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Reduction of cyclic symmetric mechanical systems subject to
blade-tip/casing contact interactions
Thibaut Vadcard, Samuel Quaegebeur, Fabrice Thouverez

Abstract
This paper proposes a novel reduction technique for industrial bladed disks featuring blade-tip/casing contacts. By
analyzing a regularized contact law, a criterion allowing to drastically reduce the size of the problem is derived. It consists
in restricting solutions to only a subset of nodal diameters identified in advance. An additional parity rule allowing to
reduce the size of problem by half in certain configurations when solving through the harmonic balance method (HBM).
These rules are tested on an academic cyclic model featuring unilateral contacts. The reduction is exact both for a
regularized law but also for a nonsmooth contact law. The results match perfectly with the reference calculations led on
the full system. The previously published traveling wave hypothesis (deducing the full response from a single sector) also
provides exact results when considering traveling wave excitations. All the previously mentioned observations remain
true for the simulations led on the industrial fan stage ECL5/Catana under rubbing interactions. After including friction
forces, the reduction technique is still exact for the industrial model. The traveling wave hypothesis also remains valid.
Several loading scenarios demonstrate the applicability of the strategy in numerous configurations. Localized responses
are accurately captured by the reduction method in the case of excitation through perturbed traveling waves. This
contribution allows to take a major step forward in the numerical modeling of bladed disks featuring blade-tip/casing
interactions by taking advantage of cyclic symmetry. The proposed strategy yields an average reduction of 37.6% for the
HBM and 25.2% for other methods. For traveling wave excitations, the reduction is rapidly over 90% and goes up as the
number of sectors increases.

Keywords
harmonic balance method, unilateral contact, blade-tip/casing interactions, nonlinear dynamics, computational mechanics,
cyclic symmetry, reduction method
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Réduction de systèmes mécaniques sujets à des contacts aube/carter en
symétrie cyclique
Thibaut Vadcard, Samuel Quaegebeur, Fabrice Thouverez

Résumé
Cet article propose une nouvelle technique de réduction pour les roues aubagées industrielles subissant des contacts
aube/carter. En analysant une loi de contact régularisée, un critère permettant de réduire considérablement la taille du
problème est obtenu. Il consiste à restreindre les solutions à un sous-ensemble de diamètres nodaux identifiés à l’avance.
Une règle de parité supplémentaire permet de réduire de moitié la taille du problème dans certaines configurations
lors de la résolution par la méthode de l’équilibre harmonique (HBM). Ces règles sont testées sur un modèle cyclique
académique comportant des contacts unilatéraux. La réduction est exacte à la fois pour une loi régularisée et pour une
loi de contact non régulière. Les résultats correspondent parfaitement aux calculs de référence effectués sur le système
complet. L’hypothèse d’onde tournante publiée précédemment (déduisant la réponse complète d’un seul secteur) fournit
également des résultats exacts lorsque l’on considère des excitations tournantes. Toutes les observations mentionnées
précédemment restent vraies pour les simulations menées sur l’étage de soufflante industrielle ECL5/Catana en cas
de contact aube/carter. Après l’inclusion des forces de frottement, la technique de réduction reste toujours exacte
pour le modèle industriel. L’hypothèse de l’onde tournante reste également valable. Plusieurs scénarios de chargement
démontrent l’applicabilité de la stratégie dans de nombreuses configurations. Des réponses localisées sont détectées avec
précision par la méthode de réduction dans le cas d’excitations par des ondes tournantes perturbées. Cette contribution
constitue une avancée majeure dans la modélisation numérique des roues aubagées en situation de contact rotor/stator
en tirant parti de la symétrie cyclique. La stratégie proposée permet une réduction moyenne de 37,6% pour le HBM et
de 25,2% pour les autres méthodes. Pour les excitations par ondes tournantes, la réduction est rapidement supérieure à
90% et augmente avec le nombre de secteurs.

Mots-clés
méthode d’équilibrage harmonique, contact unilatéral, contact aube/carter, dynamique non linéaire, mécanique numérique,
symétrie cyclique, méthode de réduction
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Reduction of cyclic symmetric mechanical systems subject to blade-tip/casing contact interactions

1 Introduction
In order to comply with international regulations that are aiming towards the achievement of net carbon neutrality [1],
aircraft engine manufacturers are committed to design continuously more efficient turbomachines. An aeronautical
engine is a highly nonlinear and multiphysic system that should be tackled by using advanced modeling techniques.
From a structural viewpoint, the nonlinearities play a pivotal role in the dynamics of bladed disks. Notably, the
blade-tip/casing contact interface is among the nonlinearities that are the most studied. This interface is mainly
addressed for safety concerns about the engine. Indeed, the gaps between the rotating and fixed parts of the engine,
here blades and the casing, are decreased in new engines as a way of increasing the aerodynamic efficiency of the
turbomachine. This has the impact of yielding structural contacts in nominal operating conditions [2, 3]. These
contacts at high speeds are examined with great care by designers since their consequences can threaten the integrity
of engine itself, the plane and thus the safety of the passengers.

The realization of full scale experiments of blade-tip/casing contacts in order to evaluate the dynamics response
of the engine are oftentimes prohibitively expensive for the manufacturers. In addition, this type of experiments can
not be carried out until the final stage of the design cycle. Such tests can not serve to actually design the system,
and are generally just about safety verifications. Hence, there is a need to setup efficient simulation tools that are
able to account for the nonlinear behavior of the engine at early stage of design. This is why many researchers are
working towards industry-ready, robust, predictive and accurate numerical strategies in order to characterize these
sophisticated and highly nonlinear systems.

Among the strategies used to reduce computational times without hurting the accuracy of the results, the cyclic
symmetry [4, 5] is widely used in a linear framework. This formulation takes advantage of the angular periodicity of
cyclic systems, such as bladed disks. In a perfectly tuned configuration, the dynamics of the bladed disk can be
expressed as a sum of decoupled nodal diameters (spatial spectral components). Hence, by analyzing the spectral
components present in the loading applied to the system, one can only keep the subset of nodal diameters that are
undergoing a loading and thus drastically reduce the size of the system to be solved at no cost in terms of accuracy.
However, in a nonlinear framework, the different nodal diameters are not uncoupled anymore and specific strategies
should be used. Petrov [6] formulated an hypothesis that states that in the case of a traveling wave excitation on
friction-damping applications, the displacement field and the nonlinear forces have the same shape as the excitation.
This so-called traveling wave hypothesis greatly improves the performances of the simulations since the results on
a single sector can be used to deduce the response of the full bladed disk [7]. Following this, Petrov also tackled
standing wave excitations that can be considered to be traveling wave on a supersector composed of several actual
sectors of the bladed disk. Siewert et al. [8] also tackled the problem of friction between shrouds in a cyclic symmetric
framework with the traveling wave hypothesis. Quaegebeur [9] went further and derived a criterion allowing to
determine the couplings that occur between the different nodal diameters by analyzing the Taylor expansion of the
nonlinear forces. This last strategy allows to compute the response of the full system for any excitation without
making any approximation on the solution. However, these strategies were designed and tested to be applied only
on systems featuring friction interfaces.

Indeed, when considering systems featuring other nonlinearities than friction, such as unilateral contacts or
polynomial nonlinearities, no specific criterion exists to determine how the nodal diameters are coupled with each
other. Moreover, the traveling wave hypothesis remains untested on cyclic systems featuring unilateral contacts
and blade-tip/casing contacts. Until now, simulations of blade-tip/casing contacts are carried out either on a single
blade [10, 11, 12, 13, 14, 15, 16] or on a full bladed disk [17, 18, 19]. While simulations on single blades are able to
obtain results in a reasonable time, they are unable to reflect the dynamics of the full bladed disk and thus yield an
approximation on the vibrations of the system. On the contrary, studies on the full bladed disk do not make any
assumption on the solutions but come at an extremely prohibitive computational cost. This contribution aims to
tackle this modeling issue and propose a method that allows to model the full bladed disk without having to solve
the problem for all unknowns.

The harmonic balance method (HBM) has recently known a growth in popularity when it comes to the
characterization of blade-tip/casing interactions [11, 20, 21]. Its ability to gather information about nonlinear
solutions is particularly powerful. Indeed, it is able to state on the stability of periodic orbits [21, 22], the connectivity
of the solutions [23, 24] and it allows to compute nonlinear modal parameters of a system [25, 26]. Moreover, it was
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shown to achieve a similar level of accuracy than the reference explicit time-marching strategies [11] on industrial
models at a lower computational cost. For these reasons, it is generally considered that the HBM outperforms the
time integration methods for the computation of periodic orbits of a nonlinear system. This article is then centered
around the HBM but some of its theoretical elements can still be applied to time-marching simulations.

This paper aims to tackle the challenging subject of reduction of bladed disks in a nonlinear framework. Firstly,
analytical derivations are made in order to determine a method of computing a reduction basis on which the solutions
of the problem should be projected. This reduction basis is actually composed of a subset of nodal diameters that
are expected to be coupled through the unilateral nonlinearity. This analysis relies on the Taylor expansion of a
regularized penalty law [20]. Another reduction of the size of the problem is proposed when considering a resolution
with the HBM based on the spatio-temporal couplings of nodal diameters with temporal harmonics. Then, the
validity of these reductions are assessed on an academic model both for the regularized law that served to derive the
reduction rules, but also on a nonsmooth law [27, 28] relying on augmented lagrangians. The verification on the
latter non-differentiable contact law allows to extend the reduction rule to any contact law that models unilateral
laws regardless of the contact formulation that it relies on. Several contact scenarios are studied in order to give
an exhaustive view of the reduction capabilities of the strategy. Then, the simulations are taken a step further to
characterize a full industrial bladed disk through the cyclic symmetry based reduction strategy, on both contact
laws again. In all configurations, the traveling wave hypothesis is also shown to hold true on these applications
which yields a significant reduction in the case of traveling wave excitations.

The physical framework relying on the cyclic symmetry is described in Sec. 2: it includes the formulation of the
problem and the derivation of the reduction criterion. Then, the HBM-related resolution strategies are described in
Sec. 3, it also includes the formulation of the supplementary reduction criterion based on the HBM. Then, numerous
simulations are led to validate the reduction strategy on a simplified model in cyclic symmetry in Sec. 4. Finally, all
the presented developments are applied to a representative fan blade model in Sec. 5. It is shown that the procedure
is industry-ready and allows to accurately model the dynamics of the full bladed disk at a low computational cost.

2 Cyclic symmetry and reduction strategy
2.1 Equations of motion in a cyclic symmetric framework
In this section, the equations of motion for a cyclic symmetric mechanical system are derived in terms of spectral
generalized coordinates. For each sector j ∈ J1, NK where N is the number of sectors of the system, the equations of
motion read

M0ẍj +C0ẋj +K0xj = fp
s,j + fn

s,j + fnl,j(xj(t), ẋj(t)) + f0,j + fex,j(ω, t) (1)

where M0, C0 and K0 are respectively the mass, damping and stiffness matrix of a single sector of the structure.
The full structure is considered to be tuned, meaning that all sectors are identical. xj is the displacement field of
the n degrees of freedom (dof) of the jth sector. In order to represent the full system, the influence of neighboring
sectors is accounted for by the forces applied to the cyclic boundary of the sector fp

s,j and fn
s,j , related to the forces

applied by the previous and the next sector respectively. Note that sector number 1 is adjacent to sectors N and 2,
and that sector number N is adjacent to sectors N − 1 and 1 so that the cyclic nature is preserved. The system also
undergoes nonlinear forces, represented by fnl,j , external pre-loading forces f0,j and excitation forces fex,j .

The physical displacement xj can then be expressed as a function of the real spectral components of the cyclic
system thanks to the theory of linear representation of cyclic groups of order N [5]. It follows that

xj =
1√
N

x̂0 +

√
2

N

N
2 −1∑
h=1

[x̂h,c cos (hjα) + x̂h,s sin (hjα)] +
(−1)j√

N
x̂N/2 if N is even, (2)

xj =
1√
N

x̂0 +

√
2

N

N−1
2∑

h=1

[x̂h,c cos (hjα) + x̂h,s sin (hjα)] if N is odd (3)
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where α = 2π
N is the intersector angle and x̂h,c and x̂h,s are the real spectral displacements of order h. Following the

definition of the cyclic Fourier matrix S in A, physical displacements of all sectors x = [x1, . . . ,xj , . . . ,xN ] can be
substituted by the spectral components such as

x = S>x̂ (4)

with x̂ =
[
x̂>
0 , . . . , x̂

>
h , . . . , x̂

>
m

]> with m = N
2 if N is even or m = N−1

2 if N is odd. All spectral components of

order 0 < h < N
2 contain both cosine and sine contributions such as x̂k =

[
x̂>
h,c, x̂

>
h,s

]>
. The notation •> is the

transposition operation.
In this work the cyclic boundaries of the sectors remain linear, thus the different cyclic boundaries are assembled [4,

5] leading to a system of equations where all matrices are block-diagonal accounting for the fact that all cyclic
indexes are uncoupled. In the nonlinear framework studied, a specific coupling is appearing between the cyclic
indexes due to the nonlinear forces applied on the system. This coupling is the main topic of this contribution and is
thoroughly addressed throughout the article. In the end, the problem associated to the full system is then expressed
such as

M̂¨̂x(t) + Ĉ ˙̂x(t) + K̂x̂(t) = f̂ex(ω, t) + f̂0 + f̂nl(x(t), ẋ(t)) (5)

with
M̂ = blkdiag

({
M̂h

}m

h=0

)
, Ĉ = blkdiag

({
Ĉh
}m

h=0

)
, K̂ = blkdiag

({
K̂h
}m

h=0

)
, (6)

f̂ex(ω, t) =



f̂0ex
...
f̂hex
...
f̂mex


, f̂0 =



f̂00
...
f̂h0
...
f̂m0


and f̂nl(x(t), ẋ(t)) =



f̂0nl
...
f̂hnl
...
f̂mnl


. (7)

The notation •̂h refers to spectral components of order h, oftentimes referred to as nodal diameters (ND) of order
h. It is worth noting that the nonlinear forces expressed in terms of spectral components f̂nl still depends on
physical displacements x(t) and velocities ẋ(t). Indeed, the evaluation of nonlinear forces, presented further in the
article in Sec. 2.2 should be made on physical coordinates. For numerical conditioning purposes, a space and time
normalization of the unknown x̂(t) can be introduced by means of scalar coefficients [24]. The latter do not affect
the solutions of the problem but allow better convergence of nonlinear solvers. However, these normalizations are
not included in the equations of this article for the sake of simplifying the expressions.

This general formulation in cyclic symmetry is actually equivalent of solving the full problem with all sectors and
thus yields no computational reduction with respect to the full physical problem. Nevertheless, this strategy enables
to perform full computations without defining the whole problem as a single matrix. This particular property is
helpful when generating reduced-order models of industrial size models. These models generally cause issues in
terms of memory that can be avoided through the use of cyclic symmetry.

Since the nodal diameters are linearly decoupled (i.e. M̂, Ĉ and K̂ are block-diagonal), the only link between
the different nodal diameters in Eq. (5) is made through the nonlinear forces. Hence, it is possible to analyze the
analytical expressions of the nonlinear forces in order to determine the couplings that occur between nodal diameters.
By doing so, a subset of nodal diameters D ⊂ J0,mK is determined for a specific loading scenario. The latter can
be used for a nonlinear calculation instead of the whole range Df = J0,mK. Indeed, for certain loading scenarios,
some nodal diameters are not involved at all in the dynamics and can thus be withdrawn from the unknown vector
without affecting the accuracy of the solutions. This generally yields a significant reduction in computation time
and memory usage. Equation 5 becomes

M̂D ¨̂x
D
(t) + ĈD ˙̂x

D
(t) + K̂Dx̂D(t) = f̂Dex(ω, t) + f̂D0 + f̂Dnl (x(t), ẋ(t)) (8)
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with
M̂D = blkdiag

({
M̂h

}
h∈D

)
, ĈD = blkdiag

({
Ĉh
}
h∈D

)
, K̂D = blkdiag

({
K̂h
}
h∈D

)
, (9)

f̂Dex =
[{

f̂hex

}
h∈D

]
, f̂D0 =

[{
f̂h0

}
h∈D

]
and f̂Dnl =

[{
f̂hnl

}
h∈D

]
. (10)

In the general case, the choice of an appropriate set of nodal diameter is a difficult task. However, by analyzing
the nonlinearities at stake, it is possible to derive rules that provide ways of determining the right nodal diameters
to keep in D. For instance, Quaegebeur et al. derived a specific rule allowing to determine the couplings between the
spectral components of a cyclic structure with friction nonlinearities [9]. This rule analyzes the spectral components
of the excitations and the number of sectors of the system in order to determine the subset D of nodal diameters
allowing for eventual reduction of the system to be solved. This subset is used by only accounting for the nodal
diameter that can be coupled with the excitation as well as with each other by the nonlinearity. In this work, the
same type of rule is derived for nonlinearities that model unilateral contacts, it is presented in Sec. 2.3.

2.2 Evaluation of nonlinear forces in the physical space
It is reminded that the nonlinear forces oftentimes depend on physical displacements and should be evaluated in
the physical space. In order to go from the spectral (cyclic) variables to physical (sectors) variables, one should
involve the spatial Fourier matrix S and its inverse, defined in A. As a way of computing the spectral components
of the nonlinear forces, the cyclic variables linked to the displacements x̂D(t) are firstly transformed to physical
variables on all sectors x(t), then the nonlinear forces are computed in the physical space on each sector fnl(t) and
these physical variables are then transformed back to the cyclic space f̂Dnl (t).

Firstly, let’s assume that D is chosen to be the full set D = Df. Then, for sampling purposes, it is necessary to
evaluate the nonlinear forces on all sectors S f = {1, 2, . . . , N} in order to be able to reconstruct the whole spectral
decomposition.

However, given Eq. (8), the unknown vectors x̂D(t) and f̂Dnl (x(t), ẋ(t)) are composed of all spectral components
that are retained in the subset D ⊂ Df. Then, if this time D 6= Df (does not contain every spectral component), the
equivalence between physical and cyclic spaces yields that the less nodal diameters are considered, the less sectors
are necessary for the computation of the spectral components retained in D. Indeed, by suppressing some spectral
components of the full basis, the information over all sectors becomes redundant.

As a way of determining the set of sectors S ⊂ S f, over which the nonlinear forces should be sampled (composed of
a number of jmax sectors), it is necessary to analyze the content of D. For each non-degenerated spectral component
in D (i.e. h = 0 and h = N

2 if N is even and only h = 0 if N is odd), a single sector should be evaluated. For
each degenerated spectral components 0 < h < N

2 in D, two sectors should be evaluated. For instance, a structure
composed of N = 24 sectors for which D is arbitrarily set to D = {0, 2, 4, 6, 8, 10, 12}, the number of sectors needed
for the evaluation of all spectral components of the nonlinear forces is jmax = 2× 1 + 5× 2 = 12 (2 non-degenerated
and 5 degenerated spectral components). Then, one should evaluate the nonlinear forces on all sector numbers
belonging to S = {1, 2, . . . , jmax}.

Following these guidelines, it is possible to establish a relation between spectral components restricted to D and
the physical information over the sectors of S. In order to clarify the notations, complementary sets D = Df \ D and
S = S f \ S are defined. The relation is obtained by partitioning x̂ = Sx over the different sets such as[

x̂D

x̂D

]
=

[
SD
S SD

S

SD
S SD

S

][
xS

xS

]
. (11)

By definition, restricting the spectral components to a specific set D means that x̂D = 0. Then, the inverse
transformation is expressed as x = S>x̂. Since the Fourier matrix S is orthogonal, it yields[

xS

xS

]
=


(
SD
S
)> (

SD
S

)>
(
SD
S

)> (
SD
S

)>
[x̂D

0

]
(12)
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and it comes that
xS =

(
SD
S
)>

x̂D. (13)

Since the set S was built to be equivalent to D in the physical space,
(
SD
S
)> is square and invertible, yielding the

direct transformation from S to D is
x̂D =

[(
SD
S
)>]−1

xS . (14)

This shows that restricting the number of spectral components in D yields a double advantage: firstly it decreases the
overall number of unknowns of the problem and secondly it reduces the computational cost of evaluating nonlinear
forces since it requires their evaluation on less sectors than for the full system.

2.3 Selection of nodal diameters for unilateral contacts
In this section, a complex formulation is employed for the sake of simplifying the developments, however both
complex and real cyclic symmetry feature the same properties. In this work, the resolution is carried out with real
cyclic symmetry. The complex formulation is only used in this section and it relies on the complex counterpart of
the spectral decomposition in Eq. (3).

In the complex formalism, the spectral decomposition of the displacement field of each sector xj reads

xj =
1√
N

N−1∑
h=0

(
x̂heiαh(j−1)

)
for j ∈ J1, NK, (15)

with x̂h = ¯̂x
N−h for h ∈ J0,mK. Similarly as in the real formalism, a block-diagonal system can be built for all

h ∈ Df such as
M̂h ¨̂x

h
(t) + Ĉh ˙̂x

h
(t) + K̂hx̂h(t) = f̂hex(ω, t) + f̂h0 + f̂hnl(x(t), ẋ(t)). (16)

As stated, when nonlinearities are taken into account the nonlinear forces create interactions between the different
nodal diameters and Eq. (16) must be solved for all nodal diameter at once.

In this work, unilateral contact nonlinearities are considered. For theoretical purposes, a regularized penalty
law [20] is considered throughout these developments, but it is shown in this article that these results also apply to
non-regularized laws. Furthermore, a single nonlinear dof per sector is assumed, its displacement is noted xnl,j . The
extension to other dof is straightforward, based on the developments that follow. The nonlinear forces for sector j
are evaluated with the following

fnl,j(t) = −κ
(gj(t)− xnl,j (t))

2
+

√(
κ
(gj(t)− xnl,j (t))

2

)2

+ γ2, (17)

where κ is the contact stiffness and γ the regularization parameter.
The gap function can be written in terms of cyclic components such as

gj =
1√
N

N−1∑
h=0

(
ĝheiαh(j−1)

)
for j ∈ J1, NK. (18)

Th gap is a known quantity, as such all the components
(
ĝh
)
h∈Df are also known. As an example, for a perfectly

constant gap over one period, only the component ĝ0 is different from 0. To simplify the following derivations, the
new unknown of the problem is set to

ûh = ĝh − x̂h
nl. (19)

The equation of motion, accounting for the nonlinearities reads

M̂h ¨̂u
h
+ Ĉh ˙̂u

h
+ K̂huh = f̂hext + f̂h0 + f̂hnl − K̂hgh for h ∈ Df, (20)
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where the force applied to the only nonlinear dof of the system inside f̂hnl is expressed as

f̂h
nl =

1√
N

N∑
j=1

(
fnl,je

−iαh(j−1)
)

for h ∈ Df. (21)

Substituting the term fnl,j in Eq. (21) by Eq. (17) (where the physical quantities have been replaced by the cyclic
ones) for a given q ∈ Df reads

f̂q
nl =

1√
N

N∑
j=1


−κ

2

N−1∑
h=0

ûheih(j−1)α +
κ

γ

√√√√1 +
1

γ2

(
N−1∑
h=0

ûheih(j−1)α

)2
 e−iq(j−1)α

 . (22)

The second term is expanded as a Taylor series at 0√
1 + y2 = 1 +

∞∑
l=0

βly
2l. (23)

This leads to

f̂q
nl =

1√
N

N∑
j=1

([
−κ

2

N−1∑
h=0

ûhei(h−q)(j−1)α

+
κ

γ

1 +

∞∑
l=0

 βl

γ2

(
N−1∑
h=0

ûheih(j−1)α

)2l
 e−iq(j−1)α

 .

(24)

Notice that the first term in ûh is different from 0 when h = q. This means that if a nodal diameter responds, it will
provide a component to the nonlinear forces on the same nodal diameter. Moreover the constant term κ

γ provides a
nonlinear force component on its 0th nodal diameter. Finally, the following expression explicits the last term (noted
f̂q

nl,3) of Eq. (24)

f̂q
nl,3 =

κ√
Nγ3

N∑
j=1

 ∞∑
l=0

βl

(
N−1∑
h=0

ûhe
ih(j−1)α

)2l
 e−iq(j−1)α (25)

=
κ√
Nγ3

∞∑
l=0

N∑
j=1

((
βl

(
N−1∑
h1=0

ûh1
eih1(j−1)α

)
· · ·

(
N−1∑
h2l=0

ûh2l
eih2l(j−1)α

)
eiα(j−1)−q

))
. (26)

Developing the sums in Eq. (26) gives

f̂q
nl,3 =

κ√
Nγ3

∞∑
l=0

βl

∑
k∈Tl

αk

Qk∏
pk=1

(
ûhpk

)βpk

 N∑
j=1

e
iα(j−1)

(∑Qk
pk=1 hpk

βpk
−q

) . (27)

The set Tl describes all the possible combinations of the sums’ multiplications. Each combination k involves one or
multiple nodal diameters noted hpk

and their multiplicity βpk
. The terms αk denotes the number of occurrence of

such a term. Since the degree of the polynomial in Eq. (27) is
∑Qk

pk=1 βpk
. This degree must be equal to the sum

of the degrees of all monomials associated with the 2l products of Eq. (26) (from h1 to h2l). Thus, the following
relation must be verified

Qk∑
pk=1

βpk
= 2l. (28)

It corresponds to the sum of the degrees of the different monomials in the combination k considered. The nodal
diameter couplings that are created through all terms of Eq. (27) are now analyzed in Sec. 2.4.
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2.4 Determination of the nodal diameter coupling
This section proposes an algorithm to determine the nodal diameter coupling occurring when contact nonlinearities
are taken into account, it relies on the equations set up is Sec. 2.3. Firstly, Dq denotes the set of nodal diameters
that include the nodal diameters corresponding to ĝ and the external forces, that is known data. Based on Eq. (20),
all these nodal diameters are expected to respond and are thus kept in the basis. Moreover, based on Eq. (24), due
to the first term, the 0th nodal diameter also has to be included in the basis, now noted Dq,0. This basis is being
completed through an iterative process with Eq. (25): a new nodal diameter noted p must be included in the basis if

2l∑
i=1

hi − p ≡ 0 [N ] with hi ∈ Dq,0 and l ∈ N. (29)

As l goes up to infinity, such an iterative process is cumbersome. However, a few mathematical considerations allow
to perform such procedure in an efficient way. First, it is assumed that the nodal diameter basis only contains
the diameters 0 and hex (the nodal diameter associated with the external loading). The 0th nodal diameter is not
involved in the iterative process as it does not create further coupling. Then, Eq. (29) becomes

2lhex ≡ p [N ] l ∈ N. (30)

There exists an integer K such that the remainder of the euclidian division of 2hex by l (noted p), for l ≥ K, is the
same as the one of the euclidian division of 2hex by l with l ∈ J1,KK. Then, it comes that

2 (l +K)hex ≡ p [N ] . (31)

As 2lhex ≡ p [N ], one obtains the following
2Khex ≡ 0 [N ] (32)

Therefore, K is the first integer for which 2Khex is a multiple of N . The determination of K is then made thanks
to the implementation of

K =
lcm(2hex, N)

2hex
(33)

with lcm(•, •) returns the lowest common multiple of the two arguments. Note that Eq. (33) can not be used when
hex = 0, but K = 1 and only the nodal diameter 0 is involved in the response.

Based on this result, the updated set Dq,0 must contains 0, hex, and all even multiples of hex up to 2K. However,
these new nodal diameters can get coupled once again with hex and thus the set Dq,0 must also contain all the
uneven multiple of hex up to 2K. However thanks to Eq. (32), the remainder of the euclidian division of (2K − l)hex

by N is equal to the remainder of the euclidian division of lhex by N for l ∈ J1,KK. As a consequence, in order to
determine the nodal diameter coupling when the initial set Dq,0 contains the nodal diameter hex, one must first
determine K through Eq. (32) and then include all the multiples of hex up to K only. Then, the final set D is built
following these three steps

1. the list vK,hex of all multiples of hex up to K is firstly built such as

vK,hex = hex × [0, 1, 2, . . . , q, . . . ,K]︸ ︷︷ ︸
vK

= [0, hex, 2hex, . . . , qhex, . . . ,Khex], (34)

2. then, the remainder of each element of vK,hex by the euclidian division by N , noted rq ∀q ∈ vK , is stored in
the vector vr = [r0, r1, r2, . . . , rq, . . . , rK ],

3. finally, the nodal diameters associated with each rq are computed and stored in D = [d0, d1, . . . , dq, . . . , dK ]
with dq = rq if rq < m and dq = N − rq if rq > m ∀q ∈ vK

Examples of application of this strategy are found throughout this article: each time a computation in cyclic
symmetry is conducted with this criterion, the value of K and the final basis used is given.

In the case where the initial set Dq,0 contains several nodal diameters, two cases arise. First, if the included
nodal diameters share a common divider strictly greater than 1, then the previous procedure can be employed to
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obtained a reduction by using hex = gcd(h1
ex, h

2
ex), where gcd(•, •) returns the greater common divider of the two

arguments. The other case corresponds to the situation where the nodal diameters are prime with one another
(gcd(h1

ex, h
2
ex) = 1). In this case, unfortunately all nodal diameters respond and no reduction can be achieved.

An additional case where no reduction can be achieved by this criterion is the configuration where N is a prime
number. Then, no engine order (except the 0th) are subject to any reduction and full calculations should be made.
This property is a consequence of the fact that K = N when N is prime and it yields that D = Df.

3 Numerical framework : harmonic balance method with nodal diameters selection
The resolution of Eq. (8) can be carried out indifferently with time domain or frequency domain methods. The
determination of the set D does not make any assumption on the shape of the solution, thus the strategy presented
in Sec. 2.4 is valid for all numerical strategies. In this work, the retained solving method for the application of the
diameter selection strategy method is the HBM. Firstly the general formulation of the HBM is applied to Eq. (5),
then a particular form of the HBM is used to take advantage of the selection of certain nodal diameters. A new
criterion is also proposed in addition to the one in Sec. 2.4. It takes advantage of the coupling between nodal
diameters and temporal harmonic to halve the size of the system. Finally, specific developments concerning the
response to traveling wave excitations are carried out.

3.1 General harmonic balance method
The HBM is used to solve Eq. (5) for periodic solutions and allows fast solving and flexibility. It relies on the
assumption that, under an excitation of angular frequency ω, the time-dependant unknown x̂(t) is written as a
truncated Fourier series of order Nh and fundamental angular frequency ω

x̂(t) ' 1

2
â0 +

Nh∑
k=1

(
âk cos(kωt) + b̂k sin(kωt)

)
(35)

This decomposition allows to perform a Fourier-Galerkin projection on Eq. (5) in order to obtain an algebraic system
of equations related to cyclic coordinates in the frequency domain

Z(ω)̂̃x− ̂̃fnl

(̂̃x)− ̂̃f ex − ̂̃f0 = 0. (36)

The new unknown of the problem is then the so-called multiharmonic vector ̂̃x containing the real Fourier decompo-
sition of the spectral components of the displacement field x(t), written as in Eq. (37a). The vectors associated with
external and nonlinear forces are also organized as multiharmonic vector which expressions are given in Eq. (37b),
Eq. (37c) and Eq. (37d) 

̂̃x = [
1

2
â>0 â>1 b̂>

1 . . . â>Nh
b̂>
Nh

]>,̂̃
fnl = [

1

2
(ânl

0 )
>
(ânl

1 )
>
(b̂nl

1 )
>
. . . (ânl

Nh
)
>
(b̂nl

Nh
)
>
]>,̂̃

f ex = [0 (âex
1 )

>
(b̂ex

1 )
>
0 . . . 0 0]>,̂̃

f0 = [(â00)
> 0 . . . 0 0]>.

(37a)

(37b)

(37c)

(37d)

Z is a block-diagonal matrix accounting for the linear behavior of the system and is composed of (Nh + 1) blocks,
defined such as

Z0 = K̂ and Zk(ω) =

[
K̂− (kω)

2
M̂ kωĈ

−kωĈ K̂− (kω)
2
M̂

]
∀k ∈ J1, NhK. (38)
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3.2 Modifications induced by the selection of specific nodal diameters
However, the HBM allows a specific methodology that consists in selecting a subset of all spectral components,
or nodal diameters, to reduce the size of the system that is actually solved. While in the time domain equation
the restriction of the unknown to a set of nodal diameters D affects the whole equation in the same way, it is
not necessarily the case for HBM. Indeed, since the blocks Zk of the dynamic stiffness matrix are independent, it
is possible to use different subsets Dk specific to each temporal harmonic k as a way of taking advantage of the
spatio-temporal couplings that occur in cyclic structures. Then, these sets Dk are used to build specific constitutive
matrices M̂k, Ĉk and K̂k and corresponding loading and unknown vectors of each kth harmonic. Then, Eq. (38) is
rewritten such as

Z0 = K̂0 and Zk(ω) =

[
K̂k − (kω)

2
M̂k kωĈk

−kωĈk K̂k − (kω)
2
M̂k

]
∀k ∈ J1, NhK. (39)

with
M̂k = blkdiag

({
M̂h

}
h∈Dk

)
, Ĉk = blkdiag

({
Ĉh
}
h∈Dk

)
, K̂k = blkdiag

({
K̂h
}
h∈Dk

)
(40)

The different loading vectors of Eq. (7) should also be rewritten as

f̂ex,k =
[{

f̂hex

}
h∈Dk

]
and f̂0,k =

[{
f̂h0

}
h∈Dk

]
(41)

depending on the temporal harmonic number k they’re related to. Following these notations, the unknown vector is
also reduced and defined as x̂k =

[{
x̂h
}
h∈Dk

]
and f̂nl,k =

[{
f̂hnl

}
h∈Dk

]
.

If all subsets Dk for k ∈ J0, NhK are Dk = Df, then this strategy is equivalent to solving the full system with all
sectors.

In the literature, Petrov showed that for cyclic symmetric systems undergoing friction nonlinearities and
traveling wave excitations, solution displacement fields can be searched as traveling waves of the same shape as
the excitation [6]. This particular hypothesis allows to select only a single index in each of the Dk, significantly
reducing the computational costs without accuracy loss. Knowing the direction of propagation of the traveling wave
also allows to divide the size of the system by two. The strategy used for nodal diameter selection and system
condensation are explained in Sec. 3.3 in the case of traveling wave excitations.

At this point, it is possible to perform a condensation of the linear dof by taking advantage of the algebraic
nature of the HBM equation and the fact that contact nonlinearities are localized [28]. Then, the system is restricted
to nonlinear dof and the computations are significantly sped up. The reduced system of equations formulated on
sets of nodal diameters Dk finally reads

Zk,r̂̃xk,r −
̂̃
fnl,k,r −

̂̃
f ex,k,r −

̂̃
f0,k,r = 0 ∀k ∈ J0, NhK (42)

that is aggregated into a single equation

Zr̂̃xr −
̂̃
fnl,r −

̂̃
f ex,r −

̂̃
f0,r = 0. (43)

This equation is solved by means of a Newton-Raphson nonlinear iterative solver. The jacobian matrix of Eq. (43)
should thus be computed at each iteration.

3.2.1 Parity criterion for unilateral nonlinearities
For unilateral nonlinearities such as the one studied in Sec. 2.3 and Sec. 2.4, the procedure of selection of diameters
harmonic-wise can help further reducing of the size of the problem. The additional criterion and its implementation
are provided in this section, however the underlying mathematical developments are left in B.

The additional reduction consists in taking advantage of how the different harmonics of the nonlinear forces
couple themselves. Indeed, when certain conditions described hereafter are met, it is observed that all diameters
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among the subset D determined in Sec. 2.4 do not respond on all harmonics. A distinction comes from the parity
of the harmonic number: a subset De responds only on even harmonics while a subset Do responds only on odd
harmonics. The sets De and Do respect the relations

De ∪ Do = D and De ∩ Do = ∅. (44)

This means that all diameters in D are needed, but only a subset De or Do can be selected according to the parity
of the harmonic.

In order to know if this parity criterion can be used, one should examine the value of Khex where the definition
of K is given in Eq. (33) and hex is the nodal diameter of the excitation. Two cases arise:
if Khex ≡ 0 [N ]: no reduction is expected and all harmonics should use the whole D set such as

Dk = D ∀k ∈ J0, NhK, (45)

if Khex ≡ N
2 [N ]: the reduction according to the parity of the harmonic number can be used and it comes that{

Dk = De if k is even,
Dk = Do if k is odd,

∀k ∈ J0, NhK.
(46)
(47)

The sets De and Do are built such as De contains all dq associated to even values of q in vK while Do is composed
of all dq associated to odd values of q in vK .

Overall, this parity criterion allows to further divide the size of the system by a factor 2 when the condition
Khex 6≡ 0 [N ] is respected. It is noted that the demonstration of B shows that this condition can only occur when
N is even.

Due to the necessity of splitting the diametral basis among different harmonics, this method only applies to an
HBM solving process. Throughout the rest of the article, this criterion is used for the simulations when it is relevant
and applicable.

3.3 Traveling wave excitations
In this section, the particular case of traveling wave excitation is dealt with. For this type of loading, further
reductions are possible and the associated developments are provided. This idea was initially proposed by Petrov [6].

In the following, a traveling wave excitation of order hex of the form

fTW
ex,j (t) = fex cos

(
t+

α(j − 1)hex

ω

)
∀j ∈ J1, NK (48)

is applied to a cyclic system. The excitation is defined in the fixed frame such as it can model stator wakes. Then,
assuming the bladed disk is rotating in the same direction as blades are numbered, the fixed frame excitation
propagates backwards in terms of blade numbering: 1, N , N − 1, ...

In the case of such an excitation, the subsets Dk should be chosen by reading the zig-zag diagram, such as

Dk = {Z(khex)} (49)

where Z(h) is the function that stands for the zig-zag diagram. In the particular case of traveling waves, the spectral
indexes in Dk are signed, allowing to know the specific propagation direction of the traveling waves. This is necessary
for further condensation of the problem. Zig-zag diagram are illustrated in Fig. 1 for both even and odd cases.

If there exists a spectral index −m ≤ q < 0 such that (q − h) ≡ 0 [N ] then Z(h) = q, otherwise Z(h) = q where
q respects (q + h) ≡ 0 [N ]. Both conditions are exclusive and only a single spectral component −m ≤ q ≤ m can be
obtained by this method.

The selection of nodal diameters through Eq. (49) already yields a significant reduction in the system’s size and
computational burden as each harmonic only contains one specific nodal diameter. In addition, it is possible to go
further in the reduction of the size of the system by imposing the direction of propagation of the different traveling
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Figure 1. Examples of zig-zag diagrams, backward traveling wave ( ) (q < 0), forward traveling wave ( ) (q > 0).

waves. Traveling waves only make sense on so-called degenerated nodal diameters (size doubled with respect to the
fundamental sector size), i.e. 0 < q < N

2 . So, this condensation is only useful on harmonics where 0 < |Z(khex)| < N
2 .

In this case, for a physical dof numbered d in the fundamental sector on harmonic k > 0 (harmonic 0 can only be
composed of nodal diameter 0 in the definition of Eq. (49)) where q = |Z(khex)|, its displacements on this specific
harmonic are given by {

x̂d
k,c = adk,q cos(kωt) + cdk,q sin(kωt)

x̂d
k,s = bdk,q cos(kωt) + ddk,q sin(kωt)

(50)
(51)

as a function of the unknown vector ̂̃xd
=
[
adk,q, b

d
k,q, c

d
k,q, d

d
k,q

]>. The general expression of a forward traveling wave
is of the shape {

x̂d
k,c = adk,q cos(kωt) + cdk,q sin(kωt)

x̂d
k,s = −cdk,q cos(kωt) + adk,q sin(kωt)

(52)
(53)

where bdk,q and ddk,q are actually directly linked to cdk,q and adk,q. By imposing these links between the four coefficients,
the direction of propagation of the wave is also imposed, but it yields a reduction in terms of computational cost.
The expression of a backward traveling wave is given by{

x̂d
k,c = adk,q cos(kωt) + cdk,q sin(kωt)

x̂d
k,s = cdk,q cos(kωt)− adk,q sin(kωt).

(54)
(55)

This new expression causes two signs to be swapped in Eq. (55), justifying the need to retrieve the signed nodal
diameter when reading the zig-zag diagram. The so-called traveling wave hypothesis, relies on this link by substitutinĝ̃xd

k in the equations following the relation ̂̃xd

k = HTW,1
k

̂̃xd,TW
k (56)

where

HTW,1
k =


1 0
0 sign (Z(khex))
0 1

− sign (Z(khex)) 0

 (57)

Thibaut Vadcard et al. 13

mailto:thibaut.vadcard@ec-lyon.fr


Reduction of cyclic symmetric mechanical systems subject to blade-tip/casing contact interactions

is the traveling hypothesis transform matrix for a single dof and ̂̃xd,TW
k =

[
adk,q, c

d
k,q

]>. The transform matrix is
extended to the size of the harmonic by performing a Kronecker product such as HTW

k = HTW,1
k ⊗ In and

̂̃xk = HTW
k
̂̃xTW
k . (58)

The harmonic balance equations corresponding to the kth harmonic

Zk
̂̃xk − ̂̃fnl,k − ̂̃f ex,k − ̂̃f0,k = 0, (59)

can then be rewritten using the change of basis Eq. (58) such as

(
HTW

k

)>
ZkH

TW
k
̂̃xTW
k −

(
HTW

k

)>
HTW

k
̂̃
f

TW

nl,k −
(
HTW

k

)> ̂̃
f ex,k −

(
HTW

k

)> ̂̃
f0,k = 0. (60)

Following the definition of HTW
k , the product with its transposed is(

HTW
k

)>
HTW

k = 2I2n. (61)

The Eq. (60) is then multiplied by 1
2 as a way of including this factor in the matrices and vectors that define the

problem rather than in the unknowns ̂̃xTW
k and ̂̃fTW

nl,k . The final step of the reduction of the kth harmonic then yields

ZTW
k
̂̃xTW
k − ̂̃fTW

nl,k − ̂̃fTW

ex,k − ̂̃fTW

0,k = 0. (62)

with
ZTW

k =
1

2

(
HTW

k

)>
ZkH

TW
k ,

̂̃
f

TW

ex,k =
1

2

(
HTW

k

)> ̂̃
f ex,k and ̂̃

f
TW

0,k =
1

2

(
HTW

k

)> ̂̃
f0,k (63)

It is noted that, the determination of jmax (see Sec. 2.2) for this case is immediate and a single sector is necessary
for the evaluation of nonlinear forces: jmax = 1. Moreover, similarly as for the classical HBM, the condensation of
linear dof [28] is also possible in Eq. (62) and allows for savings in computing time.

3.4 Evaluation of nonlinear forces
This section details the strategy retained for the evaluation of the nonlinear forces throughout the HBM resolution.
Two different contact laws are used in the article and both rely on the alternating frequency/time procedure
(AFT) [29]. A modification of the classical AFT scheme introduced to deal with the alternation between the cyclic
and physical space is also proposed. These developments are presented in Sec. 3.4.1. Then the regularized penalty law
(referred to as Regularized-HBM (R-HBM)) used for the analytical developments in Sec. 2.3 is presented in Sec. 3.4.2.
A stiffer contact law relying on augmented lagrangian [27, 28], denominated Dynamic Lagrangian Frequency/Time
(DLFT-HBM), is also presented in Sec. 3.4.3. Both contact laws constitute the state-of-the-art in terms of computing
unilateral contact dynamics through HBM [20, 28], especially for blade-tip/casing contacts [11, 20, 30]

3.4.1 Alternating Frequency/Time-Cyclic/Physical
In order to compute the nonlinear forces in a HBM framework, it is oftentimes necessary to resort to the AFT
scheme [29]. In this work, a supplementary step is required since the HBM unknown is composed of spectral
components. Indeed, the cyclic components should be transformed to the physical space for the computation of
nonlinear forces and back to the cyclic space for the evaluation of the residual at each iteration. This new alternation
type of is denominated Alternating Frequency/Time-Cyclic/Physical (AFT-CP).

The transformation between the frequency and time domain is done with by using the real inverse discrete
Fourier transform (IDFT) matrix F−1 so that {•(ti)}i=1...Nt

= F−1•̃. Whereas, the transformation from the time
domain to the frequency domain is made by means of the real discrete Fourier transform (DFT) matrix F and the
relation between both domains is •̃ = F{•(ti)}i=1...Nt

. A time period is sampled into Nt (user-defined parameter)
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instants. It should be chosen as a compromise between computation time and accuracy of the procedure: increasing
Nt favors convergence and prevents aliasing problems but increases computational costs [31].

In this work, the link between the cyclic and physical spaces is made in the frequency domain. It relies on G̃ and
G̃ that are built out of sub-matrices of the spatial Fourier transform matrix S. The construction of these matrices
requires to determine in advance the sets Sk (defined by the integers jmax

k ) associated with each Dk following the
rule presented in Sec. 2.2. In practice, since the evaluation of nonlinear forces in the time domain on a set of
sectors requires all harmonics for all sectors, the set of sectors over which nonlinear forces are computed is actually

S =

(
Nh⋃
k=0

Sk

)
. Then, the matrices G̃ and G̃ are defined as

G̃ = blkdiag
(
G̃k
)
⊗ Innl with and G̃ = blkdiag

(
G̃

k
)
⊗ Innl with k ∈ J0, NhK (64)

where nnl is the number of nonlinear dof of a single sector. Hereafter, the notations are consistent with what is
defined in Sec. 2.2. The inverse transformation (from cyclic to physical variables) is straightforward and

G̃
k

=


(
SDk

S

)>
0

0
(
SDk

S

)>
 if k > 0 or G̃k =

(
SDk

S

)>
if k = 0. (65)

However, for the forward transformation, since S contains a larger number of sectors than each individual harmonic
set Sk, some of the information contained over sectors of S is redundant and should be truncated to switch from
physical to cyclic variables. This truncation from S to Sk is made by the matrix RSk defined as

RSk =
[
Ijmax

k
0
]

if Sk 6= S and RSk = Ijmax
k

if Sk = S. (66)

Following this definition, it comes that the direct transformation G̃ is built out of blocks G̃k such as

G̃k =


[(

SDk

Sk

)>]−1

RSk 0

0

[(
SDk

Sk

)>]−1

RSk

 if k > 0 or G̃k =

[(
SDk

Sk

)>]−1

RSk if k = 0. (67)

Note that the block
[(

SDk

Sk

)>]
is invertible since sets Sk and Dk were chosen so that this sub-matrix of S is square.

The distinction with respect to k comes from the presence of cosine and sine terms in real HBM for non-zero
harmonic numbers k.

Now that all matrices are defined for the alternation between the different spaces, the AFT-CP methodology
is presented hereafter. Say that an estimate of the solution is known in the shape of a multiharmonic vector
corresponding to spectral components ̂̃x, the overall alternating strategy is composed of five steps:

1. the vector ̂̃x is transformed to the physical space in the frequency domain by means of x̃ = G̃̂̃x. At this
stage, x̃ contains all real Fourier coefficients of the nonlinear dof of the system on sectors j ∈ J1, jmaxK where
jmax = max

k∈J0,NhK
jmax
k ,

2. the multiharmonic vector of displacements is transformed to the time domain by using the IDFT matrix such
that x(t) = F−1x̃ and ẋ(t) = F−1∇x̃ where ∇ is the frequency-domain derivation operator,

3. nonlinear forces are evaluated in the time domain on physical sectors according to the expression of the
nonlinearity fnl(x(t), ẋ(t)),

4. the time-dependant nonlinear forces are transformed back to the frequency domain by using the DFT matrix
such as f̃nl = Ffnl(t),
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5. the frequency domain physical nonlinear forces are then used to compute the spectral components followinĝ̃
fnl = G̃f̃nl.

This type of alternation actually nests the classical AFT from steps 2 to 4. Steps 1 and 5 are added in order to
perform the back and forth transformations between cyclic and physical domains. The whole procedure is summed
up in Fig. 2. For the computation of the jacobian matrices of the nonlinear forces for this alternating procedure, it
is necessary to apply the following formula

∂
̂̃
fnl

∂̂̃x =
∂
̂̃
fnl

∂ f̃nl

∂ f̃nl

∂fnl

∂fnl

∂x

∂x

∂x̃

∂x̃

∂̂̃x +
∂x̃

∂̂̃x ∂ f̃nl

∂fnl

∂fnl

∂ẋ

∂ẋ

∂x̃

∂x̃

∂̂̃x (68)

which finally yields
∂
̂̃
fnl

∂̂̃x = G̃F ∂fnl

∂x
F−1G̃+ G̃F ∂fnl

∂ẋ
F−1∇G̃ (69)
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Figure 2. Alternating Frequency/Time-Cyclic/Physical procedure, c•j =
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j )
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3.4.2 Regularized penalty law (R-HBM)
The use of a regularized penalty law with the HBM for the characterization of nonlinear mechanical systems featuring
vibro-impact was recently shown to provide excellent results by Colaïtis and Batailly [20]. Due to its regularized
nature, it allows to perform a large variety of analyses that are usually restricted to smooth problems. Even if
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the regularization parameter affects the simulated dynamics of the system, a good agreement with state-of-the-art
strategies is oftentimes reached [11]. For each nonlinear node j, the nonlinear force in the normal direction is given
by

fN
nl,j(t) = −κ

gj(t)

2
+

√(
κ
gj(t)

2

)2

+ γ2 (70)

where gj(t) = g0(t)− xN
j (t) is the gap function with g0(t) a periodic function that defines the evolution of the initial

gap along a period. xN
j (t) is the displacement of the jth node in the normal direction. This function allows to

model casings of specific shapes when considering rotating systems and rotor/stator interactions. Since this formula
is purely analytical, the use of the AFT-CP as presented in Sec. 3.4.1 is directly possible. For details about the
computation of the jacobian matrix of the nonlinear forces in the frequency domain, one should refer to the work of
Colaïtis [20].

3.4.3 Augmented lagrangians (DLFT-HBM)
A second strategy for the evaluation of normal contact forces is used throughout this article. The previously published
DLFT-HBM [27, 28] relies on a prediction-correction scheme that is presented in this section. The underlying
mathematical background of this method is outside of the scope of this paper but it can be found in the literature [27,
28].

The prediction of nonlinear forces, superscripted •p, relies on the HBM equation formulated in the cyclic
domain Eq. (43) and it reads ̂̃

f
p,N

nl,r =

[
Zr̂̃xr −

̂̃
f ex,r −

̂̃
f0,r

]N

− ε̂̃gx (71)

where ̂̃gx is a multiharmonic cyclic vector standing for the normal gap function gj(t) = g0,j − xN
j (t) of each contact

node j, ε a weighting parameter responsible for the respect of the unilateral contact conditions. The right term
of Eq. (71) is restricted to dof of the normal direction only, indicated by the notation [•]N. Like for the AFT-CP

procedure, ̂̃fp,N

nl,r should be firstly transformed to the frequency-physical domain and then to the time-physical domain,
such as

fp,N
nl,r = F−1G̃

̂̃
f

p,N

nl,r . (72)

This vector encompasses the predicted physical normal contact forces applied to the contact nodes belonging to all
sectors in S in the time domain. This prediction is then corrected by looping over all node numbers j and time
instants i. Two cases arise:
Separation if fp,N

nl,j (ti) > 0, the jth node is separated at time ti and fN
nl,j(ti) = 0,

Contact if fp,N
nl,j (ti) < 0, the jth node is in contact at time ti and fN

nl,j(ti) = fp,N
nl,j (ti).

After looping on all nodes and all instants, the contact forces are aggregated into a single vector fN
nl,r and transformed

back to cyclic-frequency variables such as ̂̃
f

N

nl,r = G̃FfN
nl,r. (73)

At this stage, the nonlinear forces are finally used to compute the residual of Eq. (43). The jacobian matrix of the
nonlinear forces should also be provided to the nonlinear solver for the resolution to advance, such developments are
not included in the article for the sake of brevity but can be found in the literature [28, 32].

The DLFT-HBM strategy is, unlike the R-HBM, a nonsmooth strategy which makes it more numerically sensitive
but also more accurate. The use of this second method to evaluate the contact forces allows to put to the test the
criterions derived in Sec. 2.4 and Sec. 3.2.1. Then, this article aims to demonstrates that the criterions not only
work for a regularized contact law, but that they can also be extended to the nonsmooth and non-differentiable
contact laws that approximate unilateral contact.
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4 Results on a simplified bladed disk model
This section presents the results obtained on a simplified model composed of a cyclic chain of oscillators that undergo
unilateral contacts. This model is approximating a bladed disk that experiences blade-tip/casing contacts. The
demonstration of the nodal diameters selection method proposed in this article is made on several blade numbers
N as well as several loading scenarios for both the regularized and the nonsmooth contact law. In all cases, the
arc-length continuation procedure [29] is employed to compute the forced responses that feature numerous turning
points.

4.1 Presentation of the model
The model of simplified bladed disk is adapted from the literature [33]. Each sector is composed of 5 masses linked
with stiffnesses. A single sector of this model is illustrated in Fig. 3. The links between the different sectors are
made through the stiffnesses between mj

5 and mj+1
4 where j denotes the sector number. All the stiffnesses and

m1

m2

m3

m4m5 m5

k1 c1

k2 c2

k3 c3

k4 c4

k5 c5

fex (t)g0(t)

(a) rigid obstacle (RHBM model)

m1

m2

m3

m4m5 m5

k1 c1

k2 c2

k3 c3

k4 c4

k5 c5

fex (t)

κ

g0(t)

(b) flexible obstacle (lagrangian equivalent model)

Figure 3. Simplified model of a bladed disk (sector j), adapted from Ref. [33].

masses of a sector are given in Tab. 1.

1 2 3 4 5

m (kg) 0.2 0.3 0.4 1.2 1.2
k (106N·m−1) 2 1 40 0.6 50

Table 1. Structural parameters of a sector.

The excitation force on each sector is applied to the mass m1 that models the tip of the blade. Modal damping
is used such that all modes of the system are damped with the same modal damping ratio of ξ = 1 · 10−3. For this
model, no pre-loading is applied to the system: f0 = 0. The number of sectors of the system is parameterized by the
variable N allowing to study the dynamics of the system with different number of sectors. This allows to validate
the rule derived in Sec. 2.4 for multiple values of N .
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For the HBM simulations, the number of harmonics is set to Nh = 10 and the number of time instants is
Nt = 10000. For R-HBM simulations, κ = 1 · 108 N·m−1 and γ = 2.5N. For DLFT-HBM simulations, a wall
of stiffness κ = 1 · 108 N·m−1 is added (in order to be consistent with R-HBM) and ε = 1 · 109 N·m−1. Both
configurations are displayed in Fig. 3a and Fig. 3b respectively.

4.2 Contact scenario
The nonlinear dof are all the masses mj

1 with j ∈ J1, NK that are impacting a wall at a given distance g0,j(t). Unless
otherwise mentioned, the gap function is constant along the period with g0,j(t) = cj = 1 · 10−3 m for all sectors,
making the casing purely circular like displayed in Fig. 4a. In some contact scenarios, the casing is chosen to be a
rigid diametral shape, such that

g0,j(t) = cj + pj cos

(
hcΩ

(
t− j

2π

NΩ

))
(74)

where cj is the mean value of the gap function of node j, pj is the amplitude of oscillation of the gap function
around cj , Ω is the rotation speed (synchronous with the excitation frequency ω) and hc is the the nodal diameter
index of the casing. An example of diametral casing is displayed in Fig. 4b as an illustration for hc = 5. In order

cj

Ω

j

jf0

fex(t)

(a) circular casing

cj
pj

Ω

j

jf0

fex(t)

(b) diametral casing (5 nodal diameters illustration)

Figure 4. Casing shapes and contact scenario.

to initiate contact interactions, the system is also excited for several engine orders by traveling or standing waves
excitations. The definition of a traveling wave excitation of order hex is Eq. (48) and a standing wave excitation is
the sum of two traveling wave excitations of the same order traveling in the opposite directions, such as

fSW
ex,j(t) = fex

[
cos

(
t+

α(j − 1)hex

ω

)
+ cos

(
t− α(j − 1)hex

ω

)]
∀j ∈ J1, NK. (75)
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4.3 Even number of sectors: N = 24

The first application chosen for the presented methodologies is the case study of Fig. 3 with N = 24 sectors. Since
N is even, this case is suitable for the presentation of the parity criterion for unilateral nonlinearities in HBM (see
Sec. 3.2.1). Following this criterion, the expected reduction in terms of total size and number of sectors to evaluate
inside the AFT-CP procedure are presented in Tab. 2.

engine order 0 1 2 3 4 5 6 7 8 9 10 11 12

value of K 1 12 6 4 3 12 2 12 3 4 6 12 1

reduced size 21 252 126 84 63 252 42 252 63 84 126 252 21

sectors for AFT-CP 1 12 6 4 3 12 2 12 3 4 6 12 1

reduction (%) 95.8 50.0 75.0 83.3 87.5 50.0 91.7 50.0 87.5 83.3 75.0 50.0 95.8

Table 2. Reduction for the case of the simplified system with N = 24 sectors for 10 harmonics (full size: N×nnl×(2Nh+1) = 504
unknowns).

For this case, almost all engine orders benefit from the the criterion on the parity of Sec. 3.2.1. Only hex = 8
does not fall into this category: K = 3 and Khex ≡ 0 [N ], thus, no reduction is achieved on the parity of the
harmonics. Overall, the mean over all engine orders of the expected reduction is 75%. This number is significantly
impacted by the parity criterion and would be of only 51.3% without it. Note that reductions presented in Tab. 2
do not take into account the type of excitation that is applied to the system. Indeed, by using the traveling wave
hypothesis formulated in Sec. 3.3, the achieved reduction is higher. As a reminder, when considering the traveling
wave hypothesis, the size of the system (and the AFT-CP) is brought down to the size of a single sector, yielding a
reduction of 95.8% for any engine orders. Note that the value of K is systematically equal to the numbers of sectors
needed for the calculation. This means that K has a physical meaning related to a relation of symmetry of along
the blades of the cyclic system.

For this case study, as a way of demonstrating all the reduction capacities of the HBM method for different
loading scenarios, several types of calculations are made. Computations are carried out for traveling wave excitations
in Sec. 4.3.1, for standing wave excitations in Sec. 4.3.2 and for a mixed contact scenario involving a traveling wave
excitation and a casing deformation in Sec. 4.3.3. For all cases, the result obtained with the proposed reduction is
always compared to the full calculations (with all sectors) that serve as reference. The latter is directly built by
assembling all sectors without the use of cyclic symmetry.

4.3.1 Traveling wave excitation
In this section, traveling wave excitations are applied to the system. Two spatial excitation orders are retained for
this example: hex = 1 and hex = 3. The so-called traveling wave hypothesis (see Sec. 3.3) is used to perform all the
calculations in cyclic symmetry in order to speed up the calculations. The calculations are carried out with the basis
Dk that are chosen by reading the zig-zag diagram. It comes that the lists of Dk used for computations in cyclic
symmetry is [

Dk
]
k∈J0,NhK = [{0},{−1},{−2},{−3},{−4},{−5},{−6},{−7},{−8},{−9},{−10}] (76)

for hex = 1 and [
Dk
]
k∈J0,NhK = [{0},{−3},{−6},{−9},{12},{9},{6},{3},{0},{−3},{−6}] (77)

for hex = 3. The results for both engine orders are displayed in Fig. 5, for the regularized contact law as well as the
lagrangian contact law. The forcing amplitude is fex = 4N for hex = 1 and fex = 1.75N for hex = 3.

The forced responses in cyclic symmetry with the traveling wave hypothesis match perfectly with the full
calculations for both contact laws and both engine orders. This shows that the reduced calculation allows to retrieve
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Figure 5. Traveling wave excitation on the simplified bladed disk with N = 24 sectors for various engine orders, linear ( ),
R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).

the same dynamics as the full model at the expense of 4.2% of the computational effort. This type of reduction was
already demonstrated by Petrov for friction nonlinearities [6], but the application to systems featuring unilateral
contact nonlinearities allows to extend the scope of the traveling wave hypothesis. As a way of demonstrating that
the choice of the diametral basis Eq. (76) and Eq. (77) is appropriate, the spatial decomposition of the resonance
point of the full calculations are analyzed and displayed in Fig. 6. As a way of analyzing the direction of propagation
of the waves, the forward components are displayed in Fig. 6a and the backward components are displayed in
Fig. 6b. Note that non-degenerated nodal diameters (here 0 and 12) are displayed as half forward and half backward
components since they correspond to standing waves. The spatial content of each harmonic is analyzed independently
by a spatial Fourier analysis and the magnitude of the components are displayed as a bar plot in logarithmic scale.
The analysis is made on the stiffer contact law, i.e. the full DLFT-HBM calculation in Fig. 5b for hex = 1.

The cyclic contributions displayed in Fig. 6 are totally inline with what was predicted through the zig-zag
diagram in Eq. (76). This justifies a posteriori the choice of the cyclic decomposition for the reduced system. A
slight discrepancy appears on harmonic 0 where a standing ND10 appears. However, it is of a negligible magnitude
compared to the predicted ND0 magnitude. Though, this contribution falls into the more general criterion of Sec. 2.4
and appears due to the coupling in the nonlinearity. As a secondary validation, the same type of analysis is made
in Fig. 7 on the resonance of Fig. 5d for the traveling wave of order hex = 3.

The cyclic decomposition of the solution at the resonance reveals the same behavior as for hex = 1 in Fig. 6:
the basis predicted through the zig-zag diagram in Eq. (77) is perfectly recovered on the full calculation. The
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Figure 6. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 5b, traveling wave with
hex = 1. Nodal diameter: 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ), 5 ( ), 6 ( ), 7 ( ), 8 ( ), 9 ( ), 10 ( ).
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Figure 7. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 5d, traveling wave with
hex = 3. Nodal diameter: 0 ( ), 3 ( ), 6 ( ), 9 ( ), 12 ( ).

same behavior as for the harmonic 0 of Fig. 6 happens but is explained the same way. Indeed, the standing ND6
contribution can be attributed to a coupling in the nonlinearity, but remains negligible with respect to the ND0
contribution.

4.3.2 Standing wave excitation
Now that the behavior of the system was demonstrated under traveling wave excitations, simulations are carried out
on the nonlinear dynamics of the system under a standing wave excitation. This type of excitation allows to observe
how the nonlinearity couples the different nodal diameters together. Hence, it is possible to verify that the analytical
developments made in Sec. 2.4 and Sec. 3.2.1 are relevant and actually are exact reductions of the problem. Standing
wave excitations are applied to the system for hex = 1 with fex = 2N, and for hex = 4 with fex = 1N.

Following the rules of determination of the nodal diameters to account for in each harmonic, the basis chosen are

D2k|k∈J0,5K = {0, 2, 4, 6, 8, 10, 12} and D2k−1|k∈J1,5K = {1, 3, 5, 7, 9, 11} (78)

for hex = 1 (K = 12 ⇒ Khex = 12 ≡ N
2 [N ]) and

D2k|k∈J0,5K = {0, 8} and D2k−1|k∈J1,5K = {4, 12} (79)

for hex = 4 (K = 3 ⇒ Khex = 12 ≡ N
2 [N ]). The results of the different HBM computations are then displayed for

all sectors in Fig. 8 for both contact laws and values of hex.
Once again, a perfect match is observed between the full calculations and the reduced calculations is cyclic

symmetry. The standing wave nature of the response of the system can be seen to the presence of curves of different
amplitude (linear and nonlinear), related to the level of forcing that a given sector is actually experiencing in the
standing wave excitation. Similarly as for the case of traveling wave excitations, the cyclic contributions to the
displacement field at the resonance for the full DLFT calculation is displayed in Fig. 9 for hex = 1 and in Fig. 10 for
hex = 4.
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Figure 8. Standing wave excitation on the simplified bladed disk with N = 24 sectors for various engine orders, linear ( ),
R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).
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Figure 9. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 8b, standing wave with
hex = 1. Nodal diameter: 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ), 5 ( ), 6 ( ), 7 ( ), 8 ( ), 9 ( ), 10 ( ), 11 ( ),
12 ( )

For the case of hex = 1 of Fig. 9, the basis was correctly identified a priori in Eq. (78). This case demonstrates
that even if no multiplicity is observed between hex and N , the HBM can take advantage of the criterion on the
parity of the harmonics to still reduce the computational burden of 50%. This can be observed in Fig. 9 where
all ND intervene in the whole solution, however one half only responds on even harmonics and the other half on
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odd harmonics. The sampling strategy of AFT-CP is then able to perform the computations on only half of the
sectors, yielding a significant gain in terms of computational time. This type of strategy would not be possible for
time-integration strategies since all cyclic components would have been needed to compute the response.
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10−2

(b) Backward traveling diameters

Figure 10. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 8d, standing wave with
hex = 4. Nodal diameter: 0 ( ), 4 ( ), 8 ( ), 12 ( )

Similarly, the cyclic contributions responding in Fig. 10 for the case hex = 4 were correctly identified in Eq. (79)
and the split among even and odd harmonics is also highlighted. For this couple (N , hex) a reduction of 87.5% is
reached, and the results are strictly equivalent to the full model. This section has demonstrated the relevance of the
method used to determine the nodal diameter couplings as a way of reducing the computational effort.

For both Fig. 10 and Fig. 9, one can note that the response is purely stationary, meaning that forward and
backward contributions are strictly equal. Hence, when such responses emerge (standing wave excitations) in the
rest of the article, only the first graph is displayed for the sake of brevity.

4.3.3 Mixed contact scenario
Finally, the system’s response is analyzed under a loading scenario that involves both the excitation through a
traveling wave and also a nodal diameter shape of the surrounding casing, as presented in Fig. 4b. When considering
them independently, the excitation and the casing both induce a traveling wave response in cyclic system. However,
if hex 6= hc a coupling between the two types of loading happens and a partly standing wave response is expected to
emerge. This scenario could not have been studied without a specific criterion in cyclic symmetry.Indeed, Petrov’s
method [6] is restricted to a single traveling wave loading.

The chosen configuration is a case where the basis associated to hex and hc are different. Indeed, trivial cases
occur when one of the two basis is included in the other (Dk

ex ⊂ Dk
c or Dk

c ⊂ Dk
ex). In the non trivial case, one should

consider the basis that is formed by the greatest common divisor (GCD) of hex and hc. In order to demonstrate this
property, a case with hex = 6 and hc = 8 is studied. The basis for each of the two are respectively

D2k|k∈J0,5K = {0, 12} and D2k−1|k∈J1,5K = {6} (80)

for the excitation
Dk|k∈J0,10K = {0, 8}. (81)

and for the casing, no parity criterion exists for an excitation over 8ND. In order to cover all the possible couplings
that can happen, one should chose the basis that would emerge from a 2ND excitation, such as

Dk|k∈J0,10K = {0, 2, 4, 6, 8, 10, 12}. (82)

Note that this basis not only contains the nodal diameters in Eq. (80) and Eq. (81) but also supplementary nodal
diameters that are expected to appear through the coupling of both basis (4ND and 10ND). Also, the parity criterion
has not been used for this expression. The rule of parity is expected to play a role in the response for this case but
more developments are needed in order to generalize it when two loadings are applied to the system. In the current
case, the casing has a diametral shape of order hc = 8 and the rotation is considered to be synchronous with the
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excitation, hence the casing excitates the 8th harmonic. Then, in order to derive if the parity criterion applied, one
should compute the couplings between a loading with a fundamental on the 2ND first harmonic (eiωt) and a loading
with a fundamental on 8ND on the 8th harmonic (e8iωt) but it exceeds the scope of this paper. Since the detection
of the parity criterion can be prone to error when two loadings are applied to the system, the conservative basis
Eq. (82) is used. The results of the simulations are displayed in Fig. 11 for both DLFT-HBM and R-HBM on two
sectors.
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Figure 11. Traveling wave excitation on the simplified bladed disk with N = 24 sectors for hex = 6 and a casing deformed with
hc = 8, linear ( ), R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).

Firstly, the forced responses obtained in cyclic symmetry match the full calculations for both methods. The
responses of DLFT-HBM and R-HBM are not exactly identical because of the difference in contact treatment. This
configuration being a highly nonlinear very sensitive case study, it highlights the discrepancies. The standing wave
nature of the displacement field can be seen by the fact that all sectors do not experience the same response. This
fact can be seen more clearly in Fig. 12 where the cyclic components are displayed.

The decomposition of the solution at the resonance in terms of cyclic components reveals that the basis Eq. (82),
emerging from the coupling of the excitation and the casing, was correctly identified a priori. Indeed, the only
nodal diameters that are involved in the response are in the basis. Moreover, as discussed beforehand, a parity
criterion is observed on the response: nodal diameters {0, 4, 8, 12} respond on even harmonics while nodal diameters
{2, 6, 10} intervene only on odd harmonics. Detecting the coupling of the casing and the excitation in terms of parity
would have then allowed to divide the computational effort by two in this particular case. However, the general
developments in order to detect such couplings are outside the scope of this article. Moreover, it is observed that
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Figure 12. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 11, traveling wave with
hex = 6 and casing with hc = 8. Nodal diameter: 0 ( ), 2 ( ), 4 ( ), 6 ( ), 8 ( ), 10 ( ), 12 ( )

the couplings of Eq. (80) and Eq. (81) make appear ND4 and ND10 contributions in the simulations even though it
is in neither of the two basis, justifying that the basis should be built according to the GCD of hex and hc in order
to cover all possible couplings.

The test case studied in depth here was featuring N = 24 sectors and was prone to large reductions in all types
of loading scenarios. Indeed, N being even ensures that all even values of hex will provide a significant reduction of
around at least 50%.

This section compared full calculations with the reduced methodology proposed in this article. The results are in
perfect agreement and thus these numerical simulations give further credibility to the theoretical demonstration.
Notice that the numerical simulations showed that the reduction strategy also works for non-regularized contact law.
The arbitrary case of N = 24 was dealt with here, but the proposed methodology can be applied for a wide number
of cases. In order to cover all configurations, an odd number of sectors of N = 45 is also dealt with in C. The latter
is dealt with for the sake of completeness as the reduction rates are quite lower for systems with odd numbers of
sectors.

5 Results on an industrial model
Now that the reduction capabilities of the proposed strategy was extensively demonstrated on academic examples, the
study is taken further to tackle an industrial size realist configuration. The same range of loading scenarios is applied
to the system in order to show the applicability of the method to large scale systems featuring blade-tip/casing
contacts.

5.1 Presentation of the model
The model chosen to demonstrate the capabilities of the strategy is the open test case fan stage ECL5/Catana
designed at Ecole Centrale de Lyon [34] to be a step towards more representative open numerical models of
ultrahigh bypass ratio architectures. The stage is composed of 16 blades built out of unidirectional carbon fibers
and epoxy composite plies. The disk is made of titanium. This geometry was recently characterized in terms
of aerodynamics [35], acoustics [36], aeroelastics [37], and structural dynamics [38], from both experimental and
numerical perspectives. The full finite-element mesh is composed of 87,310 nodes for a total of 19,642 elements.
It is displayed in Fig. 13a for information. Both the material data and the boundary conditions are those given
in Ref. [34]. The system is considered in cyclic symmetry and the cyclic boundaries, as long as other boundary
conditions, are displayed in Fig. 13b. In this work, the contacts between the blades and the disk are linearized and
no relative motion is possible.

In order to decrease the computational costs of simulating the dynamics of this system, a Craig-Bampton
reduced-order modeling technique [39] is applied to the system for each nodal diameter. A total of 11 boundary
nodes are retained in the reduced-order model: nnl = 9 boundary nodes are kept at the tip of the blade at the
intrados side for contact treatment purposes, one node is kept at the blade-tip at mid chord in order to apply the
excitation and one observation node is retained in order to monitor the bending amplitude away from the nonlinear
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LE
TE

(a) mesh (b) boundary conditions

Figure 13. ECL5/Catana fan stage model, cyclic symmetry boundary ( ), clamped ( ), axial blockage ( ), nonlinear
nodes ( ), observation node for NFRC ( ), excitation node ( ).

interface. The contact nodes are evenly spaced along the blade-tip. The displacement of the observation node in the
circumferential direction is systematically used throughout the article in order to plot the forced response curves.
20 internal modes are retained for the Craig-Bampton procedure. Since the system is formulated using the cyclic
symmetry, the number of unknowns associated to non-degenerated nodal diameters (ND0 and ND8) is 53 and 106
for all other diameters. Modal damping is used to build the damping matrix. The first five modes are damped with
a ratio ξ1−5 = 1 · 10−3 and the remaining modes with a ratio of ξ5+ = 5 · 10−3. The mode of interest in this study is
the first bending mode. The eigenfrequencies of the first bending mode along all nodal diameters are given in Tab. 3.

nodal diameter 0 1 2 3 4 5 6 7 8

frequency (Hz) 263.2 284.1 285.5 285.6 286.1 286.8 287.4 287.7 287.9

Table 3. Eigenfrequencies of the first bending mode along all nodal diameters.

Given the number of sectors of the ECL5 fan stage of N = 16, the expected reductions with the proposed
methodology are provided in Tab. 4. Since N is even, it is subject to the parity criterion, and parity reduction is
predicted along all nodal diameters.

5.2 Contact scenario
In this article, the dynamics of the casing at the contact interface is neglected. The casing is considered to be a
rigid mathematical profile. The casing is located a distance cj = 4 · 10−4 m of each boundary node after accounting
for the pre-loading forces f0. The latter are centrifugal forces that deform the blade into its working conditions.
The system is rotating at an angular speed of Ω = 1,151.9 rad·s−1 = 11,000 rpm. These characteristics are chosen to
reflect the same order of magnitude that was experimentally measured on the PHARE#2 test rig [35]. However,
blade-tip/casing contacts were not observed during the experimental work. Thus, the blade-tip contact is numerically

Thibaut Vadcard et al. 27

mailto:thibaut.vadcard@ec-lyon.fr


Reduction of cyclic symmetric mechanical systems subject to blade-tip/casing contact interactions

engine order 0 1 2 3 4 5 6 7 8

value of K 1 8 4 8 2 8 4 8 1

reduced size 567 4536 2268 4536 1134 4536 2268 4536 567

sectors for AFT-CP 1 8 4 8 2 8 4 8 1

reduction (%) 93.8 50.0 75.0 50.0 87.5 50.0 75.0 50.0 93.8

Table 4. Reduction for the case of the industrial system with N = 16 sectors for 10 harmonics (full size: N×3nnl × (2Nh +1) =
9072 unknowns).

triggered by decreasing the nominal gap and applying a sufficient level of excitation to the system.
The excitation is applied to a node at the tip of the blade on each of the 16 blades in the circumferential direction

in order to favor the response of bending modes. The excitation is considered to be synchronous with the rotation of
the blade, the excitation frequency is ω = Ω. The contact scenario considered for this study is similar as the one
that was considered on the academic model in Sec. 4.2.

When contact interactions occur, dry friction forces are applied to the blade. Given the high relative speeds at
stake in such interactions, sliding is assumed at all times. The friction forces are expressed on the jth node at time
ti, such as

fθ
nl,j(ti) = −µ

vθj (ti) + ρjΩ√
(vθj (ti) + ρjΩ)2 + vzj (ti)

2
fN

nl,j(ti) (83)

for the circumferential direction and

fz
nl,j(ti) = −µ

vzj (ti)√
(vθj (ti) + ρjΩ)2 + vzj (ti)

2
fN

nl,j(ti) (84)

for the axial direction. vθj and vzj are the circumferential and axial components of the vibrational velocity, µ = 0.15
is the dry friction coefficient and ρj are the radial distances between each of boundary node and the rotation axis.
Note that, since R-HBM uses a regularized contact law, the residual normal force associated with the regularization
induces a residual friction force as well.

For all contact laws, since permanent sliding is assumed, the tangent force expressed in the friction direction is
just the product of the normal contact forces fN

nl and the friction coefficient µ. In Eq. (83) and Eq. (84), a projection
of the tangent force in the cylindrical frame is performed depending on the rotation speed and the vibrational
velocities of the nodes. Even though the expressions are nonlinear with respect to vzj and vθj , the friction direction is
highly driven by the rotation speed of the whole system. Indeed, for the given application ρjΩ � vzj and ρjΩ � vθj .
Under this hypothesis, it comes that fθ

nl,j ' µfN
nl,j and fz

nl,j ' 0 and thus the friction forces being proportional to
normal forces it should not create any supplementary couplings of nodal diameters. Though, this hypothesis is
only made for the determination of Dk and the full expressions (Eq. (83) and Eq. (84)) are kept for the nonlinear
solving process. It then comes that the nonlinear factors associated with the projections in the directions θ and z
are assumed to create no further couplings than what was already identified in Sec. 2.4 and the same procedure is
used for the industrial model than what was used in Sec. 4. This assumption will be verified numerically in the next
section through the comparison between the reduced model and the full system.

For this study, Nh = 10 harmonics and Nt = 2000 instants are used for the HBM. For DLFT-HBM, the value
ε = 1 · 107 N·m−1 is used. The friction coefficient is set to µ = 0.15. In this section, only the simulations run with
DLFT-HBM are shown. The simulations were also run with the R-HBM and provided near identical results. They
are not presented here for the sake of brevity.

Thibaut Vadcard et al. 28

mailto:thibaut.vadcard@ec-lyon.fr


Reduction of cyclic symmetric mechanical systems subject to blade-tip/casing contact interactions

5.3 Traveling wave excitations
The first case study for this industrial model is the configuration where the casing is purely circular and the system
is excited by a traveling wave excitation. In order to demonstrate the applicability of the traveling wave hypothesis
formulated in Sec. 3.3, the cases of hex = 1 and hex = 4 (odd and even) are dealt with. Like for the studies in Sec. 4,
the results are obtained through DLFT-HBM for the cyclic symmetric model as well as the full model. For these
values of hex, the forcing amplitude is fex = 2N and the results are displayed in Fig. 14.
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Figure 14. Traveling wave excitation on the Catana industrial blade model for various engine orders, linear ( ), DLFT-HBM:
cyclic symmetry ( ), full ( ).

First of all, the same response is obtained through both methodologies, thus consolidating the relevance of both
methodologies to tackle blade-tip/casing contact problems. Moreover, as for the academic case in Sec. 4, there is an
exact match between the full computations and the reduced calculations made with the traveling wave hypothesis
formulation. The latter yields a 93.75% reduction, allowing to perform calculations in a few minutes, where the full
calculations usually last for between 5 to 15 hours, depending on the choice of continuation parameters, contact
treatment algorithm and other HBM parameters. Indeed, the scaling of the reduction rate with the computational
time is not linear: numerous operations made during the solving process scale in O(n log n) or even O(n2) and higher
order. Then, a reduction of the size of the system of a certain percentage, say Rsize

% , can be translated into an effective
reduction in terms of time Rtime

% that is significantly higher. Such that generally speaking Rtime
% > Rsize

% , depending
on the implementation. While this effect is not systematically highlighted on small systems, it underlines that
relatively small reductions in terms of size can yield significant speed-ups of the overall execution of a calculation.

For instance, for the case hex = 4 for R-HBM, the full calculation took 7 hours and 14 minutes while the cyclic
symmetric one only lasted for 1 minute a 31 seconds, making the reduction of computing time of over Rtime

% = 99.6%.
This is almost 6 points greater than the expected size reduction of Rsize

% = 93.75%. The same phenomenon is
observed for DLFT-HBM and the effective reduction is of Rtime

% = 98.9%. Obviously, this reduction is highly
dependent on implementation and hardware. Throughout the article, only effective size reductions are presented but
it must be kept in mind that the announced reductions are most likely underestimated.

For hex = 1, the decomposition used for computations in cyclic symmetry is[
Dk
]
k∈J0,NhK = [{0},{−1},{−2},{−3},{−4},{−5},{−6},{−7},{8},{7},{6}] . (85)

It can be seen in Fig. 15 that the cyclic components emerging from the full DLFT-HBM calculation match the exact
basis of Eq. (85). The match is also observed for hex = 4 but not shown here for the sake of brevity. This section has
then demonstrated the usefulness of the traveling wave hypothesis on industrial systems featuring blade-tip/casing
contacts.
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Figure 15. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 14a, traveling wave with
hex = 1. Nodal diameter: 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ), 5 ( ), 6 ( ), 7 ( ), 8 ( ).

5.4 Partly standing wave excitation
Now that the capabilities of the overall strategy is demonstrated on the case of traveling wave excitations, a new
scenario is envisioned. Pure standing wave excitations are not likely to be encountered in turbomachinery applications
since the aerodynamic loadings are oftentimes synchronous with the rotation of the shaft. The order of the traveling
excitations is generally determined by the number of blades in the immediately adjacent stages of the studied stage.
However, it is possible for a stage to be excited by stages further than its immediate neighbors. In this section, the
loading scenario that is studied is one where the blade is under a backward excitation for 90% (adjacent stage) and
under a forward excitation for 10% (further stage) for the same engine order. This means that the excitation is a
sum of a backward traveling wave (80%) and of a standing wave (20%). For this case, the engine order considered is
hex = 4 with fex = 1N and the excitation is such as

fex,j(t) = fex

[
0.9 cos

(
t+

α(j − 1)hex

ω

)
+ 0.1 cos

(
t− α(j − 1)hex

ω

)]
∀j ∈ J1, NK. (86)

Since the excitation includes stationary components, the traveling wave hypothesis is not suitable for this case.
Hence, it is necessary to resort to the criterion of Sec. 2.4. It is then predicted that the following basis is needed for
such a problem:

D2k|k∈J0,5K = {0, 8} and D2k−1|k∈J1,5K = {4}. (87)

Indeed, this case is subject to the parity criterion since K = 2 and Khex = 8 ≡ N
2 [N ]. Using this basis, the results of

the simulations are displayed in Fig. 16 for DLFT-HBM. Firstly, it is observed that the match is once again excellent
between the full and reduced calculations even if the contact law is nonsmooth. The standing characteristics of the
response are clearly identified by comparing the responses of sectors 1 (Fig. 16a) and 2 (Fig. 16b). An interesting
behavior even occurs at the resonance of sector 1. Indeed, the cyclic decomposition given in Fig. 17 shows that a
purely standing wave displacement field emerges from the excitation that is only 20% stationary. Actually, this
behavior is caused by the fact that the dynamic motion of the system reaches a point where only one in two blades
experiences contact along a period at this resonance. On the frequency response curves of Fig. 16, all even numbered
blades (sector 2 in Fig. 16b) experience a linear behavior while odd sectors feature resonances around 293Hz. The
associated branch for the even sectors also experience a turning point at the same frequency. These points can be
visualized in the zooms of Fig. 16. One can see that it is superimposed with the classical linear response of the
system.

This type of response underlines the need of investigating the dynamics of the system using general nodal diameter
coupling criteria such as the one presented in this article. Indeed, even if the system is under an almost purely
backward traveling wave, the small standing components introduced for this scenario creates new couplings with the
nonlinearity and makes a pure standing wave motion emerge. Hence, it highlights that no part of the excitation
should be neglected in a nonlinear framework because small contributions can still induce specific dynamics in the
system.
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Figure 16. Partly standing wave excitation on the Catana industrial blade model for hex = 4, linear ( ), DLFT-HBM: cyclic
symmetry ( ), full ( ), equivalent backward traveling wave excitation ( ).
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Figure 17. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 16a (sector 1), 90%
forward and 10% backward traveling wave with hex = 4. Nodal diameter: 0 ( ), 4 ( ), 8 ( ).

Besides this observation, the diametral basis chosen in Eq. (87) was correctly identified beforehand and matches
perfectly with the cyclic components emerging in the full response in Fig. 17. The predicted parity criterion is
also respected like expected. This shows that on a fairly complex configuration, the rules derived in Sec. 2.4 and
Sec. 3.2.1 are still suitable in partly standing wave excitations scenarios on large scale industrial models.

In order to demonstrate the usefulness of the proposed strategy once again, a similar example is studied with
hex = 7. The percentages of forward and backward excitations are kept the same and fex = 0.3N. hex = 7 is actually
prime with N = 16 and no reduction is expected in terms of overall diameters in the response. However, the parity
criterion yields that only half of the diameters are considered on odd and even harmonics. This means that even if
hex and N are prime with one another, a reduction of 50% is reached (as showed in Tab. 4). The basis considered
for these computation is thus

D2k|k∈J0,5K = {0, 2, 4, 6, 8} and D2k−1|k∈J1,5K = {1, 3, 5, 7}. (88)

The responses obtained for this configuration are displayed in Fig. 18. The response of the system to a pure backward
traveling excitation of amplitude fex = 0.3N is also displayed for comparison purposes. For this case, the reduction
method also produces an exact approximation of the solution obtained on the full model. This further supports the
reduction capabilities of the method exposed in this article for the reduction of blade-tip/casing problems using
cyclic symmetry. The forced responses displayed in Fig. 18 highlight that the purely traveling wave excitation
response is very different from the response on the case where 10% of forward traveling excitation is introduced.
This shows the level of sensitivity that blade-tip/casing problems experience when it comes to the loading scenario.
Actually, when looking at the cyclic components of the response at the resonance of Fig. 18a in Fig. 19, one can see
that the response is actually a standing wave (both forward components in Fig. 19a and backwards components in
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Figure 18. Partly standing wave excitation on the Catana industrial blade model for hex = 7, linear ( ), DLFT-HBM: cyclic
symmetry ( ), full ( ), equivalent backward traveling wave excitation ( ).

Fig. 19b are equal). For instance, at this point only two sectors out of the N = 16 sectors actually experience contact
along a period of vibration. This means that even if the excitation is mainly composed of a backward traveling wave,
the small forward traveling perturbation yields a localized nonlinear response on a few sectors. These localizations
are actually symptoms of the appearance of standing wave displacement fields. One should also note that the parity
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Figure 19. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 18a (sector 1), 90%
forward and 10% backward traveling wave with hex = 7. Nodal diameter: 0 ( ), 1 ( ), 2 ( ), 3 ( ), 4 ( ), 5 ( ),
6 ( ), 7 ( ), 8 ( ).

criterion (that yields all the reduction properties for this example) is strictly respected as predicted by the analysis
of the loading that allowed to find the basis in Eq. (88).

As a way of providing more insights about the phenomenon of localization observed in Fig. 19, the cyclic
components of the first harmonic are displayed in Fig. 20 for the whole response for the full calculation carried
out with DLFT-HBM in Fig. 18. The results displayed in Fig. 18 show that in the linear domain, i.e. at low and
high frequencies, the backward 7ND component is significantly higher than the forward 7ND component and this
reflects the excitation applied to the system. However, once the nonlinearity is activated, all other nodal diameters
have both their cyclic components increased of the same amount, meaning that theses nodal diameters are actually
responding on a standing wave. The behavior is quite different with ND7 (associated to the excitation hex = 7)
since the backward contribution suddenly drops and the forward contribution raises rapidly. This continues until
the resonance where both contributions are almost equal, as already highlighted in Fig. 19. This demonstrates how
the response of the system goes from an almost pure traveling wave displacement field in the linear domain (90%) to
a standing wave response at its nonlinear resonance.

Overall, the reduction capabilities of the strategy was here demonstrated on the industrial test case for various
loading scenarios: traveling wave excitations and partly standing wave excitations. A localization behavior was shown
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Figure 20. Cyclic components of the first harmonic for the whole response of the full calculation in Fig. 18a, 90% forward and
10% backward traveling wave with hex = 7. Nodal diameter: 1 ( ), 3 ( ), 5 ( ), 7 ( ), backward components ( ),
forward components ( ).

to emerge in the cases where the traveling excitation was not pure. Though, this behavior was correctly captured by
the reduction strategy. The emergence of such solutions vibrational solutions was not previously highlighted and
this contributions demonstrates the importance of modeling accurately the excitation in order not to simplify the
response of the bladed disk.

6 Conclusion
This paper demonstrates the reduction capabilities of the cyclic symmetry in order to tackle vibro-impact applications,
as much on small size systems than on industrial models. Firstly, the nodal diameter coupling criterion is derived by
analyzing a regularized contact law. Its implementation is quite straightforward and allows to drastically decrease
the size of the system to be solved. The criterion relies on the analysis of the Taylor expansion of the contact law.
The reduction is dependent on both the number of sectors of the system and the nodal diameters that are excited
by the external loadings.

A method to further reduce the computing times is also proposed by analyzing how the different harmonics of
the harmonic balance method interact with the nodal diameters. It results in a criterion that is able to reduce even
more the size of the problem by a factor 2 for certain combinations of numbers of sectors and nodal diameters of the
excitation.

These two original contributions are then put to the test on numerous forced response calculations. In order to
cover all possible configurations, academic models with both even and odd numbers of sectors are studied through
different loading scenarios: traveling wave excitations, standing wave excitations and loadings along multiple nodal
diameters (traveling wave excitation and casing deformation). Firstly, the traveling wave hypothesis, oftentimes used
on friction damping applications, was proven to be suitable for highly nonlinear vibro-impact applications to reduce
significantly the size of the system. Secondly, the two criterion used to build the basis of diameters that serve to
reduce the size of the problem are shown to produce results that match exactly with the full reference calculations.
Indeed, the reduction is exact and yields no loss in precision whatsoever.

These observations of the response are also true when analyzing the results obtained on the state-of-the-art
fan stage ECL5/Catana under blade-tip/casing contacts. In fact, even though the friction forces are added in the
modeling of blade-tip/casing interactions, the criterion holds true and the results on the full model are matching
exactly with the reduced ones, even on the most complex loading scenarios.
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In both cases, the analysis of the cyclic components of the response validate a posteriori the choice of the different
basis of nodal diameters for the reduced calculations. As a whole, the analytical derivation about the nodal diameter
couplings were consolidated by numerous examples and the criterion appears to be industry-ready for the simulation
of complex blade-tip/casing interactions on full bladed disks at a low computational cost. Moreover, it appears that
these derivation made on the regularized contact law are still valid when considering a truly nonsmooth contact law.
This means that the reductions still hold when the contact laws are non differentiable.

As a way of concluding this study, a wide view of the reduction rates achieved by the proposed criterion is given
hereafter. In the case of a traveling wave excitation, the traveling wave hypothesis systematically yields a drastic
reduction of a rate

RTW
% = 100

(
1− 1

N

)
, (89)

that is over 90% as soon as the system is composed of more than N = 10 blades.
For the more general case where the loading is not necessarily a traveling wave, the mean reductions achieved

along all non-zero engine orders for numbers of sectors up to 150 are displayed in Fig. 21. First of all, the reduction
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Figure 21. Expected reduction as a function of N until N = 150, even number of sectors with the parity rule ( ), odd number
of sectors ( ), even number of sectors ( ).

strategy is unfortunately not suitable when the number of sectors of the system is a prime number: no reduction can
be achieved. Moreover, it can be seen that even numbers of sectors are much more subject to reduction that odd
numbers of sectors. Considering a resolution through harmonic balance method that allows to use the parity rule,
the mean reduction of even numbers of sector reaches 62.4% while non-prime odd numbers of sectors are reduced
of 23.4% on average and it drops down to 12.5% when considering the prime numbers. Though, the overall mean
reduction is 37.6% which is quite large when considering the fact that the reduction is exact. If a resolution through
other methods than the harmonic balance method is preferred, the mean reduction among even number of sectors
drops down to 37.7% and the overall reduction falls to an average of 25.2%.

Overall, this work has participated in making a major step forward in the efficient simulation of the nonlinear
vibrations of bladed disk featuring blade-tip/casing contacts. Indeed, such simulations were conducted on a single
blade or on the full bladed disk to date, making them unrealistic or extremely cumbersome. Hence, the development
of a reduction strategy such as the one presented here enables to carry out increasingly realistic calculations at an
affordable computational burden.

Among the perspectives of this work, the stability analysis of the response of these cyclic systems featuring
vibro-impact is one of the main avenues of research. Indeed, this study has focused on solving the equation of motion
through the harmonic balance method to validate the reduction procedure in terms of nodal diameters. It has shown
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that reduction is exact since the same results are obtained with the cyclic symmetric formulation as well as with the
full system. However, this study does not give any information about the stability of the presented solutions and a
stability analysis would be required to state on the nature of these solutions. Moreover, a cross-verification of the
stability of these nonlinear solutions was not carried out in this article because it exceeded its scope. Nevertheless,
it would be necessary in order to validate the physical nature of these solutions. The characterization of eventual
branches in terms of cyclic components would also allow to understand more finely the dynamics response of such
cyclic systems.
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A Real spatial fourier matrices
This appendix provide the expression used to build the spatial Fourier matrix used in the real cyclic symmetry
formalism for both even and odd numbers of sectors N . If the number of sectors of the system is even, the Fourier
matrix is expressed such as

S =

√
2

N



1√
2

. . .
1√
2

. . .
1√
2

cos(α) . . . cos(jα) . . . cos(Nα)

sin(α) . . . sin(jα) . . . sin(Nα)

...
...

...
cos(hα) . . . cos(hjα) . . . cos(hNα)

sin(hα) . . . sin(hjα) . . . sin(hNα)

...
...

...
(−1)1√

2
. . .

(−1)j√
2

. . .
(−1)N√

2



(90)

whereas its expression becomes the following when considering an odd number of sectors

S =

√
2

N



1√
2

. . .
1√
2

. . .
1√
2

cos(α) . . . cos(jα) . . . cos(Nα)

sin(α) . . . sin(jα) . . . sin(Nα)

...
...

...
cos(hα) . . . cos(hjα) . . . cos(hNα)

sin(hα) . . . sin(hjα) . . . sin(hNα)

...
...

...
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N−1
2

)
α
)

. . . cos
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N−1
2

)
jα
)

. . . cos
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N−1
2

)
Nα
)

sin
((

N−1
2

)
α
)

. . . sin
((

N−1
2

)
jα
)

. . . sin
((

N−1
2

)
Nα
)



. (91)

Note that these Fourier matrices are orthogonal, yielding that S−1 = S>.
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B Developments associated with the parity criterion for the selection of nodal diameters in
the case of unilateral nonlinearities
When using the HBM, the choice of the sets Dk can lead to further reduction by evaluating which harmonic will
respond on which nodal diameter. This section aims to demonstrate the existence of such a relation for unilateral
nonlinearities. For simplicity, only a single nodal diameter will be considered in the initial basis Dq,0. Extension to
multiple initial nodal diameters is then straightforward.

Consider hex, the initial nodal diameter associated to K the smallest integer which respects the following

2Khex ≡ 0 [N ]. (92)

This definition is derived in Sec. 2.4. As a reminder, to determine the full nodal diameter basis, one has to proceed
with the following steps

• Create a vector vK = [0, 1, 2, · · · , q, · · · ,K] (a scalar of this vector is noted q)
• Multiply it by hex leading to a vector vK,hex = [0, hex, 2hex, · · · , qhex, · · · ,Khex].
• for each component qhex, its reminder through the Euclidian division by N is evaluated, noted rq. Then, if

0 < rq < m with m the maximum number of nodal diameters for the given number of sectors, the excited
diameter is dq = rq. Otherwise, if m < rq then the excited diameter is dq = N − rq. A final vector is obtained
with the list of the interacting nodal diameter D = [d0, d1, d2 · · · , dq, · · · dK ] (where d0 = 0, and d1 = hex).

Two scenarios exist:
• if Khex ≡ 0 [N ], then no reduction is obtained with the HBM,
• if Khex ≡ N

2 [N ], then the nodal diameters dq with q even only respond on even harmonics, and the nodal
diameters dq with q odd only respond on odd harmonics.

This second scenario allows to divide the number of unknowns by 2. The following sections aim to demonstrate this
property: each scenario is dealt with separately in B.1 and B.2 respectively.

B.1 First scenario
For the first scenario, one assumes that

Khex ≡ 0 [N ]. (93)

The number K is then necessarily an odd number. Indeed, if K were to be even, then there would exist an integer
K2 which satisfies K = 2K2. Substituting in Eq. (93) gives

2K2hex ≡ 0 [N ]. (94)

This breaks the definition of K, i.e. K is defined as the smallest integer verifying Eq. (92). Therefore, K is necessarily
an odd number in the following. Then, it comes that

vK =

[
0, 1, · · · K − 1

2
,
K + 1

2
, · · · ,K − 1,K

]
. (95)

Following the expression of vK in this case, a symmetry then occurs in the interacting nodal diameters D between
both ends of the list: dK = d0 = 0 , then dK−1 = d1 = hex, etc. As a consequence, each nodal diameter appears
twice in D and it is such that

D =
[
0, hex, · · · dK−1

2
, dK−1

2
, · · · , hex, 0

]
. (96)

Notice that both indices 1 and K − 1 (respectively an even and an odd number) are associated to the the same
nodal diameter hex.

Consider now the HBM in an iterative procedure as described in Sec. 2.4. Initially, only the nodal diameter hex
constitutes the basis and responds only on the first harmonic e±iωt. Then through Eq. (25), the second diameter
2hex responds on its second harmonic e±2iωt, and so on. Notice that K − 1 is even and thus the nodal diameter
rK−1 = hex will also have an even harmonic component. Due to the nodal diameter interaction, the harmonics gets
coupled and eventually all harmonics respond on all nodal diameters.

Thibaut Vadcard et al. 39

mailto:thibaut.vadcard@ec-lyon.fr


Reduction of cyclic symmetric mechanical systems subject to blade-tip/casing contact interactions

B.2 Second scenario
For this second scenario, one assumes that

Khex ≡ r [N ], r 6= 0. (97)

Since 2Khex ≡ 0 [N ], Eq. (97) implies that 2Khex is proportional to N with an odd number. Moreover, since
2Khex is an even number then N must be even, and K must be odd. Therefore, it comes that

2Khex = (p+ 1)N
Khex = N

2 + 2pN,
(98)

hence r = N
2 .

Now, assume that there exists an integer 1 < q < K such that

qhex ≡ hex [N ]. (99)

This relation is equivalent to
(q ± 1)hex ≡ 0 [N ]. (100)

To ensure that K is the smallest integer verifying Equation Eq. (92), the relation q ± 1 > K must be respected.
Therefore, either of q > K + 1 or q > K − 1 is true. Neither of the two relations is not compatible with q < K. As
a consequence, there exists no integer 1 < q < K such that Eq. (99) holds true. Therefore, in this scenario, each
nodal diameter that is contained in D is only present for a single value q unlike for the first scenario in B.1. Hence it
comes that

vK = [0, 1, · · · q, · · · ,K] (101)

and
D =

[
0, hex, · · · dq, · · ·

N

2

]
. (102)

To determine which harmonic will respond on which nodal diameter, the HBM can be employed with an
iterative process. Without loss of generality, the excited diameter d1 = hex is assumed to be excited along its first
harmonic eiωt. Through the first iteration (determination of the coupling with only d1), the nodal diameter dq will
systematically have a component along the qth harmonic e±iqωt. After this first iteration process, the entire set
of interacting nodal diameters is determined. Due to the aforementionned property, after this first iteration, each
nodal diameter is only associated to a single harmonic component. Notice also that if q is even (resp. odd) then dq
is associated with an even (resp. odd) harmonic.

The next iterations of the procedure to determine the harmonic couplings in HBM consist in identifying how the
nodal diameter will combine with each other and hence how their temporal harmonic content will be combined. To
determine this, Eq. (27) is recalled

f̂q
nl,3 =

κ√
Nγ3

∞∑
l=0

βl

∑
k∈Tl

αk

Qk∏
pk=1

(
ûhpk

)βpk

 N∑
j=1

e
iα(j−1)

(∑Qk
pk=1 hpk

βpk
−q

) . (103)

The second iteration concerns l = 1, hence
Qk∑

pk=1

βpk
= 2. So, here, the interaction between only two nodal

diameters is studied. The nodal diameter dq can be obtained through the combination of two other nodal diameter
da and db if a± b ≡ q mod N . Two scenarios arise

• If q is even, then necessarily a and b must both be either odd or even. In either case, the combination of their
temporal harmonic eiωat and eiωbt will be an even harmonic eiω(a±b)t associated to dq.

• If q is odd, then necessarily a and b one is even and the other odd, leading to an odd harmonic eiω(a±b)t

associated to dq.
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Following these elements, the second iteration shows that a nodal diameter dq can be generated through another
interaction (involving two nodal diameter) but the parity of its associated harmonic does not change.

By induction, considering the (k + 1)th iteration concerns l = k, the coupling relation is conditioned by
Qk∑

pk=1

βpk
= 2k. Here, the interaction between 2k nodal diameters is studied. A similar result is obtained: nodal

diameter dq can be obtained through this interaction but the parity property must still hold. This is caused by the
fact that 2k is an even number.

In the end, if q is even, only even harmonics will respond on the nodal diameter dq and conversely if q is odd.

C Academic case with an odd number of sectors : N = 45

The case study of this appendix is the same model as in Sec. 4.3 but with N = 45 sectors. It is dealt with for
completeness: the reductions between even and odd numbers of sectors are significantly different. The fact that N
is odd allows to showcase the reduction properties of the proposed method. This time, no calculation is able to
take advantage of the parity criterion on the harmonics as mentioned in Sec. 3.2.1. With this number of sectors,
the expected reductions are displayed in Tab. 5 for all engine orders. It can be seen that the reductions are lower

engine order 0 1 2 3 4 5 6 7 8 9 10 11

value of K 1 45 45 15 45 9 15 45 45 5 9 45

reduced size 21 945 945 315 945 189 315 945 945 105 189 945

sectors for AFT-CP 1 45 45 15 45 9 15 45 45 5 9 45

reduction (%) 97.8 0.0 0.0 66.7 0.0 80.0 66.7 0.0 0.0 88.9 80.0 0.0

engine order 12 13 14 15 16 17 18 19 20 21 22

value of K 15 45 45 3 45 45 5 45 9 15 45

reduced size 315 945 945 63 945 945 105 945 189 315 945

sectors for AFT-CP 15 45 45 3 45 45 5 45 9 15 45

reduction (%) 66.7 0.0 0.0 93.3 0.0 0.0 88.9 0.0 80.0 66.7 0.0

Table 5. Reduction for the case of the simplified system with N = 45 sectors for 10 harmonics (full size: N×nnl×(2Nh+1) = 945
unknowns).

that for the previous case in Sec. 4.3: the mean reduction only reaches 38.1% (mean reduction of 75% for N = 24).
Moreover, Tab. 5 reveals that 12 values of hex are not subject to any reduction at all.

For the simulations, the approach is similar as in Sec. 4.3: firstly the response of the system under traveling
wave excitations is analyzed, then standing wave are studied in order to validate the choice of the nodal diameter
basis, and finally a loading scenario involving both a traveling wave excitation and a casing deformation is studied.

C.1 Traveling wave excitations
For the traveling wave excitations, two cases are analyzed: hex = 2 with fex = 6N and hex = 17 with fex = 4N.
The casing is circular and the reduced problem is solved by means of the traveling wave hypothesis. For the case
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with hex = 2, the nodal diameter basis retained is[
Dk
]
k∈J0,NhK = [{0},{−2},{−4},{−6},{−8},{−10},{−12},{−14},{−16},{−18},{−20}] (104)

and [
Dk
]
k∈J0,NhK = [{0},{−17},{11},{−6},{22},{5},{−12},{16},{−1},{−18},{10}] (105)

for hex = 17. The results of the different simulations are displayed in Fig. 22.
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Figure 22. Traveling wave excitation on the simplified bladed disk with N = 45 sectors for various engine orders, linear ( ),
R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).

The forced responses displayed in Fig. 22 indicate that the traveling wave hypothesis is also valid when considering
an odd number of sectors. There is an exact match between computations led in cyclic symmetry and full calculations.
For the sake of brevity, the cyclic components of these calculations are not displayed, but the nodal diameters
predicted by the zig-zag diagram are recovered. The reduction rate achieved in the case of traveling wave excitations
is 100 · (1− 1

N ) = 97.7%.

C.2 Standing wave excitations
In this section, more complex excitations are applied to the system: standing wave excitations. In order to
demonstrate the reduction capabilities of the methodology, two values of hex where a reduction is predicted are
picked from Tab. 5. Simulations are led for hex = 9 with fex = 1N and hex = 15 with fex = 1N. The two basis
associated with these values of hex are

Dk|k∈J0,10K = {0, 9, 18} for hex = 9 and Dk|k∈J0,10K = {0, 15} for hex = 15. (106)

For hex = 9, the procedure of Sec. 2.4 yields K = 5 and K = 3 for hex = 15. With these basis, the results are
displayed in Fig. 23 for both R-HBM and DLFT-HBM.
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Figure 23. Standing wave excitation on the simplified bladed disk with N = 45 sectors for various engine orders, linear ( ),
R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).

Again, the reduction criterion on the nodal diameters produces an exactly matching response for both the
regularized and the nonsmooth contact laws. As a way of verifying the choice of the basis of Eq. (106), the cyclic
contributions are displayed in Fig. 24a for hex = 9 and in Fig. 24b for hex = 15. For this case, since the response is
purely stationary (forward contributions are strictly equal to backward contributions), no distinction is made on
the direction of propagation and only one of the two graphs is displayed for each hex. For both cases, the basis
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(b) hex = 15
Figure 24. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 23b and in Fig. 23d,
standing wave excitations. Nodal diameter: 0 ( ), 9 ( ), 15 ( ), 18 ( ).

identified in Eq. (106) are exactly matching with what the response of the full model features. This shows that the
coupling rule derived in Sec. 2.4 is also relevant for cases with an odd number of sectors. Contrarily with the case in
Sec. 4.3.2, there is no parity rule among the cyclic components and the whole basis responds on all harmonics. This
property is also correctly predicted by the parity rule of Sec. 3.2.1: the criterion is only possible for even number of
sectors, which is not the case here.
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C.3 Mixed contact scenario
Finally, the academic test case is characterized through an even more complex contact scenario: it is excited through
a traveling wave and the casing it interacts with is deformed with a diametral shape. The system is excited along
a traveling wave excitation on the 12th engine order (hex = 12) with an amplitude of fex = 2N and the casing is
deformed with a 3ND shape (hc = 3) with pj = 0.05cj . Both excitations are traveling waves, however both orders
are expected to couple themselves and make a displacement field of standing wave shape emerge. In order to build
the basis of the nodal diameters that intervene in the response, one should take a decomposition that is related to
the GCD of hc and hex, 3 in this case, and the basis is

Dk|k∈J0,10K = {0, 3, 6, 9, 12, 15, 18, 21}. (107)

Even if the GCD of hex and hc is equal to hex, the nodal diameter basis is extended. Indeed, if no deformation of
the casing were present, a simple traveling wave basis could have been chosen. The computations are then led for
both DLFT-HBM and R-HBM and displayed in Fig. 25 for two sectors (1 and 4).
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Figure 25. Traveling wave excitation on the simplified bladed d isk with N = 24 sectors for hex = 12 and a casing deformed
with hc = 3, linear ( ), R-HBM: cyclic symmetry ( ), full ( ), DLFT-HBM: cyclic symmetry ( ), full ( ).

In this scenario and with the chosen diametral basis, there is again a perfect match between the computations led
in cyclic symmetry and the full calculations. This agreement for such of a sophisticated contact scenario demonstrates
the usefulness of the proposed strategy. It offers reduction capabilities in numerous configurations. For the present
case, a reduction of 66.7% is achieved. As a way of demonstrating that the diametral basis is correctly identified,
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Figure 26. Cyclic components over all harmonics at the resonance point of the full calculation in Fig. 25, traveling wave with
hex = 12 and a casing deformed with hc = 3. Nodal diameter: 0 ( ), 3 ( ), 6 ( ), 9 ( ), 12 ( ), 15 ( ), 18 ( ),
21 ( ).

the cyclic contributions are displayed in Fig. 26. Contrarily with standing wave excitations, the displacement field is
not purely stationary: the system experiences a vibrational motion composed of multiple traveling waves of different
orders as well as stationary components that can not be easily predicted by analyzing the loadings (excitation and
casing) that are applied. Nevertheless, the nodal diameters responding in Fig. 26 correspond to the basis identified
in Eq. (107) justifying once again the relevance of the nodal diameter coupling criterion for unilateral nonlinearities.
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