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For transportation and defense systems, equations of state describe the thermodynamical behavior of gases,
as a function of pressure, density and temperature and are often used to close systems of equation (such
as Navier Stokes for fluid mechanics). For low pressure system (under a few dozen MPa), the ideal gas
equation can be used, whereas for high pressure system (above 1,000 MPa), dedicated equations of state are
used (Jones-Wilkins-Lee: JWL or Becker-Kistiakowsky-Wilson: BKW). For intermediate pressure systems,
such as interior ballistics or pyromechanisms, where the pressure is around a few hundreds MPa and many
phenomena interact closely and simultaneously (multiphysics system: combustion, fluid dynamics, thermics,
fluid-structure interaction, thermodynamics. . . ), the ideal gas equation is not valid anymore and nor are the
JWL or BKW equations. A dedicated equation of state is then necessary for intermediate level of pressures,
and its choice is not obvious. This paper presents a comparison of equations of state for this range of pressure
(Noble-Abel, Van der Waals, virial), details the calculations of the involved coefficients and their effects
on uncertainties and study the influence of the equation of state on the predictions of pressure, density,
pressure coefficient and heat transfer, with both analytical and numerical approach. The results highlight
the importance of the choice of the equation of state, especially for a multiphysics system, as the equation
of state influences not only thermodynamical properties (pressure, density, temperature) but also thermical
properties of a system, such as heat transfer.

Keywords: Interior ballistics, Equations of state, Gas
dynamics, CFD

I. INTRODUCTION

In the transportation and defense industries, where
systems combine thermodynamics and mechanics (ther-
mic automotive motors, aeronautic and aerospace reac-
tors, defense systems, pyromechanisms. . . ) it is crucial
to describe the evolution of thermodynamic values. For
such systems, the prediction of these values (pressure,
temperature and density) is given by an equation of state,
abbreviated EOS in this paper, (1), which describes the
behavior of three thermodynamical properties relatively
to one another1. Such a relationship is most often re-
quired to close a system of conservation laws, such as the
Navier Stokes equations for fluid mechanics. As it gives
a macroscopic view of phenomena occurring at micro-
scopic scales, an equation of state usually relies on physi-
cal assumptions which limit its range of validity in terms
of thermodynamical properties. Furthermore, it implies
the knowledge of a number of coefficients obtained either
from experiments or from analytical calculations. Deter-
mining these coefficients can be arduous. The choice of
an equation of state is therefore governed by the expected
range of variation of the thermodynamical properties in

a)Electronic mail: marion.brateau@ensta-bretagne.org

the considered system. The frame of this work is not
to develop a new equation of state for interior ballistics
application, but to propose an existing one, that remain
straightforward and can easily be used by engineers.

f(P, ρ, T ) = 0 (1)

At atmospheric conditions and in most industrial se-
tups, the pressure is low (under a few MPa), allowing the
use of the well-known ideal gas law. This equation has
strong assumptions: point-like molecules and no inter-
actions between them. These assumptions, which hold
for low to moderate pressures, provide a straightforward
equation which stands as a good reference for all other
EOS1. When high pressures are encountered, dedicated
EOS have to be used. A good example is given by the
detonation of an explosive charge. In this instance, very
high presures are observed (over 1,000 MPa). This has
been the topic of extensive work since the late 40s, lead-
ing to the establishment of the JWL2 (Jones-Wilkins-
Lee) or BKW3 (Becker-Kistiakowsky-Wilson) equations
of state. Both these equations are semi-empirical and
need several parameters (mostly empirical), which are
tabulated4. The JWL EOS is adapted to high pres-
sure regimes, whereas BKW is better for intermediate
and high pressure5. For intermediate levels of pressure
(of the order of a few hundreds of MPa), the choice of
an equation of state is not obvious. Indeed, this is the
range of pressure where the ideal gas equation is inaccu-
rate and where the EOS for detonics (high pressure) are
needlessly convoluted and not especially adapted. Such
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2

conditions can for instance be encountered in interior bal-
listics. Essentially, interior ballistics is the study of the
phenomena happening in a gun when it is firing. It can
also be extended to some pyromechanisms (ie. mecha-
nisms operating thanks to a propellant charge, such as
some release systems in aerospace or airbags in vehicles).
The functioning of a weapon is relatively straightforward:
an energetic material (propellant) is ignited in a closed
vessel, producing a large volume of gas in a short time,
which drives a projectile outside a barrel6–8. This sys-
tem is highly multiphysics as several phenomena inter-
act simultaneously (combustion, heat transfer, chemistry,
dynamic behavior of materials and structures and fluid-
structure interaction are involved) for a short duration
(a few milliseconds). The ranges of pressure, density
and temperature are also unusual (respectively several
hundreds of MPa, several hundreds of kg ·m−3 , several
thousands of Kelvins).

This choice of the equation of state is crucial though,
as it directly influences the prediction of the thermody-
namic values in the system, and therefore the perfor-
mance previsions of a weapon. As the system involves
many coupled phenomena, the influence of the equations
of state extends beyond the mere prediction of its ther-
modynamic behavior. Quantifying the consequences of
the choice of an equation of state on all physical values
(both thermodynamic and non-thermodynamic) is there-
fore a point of interest. The ideal gas equation is not valid
for an interior ballistics application, and the well-known
equations of state for detonics (JWL, BKW. . . )2,3 are too
convoluted, besides the parameters are semi-empirical so
they would not be adapted for the interior ballistics con-
ditions. Indeed, the assumptions of the ideal gas are
not respected (point like molecules and no interactions),
and there is no detonation in interior ballistics (chemical
reactions are not driven by a shock wave). In many in-
terior ballistics model, the reference equation of state is
the Noble-Abel equation9. This equation has been used
for decades3,7,8 and is implemented in many interior bal-
listics codes (both commercial and academic). However,
the development of modern weapon systems has set a
trend leading to the increase of functioning pressures.
The Noble-Abel equation of state may be outdated for
such systems. Some authors therefore recommend the
use of other equations of state (Van der Waals, virial)
for the range of pressure of interior ballistics10–12. How-
ever, to the authors knowledge, no open literature offers
a proper discussion about the uncertainties induced by
the choice of such EOS.

The aim of this paper is to study the predictions of
the physical values of an intermediate pressure system
(with an application to interior ballistics) depending on
the equation of state chosen to describe the behavior of
the gas. Firstly, the prediction of the pressure is studied
through an analytical approach, comparing four equa-
tions of state: ideal gas, Noble-Abel, Van der Waals
and the virial equation. Uncertainties induced by the
EOS choice are interpreted through the mathematical

formalism of interval analysis. Secondly, a numerical
approach based on CFD (Computational Fluid Dynam-
ics) has been used to study the multiphysics part of
the problem. The commercial software used is STAR-
CCM+©(version 16). This study focuses on the influ-
ence of the equation of state on thermal and aerodynam-
ical properties of a fluid flowing around a thick airfoil.
The gaseous mixture considered in the study (except

for the last section on combustion products) is air (molar
fraction : 21%O2 and 79%N2). This gas has been chosen
for its simplicity (only two components) and has been
extensively studied in the open literature. The work can
easily be extended to a mixture representative of com-
bustion products, as done in the last section.

II. INFLUENCE OF THE EQUATION OF STATE ON
THE PREDICTION OF THERMODYNAMIC VALUES

The equation of state allows the prediction of a ther-
modynamical value knowing two others. In this study,
the pressure is predicted depending on the equation of
state, as a function of the density and the temperature is
arbitrary fixed at a value representative of a flame tem-
perature (around 2500K). The determination of the co-
efficient for each equation of state is also described (for
a single component gas and for gaseous mixtures).

1. Considered equations of state (EOS)

The first equation of state studied is the ideal gas equa-
tion (2). This equation of state is the simplest one as only
a single parameter of the gas is needed: the molecular
weight, needed for the determination of r, which is the
ideal gas constant (R = 8.314 J ·mol−1 ·K−1) divided by
the molecular weight. This parameter is easily accessible
and well-known. For a gaseous mixture, a simple mean
molecular weight is used, weighted by the mass fraction
of each component. The assumptions of this equation are
highly restrictive: the volume of the molecules compos-
ing the gas and the interactions between the molecules
are neglected. This is valid when the pressure and den-
sity of the gas are relatively low1,3 (under a few MPa).
This EOS is too restrictive for high pressure applications,
but its simple expression constitutes a basis for establish-
ing many other EOS (including Noble Abel and Van der
Waals EOS) and is therefore included in this study as a
reference.

P = ρ · r · T (2)

The Noble-Abel equation is widely used in interior
ballistics6–8 and is recommended by a NATO reference
document: STANAG 43679. This equation (3) is an im-
provement of the ideal gas equation, introducing the vol-
ume occupied by the molecules with the parameter η,
the covolume (4). However, the interactions between
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the molecules are not represented. Two parameters
are needed for this equation: the molecular weight and
the covolume. The determination of the latter can be
achieved with a thermochemical software or closed ves-
sel tests (Amagat’s method13). This experimental device
is mostly used for the determination of the covolume of
gases produced by the combustion of propellant. Analyt-
ical determination is also possible (4), as the covolume
is a function14 of the critical pressure (Pc) and critical
temperature (Tc). For a gaseous mixture, a mean co-
volume weighted by mass fraction of the components is
used. The uncertainties on the covolume depend on the
method used to evaluate it but are usually restricted to
a few percent (accounting for the experimental accuracy
or the precision on the values of Pc and Tc).

P =
ρ · r · T
1− ρ · η

(3)

η =
r · Tc

8 · Pc
(4)

The Van der Waals equation of state (5) is a cor-
rection of the Noble-Abel equation in order to consider
the interactions between molecules composing the gas
at short range (repulsion) and long range (attraction).
The interactions between the molecules are considered
with the parameter a (consequence of the Van der Waals
bond). Three parameters are needed for this equation:
the molecular weight, the covolume and the interaction
term a (6). Like the covolume, a is a function of the
critical pressure and temperature14. MA et al11 recom-
mend this equation for an interior ballistics application,
as the interaction term should add a better description
of the behavior of the gas. However, adding a parameter
also adds uncertainties. A mixing law must be used to
evaluate this coefficient for a gaseous mixture (quadratic
mean as proposed in14).

P +
a

ρ2
=

ρ · r · T
1− ρ · η

(5)

a =
27 · r2 · Tc

64 · Pc
(6)

The virial equation is a limited expansion (7), at the
second order in this paper (the coefficients for the higher
orders are especially difficult to calculate1). NERON and
SAUREL10 use the virial at the first order. The authors
of1,3,12 advocate for this equation when the pressure and
temperature are in the interior ballistics range (respec-
tively above 300 MPa and 2000 K). As for the Van der
Waals equation, three parameters are needed: the molec-
ular weight, B and C. These two parameters represent
the interactions respectively between two molecules (B)
and three molecules (C). The main difference between

the virial coefficients and the coefficients of the other
considered equations is the temperature dependence. In-
deed, the virial coefficients are temperature dependent,
and their method of calculation is described in the next
paragraph. The mixture law needed for a gaseous mix-
ture is also described in the next paragraph. The uncer-
tainties linked to these coefficients are above 10%, which
is higher than for the other equations of state1,15.

P ≈ ρ · r · T (1 +Bρ+ Cρ2 + . . . ) (7)

The method of calculation of the virial coefficients, B
and C is described in1. The coefficients are integral func-
tions of the intermolecular potential and the tempera-
ture. The expression of the coefficient B is given (8) (N
the Avogadro number, k the Boltzmann constant, T the
temperature, s the position of the molecule, ϕ the inter-
molecular potential):

B(T ) = 2 π N

∫
∞

0

(1− e(−ϕ(s)/kT ) ) s2 ds (8)

The expression of the third coefficient C is of the same
nature as for B. It is not reproduced in this paper, as the
formula is convoluted and gives no supplementary infor-
mation, but its expression is given in1. The determina-
tion of the virial coefficients therefore implies the choice
of an intermolecular potential ϕ for every component
of the gas. For non-polar molecules, the Lennard-Jones
”6,12” potential has been used as recommended in1, as
expressed in (9). This model relies on the hard sphere
model, which is not strictly accurate but considerably
simplifies the calculations. The Lennard-Jones potential
(9) is only a function of the position of the molecules (ra-
dius r) and two constants are needed (the size of particle
σ and the dispersion energy ε), which are available in the
literature for many gases1. The constant σ represents the
distance at which the value of the potential is zero and
ε is the depth of the potential well (homogenous to an
energy). Uncertainties are introduced with the values of
these constants, approximately 10%1.

ϕ(r) = 4 ε [
σ12

r12
−

σ6

r6
] (9)

In this study, the components of the gas are only non-
polar molecules (N2 and O2), so the Lennard-Jones po-
tential is applicable. However, for non-polar molecules,
such as gaseous water (usually one of the main compo-
nents of combustion products), another potential should
be substituted. The Stockmayer potential is often
used1,15 and allows the consideration of the polarity of
the molecules. More details are available in16 and are
not reproduced in this paper as this potential has not
been used for air. Besides uncertainties of the constants
of the potential, mathematical simplifications are pro-
posed in1 leading to the series expansion of B and C.
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4

Coefficients bj and cj are tabulated in1. Computed in
the 1960s with the numerical tools of the time, there are
most likely uncertainties on these coefficients, although
a numerical verification of the bj coefficients performed
in the frame of this work with actual method has led to
the same results as1.

B(T ) = b0 ·
∑
j

bj(
kT

ε
)−(2j+1)/4 (10)

b0 =
2

3
πNσ3 (11)

C(T ) = b20 ·
∑
j

cj(
kT

ε
)−(j+1)/2 (12)

These expressions allow the calculations of the coeffi-
cients for a single constituent and can be used to deter-
mine the corresponding parameters for a gaseous mix-
ture. Two mixing laws are proposed in the STANAG
440015. The first is an intuitive one, based on the pon-
deration of the coefficients of the single components by
mass fractions (wi). This law has been introduced by
Corner7 and eases the calculations, as it neglects the in-
teractions between molecules.

B(T ) =
∑
j

wj ·Bj (13)

C(T ) =
∑
j

wj · Cj (14)

The second law is considerably more complex, since
it considers interactions between all the molecules com-
posing the mixture. This mixing law only applies to the
calculation of second virial coefficient B as the STANAG
440015 states that the complex mixing law for C is too
complicated and the simple law gives sufficiently accu-
rate results for this parameter. The expression of the
contributions of the interaction for B is equation 15

B(T ) =

∑
wa · wb ·Bab∑

w2
i ·

(15)

The interaction coefficient Bab is calculated with av-
eraged Lennard-Jones potential coefficients (eq 16 arith-
metic mean for σ and quadratic mean for ε). The calcu-
lation for Bab uses equation 10, but with σab as σ and
εab as ε.

σab =
σa + σb

2
; εab =

√
εa · εb (16)

2. Equations of state’s comparisons with coefficients from
the literature

As previously detailed, the determination of the pa-
rameters of the equations of state can be challenging,
especially for a mixture. A first comparison between the
four equations of state (ideal gas, Noble-Abel, Van der
Waals and virial) has been done with parameters pro-
vided by the literature17 (given in table I). Experimental
values from the SESAME database for air (table 5030)
have been used as validation18. The virial coefficients
in17 given at a temperature of 2500K (close to most
propellants flame temperature), whereas the SESAME
database’s temperature is 2611.13K. It should be noted
that the range of temperature covered by the SESAME
database is wide for air: the temperature gap between
two entries in the table for the range of interest is over
1000K. It therefore made little sense to perform an inter-
polation between two values to obtain a validation point
at 2500K, as it would have implied too large uncertain-
ties. Another limitation of the SESAME database is the
low number of points in the range of interest (classical
range of pressure of interior ballistics: 300 MPa – 700
MPa). Despite these limitations, the SESAME database
still gives a good reference for the comparisons of the
different equations of state.

TABLE I. Values of the equations of state coefficient for air
from the literature17,19. The virial coefficients are taken at
2500K.

Coefficients Values Units

Covolume η 1.3 · 10−3 m3
· kg−1

Interaction term a 173.2 Pa ·m6
· kg−2

B (2500K) 1.0 · 10−3 m3
· kg−1

C (2500K) 0.9 · 10−6 m6
· kg−2

Figure 1 shows the pressure plotted as a function of the
density for the considered equations of state. The black
crosses represent the SESAME database (5030 for air),
and the grey part of the graph is the interior ballistics
range of pressure.
For moderate densities, all the equations of state pre-

dict approximately the same pressure (less than 10% of
difference under 100 kg · m−3 , the difference reducing
when the density decreases). This behavior is explained
by the fact that the assumptions of the equations of state
become equivalent at low density (the deviations from
an ideal gas behavior appears at a higher density, essen-
tially the average distance between molecules becomes
too small for the ideal gas equation to be valid). The
results obtained with the Noble-Abel and Van der Waals
equations are close to each other, with relative deviations
lower than 5%. It appears that the corrections of the in-
teraction term (a parameter) in the Van der Waals equa-
tion has a relatively weak influence for air as a gaseous
mixture of O2 and N2. For the rest of this study, the Van
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5

FIG. 1. Pressure as a function of density for air at 2500K
predicted by different equations of state. Coefficients for the
EOS are given in table I. The grey area highlights the pressure
range commonly considered in interior ballistics applications.
Crosses are experimental validation data extracted from the
SESAME database (5030)18.

der Waals equation has been excluded as it gives similar
results as the Noble-Abel equation. Another singularity
is the vertical asymptote of both these equations when
density increases (above 500 kg ·m−3). This nonphysical
behavior is an issue, as it does not predict accurately the
evolution of the pressure at high density, especially when
the pressure is close to the upper boundary of the interior
ballistics range. This divergence is caused by the mathe-
matical formalism of the Noble-Abel and Van der Waals
EoS (division by zero when the specific volume is close to
the covolume). With the permanent demand of weapons
with better performances, the maximal chamber pressure
tends to increase, leading to higher mispredictions when
using the Noble-Abel equation. This divergence is so pro-
nounced that, above 600 kg ·m−3, the ideal gas equation
of state becomes a better option than the Noble-Abel or
Van der Waals equations. However, the ideal gas equa-
tion is not adapted to high pressure and density gases
for physical reasons (its assumptions are not valid any-
more). If considering only the predictions of pressure as
a function of density at a given temperature, the ideal
gas equation of state can reasonably be used up to 100
kg ·m−3.

From this study, the virial equation of state with co-
efficients from the literature stands out with its stability
and proximity to the SESAME database (5030). How-
ever, uncertainties on these coefficients have not been
found explicitly in the literature. Subsections II 3, II 4
and II 5 focus on the calculations of the EOS coefficients
and introduces a method to estimate the uncertainties of
the coefficients. This gives also a global uncertainty on
the pressure predictions given by the EOS.

3. Covolume calculations

This section presents the calculation of the covolume of
air from the critical pressure and critical temperature (4).
As for the virial coefficient, the covolume of each compo-
nent is calculated, then a resulting covolume is obtained
using a mixing law (mean-weighted by molar fractions).
For air, the calculations are straightforward, as there are
only two components to consider. The values of the crit-
ical pressure and critical temperature are given by20,21

along with their uncertainties, estimated by22. Table II
presents the covolume for air, N2 and O2.

TABLE II. Values of the critical pressure and temperature
of N2

20 and O2
21 for the calculation of the covolume for air

using (4)

Components Pc (kPa) Tc (K) Covolume η(kg ·m3)

N2 33.98± 0.007 126.19± 0.100 1.38 · 10−3

O2 50.43± 0.005 154.88± 0.001 0.99 · 10−3

Air - - 1.29 · 10−3

The covolume calculated is close to the one found in
the literature (difference less than 1%, as the covolume of
the literature is 1.30 · 10−3m3 · kg−1). The uncertainties
linked to the parameters needed for the calculations are
extremely low (less than 0.1% at most), giving a low un-
certainty of the final coefficient. A comparison between
the uncertainties of the coefficients for the Noble-Abel
and the virial equations has been done and is presented
section II 5.

4. Virial coefficients calculations

This section presents the virial coefficient calculations
for air as a binary mixture of oxygen and nitrogen (re-
spectively 21% and 79%). Both these molecules are non-
polar molecules, so the Lennard-Jones intermolecular po-
tential has been used. The potential coefficients for each
component are given in table III. σ represents the value
where the potential is null, ε is the depth of the potential
well, k is the Boltzmann constant (ε/k is easily found in
the literature). However, air being a mixture, a mixing
law is necessary to obtain the relevant coefficients. The
two mixing laws presented above have been compared in
this study. To be consistent with the SESAME database
and allow a more accurate comparison, the calculations
have been done at 2611.13 K (the database temperature).
The uncertainties of the Lennard-Jones coefficients are

estimated at 10 %1,15, which is higher than the uncer-
tainties on the covolume. These uncertainties impact the
final value of the virial coefficients, for both the com-
ponents and the mixture. A study on the uncertainties
is available section II 5. The coefficients for each com-
ponent and the interaction coefficient (complex mixing
law for the second coefficient B) are given in table IV.
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TABLE III. Values of intermolecular potential (Lennard-
Jones) for N2 and O2

1. These values are needed to calculate
the virial coefficient of both these molecules and air.

Components σ (nm) ε

k
(K)

N2 0.358 118

O2 0.370 95

This interaction coefficient, representing the interactions
between N2 and O2 has the same magnitude as the coef-
ficient for the single components. This accounts for the
notable difference (20%) between the mixing laws used
for the virial coefficient B (table IV), as the interaction
term is not neglectable.

FIG. 2. Pressure as a function of density for air at 2611.13K
predicted by Noble-Abel and the virial, for two mixing laws
for virial (simple and complex). Coefficients for the EOS are
given in table II for Noble-Abel and table IV for virial. The
grey area highlights the pressure range commonly considered
in interior ballistics applications. Crosses are experimental
validation data extracted from the SESAME database (5030).

The results obtained with the virial equation of state
using both sets of coefficients (obtained respectively with
the simple and complex mixing laws) are plotted figure 2,
along with those derived from the Noble Abel equation.
The SESAME database (5030) is still used as a reference
(black crosses). The mixing laws are relatively close at
moderate density (under 200 kg ·m−3 ). The difference
increases but remains under 10% at 700 kg · m−3 . It
should also be noted that at the highest density for the
SESAME point, the simple mixing law is more accurate
with respect to the reference data than the complex one.
It is highly probable that the SESAME database, which
is both an empirical and analytical database, uses a sim-
ple mixture law for the results at high densities. For a
simple gaseous mixture such as air, the calculations for
the complex law are quite straightforward. However, for
a multi-component mixture (such as combustion prod-

ucts), the calculations become laborious as it multiplies
the interactions terms. This study highlights that the
use of the simple mixture law for the virial coefficients
seems to be suitable.

5. Uncertainties

One of the difficulties when using an equation of state
is to determine the coefficients of the equation, as seen
previously. The determination can be made either from
experiments or analytical calculations and induces un-
certainties on the equations of state, which are not often
quantified. For the covolume (parameter of the Noble-
Abel equation of state) the main uncertainties are on the
values of the critical pressure and critical temperature
(under 0.1% in the worst case, estimated by the Thermo-
dynamics Research Center22 in table II or on the pressure
gauges sensitivity when the covolume is determined ex-
perimentally (for combustion products, for example). In
this section, the covolume is calculated using the critical
pressure and temperature. For the virial equation, the in-
termolecular potential parameters (σ, ε. . . ) are the main
sources for uncertainties. These are estimated at 10% for
each parameter1,15. Interval analysis23,24 has been used
to compute the uncertainties on the coefficients of equa-
tions of state. This mathematical formalism relies on the
set theory to describe interval of uncertainties around the
exact value. Indeed, most of the values used in physics
are not precisely known (irrational number like π, mea-
sured quantities, numerically calculated values. . . ). They
are given with uncertainties, which can be expressed with
intervals. Let’s consider a physical quantity m, which has
uncertainties. It is then possible to write:

m1 ≤ m ≤ m2 (17)

Another way of writing the relation (17) is to write it
with an interval form (18):

m ∈ [m1;m2] (18)

The quantity m belongs to the interval given in eq 18,
which has a lower bound (m1) and an upper bound (m2).
Considering now that m is linked to a relation (for ex-
ample, the density formula, ρ = m/V ), the uncertainties
on m will be transmitted to the final result through this
relation (the density in our example). Most of the physi-
cal relations are described with more than one coefficient
with uncertainties. When several coefficients are linked
by a relation, there are several intervals interacting math-
ematically with arithmetic operations (addition, multi-
plication. . . ). The arithmetic of interval is described in
many references23,24 and set the rules of mathematical
manipulations of intervals.
As an example, let’s consider the density (19) as a

quotient of the mass (18) and the volume (20):
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TABLE IV. Values of the virial coefficients (B and C) for N2, O2 and air, depending on the mixing law (simple and complex).
The simple law is a mass fraction weighted average of the coefficient whereas the complex law accounts for the interactions
between the components of the mixture.

Components Bsimple(m
3
· kg−1) Bcomplex(m

3
· kg−1) C (m6

· kg−2)

N2 1.17 · 10−3 1.17 · 10−3 1.10 · 10−6

O2 1.06 · 10−3 1.06 · 10−3 0.96 · 10−6

N2-O2 interactions - 1.11 · 10−3 -

Air 1.15 · 10−3 1.44 · 10−3 1.07 · 10−6

ρ =
m

V
(19)

V ∈ [V1;V2] (20)

Then, it is possible to determine the uncertainties on
the density (21).

ρ ∈ [
m1

V2
;
m2

V1
] (21)

In this paper, interval analysis has been used to com-
pare the uncertainties linked to the calculation of the
coefficients for the equation of state. For the Noble-Abel
equation, the uncertainties are extremely low (maximum
0.1%), allowing a narrow interval for the covolume of
each component of the mixture (N2 and O2 in that case),
therefore a narrow interval for the covolume of air. The
expressions of the maximal and minimal covolume are
given in (22) and (23). The numerical values resulting
from the calculations are available in (24). These val-
ues have been used to calculate the pressure predicted
by Noble-Abel with the minimal and maximal covolume.
This gives an interval where the pressure is with certainty.

ηmin =
Pcmin

8 · r · Tcmax
(22)

ηmax =
Pcmax

8 · r · Tcmin
(23)

η ∈ [1.29 · 10−3; 1.298 · 10−3]m3 · kg−1 (24)

The interval for the covolume allows to plot the Noble-
Abel equation with its range of uncertainties (figure 3).
The interval gives the maximal and minimal values of
the covolume, which are used to plot the evolution of the
pressure as a function of the density (fixed temperature)
for the Noble-Abel equation. It gives a range, where
the accurate predicted pressure is with certainty (colored
part of the graph figure 3).

For the virial coefficients, the uncertainties mainly
stem from the uncertainties on the intermolecular po-
tential, which can be expressed with intervals (as for
the covolume, σ ∈ [σmin;σmax] and ε ∈ [εmin; εmax]).
These intervals are then used to calculate the maximal
and minimal values of B (25 and 26) and C (27 and 28)
for each component of the mixture. The mixture law is
then applied to find the resulting maximal and minimal
coefficients ( 29 and 30 for the numerical values). Be-
cause of the wider range of uncertainties, especially on
the intermolecular potential parameters, the virial coef-
ficients eventually exhibit large uncertainties. This in
turn confers a quite wide global uncertainty on the re-
sults obtained with the virial equation, meaning that the
prediction of the pressure from the virial equation of state
is not as accurate as the prediction with the Noble-Abel
equation.

Bmax(T ) =
2

3
πNσ3

max ·
∑
j

bj(
kT

εmin
)−(2j+1)/4 (25)

Bmin(T ) =
2

3
πNσ3

min ·
∑
j

bj(
kT

εmax
)−(2j+1)/4 (26)

Cmax(T ) = (
2

3
πNσ3

max)
2 ·

∑
j

cj(
kT

εmin
)−(j+1)/2 (27)

Cmin(T ) = (
2

3
πNσ3

min)
2 ·

∑
j

cj(
kT

εmax
)−(j+1)/2 (28)

B ∈ [0.77 · 10−3; 1.64 · 10−3]m3 · kg−1 (29)

C ∈ [0.49 · 10−6; 2.16 · 10−6]m6 · kg−2 (30)

The results obtained with the virial equation are
treated in a similar way as the ones derived with the
Noble Abel equation. The interval gives the maximal
and minimal values of the virial coefficients, which are
used to plot the evolution of the pressure as a function of
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FIG. 3. Pressure as a function of density for air at 2611.13
predicted by different equations of state, along with their re-
spective intervals of uncertainties (Noble-Abel uncertainties
are too thin to be seen on the figure). The grey area high-
lights the pressure range commonly considered in interior bal-
listics applications. Crosses are experimental validation data
extracted from the SESAME database (5030).

the density (fixed temperature) for the virial equation.
The resulting range (colored part of the figure 3) is a
prediction of the pressure.

Figure 3 is a plot of the pressures calculated with both
equations of state, with their respective intervals of un-
certainty (the representation is a tube around the curve).
The reference SESAME data are also plotted. It should
be noted that these points have low uncertainties (less
than 1%25), which are not represented here. As high-
lighted previously, the virial equation has a large range of
uncertainty, whereas the Noble-Abel range is extremely
narrow (to the point where it is actually not visible on
figure 3 with respect to the virial equation range of uncer-
tainty). For the lower interval of pressure encountered in
interior ballistics (between 300 MPa and 500 MPa) the
pressure obtained with the Noble-Abel equation is in-
cluded within the range of uncertainties of the pressure
calculated with the virial equation. Above a density of
400 kg · m−3, the difference between the pressures de-
rived from both equations is noticeable, as the vertical
asymptote of the Noble-Abel equation progressively de-
teriorates the results and leads to increasing deviations
from the reference points (SESAME data). Nonetheless,
there is only one reference point in the range of pressure
of interest for interior ballistics. It is then difficult to
conclude with certainty, as more reference points would
have been required. The choice of the equation of state
for intermediate level of pressure is therefore not obvious
and the uncertainties of the EOS coefficients play an im-
portant part in the choice. This part has been focused
on the thermodynamical predictions of an intermediate
level pressure system. However, the impact of the choice
of the EOS on other physical quantities is not well-known
and has been investigated. The results of this study is

presented section III.

III. INFLUENCE OF THE EOS ON
NON-THERMODYNAMICAL PROPERTIES
(AERODYNAMICS AND THERMICS): NUMERICAL
APPROACH

The EOS plays an obvious part in thermodynamical
and thermochemical phenomena, but its influence on
other physical mechanisms (in which thermodynamics
apparently play a lesser part, such as aerodynamics or
thermics) can be more difficult to ascertain. Further-
more, interior ballistics phenomena are highly interde-
pendent and involve many physical domains. The choice
of the EOS can therefore influences more widely the phys-
ical quantities of a system, especially when the system is
highly multiphysics (interior ballistics for instance). To
evaluate this influence, an academical case is numerically
studied in this part with a CFD approach. The numeri-
cal work aims to study the influence of the EOS on the
prediction of other physical phenomena.
The simulations should remain straightforward to an-

alyze, which excludes reactive systems and combustion
models. However, as the study considers the multiphys-
ical coupling in interior ballistics, the monitored phe-
nomena must be chosen adequately. In this study, the
thermic and aerodynamic properties of a fluid flowing
around an object are studied. The case of study should
also exhibits pressure gradients in the flow, in order to
analyse the possible influence of the EoS on these gradi-
ents. This pointed towards the flow around an immerged
body. Three equations of state have been compared in
this study: ideal gas, Noble-Abel and the virial. For
the purpose of the study, the chosen case should enable
to highlight the differences between the considered EOS.
Since they yield similar results for low to moderate pres-
sures, a relatively high pressure (300 MPa) and high tem-
perature (2000 K, which is at the lower bound of the in-
terior ballistics range of temperature) flow is considered,
close to the interior ballistics conditions. Ideally, the test
configuration should also be sufficiently common to be
documented in the literature to allow comparisons, and
free from any confidentiality issues.
The choice has been made to study the flow around

a thick airfoil (NACA 0020). This body has been cho-
sen for its property of symmetry, its ability to produce
a steady flow (for an adequate Reynolds number , es-
timated between 1 · 106 and 2 · 106 for NACA 001226.
In this case Re = 6 · 106 and the profile is a NACA
0020), and the quite extensive literature available for this
airfoil27–29. The gas studied is air, chosen for its sim-
plicity (only two components) and its well-known behav-
ior. To prevent shock waves, which would have interfered
with the flow (discontinuity of pressure, density. . . ), the
flow velocity has been chosen to maintain a subsonic flow
(Mach number arbitrarily set around 0.3 in the study).
The flow is steady and laminar, as introducing a tur-
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bulence model would have vainly complicated the sim-
ulations. The chosen configuration does not represent
conditions likely to be encountered in any actual setup,
and is strictly academical as stated previously. Its sole
purpose is to evidence the differences on the prediction
of physical quantities depending on the equation of state.
Quantitative values derived from the simulations should
be considered with care, since they would require valida-
tion (which would be hard to obtain, given the peculiarity
of the considered flow).

The CFD software STARCCM+©, based on finite vol-
ume method, (version 16) was used for the study. The
chord’s length of the airfoil is arbitrary 1m long. The
airfoil has a wall boundary condition, assigned with a
constant temperature (300 K, 1000 K or 1500 K depend-
ing on the configuration). The computational domain
has been designed to be larger than the airfoil to avoid
side effects (rectangle, 20m*40m). All the presented sim-
ulations are two-dimensions steady-state simulations. A
symmetry condition has been used on the bottom half of
the airfoil and the domain, allowing a reduction of the
mesh domain. The flow enters on the left side of the do-
main, exits on the right side and the upper part of the
domain. Figure 4 summarizes the configuration studied.

FIG. 4. Numerical configuration studied, with boundary and
initial conditions, geometry of the domain and the airfoil.

The fluid considered is air (21% O2 – 79%N2) and en-
ters the domain at 2000 K and 300 MPa (values suffi-
ciently high to witness a difference between the equations
of state and close to interior ballistics’ conditions), its ve-
locity is 275 m ·s−1 . The numerical integration model is
a Riemann steady-state implicit with a Roe solver, with
a second order space discretization. The ideal gas equa-
tion of state is natively implemented in STARCCM+©,
but Noble-Abel and the virial are not. They have been
implemented using field functions. The method is the
same for all CFD software: users compute the expression
of the density along with its derivative with respect to
pressure and temperature. The expressions are detailed
in the appendice.

Regarding the far field values (far from the airfoil)
slight variations have been witnessed on the values of
density, velocity and temperature of the domain (far from
the foil), due to the chosen EOS. The far field values of
temperature, pressure, density and velocity are given for

each equation of state in table V. The far field values
are the same for all configurations (temperature of the
foil: 300K, 1000K or 1500K). The explanation is that
the boundary conditions in STARCCM+©use ideal gas
instead of the implemented equation of state, which in-
duces difference when the EOS is not ideal gas.

TABLE V. Far field values (temperature, density and veloc-
ity) for each equation of state.

Far field values Ideal Gas Noble-Abel Virial

Temperature (K) 2000 1975 1981

Density (kg ·m−3) 523 313 344

Velocity (m · s−1) 269 349 333

It is then delicate to compare the results of the equa-
tions of state studied. The choice has then been made
to work with dimensionless number, which allow a better
comparison of the results.
The physical quantities monitored for the aerodynamic

study are the pressure and the density around the airfoil,
which allow to study the pressure coefficient ( 31), which
is a dimensionless number. The ”inf” indice indicates a
far field value, P being the pressure ρ the density and V
the velocity of the fluid. The effects of viscosity are also
studied with the resulting force along the x-axis (total,
contribution of pressure and contribution of shear).

Cp =
P − Pinf

0.5 · ρinf · V 2
inf

(31)

To complete the study, the variation of a thermic prop-
erty depending on the equation of state has been inves-
tigated. The chosen property is the heat flux, called q,
which is the integral of the heat on the surface of the air-
foil. Ccal is the calorific capacity, supposed constant in
the paper, uT is the transverse velocity, T is the temper-
ature around the airfoil, Tinf is the far field temperature,
T+ is an dimensionless number, which expression is given
in30.
A normalization of the heat flux has also been per-

formed (33), to allow a better comparison between the
equations of state, called in this paper “heat transfer co-
efficient”. The factor h, heat transfer coefficient for con-
vection, is arbitrarily chosen at 10, as it is the magnitude
for natural convection in air31 and the intrinsic value of h
is of no importance as long as the same value is used for
all the configurations. The surface is 1 m². The predic-
tion of the far field temperature depends on the equation
of state (as stated in the beginning of the section), and
the temperature of the surface of the airfoil depends on
the configuration studied.

q =
ρ · Ccal · uT · (Tinf − T )

T+
(32)
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Cth =
q

h · S · (Tinf − T )
(33)

The final value of heat flux and forces along the x-axis
fluctuate (purely numerical oscillations), so the values
presented are the mean on the last 1000 iterations, along
with the associated standard deviations (uncertainty of
one sigma for the error bars).

The mesh has been refined to obtain an optimal con-
figuration, both in term of calculation’s duration and re-
sults’ precision: the boundary layer has been meshed
with 30 layers in its thickness (δ = 1.5 · 10−5m) and
the rest of the domain has been meshed with polygo-
nal elements (size = 1 cm). Three configurations have
been studied. The parameters of the study are the tem-
perature of the airfoil: 300K (configuration 1), 1000K
(configuration 2) and 1500K (configuration 3).

1. Verifications

Analytical verifications have been performed in the
frame of this work, with the ideal gas equation as the
relations are simple and well-known and for configura-
tion 1. In particular, the pressure and temperature on
the leading edge (P0 and T0) have been verified for an
ideal fluid (inviscid, ideal gas), allowing the validation of
both the pressure and the temperature ( 34 and 35). The
Mach number is noted M , γ is the adiabatic coefficient
(1.4 for a diatomic gas such as air).

P0

P
= (1 +

γ − 1

2
∗M2)

γ

γ−1 (34)

T0

T
= (1 +

γ − 1

2
∗M2) (35)

The results of the calculations are in good agreement
with the simulations (less than 0.03% of difference). The
pressure coefficient is a classical aerodynamical property
( 31). It is a normalization of the pressure along the air-
foil. Two references have been exploited27,28 to compare
the pressure coefficient given in the literature and the
pressure coefficient in the simulations.

As the chosen airfoil is well-known, the pressure coef-
ficient in particular is studied in other papers for similar
configurations27,28 (NACA 0020 airfoil, Re = 2.7·106, for
incompressible flow). The results27,28 have been plotted
in figure 5 and highlight the good agreement between the
literature and our simulations. The differences observed
between the simulations of this paper and the references
are explained by the compressibility effects. Indeed,
compressibility effects impacts the pressure coefficients32.
The oscillations on the extrados are numerical.

Verifications of density on the first iterations of the
users implemented EOS (Noble-Abel and virial) have

FIG. 5. Pressure coefficient as a function of position along
the wing profile for the ideal gas equation, comparison with
data from the literature27,28 (similar magnitude of Reynolds
number 106). Mach number: 0.3, temperature of the airfoil:
300K.

been done. The density predicted by the calculations
from the analytical expression of the EOS and the initial
conditions is the same as the density predicted by the
numerical simulation (identical values) on the first iter-
ations. The manually implemented EOS seems to work
correctly.

2. Aerodynamic properties

The pressure does not vary drastically around the foil
(variations under 7%, figure 6). Furthermore, the pres-
sure’s predictions are also the same for each equation
of state within a configuration, contrary to the density
(figure 7), which depends on the equation of state (the
variation are exclusively on the density, as the pressure
is almost constant around the foil and the temperature is
assigned to the foil). As a consequence, the predictions
of pressure are independent of the configuration tested
(temperature of the foil: 300K, 1000K and 1500K). The
pressure is then not the good physical values to monitor
the predictions of the equations of state. The pressure
coefficient has been chosen instead.
The prediction of the pressure coefficient is then very

similar for each equation of state (due to the normaliza-
tion). The predictions are also in good agreement with
the results from the literature27,28.
In definitive; as highlighted by figure 8, the pressure

coefficient is very slightly influenced by the choice of the
equation of state of the fluid around the airfoil, indicating
a low influence of the equation of state on aerodynami-
cal properties of the considered flow. The temperature
of the airfoil (different for each configuration a: 1500K,
b: 1000K, c: 300K) does not influence the results of the
pressure coefficient, which is the same for each configu-
rations. A few changes are visible on the trailing edge,
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FIG. 6. Pressure as a function of position along the wing pro-
file for the ideal gas equation, comparison with data from the
literature27,28 (similar magnitude of Reynolds number 106).
Mach number: 0.3, temperature of the airfoil: 300K.

FIG. 7. Density as a function of position along the wing profile
for the ideal gas equation, comparison with data from the
literature27,28 (similar magnitude of Reynolds number 106).
Mach number: 0.3, temperature of the airfoil: 300K.

but they are purely numerical.

FIG. 8. Pressure coefficient( 31) around the airfoil (NACA
0020) for Ideal gas, Noble-Abel and virial equations, depend-
ing on the configurations (a: 1500K, b: 1000K, c: 300K)/ Re
= 5 · 106, Mach number 0.3.

The drag effects have also been studied for each equa-
tion of state and each configuration. The forces of friction
along the x-axis integrated on the surface of the foil are
presented for the pressure contribution and for the shear
contribution in table VI, depending on the equation of
state and the configuration. The pressure contribution is
predominant, one order of magnitude higher in compari-
son with shear friction force. The total values of friction,
sum of the pressure and shear contribution, are quite dif-
ferent depending on the equation of state : around 40%
between ideal gas and the others for configuration all
configurations (ideal gas being the reference). The final
values also fluctuates a lot due to numerical oscillations
as explained before, giving a high values of uncertainties.
Figure 9 illustrates the resulting force for each configu-
ration and equation of state, along with the associated
uncertainties (one standard deviation).

FIG. 9. Forces of friction projeted along the x-axis (pressure
and shear contributions) around the airfoil (NACA 0020) for
Ideal gas, Noble-Abel and virial equations, depending on the
configurations (1: 300K, 2: 1000K, 3: 1500K)/ Re = 5 · 106,
Mach number 0.3.

3. Heat flux

Table VII presents the mean heat flux (on the last 1000
iterations ) for each configuration and each equation of
state, with associated numerical uncertainties (one stan-
dard deviation).
The heat flux ( 32) is a function of the density, which

is strongly influenced by the choice of the equation of
state, as seen section III 2. Indeed, the density predicted
by the ideal gas equation is up to three times larger than
the density predicted by other equations of state (config-
uration 1). This explains the major difference between
the predictions of heat flux as a function of the equation
of state. This difference is particularly pronounced for
configuration 1, where the density varies widely depend-
ing on the choice of the EOS.
Figure 10 presents the values of the heat flux coeffi-

cient, depending on the equation of state and the config-
uration of the simulation. The standard deviation is also
plotted (statistical value on the last 1000 iterations). The
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TABLE VI. Force along x-axis integrated around the airfoil, mean values on the last 1000 iterations for each configuration
(temperature of the foil: 300K, 1000K and 1500K) and equation of state (Ideal gas, Noble-Abel and virial), contribution of the
pressure and the shear (viscosity effects).

Equation of state Force (x-axis) configuration 1 Force (x-axis) configuration 2 Force (x-axis) configuration 3

Pressure / Shear (kN) Pressure / Shear (kN) Pressure / Shear (kN)

Ideal Gas 8.7 / 2.3 10 / 1.1 12 / 0.6

Noble-Abel 14 / 0.7 14 / 0.5 17 / 0.4

Virial 9.7 / 0.9 14 / 0.6 17 / 0.5

TABLE VII. Heat flux integrated around the airfoil, mean values on the last 1000 iterations for each configuration (temperature
of the foil: 300K, 1000K and 1500K) and equation of state (Ideal gas, Noble-Abel and virial), with numerical uncertainties
(one standard deviation).

Equation of state Heat flux configuration 1 (MW) Heat flux configuration 2 (MW) Heat flux configuration 3 (MW)

Ideal Gas 32± 1.4 11± 0.7 4.6± 0.7

Noble-Abel 11± 0.7 6.0± 0.6 3.1± 0.5

Virial 13± 1.0 6.3± 0.6 3.3± 0.6

results clearly highlight a variation of the heat transfer
coefficient with the equation of state for each configu-
ration. The ideal gas predictions are highly above the
predictions of Noble-Abel and virial, whereas virial and
Noble-Abel are relatively close. For the first configura-
tion (airfoil’s temperature: 300K) the difference between
ideal gas is up to three times higher than Noble-Abel
and virial. This result decreases with configuration 2
and 3 (respectively airfoil at 1000K and 1500K) with
ideal prediction twice higher than virial and Noble-Abel
for configuration 2 and 50% difference for configuration
3. The difference between Noble-Abel and the virial is
moderated, around a few percent. These variations are
explained by the difference observed on the predicted
density depending on the equations of state simulated.
Indeed, the heat flux ( 32) is a linear function of the den-
sity in the configurations simulated, and the differences
observed on the heat flux are the same observed for the
density around the airfoil. As the choice of the equation
of state impacts the numerical prediction of the density,
is has also repercussion on the numercial heat flux inte-
grated around the airfoil.

As seen in this section, the aerodynamical properties
of a NACA 0020 profile in a flow at interior ballistics
conditions is unchanged by the choice of the equation
of state. However, the choice of the equation of state
has a strong influence on the numerical prediction of the
heat transfer for the considered case, in particular when
the fluid is in a state where the ideal gas assumptions
are not valid anymore. The variations of the density
depending on the equation of state are responsible for
the variations observed numerically, as the heat flux is
function of the density and it is the only variable changing
with the equation of state. Therefore, the prediction of
heat flux is impacted by the choice of the equation of
state, as the density depends strongly on it.

FIG. 10. Heat flux coefficient (33) around the airfoil (NACA
0020) for Ideal gas, Noble-Abel and virial equations, depend-
ing on the configurations (1: 300K, 2: 1000K, 3: 1500K)/ Re
= 5 · 106, Mach number 0.3.

IV. INTERIOR BALLISTICS APPLICATION

The gaseous mixture considered in interior ballistics
is produced by the combustion of a propellant (ener-
getic material), such as nitrocellulose, double base pro-
pellant. . . Its composition is therefore complex, both be-
cause there are more than two components and because
of the nature of the components involved.

1. From air to combustion products

The exact composition depends on the burnt energetic
material. Generally, combustion products are composed
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of dozens of components. However, it is possible to con-
sider only the main components (in mass or molar frac-
tion), with reasonable accuracy. The difficulty remains
in knowing the exact composition of the mixture for a
given propellant (molecules and mass fraction). Indeed,
the composition depends on the propellant studied. Gen-
erally, a thermochemical software is needed to obtain this
information. Most software relies on the principle of min-
imization of free energy (Gibbs’ Energy)15. The main
components of combustion products are: NO2, NO, CO,
CO2 and H2O. The confidentiality of the mixtures stud-
ied is also an issue, as few information are available in the
literature on the exact components and quantities of the
molecules composing the gas. The results presented in
this paper are considered for a propellant taken from the
literature33. A similar method can be applied for a given
propellant, provided that all the information needed are
known. Another difficulty, in comparison with air, is the
different nature of the components. Indeed, some are
polar molecules (such as water, which is a major com-
ponent of combustion products), so in that case the in-
termolecular potential used for the virial calculation is
the Stockmayer potential (instead of the Lennard-Jones
potential used for non-polar molecules). The Stockmayer
potential implies the knowledge of one more parameter
(dipolar moment µ), which is known with an uncertainty
of 10%. The calculations are detailed in1,15,16 and are not
reproduced in this paper, but it should be noted that the
calculations for polar molecules are more tedious than
for non-polar molecules, with more uncertainties. The
method also adds uncertainties of the values of the virial
coefficients (B and C) with the introduction of the dipo-
lar moment, which widen the range of uncertainties of
the virial equation in comparison with air. The covol-
ume of combustion gases can be determined experimen-
tally, with closed vessel tests, so called Amagat’s method.
This method is not as precise as the calculation with
critical pressure and critical temperature, but the uncer-
tainties remain around a few percent (uncertainties of
sensors). Thermochemical software is also an option to
calculate the covolume (calculations with critical pres-
sure and temperature), however the uncertainties on the
covolume given by software are not well known. The
uncertainties around the Noble-Abel equation are then
slightly wider than for air, but they remain slimmer than
the uncertainties of the virial equation.

2. Application to a propellant from the literature

The propellant studied is extracted from the
literature33 and is composed of nitrocellulose. The main
components are given table VIII from33, along with their
molar fraction (HCN and CH2O have been neglected
regarded their low molar fraction). Polar molecules are
precised (use of the Stockmayer potential instead of the
Lennard-Jones potential). The temperature of the calcu-
lation is the flame temperature (3000 K). The covolume

is estimated34 at 1.11 · 10−3m3 · kg−1.

TABLE VIII. Molecules composing the combustion products
of the considered propellant33, along with their molar frac-
tion and parameters σ and ε needed for the virial coefficients
calculations.

Components Molar fraction (%) σ (nm) ε

k
(K)

N2 4 0.358 118

CO 42 0.376 100

CO2 10 0.407 205

NO 14 0.317 131

H2 4 0.293 37

H2O
a 24 0.256 380

a polar molecule

It is then possible to calculate the virial coefficients
for each component of the gas, using equations (10) and
(12). Table IX summarizes the values of B and C for
each component and the resulting mixture (simple mix-
ture law, equations (13) and (14)). Figure 11 is a plot of
both Noble-Abel and virial equations for the combustion
gases produced by nitrocellulose.

TABLE IX. Molecules commposing the combustion products
of the considered propellant33, along with their virial coeffi-
cients and the resulting virial coefficients for combustion prod-
ucts.

Components B (m3
· kg−1) C (m6

· kg−2)

N2 1.20 · 10−3 1.12 · 10−6

CO 1.26 · 10−3 1.26 · 10−6

CO2 0.98 · 10−3 0.99 · 10−6

NO 0.71 · 10−3 0.43 · 10−6

H2 7.59 · 10−3 3.89 · 10−5

H2O
a 0.42 · 10−3 0.65 · 10−6

Combustion products 0.90 · 10−3 1.12 · 10−6

a polar molecule

Regarding uncertainties, interval analysis has once
again been used to compute the uncertainties on the co-
efficients of Noble-Abel and the virial. The method used
is the same as described in section II 3 for air. The uncer-
tainties on the virial coefficient are on σ and epε, parame-
ters of the intermolecular potential. For polar molecules,
water vapor in the presented case, an extra 5% is added
on the polar molecule (so 15% of uncertainties on B and
C for water), to account for the tabulation and interpo-
lation used for the calculations. The uncertainty of the
covolume is estimated to be 1%, as the value has been
chosen in the literature and is probably determined ex-
perimentally with closed vessel test. Table X presents
the uncertainties of Noble-Abel and virial coefficients for
combustion products (composition given table VIII) at
3000K.
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FIG. 11. Pressure as a function of density for combustion
products at 3000K predicted by different equations of state
(Noble-Abel and virial). Coefficients for the EOS are given
in table IX for virial. The grey area highlights the pressure
range commonly considered in interior ballistics applications

TABLE X. Interval of uncertainties of the coefficients of the
EOS (covolume for Noble-Abel, B and C for the virial), cal-
culated with interval arithmetic for combustion products of
literature propellant33 at 3000K.

Coefficients of EoS Interval of uncertainties

Covolume (m3
· kg−1) [1.09; 1.12] · 10−3

B (m3
· kg−1) [0.66; 1.41] · 10−3

C (m6
· kg−2) [0.58; 2.61] · 10−6

Figure 12 presents the results obtained with the virial
and Noble-Abel equations, with their intervals of uncer-
tainties, given in table X, for the mixture studied (rep-
resentative of combustion products, in table VIII). For
combustion products, the results derived with the Noble-
Abel equation of state and their range of uncertainties
are included in the range of uncertainties of the results
obtained with the virial equation over the whole range
of pressure encountered in interior ballistics. The con-
clusions are then slightly different than for air, as long
as the pressure is in the actual range of pressure of in-
terior ballistics. The Noble-Abel equation seems to be a
good option, as the uncertainties on the virial equation
are too large for an interior ballistics application. How-
ever, no experimental points are available for combustion
products. This lack of validation affects the conclusions,
as the exact behavior of the gases is unknown, preclud-
ing the choice of the most appropriate equation of state.
Considering the extreme conditions encountered in inte-
rior ballistics, an experimental validation is difficult to
set up and considering the defense application, the liter-
ature is not extensive on the subject.

FIG. 12. Pressure as a function of density for combustion
products at 3000K predicted by different equations of state
(Noble-Abel and virial), along with their respective intervals
of uncertainties, as given in table X. The grey area highlights
the pressure range commonly considered in interior ballistics
applications.

V. CONCLUSION

In definitive, the choice of an equation of state ade-
quate for intermediate level of pressure encountered in
interior ballistics is not obvious. There are two potential
candidates: Noble-Abel, which remains simple (only one
coefficient, easily accessible and with low uncertainties)
but exhibits a non physical behavior when the pressure
rises. The virial equation has a more physical description
and is the closest to the few experimental data in the lit-
erature for air (SESAME database18), but its coefficients
are difficult to calculate and have high uncertainties. Fur-
thermore, the numerical study highlighted that the equa-
tion of state is not only responsible for the predictions of
thermodynamical properties, but also thermical proper-
ties. Indeed, for instance the prediction of the numerical
heat flux depends on the choice of the equation of state.
It is therefore crucial to choose the accurate equation of
state. The conclusion drawn for air applied also for com-
bustion products, namely that the Noble-Abel equation
seems to be the best compromise for an interior ballis-
tics application, with pressure under 700 MPa. However,
this conclusion could be reviewed with the development
of new high-pressure weapon. In that case, the virial
equation might become a better choice and the method
for determining its coefficients should be revised to de-
crease their uncertainties.
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VI. APPENDICES

This part detailed the expression needed to manually
implemented equations of state in CFD softawre, such as
STARCCM+©. The code needs the density and both
derivatives of the density relatively to the pressure and

the temperature.
Thus, for Noble-Abel (36, 37 and 38):

ρ =
P

rT + ηP
(36)

dρ

dP
=

rT

(rT + ηP )2
(37)

dρ

dT
=

−rP

(rT + ηP )2
(38)

For the virial equation, the calculations are far more
arduous. Indeed, the density is the only real and positive
solution of a third order equation (7). The Cardan’s for-
mulas have then been used to find the expression of the
density (39) from the virial equation.

ρ = −
B

3C

−
(3C −B2) · 21/3

3C(−2B3 + 9BC + 27C2P
rT + (4(3C −B2)3 + (−2B3 + 9BC + 27C2P

rT )2)1/2)1/3

+
(−2B3 + 9BC + 27C2P

rT + (4(3C −B2)3 + (−2B3 + 9BC + 27C2P
rT )2)1/2)1/3

3C · 21/3

(39)

dρ

dP
=

1

rT (1 + 2 ·Bρ+ 3 · Cρ2)
(40)

dρ

dT
=

−r · (ρ+Bρ2 + Cρ3)2

P (1 + 2 ·Bρ+ 3 · Cρ2)
(41)
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