes random walks in potential fields [39, 41], condensing zero-range
models [2, 31, 54], inclusion processes [25, 17, 9, 27, 28], or statistical mechanical
models in which the volume grows as the temperature decreases. For example, the
Curie-Weiss model in random environment [11, 10], the Blume-Capel model [34],
the Potts model [40, 30, 44], or the Kawasaki dynamics for the Ising model [24].

In particular, it should be possible to apply this approach to non-reversible
diffusions in potential fields,[55, 12, 38, 42, 53, 45, 46], extending Di Gesu and
Mariani [23], who prove the I'-expansion in the reversible case in which there is
only one well at each different depth.

2. THE MODEL

Let G = (V,E) be a finite directed graph, where V represents the finite set
of vertices, and E the set of directed edges. Denote by (Xt(n) t>0),n>1,
a sequence of V-valued, irreducible continuous-time Markov chains, whose jump
rates are represented by R, (x,y). We assume that R,(z,y) > 0 for all (z,y) € E
and n > 1. The generator reads as

(Lnf)(@) = Y Ralwy){fly) - fl2)}.

y: (z,y)EE

Denote by A, (z), z € V, the holding rates of the Markov chain Xt(n) and by p,(z,y),
x,y € V, the jump probabilities, so that R, (z,y) = A\ (2) pn(z,y).

Let 7, stand for the unique stationary state. The so-called Matrix tree The-
orem [21, Lemma 6.3.1] provides a representation of the measure 7, in terms of
arborescences of the graph (V, E).

Denote by D(R4, W), W a finite set, the space of right-continuous functions
r: Ry — W with left-limits endowed with the Skorohod topology and the associated
Borel o-algebra. Let P, = P)', x € V, be the probability measure on the path space
D(R,4,V) induced by the Markov chain Xt(") starting from z. Expectation with
respect to P, is represented by E,.
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Denote by pE”’ (z,y) the transition probability of the Markov chain Xt(n):

p () = PR[X, =y], x.yeV, t>0.
Since the chain is irreducible and m, its stationary state, by the ergodic theorem
for finite state-spaces Markov chains,

lim p{" (2,y) = mn(y) forallz, yeV .
t—o0
Longer time-scales. Assume that lim, R,(z,y) exists for all (z,y) € E, and

denote by Ry (z,y) € [0, 00) its limit:
Ro(z,y) := limRy(z,y), (x,y) € E. (2.1)

Let Ep be the set of edges whose asymptotic rate is positive: Eq = {(x,y) €
E : Ro(xz,y) > 0}, and assume that Eqg # &. The jump rates Ro(z,y) induce a
continuous-time Markov chain on V', denoted by (X; : ¢ > 0), which, of course, may
be reducible. Denote by L) its generator.

Denote by Vq,...,V., n > 1, the closed irreducible classes of X;, and let

Si={L...n}, V=V, A=V \V. (2.2)
jes
The set A may be empty and some of the sets V; may be singletons.

Let Q, be the probability measure on D(R4,V) induced by the Markov chain
X; starting from z.

For two sequences of positive real numbers (o, : n > 1), (B, : n > 1), oy, < By, O
Bn > oy, means that lim, o o, /B, = 0. Similarly, a,, < 3, or 5, = «, indicates
that either a,, < 8, or a,, /B, converges to a positive real number a € (0, 00).

Let

n = max R,(z,
R (z,y)€E\Eq n( y)
so that 7, < 1. Choose a sequence (3, such that 1 < 3, < 7, 1. Couple Xt(") and
X; making them jump as much as possible together. Denote by P, the coupling
measure. Since 3, <7, 1, for all z € V

lim P, [X{" = X,,0<¢<8,] = 1.

n—oo
In particular, for all z, y € V'

. (n) _ 7 D — — (0) ) o
fin o)) = i B[, =] = 3ae) 70,
J

#

where 7, 1 < j < n, represents the stationary states of the Markov chain X

restricted to V; and a® (x, ) the probability that the chain X; starting from z is
absorbed by the closed recurrent class V;:

a®(z,5) = Jlim @ [X¢ € V] (2.3)

In the first part of this article, we investigate the asymptotic behaviour of
pgl)(x,y) in different time-scales §,. The definition of the time-scales and the
description of the asymptotic behaviour is based on a construction of a tree [3, 43]

presented after the statement of the main hypothesis of the article.

n
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The main assumption. Two sequences of positive real numbers («, : n > 1),
(Bn :n > 1) are said to be comparable if o, < B, Bn < ap, Or i, /Br — a € (0,00).
This condition excludes the possibility that the sequence «,,/f,, oscillates between
two finite values and does not converge.

A set of sequences (o : n > 1), u € R, of positive real numbers, indexed by some
finite set 2R, is said to be comparable if for all u, v € R the sequence (o : n > 1),
(af :n > 1) are comparable.

Let Z4+ ={0,1,2,...}, and let X,,,, m > 1, be the set of functions k : £ — Z,
such that Z(m,y) cr k(z,y) = m. We assume throughout this article that for every
m > 1 the set of sequences

( J] Bel@p)f@¥:in>1), keX,, (2.4)
(z,y)EE

is comparable.

Remark 2.1. This hypothesis on the jump rates is taken from [3] and [43]. It also
appears in [20], what supports the assertions that this condition is natural in the
context of metastability.

As observed in [3], assumption (2.4) is fulfilled by all statistical mechanics models
which evolve on a fixed state space and whose metastable behaviour has been derived.
This includes the Ising model [49, 50, 7, 15], the Potts model with or without a small
external field [48, 29], the Blume-Capel model [18, 33|, and conservative Kawasaki
dynamics [14, 22, 26, 6].

A rooted tree. In this subsection, we present the construction, proposed in [3, 43],
of a rooted tree which describes all different metastable behaviours of the Markov
chain Xt(n). This construction plays a fundamental role in the statement of the
main theorems of this article. The reader will find at the end of this section a
simple example which may help to understand the construction.

The tree satisfies the following conditions:

(a) Each vertex of the tree represents a subset of V;

(b) Each generation forms a partition of V;

(c) The children of each vertex form a partition of the parent.
(d) The generation p + 1 is strictly coarser than the generation p.

The tree is constructed by induction starting from the leaves to the root. It
corresponds to a deterministic coalescence process. Denote by q the number of steps
in the recursive construction of the tree. At each level 1 < p < q, the procedure
generates a partition {v§p>, . ,\7,(11;), A,}, atime-scale 0" and a {1,...,n,}-valued
continuous-time Markov chains XEP ) which describes the evolution of the chain
Xt(;;p) among the subsets Vgp ), . ,V,(f; ), called hereafter wells.

The leaves are the sets Vi,...,Va, A introduced in (2.2). We proceed by in-
duction. Let S; = S, n; = n, Vgl) =V, 7€ 51, A1y = A, and assume that the
recursion has produced the sets \751’), . ,\7511;), A, for some p > 1, which forms a
partition of V.

Denote by Hu, qu', A C V, the hitting and return time of A:

Hy = inf{t>0: X" e A}, Hf =imf{t>n:X"ecA}, (25
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where 7 represents the time of the first jump of the chain Xt("): 71 =inf{t > 0:
X 4 X0,

For two non-empty, disjoint subsets A, B of V', denote by cap,, (A, B) the capacity
between A and B:

cap,,(A,B) = Z Tn(z) A (2) P [Hs < Hf | . (2.6)
€A

Set S, ={1,...,n,}, and let 95}7) be defined by

1 cap,, V(P) V(p)) < (p) (»)
Pl = Z V(p)) ,  where V}" = U Vi (2.7
n i€s, jes\{i}

The ratio m, (Vgp))/capn(\?g-p), vgp)) represents the time it takes for the chain Xt("),

9%’9 ) corresponds to

starting from a point in V;” ) to reach the set \V72(-p ). Therefore,
the smallest time needed to observe such a jump.

Recall from (A.1) the definition of the trace of a Markov chain. Denote by
{Y;"? . t > 0} the trace of {X™ : ¢ >0} on V® and by R : VP x V¥ R,

its jump rates. By equation (2.5) in [32],

RP)(z,y) = Au(z )P} [H,=H z,yeV®) Ly, (2.8)

V(p)} ’

Denote by i) (4,7) the mean rate at which the trace process jumps from VZ(-p) to

(p).
o

W) = 3 m@) 3 R @) (2.9

n( i ):pe\?(-p) yev(_p)
i 3j

Under the assumption (2.4), [43] proved that the sequences 07 7 (i, j) converge
for all i # j € S,. Denote the limits by r®) (i, j):

r®) (G, 5) = nllrgoegp) P, j) € Ry . (2.10)

Denote by (XEP )it > 0) the S,-valued continuous-time Markov chain induced
by the jump rates 7(P)(j, k), and by L) its generator. Let ®, : V() — S, be the

projection which sends the points in V;p ) to VE

Z k Xy -

keS,

In this formula and below, x , stands for the indicator function of the set A.
Next theorem is the main result in [43].

Theorem 2.2. Assume that condition (2.4) is in force. Then, for each 1 < p < q,

(p)

jESy, T € Vj , under the measure P}, the sequence of S,-valued, hidden Markov

processes QP(X:;()I,)) converges weakly in the Skorohod topology to X?’. Moreover,
the time spent innAp is negligible in the sense that for allt > 0,

¢
lim max Em[/O XAP(XEZQP))dS} =0.

n—00 ycV(p)
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The process XEP ) describes therefore how the chain Xt(n) evolves among the wells
V;p ) in the time-scale 97(? ). Let pﬁp )(z', Jj) be the transition probabilities:

PP, 5) = QP (X, =4], t>0,i,j€S,, (2.11)

where QEP ) stands for the probability measure on the path space D(R., S,) induced
by the Markov chain X{") starting from i.

By [43, Theorem 2.7], there exists j, k € S such that r®)(j, k) > 0. Actually, by
the proof of this result

(®) y(p)
cap, (V¥V}
Zr(p)(ja k) > 0 for all j € S, such that  lim 97(117) M

ey n=c0 Tn (\75_17))

>0. (2.12)

Denote by m? ), . ,9‘“\(17 ) the recurrent classes of the Sp-valued chain Xﬁp ), and

p+1

by T, the transient states. Let R() = Uji)ﬁig.p), and observe that {R"”, ... %% T}

Np+17
forms a partition of the set S;,. This partition of .S, induces a new partition of the

set V. Let

\77(7’1’“) = U Vg-p), gt .= U V§p), meée S,y = {1,....,n11},
jenr® JET,
so that V. = Appq U V®+Y)  where
VR =] vt A = A, U TEED (2.13)
meESp41
The subsets vﬁp“), . ,ng;ﬂ), Api1 of V are the result of the recursive proce-

dure. We claim that conditions (a)—(d) hold at step p + 1 if they are fulfilled up to
step p in the induction argument.

The sets Vgpﬂ), . ,V,(liﬂ), Ap 41 constitute a partition of V' because the sets
mgp), . ,DRSE;L, T, form a partition of S,, and the sets vﬁ“, .. .,V,(IZ), A, one of

V. Conditions (a)—(c) are therefore satisfied.
To show that the partition obtained at step p+1 is strictly coarser than {V(lp ), ceey

V&?,AP}, observe that, by (2.12), 7®)(j,k) > 0 for some k # j € S,. Hence,

either j is a transient state for the process Xﬁp ) or the closed recurrent class which

contains j also contains k. In the first case A, C A,4, and in the second one
there exists m € S, such that V;p ) U V,(cp ) C V(mpﬂ). Therefore, the new partition
T VPTD ALY of Vosatisfies the conditions (d).

Mpt1 2
The construction terminates when the S,-valued Markov chain X§p ) has only one
recurrent class so that n,y; = 1. In this situation, the partition at step p + 1 is
+1
vgp : Apir.
This completes the construction of the rooted tree. Recall that we denote by q
the number of steps of the scheme. As claimed at the beginning of the procedure, for

)

each 1 < p < q, we generated a time-scale 9%”), a partition P, = {Vgp), ... ,\7,(1};), Ay,
where Py = {Vq,..., Vs, A}, Pgy1 = {ngJrl),AqH}, and a Sp-valued continuous-

time Markov chain Xgp .
Furthermore, by construction,

AP - AP+1» 1<p<gq, (214)
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by [43, Assertion 8.B],
oW < grth 1 < p<q, (2.15)
and by [43, Assertion 8.A] or equation (8.2) of this article,

lim L:(v)) exists and belongs to (0, 1] (2.16)

n—o00 T (Vjp )
forall1§p§q—|—1,j65p733€\7§-p).

The partitions P1, ..., Pq4+1 form arooted tree whose root (0-th generation) is V/,
first generation is {ngﬂ), Ag41} and last ((q+1)-th) generation is {Vy, ..., Vy, A},
Note that the set VPt corresponds to the set of recurrent points for the chain
Xﬁp ) In contrast, the points in A, are either transient for this chain or negligible
in the sense that the chain Xt(n) remains a negligible amount of time on the set A,
in the time-scale 6 (cf. [3, 43]).

Example. We conclude this section with an example to help the reader under-
standing the tree’s construction. Let V' = {0,...,29}, and consider the energy
H:V — {0,...,4} given in Figure 1. Note that H(k + 1) — H(k) = +1 for
0 < k < 29. The energy H has 9 local minima, represented in Figure 1 by =1, ... x9.

Consider the V-valued continuous-time Markov chain Xt(n) whose jump rates are
given by Ry, (k,j) = 0if j # k£ 1 and R, (k,k+1) = exp{—n[H(k + 1) - H(k)]*},
where a™ = max{a,0}. Hence if H(k + 1) — H(k) = —1 the chain jumps from % to
k £+ 1 at rate 1, while if H(k £ 1) — H(k) = +1 it jumps from k to k £+ 1 at rate
e~ ™. More simply, observing the energy landscape presented in Figure 1, the chain
jumps “downwards” at rate 1 and jumps “upwards” at rate e™".

It is easy to check that the stationary state, denoted by m,,, is given by =, (k) =
(1/Z,) exp{—nH(k)}, where Z,, is a normalising constant, and that ,, satisfies the
detailed balance conditions. In particular, and since the downward jump rates are
equal to 1, ¢, (4, k) := 7 () Ru(j, k) = mn(j) A mn(k). Tt follows from this identity
and Lemma 7.3 below that the capacities introduced in (2.6) are easy to estimate
in this example.

® © 06 0606060606 06 06060606 0 0 0060 00 0 0 0 0 0 0 0 0 0
X1 i) I3 Ty Is Te X7 xIs T9

FIGURE 1. The energy landscape of the Markov chain Xt(n).

Consider the tree construction presented at the beginning of this section.

Step 1: the leaves. In the first step we determine the leaves of the tree, which
correspond to the closed irreducible classes of the chain X;. In this example, the
closed irreducible classes are the local minima of the energy H so that n = 9,
Vi ={z;},1<35<9, A=V \{x1,...,29}, and the leaves are the sets A and V;,
1<7<09.
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Denote by q+ 1, g > 0, to total number of generations of the tree. The exact

value of q + 1 will only be known at the end of the construction.
Step 2: the generation q. The second step consists in determining the smallest
transition time between a well V; to a well V. This is the smallest time-scale it
takes for the process Xt(") starting from V; to hit Vj. In the above example this
time-scale is 05 = e™. In this time scale, the trace of Xt(n) on 'V =U;V; evolves as
a Markov chain and converges, as n — 0o, to a V-valued Markov chain, represented
by X,(fl). The states z1 and x2 are transient states for X,El) and absorbed at the
recurrent state xs. Similarly, the states x5 and xg are transient states for Xgl) and
are absorbed by z4. The states x7, xg form a closed irreducible class of X,El), as
well as the point zg.

Therefore, T, = {1,2,5,6}, ®{Y = {3}, ®YY = {4}, ® = (7.8}, ®Y =
{9}, so that V¥ = {z3}, V¥ = {4}, V) = {or,as}, VP = {29}, Tn =
{x1, z2, x5, 26 }. Moreover, the generation q of the tree has 5 elements: Ay = AUT,,
and V) 1< j <4
Step 3: the generation q — 1. At this point, we need to determine the smallest
transition time between the wells \7:([2), \7%2)7 \7;2) and \7512). In this example the
smallest transition time is 02 = 2.

Let V2 = U1§j§4\7§-2), and denote by ¥, the trace of the process Xt(n) on V3,
Consider the projection ®, : V) — S, = {1,2,3,4} which sends the points in \75.2)
to j. Note that ®5 is not a bijection. In consequence the process ‘I)Q(Ytn’g) is not a

Markov chain. It is however possible to prove (cf. [1]) that the process <I>2(Y;Z£))
) I

converges to a Ss-valued Markov chain, denoted by XgZ .

)

The states 1 and 3, which corresponds to the sets \752 and \752), respectively, are

transient for the chain ng), while the states 2 and 4, which corresponds to the sets
\7;2) and Vf), respectively, form closed irreducible classes. The state 1 is absorbed
at 2, while the state 3 may be absorbed at 2 or 4.

Thus, in this example, To = {1,3}, R? = {2}, ®RY = {4}, so that V¥ = {a,},
\7;3) = {x9}, T3 = {x3,27,28}. The generation q — 1 of the tree has 3 elements:
As=AyUTs, and V), j =1,2.

Step 4: the generation q—2. We need now to determine the smallest transition
time between the wells \753) and Vgg). In this example it is 65 = e3".

Let V®) = Vgg) U \753)7 and denote by Y;*? the trace of the process Xt(n) on
V). Tt is however possible to prove (cf. [1]) that the process Y:;;’) converges to a

{1, 2}-valued Markov chain, denoted by XES).

The states {1,2} form a irreducible class for ng). Hence T3 is empty and
RO = m§3> = {1, 2}, so that \754) = {x4,29}, T4 = &. The generation q — 2 of the
tree has 2 elements: Ay = Ag, and \7§4).

As there is only one closed irreducible class, the construction is completed and
the value of q is revealed. The partition {A4, \754)} of V' corresponds to the first
generation. Since, by construction, it is also the (q — 2)-th generation, we deduce
that ¢ = 3 and that the tree has q + 1 = 4 generations. To get a rooted tree,
we declare that the root, which corresponds to the zeroth generation, is the set
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V=A UV(14). The tree associated to the example presented in Figure 1 is depicted
in Figure 2.

{za} A{zo}  A{xs} A{zr} {ws}t {z} {22} {5} {ze} A

{za} {zo} {3} {z7, 28} Ay

{wa}  {zo} A

{x47x9} A4

v

FIGURE 2. The tree or coalescence process generated by the
Markov chain X ™.

3. THE MAIN RESULTS

In this section, we enunciate the main results of the article. The statements

require a further layer in the tree construction presented in the previous section.

At each step 1 < p < g+ 1, we introduce a set of probability measures Wj(-p ),

j € Sp, on V. The construction of these measures is carried out below by induction.
In Proposition 3.2, however, we characterise the measure 71'](}7 ) as the limit of the

stationary state m, conditioned to Vgp U particular,

the support of 7T](-p )

Moreover, in Theorem 3.1.(b) we show that for all ¢ > 0, € V, the distribution

of Xt(:()p) starting from x converges to a convex combination of the measures W;p ),
n

j € Sp. The weights of this convex combination depend on = and ¢. This result

asserts, therefore, that the measures WJ(.P ) are the metastable states of the process

Xt(n) observed on the time-scale HT(LP ).
We proceed by induction. Let 7r](»1), j € 51, be the probability measure on V

given by 7r§1) = ng,
chain X, restricted to the closed irreducible set V;l) =V;. Clearly, condition (3.1)
is fulfilled.

Fix 1 < p < q, and assume that the probability measures W;p

is the set \7§-p) . (3.1)

1)
J
where, recall, 7T§ represents the stationary states of the Markov

), J € Sp, has been

defined and satisfy condition (3.1). Denote by ]\L(f)(~), m € Sp11, the stationary
state of the Markov chain XEP ) restricted to 9%55). The measure MT(,{) ) is understood
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as a measure on S, = {1,...,n,} which vanishes on the complement of R Let
7r§5+1) be the probability measure on V(p ) given by
tt(@) = Y MPG)aP (), zeV. (3.2)

jeRY

Clearly, condition (3.1) is in force. Moreover, 7 is a convex combination of

the measures 77( P) ,J € 9‘{(1’) A fortiori, for each 1 <p < q+1, m € S5, 71'%) is a
convex combmatlon of the measures 7r§7 Jjes~s.

We further add absorption probabilities at each step. Let a(®(z,j), =z € V,
j € S1, be the probability that the Markov chain X; starting from x is absorbed at

the closed irreducible set Vj(l):
a®(z,5) = Jlim Q,[X; € V;]. (3.3)

Note that a(®)(z, -) is a probability measure on S; for each 2 € V.
Fix 1 < p < q and assume that a®® V) (2, ;) has been defined. Let A®)(j,m),

j € Sp, m € Spi1, be the probability that the chain XEP ) starting from j has been
absorbed at the closed irreducible set SR(p ).

() (; — P) ;
AP (5,m) - tlggo Z pt (4,k), j€Sp,, meSp. (3.4)
kR

Forxz e V, m € Spy1, let

a® (z,m) = > a®(, ) AP (G, m) . (3.5)

JESp

Since A®) (4, -) is a probability measure on S,11, it is easy to show by induction
that a(P)(z, -) is a probability measure on Spt1 foreach z € V,1<p<yq.

Let 0%0) =1, 97({”1) = 400 for all n > 1. The first main result of the article
reads as follows. It provides a complete description of the ergodic behavior of the
Markov chain X",

Theorem 3.1. Assume that condition (2.4) is in force. Then,

(a) Foreachl <p<q+1, sequence (B, : n > 1) such that 97(39_1) < Bn < 97(5’),
andx €V,

Tim pf (2, ) = Ty, ) == > aP D) m” (). (3.6)
jES,
(b) Foreach1<p<q,t>0,z€V,
hm p( (p) Z wt (z,j) p)( ), (3.7)
JESp

where

WP (@,5) = 3 " V(a, k) pi (k,5) .

k€S,
(c) Foralllﬁpgq,jesp,xev

lim lim p( (p) Z aP=Y(z, 5) (p)( )

t—0n—o0
JESp
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(d) Foralll<p<q,1<j<n, z€eV,

o fp(eo) = 3 e nmmt).
meSp4+1

Moreover,

lim 7, (Aq41) = 0, lim m,(x) exists and belongs to (0, 1] (3.8)

n—oo n— oo

for all z € VE+1),

Note that the right-hand side of (c¢) and (d) coincide with the one obtained in
(a). These assertion state that at the time-scale 6" a smooth transition between
two different regimes is observed.

Part (b) of this theorem states that, starting from x, the distribution of the
process at time té)ﬁlp ) is close to a convex combination of the measures 7T](€p ), ke S,

(p)
k

The weight of the measure 7,/ is given by the probability that the process is

initially attracted to a well Vg.p ) times the probability that the dynamics among the
wells drives the process from the well V; to the well V;, in the “macroscopic” time
intervall [0, ¢].

The next result provides a formula for the measures 7Tj(»p ) and for the absorbing

probabilities a?~(z, j). Recall that for each x € V, a?»=V(z, -) is a probability
measure on Sp.

Proposition 3.2. Fixr1<p<q+1,j€S5, Forallze V;p),

lim _Ml(2)_ = 77(-p)(z).

n—o00 ﬂ.n(vgp)) J
Ifx € Vg-p), then a®P=1(z, k) = ik, k€ Sp. On the other hand, if x & V®) | then

" =V(z,5) = lim PP Hyp < Hyo ] -

n—r oo

Large deviations rate function expansion. We assume from now on that the
dynamics is reversible: m,(z) Ry (z,y) = mn(y) Rn(y,z) for all (z,y) € E. For a
probability measure v on a finite space W and two functions f, g : W — R, let

(fr9)w = > fl@)g(@)v(z).
zeW

By [56], for each fixed n > 1, the occupation time distribution of the chain X",

defined by
- /t Sxn d
t ), Xn as,

satisfies a large deviations principle as ¢ — oo, the so-called level 2 LDP. In this
formula, §,, z € V, represents the Dirac measure concentrated at x, so that
t=1 fot dxn ds is a random element of P(V'), the space of probability measures on
V. Denote by J,, : P(V) — [0, 00] the level two large deviations rate function:

Tn(p) = —inf ) W (), (3.9)

zeV
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where the infimum is performed over all functions v : V' — (0,00). Since we
assumed reversibility and m,(z) > 0 for all z € V, for all measures p € P(V), by
[19, Theorem 5],

() = (Vfur (= L)V Fu )m s (3.10)

where fo(@) = 1(2) /7 (a).

The second main result of this article provides an expansion of the rate function
J,. Recall that we denote by L(9) the generator of the Markov chain X; introduced
right after (2.1). Let 3 : P(V) — R, be given by

g(O)(M) — — inf u(x)w

u>0 £ u(x)

: (3.11)

where the supremum is carried over all functions v : V' — (0,00). Theorem 3.3
below states that the sequence of rate functions J,, T-converges to 3. In (8.8),
we show that J© (1) = 0 if and only if there exists a probability measure w on S;
such that
po= 3wt (3.12)
JES1
For such measures p, it is natural to consider the limit (3,7, (x) for some sequence
Bn — 00.
Fix 1 < p < q. Denote by P(S,) the set of probability measures on S,. Let
J®) . P(V) — [0, 4+00] be the functional given by

L®h ®)
— inf iji if u= ijwjp and w € P(S,) ,
j(p)(,u) = h JES h JES, (3.13)

+ oo otherwise .

In this formula, the infimum is carried over all functions h : S, — (0, 00). We prove
in (8.12) that

P (4) < oo ifand only if IP(u) = 0.

By (3.12), this assertion holds also for p = 0.

Recall the definition of I'-convergence. We refer to [16] for an overview on this
subject. Fix a Polish space X’ and a sequence (U, : n € N) of functionals on X,
Up: X — [0,400]. The sequence U, I'-converges to the functional U: X — [0, +o0]
if and only if the two following conditions are met:

(i) T-liminf. The functional U is a I-liminf for the sequence U,: For each
x € X and each sequence x,, — , we have that liminf, U, (z,) > U(z).

(ii) T-limsup. The functional U is a T-limsup for the sequence U,: For each
x € X there exists a sequence x,, — x such that limsup,, U, (z,) < U(z).

Theorem 3.3. The functional J,, T-converges to 39 . Moreover, for each 1 < p <
q, the functional 97(3)) J, T-converges to J®)

This theorem provides an expansion of the large deviations rate function 7,
which can be written as

q
1
Iy =90 4+ Y — @ (3.14)

p=1Un
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Therefore, the rate function J,, encodes all the characteristics of the metastable
behavior of the chain X("). The time-scales 9(p) appear as the weights of the
expansion, and the meta-stable states 7T(p ), Jj € Sp, generate the space where the
rate functional J®) (1) is finite. Indeed, by (8.9), I®) (1) is finite if and only if p is
a convex combination of the measures 7r](-p ), Jj € Sp.

Next result is a simple consequence of the level two large deviations principle
and the T'-convergence stated in Theorem 3.3 (cf. Corollary 4.3 in [47]).

Corollary 3.4. Fiz 0 < p < q and recall that GSLO) = 1. For every x € V, closed
subset F' and open subset G of P(V),

0
lim sup limsup — log P / dxn ds € F] < — inf J(p)( ),

n—oo t—o0 peF

9(19)
lim inf liminf —— log Pg{f/ Oxn ds € G} > — inf 3P (y) .
n—o00  t—00 t tJo s neG
Theorem 3.3 extends to the context of continuous-time Markov chains evolving
on finite state-spaces a result by Di Gesti and Mariani [23] proved for reversible
diffusions with a single valley at each different depth.

Remark 3.5. Theorem 3.3 should hold for nonreversible dynamics. Reversibility
is assumed here only to compute the T'-limsup through formula (3.10). It should
also be possible to obtain a metastable I'-expansion for the level 2.5 large deviations
rate function derived in [8].

Remark 3.6. The proof of Theorems 3.1 and 3.8 do not require the full strength
of assumption (2.4), but only the ability to compute some capacities, the limit of
the ratio of some measures and of mean jump rates. Stating, however, the minimal
conditions would require much work.

4. THE FIRST TIME-SCALE

In this section, we prove conditions (a) and (b) of Theorem 3.1 for p = 1.
Throughout the article, we adopt the following notation, O(e) represents a term
whose absolute value is bounded by Cje for some constant Cy independent of n
and e. Similarly, o,,(1) represents a term which vanishes as n — oc.

Recall that we denote by (X; : t > 0) the V-valued continuous-time Markov
chain with jump rates Ro(x,y), and by Q. the probability measure on D(R,V)
induced by the chain X; with jump rates Ry starting from x. For x, y € S, let

w(:r,y) = tli)rgo(@r[xt = y} . (41)
Clearly,
w(z,y) =0, ye A and w(z,y) = a(O)(azj)wg(y), yev;, (4.2)

where a(®) (z, j) has been introduced in (3.3).
Denote by W;, j € S, the set of points in V' which may end in the set V;:

W; = {zeV:aD,j) >0}. (4.3)
Note that V = U;W;. Let B; be the set of points attracted to V;:
= {xGV:a(O)(x,j) =1}.
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Clearly, Vj C B]‘ C Wj, and ‘Bj = Wj\(Uk;,ngk) = V\(Uk#Wk). In other words,
B :Bu,#jwk. Moreover, as al®(z,j) = 0 for © € Ugx; By, and a®(z,j) = 1 for
T € by,

w(z,y) = 0, w(z,z) = 71'2(2), z,2€V;, yeVy, k#j. (4.4)

The first result describes the asymptotic behavior of pgn) (z,y) in the slowest
time-scale, t = O(1).

Lemma 4.1. For every € > 0, there exists T, such that

limsup | P} [ X7, =y] — w(z,y)| < e forall z,y €V,

n—oo

where w(x,y) has been introduced in (4.1).
Proof. Fix € > 0. By the ergodic theorem, there exists 7T, < oo such that
| Qu[Xr, =y] — w(z,y)| < ¢ (4.5)

forall z, y e V.
Couple Xt(n) and X; making them jump together as much as possible. Denote

by P the measure on D(R4,V x V) induced by the basic coupling starting from
(z,z). By (2.1), for all T > 0,

lim POV[X, = X(™ |, 0<t<T] = 1. (4.6)
n— oo
The assertion of the lemma follows from (4.5) and (4.6) with T' = 7. O

Recall the definition of the sets V;, 1 < j < n, introduced in (2.2). The chain X,
has only one closed irreducible class if, and only if, n = 1.

Corollary 4.2. Assume that w = 1, Then, lim,,_ o pgi)(x,y) = 7t(y) for all z,
yeV, by > 1.

Proof. Fix ¢ > 0, and let T, be the constant given by Lemma 4.1. By the Markov
property,

p5 @ y) = S pY) g (2, 2) p (2, y) -
zeV

By Lemma 4.1 and (4.2), since a(®(y,1) = 1 for all y € V, the right-hand side is
equal to

P (2,2) 7Hy) + O(e) + on(l) = TH(y) + O(E) + on(1),
zeV

which completes the proof of the corollary. O

Corollary 4.2 shows that the asymptotic behavior of the transition probability
pgn) is trivial if n = 1, that is if the Markov chain X; has a unique closed irreducible

class. Assume that n > 2.
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The time-scale 9&1). Recall the definition of ny, S7, and the sets Vg»l), jEe Sy, Aq,

introduced just above (2.5). Let 6, = 05" be given by (2.7) with p = 1.

Recall from [43, Section 2.3] the definition of the sequence «,. In the present
context, by (2.1), the sequence «,, converges to a positive real number. By Asser-
tions 7.B and equation (7.4) in [43], 6,, > 1. The next result is the first assertion
of Theorem 3.1.

Proposition 4.3. Let (5, : n > 1) be a sequence such that 1 < B, < 0,,. Then,
(3.6) holds for all z, y € V.

Recall that we call the sets V; wells. A time scale 8, < 6, is not long enough
to allow the process to jump from a well to another. This is the content of the
next two results. Lemma 4.4 states that starting from a well V; the process does
not visit another well (the set \v7j introduced in (2.7)) in a time-scale 3, such that
Brn < 0. Corollary 4.5 extends this result asserting that the points that might end
up in another well (the set Uk#Wk) are also not visited in this time-scale.

Lemma 4.4. Let (8, : n > 1) be a sequence such that 8, < 0,. Then, for all
jes, zeV;,
nh_)rr;on [H\v?j < Bn] =0.

Proof. Fix j € S, x € V;. By Lemma A.4 and (2.16), the probability appearing in
the statement of the lemma is bounded by Cg S, cap,,({z}, \u7j)/7rn(\7j) for some
finite constant Cy, independent of n and whose value may change from line to line.
By equation (B2) in [32], this expression is bounded by Cy 8, cap,,(V;, V;)/mn(V;).
By the definition (2.7) of 6,,, this expression is less than or equal to Cy 8,, / 8,,. This
concludes the proof of the lemma. O

Corollary 4.5. Let (8, : n > 1) be an increasing sequence such that B, < 0p.
Then, for all j € S, x €V;,

lim PJ'[Hge < B,] = 0.

n—00 J
Proof. Assume first that 3, > 1. Fix j € S and v € V; and keep in mind that
B; = Ukijwk.

We proceed by contradiction. Suppose the assertion does not hold. In this case,

there exists 6 > 0, k # j, z € Wy and a subsequence n’, still denoted by n, such
that P H, < B,] > 0 for all n. By the strong Markov property and this bound,

Pl[Hy < 2B,] 2 PPH. < B,|PI[Hy, < ] 2 6PI[Hy < Ba].

Since z € Wy, there exists ' > 0 and Ty < oo, such that Q, [Hvk < TO] > ¢'. By

(4.6) this estimate extends to Xt("): P! Hy, < Ty] > &'/2 for all n sufficiently
large.

Combining the previous estimates yields that P;L[H\v?j < 2B,] = 06'/2 for
all n sufficiently large because 3, — oo. This result contradicts the assertion of
Lemma 4.4 and completes the proof of the corollary in the case 3, = 1.

If the sequence f,, is bounded, the result follows from the coupling (4.6) because
Qu[Hw, <oo] < Qz[Hys <oo] = 0forallze€V;, k+#j. O
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Proof of Proposition 4.3. Fix z, y € V, € > 0, and recall the definition of w(x,y)
introduced in (4.1). Since V represents the set of recurrent points of the chain Xy,
there exists T. > 0 such that

Qu[Xr e V] >1-¢, |Qu[Xr=2]-wwz)| <e¢ (4.7

forallw, z eV, T > 1T..
Assume first that y € A. By the Markov property,

Py [Xs, =y] = D PI[Xp,—n. = 2] PI[ X1, = y].
zeV

By (4.6), (4.7) and (4.2), the right-hand side is bounded by 0, (1) + &, which proves
(3.6) for y € A.
Assume that y € Vy, for some k € S;. By the Markov property,

z€V
By (4.6), (4.7) and (4.2), the right-hand side is equal to
Y > V@) ()P [ Xp,or. = y] + 0a(1) + Ofe) .
JES z€V;

Since B, < 6,, by Corollary 4.5, we may add inside the probability the event
{Hg; > fBn}. The previous sum is thus equal to

Z Z a®(z, 5) Wg(z) P! Xp,-1. = v, Hpe > Bn] + on(1) + O(e) .
JES z€V;
As y belongs to V;, and Vi, N B; = @ if j # k, this sum is equal to
Z a(O)(x’k) ﬂlﬁg(z) P;L[X/J’n*Ts =Y, H’Bg > ﬁn] + On(l) + O(E)
2€Vy

In view of the presence of the event { Hge > ,}, the previous probability is equal
to

Z Pzn[XBrTE =y, Xg,—2or. = w, Hze > ﬁn]

wEBy

By Corollary 4.5, we may remove the event { Hgze > f3,} at a cost 0,(1) and apply
the Markov property to conclude that the previous sum is equal to

Z P! Xg, or. = w|PL[ X1 = y] + o0n(1).

weBy

By (4.6), (4.7) and (4.2), this expression is equal to

> P X, or, = w] a®(w, k) mh(y) + on(1) + O(e) .
wEB
Since w belongs to By, a(o)(w, k) =1 and the previous expression is equal to
T () P [ Xp,—ar. € Br] + ou(1) + O(e) .

Since z belongs to Vi and {Xp, —or. & Bi} C {Hp; < B}, by Corollary 4.5, the
expression in the previous displayed equation is equal to w,’i (y) + on(1) + O(e).
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Combining the previous estimates yields that
P Xs, =y] = Y a @, k)nl(2)mh(y) + oa(1) + O(e)
2€Vy
= a0 (z, k) 7 (y) + on(1) + O(e)

as claimed. ]
The time-scale ¢6,,. We turn to the proof of Theorem 3.1.(b) for p = 1.
Proposition 4.6. Assertion (3.7) holds forp=1and allt >0, z € V.

The proof of this result relies on the following lemma.
Lemma 4.7. Recall the definition of the set A introduced in (2.2). Then,

lim lim supmax max sup PJ'[Xy, €A] = 0.
020 nooo JES EV; 25<5<35

Proof. Fix ¢ > 0 and let T, be the constant given by Lemma 4.1. By the Markov
property, the probability appearing in the statement of the lemma is bounded by

Iynea‘:}(P;[XTf €A]

By (4.2) and Lemma 4.1, this expression is bounded by € 4 0, (1), which proves the
lemma. ]

By [35, Proposition 2.1], [43, Theorem 2.7] and Lemma 4.7, for every ¢t > 0, j,
ke S, xeVy,

lim P’[ X9, € Vi] = pi (. k), (4.8)

n—oQ

where the transition probability pgl) has been introduced in (2.11).

Proof of Proposition 4.6. Suppose that y € A and fix ¢t > 0, € > 0. In this case, by
the Markov property

P! X, =y] = > Pr[Xip, 1. = 2] P [ X5, = y],
z€V
where T, is given by Lemma 4.1. By this lemma, the second probability on the
right hand side is bounded by w(z,y) + & + 0,(1). By (4.2), as y € A, w(z,y) =0
so that
lim P)'[ X, =y] =0,

n—oo

as claimed.

Suppose that y € V,,, for some m € S; and fix t > 0, ¢ > 0. By the Markov
property

Pl [ X, =y] = D PI[Xn = 2] P[Xuy,or. = 2| PI[ X5, = y],

z,2'eV

where T; is given by Lemma 4.1. By this lemma and (4.2), which asserts that
w(a',y') =0if y' € A, this expression is equal to

Z Z Z w(w,2) PP Xyg,—or. = 2 |w(z',y) + & + on(1) .

z'€V jeS1 z€V;
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The first part of the proof permits to restrict the first sum to z’ € V. Since y € V,,,
by (4.4), we may further restrict the sum to 2z’ € V,,, and then replace w(z’,y) by

wg)(y). Hence the previous sum is equal to

ZZ th_QT EV]Jré‘JrOn(l),

JEST ZGV
where we summed over 2’ € V,,,. By (4.8), as n — oo, this expression converges to
N (1)
W) Y Y w@ ) Gm) + e = Y aOw i Gm)al) ) +
JES1 2€V; JES:

as claimed. O

5. LONGER TIME-SCALES

In this section, we complete the proof of Theorem 3.1. We first derive some
properties of the weights a(?) needed in the argument. Recall that q represents the
number of time-scales or steps in the construction of the rooted tree in Section 2.

Moreover, the chain Xiq) has only one closed irreducible class.
Next result states that a point in the closed irreducible class Vﬁp 1 s not ab-
sorbed at ng{ﬂ) for m # £.

Lemma 5.1. Forall0 <p<q, £ € Spy1, ;UGVPH
aP(z,m) = 0 forall m € Spyi\{¢}. (5.1)

Proof. The proof is by induction in p. For p = 0, by definition (3.3) of a(®), for all
£€S1,.Z‘€Vg,m€S1\{£},

(0) = 1 =
a™ (z,m) tlggc(@m[xt c Vm] 0

because the sets V), are the closed irreducible classes of the chain X;.
Assume that (5.1) holds for 0 < p <r —1. Fix ¢ € S,41, z € Vé’““), m e
S,1\ {¢}. By definition of a(™ (x,m),
a(")(x, m) e Z a(T'—l)(x7j) Ql(T) (]7 m) .
JESr

(r)

We may restrict the sum to j € Ry,’. Indeed, since S, \ 9%5:;) = ukesm\{m}m,ﬁ’”)

and since the sets SR,(:), k € Sy41, are the closed irreducible classes of the chain
Xir), AT (j,m) =0 for j € S, \ R, Hence,
a(@,m) == Y al" (x5 A7(j,m) .
JERS
On the other hand, as x € Vérﬂ) = U (T)V and ER ﬂ D‘i,(f;) = & because
£ # m, x belongs to some Vgr) with ¢ & D‘i,(ﬁ . Thus, by the induction assumption
a1 (z,5) =0 for all j € E)‘i(mr), which yields that a(™(z,m) = 0, as claimed. O

The previous result is stated for p < q because ng) has only one irreducible class
which makes Sq11 a singleton.
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It has been noted, just before the statement of Theorem 3.1, that a® (z, -) is a
probability measure on S, for all x € V. Therefore, by the previous lemma, for

all 1<p<q,leS,,zec VP
a®(z,0) = 1 sothat I(z,-) = 7 TV(), (5.2)

where II,(x, -) has been introduced in (3.6). In particular, under these conditions
on ¢ and z,

I,(z,y) = 0 (5.3)

for all y € V(pH) m € Spy1 \ {¢}.
This identity can be extended. Since the support of the measure 7r(p + )( -) is the
set ViE ™! ), m € Sp41, and U VD = yp+1)

I(z,y) = 0 forall ze€V,ye (VP) =A,,. (5.4)

Induction hypotheses: Assume that we proved for some 1 < p < q that for all
t>0,z,yeV,

hm pta(P) Z w’ ,gp)(y) , (5.5)

keSy

where w”), 7P are as in the statement of Theorem 3.1. This assertion for p = 1

is the content of Proposition 4.6.

The time scale t@g’), as t — co. Recall the definition of 2®) (4,m), m € Spya,
j € Sp, introduced in (3.4). With this notation, for every j, k € .Sy,

Jim p” (k) = >0 AP (m) MP (k) (5.6)

meSp+1

where, recall, M )( -), m € Spi1, the stationary state of the Markov chain Xgp )

restricted to 9%%’). In particular, lim;_, pgp)(j, k) =0 for every k € T,,.
By the induction assumption (5.5), the definition of wﬁp), (5.6) and the fact that
the support of the measure M(p) is the set 9%7(5), forall z € V,

lim lim p( (m Z Z Z a(pfl)(xaj)m(p)(jam) Mﬁf)(k)wl(f)(-),

t—00 n—00
JESP mESP+1 kem%’:)

(r+1)

By definition of the measures 7, ) and by the one of a®)(x,m), given in (3.5),

this expression is equal to

> Y @ @A Gm ) =3 e m)aEt().

JESp MESp 11 meSp41

Hence, we proved that for all z € V|
lim tim p") (@, ) = > a®(@m)rE() = My, ). (5.7)

t—oon—oo” t6 (p)
meESp41

The argument above shows that Theorem 3.1.(d) follows from Theorem 3.1.(b).

Assertion (c¢) of this theorem follows from the fact that pﬁp ) (4, k) converges to 0,

ast — 0.
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The time scale 0" < 8, < 0™V, By (5.7) and (5.4),
lim lim maxP![ X, ¢ VP ] = 0. (5.8)

t—oon—oo xeV

In particular,
lim limsup max P} [ Hy i1y > tHpr)] =0. (5.9)

t—=0 pyso TEV

Suppose that Spy; is a singleton. In other words, that the chain X§” ) has a
unique closed irreducible class. In this case p = q and 955) ) — 400 for all n > 1.
If S,41 is not a singleton, recall from (2.7) the definition of 07(5’ H). As stated in
(2.15), by [43, Assertion 8.B], 6 < %+Y,

Lemma 5.2. Let (3, : n > 1) be a sequence such that 97(,p) < Bn < 02”4_1). Then,
for allm € Sp11,

lim max P;Il:H\"?(erl) < 5n] =0,
n—00 xev(n;lv+1) m

where V& has been introduced in (2.7).

Proof. Fix m € Sy, x € e+, By Lemma A.4 and (2.16), the probability
appearing above is bounded by Cj 3, cap,,({z}, \V7$£+1))/7rn(\7£§+1)) for some finite
constant Cy independent of n. By equation (B2) in [32], this expression is bounded
by Co B capn(\?,(ﬁﬂ) , \v?,(ﬁ*l))/wn(v,(};“)). By the definition (2.7) of o™ this

expression is less than or equal to Cy S, / 97(«5) D This concludes the proof of the

lemma. O

Let Api1,m, m € Spy1, be the set of points in A,4; which may be absorbed by
a set \7?“), ¢ # m, in the time-scale :

Apiim = {m €Dpr: > a0 > 0} .
LeSpr1\{m}

Corollary 5.3. Let (8, : n > 1) be a sequence such that eﬁf’) < Bn < 97(30“). Then,
for allm € Sp11,

lim max P’ H < =0.
n— o0 IGV(MI) v [ Ap+im Bn}
m

Proof. Suppose the assertion is not true. Then, there exists § > 0, = € V,(fiﬂ) and
a subsequence n/, still denoted by n, such that

P'[Ha,, . <Bu] >0

for all n sufficiently large.

Fix t > 0 to be chosen later. Denote by ¥, : D(R., V) — D(R,,V), s > 0, the
semigroup of translations of a trajectory: (Js1)(r) = x(r +s), r > 0. By the strong
Markov property,

P;L[H\“?(p-%—l) < Bn + teﬁf’)] > P;L[HA,,H,M < Bn, Hywin o ﬂHAerl < tF)SLp)]

> Pl Hapirn < Bl lin Pl [ Hypen <t0 ]

v

P! [Ha,,., <fn] min PI[X,,u € V2],

z
ZEAP+1‘m
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By the first part of the proof, the first term is bounded below by § for n sufficiently
large. By Theorem 3.1.(d), proved in the previous subsection for p, for each z €
Ap+1,m, the second probability converges, as n — oo and then ¢ — oo, to

Z aP(z,0) .
LeSpri\{m}

By definition of A,11 y,, this term is strictly positive for each z € Apy14,. There-
fore, there exist 6’ > 0 and ¢y < oo such that

liminf min P”[Xt e ET?%'H)] > .
0Yn

n—00 zEAp+i,m z
Putting together the previous estimates yields that
liminf P} [ Hyopi) < B + to 6] > 0,

n— oo

in contradiction with the statement of Lemma 5.2. This completes the proof of the
corollary. (I

For m € Sp41, let
ulrty .= {x eV :a?(z,m)= 1} .

By (5.2) and the definition of the set A,41 ,,,, introduced just before the statement
of Corollary 5.3, the set urt s equal to YE+D [Apt1 \ Aptim]. Thus,
UEye = VEY U A1 m.

Proposition 5.4. Let 97(11’) < Bn < 953’“). Then, for all x € V,

nli—g;opg:)(w7 ) = H,’D(‘T7 ) )

where IL,(x, - ) has been introduced in (3.6).

Proof. Fix € > 0. By (5.7), there exists t. such that

lim p") (x,y) — Ip(z,y)| < € (5.10)

n—oo t 0,<f>

forallz, y e V, t > t..
Fix t > t.. By the Markov property,

(n) _ (n) (n)
Pg, (z,y) = Zpteglp) (z,2) pﬁn_teglp) (2,9) -
zeV

By (5.10) and (5.4), this expression is equal to
Z y(z, 2) P:[Xﬁn—ta,ﬁf) Zy] + on(1) + Ofe) . (5.11)
zeV(p+1)
Fix s > 0, and rewrite the sum appearing in (5.11) as

Z Z Z I, (2, 2) P;L[Xgnfte,(f) =Y Xﬁnf(ths) 0P = w] :

mESIH_l ZGV(¢5+1) weV

We have shown just above the statement of the proposition that (uﬁ,’;*”)c =
\v7££+1) U Apti,m. Hence, by Lemma 5.2 and Corollary 5.3, we may restrict the
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third sum to w € ULV by paying a price of order o,(1). Apply the Markov
property to rewrite the resulting expression as

> 2 X W@API[X, 0w =w]PI[X 0 =y].
MESpt1 ;@) e P
By (5.7) the last probability converges, as n — 0o, and then s — oo, to IL,(w, y).
By definition of II, and the one of U%H), since w € u&{i*” and a® (x, ) is

a probability measure on Sp,y1, I, (w,y) = 7r$,f+1)(y). This expression does not
depend on w. By Lemma 5.2 and Corollary 5.3, the previous sum is thus equal to

Y M)l + enll).

mESP+1 Zev5£+1)

By the definition (3.6) of II,, this expression is equal to
Y. @0 m" ),
ZGSP+1
as claimed. 0O

The time scale 951’)“). If S,+1 is a singleton, p = q, Hﬁlpﬂ) = +oo for all n and the

proof of Theorem 3.1 ends at the previous step where we considered the time-scale
07 < By < 07 = oo

Assume that Sp41 is not a singleton. The next result completes the recursive
argument and the proof of Theorem 3.1. It states that the induction hypothesis
(5.5) holds at level p 4 1 if it holds at level p.

Proposition 5.5. Forallt >0, x, y eV,
. n 1
nh_{r;opieiwn(x,y) = > o a,m) nE(y)
meESp 41
The proof of this result is based on Lemma 5.6 below.

Lemma 5.6. Recall the definition of the set A,y introduced in (2.13). Then,

lim limsup max max  sup P;’[ng(pﬂ) €Ay1] = 0.
60 pooo MESpt1 zepPHD 25<5<35 "

Proof. Fix § > 0, € > 0. By (5.8), there exists t. < co
lim maxP'[ X, & VPTV] < e (5.12)

n—oo zeV
forallt > t.. By the Markov property, since (97(39 ) < 97(5) +1), the probability appearing
in the statement of the lemma is bounded by
priva Py X, g0 € Dpia]
forall x € V, s € [24,36]. By (5.12), this expression is bounded by €+ 0,,(1), which
proves the lemma. O

By [35, Proposition 2.1], [43, Theorem 2.7] and Lemma 5.6 for every t > 0, ¢,

m e Spp1, T € Vépﬂ),

lim P;[X

n—oo t

poin € VEDT] = p@D (g m) | (5.13)
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where, recall, pEp +1)(€, m) is the transition probability of the .Sp1-valued Markov

chain X,

Proof of Proposition 5.5. Suppose that y € A,y and fix ¢ > 0, ¢ > 0. Recall the
definition of ¢. introduced in (5.12). By the Markov property,

Pl [ Xypro =y] = Y PP Xy, g = 2] PI[X, y» = y]
z€V

A

grlea‘i(Pf[thaglp) =y].

By (5.12), this maximum is bounded by € + 0, (1), so that
i P2 (X = 0] = 0,

as claimed.
Suppose that y € V,(ff_l) for some m € S,11 and fix ¢t > 0, ¢ > 0. Recall the
definition of II,, introduced in (3.6). Choose t. large enough for

max

< lim p™ (z,2) — Hp(z,z’)‘ <e (5.14)
z,z' €

n—oo t 05{")

for all t > t..
By the Markov property, as 9,(1” ) < 97(30 H),

P [ Xy = v]

= 2 PIX g = 2] PI[ Xy g0 = 2 PI[X, g0 = v].
z,2'eV
By (5.14) and (5.4), this expression is equal to

DD > M@ )Pl X iy g0 = 2 ]TL(2y) + O(e) + on(1).

2’eVLeESp11 zevéerl)

The first part of the proof permits to restrict the first sum to 2z’ € V@D Since
Yy € V,(ﬁﬂ), by (5.3) we may further restrict the sum to 2’ € V%’H). At this point,
by (5.2), we may replace II,(z,y) by 7r7(,f+1)(y). Hence, the previous sum is equal

to

7TT(?§Z+1)(y) Z Z Hp(x,z) P;[Xte%p+1)_2t5 o e Vgg'*‘l)] + O(e) + on(1),

ZESP+1 ZEVEP+1)

where we summed over 2’ € V%)H). By (5.13), as n — oo, this expression converges

to

S0 ) (m) rE () + Ofe) .

LESp 1 Ly tD)

By the definition (3.6) of IT,, and since the measure 7r,(€p+1)( -), k € Sp41, is supported

on V,(Cp H), the previous expression is equal to
> (@0 p I m) aE ) + 0()
ZGSP+1

as claimed. O
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Proof of (3.8). Recall that platt) = +00, and fix a sequence 3, such that ol <
B < F);qﬂ). Since 7, is the stationary state,

Tn(Aqt1) = Z T(2) Py [ Xp, € Ag1] < maxPl[Xp, € Mgy ] .
zeV
zeV
By the tree construction, Sq41 is a singleton and there is only one measure at
step q + 1, the measure wqu) which is concentrated on ngH) = V+_ Since
7r§q+1)(Aq+1) =0, by (3.6), and the previous displayed equation,
limsup 7, (Aq41) < 7r§q+1)(Aq+1) =0.

n— oo

It follows from the previous estimate that lim,, . wn(V(qH)) = 1. Hence, by
(2.16), for all 2 € V(a+1)

lim 7, (z) exists and belongs to (0,1] .
n—oo

6. PROOF OF PROPOSITION 3.2

The proof is divided in several lemmata. We start with the asymptotic behavior
of the stationary states .

Lemma 6.1. Forallj €S,z €V,

lim ()

— it
A ) m(z) > 0.

Proof. Fix j € S1. By (2.16), the limit m,(x)/m,(V;) exists for all € V; and is
strictly positive. It remains to show that it is equal to 7%(2). Denote the limit by
m(z). Since m, is a stationary state, for all € V;,

D (@) Ra(z,y) = Y muly) Ruly, ) > D muly) Ruly, o) -
yeV yeV yeV;

As V; is a closed irreducible class for the chain X, dividing by 7, (V;) and passing
to the limit yields that
yeV; yeV;

Summing over € V; shows that this inequality must be an identity for all x € V;.
Therefore, m is a stationary state for the chain X; on V; what implies that m = wh,
as claimed. (]

Lemma 6.2. Fiz 1 <p<gq. Forallme Sp;1, j € %%),

(p)
n—o00 Tn VWFZ )

Proof. Fix 1 < p < g and m € S,41. Consider the sequence of measures on %sﬁ)
defined by m,(j) = wn(vg.”))/wn(\?%’“)). By (2.16), it converges to a limiting
measure, denoted by m(j).
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By [1, Proposition 6.3], (- )/m, (V) is the stationary state of the chain Y;"*,
the trace of Xt(") on V®. Hence, for all j € R 2 € \7<p),

Y m@ RP(x,y) = > m)RP(yx) = Y D m(y) RP(y,x) .

yeV®) yev®) kemﬁfj) yEVECP)

Sum over all z € V(»p ) to get that

Z Z (z, V p) Z Z R(p) y7\7(19))

keSy, xEV;.p) kemsﬁ) Eng')
where R%p)(z, Vy’)) =2 pev® Rﬁf’)(z, w). Remove on both sides of this inequality
£

the case k = j. By (2.9), this new expression divided by (\77(5“)) is equal to

(») (p)
Tn(V3) . (Vi)
YoorGk 2 Y Pk

J
(p+1)
Tn(Vin ) k€S,\{j} keR®N\ {5} T (Vi 7)

By the assumption on the measure m,, and by (2.10), as n — oo, this expression
multiplied by 953’ ) on both sides converges to

mGG) > PGk > S mk) P (k,j) .

keS,\ {5} keREN\ {5}

Since %(p ) is a closed irreducible class for the chain Xﬁp ), r® (5, k) = 0 for all
k & SRm , and the first sum can be restricted to this later set. Summing over j
yields that this inequality must be an identity for all j. Therefore, m is a stationary
state for the Markov chain X? ) restricted to 9‘{5,’{). By ergodicity, m = MT(,f ), as
claimed. ]

Corollary 6.3. Fix1<p<q+1. Forallj€S,, z € V;p),

lim 77%(3(6)) = wﬁp)(ac).

n—o00 T, (’\7]_17 )
Proof. The proof is performed by induction. Lemma 6.1 covers the case p = 1.
Assume that this corollary has been proven for all 1 < p < pgy, where py < q + 1.

Fix j € Sy, and z € V;po). By construction of V;po), there exists k € Sp,—1 such

that z € V;f’”_l) C V;pO). We can write

m(x)  _ ma(m)  ma(VPTY)

Wn(v§p0)) o 7rn(vl(f?o—l)) Wn(v;m))

By Lemma 6.2 and the induction assumption, as n — oo, this expression converges
to
7_‘_I((Jpo—l)(x) M](po—l)(k) )

By (3.2), this expression is equal to Wj(-pO)(x) as claimed. O

We turn to the absorbing probabilities. We first consider the case where the
state belongs to the valley.

Lemma 6.4. Forall1<p<q+1,j€S5, andx € Vg»p), al?=V(z, j) =1.
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Proof. The proof is by induction on p. Fix j € S; and = € V;. By (3.3), a(¥(z, j) =
1 because V; is a closed irreducible class for X; and x belongs to V;.
Suppose that the results has been proved for p — 1. This means that if j € .S,

and x € V§p), then a®=Y(z, ) = 1. As a®® Y (x, -) is a probability measure on S,,
aP=D(z, k) =0 for all k € S, \ {5}
Fix m € S and 2 € VY Ag pETD — VP 2 e VP for some
p+1 m . m jE%s,}Z) VIR j
je RP, By (3.5), and since, by the induction hypothesis, a®®~1(z, k) = §; 1,

0@ (zm) = 37 a2, ) AP (k,m) = AP (G,m) .

kES,
Asje 9‘{7(5) and 9‘{%) is a closed irreducible class for Xip ), by the definition (3.4) of
AP AP) (5, m) = 1, which completes the proof of the lemma. O

It follows from this lemma and from (3.6) that for all 1 <p < q+1, j € S,
T € VSP ) and sequences 3, such that 627V < 3, < o
lim p§”(z, ) = 7(-). (6.1)

T—00 "

Lemma 6.4 provides a formula for a»~Y(z,-) when z € V®). Lemma 6.5
completes the characterisation of P~ (x, -). The proof of this result relies on the
following bound.

We claim that for all @ > 0,1 < p < q+ 1, ¢ V) and sequence f3,, such that
0 < By < 0,

lim maxP}'[Hyw > afBy] = 0. (6.2)

n—oo x€V

If 2 € V() there is nothing to prove. Fix z ¢ V®) and observe that {Hy) >
aBn} C f[o afn] XAy (X?)ds > a B,. Hence, by Chebyshev inequality,

a

aﬁn a
Pl [Hyw > afB,] < Pa?[/ Xa, (X ds>aB,] < l/ E7 [ xa, (X0 )ds] .
0 0

The last term can be written as

1 a
Z o / pggl(m,z) ds .
zEA, 0

For each fixed 0 < s < a the sequence sf, satisfies the hypotheses of Theorem
3.1.(a). Hence, since wj(p)(Ap) =0 for all j € S, pig) (x,z) — 0. Therefore, by the
dominated convergence theorem, the previous expression vanishes, which proves
claim (6.2).

Lemma 6.5. Forall1<p<q+1,j€85,, z€V,
a(pfl)(z,j) = nli}HQloP;L[Hv(p) < H,{?(‘p):l .

Proof. Fix 1 <p<q+landje S, Ifzxe V@) this result follows from Lemma

6.4. Assume that = & V® and fix a sequence B, such that 621 < 3, < o).
On the one hand, by (3.6),

Jim S P (@y) = 0 V().
y€V§p>
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On the other hand,

Z pgfl)(x,y) = P;[Xﬁn € ’\7§p)] = Z P;L[Hv(p) = HV(P) ) XBn S VEP)] .
erj.p) kes, k

Fix k € S, and 0 < € < 1. By (6.2), the previous probability for the fixed k is
equal to

P;l[HV(p) < Eﬁnv H

y@ = Hyw , Xp, € V;p)} + on(1) .

By the strong Markov property at Hy ), the previous probability is equal to

EZ[H\;@) < €0, Hv§f> = Hyw , P}(Hv(p))[Xﬁn—H € Vﬁ-p)ﬂ .

v(p)

In this formula, one computes the probability P’ Hv<p))[X Bt € \75,1’)] and then
replace t by Hy ). After the proof of this lemma, we show that for all z € V
sup PP[Xg,_, € VW] < max PP [Hyw <efa] + PI[X5, € VP UA,].
t<efn yev® J
(6.3)
By (6.4),
nhﬂngo yrélggi) P;L [H\v?;m < Eﬂn} =0.
Therefore, up to this point, we proved that
al?"D(z,j) <

kz; linrgngg[pr) < 55717 HV;P) = HV(P) y P;(Hv(p))[Xﬂ" € Vgp) UAP]} :
€5p

By (3.6) and Lemma 6.4, if k # j the previous expectation vanishes as n — oco. If
k = j by the same reasons, the probability inside the expectation converges to 1 as
n — oo. Hence,

aP Dz, 5) < lirgian;‘[Hv(m < Bn, Hyw = Hyw | .
n oo J
Therefore, by (6.2), for all j € S,

aPV(z,j) < lim inf P;L[Hv;p) = Hyw ] -

The previous inequality implies that equality holds for all j € S),. Indeed, assume
that strict inequality holds for some j € Sp. Then, as ol(l’*l)(ﬂv7 -) is a probability
measure on Sp,

_1 . e
1 = Z Cl(p )(.T,j) < Z hnn—l>lorolfP;L[HV§p) = Hv(p)]
JES, JES,
P n
< lmint ) Py
JES,

:HV(P):I = 17

which is a contradiction. O
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We turn to the proof of (6.3). Inserting the event {Xg, € Vgp) UA,} and its
complement inside the probability appearing on the left-hand side of (6.3) yields
that this probability is bounded by

P X5, € VW, Xp gg VP UA,] + PP X, € VP UA,]
< max Py [X, ¢ V" UA,] + PI[Xp, € VP UA,],
YEV; 2
where we used the Markov property to estimate the first by the second line. As
t < € f3,, this expression is clearly bounded by

max Py Hyo <efBu] + PI[X5, € VP UA,],
yEV(”

as claimed in (6.3).
To complete the proof of Lemma 6.5, it remains to show that for all 1 < p < q,
Jj €Sy,
)] —
ilg%) hrrlnﬂsot;p xrél\?é)P [H\a;m < af'? ] =o0. (6.4)
Fix1<p<q,j€eS,zc \7; ). Recall that Y™P represents the trace of the
process X7* on V) and that ®,: V) Sp stands for the projection which sends
x € V;p) to j. By [43, Theorems 2.1 and 2.12], under P, the process @p(}/'tZg,’;))

converges weakly in the Skorohod topology to Xip ),

lim limsup P} [ Hy) (Y™P) < abP] = 0.
i

a—=0 p oo
In this formula, Hy,;) (Y™P) stands for the hitting time of \v7j(.p) for the process Y,"?.
J
Since Hy ) (Ymp) < Hy ), assertion (6.4) follows from this last result.
J J

In particular,

We complete this section with a consequence of Lemma 6.5. Recall from (2.11)

that ng’) stands for the measure on D(R_, S,) induced by the process X\” starting
from k € Sp.

Lemma 6.6. Forall2<p<gq,i€ S, andme\?(vpfl),
a®?D(z,j) = QP [H @ < Hmm], JESy,

where 5{;’)) = Ukegp\{j}f)‘i,(cp).

Proof. Recall that Y;"*~! represents the trace of Xt(n) on V=1 By [3, Theo-
rem 2.1], under the measure P/ the process X7~ ! .= <I>p71(Y;Z§;1>) converges

weakly in the Skorohod topology to the S,_i-valued process Xip Y introduced
below (2.10).
Clearly, under the measure P,

{Hyw (X") < Hyw (X") } = {Hyo (Y"771) < Hy

V(p) (Yn p_l) } .

This identity asserts that the process X (™ hits the set V ) before the set V(p ) if
and only if this happens to the trace process Y™P~1, By projecting the process
Y™P~1 with ®,_1, the last event becomes

{Hmm (xmP=hy < Hgg;m(X"’p_l)} )
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Therefore, by Lemma 6.5, for 2<p <q+1,j€5,

a(p_l)(x’j) = nli_)H;OP;LI:HV(»p) < H\?(p>}

n— oo R

= lim P}'[Hy o (X" < Hgon (X™P7H)] .
J J

As X™P~1 converges weakly in the Skorohod topology to X®—1),

lim P [ Hy o (X™071) < Hyo (X" ] = Q" V[ Hyn < Hyoo |
n—oo J J J J
as claimed. O

7. PRELIMINARY ESTIMATES

In this section, we present some estimates needed in the proof of Theorem 3.3.
We assume throughout it that the process is reversible. We start with some esti-
mates on the stationary state, now assumed to be reversible.

Fix x € A. As x is a transient state for the chain X;, it is eventually absorbed
by a closed irreducible class Vi, k € S;. Fix j € S; such that a(®(z,5) > 0, where
a®(z, ) has been introduced in (2.3). We claim that

m(z) < (V). (7.1)
Indeed, as a(o)(x,j) > (, there exists a sequence x = x, ..., zy of elements of V'
such that Ro(z;, zi41) >0, z; € A, 0 <i < {, o € V;. By reversibility,
Wn(wz) _ Rn(%‘ﬂ,%‘) )
T (Tiy1) Ry, (i, 7541)

Since Ry, (x;, zi+1) — Ro(xs, xip1) > 0, by (2.1), mp(2;) <X mn(xis1). As g € A,
x €Vj, Ry(xe,x0-1) = Ro(xg, xe—1) = 0, so that m,(x¢—1) < m,(x,), which proves
claim (7.1).

Next result extends this estimate

Lemma 7.1. Fiz2<p<gq,j €Sy, v € Ve=D\V®) [fa=D(z j) >0, then,

mn(x) < ﬂ'n(\?;p)).

Proof. The proof is similar to the one presented to derive (7.1). Suppose that
T € Vgpfl) \ V®) for i € S, ;. As x does not belong to V) i€ T, ;.

As aP=V(z,5) > 0, by Lemma 6.6, there exists a sequence i = i, ..., of
elements of S,_1 such that T(p_l)('l.a,ia_l,_l) >0,4, € %Tp_1,0<a <l ig € 9%5—’171).
By reversibility, (2.8) and (2.9),

1 _ . .
ﬂn(vgf )) _ ngp 1)(’La+172a) . (7 2)
WD) (i dag)

Since 0 77V (iq, ia1) = P D (igyia41) > 0, by (2.10), 7 (V) < 7, (VD).
As lg—1 € {Ep_l, iy € %gp_l), 053’_1) Tép)(ig,ig_ﬁ — T(p)(ié,ie—l) = 0, so that
wn(vgfjll)) =< wn(ng_l)). Since i, € %gp_l), ng_l) C \75’)), and the lemma is
proved. ([
Corollary 7.2. Fizr2 <p <gq,j€ Sy, z € V\ V@), I1f aP=V(z,5) > 0, then,

mn(z) < ﬂ'n(\?;p)).
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Proof. Fix x € V \ V) and let 7(z) be the element r of {1,...,p} such that
x € VU= V" where V(O = V. The proof is by induction on r(z).

If r(x) = p, the assertion corresponds to the one of Lemma 7.1. Suppose that
the corollary has been proved for y € V=1 \ V() and all r € {s+1,...,p}, and
fix z € V=1 \ V()| By the strong Markov property at time Hy.),

—1 . . n
0" V(a,j) = lim P[Hyw < Hyo]

= lim Y > Pr[Hyw = Hye, X(Hyo) = 2] PI[Hyw < Hyo ] -
T RES ey i ! ’

The sum can be restricted to elements k € S5 and z € ij) such that a1 (z, k) >
0, a?=Y(z,j) > 0. By Lemma 7.1, , () < ﬂn(VEj)) and by the induction assump-
tion, m,(z) =< wn(\?;p )). The previous estimate may not be strict as it might happen
that z belongs to V§p). By (2.16), wn(v,(f)) ~ mp(2) so that m,(x) < 7rn(\7§p)), as

claimed. 0

Potential theory. We turn to estimates involving the capacity. Recall the defini-
tion of comparable sequences introduced just before the main hypothesis (2.4). Let
¢n: B — Ry be given by ¢, (z,y) := 7, ()R, (x,y) and note that ¢, is symmetric.
It follows from (2.4) (cf. equation (2.5) in [3]) that the sequences ¢, (z,y) are com-
parable. A self-avoiding path v from A to B, A, B C V, ANB = &, is a sequence of
sites (zo,x1,...,Zm) such that zg € A, 2., € B, x; # xj, i # j, Rp(xi, 2i41) > 0,
0 <4 < m. Denote by I' 4 5 the set of self-avoiding paths from A to B and let

WAB) = max e(1), e(y) = min o ain)

0<i<

Note that there might be more than one optimal path and that ¢, ({z},{y}) >
cn(x,y), with possibly a strict inequality. Next result is [3, Lemma 4.1].

Lemma 7.3. There exists a positive and finite constant C1 such that

1 cap,, (A, B)
< = T K
= cn(A,B) G

for all n > and non-empty, disjoint subsets A, B of V.

Fix two disjoint, non-empty subsets A, B of V, and let h4 s be the equilibrium
potential between A and B:

has(x) := Pl[Ha < Hg], 2z€V.
Denote by D,,(f) the Dirichlet form of a function f:V — R:
Dn(f) = (f (= L)), -
It is well known [32, equation (B.7)], that
cap,, (A, B) = Dyp(has).

Lemma 7.4. There exists a finite constant Cy, independent of n, such that

9 cap,,(A, B)
ranla) = G, (0 B)

forallx ¢ AUB.
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Proof. Let h =4 8, and let v = (z = zo,...,2m) be a self-avoiding path between
xz and B. Hence R, (z;,xi+1) >0, z; € B, 0<i < m and z,, € B. As x,,, € B,
h(xm) = 0 so that

m—1 m—1
h(z)? = (h )2 < , [ h(z; 12 )
(x) (h(xo)—h(zm) ; en(i, Tigr) [M(wi01— 2, x“le)
As the path is self-avoiding, this quantity is bounded by
1
E|D,(h) max —— = |E|cap,(A, B) max ———— -
|E| Dn (h) 0§i<)§n (i, Tiy1) [Elcapa( ) OSi<}$n (i, Tiy1)

Minimising over all possible paths v from z to B yields that
1

max Ming<;<m Cn(Ti, Tiy1)

has(x)® < |E|cap, (A, B)
The assertion of the lemma follows from Lemma 7.3. O

Lemma 7.5. Fiz 1 < p < q, and suppose that r®)(j, k) > 0 for some j, k € Sp.
Then,
9(1”)
lim inf % capn(\?g.p) , Vfﬁp)) > 0.
n—00 ﬂ_n(vjp))
We do not exclude the possibility that this limsup is +oo.

Proof. We argue by contradiction, proving that if the lim sup vanishes than r®) (j, k) =
0, but we first derive a consequence of the positivity of ) (4, k).

Fix z € V§p ). The main result in [3] states that under the measure P!, the
process X;'? = <I>p(YtZ§:)) converges weakly in the Skorohod topology to the S,-

valued process Xﬁ’”. Hence, if 7(P)(j, k) > 0, for every a > 0,

lim inf P}’ [ V(,,)(Y"’p) < a@;p)] > Qg-p)[Hk < a] > 0. (7.3)

n—oo

Denote by Y;""* the trace of X on V;p) U V;@p). By [1, Theorem 2.6] (for the
process Y% and with B = W = V;p), Be = V,(Cp)) and [3, Theorem 7.1] (Condition
T4 ensures that the hypothesis (2.14) of [1, Theorem 2.6] is in force), under P},
the random variable H. ) (Y™7%)/0]% converges in distribution to a mean-one

k
exponencial random variable. In this formula,
ej,k _ #%,k(vgp))
" capi;k(vg-p) , Vl(f’))

Tn (/V;P) )

T (VP UV

ﬂ_j,k(v 419)) —

(
9 n J

and cap’* stands for the capacity with respect to the trace process Yt"’j’k. By [1,
Lemma 6.9], capn(\?gp) , Vgcp)) = 7rn(\7§p) U V§p)) cap{,jk(V§p) , V,(Cp)), so that

(p)
Gj’k _ ﬂ—n(vjp)

" cap, (VP V)

Suppose by contradiction that the limit appearing in the statement of the lemma
vanishes, so that 6% /6% — 0 and PP [H ) (Y™F) < abP] = 0 for all a > 0.
k
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Hence, as H) (Yyniky < Hyw) (Yymp),

lim B[ Hyo) (V") < af)] = 0.

n—roo

This contradicts (7.3), and therefore one must have that r(®)(j, k) = 0, completing
the proof of the lemma by contradiction. O

Fix1 <p<q,j€ T, Let A; be the recurrent points of the chain XE”) which can
be hit before any other recurrent point when the chain starts from j. More precisely,
£ € A; if, and only if, £ € RP) and there exists a path jo = j,j1,...,Jm = £ such
that 7P (ja, jat1) > 0, jo € Tpy 0 < a < m. Let A; = Upea, V.

Lemma 7.6. Fir1 <p<q,z€ V;p), j €%, Then,

9(17)
liminf —— cap,, ({z}, A;) > 0.

e
Proof. As z € V;p)7 j € %,, there exists a path jo = j,j1,...,Jm such that
7P (ja, jagr1) > 0, ju € Tp, 0 < a < m, jm € A;. Moreover, for 0 < a < m,
by (7.2), with p instead of p — 1, ﬂn(ng)) =< ﬂn(\?gﬁl), and, by Lemma 7.5,
(p)

lim inf ———— cap, (V;,
n— 00 ﬂ-n(v( ))

9. > 0.
This limit is finite because this capacity is bounded by the one obtained by replacing
V;fil by T?gi), and the limit for this later one is finite in view of (2.10).

By the previous displayed equation and Lemma 7.3, the exist a positive constant
co and self-avoiding paths ~, from ngi ) to ng 11 such that ¢, (v4) > co ™ (V;f )) / 97(11) ) >
o Wn(V;p))/Hr(Lp), 0<a<m.

Denote by y,, 0 < a < m, the starting points of the paths v,, and by x,1 its
ending point. Let g = . Hence z,, y, belongs to the same well V(p By Property
(T4) in [3, Theorem 7.1] and Lemma 7.3, there exist Self—avmdlng paths 7/ from
Zq 10 Yo such that ¢, (v,) > C()ﬂ'n( p )/9%’7 D> C()ﬂ'n( p )/9%’), where the value
of the constant ¢y may change from line to line.

By concatenating the paths 74, ., we obtain a path v from x to A; such that
cn(y) > cown(\?gp )) / 6P 1f it is not self-avoiding, we may shorten it improving the
lower on ¢, (y) and keeping it as a path from x to A;. At this point, the assertion
of the lemma follows from Lemma 7.3 and (2.16). O

Fix x € A. Let A, be the recurrent points of the chain X; which can be hit
before any other recurrent point when the chain starts from x. More precisely,
y € A, if, and only if, y € V and there exists a path ¢y = z,21,...,2z, = y such
that Ro(2a,Za+1) >0, 24 € A, 0 < a < m.

Lemma 7.7. Fix x € A. Then,

1
liminf —— cap,, ({z}, A;) > 0.

n—>oo7r()

Proof. By definition of the path from z to A, Ro(x4,zq41) > 0 for all 0 < a < m.
Hence 7, (zq) = mp(Tat1) and cp (2o, Zat1) = Tn(xa) Rn(Tay Tar1) = mn(za) =
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mn(2). This proves that ¢,(y) = m,(x) and completes the proof of the lemma in
view of Lemma 7.3. (]

Lemma 7.8. Fiz 1 < p<gq. Then, for all forz ¢ V®) j e Sp,

. 7 () 2
lim ————~ P”[H ) = Hv(m] =0.
x [ HpC
n—oo 7Tn(v§‘p)) j

Proof. If ﬂ'n(as)/ﬂ'n(\?;p )) = 0, the conclusion is straightforward. If wn(V§p )) ~

7n(2), by Corollary 7.2, a®®~1(z, j) = 0, so that, by Lemma 6.5,
lim P}'[Hym = Hyw | = 0,
J

n—oo

and the assertion of the lemma follows.
Assume that wn(\?gp)) =< 7, (), and suppose that z € V. Let 1 < r < p such that

S \7,(:) for some k € T,.. Such 7 exists and is smaller than p because = ¢ V@),

Recall the definition of the sets Ag, Ay introduced just before Lemma 7.6. Add
the index r to recall that k € T, and write A, 1, A, j instead of Ay, Ay, respectively.
By definition, A, , C V+),

By the tree construction, since r < p, there exists B C 5,1, such that V§p) =
UieBVETH). By Lemma 7.1, 7, (z) < ﬂn(\?y)), 0 € A, . Thus, as 7rn(\7§-p)) < 7 (z),
T (VY < wn(\?y)) for all i € B, ¢ € A, ). Hence, since by (2.16), all elements
of the same valley have measures of the same order, A, ; N Vgp ) = .

The proof is by induction on r. We first prove it for » = p — 1. In the sequel, we
show that if it holds for all » € {ro + 1,...,p — 1}, then it holds for r¢ also. First,
assume that 7 = p—1 (and keep the index r of A, as r, though r = p—1). In this

case, since A, C V®) and Arr N V§p) = @, we have that A, C \u7§.p). Therefore,
P‘,;L[vap) < Hv;p)] < P;L[Hv;p) < HAr,k] .
By Lemma 7.4,

mn(x) cap, (V¥ Api)
ma (VP cap, ({2}, Ark)

7 (2)
T (vgp))

Pr[Hyw < Ha,,]" < Co (7.4)

for some finite constant Cy. By equation (B.2) in [32],
Capn(V§p) s Ark) < Capn(\?;p) , VP)y

By (2.7), this expression is bounded by Cj Wn(\?;-p )) / 6 for some finite constant
Co whose value may change from line to line.
On the other hand, by Lemma 7.6, as r =p — 1,

cap,({z}, Ark) > co 77,1(3:)/9%’_1) (7.5)

for some positive constant cy. Putting together the two previous estimates, we
obtain that the expression in (7.4) vanishes as n — oo. This completes the proof
of the lemma in the case r =p — 1.

We turn to the induction argument. Fix r» < p and assume that the result holds
for r+1,...,p — 1. Recall the notation introduced at the beginning of the proof
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and write

P;Z[vap) = Hv<p)] < Pg[Hvﬁ_p) < HAT,R‘,} + P;I[HAN“ < vap) < vap)] .
(7.6)
We estimate separately the square of each term on the right-hand side.
The argument for the first term is similar to the one presented for r = p—1. By
Lemma 7.4, (7.4) holds for some finite constant Cy. By equations (B.1) and (B.2)

in [32],

capn(V§p) s Arg) < Z capn(\?grﬂ) JArg) < Z capn(\?z(-rﬂ) , \u7§r+1)) :
i€B i€B

By (2.7), this expression is bounded by ", wn(Vl(-rH))/GSLTH) =, (\75”)/93“).

On the other hand, by Lemma 7.6, (7.5) is in force with 6{") in place of O Y and
some positive constant cy. Putting together the two previous estimates, we obtain
that the expression in (7.4) vanishes as n — oo.

We turn to the second term in (7.6). By the strong Markov property, it is
bounded by

max P How < Hyo | -
zE€EA L,k z[ Vj Vj ]

To complete the proof, it remains to show that for all z € A, g,

lim 77%(%)

P H

2
ym < va] = 0.
J J

Since my,(z) < 7y (2), it is enough to show that

m —"Pr[H,

2
w <Hyw]™ =0. (7.7)
This follows from the induction hypothesis. Indeed, as z € V"1 either z belongs
to V®) or z belongs to some V§5)7 r < s < p, for some £ € T,. In the first case,
the probability vanishes because z € f?gp) (as z € v®) N Ar and A, i N Vg-p) = O,
z € \u7§-p )). In the second case, (7.7) holds by the induction hypothesis.

It remains to consider the case where ﬂn(Vﬁp )) < 7p(z) and z € A. We repeat
the induction argument. Write (7.6) with A, instead of A, ;. We estimate the
first term on the right-hand side of (7.6) as before, applying Lemma 7.7 instead of
Lemma 7.6. The second term is also bounde(d)as before. At the end of the argument

P

one needs to estimate (7.7) for z € V, m,(V;") < m,(2). This has been done in the

first part of the proof. ([

8. PROOF OF THEOREM 3.3

We assume in this section that the dynamics is reversible: m,(z) R,(x,y) =
Tn(y) Rn(y, ) for all (x,y) € E.

Elementary properties of m,,. The proof of Theorem 3.3 requires some prepara-
tion. We first introduce the transient equivalent classes of the chain Xt(n). We
say that y is equivalent to z, y ~ x if y = x or if there exists a sequence
T=20,..., 80 =Y, Y0 =Y, -, Ym = 2 such that Ro(x;, zi11) > 0, Ro(y;j,yj+1) >0
forall0<i <, 0< 7 < m.
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This relation divides the set V' into equivalent classes. Clearly the sets V; are
equivalent classes, but there might be others. Denote by Cy, ..., Cy the equivalent
classes which have more than one element and are not one of the sets V;, 1 < j < n.
Note that the sets Cq,...,Cun, V1,...,V, may not exhaust V: the set V' may contain
elements which do not belong to one of the Cj’s nor to one of the V;’s.

The first assertion extends (2.16) to the sets Cx. We claim that if x, y belong to
the same class Cg, then

im ™) e (0,00) . (8.1)

n—oo mp(y)

Indeed, by definition, there exists a sequence x = xg,...,xy = ¥y, such that
Ro(xi, xi1) > 0, for all 0 < i < £. By reversibility,

ﬂn(m) Rn(l’g,l‘g_l)...Rn(l’l,IEo) .

7T-'rL(y) Rn<$0,$1)...Rn(!Ee71,l’4)

By hypothesis, the denominator converges to a positive real number. On the other
hand, by (2.1), the numerator converges to a non-negative real number. This proves
that m,(x)/7,(y) — a € [0,00). Inverting the roles of z and y we conclude that
a € (0,00), as claimed in (8.1).

Fix an oriented edge (z,y) € E whose endpoints belong to the same equivalent
class \7;1) or Cg, 7 €51, 1<k <m. We claim that

Ro(z,y) > 0 if and only if Ro(y,z) > 0. (8.2)

Indeed, assume that Ro(z,y) > 0. Since 7, (z) Ry (2, y) = mn(y) Rn(y, x), by (2.16)
and (8.1), limy, 00 Ry (y, ) = Ro (2, y) limy, 00 m () /70 (y) > 0.

Denote by L;O), }ng)k, j €51, 1 <k <m, the generators associated to the rates
Ry restricted to the equivalent classes \7;1), Gk, respectively. This means that we
set to 0 all jumps from Cj to its complement. Denote by v the stationary state of

the Markov chain associated to the generator ]LE,? )k
We claim that for all 1 < k <m,

lim i (7)

= for all z € C; and that vy, i ible . 8.3
n—o0 m, (Ck) vi(x) forall z k an at vy 1s reversible (8.3)

This result extends Lemma 6.1 to the transient sets C;. To establish (8.3), let
m € P(Cy) be the limit of the sequence of measures 7, (-)/m,(Cr). This limit
exists by (8.1). By reversibility, for all z, y € Cp,

7 () T (Y)
Tn (Cr) Tn(Cr)

Passing to the limit yields that m satisfies the detailed balance conditions with
respect to Rg. Hence m is stationary (actually, reversible), and, by uniqueness,
m = vg. This proves that the sequence of measures m,(-)/m,(Ck) converges to vy
and that v, is reversible.

The same statement yields that 775-1)
restricted to V;, j € S1.

Rn('r’y) = Rn(y’x) .

is a reversible measure for the chain X;
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The functionals ). The first result of this section provides an alternative for-
mula for the functional 3 introduced in (3.11). Tts proof relies on the construction
of a directed graph without directed loops. The equivalence classes of the chain X,
form the set of vertices of this directed graph. Denote them by Qi,...,Q,. The
sets V; and Cj, belongs to this set and are vertices of the graph. In other words, for
each j € 51, there exists 1 < a < ¢ such that V; = Q,. A similar statement holds
for the sets Cj.

Draw a directed arrow from Q, to Q, if there exists z € Q, and y € Q such that
Ro(z,y) > 0. Denote the set of directed edges by A and the graph by G = (Q, A),
where Q is the set {Q1,...,Q,} of vertices.

A path in the graph G = (Q, A) is a sequence vertices (Q,, : 0 < j < m), such
that there is a directed arrow from Q,; to Q,, , for 0 < j <m.

This directed graph has no dlrected loops because the existence of a directed
loop would contradict the definition of the sets Q, as equivalent classes. (Mind
that undirected loops might exist). On the other hand, since the sets V; are closed
irreducible classes, these sets are not the tail of a directed edge in the graph.
Finally, fix an equivalent class Q, which is not a set V;. Hence, the elements of Q,
are transient for the chain X;. In particular, there is a path (Q, = Qs .-+, Qa,,)
such that Q,; is not a closed irreducible class for 0 < j < m, and Q,,, is one.

Fix an equivalent class Q, which is not a set V;. Denote by D(Q,) the length
of the longest path from Q, to a closed irreducible class. The function D is well
defined because (a) the set of vertices is finite, (b) there is at least a path, (c) there
are no directed loops in the graph.

Fix a, b such that there is a directed arrow from Q, to Q. Then,

D(Q,) > D(Q) + 1. (8.4)

Indeed, it is enough to consider the longest path from Qp to the irreducible classes.
Q, does not belong to the path because there are no directed loops. By adding Q,
at the beginning of the path from Qj to the irreducible classes, we obtain a path
from Q, to the irreducible classes of length D(Q,) + 1, proving (8.4).

We may lift the function D to V' by setting D(z) = D(Q,) for all x € Q,.

Let J©: P(V) — [0, +0oc] be the functional defined by

1000 = XAV CLWE ) o+ D (VaR (CLp)Var),
k=1

e (8.5)
XY Y B+ Y 3 ) Bolay).
k=1z€Cy y€Cyr cgCUV yeV

In this formula, € = UpCy, f;(z) = p(x)/mi" (@), gu(z) = p(2)/m(2), = € VY,
z € Cp.

Lemma 8.1. For every p € P(V), 3O (u) = 3O (p).

Proof. Fix p € P(V). We first prove that ) (u) < 3 (). By definition of the
generator L),

10G) = sip— Y LD Ro ) [uly) - ulz)] (.6)
T

where the sum is performed over all directed edges of Eg.
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Fix £ > 1, and define u; : V — (0, 00) by

2 [B(@) +e y [HY) +e _ D
ue(x) = ED( ) m7 ue(y) — ED( ) T(y)’ ’U;((Z) — gD( )7

forz €V, j€S1,y€C;,1<k<m, and z ¢ VUC. Here, ¢ = 1/¢ and guarantees
that u is positive. By definition of 7,

10G) > tmswp - S AR ) [w) - w@)].  (67)
l—ro0 (o) eEo wp(x)

We examine the asymptotic behavior of the right-hand of (8.7). Fix (z,y) € Eo,
and suppose, first, that z, y € V; for some j € S;. In this case, the factors (P
cancel, and, as ¢ — oo, the corresponding term in (8.7) converges to

V(@) /i@ Rolaw) [\ 15w) = /1))

where f;(x) = u(m)/w§1)(x). Therefore, the contributions to the right-hand side of
(8.7), of the sum over the edges (z,y) € Eg such that z, y € V; is

(V1 (*LEO))\/JTHW;n -

The same argument yields that the contributions to the right-hand side of (8.7),
of the sum over the edges (z,y) € Eq such that z, y € Cj, for some 1 < k <m, is

(Var» (~LEVR),, -

where gi(z) = () /v ().

Up to this point we considered all edges (z,y) € Ey whose head and tail belong
to the same equivalent class V; or €. Assume now that this is not the case, and
consider the term

D) ) [uely) — we(@)] = p@) Ro(ey) — 2 Ry, ) uely) -
ug(w) up(z)
(1)

By definition, and since the measures 7, vy are strictly positive, ug(y) < Co PW),

w(x) Jue(z) < Co P& for some finite constant Cy independent of x, y and £. The
absolute value of the second term is thus bounded above by Cy /P® D) Since
there is an edge from z to y, by (8.4), D(x) > D(y) + 1, which proves that the
second term of the previous displayed equation vanishes as ¢ — oco.

Fix an edge (z,y) € Eo whose head and tail do not belong to the same equivalent
class V; or €. Since V; is a closed irreducible class, x ¢ V. Suppose that z € C.
Hence, y ¢ G, because they do not belong to the same class. These are the terms
which respond for the third sum in (8.5). the terms in which z ¢ € respond for the
fourth sum in (8.5), completing the proof that I (1) > J© (y).

We turn to the reverse inequality, 3¢ (u) > 7 (1). By (8.6),

m
100 < 390w + D99 + 91X ()
k=1

JESI

where ﬂg?j) (p) is given by formula (8.6) when the sum is performed over the directed

edges (z,y) whose head and tail belong to V,. Jéok) (1) is defined similarly, while

Jgg)(y) contains the remaining edges.
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By [56, Theorem 5],
1w = (Vi CLWE )0

where f;(z) = /.L(aj)/?‘f‘§1)(l‘), x € V;. An analogous result holds for J(Cok) (). These
two terms correspond to the first two terms in (8.5).
We turn to Jgg) (1), which can be written as

10%) = 3 w@)Ro(zy) + s — 3 PO Ro(a ) uiy)

(z,y) u=0 (z,y) w()

where the sums are performed over directed edges whose head and tail belong to
different equivalent classes. Since the second term is negative,

IR () < Y ) Ro(a,y)
(z,y)
We have seen in the first part of the proof that this sum can be written as the third
and fourth terms in J(© (1), completing the proof of the lemma. O

Note that for each 1 < k < m, there exists at least on « € Cj, such that Ry (z,y) >
0 for some y € Cr. On the other hand, as the Markov chain associated to L(T(t )k is

ergodic, (/g, (— L(TO)),C)\/@>% = 0 entails that g is constant. Therefore, I (u) = 0
if and only if there exists a probability measure w on S; such that
o= Z wj 7r](-1) . (8.8)
JESY
Fix 1 < p < g, and let 3®): P(V) — [0, +-00] be the functional defined as follows.
If = Zjesp wj Wﬁp) for some probability measure w in Sy, w € P(Sp),
3P ) = > (Vs CLOWEn )y + D > wir @G k). (8.9)
meSpi1 JEX, kESy

In this formula, ]L,(f;) stands for the generator associated to Markov chain Xgp )
restricted to the closed irreducible set |R%) and fm(g) = wj/My(fl)) (4), 7€ RE . To
complete the definition of (), set

g») := +o0o0 if p is not a convex combination of 7T(-p), jes,. 8.10
ILL /’l’ 7 p

Recall from (3.13) the definition of the functional J®): P(V) — [0, +o00]. The
proof of Lemma 8.1 yields that

Lemma 8.2. Forall1 <p<gq, pcP(V), I® (u) =JP ().

Note that, by (8.9) and (3.2), ) (1) = 0 if and only if there exists a probability
measure & in Sp41 such that

po= > Bm Y MPG AP = 3 G, aEt (8.11)

meSerl jemgf) mGSerl

On the other hand, if g is not of this form, by (8.10), I (1) is set to be equal to
+00. Hence, the functional J®+1) is finite only at the O-level set of J®). Further-
more, since the right-hand side of (8.9) is always finite,

j(P“)(,u) < oo if and only if J(p)(u) =0. (8.12)
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By (8.8), this assertion holds also for p = 0.

The I'-convergence. We turn to the proof of Theorem 3.3. We proceed by induc-
tion. We first show that J,, T-converges to the functional 3(®). Then, we observe
that, according to (8.8), the 0-level set of JO) corresponds to the convex combina-

&)

tions of the measures 7w;"’, j € S7. In the sequel, we prove that 97(11) J, T-converges

j )
to J1). Clearly, by definition, I (1) = +o0 if u is not a convex combinations of
the measures 7T§1), § € Sy, while IM) () < +oo if it is. By (8.11), the O-level set of

I consists of the convex combinations of the measures 7752), j € Ss.

At this point, we iterate the procedure by examining the behavior of 9%2) Jn, and
so on until proving that ng) J,, T-converges to 39, The 0-level set of this functional
is the singleton formed by the measure 7(9+1) . As the level set is a singleton, the
iterative procedures ends. Note that this approach produced the state 7(972) which
is is the limit of the stationary measures m,: 791 (z) = lim,, oo T, (z), z € V.

We turn to the proof that J,, T-converges to J(©).

Proposition 8.3. The functional J,, T'-converges to (9.

Proof. We start with the I' — limsup. Fix g € P(V) and consider the sequence .,
constant equal to p. By (3.10),

= % 5 7Tn(g[:)]%n(gw){\/u(y) B \/7:1((92) }2,

(z,y)EE n (y)

Fix an edge (z,y) € E. We examine the asymptotic behavior of

7a0) B ) w 2. \/ el (5.13)

By reversibility, this term is symmetric in x, y.

There are three types of edges. Assume first that R, (x,y) — 0 and R, (y,x) — 0.
By [43, Lemma 3.1], either 7, (z)/m,(y) converges to a nonnegative real number or
so does 7, (y) /7, (x). Assume, without loss of generality because (8.13) is symmet-
ric, that 7, (y)/mn(x) = a € [0,00). In this case, (8.13) is equal to

Rn(y,w){ M@ mly) u(y)}Q,

71'n(x)

which vanishes as n — oo.

Assume that R, (z,y) /4 0 and R, (y,x) — 0. Hence, Ro(z,y) > 0, Ro(y,x) = 0.
In particular, as the set V; are closed irreducible classes, + ¢ V (if z € V; and
Ro(z,y) > 0, then y € V; because it is a closed irreducible class. Hence, by (8.2),
Ro(y,x) > 0, which is a contradiction). Two possibilities remain, either x € € for
some k or x ¢ C.

By reversibility, 7, (x)/m,(y) — 0. Hence, (8.13) is equal to

(o) {4/ 107~ i@}

which converges to pu(x) Ro(z,y). If © € Ck, by (8.2), y & Ck. These are the pairs
which appear in the third term on the right-hand side of (8.5). If & € these pairs
are responsible for the fourth term on the right-hand side of (8.5).
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Finally, assume that R,(x,y) /4 0 and R,(y,x) # 0. This means that z and
y belong to the same equivalence class, say V; or C;. Assume that z and y €
V;. The argument is identical if we replace V; by Cr. Replace m,(x), mn(y) by
™ (2)/mn (V;), T (y) /7 (V;), respectively. By Lemma61 mn(x)/m, (V;) converges

# _ (D
to mi(x) = m; ' (z) > 0. Hence, (8.13) converges to

T 2
Semien 55 -

Putting together the previous estimates yields that J,,(p) — ©) (). To complete
the proof of the I' — lim sup, it remains to recall the statement of Lemma 8.1.

We turn to the T' —liminf. Fix u € P(V) and a sequence of probability measures
tn, in P(V) converging to u. By definition of Jn,

Jnmn)z—/vﬂj“ —Z“" S Rula,y) [uly) — ul)]

yeVv

for all u: V — (0,00). As p,, = p and R,, = Ry, this expression converges to

_ “ Ro:vy)[ (y) — u(2)] .

(%ZHGEU
Therefore,
i n p(x) _ _ 4(0)
liminfJ, (4,) > sup — Y Ro(z, ) [u(y) —u(z)] = I (),
n—00 u>0 U(JU)
(z,y)€Eq
which completes the proof of the lemma. O

Recall from (8.9) the definition of the functionals I, 1 < p < q.

Proposition 8.4. Fiz 1 < p < q. The functional 9§Lp) I, T-converges to I®).

Proof. We start with the I' — limsup. Fix g € P(V). If p is not a convex combi-

J(-p )7 j € Sp, there is nothing to prove. Assume, therefore,

nations of the measures m
that p = Zjesp wj 7r](-p) for some weights w;.

Let f, : V®®) — R, be the function given by f, = ZjeSp w;(n) X,y where

wj(n) = w, /7rn(\7§-p )). To extend this function to V, solve the Poisson equation

(A.2) with £ = L, Vo = V®) g = /f,. Denote by h, the solution of the
equation. Let u, = a, hi T, where «,, is a normalizing constant which turns pu,,
into a probability measure.

We claim that a,, — 1 and p,, — p. By definition,

Z hn(m)Qﬂn(x) + Z Z fn(x)ﬂ

2@V (® JESp pey®
J

By definition of h,, for z ¢ V@),

B (2)? Tp (2) = { >\ Jwi(n) Py Hyw = Hyw | }27rn(a:)

JESY

Co Z LP;[HV@ = Hyw) ]27771(”3) ’

JESp ”n(vg'p)

IN
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where the constant Cy bounds the cardinality of V. By Lemma 7.8, this expression
vanishes as n — oo. By definition of f,, the second term of the penultimate
displayed equation is equal to

2. 2

€S, @ Tn
J&op a:er

(V(P) m(z) =1,

which proves that «,, — 1.

The previous argument shows that p, () = ayhy(z)? m(z) = 0 = p(z) if
g VP, If x € \7§-p)7 pn(z) = op fo(z) m(z) = 0nw; ﬂ'n(l')/ﬂ'n(\?;p)). Since
ay, — 1, by Corollary 6.3, the previous expression converges to w; wj(-p)(a:) = u(x).

To complete the proof of the I'—lim sup, it remains to show that lim sup,, o\ Jn(pn) <
I®) (). By (3.10) and the definition of s,

jn(ﬂn) = Qp <hn s (_Ln) I >7rn .
By Corollary A.2 and the definition of A,,, the right-hand side is equal to
T (V) (N f s (LW Fa) 0
= —0Qn Z Wn(fr) R%")(z,y) \/fn(x) { \/fn(y) - \/fn(x)} )

z,ycV(®)

Where L") stands for the generator of the trace process Y;"? introduced in (2.8),
and () for the measure 7, conditioned to V®). Since f,, is constant and equal to
w;(n) on each set Vj , the previous expression is equal to

— Qp Z \/wj(n) Z {\/wk(n) - \/wj(n)} Z Wn(x) Z RSLp)(Z‘,y)

JESp keSp\{j} gCEv;p) yev®
= —an Y ) Y (Ve — ) b (V) O )
J€S, keS\ i}

where 7 (4, k) is defined in (2.9). Up to this point, we proved that

0 D) = 2200 3 w0 DGR { o) — fes(m) }

J,kE€Sy

where we used that 7,,(V/")ri? (j, k) = m, (V") 7P (k, ), an identity which fol-
lows from the reversibility assumption.

Recall that o, — 1. In view of the definition of w;(n), it remains to examine the
asymptotic behavior of

®) - Wk wj \?
T (V) 60 Tgp(j,k){\/w W \/7T (vj“’))} : (8.14)

As in the proof of Proposition 8.3, we divide the pairs (j, k) in three types.
Assume first that 0% Tép)(j} k) — 0 and o) rgbp)(k,j) — 0. By [43, Lemma 3.1],
and (2.16), either ﬂn(\?;p))/ﬂn(\?](f)) converges to a nonnegative real number or so

does wn(V,(Cp))/wn(Vg»p)). Assume that 7Tn( )/ﬂ'n( ) — a € [0,00). In this case,
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by reversibility, (8.14) is equal to

(p) 2
w; TV ) } : (8.15)

00 D (k, ) | v — |
{ ﬂn(Vg-p))

which vanishes as n — oo.

Next, suppose that o) . P) (j, k) — 0 and 0P rslp)(k;,j) — r®)(k,j) > 0, where
7(P)(k, j) has been introduced in (2.10). In particular, k is a transient state of the
chain Xgp). By reversibility, Wn(\?ép))/ﬂ'n(\?;p)) = P (4, k)/r%p)(k,j) — 0. Hence,
(8.14), which is equal to (8.15), converges to

r(p) (k7 j) Wk -

Finally, suppose that 6 v (j, k) = r® (j,k) > 0 and 6+ (k, j) — r®) (k, j)
0. This means that j and k belong to some closed irreducible class %%) of the chain
Xﬁp). By Lemma 6.2, the expression (8.14) converges to

®) (7)) (k. 7 Y e g 1
MY (5)r (kvj){ MP (k) Méf)(j)}.

Combining the previous estimates yields that 0P )Jn(un) converges to ) (), which
completes the proof of the I' — lim sup in view of Lemma 8.2.

We turn to the I' — lim inf where we use an induction argument. Fix 1 < p <q
and assume that the I'-convergence of Gy(lp_l) J,, to I®=1 has been proved. Fix a
probability measure p on V' and a sequence p,, converging to p.

Suppose that 3P~ () > 0. In this case, since o=V, I'-converges to JP—1)
and 0 /0%~ = oo,

®) 0(19) (p—1) (p—1) 9(1’)
. . p _ . . n p— p— . n _
liminf 6, J, (1) = liminf prey 0,077 In(pn) = P77 (p) lim. P 00

On the other hand, by (8.12), %) () = co. I®~V(u) = co. This proves the
' — liminf convergence for measures y such that 3=V () > 0.
Assume that JP~1(u) = 0. By (8.10), there exists a probability measure w on

Sp such that p = Zjesp wj ﬂj(-p). By (3.9),

Lou
In(pin) > _/ dpip
v u

for all w : V' — (0, c0).
Fix a function h : V®) — (0,00) which is constant on each Vgp)7 j€ Sy h=
Zjesp h(j) Xy - Let uy: V' — R be the solution of the Poisson equation (A.2)

with £ = £,,, Vo = V® and g = h. By the representation (A.3), it is clear that
un(z) € (0,00) for all z € V.

Since w,, is harmonic on V' \ V@) and u, = h on V® by Lemma A.1, the
right-hand side of the previous displayed equation with v = u,, is equal to

Lontin Lontin £Ph
v Up vy h v R
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Here, as in the first part of the proof, Lﬁf’ ) stands for the generator of the trace
process Y;"? introduced in (2.8).
Since h is constant on each set V;p) (and equal to h(j)), the last integral is equal
to
h(k) —h(y n
- [h(k) - ()] S o) (2) R (2,9

i keS, Iev;p) Wn(l')

where R%p)(m,\?,(f)) = Zyev“’) R%p)(a:,y). By Proposition 3.2, m,(z)/m,(V p)) —
k

7rg(‘p) (z) for all z € \7§~p)- Thus, since p, — p = Zjesp wi 7T§p)’

(
J

vp)) fin(2) = w; forallze 2
() /
Therefore, by (2.10), as n — oo, the penultimate expression multiplied by 0P

converges to

(p)
- S wrgry &G BE) b)) = - 3w

JES, kES, JES,

Summarising, we proved that

L®h
im inf 6P _ S
hnrglgf@l Jn(pn) > sup Z Wi
JESy
where the supremum is carried over all functions h : S, — (0,00). By (3.13), the
right-hand side is precisely J®) (), which completes the proof of the I'—liminf. O

APPENDIX A. POTENTIAL THEORY

We present in this section some results on potential theory used in the article.
We do not assume reversibility. We keep the same notation of the article, removing
the index n. In particular, X; is a V-valued, continuous-time irreducible Markov
process whose jump rates are represented by R(z,y). Denote by (F; : t > 0) the
canonical filtration induced by the chain X;. Hence, F; is the o-algebra generated
by the variables X, 0 < s < t.

We first recall for the reader’s convenience the definition of the trace of a process
on a subset.

Trace process. Fix a non-empty subset W of V. Denote by T (t) the total time
the process X; spends in W in the time-interval [0, ¢]:

) = [ wxas,
0
where, recall, xw represents the indicator function of the set W. Denote by S™ (¢)
the generalized inverse of T"W (¢):
SW(t) = sup{s>0:TW(s)<t}.
The trace of X; on W, denoted by (X}V : ¢ > 0), is defined by
XV = Xgwpy; t>0. (A.1)

By Propositions 6.1 and 6.3 in [1], the trace process is an irreducible, W-valued
continuous-time Markov chain, obtained by turning off the clock when the process
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X, visits the set W€, that is, by deleting all excursions to W€. For this reason, it
is called the trace process of X; on W.

Denote by Ly, Rw, A\w, pw and myy its generator, jump rates, holding times,
transition matrix and stationary state, respectively. The measure 7y, is obtained
by conditioning 7 to W: mw (x) = w(z)/m(W).

Let PV, x € W, be the probability measure on the path space D(R,,W)
induced by the Markov chain XV starting from x. Expectation with respect to
P is represented by E!.

Poisson equation. Fix a non-empty proper subset V of V and a function g :
Vo — R. Let f be the solution of the Poisson equation

Lf=0, V\W,
=9, W.
Recall from (2.5) the definition of the hitting and return times to a subset A of

V. By the strong Markov property, the solution of the Poisson equation can be
represented as

(A.2)

f(x) = Eu[9(Xny)], zeV. (A.3)
Fix Vo C W C V and denote by fi the solution of the Poisson equation

'C’Wf =0 ) w \ ‘/0 )
f=9, V.
Mind that W may be equal to Vj.

Starting from z ¢ Vo, the processes X; and X}V hit the set Vj at the same point:
XIV{VV0 (xw) = XHy,, Py a.s. In this formula and below, Hy, (X", H‘J,r0 (XW) stand
for hitting and return time to V; for the process X"'. By the representation (A.3)
and the previous observation, for x € W

fw(@) = EY [9(Xny,)] = Bulo(Xp, xw))] = Eal9(Xny,)] = flo).
(A.5)

Lemma A.1. Fix Vo C W C V. Denote by f, fw the solutions of the Poisson
equations (A.2), (A.4), respectively. Then,

L) = Lwiw)(x), zel.

Proof. Fix x € V. The left-hand side of the identity appearing in the statement of
the lemma can be written as

Mz) Y ple,y) [f(y) = f(2)] -

yeVv

(A.4)

Without loss of generality, assume that p(z,z) = 0 for all z € V' (if this is not the

case, one redefines the holding time A(z) for the identity to hold). By (A.3), f(y) =

E,[9(Xmy,)] for all y € V, and by the strong Markov property Ew[g(XH‘t )] =
0

>_yev p(z,y) f(y). Hence, the previous sum can be written as
Aw) {Balg(Xpp )]~ 1)} (A6)

Recall that we denote by XV the trace of the process X; on W. We consider two
cases. If Hif, < H then the process X; and X}V return to V; at the same point
X Hy, (to prove this assertion, consider separately the two situations {H‘J}0 < Hf}
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and {H‘J}U = HF}). Thus, if H{, < Hf we may replace in (A.6) g(XH%) by
g(X]V{I/;r (XW))'
Vo
If H{,”V = H,f, the process X; returns to V, (and also to W) at z. In contrast, in
the time interval [0, H}},] the trace process on W remains at x, and X}V may return
to Vy at a point y # x. In particular, X; and XtW may return to V at different
points. In this case, since H‘J;O = H, we have

B, [g(Xpp )X(HS = Hy)] = g(@)Po[H = Hy, |
Up to this point, we proved that for x € Vjp,
E.[9(Xpy)] = Bo[9(Xpy ow))Xae ] + 9(2) PulA],
where A is the event {H;} = H,}. Write x,. as 1 — x,. On the event A,
H{ (XW) = Hf, + H{ (XV) o 19H$0' Hence, conditioning on .FH%, since A is

F Hy, -measurable and X (H {’}0 ) = x on the event A, by the strong Markov property,

EI[Q(X;/IV‘J;O(XW))XA] = Px[A]Ew[g(XE/‘J;O(XW))] .
Therefore, for x € Vj,
Eo[9(Xy )] — 9(@) = PolHy < 1] {Eu[g(XE: )] = 9(e) } - (A

By equation (6.9) in [1], AN(z) P,[Hy, < H;]= Aw (). Therefore, (A.6) is equal
to

M) {E (90X )]~ f(0)}
By the strong Markov property and (A.5), this expression is equal to

M (@) Y pw (e y) {EY [9(Xmy,)] = f(2) }

yeWw
= Aw(2) Z pw(z.y) { fw(y) — fw(@)} = Lwfw)(z),
yeW

as claimed. (]
Denote by D(f) the Dirichlet form of a function f:V — R:

D(f) = {fs (=L)f )= -

Corollary A.2. Fiz Vo C W C V. Denote by f, fw the solutions of the Poisson
equations (A.2), (A.4), respectively. Then,

D(f) = 7(W) (fw, (= Lw)fw )rw - (A.8)
Proof. By definition of the Dirichlet form,
D(f) = (f. (=£)f)n = = D m(2) f(2) (£f)(x).
zeV

Since f is harmonic on V{, the sum can be restricted to V4. Hence, the previous
expression is equal to

— Y w(@) f@) (Lf) (@) -

zeVy
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By (A.5) and Lemma A.1, this sum is equal to
= > w(@) fw(x) (Lw fw)(x) .
zeVy
Since fyw is Ly -harmonic on W\ Vp, we may extend the sum to W. To complete
the proof, it remains to recall that my () =« () /7(W). O

The same proof yields the following result.

Corollary A.3. Fix Vo CV, g: Vo — R, and let u be the solution of (A.2). Then,

/ﬁdu:/mdu
v u Vo 9

for all probability measures p on V.

Proof. Since u is harmonic on V \ V5, we may restrict the integral to V5. By
Lemma A.1, on Vy we may replace Lu by Ly, uy,, where uy, is the solution of
(A.4) with W = V;. However, as W = Vj, the solution of (A.4) is uy, = g. Hence,
Ly, uy, = Ly, g. As u = g on V), the proof is complete. O

We turn to an estimate of hitting times. Denote by w4, A C V, the stationary
measure 7 conditioned to A

reA.

Ta(r) = A)
Next result is [36, Proposition 8.4]. It holds for non-reversible dynamics. The
assertion in the case where A is a singleton follows from the proofs of [5, Corollary
4.2] and [36, Proposition 8.4].

Lemma A.4. Let A, B be two nonempty disjoint subsets of E. Then, for every
probability measure v concentrated on the set A and o > 0

21

2

P,[Hp < o]’ < B (

If A is a singleton, A = {z}, then for every o >0

cap({z}, B) 0

P:E[HB < Q] <e ’/T(’JZ)

This result helps in showing that the left-hand side vanishes asymptotically if
[cap,({z}, B)/mn(z)] 0n — 0.

Remark A.5. For two sets A, B satisfying the hypotheses of Lemma A.4, let va B
be the equilibrium measure on A:

1
By Chebychev inequality and [4, Proposition A.2],
1 Ex[ly gl
P, Hg > < -F Hp| = ————
van | He > 0] < 0 vae | HE ] ocap(4, B)

where Iy g stands for the equilibrium potential of the time-reversed process (some-
times called the adjoint process): b g(y) = Py[Ha < Hp], and P* stands for the
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distribution of the continuous-time Markov chain with jump rates R*(x,y) given by
R*(z,y) = n(y) R(y,z)/n(x). In many cases, E,, ,[Hp| = [14+0(1)]7(A) so that

m(A)

P —_—.
ecap(4, B)

van|He > 0] < [1+0(1)]

This inequality demonstrates that the bound in Lemma A.4 is sharp whenever
By, s[Hp] = [140(1)]7(A).
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