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Critical points of the one dimensional Ambrosio-Tortorelli functional
with an obstacle condition

Martin Rakovsky *

Abstract : We consider a family of critical points of the Ambrosio-Tortorelli energy with an obstacle condition
on the phase field variable. This problem can be interpreted as a time discretization of a quasistatic evolution
problem where the obstacle at step n is defined as the solution at step n — 1. The obstacle condition now reads
as an irreversibility condition (the crack can only increase in time). The questions tackled here are the regularity
of the critical points, the properties inherited from the obstacle sequence, the position of the limit points and
the equipartition of the phase field energy. The limits of such critical points turn out to be critical points of the
Mumford-Shah energy that inherit the possible discontinuities induced by the obstacle sequence.

1 Introduction

The Mumford-Shah functional, introduced by D.Mumford and J.Shah in 1989 in [MS89] in the context of image
segmentation, is also used in fracture mechanics to describe brittle fractures [FM98]. If Q2 is a bounded open subset
of RV it is defined, for any u € SBV?(Q), as

MS(u)z/Q|Vu|2+2HN_1(Ju).

In the spirit of the Allen-Cahn model for phase transition ([Mod87], [Ste88]), Ambrosio and Tortorelli proposed in
[AT92] the following variational phase field regularization, defined for (u,v) € H(Q) x [H'(Q) N L>()] by

— 2 2 2, (1—wv)?
AT (u,v) = [ (ne +0v7)|Vul“dz + e|Vo|* + E dz
Q Q

where 0 < 7. << ¢ is a small parameter that ensures ellipticity. This regularization has also a mechanical
interpretation. The phase field variable v can be seen as a damage variable taking values in the interval [0, 1],
between the state {v = 1} where the material is sane and the state {v = 0} where the material is broken. This
regularized formulation is also at the basis of numerical simulations (see [BFMOS]).

In [AT92], a I'—convergence result of AT, to M .S is proved by suitably extending M S as a two variable functional

_f MS(u) ifv=1,
MS(u,v) = { +00 otherwise.

Under suitable boundary conditions, the existence of minimizers for AT, for a fixed value of ¢ is obtained via the
direct method of the Calculus of Variation. The I'-convergence then ensures that a converging sequence (u.,v.) of
minimizers of AT, converges toward a minimizer of M S.

Concerning the numerical implementation, the term v?|Vu|? implies a lack of convexity for the functional AT..
Consequently, numerical methods might fail to converge toward a minimizer of AT.. Using the fact that the
functional remains separately strictly convex, [BFMOS8| proposes to perform an alternate minimization algorithm.
It is proven in [Bou07, Theorem 1] that the sequence of iterates converge toward a critical point of AT, but not
always to a minimizer. This motivates to investigate the convergence of critical points of the Ambrosio-Tortorelli
functional as ¢ — 0 and compare this convergence with the original goal to minimize the Mumford-Shah functional.

A critical point for the Ambrosio-Tortorelli functional is a pair (ue,v.) € H*() x [H*(2) N L>°(Q)] such that

d
it |t=0 ATE(UE + i, v + t@) =0 V(d& 90) € H(%(Q)2
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with suitable conditions at the boundary 99 (for example Dirichlet conditions, as in [BMR24]).

The I'-convergence provides little help to study the convergence of critical points. The extension of the fun-
damental theorem of I'—convergence to the convergence of critical points has been studied in various settings, see
[HT00], [Ton02], [Ton05] for the Allen-Cahn functional and [BBH94], [BBOO01], [LRO1], [SS07] for the Ginzburg-
Landau functional. For the Ambrosio-Tortorelli functional, the convergence has been established in all dimensions
in [BMR24], with the additional hypothesis of the convergence of the energy AT (u.,ve) to MS(u,1). In dimension
one, this hypothesis is no longer required, and it is proved in [FLS09] and [BMR23] that a sequence of critical
points for the one-dimensional Ambrosio-Tortorelli converges to critical points of M S. A similar result is proved
in [Lel0] for the one-dimensional Mumford-Shah functional adapted to image segmentation. (See also [BI23] in
cohesive fracture).

In [FLO3], a model for the quasi-static evolution of a brittle fracture using the Mumford-Shah functional is
proposed. The model starts with a discretized version of the evolution of the crack, where the irreversibility through
time is translated into the condition that the crack K (¢;) is included in the crack K(¢;41), and the Mumford-Shah
functional is then minimized at time t;41 over all the cracks K containing K (¢;), and with a variable Dirichlet
condition g; at the boundary 9. In [Gia05], it is proved that a quasi-static evolution of AT, approximates a quasi-
static evolution for M S using minimizers of AT.. The irreversibility condition translates into the minimization of
AT, at time t,11 among all couples (u,v) such that v < vy, ., where (uy, ¢, vy;.-) is the minimum of AT, at time ¢;.

A natural question is whether the result of [Gia05] can be extended to critical points. Since in high dimension,
results on the convergence of critical points of AT, require stronger hypothesis, such an extension can be investigated
only in dimension one for the moment. This paper is the first step in that direction, namely, we study the convergence
of the critical points of the functional AT. defined on the pairs (u,v) in H'([0,L]) satisfying v < vg., where
(uo,e,v0,c) is a critical point of AT,. We use the same setting as [BMR23] (Dirichlet conditions on the variables
(1, )).

In Section 2, we define the one-dimensional functional AT, at study, which corresponds to the functional AT,
restricted to the pairs (u,v) satisfying v < wvg ., we recall the results established by [BMR23] and state the main
result in Theorem 2.6 : the critical points of AT'. with the irreversibility condition v < vg . converge to critical point
of M'S. Theorem 2.7, proved in the appendix, deals with the I'—convergence of the sequence AT.. Theorem 2.6
can then be seen as an extension of Theorem 2.7 for critical points.

When we study the convergence of a functional with a phase field term, a natural question is the validity of an
equipartition of the energy principle, i.e whether the terms of the phase field energy share the same limit. This
principle, as well as the convergence of the Dirichlet approximation term is also stated in Theorem 2.6.

In Section 3, we establish the properties concerning the critical points of AT., namely the regularity and the
variations of v.. In Section 4, we study the asymptotic behaviour of the sequence (ue,v:) and prove Theorem 2.6.

Similarly to [FLS09], [BMR23] and [Lel0], the key point to the main estimates is the study of the quantity called
discrepancy (Equation 4.5) associated to AT (which can be interpreted as the Hamiltonian of the functional). In
[FLS09], [BMR23], this discrepancy is constant, which is no longer the case in our situation. However, we are able
to control the variations of the discrepancy in Lemma 4.7 to obtain analogous estimates and results as in [BMR23].

2 Notations and statement of the results

2.1 Notations and preliminary results

Throughout the paper, L is a positive number. Letters like C,m and M will denote constants that do not depend
on any other parameter and that may change from line to line. We also denote by I,.(z) the interval (z —r,z + r).
For any open subset Q2 C (0, L), we denote by

1 flloe.2 := sup [f(z)] ,
zEQ

[fli/2,0 = sup 1f(z) = f(y)l

spyen o —ylt?

I[fllcoarz.q = [[flloc.0 + [ fli/2.0-

The one-dimensional Ambrosio-Tortorelli functional, is defined as

L 1— 2
AT (u,v) := / ((775 + o)) + % +61},|2) dr, Y(u,v) € H(0,L)?,
0



where 7). is a positive parameter such that 7. /e — 0. Before defining the one-dimensional Mumford-Shah functional,
we recall the definition of the space SBV?(0,L), which is the space of the functions u € L' such that their
distributional derivative is a Radon measure which writes as

L
Du=u'dl + (ut — u_)vu”HIOJu with / [u'|* < 0o, H(J,) < .
0

The one-dimensional Mumford-Shah functional M S defined on SBV?2(0, L) x L?(0, L) reads as

L
MS(u,v) = /0 lW|?+2H(J,) ifv=1,
+oo otherwise.

We define a critical point of AT, as follows

Definition 2.1. Let ag € R. A critical point of AT. is a pair (u,v) € H(0,L)? that satisfies for all (¢, ) €
C(0,L),

ATE (’LL + MP’ v+ t@) - ATE (U, U)
t—0 t

=0 s
u0,(0) =0, ug (L) = ao,

’1)0’5(0) = UO,&(L) = ].

A critical point (ug ¢, v0,e) of AT satisfies the following equations on (0, L)
—evg . + UOET_l + vo,g|ug’€|2 =0 in(0,L),
[uf . (e +03,.)] =0 in (0,L),

u0,:(0) =0, uo.(L) = ao,

UO,E(O) = 'UO,S(L) =1
In the sequel, we consider a sequence (ug.e, vo,e) of critical points of AT, satisfying the following energy bound

lim sup AT (ug.e, vo,c) < C. (2.2)
e>0

In [BMR23, Theorem 1.1], the following has been established :

Theorem 2.2. Up to a subsequence, (uo.,voe) — (uo, 1) in L*(0,L)?, where either ug = Ujymp = aolip 2, or
uo(x) = uqrs(x) = aozr/L.

When integrating the second equation of (2.1), we obtain a constant ¢y such that
u6,£ (778 + vg,a) = Co,e-
[BMR23, Lemma 2.4] states that

Lemma 2.3. Up to a subsequence, the sequence
Co,e —* Co; (2.3)
with co a real number satisfying co € {0,a0/L}.

Theorem 2.2 enlightens a selection phenomenon : the accumulation points of the sequence (ug ¢, vo ) are specific
critical points of MS. Indeed, critical points of M.S are either the affine function u,¢¢ or the piecewise constant
functions. It is also proved in [BMR23, Theorem 1.2] that w;ym, can be reached by a sequence of critical points of
AT.. The crack of the material at time 0 then corresponds to J,,, which is, according to [BMR23, Theorem 1.1]

L
FO:JuO :(D or FO:Juo = {2} (24)



The Ambrosio-Tortorelli functional with obstacle is defined as

AT (u,v) == { ATe(u,v) o <o,

1
I clse, v (u,v) € H(0, L). (2.5)

In order to account for the constraint on the phase field variable, we introduce the following definition for constrained
critical points.

Definition 2.4. A critical point of AT, is a pair (u,v) € H'(0,L)? that satisfies v < vo. and, for all (¢, p) €
C(0, L) with ¢ >0,

dAT . (u,v)[(¥, )] :== lim AT (u,v) — AT (u — tah,v — tp)

t—0+ t

w(0) =0, u(L) =ay,

v(0) =v(L) = 1.

Note that the Dirichlet condition at L is different and carry the evolution in time of the material.
In the sequel, we denote
O ={ve. <wvoe} and F.={v.=vc}. (2.6)

Since ve,v9 . € H'(0, L), there difference is continuous by Sobolev embedding so O, and F. are respectively open
and closed in [0, L.

2.2 Euler-Lagrange equations

In this subsection, we establish the Euler-Lagrange equations for AT.. Let (u.,v.) be a critical point of AT.. Take
© = 0 in Definition 2.4. Similarly to [FLS09, Introduction], the equation satisfied by u. reads as

[l (n. +v2)] = 0. (2.7)
This means that there exists a constant c. such that
/ Ce .
u, = ——— a.ein (0,L). 2.8
e (e +2) (0, L) (2.8)

As v, is continuous by Sobolev embedding, the left hand side is also continuous. Similarly to [FLS09], we obtain
that u. has a constant sign, corresponding to the sign of ¢., meaning that w. is monotone on [0, L].

We next move on to the equation for v.. Taking ¢ = 0 in Definition 2.4, we obtain the following inequality,
where v” denotes the distributional derivative of v’, which exists as v. € H(0, L),

ve — 1
<<p,v5|u’5|2—€v;’—|— : > <0 (2.9)
€
which we rewrite in the following way : there exists a non positive Radon measure distribution p. such that
ve — 1
—evl + = + v ul|* = pe <0. (2.10)

Taking ¢ compactly supported on {ve < vg .} gives the reversed inequality of (2.9). This means that the measure
e is supported on the closed set F.

Using (2.10), we see that v/ is also a Radon measure, so that v. € BV(0, L), which is embedded in L*(0, L),
and that v. € C%1(0,L). In section 3.1, we provide a better regularity result on v.. This allows us to establish an
explicit formula for u. at the end of section 3.1 (Corollary 3.3).

In summary, the equations satisfied by (ue,v) are

—ev! + ==L o ul]? = pe <0 in (0, L)

[ul(ne +v2)] =0 in (0, L)

v < Vo, in (0,L), (2.11)

us(0) =0, ue(L) =ao ,

v(0) = v (L) = 1.



2.3 Statement of the theorems

We consider a sequence (u., v.) of critical points of AT.. We suppose that the sequence (u., v.) satisfies the following

energy bound L
lim sup AT . (ue, ve) < C. (2.12)

e—0

Our first result concerns the regularity and is proved in section 3.
Theorem 2.5. Let (u.,v:) be a critical point of AT in H'(0,L) x H'(0,L). Then v. € CH1([0, L]).
We now state the main result of this work concerning the limit points of (u.,ve).

Theorem 2.6 (Convergence of the critical points). Let (uc,v.) be a family of critical points of AT. satisfying
(2.12). Then there exists a real number Ty, € (0,L) and a subsequence such that
(i) (ue,ve) — (uq,1) in L*(0,L), with either ui(x) = wjump(®) = a1l )(x) or ui(x) = uass(z) = %.
Moreover, if |F.| # 0 and |a1| > ao, then u1 = Wjumyp-

(#4) (% + 6(1}2)2) dr = ad in M([0, L]) with o =0 or a = 2. Moreover, if u1 = Ujymp then o = 2.

Tmin

(i) (n. + 02)lul2de = [uj 2z in M([0, L)).

1— 2
(iv) (Equipartition of the energy principle) A=v) e[vl]?| — 0 in L1(0,L).
€
1— 2
(v) elv.Pdz = %&cmm, and wdw RN gémmm in M([0, L]).
€

Remark 2.1. Theorem 2.6 extends the following I'— convergence result, which we prove in the appendix :

Theorem 2.7 (I' convergence of AT.). The functional AT. T-converges to the functional MS, defined for every
(u,v) € L*(0,L)? as

L
MS(u,v) := /0 || +2H(J, UTy) ifv=1,
+00 else .

where T is defined by (2.4).

While the I'-convergence implies that a converging sequence of minimizers of AT, converges to a minimizer
of MS(u), Theorem 2.6 acts as a selection criteria : the limit of critical points of AT, are critical points of MS
that have at most one discontinuity point. Observe that we recover a similar selection phenomenon as in [BMR23,
Theorem 1.2].

Considering (2.7), it is natural to define the crack at time 1 by

't =ToUJy, (2.13)
The different possible values for I'; according to Theorem 2.6 are represented in Figure 1.

Remark 2.2. The item (iii) of Theorem 2.6 is called the equipartition of energy principle and is to be compared
with the equality case of the arithmetico-geometric inequality

(1-v)?

+elv’]? = 2|1 — v||[v']

used in the proof of Gamma-convergence of AT, to MS.

Remark 2.3. Let us stress that the implication in (i) is not an equivalence, and that the converse is still an open
question. However, the fact that o > 0 is equivalent to the existence of a so-called v—jump for the sequence (v.)
defined as follows :

Definition 2.8. A point x € [0, L] is a v—jump if there exists a sequence (x.) such that z. — x and ve(x:) — 0.



0 L 0  Zmin L
t=20 t=1

(¢) Do = {L/2}, Ju, = {L/2} and 'y = {L/2} (d) Do = {L/2}, Ju, =0 and 'y = {L/2}

Figure 1: Possible values of I'y, J,,, and I';.

It turns out that a v—jump does not necessarily lead to a discontinuity point in the limit. The variations and the
symmetry of the function vy . around L/2 imply that the only possible v—jump for (vo.) is L/2. This symmetry
disappears at time 1, as X, is not necessarily equal to L/2.

Remark 2.4. A similar result holds for a sequence (uc,v.) of critical points of AT, with Neumann conditions on
Ve, which is the framework of [FLS09, Theorem 2.2]. More precisely, if I'y and T'; are defined as in (2.4) and (2.13),
[FLS09, Theorem 2.2] states that I'o = @) or I'g is a regular subdivision of (—L, L). It can be proved that

(2i — 1)L (2i+1)L

f
2n 2n or

e in the former case, I'y = {xo,...,Zn+1}, where g = 0,2,41 = L and z; €
(i—1)L iL

n 'n
symmetry of the “perfect staircase” observed in [FLS09, Remark 2.3] is lost at time 1.

1<i<nor{x,...,x,} where z; € for 1 < i < n. Observe that, as for Theorem 2.6, the

e in the latter case, I'y = I'p.

We would like to close this section by explaining what happens if we intend to iterate Theorem 2.6 for ¢t = 2.
Denote by (u1.,v1,6) a sequence of critical points at time 1, i.e satisfying v1 . < voe, 11, the right-hand side of the
first equation of (2.11) and (uge,v2<) a sequence of critical points at time 2, i.e satisfying v . < v1,.. The right
hand-side in the first equation of (2.11) corresponding to vs . is a non positive measure s .. The expression of po .
now depends both on {vg . = v1 .} and {v1, = v}, so that we do not always have a similar result as Corollary 3.3
in the case |[{v1,c = v2.}| # 0. As a consequence, the behavior of (ug¢,v2 ) is less predictable, in the sense that we
do not have an analogous of item (i) of Theorem 2.6. A possible reason to that phenomenon is that, as we consider
critical points and not only minimizers, we do not have an energy balance at our disposal, which is crucial in the
iteration argument proposed in [Gia05, Theorem 2.2].

3 Critical points of AT,

3.1 (C*'! regularity of the critical points
In this subsection, we investigate the regularity of v.. More precisely, we establish the following proposition :
Proposition 3.1. Let (uc,v.) be a critical point of AT. in H'(0,L) x H'(0,L). Then v. € CH1([0, L]).

The methods of the proof are similar to those of the classical obstacle problem, see e.g. [FRRO22, Theorem 5.5].
Set w. = vy — v, which is a non-negative function on [0, L]. Note that by Sobolev embedding, v. € C%'/2(|0, L]),
so that, using the equation (2.8), u. € C*'/2([0, L]). In particular, u’ is bounded on [0, L]. On (0, L), w. satisfies
the following equation



UO,sflf(Usfl)
g

¢ o= elvge—vd) =

- +vo.elu [ — velul® + e

w
= — F (w0 = ve)lup e [* Fvs(fup e — [ull?) + e

2 2
We ;2 €0,e Ce
= — tw:u +v - +u
c 5| O,sl € ((776 _~_08’6)2 (775 +Ug)2> €
Since p. < 0, we obtain the following expressions
1 6(2] c?
ew” < w <+ uy 2>+v < — < on [0, L],
foswelcthd ) e G e T ) M (3.)
1 C% c? .
cw!” = we|-+uh ?) 4o ad - £ on O..
€ € (6 | 0,E| € (776 4 ’U(2)7€)2 (776 + Ug)Q €

Since vg . is smooth, it is sufficient to prove that w. is in C11([0,L]). We first need to prove that w. grows at
most quadratically around O, (Lemma 3.2). Then, we can use Schauder estimates on (3.1) to ensure that w’ is
continuous at 00..

Lemma 3.2. There exists a constant C > 0 only depending on ||ug || co 0,z |Utlls0,j0,2) and € such that for any x

1
such that d(x,00,.) < gd(x, {0,L}), one has

0 < we(z) < Cd(x,00.)>.

Proof. Since 0 < v < vge < 1, we is bounded. As u. and u676 are also bounded on [0, L], the first inequality of the
system (3.1) gives

1
ew; < Zwe + g o [Pwe + ve(Jug o |* — [ul]?) < C, (32)
where this inequality is written in the distributional sense.
_ 2
Fix any z € (0,L). The mean value formula applied to the superharmonic function ew. — C 12 5 | yields, for
any r such that I.(z) C [0, L],
()>1/ ( () (J'Z_y|2>d>6 (y)dy — Cr? (3.3)
cwe(z) = — ew(y) — y > — we(y)dy — Cr .
2r J1,(2) 2 2r J1,(2)
Secondly, for any y € O, the second equation of (3.1) yields
2 2

cw!(y) > —v(y) gy >~ = —C',
c : (1e + |ve]?)? n?

. . . . |z — |2
Fix then z € O.. The mean value formula applied to the subharmonic function ew, + C’ —
such I,.(z) C O,

yields for any r

1 _ 2
ewe(2) < —/ <5ws(y) + C”M) dy < i/ we (y)dy + C'r?. (3.4)
2r I.(2) 2 2r I.(2)

1
Now fix € O such that r := d(z,00.) satisfies r < gd(x, {0,L}) and take any =’ € I.(x) N dO.. Then
Iy (2') C I3.(x) C (0,L) and 2’ € F¢ so, using (3.3),

1
0=cw.(z') > —/ cw.(y)dy — Cr?. (3.5)

4T I2T($/)

Then, since w. > 0 and I.(x) C I-(2'), we get
(3.4) (3.5)
cwe(z) —C'r? < i/ we(y)dy < i/ we(y)dy < 2072,
27" Ir(x) 27’ 127‘(33/)

which is the desired inequality. O



We are now ready to prove Proposition 3.1.
Proof of Proposition 3.1. First, we focus on the regularity on (0,L). Let z; € O, and take o € 9O, such that
1
r = |zg — 21| = d(z1,00;) and suppose that r < gd(xl, {0, L}). Notice that the right-hand side of the second

equation of (3.1) belongs to C%1/2([0, L]). Applying Schauder estimates ([GT01, Theorem 4.6]) on I,.(x1) C O.,
there exists a constant C' independent of x1,r and w. such that

T”wz’/;‘HOO,IT/Q(Zl) + T2||w;,||oo,IT/2(x1)

1
2 712 2 /12 112
< O lwelloo,1, @) +7 ’ws (+|U5| ) +r7 e (jug e |” = [uzlF)llcorre g @y | - (3:6)
—_——— € C01/2 I, (1)
=1 =111
=11

We now estimate the terms in the right hand side of (3.6).
I : Using Lemma 3.2, one has |Jwe oo, 1,(2,) < Cd(1,00.)* = Cr?.

II : We split the norm || - [[go.1/2 into the norm || - || and the semi-norm [-]; 5. Concerning the norm || - ||,
one has

1 1
o (Bered)| <2 (R eotipn) =0
£ 00,1 (1) €

where C' > 0 is a constant which depends on |[ul||s [0,]- Concerning the semi-norm [-], we use the inequality
[luZl?}12 < 2||ullloc[ul]1/2- This yields

1 2
B

1 1
[ws ( n |u;|2)] < el on [ n |u;|2} TS
€ 1/2,1,(z1) €

1/2,1,(z1) oo, I (z1)

< 20lulllso,jo,01[ut]1/2,0,) + [wel1/2,00,1]

1
2

0,[0,L]
< C
where C' > 0 is a constant depending on ||u_||co.1/2 [, ) and [|wel|co.1/2 [0, 1]-
III : Similarly, one has
lve ([ e [* = Tuzl) oo, 1, (e1) < 1t e 120, 0,27 + 142126 0,21
and

(e ([ug o> = 1ul1®)]1 /2,1, (21)

< ||UsHoo,lr(a:l)([|U6,s|2]1/2,1r(x1) + |u/s|%/2,lT(m1)] + [Us]1/2,lr(x1)(H%,s”zo,fr(zl) + ”u/E”io,IT(ml))

2 2
l5o.0,21 T lucllse 0,2))

< 2fJug e llooj0,21[10,6]1/2.00,2) + 2luE oo 0,21 [1e] 1 /2,10,2] + [vel1/2.0,21 ([ ug ¢
< C

where C' > 0 is a constant depending only on |[ug . ||co.1/2 0,1, [UZllco.1/2 10,0 and [[vZ]lcor/2 [ r). 1t follows from
(3.6) that
THw;||OO7I'yV/2(fL.1) + r2‘|w;/|‘0071r/2(£1) < CT2'
In particular, [wi(z1)| < [|willoo1, 5(2) < Cd(21,00;). This means that w(z1) tends to 0 as d(x1,90:) — 0.
Moreover, as w, vanishes on F;, w. = 0 a.e on F. (see [GT01, Lemma 7.7]). So w. admits a representative on (0, L)
that is zero on F. and is continuous on (0, L), so that w. € C*(0, L).
From (3.2), we also have
|w oo, 0,2) < C2,



where Cy > 0 is a constant depending on [|ug . ||s,[0,z], from which we deduce that w[ is Lipschitz on (0, L).

To recover the regularity at the boundary points 0 and L, we see that w’. is uniformly continuous on (0, L) (because
it is Lipschitz) so it admits a continuous extension on [0, L]. This implies that w, is differentiable at 0 and L with
wl(0) = lim wl(z) and w.(L) = lim w.(x). We deduce that w. € C'([0, L]). Then, as w’. is Lipschitz on (0, L),

z—0 r— L~

its extension to [0, L] is Lipschitz as well so that w. € C**([0, L]). Hence v. € C11([0, L]). O
The following result gives an explicit pointwise formula for p..

Corollary 3.3. Let p. be the right-hand side in (2.10). We have the following expression for .,

Hlp (3.7)

— Vo,e 2 5 B o /
He = m((ca) - (6076) )1F5 = U075(|u6| _ |u07€

In particular, if |Fe| # 0, then |ce| < co.e.

Proof. Aswv. € C%1([0,1]), u. is absolutely continuous with respect to the Lebesgue measure. Moreover, as v, = Vo,e
on F, we have v, = (vg,)" and v? = (vo)” a.e on F; (see [GT01, Lemma 7.7]). Hence

ve —1 v — 1
ME B (6,0‘/5/ + E + UEUIEQ) 1FE - (gvg’s + 076&‘ + U075|u/€|2> 1F€
= (Fvoclu,)” +ooshil) 1. = w0 (Uil = Jup)1m,
2 2
Ce C0,e Vo,e 2 2
= ’UO, — 2 1Fe — — = (¢t —c 1FE
e ((’05)2 + Ne (00’6)2 4 7’5) (vg,e + 775)2 ( € 075)

As e <0, provided that |F.| # 0, one has ¢Z < ¢, and |c.| < .. O

3.2 Shape of v,

The aim of this section is to take advantage of the ODE (2.10) satisfied by v. to determine its variations. We prove
that v, admits a unique global minimum, denoted by z. € [L/4,3L/4] and that v, is non-increasing on [0, z.] and
non-decreasing on [z, L]. We start with the following lemma on the possible positions of the critical points :

Lemma 3.4. Let z. be a critical point of v.. If x. € F., then . = L/2.

Proof. Note that statement is non empty, by Rolle’s Theorem, as v.(0) = v.(L). Suppose z. € F. \ {0, L}. Then

Ve(xe + h) — ve(ze) Ve(ze + h) — v () vo,e(®e + h) —voe(xe)

oy, . s . 0
0=ve(ze) = lim, h = i, h < h = %o<(®)
and
o, o ve(@e) —ve(we —h) . woe(xe) —ve(ze — D) . woelwe) —woe(we —h)
0=v(x:) = ;}igﬁ N = hlgf)h W > hli%l+ 3 = vp . (2)

so that vj . (z.) = 0, which implies z. = L/2 by [BMR23, Proposition 2.1]. If 2. = 0, then, using again [BMR23,
Proposition 2.1],

. v0,e(h) — v0,£(0) . ve(h) — 1 /
0 0.(0) =1 : : > 1 =v_(0
>0 = g, = o
and if x. = L,
, . v0e(L) —voe(L—h) . l—w(L—-h) ,
0<voe(l)= lim, h < | Jm, = v=(L)
so that 0 and L are not critical points of v.. O

The following proposition establishes the variations of v. on [0, L].

Proposition 3.5. The function v. admits a unique local minimum at x. on [0, L]. This local minimum is also a
global minimum and is either located at L/2 or it belongs to the connected component of O, containing L/2.



Observe that while vy . is symmetric with respect to L/2, the previous proposition states that it is not necessarily
the case for v,.

Proof. According to Lemma 3.4, a local minimum of v, is either L/2 or in O.. The proof is divided in two steps.
In the first step, we prove that any connected component of O, contains at most one critical point y. Using this
first step, we prove in the second step that the only connected component of O, that contains a local minimum is
(if it exists) the connected component containing L/2.

Step 1 : Any connected component of O, contains at most one critical point.

Take (3,7) a non-empty connected component of O, and suppose that it contains a critical point of v.. Assume
that v-(8) < ve(7y) (the case v-(8) > v-(7y) can be treated similarly). As §,v € F., we also have v ¢(8) < vo.(7).
As vg ¢ is decreasing on [0, L/2] and increasing on [L/2, L] ([BMR23, Proposition 2.1]), we have in particular that
v > L/2 and vj () > 0.

Assume that {v. = 0} N (8, ~) is non-empty. First, v cannot be critical points of v., as

'U::.(’y) — lim UE(’Y) _ /UE(’Y B h) 2 lim UO,E(V) _ IUO,E(’Y _ h) — ’U(/),E(r)/) > O

h—0 h h—0 h

Hence, the supremum y of {v. = 0}N(f, ) belongs to (3, ). First, suppose that y > ﬁ% The Cauchy problem

ve — 1

—evl + tolul? = 0 on (8,7),
Uf(y) = v(y),
Us(y) = 07

admits a unique solution on the maximal interval (3,+) (by Cauchy-Lipschitz Theorem). But the function v.(2y—-),
defined on (2y —~,7), is also a solution of the Cauchy problem on (2y —~v,v) C (8,7), so that by uniqueness, v, is
symmetric around y on (2y — v,7) (see Figure 2a). By continuity, v. is symmetric around y on [2y — ~,~] and

00,6 (2y —7) = v(2y —7) = v(7) = v, (7)-

Since 2y — v € (B,7), it follows from the variations of vy, (see [BMR23, Proposition 2.1]) that vy (2y — v) <
max(vg «(8),vo.(7)) = vo,s(y). This contradiction shows that

B+
<5
Now, suppose that there exists another critical point z of v, on (5,7v). As y is supposed to be the largest critical
point, z < y. Similarly to the previous argument of symmetry, v.(2y — -) is a solution of the Cauchy problem on

(8,2y — B) C (B,7) so v. is symmetric around y on [3,2y — B]. It follows that 2y — z is also critical point of v. on
(8,7), which implies 2y — z = y, hence y = z.

(3.8)

Finally, y is the unique critical point of v. on (8,7).
Step 2 : (3,7) contains a local minimum if and only if L/2 € (5,7).
We distinguish two cases.
L
Case 1 : Suppose that 3 ¢ (,7) and that y is a local minimum of v.. As v, does not vanish on (3,7) \ {y}, ve
is decreasing on (8, y) and increasing on (y, 7).

On one hand, the symmetry of v. around y yields :

V() = lim ol(@) == lmvl(@) = —ul2y— ) <0

But on the other hand :

/ T ve(B) —ve(B —h) . rUO,s(ﬂ)*rUO,E(B*h) o
ve(f) = Jimm, h 2 fim, h ,

Thus, it follows that (3,7) does not contain any local minimum.

Case 2 : Suppose that L/2 € (8,~). Since

ve(L/2) < vo,e(L/2) <min(voc(B), vo.e(7)) = min(ve(5), v (7)),

ve admits at least one local minimum on (3,+). By uniqueness, this local minimum is y.

This concludes the proof.

10



v, (7)
U0,€(2x8 - /8)
7-)O,e(L - B)

v0,(2y — )

Figure 2: Critical points of v,

Corollary 3.6. The function v. is non-increasing on [0,z.] and non-decreasing on [z, L].

Proof. Let us prove that v. is non-increasing on [0,z.]. Let a,b € [0,z] such that a < b. If v.(a) < v:(b),
then v.(a) < min(v:(0),v:(d)), so v, admits a local minimum on (0,b), which contradicts Proposition 3.5. So
ve(a) = ve(b) and v is non increasing on [0, z.]. Similarly, v. is non decreasing on [z, 1]. O

Notice that the sequence (x.) of global minimum of v, is bounded so, up to an extraction, we can suppose that
ZTe — Tpmin € [0, L]. (3.9)
The previous proof implies the following on X, :

Corollary 3.7. Let x. denote the global minimum of v. and let T, be the limit of a converging subsequence of
(xe). Then Tpyn € [L/4,3L/4].

Proof. Suppose that z. € (8,v) the connected component of O, containing L/2. Suppose also that v.(8) < ve(7)-

3
According to (3.8), . < # < iL < L. On the other hand, the symmetries of v around L/2 imply

00,5(2555 = B) =2 ve(2x. — B) = v(B) = UO,s(ﬂ) = UO,E(L - B).

From the variations of vy . (see [BMR23, Proposition 2.1]) and the inequality vo (22 — 8) > vo(8), we deduce
that 2z, > L/2. Then, from the the variations of vg . on [L/2, L] and the inequality v (22 — ) = vo(L — 5),
we deduce that 2z. — 8 > L — 3, so . > L/2 (see Figure 2b). The case where v.(8) > ve(y) can be treated
similarly. O

In particular, ,,;, is not localized at the boundaries of [0, L].

4 Asymptotic analysis
In this section, we prove Theorem 2.6. The proofs of the several items of Theorem 2.6 are disseminated within the

subsections : (i) is proved in subsection 4.3, (i7) in subsection 4.5 and subsection 4.7, (iii) in subsection 4.4 and
(iv) and (v) in subsection 4.6.

4.1 Preliminary estimates

The following estimates are classical and can be found in [FLS09], [BMR23] and [Lel0].
First, notice that the energy bound (2.12) provides the following inequality on c. :

L L
€3 ATo(uero) > [ (et AP = [ fecsd] =lecllue(L) — ue(0)] = ecar.
0 0

11



where we used that u. is of constant sign (see (2.8)). It follows that |c.| < C/|a1|. The sequence (c.) is bounded,
so, up to an extraction, we can suppose that it converges to a constant ¢;. The following proposition establishes
the connection between ¢; and the limit function of (uc).

Proposition 4.1. One has v — 1 in L*(0,L) and, up to an extraction, there exists u; € BV (0,L) such that
ue — uy in LY(0,L). Moreover, u. — c1 a.e in [0, L] with |Du1|(0, L) < |a1]|. We also have that c¢; € [0,a1/L] if
ay =20 and ¢ € [a1/L,0] if a; <0.

Proof. The convergence of v, comes from the energy bound (2.12) :
L [—
/ (1 —v.)?* < eAT(ue,v.) < Ce — 0.
0

As u, is monotone, u.(0) = 0 and u.(L) = aq, it is of constant sign and fOL lue| = |f0L ue| < |ar|L. So (ue) is
bounded in L*(0, L). Secondly, as u. is of constant sign,

L L
Ducf0.)= [l =1 [ )= o
0 0

So the total variation of u is also bounded. Then, the sequence (u) is bounded in BV (0, L) and we can extract
a converging subsequence in L!(0, L) to a function u; € BV (0, L). The lower semi-continuity of the total variation
implies

|Duz|(0,L) < lirgn_}glf |Duc|(0, L) < |ay|.

Using equation (2.8), as one can extract a converging subsequence of (v.) that converges to 1 almost everywhere,
one gets u. — ¢; almost everywhere. If u. > 0, then by Fatou’s lemma :

e—0

L L
a L= /0 ii_r)r%)ufs < liminf/O ul =aj.
If ue < 0, then similarly

L L
—c1 L = / lim (—ul) < liminf/ (—ul) = —a.
0 0

e—0 e—0

We obtain that if a1 > 0, then ¢; € [0,a1/L] and if a; < 0, then ¢; € [a1/L,0]. O

4.2 Estimates on v,

In this section we establish the two main estimates on v., namely :

Proposition 4.2. Let x € [0,L]. Suppose that ve = « > 0 over I.(z) for all € small enough. Then there exists
€0 > 0 and b, M > 0 depending on o such that on I, 5(x)

|pe| < M, [ul] < M, ve =21 —be, Ve <eyp. (4.1)

Corollary 4.3. For any compact set K € [0, L] \ {Zmin}, there exists eg > 0 and b, M > 0 depending on K such
that (4.1) holds.

Proposition 4.4. If ¢y > 0, then,

C
If |e1]| > 0, then,
/ c
lullloo < —,  inf v. > my/e.
5 (0,L)

Note that the first estimate relies on a condition concerning ¢y and not ¢;. The proof of Proposition 4.2 and its
corollary is inspired by the proof of the Proposition 3.12 of [Lel0] and the proof of Proposition 3.2 of [HT00].

12



Proof of Proposition 4.2. Suppose that the assertion is false for every b. We will reach a contradiction for b large
enough. To this end, fix b > 0 and suppose on the contrary that, for infinitely many ¢, inf;, Ja(a) Ve < 1 —be.
First we can already bound u. and p. uniformly in € on I,.(x), namely :

|ce
< < 4.2
A (42)
Concerning fi., since vg . = v. on F, one has by Corollary 3.3 on I,.(z) :
el = Rl < M1p <M (4.3)
He = |He| = (Ug +77€)2 c 0075 F: X (042+T]5)2 Fe X . .
&

Let . be a smooth function such that (.(z —7) = (.(z +7) = a, (¢ =1 —0b/2¢ on I, )5(z), (- <1 on I.(z) and
121 = O(1).
Set g. = ve — (.. Then g.(z + r),g.(x — r) = 0, while m(f ge < (1 —be) — (1 —(be)/2) = —(be)/2 < O since
r/2 x)

in(f )vE < 1 — be. In particular, g. reaches its minimum at a point z; of (z — 7,z + ) and this minimum satisfies
7‘/2 z

ge(21) < —(be)/2. Then :

) v€(x1)_

1
0 < egl(z) = evl(w1) —ell(21) = f+vs($1)\u2($1)|2—Ms(xl)—EC!(xl)

= el (2 o)) + Glow) (2 ) - £ - o) — o)

We deduce, using (4.2) and (4.3),

be 1—C(e(x
~b/2> -2 ( + il (a )2) > 28 ) — e (@) + e > e — M2~ M > 207
which is absurd for b large enough. O

Proof of Corollary 4.3. Let K be a compact set of [0, L] \ {Zmin} and take 6 > 0 such that (Zmin — 0, Timin + ) C
[0, L]\ K. Then, for ¢ > 0 small enough, . € (min — 0/2, Tymin + 0/2) so using Corollary 3.6, v. is non-increasing
on (Tpmin — 0, Tmin — 6/2). The L? convergence of v. then implies

5 Tomin—0/2
5(1 — Ve (Tymin — 0))? < / ) (1—wv.)* = 0. (4.4)

min

It follows that for e small enough, ve(Zmin —0) > 1/2 and then v, > 1/2 on [0, Ty — d]. Similarly, v. > 1/2 on
[©smin + 0, L]. Hence v > 1/2 on K.

Let ¢ € K and r, such that I, (z) C (0,Zmin — ) U (Tsmin + 6,L). Then v. = 1/2 on I, (z). According to
Proposition 4.2, there exists €, > 0 and constants b,,, M, such that

ve=1—bye , |ul|< My , |pe] <M, Ve<e,.
As K is compact, there exists a finite covering of K of the form K C |JI, L., ja(w;). Taking eg = 1I<Il_i£1 Exis b =
K <ikn
max b, and M = min M,, yields Corollary 4.3. O
1<ign 1<ign

Before proving Proposition 4.4, we introduce the so-called discrepancy of AT..

Definition 4.5. We denote by d., also named as the discrepancy of AT the following quantity :

1—v.)?
do = Bl (e ol (45)
Remark that
(1—w.)?

D eul)? - (e + o)l | < AT (s u0) < C.

L L
[
0 0

As in [FLS09], [BMR23] and [Lel0], we use the variations of the discrepancy to infer estimates on u. and v.. The
following proposition gives the expression of the derivative of the discrepancy :

13



Proposition 4.6. There holds
d. = 204 _pte. (4.6)

Consequently, d. is non-decreasing on [0, L/2] and non-increasing on [L/2, L].

Proof. Note that d. € C%1(]0, L]), so that we can define its derivative almost everywhere but here in the sense of
D’, which reads as :

1—v.)2 ' -1
{( ve)” e(vl)? — (e + v?)u’ﬁ} — 2l[" —evl!] = 2(v2 + no)ulul — 200l ul?
g E

= 20L[pe — ve|ul’] = 2(v2 + ne)ulul — 2vv
= 20lpe — 2ul [(ne + v2)ul]’ = 20lp = 200 < e
—_————
=0
where the last equality uses the fact that v. = v on the support of p.. Since p. <0 and vy . < 0 on [0, L/2] while
vy = 0 on [L/2, L], we deduce that d. is non-decreasing on [0, L/2] and non-increasing on [L/2, L]. O

We use this expression to prove the following estimate on the discrepancy.

Lemma 4.7. Let d. be the discrepancy associated to (ue,ve), defined by (4.5). If co > 0, then :

C
ldelloo < —
9

The hypothesis on ¢y comes from the necessity, in the proof, to bound from below vy .(L/2). As stated in
Lemma 2.2 of [BMR23], if ¢g > 0, then vg (L/2) > Cy/e.

Proof. The proof of Lemma 4.7 consists in estimating d. at its local extremum L/2 and controlling the integral of
the derivative d. to prove that the difference |d.(x) — d.(L/2)| is bounded by C/e.

We start by estimating d.(L/2). We distinguish two cases. Suppose first that d.(L/2) > 0. Then we have
1—v.(L/2)* 1
0< dE(L/Q) < M < =
€ €
Suppose now that d.(L/2) < 0. Recall that ||d||; is bounded by a constant C' independent from €. Then, because
L/2 is a global maximum of d., d. is non-positive and

C> [Tl == [ d> -dr/2)

so that |d:(L/2)| < C. Both cases imply that |d.(L/2)| < C/e.
Now we prove that the total variation of d. is bounded by C/e. By Corollary 3.3 :

L L L
/ |d.| 2/ |0, e | :2/
0 0 0

I L
V0,e / Y0,
2((C07 )2 (C )2)/ ’U/ _ < 20/ |U 7"
c : 0 0. [(vo,e)? + 7me)? 0 ol [(vo,e)? + ne]?

Using that v . <0 on [0,L/2] and v . > 0 on [L/2, L], along with the estimate vo o (L/2) > Cy/e, we have :

Yo o () — (01,

/”ﬂv/ |W/L/2U/ %1[1]”2 L 1 _cC
0 R (CISEEAE o o) +ml? 2 [(voe)?+m: ], 2003 (L/2) + 1) 2(04m:) ~ e

L L
C
Similarly, we obtain that / [vg s|% < —, so that / |d.| < C/e.
Lz [(vo,e)? + el € 0

\/'Ve deduce lhal fOl" a.e r 1 07 L 5 one ha.S
/ c
L/2

which gives the desired result. O

L
1d ()] < |d=(L/2)] + < Jd(L/2)| + / d| < C/e,
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We are now in position to complete the proof of Proposition 4.4 :

Proof of Proposition 4.4. First we focus on the estimate on v.. For a.e z in [0, L], one has

1—v.)? 1 C
0<ely =1 gl -a < S
€ € €
hence the result. Now we focus on the estimate on u.. One has
1—u.)? C
el = (e + o2l = S0 0, < €
Dividing by |cc|, we obtain the desired result. Concerning v., we have
c
Ne +v2 = —f > Ce.
uE
Since 7. << g, we conclude that v > me. O

In [FLS09] and [BMR23], the first estimate of Proposition 4.4 is true without any assumption on the slope ¢g.
This comes from the fact that the discrepancy d. is constant in their case, so an estimate as in Lemma 4.7 follows.
However, the hypothesis ¢y > 0 is not that restrictive in our case, since ¢y = 0 implies that ¢; = 0 as well, as long
as |F.| # 0 (see Corollary 4.9).

4.3 Possible values for the limit slope

The goal of this subsection is to establish the following property :
Proposition 4.8. ¢; € {0, %
Corollary 4.9. If |a1] > ag and |F.| # 0 for infinitely many values of e, then ¢y = 0.

Proof of Corollary 4.9. If |F.| # 0, then by Corollary 3.3 |c.| < |co |- Hence, by [BMR23, Lemma 2.1] |¢1] < ¢ <
ao/L < |a1|/L, so Proposition 4.8 yields ¢; = 0. O

The proof of Proposition 4.8 is similar to that of [FLS09, Lemma 4.4].

Proof of Proposition 4.8. We already know by Proposition 4.1 that ¢y is within the interval [0, a1 /L] (or [a1/L,0]).

Suppose now that |¢;| > 0. The proof is divided into two steps. In the first step, we integrate (2.10) over sets
of the form

K. 4= {’UE < A\ﬁ}
/

to obtain an estimate on |K. 4|. In the second step, we split the integral fOL u, into three terms which we study
using the previous estimate and Proposition 4.4.

Step 1 : We estimate |K, 4]. Fix A > 0. We integrate the inequality

2
< ve — 1

CE

VeC

—ev! + <0

over the set {v. < Ay/c}. We obtain

2
—1
ev! > / Ve Co _|_/ Ve ) (4.7)
/Ks,A : K. a (775 + ’UE)Q Keoa €

According to Proposition 3.5, the set K4 . is an interval that we denote by [ac, b:]. Then we have, using Proposi-
tion 4.4,

be
[t = elilb) e < €
ae

Next, recall by Proposition 4.4 that v2 > me >> 7.. We can then bound from below the right-hand side of (4.7)

by
/ vecl +/ ve — 1 >/ veci /2 _ | Ke,al S | Ke,al _ | Ke,a S | Ke,a .
Kooa (nEJr,Ug)Q Keoa c = Ko a 24 c = A3€3/2 € = A3€3/2

g
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Combining the two bounds, we obtain |K. 4| < CA%¢3/2. This ends Step 1.

Step 2 : In this step, we investigate the weight of u. in each of the three regimes {v. < Av/c}, {Ave <wv. < 1/2}
and {v. > 1/2}. Indeed, one has :

L
a1:/ ug:/ u’a—i—/ u’s—l—/ ul .
0 Kc a {AvEe<v<1/2} {ve=1/2}
N——
=1

=13

=1

First, thanks to the previous estimate on K. 4 and Proposition 4.4,
/ c 3.1/2
I < luf] < —|Ke a| < CA =,
Ka,A €

As u. — c1 and v, — 1 a.e, we have u_1, >1/2 — c1 a.e. As

C

HTE”Uz < 2|eq| x 4,
€ 5

Liv.>1/2}

we can apply the dominated convergence theorem to obtain

L
I3 — / c1 =c1 L.
0

For I, the energy bound (2.2) gives :

L 2 2

1-— 1-— 1

02/ ﬂ>/ ﬂ>7|{%<1/2}|
0 € {ve<1/2y € e

On {Ave < v. < 1/2}, we recover

| = el el el
€ ns +'U? ~ ’U&2. X A2g .
Thus o .
C1
o] < [{AVE <we <1/2} x Z5- < o5

Combining the estimates on I, Is and I3, we obtain

C
a1l < 5 +lall
By letting A tending to oo, we obtain |¢1|L > |a1|. Combining with |¢1] < |ay|/L, we get the desired result. O

We can now conclude the proof of (i) in Theorem 2.6.

Proof of (i) in Theorem 2.6. Let 6 > 0. We have already seen with Corollary 4.3 that v, — 1 uniformly on
[0, L] \ Is(Zmin) for every § > 0. This combined with (2.8) implies that u. — ¢; uniformly on [0, L] \ I5(zmin) for
every 6 > 0. Then we get that :

T
ue(z) = /0 ul(t)dt — 1z,

uniformly with respect to z € [0, Zmin — 0]. Similarly, u.(x) — a1 — ¢1(L — z) uniformly with respect to = €
[®min + 0, L]. Using that ¢; = 0 or ¢; = a1/L, we see that the limit function u; of (u.) (in the point-wise
convergence sense) is either w1 = gy Or U1 = Ujymp. Moreover, as u. is monotone and u. is uniformly bounded by
a; on [0, L], by dominated convergence, we get that u. — u; in L?(0, L). The additionnal conclusion corresponds
to Corollary 4.9. O
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4.4 Convergence of the Dirichlet energy

In this subsection, we prove the following, which proves part (iii) of Theorem 2.6. The proof is similar to [FLS09,
section 6] and [BMR23, section 3].

Lemma 4.10. (1. +v2)|u.?dz = |u}|*dz weak* in M([0, L]).

Proof. Let ¢ be a test-function in C*°([0, L]). According to Proposition 4.1 :

L L L L
/ (V2 4 n)ul | = ca/ ulp = —c. / e’ + ccarp(L) — —cy / ury + crarp(L).
0 0 0 0

If ¢ = 0, then 41 = Ujymp and uf =0 so

L L
—C1 / u1p’ + cra1p(L) =0 = / |U;‘ump|290-
0 0

If ¢1 = a1 /L, then u; = uqf¢ and u) = ay/L, so by integration by part,

L L L
—01/ ury’ + crarp(L) = Cl/ Uy = / \ulaff|2<P-
0 0 0

4.5 Convergence of the phase-field term
In this subsection, we prove the first part of (i¢) in Theorem 2.6, namely
Lemma 4.11. (% + 5|vé|2) dx > ab,,,, weak* in M([0,L]) for some a € R.

The computation of the weight « is made in section subsection 4.7.

We start by noticing that the energy bound (2.2) implies that the measure (% + 5|v;|2) dz is bounded,
thus we can extract a converging subsequence such that

1— 2
((Us) +€Ué|2> dr > v in M([0, L])
€

for some non negative v € M([0, L]). In [BMR23] and in [FLS09], the proof that v is atomic relies on the following
estimate (see [BMR23, Lemma 3.1] and [FLS09, Lemma 6.1]): if K is a compact subset of [0, L] \ {min}, then

1— 2
/ (( V0,¢) + g|1)6 6|2> dr < CK€1/4.
K 2 ’

The proof of this estimate relies on an integration by part of the PDE satisfied by vy . on K, and strongly uses the
estimate ||vp .[|co < C/e. In our case, such an estimate [|v_|| < C/¢ is proved only in the case where co > 0.

We are going to show the following result, which provides a sharper estimate (an order 1 on ¢ instead of an
order 1/4) :

Proposition 4.12. Let K be a compact subset of [0, L] \ {@min}. There exists a constant Cx such that :

1—wv.)?
[ (e ) <cre
K

The proof is divided in three steps. In the first one, we prove the result for a compact set K of (0, L) \ {Zmin} :

Lemma 4.13. Let K be a compact subset of (0, L) \ {min}. For any positive test-function ¢ supported in K, there

exists a constant Ck , such that :
1—wv.)?
[ (B et ) o < e

In the second one, we use Lemma 4.13 to obtain a sharper estimate on ||v.||oc on (0, L) \ {Zmin }-
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Lemma 4.14. Let K be a connected compact subset of (0, L)\ {Zmin}. Then there exists a constant Cr such that,

sup e[vl]? < Crel/3.
K

Finally, we use Lemma 4.14 to prove Proposition 4.12, in a similar way than [BMR23, Lemma 3.1] and [FLS09,
Lemma 6.1].

Proof of Lemma 4.13. The argument is inspired from [HT00, Proposition 4.1] to prove a monotonicity formula for
the Allen-Cahn functional.

Take ¢ a smooth and positive test function supported on K. First, using Corollary 4.3, there exists b, M > 0
such that
<M, Ju| <M, vez21l-—be onK.

/
uE

Then

1— )2 p2e2
/K %w </ ¢ < Oxe. (4.8)

It remains to estimate [ elv.|*¢. To do so, we compare e|v.|* with its second derivative (in the distributional
sense). One has

—1
el PY = 2e0ft. = 201, ( ol - ua) |

Note that v.u. € L'(0, L), so it admits a derivative in the distributional sense and then

v — 1 v'2
el )" = 207 ( 1, v5|u;|2) a(ulpe) 4275 1 Al Pl + Ao veul
9 N——— 3 —_————— — —

=B. =C. =D,

—A.

2 [ eluPo=< [ Ep)ye-e ( [ Awrimore [ oot [ LDgso). (49)

We now study each terms of the right hand side.

It follows that

L
/ (e(v))?)"p : As ¢ = 0 outside of K, then ¢ and ¢ vanish at 0 and L. Applying (4.8) to ¢” yields
0
o b g 2, (1—w)? g
. 2N e ’ "o ' " "
tiy [ (el =i [ ot = [ (s CE ) s [

Hence,

/A5<p:
K

e’ /K(S(vé)Q)”sD =¢’ /OL(E(vé)z)”so < Cpe. (4.10)

2
A= () 4 ) | S | > T
so that
752/ Acp < Ok pe. (4.11)
K

(Be, @) : We use Cauchy-Schwarz inequality and the fact that |u.| < M to get that

L
’ ’
/ Ve
0

22 (uLpe) )| = 262 (4.12)

< 9:3/2 H€1/2 I '
< [l el L2(0,1) Vel L2(0.L)

<C
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On the other hand,
H /2,

= [Cerer < [ (S ) [
= v - v v,
LQ(OL) 0 € ¥ ~ 0 c € ¥ 0 ¥

From which we deduce that [|e'/2(v/)¢’ 120,y < Cp- (4.12) then yields

|e2 (B:, )| < Cpe®™. (4.13)
/ Cep:C. 20,50
K
—e? | C.p<0. (4.14)
K
c ! viv
D.yp : We have u” = ( £ > = —2¢.————, so that
/K i : V2 + e E(”? +1e)?
D, = —8vlv.c UeVe G = —8c%|v.|? ve
) (24 me)? vt o (W2 Hne)?
<C

where we used that 1 —be < v. < 1 on K. As (c.) is bounded, we can write :
|D:| < M|vL[?.

Thus
|€2/ D.o| < Ms/ e|vl| . (4.15)
K K

Injecting (4.14) and (4.15) in (4.9) yields the following inequality, which is true for every e small enough and every
positive smooth test function ¢ :

(-12) [ eiPo<e [ Eluipye- ([ Ao+ (b)) (1.16)
K K K
Now combining with (4.10),(4.11) and (4.13), we obtain

(1—M5)/ vl 2o < Ce® + Ce + 03/ < Ok e (4.17)
K

Which concludes the proof. O

Note that a corollary of this property is that

/ glvl|* < Cge  for any compact set K C (0, L)\ {Zmin}- (4.18)
K

We now move on to the proof of Lemma 4.14.

Proof of Lemma 4.14. Let K be a connected compact subset of (0, L) \ {Zmin} and let y € K. The strategy is the
following : we consider a mollifier p. (i.e p is positive smooth function, compactly supported on [—1, 1] with integral

1
Land p. = —p (=), whith a > 0 to be determined). Then we take pe(- — y) as a test function in the inequality
5

(4.16) and we prove the two estimates

/pg(x—y)dv( J2dz < Creel=o (4.19)
K

and
] [ pa = pelot@)Pds — <) < Crcer (4.20)
K

It follows that for o = 2/3, one has e|v.(y)|? < Cxe'/?

19



We start by proving (4.19). One already has from inequalities (4.16), (4.11) and (4.12) that

(1=212) [ pula = )bl Pado < [ (@lPYpotve [ Mp—2 [ W
K K K K

=1 =1s =13
I, : Using Lemma 4.13,
1
[ o] = | [ et Lo ()| <0 [ ot < et (121)
K K € € K
Hence,
I} < O3 (4.22)
12 .
Izl = [£bM [ pe| < BMIKIE ol < Crce 2, (4.23)
K

I3 : Using the Cauchy-Schwarz inequality, (4.3) and Lemma 4.13,

1/2 1/2 1/2
mi<le [ < ([ ) e ([ duPioR) < onse Pl ([ i) a2
K K K K
——_— ——— —_———
<Ck <Ckel/2
And thus,
‘Ig| < CK52_2O(. (425)

Combining (4.22), (4.23) and (4.25) yields (4.19).

We now move on to the proof of (4.20). First, using that [, p-(z —y) = 1, we rewrite (4.20) as

/ pe( — ) ele! P (@)dx — elu! P (y)de
K

Then, for all z in K, considering the fact that |v/|? is C%1([0, L]) and using the Cauchy-Schwarz inequality,

© :,; 1/2 z 1/2
vl (@)]? — eloz(y)?| = 2¢ / Ué’(t)vé(t)dt’ < 2ee7! / ol (t)*dt| e / elvl(t)*dt
Yy Yy Yy
<0K51/2
By Corollary 4.3,
ve — 1
leve oo () = = = pte +velul Pl poe () <O+ M+ M? < C
so that
z 1/2
| eue?| <oy
Yy
We deduce )
T —
[ pete = et~ lat P do < Coc [ o=y (121 an
K K 3 9
Changing variable s = %, we rewrite the integral as
/ so‘/2|5|1/2p(s)ds < Ce®/?.
(K—y)/e*
Finally,
| e =) eler @) = elol )P do < Coce,
Combining (4.19) and (4.20) finishes the proof. O
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We are now in position to prove Proposition 4.12.

Proof of Proposition 4.12. It is sufficient to prove the inequality for K = [0, Zynin — 0] U [Zmin + 0, L] for any 6 > 0.
In the sequel, we fix § > 0. We adapt the argument used by [BMR23, Lemma 3.1] and [FLS09, Lemma 6.3].
Multiplying both sides of the equation (2.10) by v. — 1 and integrating by parts over [0, Z,,in — 0] yields :

Tmin—0 2 Tomin—0 Toin—0
min (1 Us) , 2> , / min / min 9 'Ug(]. UE)
— + £ = &V xminfé (Y xmmefl + Me U -1+ C.———F55-
/0 < € | 5| s( )( 5( ) ) o 5( € ) 0 € (776 Ug)Q

We now bound each term on the right-hand side. Let K’ = K N [L/8,7L/8] which is a compact subset of
[0, L] \ {Zmin}. According to Lemma 4.14, |v/| < Cgre~/3 on K'. Using Corollary 4.3, there exists a constant
b > 0 such that v, > 1 —be on K. This implies that . is uniformly bounded on K (see the inequality (4.3)).
Consequently :
£ [0 (Zmin — 0)] |ve(Zmin — 0) — 1| < C5e®/3.

<Cpre=1/3 <be

We also have

Tmin—0
/ e ('Us - 1) < 0657
0 M~ N——

<M >—be

Tomin—0 ) v
C ]. — -
/o =)

as well as

Tmin—0 1
2
gcs/ \1—v5\—3<055.
0 N—— UE

<be

LTomin —0 2
min 1—
[ (8 ) <o

We proceed similarly on [Z.,, + J, L] to conclude. O

<C

We deduce that

Once we get Proposition 4.12, we can adapt the proof of Lemma 4.14 to obtain the following :

Corollary 4.15. Let K be a connected compact set of [0, L]\ {Zmin}. Then there exists a constant Cyx such that
forallye K :

supelv!]? < Cgel/3.
K

Proof. Fixy € K. Take p. a mollifier, with parameter €* as in the proof of Lemma 4.14 and o > 0 to be determined.
The same argument used to establish (4.20) yields

] [ ba = pelot@)Pds — <o) < Crceer
K

On the other hand, using Proposition 4.12,

2

pele—pell@Pdr < [ pete—y) (L2 4 @) do
/. forre =0 ("

0 1- € 2
< ||p|lé / <( v ) +€|Ué(£€)|2> dwchgl—a.
€ e €
Combining both estimates for a = 2/3 yields the desired result. O

for some «.

Tmin

The Proposition 4.12 implies that v is supported only on {2, } and thus v = ad
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4.6 Equipartition of the energy

In this subsection, our goal is to prove the following result, which corresponds to the item (iv) of Theorem 2.6, and
which implies (v).

Proposition 4.16. We have

Ll —w,)?

. —e(wl)?=0. (4.26)

lim
e—0 0

We recover here a classical result in the case of the minimizers of AT,, as it corresponds to the equality case of
the arithmetico-geometric inequality used in the proof of the I'-convergence of AT, to MS. It is used in [FLS09]
and [BMR23] to compute the value of the weight a associated to the limit Dirac-measure of the phase field term
of AT.. An equipartition of the energy result also exists for the Ambrosio-Tortorelli functional with an additional
fidelity term, see [Lel0].

1— 2
In [FLS09] and [Lel0], the Neumann conditions on (2.10) imply that the difference d=v)

€
In [BMR23] and [FLS09], the proof of the equipartition of the energy hinges on the fact that d. is constant and
tends to —c3.

—¢elvl|? is positive.

In our case, recalling the equality :

(1—wv.)?

c _€|U;‘2 :ds""csulga

the first ingredient is to prove that d. +c.u. — 0 at the boundary point 0 and L of (0, L). It rests on Corollary 4.15.
The second ingredient is to bound d. to control the variation of v. on the full interval. To deal with the signs of
each terms and get rid of the absolute values, we need to separate our integrals along L/2 and x..

Proof of Proposition 4.16. Corollary 4.15 implies in particular that [v’|?(0),e[v.|?(L) — 0 as € — 0, by recalling
that Ty € [L/4,3L/4] (Corollary 3.7). Then we have

d-(0) 4 c.u’(0) = —¢[v’]?(0) = 0 (4.27)
and similarly, d.(L) 4+ ccul(L) — 0.
By Proposition 4.6, d. € C*([0, L]), so we can write d.(z) = de(0)+ [ d. on [0, L/2] and d.(z) = de(L)+ [, d.

on [L/2,L], with d. > 0 on [0,L/2] and d. < 0 on [L/2,L]. However, the sign of u.(z) — u.(0) depends on the
position of x with respect to z.. So we split the integral in the left-hand side of (4.26) along z. and later along

L)2.
L Te
/ -
L
“

=

(1—v.)?

. d-(0) + ccul(0) + ’ d.(t)dt + cc(ul(z) — uL(0))

0

— efuz|?

x

0.(L) + ccul (L) + / dL()dt + co(ul (z) — (L)

< mlde(0) + el (0)] + / E / |+ /'s|ce<u;<x>—u;<o>>\dx
~ 0 0 0
=11 =IIT
L L L
b(L - ) |de(L) + el (L)| + / / d|+ / oo () — wl(L)|dc
=1V Lj_/ =
=V =ViI

We deal separately with I + 1V, II +V and I11 4+ V1.
I 4 IV : This tends to 0 according to (4.27).
II +V : We prove that
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L/2 ; 4= L L I L
II+V</ (/ dé)dw—/ / d. dm—l—‘—xe / d.
0 0 L/2 \Ja 2 0

Suppose that x. > L/2 (the case z. < L/2 can be treated in a similar way). Recall that d. > 0 on [0, L/2] and
d. < 0on [L/2,L]. Then IT +V can be rewritten as

Te T L L L/2 T Te L L L L
//d;dx+//d;dx:/ /d;dx+/ /d;—/ d;dx+//d;dx
0 0 z. |Jz 0 0~~~ L/2 |Jo z =~ z. |Jz =
>0 <0 <0
L/2 T Te L T L L L
</ (/d;)dx—/ /d; dx—l—/ /d;—/ /d; iz
0 0 L/2 T L/2|J0 Te T
L/2 / ra L L I L
_ / </ d;>dx_/ /d; dw+‘—x5 / a|.
0 0 L/2 \Jz 2 0
Now, as u.(0) = u.(L) = Cj_ B by (4.27) d.(0) and d.(L) both converge to —c?. Then
Ne
L o L
’2—3:5 | :‘Q—xa d(L) — d-(0)] — 0.
0

We study the remaining terms separately, recalling the expressions (4.6) and (3.7).

L/2 rx L2 o . L2 1
/ / ddr < / / Ty = (C?)E—C?)/ dz
0 0 Uo o+ me)? ' 0 Ve T Ne
L2 1 1 L2 2 2 I
< C(%a/ p) 3 dv = / 2 o dr — — S8 Y
“Jo UO,E (il') + TNe UO,E(O) + Ne 0 U07e (il?) + Te UO,E(O) + Ne 2
L/2 2 I
= cocth (x)dr — —2= . =
| et oo - 19 5

Similarly, one has

L L L ) , 1 I
- d, | dz < / Co,eUg (T)dr — cg . ——— - —.
/L/2 /z L/2 0<(®) O14m. 2

Summing both inequalities yields

L/2 @ L L / L ) , 1 Cor
d. | do— d. | dx < de—Lci . — = —L— ) — —Lcy) =0,
/o </o a) £ /L/2 /m e | AT Co,a/o uo,a(l“) €L CO’El—H]E Co,e (ao 1+775> co(ao—Lcy)
~—_———

u0,e (L) —uo,:(0)
where we used that ¢y € {0,a0/L} (see [BMR23, Lemma 2.4]). We conclude that IT +V — 0.

IIT 4+ VI : Recall that v is non-increasing on [0, z.] and non-decreasing on [z, L]. Then, c.u’ is itself non-
decreasing on [0, z.] and non-increasing on [z, L]. This allows us to get rid of the absolute values in the expressions,
so that 111 + VI rewrites as :

Te L
r+vi = /0 ol () — u;(o))dx+/ el () — vl (L))

L
= /0 ceul(z)dr — ce(weul(0) + (L — zo)ul(L)) = ce(ue(L) — ue(0)) — Lee———
— Cl((ll — ClL) =0
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where we used Proposition 4.8. In conclusion, we get I11 + VI — 0.

This completes the proof of the equipartition of the energy. O

4.7 Computation of the weight of the limit measure

In this section, we compute the weight a of the Dirac mass ¢ which completes the proof of the item (i7) in
Theorem 2.6.

To do so, we use the equipartition principle, as it is done in [FLS09, section 6] and [BMR23, section 3].

Tmin?

Proof of (i7). The equipartition principle ensures that :

[ (B ) e - = [

L
so that it is enough to evaluate / 2|vL|(1 — ve). Recall that v, is non-increasing on [0, z.] and non-decreasing on
0

(1 _Us)z 72
S el

—elvl]*| = 0,

[xe, L], where x. denotes the global minimum of v.. We have :

L Te L
S 2ea v = [t [l = [0 [0 ) =20 e

So the value of a depends on the limit of ve(z.).

N2
First, note that a > 0 as the measures (% + 5|v;|2) dx are non negative. Suppose that a > 0. We prove

that v.(x.) — 0. Suppose that it is not the case and that there exists a subsequence such that v.(z:) > 5 > 0.
Then v, > 3 on [0, L]. According to Proposition 4.2, it implies that ve(z:) > 1 — be. But then

[(1—v)?]e + [~ —w)?]Y =0

0 Te
which contradicts that o > 0. Hence, ve(z.) — 0 and

(=)l + [~ v —2

We conclude that if a # 0, then a = 2. O

As a last remark, we explicit the link between the convergence of 5\1}67€|2 and the value of z,,;,. According to
[BMR23, Theorem 1.1], there are to cases :

o If 5\1}676|2 R 12, then L/2 is a v—jump for v .. The obstacle condition implies that L/2 is also a v—jump
for ve, which means that z,,;,, = L/2. Note that 5|1)6,8|2 A dr2 can happen both when ug = uqyr; and

ug = ujump-

o If efvg |2 X0, then vy, admits no v—jump and @, is not always equal to L/2 (but still belongs to
[L/4,3L/4], see Corollary 3.7). Note that in this case, we always have ug = uq ;.

5 Appendix : Proof of Theorem 2.7

The proof of the I'—convergence of AT, is an adaptation the proof of the classical I'-convergence result of AT. to
MS (see [AT92]). The main difficulty is to take into account the obstacle I'g in the proof of the I'-limsup. The
argument is inspired by [Gia05, Lemma 6.2].

5.1 Proof of the I'-liminf
Lemma 5.1. Let (u.,v.) be a sequence in L2(0,L)? converging to (u,v) in L*(0,L)%. Then
MS(u,v) < liminf AT, (uc, ve).

£—+o0
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Proof. We suppose that liminf AT (u.,v.) < co. We extract a subsequence for which the energy converges to the
e—00
liminf. From now on, we keep the notations (u.,v.) for simplicity but we only work with this subsequence.
Since u. € H(0,L) C L>(0, L), we can write ||uc||ooc < M. We also have by a maximum principle (i.e replacing
ve by a better competitor) that 0 < v. < 1. Now, applying the arithmetico-geometric inequality to the second
member of the energy yields

L L
C>E<us,vs>>/ (ne+v§)IU’EI2+2/ AI(L — v2). (5.1)
0 0

We first focus on the second term of the right-hand-side. Fix 0 < a < b < 1. The coarea formula allows us to
compute

/0 |v;|(1—v5):/0 (1—t)’}-[0(8*{v8<t})dt>/ (1= OHO (0 {v. < £})dt. (5.2)

a

Set f(t) =t — t2/2. Then there exists ¢. € (a,b) such that

b
/ FOH (0 {ve < th)dt = (f(b) = f(a)H (0" {ve < tc}). (5:3)

Set X, = {ve < tc} and Y. = {vo < tc}. Note that since v. < vg ¢, one has Y. C X.. Combining (5.1), (5.2) and
(5.3) yields

H°(0*X.) < C. (5.4)
Using the variations of vy . (see [BMR23, Proposition 2.1], H°(0*Y.) < 2 and Y. is an open interval (c°,d®).

Moreover, since t. < b, one has

1 L
Y € I S KL= v > 18l < s [ (1= <
0

e 0. (5.5)

Because v. € H'(0, L), v. is continuous and X, is open set and can be written as the union of a countable number
of open intervals and 9* X, = 0X.. By (5.4), up to an extraction, there exists an integer m such that for all ¢,

Xe = U(afa bf)

i=1

There exists an index ig such that (¢, d®) C (a5 , b5 ). Since | X.|,|Yz| — 0, one has b5 — a5 — 0 and since [0, L] is

707 1o
compact, up to another extraction, the sequences (af), (b5) converge to the same limit z;. In particular, ¢®,d® — z;,.

We will prove that T'g U J,, C U;{2;}, with Ty being empty or {L/2}. We first prove that J, C U;{z;}, which
is given if we prove that u € H'(z;, 2z;11). Take an index i € {1,...,m} and take z; < a < 8 < z;41. Let us show
that u. — u in H'(a, B).

First, ||uc|l2 is bounded. Second, thanks to the energy bound (2.2), and since for ¢ large enough, one has
[, 5] C [0, L]\ X, C [0,L] \ {ve < b} :

B B
0>/ (Ws+v§)IU’gl2>b/ 2 = bl 2.
« «

So (uc) is bounded in H(0, L). Thus, up to an extraction, u. — @ in H'(a, 3). But according to Rellich embedding,
up to a subsequence, u. — 4 in L?(a, 3). Thus @ = u and

B B af+1
/ [u/|? < 1imi(1)1f/ lul|* < liminf/ ul|?. (5.6)
a e— a e—0 be
Letting o and 3 tend to z; and z; ;1 respectively shows that u € H'(z;, z;41) with
Zi+1 9 a;:+1 9
/Zi [u'|* < ligélf /lﬁ lul|*. (5.7)
Similarly, we obtain
z1 af L L
/ lu'|* < liminf/ lul|>  and / lu'|? < liminf/ ul|?. (5.8)
0 e—0 0 Zm e—0 be,
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Combining (5.8) with (5.7) for i = 1,...,m, we deduce that u € SBV?2(0, L) with J, C U™ {2} and with

L
/2 12
U <hm1nf/ u.|“. 5.9
/0 v €0 [O,L]\Xg‘ 2 (5.9)

The same argument applied to the sequences (ug ¢, vo.e) proves that J,, C {z;,}. Recalling (2.4), this proves that
'y C U;i{z}. We then have
2H°(J, UTy) < 2m = HO (0" {v. < t.})

Combining this inequality with (5.2) and (5.3) yields

e—0

L
lim inf 2 / [0cl(1 = 02) > 2(£(b) — f(@)) lim HO(D*X.) = 4(f(b) — F(a))H*(J, UT). (5.10)

Combining (5.10) with (5.1) and letting a and b tending to 0 and 1 respectivelygives

L (1—wv.)?
liminf/ (5 n 5|1,22> > 9HO(J, UT). (5.11)
0

e—0

Now focus on the first term of AT,. Indeed,

L
/<ne+v>|u€|2>/ v§|u;|2>a2/ 2.
0 [0,L1\ X [0,L\X.

L L
lim inf 2> @21 f 112 > g2 "2,
im in / (e + 02 > o® limin /M\XE > a [

Since this inequality is true for every a < 1, letting a — 1 leads to

and using (5.9),

L L
liminf/ (ne + vl > / u'|2. (5.12)
0 0

e—0

Summing (5.11) and (5.12), gives limigffﬂ(ug,vg) > MS(u). O
e—

5.2 Proof of the I'-limsup

Lemma 5.2. Let u € L?((0,L)). Then there exists a sequence (ue,v:) converging in L? x L? to (u,1) such that

lim sup AT. (ue,ve) < MS(u).

e—0

1— 2
In the sequel, we denote by M MY (v) := / a-v" +¢|v’|? and MM, (v) := MM (v).
1% e

We suppose that u is in SBV?2(0, L), so that MS(u) < oo. The proof goes the following way : we approach

Ju \T'o with the classical recovery sequence (w,, z.) used the proof of the I'—limsup of AT. to M.S (Proposition 5.3).
This sequence might not satisfy the obstacle condition w. < vg . so we apply the modification w; ., = min(we, vo,¢)
(Lemma 5.4). In a neighbourhood W of T'y, we might not have hm sup MMY (wy ) < 2H°(Tg). For this reason

we construct a sequence wp . and a cutoff function ¢, that both vanlsh around I'g(Lemma 5.5). Finally, setting
Ve = min(ws ¢, we ) and u. = .2, we prove that (u.,v.) satisfies the requirements of Lemma 5.2.

Proof. Let us start by recalling the construction of a recovery sequence (wy, z.) for J,, \ T'g. This construction can
be found in [AT92].

Proposition 5.3. Let d(x) denote the distance from x to the set J, \To and a. = /n.e. We set

t—ag

he(t):1_67 )

Then the pair (we, z:) given by
w. = { gs(d(m)) zf d(x) > 045 (5.13)



and

u(x) if d(z) > a.
2 = (%fjj) - 1) u(@) if % < d(z) < ac (5.14)
0 if d( )< F
satisfies
(we, z) © 8 (1,0) (5.15)
and, for all neighbourhood W of J,, \ T'o
lim sup MMY (w.) < 2H°(J, \ To) (5.16)
e
and,
limsup/ (ne + w2)[2L]? g/ lu'|2. (5.17)
e=0 Jw w

Now we adapt this recovery sequence to satisfy the obstacle condition :

Lemma 5.4. Let

Wie = min(wa, UO,E) (518)
Then wi e < Vo,
2
wye T (5.19)

and for any neighbourhood Wy of J,, \ To not containing T,

limsup MMV (w; ) < 2H°(J, \ T) (5.20)
e—0
and,
limsup/ (775+w%,5)\22|2 </ u'|2. (5.21)
e—0 %% %%

Proof of Lemma 5.4. First, by definition of (5.18), w1 < vg.

Second, according to (5.15), w. — 1in L?(0, L) and according to [BMR23, Theorem 1.1 (i)], vg . — 1 in L?(0, L),
so that wy . — 1 in L?(0, L) as well.

Third, take W a neighbourhood of J,\I'g not containing I'g. Using [BMR23, Theorem 1.1 (iv)], lim sup M M1 (v o) —

e—=0
0, so using (5.16) and (5.17) :
limsup MM (wy ) < limsup | MMM (v o) + MM (w,) | < 2H°(J, \ To)
e—0 e—0 N——
- - —0
and
limsup/ (ne +wi )|zl € 1imsup/ (n. + w2 )* < / /|2
e—0 Wi ’ e—0 Wi Wy
O
Now we deal with I'g. Let C > 0 be such that
lim sup M M, (vo..) < C. (5.22)

We construct a function ws . and a cut-off function ¢, that vanish around I'y. The construction is given in the
following lemma (which is the analogue of [Gia05, Lemma 6.2]) :

Lemma 5.5. Set r. = /1./e,s. = 2rc,t. = /5. and k. =t./s..
There exists a cut-off function . such that

_ 1 Zf Se < Vo,e
=l onli 529

and

/ Il =50 (5:24
{7'5 <U0,5<35}
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Second, set

V0, if  te <woe
wae =14 (Vo —t) +te i sc <woe <t (5.25)
0 if wo.e <S¢
Then wa e < Vo,e
wa. O, (5.26)
and, for some constant C > 0,
s M )~ MAE0.) < (255 + G+ (e (527)

Remark 5.1. Observe that the right hand side of (5.27) tends to 0 with € as ¢ — 0 and k. — +o0.
Remark 5.2. The transition from the two states of ¢, is done on a domain on which ws . is equal to zero.

Remark 5.3. The set {vg. < t.} might be empty. In this case, we . = vg and ¢, = 1.

We postpone the proof of Lemma 5.5 to the end of the proof of Lemma 5.2 and now we construct the sequence
(ue,ve) satisfying the requirements of Lemma 5.2, using Lemma 5.4 and Lemma 5.5.
Set
Ve = min(wy ¢, Wa ), (5.28)
and
Ue = PeZe- (5.29)

Ve < Vo, : This is a consequence of Lemma 5.4 and Lemma 5.5.

(te,ve) — (u,1) in L2(0,L)? : The fact that v. — 1in L2(0, L) is a consequence of (5.19) and (5.26). Concerning
the convergence of u., one has

lue —ullLz < flue = 2ellL2 + [|2e — ul| L2

One already has from (5.15) that ||z. —u||zz — 0. On the other hand, as u belongs to SBV2((0, L)), it is a bounded
function and using the definition (5.14) of z. and the definition (5.23) of ¢,

L L L
| o= s = [Clalec=1P < [CPlec-1P< [l < ulone < 52
0 0 0 {UO,sgsa
But the energy bound (5.22) yields

1—wpe)? _ (1—t.)?
c> (L=voe)” o (1—te) {vo.e < s} (5.30)
{vo,e<sc} € €

Thus [{voe < s:}| = 0 and |lue — zc||z2 — 0.
lim sup AT . (ue,ve) < MS(u) :

e—0

Fix W; a neighbourhood of J,, \ Ty and W5 a neighbourhood of Ty so that W3 N Wy = (. Then one has

Ze on W1,
Ve =wicon Wi 5 us=14( @eu on Wy, (5.31)
U outside of W7 U Wh.

Indeed, outside of Wy, vg > 1 — Me > t. (see Corollary 4.3 applied to p. = 0 and @, = L/2) so, outside of
Wa, we e = v and v = min(ws ¢, voc) = w1, and ¢, is equal to 1 outside of Wy. Similarly, for e small enough,
{d < ac} C W1, so z. = u outside of W.
Concerning the convergence of MM, (v.), by (5.20) and (5.27).
limsup MM, (ve) < limsup MM&W1 (w1,e) + limsup M M, (w2 )

e—0 e—0 e—0

2k 2t 2t
< 2H°(Ju \ To) + limsup ( MM, (vo.. : ; ;
H(Ju \ To) + H?:})lp< (vo, )+C<(/g5—1)2 + (ke —1)(1 —t.)2 - (1—t5)2))
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Then, according to [BMR23, Theorem 1.1 (iii),(iv)], M M.(vo ) — 2H°(T). Thus, using Remark 5.1,

lim sup M M. (v.) < 2H°(J, \ To) + 2H°(Ty) = 2H°(J, UTY).

e—=0

L
Now we deal with the convergence of the elastic energy / (ne +v3)ul|?. According to (5.21),
0
limsup/ (e +v3)|ul]? < limsup/ (n- +w? )|2L* < / lu'|?,
e—0 Wi e—0 Wi ’ Wi

and using the expression (5.31) of w.,

nmmg/ ok+ﬁn¢ﬁ<umwp/ (m+JWH2=/ 2.
=0 J[0,L\(W1UW?2) e=0  J[0,L)\(W1LUW>) [0, L]\ (W1 UW?2)

It remains to deal with
e—0

limsup/ (e +v2)|ul|?.
Wa

To compute / (n-+v2)|ul|?, we recall the definition (5.23) of . and we apply the inequality [p+q|? < 2(|p|?+]q|?)
Wa
to p =Lz and ¢ = ¢. 2’ on the set {r. < v < s.}. Namely,

/<m+ﬁm%m% - / (m+%ﬂ%U+%UF+/ (e + vl + oot ?
Wo {SESUQ,E}QWQ {ngvo,sgsa}

N

/ <m+UWV+2/ UA%FWF+2/ nell Pul?
{se<ve }NW2 {re<ve<se} ~ {re<ve<se}

eEXYeExe
<1

</ O+ DI P+ 2ne + 20l [ el
{se<ve JNWo re KV <Se

The limsup of this last term is smaller than fW2 |u’|?, the second term goes to 0 and the third term goes to 0
according (5.24), which concludes the proof of the I'—limsup. O

We now turn to the proof of the lemma Lemma 5.5 :

Proof of Lemma 5.5. We start with the construction of a cut-off function ¢, satisfying (5.23) and (5.24). Divide
1 hE . . .
the interval [re, s.] into h. intervals Iy,..., I, of the same size, such that e ﬁ — 0 (which is possible as
e (8 —re
e 1

1 —1/2
e )2> J ). Note that by the energy bound (5.22) :

= W — 0, take for example h, = \‘<
e le

So there exists an interval I, = [a., 8] of length (s. — r.)/h. such that
C
/ 2 < —.
/IE 6|U(),€‘ ha

('UO,Efaa)-F

Define p. = min ( e ,1). Then ¢, takes the desired values on {vg . < 7.} and {vg . > s.} and

|vo. | ne C  hZ
| o= [ el T
) {ngvo,sgss} : ) {asgvo,sgﬁs} (ﬁE - a6)2 h € hg (86 - r6)2

which proves (5.24).

Now we turn to the proof of (5.26) and (5.27). Observe that wa . < vg ¢ as vg ¢ is positive and on {s. < vg . < tc},
according to (5.25) :
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Wa,e = Vo,e + 7(1)0,8 - te) < Vo,e-
ke —1

To prove (5.26), observe that ws . and vy . are taking values in [0, 1], so that
L
[ el = [ e =P < e <t
0 {Uo,sgts}

Then, using the energy bound (5.22), we see that

1—wvpe)? 1—1¢.)?
C> (L=voe)® S =ty iy (5.32)
{UO,Egts} € € l

So [{vo,e < te}| — 0 and |Jwe,e — vocl|l2 = 0, which proves (5.26).
We turn to the proof of (5.27). We compute the difference in energy, starting with the difference between the
Dirichlet energies. The expression (5.25) of ws . and the energy bound (5.22) yields

L ) ) k2 2 2
elwh 2 —eloh P = / E(E‘l) 00| ‘/ elvo.|
/0 2, 0,e (5.<vo . <t} (ks — 1)2 0, {vo,e<se} 0,

(’“3 1)/ Y (’“2 1)
— ) < —
(ks - 1)2 {Ssgvo,sgts} 0e (k6 - 1)2

N

On the other hand

L 2 2
1—ws, 1—vpe 1
/ ( 2 ) - ( 0 ) = 7/ (UO,E - w?,s)(Q —Vo,e — w2,s)
0 {UD,Egte}

€ € €
1 1 1
= - / (ta - UO,E) (2 — Vo,e — w2,5) +- / Vo,e (2 - UO,E)
€ {sagvg.ﬁgts} kE -1 —_— N ¢ {vgyigss}v%/—/
Ste <2 <se <2
< 2t ‘{UO,E < t5}| + 2s, |{'UO,€ < Sa}l
k-—1 € ke —1 €
But the energy bound (5.22) yields, in a similar fashion than (5.32), for any « > 0,
1— 2 1—a)?
C 2 / ( 1)075) 2 ( Ol) |{UO,€ g Oé}|
{UO,aga} € €
Hence, the last term is smaller than for
2t 2s 2t 2t
C - +C—— <C ( = + - ) :
(ke —1)(1—t)? (1 —sc)? (ke —1)(1—t)* (1 —t)?
Summing both estimates yields the desired result. This achieves the proof of Lemma 5.5. O

5.3 Critical Points of M S

Theorem 2.7 ensures that the minimizers of AT. converge to a pair (1,u) that minimizes MS if we have the
additional assumption of an energy bound on (AT}).

A natural extension is to ask whether the critical points of AT, also converge to critical points of MS. Here,
we prove that the critical points of M S are either affine or piecewise constant.

Take u a minimizer of M S. First, u has a finite number of discontinuity points, that we denote by {z1,...,24}.
Let ¢ in SBV? (0, L) with J, C J, and take u + ty as a competitor for ¢ a real number. Then, Jy ¢, = J, so one

has
L L
[ owes [ e,
0 0

which rewrites, after dividing by ¢, letting ¢ tend successively to 0% and 07, as :

L
/ ' =0.
0
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So w is affine on each interval (z;,z;+1). In the case where u admits at least one discontinuity point, say x;, and

take ¢ equal to 0 outside (z;,2;41) and equal to e B (i, 2;41) (where z;,1 can be replaced by L). Then
LTj — Tj41
o € SBV?(0, L) with ¢’ = Lasmis1) Jo = {xi} and

Tit1 L
w(wipr) —u(x;) = / u = / u' =0,
x 0

i
so that u(x;) = u(w;y1), i.e u is piecewise constant.

Hence, critical points of AT, converge to critical points of MS. However, there is a selection criterion as limit
functions of critical points of AT, must be non decreasing and admit at most one discontinuity point.

References

[AT92] Luigi Ambrosio and V. M. Tortorelli. On the approximation of free discontinuity problems. Boll. Un.
Mat. Ttal. B (7), 6(1):105-123, 1992.

[BBH94] Fabrice Bethuel, Haim Brezis, and Frédéric Hélein. Ginzburg-Landau vortices, volume 13 of Progress in
Nonlinear Differential Equations and their Applications. Birkhduser Boston, Inc., Boston, MA, 1994.

[BBOO1] F. Bethuel, H. Brezis, and G. Orlandi. Asymptotics for the Ginzburg-Landau equation in arbitrary
dimensions. J. Funct. Anal., 186(2):432-520, 2001.

[BFMO8] Blaise Bourdin, Gilles A. Francfort, and Jean-Jacques Marigo. The variational approach to fracture.
Springer, New York, 2008. Reprinted from J. Elasticity 91 (2008), no. 1-3 [MR2390547], With a foreword
by Roger Fosdick.

[BI23] Marco Bonacini and Flaviana Iurlano. Convergence of critical points for a phase-field approximation of
1d cohesive fracture energies. Calculus of Variations and Partial Differential Equations, 63, 2023.

[BMR23] Jean-Francois Babadjian, Vincent Millot, and Rémy Rodiac. A note on the one-dimensional critical
points of the Ambrosio-Tortorelli functional. Asymptot. Anal., 135(3-4):349-362, 2023.

[BMR24] Jean-Francois Babadjian, Vincent Millot, and Rémy Rodiac. On the convergence of critical points of the
Ambrosio-Tortorelli functional. Ann. Inst. H. Poincaré C Anal. Non Linéaire, 41(6):1367-1417, 2024.

[Bou07]  Blaise Bourdin. Numerical implementation of the variational formulation for quasi-static brittle fracture.
Interfaces Free Bound., 9(3):411-430, 2007.

[FLO3] Gilles A. Francfort and Christopher J. Larsen. Existence and convergence for quasi-static evolution in
brittle fracture. Comm. Pure Appl. Math., 56(10):1465-1500, 2003.

[FLS09]  Gilles A. Francfort, Nam Q. Le, and Sylvia Serfaty. Critical points of Ambrosio-Tortorelli converge to
critical points of Mumford-Shah in the one-dimensional Dirichlet case. ESAIM Control Optim. Calc.
Var., 15(3):576-598, 2009.

[FMO98] G. A. Francfort and J.-J. Marigo. Revisiting brittle fracture as an energy minimization problem. J.
Mech. Phys. Solids, 46(8):1319-1342, 1998.

[FRRO22] Xavier Fernandez-Real and Xavier Ros-Oton. Regularity theory for elliptic PDE, volume 28 of Zurich
Lectures in Advanced Mathematics. EMS Press, Berlin, [2022] ©2022.

[Gia05] Alessandro Giacomini. Ambrosio-Tortorelli approximation of quasi-static evolution of brittle fractures.
Cale. Var. Partial Differential Equations, 22(2):129-172, 2005.

[GTO01] David Gilbarg and Neil S. Trudinger. FElliptic partial differential equations of second order. Classics in
Mathematics. Springer-Verlag, Berlin, 2001. Reprint of the 1998 edition.

[HT00] John E. Hutchinson and Yoshihiro Tonegawa. Convergence of phase interfaces in the van der Waals-
Cahn-Hilliard theory. Calc. Var. Partial Differential Equations, 10(1):49-84, 2000.

[Lel0] Nam Q. Le. Convergence results for critical points of the one-dimensional Ambrosio-Tortorelli functional
with fidelity term. Adv. Differential Equations, 15(3-4):255-282, 2010.

31



[LRO1]

[Mod87]

[MS89)

[SS07]

[Ste88)]

[Ton02]

[Ton05]

Fang-Hua Lin and Tristan Riviere. A quantization property for static Ginzburg-Landau vortices. Comm.
Pure Appl. Math., 54(2):206-228, 2001.

Luciano Modica. Gradient theory of phase transitions with boundary contact energy. Ann. Inst. H.
Poincaré Anal. Non Linéaire, 4(5):487-512, 1987.

David Mumford and Jayant Shah. Optimal approximations by piecewise smooth functions and associated
variational problems. Comm. Pure Appl. Math., 42(5):577-685, 1989.

Etienne Sandier and Sylvia Serfaty. Vortices in the magnetic Ginzburg-Landau model, volume 70 of

Progress in Nonlinear Differential Equations and their Applications. Birkhduser Boston, Inc., Boston,
MA, 2007.

Peter Sternberg. The effect of a singular perturbation on nonconvex variational problems. Arch. Rational
Mech. Anal., 101(3):209-260, 1988.

Yoshihiro Tonegawa. Phase field model with a variable chemical potential. Proc. Roy. Soc. Edinburgh
Sect. A, 132(4):993-1019, 2002.

Yoshihiro Tonegawa. A diffused interface whose chemical potential lies in a Sobolev space. Ann. Sc.
Norm. Super. Pisa Cl. Sci. (5), 4(3):487-510, 2005.

32



	Introduction
	Notations and statement of the results
	Notations and preliminary results
	Euler-Lagrange equations
	Statement of the theorems

	Critical points of AT
	C1,1 regularity of the critical points
	Shape of v

	Asymptotic analysis
	Preliminary estimates
	Estimates on v
	Possible values for the limit slope
	Convergence of the Dirichlet energy
	Convergence of the phase-field term
	Equipartition of the energy
	Computation of the weight of the limit measure

	Appendix : Proof of Theorem 2.7
	Proof of the -liminf
	Proof of the -limsup
	Critical Points of MS


