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Stability of Singular Periodic Motions
in a Vibro-Impact Oscillator

O. JANIN and C. H. LAMARQUE
Ecole Nationale des Travaux Publics de I’Etat, Laboratoire GéoMatériaux, URA-CNRS 1652, Rue Maurice
Audin, 69518 Vaulx-En-Velin Cedex, France

Abstract. A single-degree-of-freedom vibro-impact oscillator is considered. For some values of parameters, a
non-differentiable fixed point of the Poincaré map exists: a local expansion of the Poincaré map around such a
point is given, including a square root term on the impact side. From this approximate map, the stability of the
fixed point can be investigated, and it is shown that the periodic solution is stable when the Floquet multipliers are
real.
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1. Introduction

Impacts in mechanical systems have been the subject of a great number of publications, on
the one hand because they often occur in the models of mechanical systems for applications,
and on the other hand because they give rise to complex and unusual behaviours from the
theoretical point of view. General considerations about mechanical systems with impacts have
been developed in [1-3], and many papers have been devoted to the study of global behaviours
in vibro-impact systems, including analytical studies, for example, in [4-9]. Some authors
have also considered the issue of controlling systems where impacts take place (see [10-12]).
The main feature of impacts, in the way that they are commonly taken into account, is that
they lead to discontinuities, unless a nonlinear change of variables is performed as defined
in [13]. Therefore, new behaviours can be exhibited for examples from the point of view of
bifurcations, as in [13—15]. Moreover, singularities arise because of the occurrence of discon-
tinuities, as described in [16, 17]. Some authors have also been interested in mathematical
questions, including the development of numerical schemes adapted to systems with impacts,
for instance, in [18, 19].

In this paper, we focus on the singularities in the Poincaré map of a single-degree-of-
freedom vibro-impact oscillator: our aim is to complete the general work of Nordmark in
[17], for which the calculations have not been given in details, as it have been underlined by
Molenaar et al. [20]. In Section 2, we analytically write the Poincaré map corresponding to the
vibro-impact oscillator considered, and from this expression we derive a local expansion of
the map around a non-differentiable fixed point, for which we must distinguish between two
cases. This approximate map enables to investigate the stability of the fixed point in Section 3,
and this study is completed by numerical experiments in Section 4 that confirm the theoretical
results of the preceding sections. Finally we conclude about the behaviour of solutions in the
neighborhood of a non-differentiable fixed point of the Poincaré map in Section 5.



2. Local Mapping of the Vibro-Impact Oscillator

A single-degree-of-freedom vibro-impact oscillator is considered in this paper. The equation
of motion is given by

X(t) 4+ 281 % (1) + wix(t) = f cos(wt),
x() < Xmax»
X(1) = Xmax = X(7) = —ex(t7), )

where e € [0, 1] and € € ]0, 1].

In order to study the dynamics of this system, a Poincaré map can be built in R? x S! by
mapping a point (xg, Xo, fp) to (x(to + T), x(to + T), to + T) where x is the solution starting
from (xo, Xo) at 7o and T is the period of the external forcing. Such a Poincaré map exhibits
particular fixed points for which the solution is tangent to the obstacle, and consequently the
map is not differentiable at these points. We are going to focus on non-differentiable fixed
points (xg, )28 ) with one impact with zero velocity at t%in [0, T].

We first perform a linear transformation of the co-ordinates defined by

(6 0
u = e’ ((xo — x)[cos(@1°) + n sin(@,1°)] + (o — xg)sm(d)&’»
1
v = —e (& (1 + 1) sin(@1°) (xo — x)
+ (o — x9)[—cos(@ %) + nsin(@11°)]), )

where @; = w11 — €2 and n = &(w; /@;). In these new variables, the Poincaré map reads as

I(u,v) = el [M < Z ) + (14 e)e(u, v)Au, v)} , 3)
where
M — cos(@;T) + nsin(aT) %
=& (1+ ) sin(@T) cos@ T) — nsin(@T)

and ¢ is zero if no impact occurs. If there is one impact at t° + 7 € [0, T], then we have

e, v) = @1 (14 n?) sin(@7)u + [—cos(@7) + nsin(@;7)]v

+ @Xpax €' sin(wT), @)
_ sin[@(T — t)]/®,
A= (cos[cT)l(T — 1) = nsin[o(T — 1)] ) . ®

2.1. APPROXIMATE MAP IN THE GENERAL CASE

When restricting to the second order, the impact condition becomes

P(u,v) =v>+ wauz + dewiuv + 20 Xmaxit > 0, (6)



and in that case

v— A/ Pu,v)

wlu + 2601V + @2 Ximax

(N

T(u,v) =

Following the procedure explained in [17], we can derive a local expansion of II by means
of a nonlinear transformation of the co-ordinates. By setting

x =—Pu,v) ®
and
Y o= oil2— (1 +n?)sin*(@ T’ + (2 — [cos(@ T) + nsin(@ T)]*)v*
+ 261 (2n — (1 + n*) sin(@ T)[cos(@1 T) + nsin(@ T)])uv

sin(an T) v) ’ ©)

+ 25T 2 xpnax ([cos(cblT) —psin(@ T)Ju —
w1
we obtain a change of variables valid if and only if sin(®,T) # 0.
When this condition is verified by the parameters of the system, and if we only keep the

terms of order at most one, the local Poincaré map expressed in the new co-ordinates is given
by

IIi(x,¥)= Q1+ 1) x + ¢
I(x, ¥) = —A1hax
and

i(x,¥) =BJ—x +ax+y¢
(X, ¥) = —e*Ahax

where 1, = e TE@Hid) gnd A, = e~ TE@1~id) gre the eigenvalues of M, and B and « are
given by:

} if x >0, (10)

} if <0, (11)

e T sin(awT)

B =2(1 + &) xmux € —, (12)
w1
a = 2e T [—ecos(@T) + (1+ e)nsin(@T)]
+ (1 +e)?e 27 (2 — [cos(@ T) — nsin(@ T)T?). (13)

Comparing with what is given in [17], one can notice a difference in the map on the impact
side, first because of the presence of a term « y, and also because of the sign of the coefficient
B of the square root, which can vary as it has already been pointed out in [20].

2.2. STUDY OF A PARTICULAR CASE

In the case when sin(@,T) = 0, it is impossible to obtain the same kind of term in ,/—y by
means of a valid nonlinear transformation of the co-ordinates. The Poincaré map can then be
approximated from the expressions given in (3) to obtain:

I (u,v) = ge_"’"‘“lT( —(14+2e)u+ (1 _{_e)v\/vz-?uu—v)
Mo, v) = g e (v — (1 + &)v/v? + 2vu)

if v2 +2vu > 0, (14)



and

{ I, (4, v) = ce*1 Ty

if v2 +2vu <0 15
Hz(u,v):ge_g“”Tv it v+ 2vu <0, ( )

where v = w?xpa and ¢ = cos(@;T) € {—1, 1}. This local mapping is continuous.

3. Stability of the Non-Differentiable Fixed Point

In [17], it is argued that the fixed point is stable if and only if the eigenvalues A, and X, are
both real and positive. Nevertheless, this is not true for the case that we are studying.

3.1. GENERAL CASE

In the case of Section 2.1, namely when sin(w;T) # 0, the eigenvalues are complex and a
linear change of variables is convenient to study the stability. If we set

_ cos(m T)x + e Ty
B sin(@; T)

x =yx and ,
the impact condition remains unchanged (x < 0) and on the non-impact side the mapping
becomes

(3)=c=ma () 1o

where R is the rotation of angle @;T. Therefore, any point entering the non-impact area will
eventually leave it after a finite number of iterations of the local mapping. The local Poincaré
map consists then of a rotation combined with a strict linear contraction on the non-impact
side, and a mapping with a square root term that yields infinite stretching on the impact side.
These local properties show that the fixed point is unstable when sin(®;T) # 0, i.e. when the
eigenvalues A; and A, are complex.

3.2. PARTICULAR CASE

In the case of Section 2.2, namely when sin(@,;7T) = 0, the eigenvalues are real. The local
Poincaré map is then given by (14) and (15): the behaviour of this map depends on the value
of ¢. As it can be seen from (14), for (u, v) close to (0,0) on the impact side, we have
IT;(u, v) ~ oqu and T (u, v) ~ az+/u with a; > 0. Hence it is sufficient to study the local
mapping on the impact side for initial conditions such that u = Av? with 1 + 2vA > 0.

3.2.1. Negative Eigenvalues
If we consider any initial condition (u, v) close to (0, 0) and such that v + 2vu < 0, the first
iterate leads to 13 — 2vI1; = e %172 — 2vu e~*“17T which is positive since by assumption
—2vu > v?. The point (u, v) is then mapped into the impact side.

Let us now deal with an initial condition (Av?, v) verifying 14 2vA > 0 and v > 0. At the
first step, we obtain IT; (u, v) = f_; (M) I1»(u, v)? with

AL+ 2e) + (1 + ) 22
[1—(1+e)v/T+20r

o) =e ! (17



The behaviour of the iterates of IT is thus governed by the sequence x,+; = f-;(x,) with

xo = A. The function f_, is defined by (17) on

-1 -1 1 —1 1
_’ ~N ~N 1 . 0 U ~ 7’ b
|:2v 2v + 2v(1 +e)2[ ] 2v + 2v(1 +e)? +OO[
and when A < —1/2v it is given by
fo1(0) = —e17 4.

This function admits three fixed points

1 - 1
e | == 24— |, 0 and #o €10, +ool,
Ho }21) 2v+2v(l+e)2[ and Ao € JO, ool

(13)

and it can be analytically shown that f’,(uo) < —1, f',(0) > 1 and | fll()»o)| < 1 (see
the Appendix): the only stable fixed point of f_; is A¢. An analytical study of the iterative
sequence is possible to determine its asymptotic behaviour, depending on the initial condition

A. Four cases have to be distinguished:

— if A > 0, (x,),>0 converges to Ag.
— if A =0, (x,),>0 is constant and equal to 0.
— if

—1 1
NSt ———,
Y + 2v(1 + 2e)?

x1 > 0 so the behaviour of (x,),>0 is settled by the previous cases.
if

-1 1

= ———,
2v + 2v(1 + e)?

f—11s not defined at A but by considering directly I1; and I1, in that case, it can be seen
that after two iterations the point (Av?, v) is mapped into the area where A < —1/2v, and
thus the behaviour of the sequence (x,),>0 is the same as the preceding case.
if
. — 1 0 -1 1
© ]E T rer [ {E T +e)2} ’

(xn)n>0 converges to ig or is constantly equal to O for n sufficiently large, unless A lies
in a set K. This set is defined by K = ﬂ:ﬁg I,,, where

—1 1 -1 1
h=|—+-— ol {4 ——
0 i|2v+2v(l—{—2e)2 [ {2v+2v(1+e)2}

and In+1 = f__ll (In)



Taking into account the properties of the sequence (x,),>¢, the stability of the fixed point
can be investigated. First of all, the nth iterate of the local mapping is given by

2
% . v) = (";’L ) (19)

where

an =B f0), Bu=]Je) and gx)=e " ((+e)V1+2vx —1).

i=0

For every A such that lim,_, ., x, = 0, since g(0) = ee~**T € 10, 1[, it is clear that
lim,_, +~ B; = 0. Moreover, it can be shown that g(Ao) € 10, 1[ (see the Appendix for further
details). Hence for every A such that lim, ., x, = X, we infer that lim,_, ., 8, = 0, and
then that lim,,_, . o, &, = 0 as well. Thus we have proved that lim,,_, ; coI1**(u, v) = (0, 0) if
réK.

If A € K, the asymptotic behaviour of the sequence (x,),>o cannot be exactly determined.
Nevertheless, we know that in that case

1 1
n e ~ 770 9 V 9
! } 2 T2 + 200 [ .

which implies

g(x,) € :|_1+—2€

e—sw. T’ e e—swlT |: ,

and then |g(x,)| < k,Vn > 0 withk = ee™*®'T < 1. Therefore, the sequence (B,),=0 verifies

|8, < k"*! which converges to 0. Thus in that case, the iterates of IT still converge to (0, 0).
The preceding results show that whatever the initial condition («, v) considered, the local

map asymptotically tends to (0, 0), and consequently that the non-differentiable fixed point is

stable.

3.2.2. Positive Eigenvalues
If we consider any initial condition (u, v) close to (0, 0) and such that v? + 2vu < 0, then the
iterates of IT will obviously converge to (0, 0), for on the non-impact side the mapping is a
strict contraction with positive ratio.

Let us now deal with an initial condition (Av?, v) verifying 1 +2vA > 0 and v < 0. At the
first iteration, we obtain H%(sz, v) < 0and IT; (Av2, v) = fi (K)H%(sz, v), where

A1+ 2e) + (1 4 ) L2t
[14 (14 e)v/1+2vA]?

The behaviour of the iterates of IT is thus governed by the sequence x,y; = fi(x,) with
X9 = A. The function f; is defined by (20) on [—1/2v, +o0o[, and f; is increasing on this
interval. To determine the fixed points of fi, the function 4;(X) = f;(A) — A can be studied:
we can show that this function admits a maximum at Ag € | — 1/2v, +o0[ if e? €17 > 1 and
at —1/2v otherwise, and that the maximum is always negative. Therefore, f; admits no fixed
points, and the sequence (x,),>o is decreasing as long as it stays inside [—1/2v, 4-o0[. It is
then clear that for n sufficiently large we have x, < —1/2v, which implies that the iterate of

fiG) = —esr? (20)



[T has entered the non-impact side. According to what has been shown before, the iterates of

IT converge to (0, 0). The non-differentiable fixed is hence stable in that case.

4. Numerical Aspects

In this section, we are going to provide numerical evidence for the existence of a stable non-
differentiable fixed point. First of all, such a fixed point only exists in a special range of
parameters. The conditions of existence are given by

L
NS [0, fz]’
28\’ I - 82 |xmax| a)% =< f =< |xmax| C()%

In this range of parameters, the eigenvalues A, and A, are real for a countable infinite number
of values of f given by

2n

2
fk = |Xmax| w%\/482(1 - 82) + |:<1 — %) (1-— 82) — 82] ,  Vk e N*. (22)

For these values, we have sin(@;T) = 0 and cos(&,T) = (—1), and w is given by v =
2w~/ 1 — €2)/k. The study carried out in Section 3.2 shows that the fixed point is stable in
that case.

For any other value of f, the eigenvalues A; and X, are complex, hence the non-
differentiable fixed point is unstable according to Section 3.1.

In order to verify and to complete the theoretical study of stability of Section 3.2, we plotted
in Figures 2 and 1 the basins of attraction for w; = 2.5, ¢ = 0.9, xpnx = 14, ¢ = 1% and
k € {3, 5}. These basins were computed using the exact analytical writing of the solution, and
the brute force method to determine the nature of the solution. Figure 2 shows that two stable
solutions exist for this set of parameters and k = 5: the T-periodic solution with one impact
per cycle (in white), corresponding to the non-differentiable fixed point, and a T -periodic
solution with two impacts per cycle (in black). When k = 3, it can be seen in Figure 1 that the
T -periodic solution with one impact per cycle (in white) is stable as the theory predicted, but
its basin of attraction is tiny: most of the initial conditions lead to chaos (in black).

5. Conclusion

We have investigated the behaviour of the Poincaré map in the neighborhood of a non-differen-
tiable fixed point, for the classical single-degree-of freedom harmonic oscillator with impacts.
We have shown that when the eigenvalues of the Poincaré map without impacts are complex,
the local mapping on the impact side includes a square root term in addition to the usual linear
terms: in that case, the non-differentiable fixed point occurs to be unstable. Furthermore, when
the eigenvalues are real, we have seen that the local mapping could not be expressed in a same
kind of form, but that square root terms were still present. The study of stability proved that the
non-differentiable fixed point was stable in that case, with two different behaviours according
to the sign of these eigenvalues: if they are positive, the solution is stable by remaining in
the non-impact side after some iterations whereas when they are negative, the stability comes
from the impact side (in spite of the presence of a square root term).
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Figure 1. Basin of attraction for k = 3.

An extension to this work would be the local study of a general single-degree-of-freedom
mechanical system with impacts, to determine whether the cases of stability are peculiar to
the harmonic linear oscillator or not.

Appendix

The fixed points of f_; (defined in (17)) can be analytically determined by setting A = (X2 —
1)/2v with X > 0: they correspond to the positive roots of the polynomial:

PX)=(14+e’X>+ (- DX>—(1+20)1 +e* )X + 1 4 eT. (23)

Moreover, with the same notations, f’, is given by

ez ef@l T

[1—(1+e)X]? o

f:l ()‘) = -
For A = 0, we have X = 1 and therefore f’ (0) = (e*“17)/e > 1.

Because ju( corresponds to X, € 10, 1/(14+e)[, f”,(io) + 1 has the same sign as Xy — X,
where

1— eswlT/3eZ/3

1+e

Xy =
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Figure 2. Basin of attraction for k = 5.

If X is positive, we have Xy € [0, 1/(1 + e)], and since P is decreasing in that interval,
X,, — Xy has the same sign as P (Xy). After some calculations, we obtain

o2/3 g2 T/3

P(XO) — ; — [65/3 + 2@2/3 + eeZé‘w1T/3 + (1 + e) eé‘w1T/3)(eé‘a)|T/3 _ 61/3)]

> 0. (25)
Hence we infer that ' (o) < —1.

Furthermore, 1o corresponds to X; > 1. Therefore, we have ' (Ao) > Oand f’ (Ao) —1
has the same sign as X; — X, where

1+e8a)|T/362/3
I+e

If X is greater than 1, then X; — X; has the same sign as P(X;) because P is increasing on
[1, +oo[. Analytical calculations yield

X, =

o2/3 2en T/3

P(Xl) — T [(eswlT/?) 4 61/3)(64/3 o eawlT/?y) 4 2@2/3(1 . el/3 eQa‘wlT/?y)]. (26)

By using the assumption X; > 1, we obtain

2ewT/3

P(X)) < eeIT(e — DT — 3y <. (27)
e

Hence we have shown that f’,(1¢) € 10, 1[.
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Finally, we have g(1g) = e T[(1 +e)X, — 1] > 0, and 1 — g(X¢) has the same sign as
X, — X; where
1_|_esw1T
2 =
1+e
Since X, > 1, X; > X, if and only if P(X,) > 0. Yet we have:

eorT (] e Ty(pc1 T _
Pxy =St +e1 +z(e 9o (28)

Therefore, the fixed point A verifies g(A¢) € 10, 1.
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