N

N

Aurby-Mather theory for optimal control systems with
nonholonomic constraints

Piermarco Cannarsa, Cristian Mendico

» To cite this version:

Piermarco Cannarsa, Cristian Mendico. Aurby-Mather theory for optimal control systems with non-
holonomic constraints. 2024. hal-04763053

HAL Id: hal-04763053
https://hal.science/hal-04763053v1

Preprint submitted on 1 Nov 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04763053v1
https://hal.archives-ouvertes.fr

Aurby-Mather theory for optimal control systems with
nonholonomic constraints

Piermarco Cannarsa and Cristian Mendico

ABSTRACT. In this work, we extend Aubry-Mather theory to the case of control systems with
nonholonomic constraints. In this framework, we consider an optimal control problem where
admissible trajectories are solutions of a control-affine equation. Such an equation is associated
with a family of smooth vector fields that satisfy the Hérmander condition, which implies the
controllability of the system. In this case, the Hamiltonian fails to be coercive, so results for
Tonelli Hamiltonians cannot be applied. To overcome these obstacles, we develop an intrinsic
approach based on the metric properties of the geometry induced on the state space by the sub-
Riemannian structure.

1. Introduction

The purpose of this paper is to extend Aubry-Mather theory to minimization problems as-
sociated with control-affine structure. Our approach is based on metric properties of the sub-
Riemannian geometry induced on the state space by the dynamical system. In particular, the
existence of geodesics w.r.t. the sub-Riemannian metric and controllability properties of the
system play a crucial role. We refer the reader to [1,17,26] and the references therein for more
details on sub-Riemannian geometry and its relation with geometric control.

In [11]] the authors prove the existence of the critical constant and of a viscosity solution to
the ergodic Hamilton-Jacobi equation in a general sub-Riemannian structure. However, in order
to improve the natural regularity of critical solutions—which, in general, are merely Holder
continuous w.r.t. the Euclidean distance and Lipschitz continuous w.r.t. the sub-Riemannian
one—in this work we restrict the analysis to the class of sub-Riemannian systems that admit no
singular minimizing controls different from zero. We recall that a control function is singular
for the problem if there exists a dual arc which is orthogonal to vector fields { fi}i:17..,7m along
the associated trajectory. In absence of such controls, owing to [12], we have that critical
solutions are semiconcave, hence Lipschitz continuous, w.r.t. the Euclidean distance on e,
While the hypothesis may seem restrictive, it encompasses many interesting examples, such as
the Heisenberg group and the Grushin plane. In we investigate in detail the case
of the Grushin plane with a Lagrangian function of Mafié type.
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Key words and phrases. Optimal Control, Nonholonomic constraints, Hamilton-Jacobi equations, Aubry-
Mather theory.
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2 PIERMARCO CANNARSA AND CRISTIAN MENDICO

We observe that a crucial role in the Aubry-Mather theory is played by probability measures
on the tangent bundle which are invariant for the Euler-Lagrange flow. Such a strategy fails
for nonholonomic control systems because the Euler-Lagrange flow requires distributions to
generate the whole tangent space, which is no longer the case. For this reason, we replace such
measures by a suitable notion of closed measures (used in [19] in order to adapt weak KAM
theory to problems in the calculus of variations satisfying mild regularity assumptions), tailored
to fit the sub-Riemannian structure. Note that a similar strategy has been used also in the case of
control of acceleration (a particular case of single input sub-Riemannian systems with non-zero
drift) in [15] to define closed measures adapted to the control structure. Furthermore, in this
work we generalize the approach in [19] by using weaker test functions for closed measures,
namely semiconcave functions, which allow us to avoid the problem of the existence of a C"*
critical strict subsolution to the ergodic Hamilton-Jacobi equation. The generalization proposed
in this work is necessary to show the inclusion of the projected Mather set into the projected
Aubry set (see . Indeed, the C'"! regularity is not natural in our settings due to the
weaker controllability of the system. For the existence of smooth subsolutions to the critical
Hamilton-Jacobi equation and the use of closed measures, we also refer to [7,8,9]. In [9], P.
Bernard developed a Hamiltonian approach to weak KAM theory, that is, an approach where the
Euler-Lagrange flow on the tangent bundle is replaced by the Hamiltonian flow on the cotangent
bundle. Even in [9], however, the Tonelli property of the Hamiltonian plays a crucial role, which
prevents application to control problems with nonholonomic constraints.

Therefore, when the Hamiltonian fails to be Tonelli—as is often the case in optimal control—
finding a continuous viscosity solution to the critical equation is a widely open question. Spe-
cific models were addressed in [16], [28]], [14], [6], and [2], where the ergodic problem associ-
ated with the so-called G-equation or other non-coercive Hamiltonians on compact manifolds is
treated. See also [3, 4] [21], and [24] for more on second order differential games. In the above
papers, the authors proved the existence of the critical constant and, in few specific cases such
as the G-equation, they also showed the existence of a viscosity solution to the critical equation.

In the case of mechanical Lagrangians and state equations of sub-Riemannian type, the crit-
ical constant and a solution of the ergodic equation at the energy level of such a constant were
constructed in [20]] by using PDE methods. In this work, following a completely different ap-
proach that relies on variational methods, we go beyond the existence of the critical constant
and critical solutions introducing and studying the Aubry set and the Mather set. In particular,
we first show that critical solutions are horizontally differentiable on the projected Aubry set.
Then, we investigate dynamical and topological properties of the Mather set. For instance, our
novel approach turns out to be crucial to obtain the inclusion of the projected Mather set into
the projected Aubry set and to prove the Mather graph property in the case of nonholonomic
constraints. We would also like to stress that our results hold for a more general class of La-
grangian functions and control affine structures. Indeed, we allow the Lie algebra generated by
the family of vector fields not to have a uniform degree of nonholonomy. Finally, concerning
the characterisation of the critical constant in terms of probability measures, in [20], closed
probability measures were defined on the distribution generated by the vector fields associated
with the nonholonomic constraints. In this work, we need to change such a definition by in-
troducing probability measures on the control space, which appears to be a natural choice in
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the sub-Riemannian case. This is why we manage to obtain finer regularity properties for the
Aubry and Mather sets (see Section 1.2.1 for more details).

In |[Section 2| we introduce the notation, the data of the model we are interested in and the
main assumptions in force throughout the paper. In we introduce Peierls’ barrier,
whose zero points define the Aubry set. The main result of this chapter concerns the horizontal
differentiability of the fixed-point of 7} at any point in the projected Aubry set. We then provide
a characterization of the critical constant by minimizing closed measures adapted to the sub-
Riemannian structure described in Consequently, we define and study the Mather set
in In particular, we show that the projected Mather set is a subset of the projected
Aubry set, and we conclude by proving a weaker form of the Mather graph property.

2. Assumptions

Fixed m € N such that m < d, let
fi T =R (i=1,...,m)
and
u;i:[0,00) = R (i=1,...,m)
be smooth vector fields and square-integrable controls, respectively. Consider the following
control affine dynamics

(1) = Zui(t)fi(v(t)) = FO@)U{®), te]0,+00) 2.1

where F'(z) = [fi(x)|...|fm(z)] is a d X m real matrix, U(t) = (u1(t),...,un,(t))* with
(u1, ..., Uy,)* denoting the transpose of (u1, . .., u,,). We assume the vector fields f; to satisfy
the following.
F) F=[f1]...] fm] € C*(T?) and for any = € T? the matrix F'(z) has full rank (equal
tom).
For any s, s; € R with sy < 51 and z, y € T? we define

Do = 1(7:u) € AC([s0, 51]; T) x L*(s0, 513 R™) : 4(t) = F(y(t))u(t), v(s0) =},
L% = {(v,u) € AC([s0, 51]; T) x L*(s0, s1;R™) : 4(t) = F(y(t))u(t), ¥(s1) =y},

50,51

F:E—>y — I\Z’—> ﬂ F—)y

S0,51 50,51 50,81°

We now state the assumptions on the Lagrangian L : T? x R™ — R.

(L) L € C*(T? x R™) such that D?>L(x,u) > 0 and there exist o > 1, K, K, > 0 such
that
L(z,u) > Ki|u|” — Ky V¥ (z,u) € T x R™. (2.2)
In the following we consider the asymptotic behavior of the minimization problem:

T
minimize / L(v(s),u(s)) ds overall (y,u)€ Ty
0
for any € T? and any time horizon T > 0, and we define the value function

V@)= if / Liy(s),u(s) ds (x € T%). 2.3)

(vw)€ergs
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Let H : T¢ x RY — R be the Hamiltonian associated with L, that is,

H(z,p) = sup {Zuz-(p, fi(x)) — L(x, u)} , Y (z,p) € T x R% (2.4)
u€R™ i1
We need to assume the following.
(S) There are no singular minimizing controls of problem (2.3)) different from zero.

Such extra assumption (S) is needed to improve the regularity of viscosity solutions. Indeed,
it was proved in [12, Theorem 1] that, under (S), the fundamental solution A;(x, y) to the critical
equation

o[H)+H(z,Dx(x)) =0, zeT? (2.5)
is semiconcave (in the Euclidean sense) as a function of y — A;(z,y) and, consequently,
Lipschitz continuous w.r.t. Euclidean distance.

REMARK 2.1. In view of the above assumptions on L, there exists a constant C'y > 0 such
that
|H(z,p) — H(y,p)| < Cu(1+ |p]*)lz —yl, Va,yeT (2.6)

We denote by L* the Legendre transform of L, that is,
L*<I,p) = sup {<p7 U) - L($a U)},

ueRTﬂ
and we observe that
H(x,p) = L*(x, F*(z)p), (z,p) € T? x R?. (2.7)
3. Aubry set

DEFINITION 3.1 (Dominated functions and calibrated curves). Let ¢ € R and let ¢ be
a continuous function on T¢.

(1) We say that o is dominated by L — c, and we denote this by ¢ < L — ¢, if for any a,

b € R, with a < b, and any trajectory-control pair (v, u) € FZ(S 770 \ve have that

ﬂ%W—MWWS/LW@w®M&w®—®

(2) Fixa, b € Rwitha < band let (v,u) € Fzy(f)_)%b). We say that vy is calibrated for ¢ if

b
M%W—ﬂwm=/LW®w@M&%®—w

For any ¢ > 0 and for any x, y € T¢ we recall that A,(z, y) stands for the action functional,
also called fundamental solution of the critical equation, i.e.,

Ay(z,y) =  inf /0 L(v(s),u(s)) ds. 3.1)

(”/,u)EFg?y
We note that ¢ < L — o|H] if and only if for any z, y in T¢ and for any ¢ > 0 we have that
p(y) — o(x) < Ailz,y) — o[H]t. (3.2)

Moreover, the following holds.
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LEMMA 3.1. Assume (F), (L) and let p < L — a[H]|. Then, @ is Lipschitz continuous on
T< with a Lipschitz constant depending only on L, i.e., there exists C;, > 0 such that

lo(z) — @(y)| < Crdsr(z,y) (z,y € TY).

Peierls’ barrier is defined as

A (x,y) = litm inf [A;(z,y) —a[H]t] (2,y € TY. (3.3)
— 00
LEMMA 3.2. Foranyz, y, z € T there holds
A7, 2) < Aso(z,y) + Asc(y, 2) (3.4)
and,
A (z,2) < Ass(z,y) + Ai(y, 2) — a[H]t for any t > 0. (3.5)

REMARK 3.1. Note that, combining (3.5 and (3.2)) we have that Peierls’ barrier is domi-
nated by L — a[H|. Moreover, it is well-known that this implies that A, (z, -) is a subsolution
to the critical equation

alH)+H(z,Dx(z)) =0 (z€T%).

3.1. Properties of Peierls’ barrier. In this section we derive several properties of Peierls’
barrier. For example, we prove that A (x,-) is a fixed-point of the Lax-Oleink and we give a
construction of calibrated curves for such a function.

First, we observe that a fixed-point of the Lax-Oleinik semigroup can be equivalently written
as

x(x) = m%rn{x(y) + Ay, x)} — a[H|t, Vt>0,Vxe I (3.6)
y€Td

and it is a solution of
o[H]+H(z,Dx(r)) =0, z¢eT% (3.7)

LEMMA 3.3. Let x be a fixed-point of 'T;. Then, X is locally semiconcave.

PROOF. Let y;, € T be the minimum point associated with (¢, z) in (3.6). Then, for any
t >0, z, h € T? we have that

x(@+h)+ x(x —h) —2x(z)
<X (Wea) + X(We) = 2X(Wew) + At(Yrw, ¢ + h) + A(Yrw, v — h) — 24(Y1 0, )
=AYtz +h)+ A(Yp,x — h) — 2A(Yt.2, ).

The conclusion follows from the semiconcavity of A;(yy., ), proved in [12, Theorem 1]. O
The following technical lemma is useful for the analysis of the Aubry set.

LEMMA 3.4. Let (x,y) € T*". Let {t,}nen € R and (v, un) € T, " be such that

ln

t, = +00 and lim L(Yu, (8),un(s)) ds — a[H] t, = A (z,y). (3.8)

n—-+o0o 0

T—r

Then, there exist a subsequence, still denoted by (7, u,), and a pair (3,u) € T, such that

(1) {un}nen weakly converges to u in L° on any compact subset of [0, 00);
(11) {Vn}nen uniformly converges to 7 on every compact subset of [0, 00).
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PROOF. For simplicity of notation we set h := A, (x,y). From (3.3) it follows that there
exists 7 € N such that for any n > 7 we have that

/0" L(n(s), un(s)) ds — a[H]t, < h+ 1.

On the other hand, by (L) we obtain

/OnL(%(s),un(s)) ds — a[H]t, > KI/O" ()] ds.
So,

tn h+1
n(s)]7 ds < ., Vn>n.
/0 lun(s)]7 ds < e n>mn

1
Therefore, there exists a subsequence, still denoted by {u,,}, that weakly converges to an ad-
missible control % in L? on any compact subset of [0, +o0). So, for any s € [0,¢] and any
n>n

tn ) " tn - o h+1
i [ ($)]7 ds < i [F(va(s)]7 |un(s)|” ds < 4| F[3,——— K

Hence, {7, }nen is uniformly bounded in W1 (0,¢; T¢) for any ¢ > 0. Then, by the Ascoli-
Arzela Theorem, up to extracting a further subsequence, {7, },en uniformly converges to a
curve 7 on every compact subset of [0, +00).

Now, we claim that (7, u) satisfies (2.1). Indeed, for any ¢ > 0 we have that

—x—i—Z/ ) fi(yn(s)) ds.

Thus, by the locally uniform convergence of 7, it follows that f;(v,(t)) — fi(3(t)), locally
uniformly, for any ¢ > 0, as n — oo for any i = 1,...,m. Therefore, taking v € T we
deduce that

(U, Y (1)) = (v, —1—2/ $){fi((s)),v)ds, Vt=>0.

Asn — +oo we get
(030) = (o,2) + Y / w(s)(fi(7(s)).v) ds, V>0,

Since v € T? is arbitrary, the conclusion follows. OJ

REMARK 3.2. Arguing as in the proof of [Lemma 3.4} one can prove the following. Given
h € R, {t,}nen and (Y, u,) € Ff;fo such that

0
t, =& +oo and lim L(vu, (), un(s)) ds — a[H] t, = h,

n—-4o0o t
—tn

there exists a subsequence, still denoted by (+,, u,), and a trajectory-control pair (7, ) such
that

(7) {un}nen weakly converges to @ in L7 on any compact subset of (—oo, 0];
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(12) {"n}nen uniformly converges to 4 on every compact subset of (—oo, 0].
a:—)y

Moreover, given z, y € T¢ there exists {t, }neny With £, T 0o and (7, u,) € I'",%, such that

Ay(z,y) = lim L(vn(8),un(s)) ds — a[H]| t,.

n—oo J_, .
Next we show that there exists a calibrated curve for Peierls’ barrier A (z, -) at any x € T<.

PROPOSITION 3.1. Let € T Then, for any y € T there exists (y,u) € I'_2 , cali-
brated for A (x,-) in [—t,0] forany t > 0, i.e., (7, u) satisfies
0

Anley) = Anle3(-0) = [ LO(s)a(s) ds —alH]t, Vez0.  (9)
—t
PROOF. Fix z,y € T and let {t,, }nen, (7n, un) € T, be such that

0
t, — oo, and lim L(vn(s),un(s)) ds — a[H|t, = A (x,y).

n—oo
—tn

Then, by [Remark 3.2| there exists (7, @) such that u,, weakly converges to @ and +,, uniformly
converges to 7, on every compact subset of (—oo, 0].

Fix t € [0,00), take n € N such that d,, = dsg(7(—1),7.(—t)) < land ¢, > ¢t + 1. Let

(70, wo) € FA’t( tld "™ be a geodesic pair and set

7 (s) = {un(s), 5 € [~tn, ]

up($), s € (—t,—t+d,).

We denote by 7, the associated trajectory, that is, (3, U,,) € FZ?WE t—t‘,—) iy

Then, defining the control u,,(s) = u, (s + t,), so that (Y, U,) € Fg?_t +a,» by (L) we get
Aty —tra, (2,7(=1)) — a[H](t, — t +d,)

< /0 " LG(s),Tin(s)) ds — a[H](t — t + d)
—t+dp

:/ LG (s), () ds — a[H](t, — t +d,)

= /_t L(VH(S);UTL(S)) ds + /_t ' L(VO(S),UQ(S)) ds — a[H](tn —t4 dn).

Since [|1o|[oo,[—t,—t+d,] < 1, by (L) we obtain

7t+dn
/ Lv(s), uols)) ds < 21 L(, )l mors

t
and so

Aty —tra, (,7(=1)) = alH](tn = + dn)

< [ L) unls)) s+ RILC ror, — alHDdn — alH](t ~ 1)

tn
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Hence, by the definition of Peierls barrier we have that

Aoz, 7(—t)) < lim inf {Atn_ﬁdn (2,7(—t)) — a[H](tn — t — dn)}.

n—-+o0o

Appealing to the lower-semicontinuity of the action, we obtain

[ 1066, 5(5)) ds — o] < ming {/ " L(3a(s),10(5)) ds — al ] t}.

¢ n—-+0oo ¢
Therefore, combining the above estimates we get

0

A, 3(—1)) + / L(3(s), a(s)) ds — a[H]t

—t

< liminf {Atn—t+dn (@,5(=t)) — a[H](tn =t — d”)}

n—-4o00

+/ L(y(s),u(s)) ds — a[H]|t

—t

< timinf { 2L(,)|cizim, — olH])dn

n—-+o00

b [ B0l o ds = e, - )

tn

+ liminf{/OL(%(s),un(s)) ds — ol ]t}

n—-+00 ¢
By reordering the terms inside brackets we conclude that

0

A, 3(—1)) + / L(3(s), a(s)) ds — a[H]t

—t

< timinf { 2IILC, ) loanm, — lH])dy

n—-+o0o
0

4 LO(s), un(s)) ds — a[H] tn} = A(z,y).

Therefore, -
Anle.y) = A3 (=0) > [ D((s),(5)) ds = al] (3.10)
Next, we claim that
Aco(@,y) — Aco(z,7(—1)) < /_t L(3(s),u(s)) ds — a[H]t. (3.11)

Indeed, by we have that

Hence, defining the control
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and denoting by 7 the associated trajectory, we deduce that

< / L(5(s),(s)) ds — alH]1
_ / L(3(s), a(s)) ds — a[H]¢.

—t

By combining (3.10) and (3.11)) we obtain (3.9). O

Next, we proceed to show that, for any point x € T¢, the Peierls barrier A, (x,-) gives a
fixed-point the Lax-Oleinik semigroup.

COROLLARY 3.1. For each v € T¢ we have that the map y — A, (z,y) is a fixed-point of
T;, thus a solution of (3.7), on T

PROOF. Note that 7, constructed in [Proposition 3.1} turns out to be calibrated for A (z, )
on any interval [—¢,0] with ¢ > 0 and, thus, by we deduce that such a curve is also a
minimizer for the action A,(x,7(—t)). From we have that the map y — A (z,v)
is a subsolution to the critical equation for any z € T%, whereas in view of the fact that 7 is a
minimizing curve we also have that such a map is a supersolution for the critical equation.

In order to show that A (z, -) satisfies (3.6)), let z be in T?. Then, (3.3) yields

Aco(@, 2) < minfAc(z,y) + Ay, 2) — a[H] 1}

Now, by |Proposition 3.1| we have that for any z, z € T there exists (7,u) € '~ such that

Al,2) = Al 3(-0) = [ L3(s),a(s)) ds — alH],

—t
Consequently, there exists y, . € T? such that
Aoo(x> Z) = Aoo(xv yaz,z) + At(yx,za Z) - Ct[H] t.
This shows that A (x, -) satisfies for any = € T O
3.2. Projected Aubry set. In this section, we define the Aubry set and begin by showing

some extra properties of Peierls’ barrier on such a set. We conclude by proving that the projected
Aubry set A is a compact subset of T?.

DEFINITION 3.2 (Projected Aubry set). The projected Aubry set A is defined by
A={zeT?: Ag(z,z) =0}.
THEOREM 3.1. A is nonempty.

PROOF. We proceed to show that the a-limit set of calibrated curves to A, which is known
to be nonempty from the compactness of the state space, is a subset of A. To do so, appealing
to Proposition let ;o and let yo € T and consider (v, u) € I_%, calibrated for A (o, -).

For simplicity of notation, we denote by () the a-limit set of the calibrated curve 7. Let x € (2.
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Then, there exists {¢, },en With ¢,, T 0o such that lim,, ,, y(¢,) = x. Fix,e > 0and ny, ny € N
such that

1
|tn1 - tn2| > E? and 7<_tn1)7 7(_tn2) € B€(x)

where B.(z) denotes the ball of radius ¢ and center x w.r.t. sub-Riemannian distance. Set d; =
—tn x x —tn
dSR<I7 ’7(_tn1))’ dy = dSR(xa ’7(_25712) and let (517 U1> < Fz(tnl—l—lc;:—tnl’ (527 u2) el )

_th y_th _d2
be two geodesic pairs. Define the trajectory-control pair (¥, @) € F”ﬁ?nz_ doy—tn, +dy S follows

ug(s), S € [—tn, — do, —tp,]
u(s) =S u(s), s€ (—tny, —tn,]
ur(s), s € (—tny, —tn, +di.
So, we have
tinf [Ay(z,x) — a[H] 1]
e
< Ag (z,9(=tn,)) + At7L2—tn1 (Y(=tny)s V(—tny)) + Agy (V(—tny), ) (3.12)

— aH]|(th, — tn, +di + d2).
Note that, since v(—t,,), 7(—tn,) € B:(x) and (&1, u1), (&2, uz) being geodesics we immedi-
ately obtain
Ag;(2,7(=tn,)) — alH] di < (|L(; oo raxp, +alH]) e (i=1,2). (3.13)

Hence, it remains to estimate Ay, (Y(—tn,, —tn,) — @[H](tn, — tn,). Recalling that (v, u)
is calibrated for A (zo, -) and that A.(-) is a fixed-point of 7; we deduce that

Ath_tnl (7(_tn1)7 ’V(_tm)) - a[H] (tm - tm)
= Ao, Y(—tny)) — Aco(T0, ¥(—tny)) < Crdsr(V(—tn,), V(—tny)) < Cre. (3.14)

Finally, combining (3.13)) and (3.14)) with (3.12) we get
inflAi(z, 2) — alH|t] < (Co +[ILC, Moo paxm, + [ alH]]) e

€

that yields to the conclusion taking the supremum over € > 0 on the right hand side. U
Next, we provide a characterization of the points in .A.
THEOREM 3.2. Let x € T Then, the following properties are equivalent.
(i) v € A

(ii) There exists a trajectory-control pair (Y, uy) € 75 0 NG such that

Ae(u(t), ) = — / L(va(s), us(s)) ds + o H] ¢ (3.15)
and

A=) = = [ L0w(s)uelo) ds +al )1 (3.16)

—t
Moreover, the trajectory -y, in (ii) satisfies

(t) € A, teR. (3.17)
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PROOF. We start by proving that (7) implies (¢z) and, in particular, we begin with (3.15].
Since x € A, we have that A (z,2) = 0. So there exist {t, },en and (7,7, w}) € ['§7* such

that
tn

t, = 400 and  lim L(vf(s),uf(s)) ds — a[H]t, = 0. (3.18)

’'n
n—-+4o0o 0

Then, by there exists (7,7, uy ) € I'§ 3, such that u;” weakly converges to u; and -
uniformly converges to «y;", on every compact subset of [0, 00), respectively.

Fix t € [0, +00) and fix n large enough such that d,, := dsr (7 (¢), 7, (t)) < landt+ 1 <

tn. Let (y0, up) € FZ{ f;): () pe a geodesic pair and let u,, € L?(t,t, + d,,) be such that

i(s) = uo(s), s € [t,t +d,]
" ut(s —dy), s € (t+dy,t, +dyl,

o~ ~ + . .
so that, (3, Up) € FZZ@ZLI. Then, recalling that ||u||o t,t+4,] < 1 We obtain

t"l‘dn
/ L (s),u () ds < 2| L0, oo s,
t

Hence,
/t " LGa(s), T(s)) ds = / " Lvo(s), uo(s)) ds + / L)) ds
tn+dn+n
<UL o+ [ L), (5) s

—x

+
Now, defining ,,(s) = w, (s + t), that is, (3, Uy,) € ng;ff_)t , we get

Ass(77 (1), @) < liminf [Ay, 14, — o[H](t, + dy — 1)]

n—-+o00

tn+dn—t
< liminf [/0 L(n(),Tin(s)) ds — a[H] (b + dy — £)

n—-+o0o

< liminf | /t O (). wo(s)) ds + /t L G(s), T(s) ds

n—-+o0o +d,

— a[H](t, + dy, — t)}

< timinf 2120 o dnt [ L = du)ui (s = do)) ds

n—-+4o0o t+dy,

— a[H](tn + dy, — t)}

n—-+o0o

=]

= timinf (2120, cmim, — alH)dit [ LOF () ui(5) ds
| HORB

—alHt, — | Ly (s),ul () ds + a[H] t].

t
0
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Then, by (3.18)), the uniform convergence of +,, the fact that d,, | 0 and the lower semicontinu-
ity of the functional we deduce that

/0 Liv*(s),u? (5)) ds — a[H]t + Ang(r (1), 2) < 0.

Moreover, since A, (x, ) is dominated by L — «[H| we also have that

Ao, 77 (1) = Ao, 97 (1)) — Acol(,7) < / L (s),u (s)) ds — a[H]t

and by (3.4) we know that A (x, v, (t)) + A (7, (t),2) > 0. Therefore, we obtain

/0 Ly ()t (5)) ds — a[H]t + Ao(r (1), 2) = 0.

Similar arguments show that there exists (7, ,u, ) € I'Z%  such that (3.16) holds. By taking
the sum of (3.13) and (3.16)) one immediately get that (ii) implies (i). Finally, observe that the
inequality

Aco(72(1),72()) <0 (L € R) (3.19)

suffices to show (3.17). Indeed, by we have that A (7,(t),72(t)) > 0. In view of
(3.4), the following holds

Ass(2(t), 72 (1)) < Acc(12(t), ) + Acc(z,%(t)) (€ R). (3.20)
Hence, combining (3.13) and (3.16) with (3.20) we get (3.19). O

We conclude this section showing that the projected Aubry set a compact subset of T¢.

PROPOSITION 3.2. A is a closed subset of T

PROOF. Let {z,}.cn be a sequence in A such that lim x,, =z € T<. We have to show that

n—oo
r e A
By definition we have that there exist subsequence, still labeled by {¢,, },en, and { (7, , U, ) tnen €

g7 7* such that

tn |
/ L, (), ug, (s)) ds — a[H|t, < —.
0

n

Then, by there exists (7, @) such that u,, weakly converges to @ and +y,, uniformly
converges to 7, on every compact subset of [0, 00), respectively. Let us define d,, = dsg(x,, x)
and the control

uy(s), € [—dy, 0]
Un(s) § un(s), € (0, tn]
ub(s), s € (tn,tn + dy]
where (77, ut) € I'";"; and (v3,uf) € [, are geodesic pairs, on their respective inter-

vals. Hence, we have that (,,, u,) € I'"5%, ., . Let us estimate [77'(-)| (the same estimate can
be obtained for |5 (-)|). Since ||u}||oo,-d,,00 < 1, We obtain

/ L), w0 (5)) d5 < duZ(, ) oopins,

—dy,



AUBRY-MATHER THEORY 13

Thus, we get
Aoo(z,z) <liminf [A;, 104, (2, 2) — a[H](t, + 2d,)]

n—oo

<liminf (/_0 L~ (s),ut(s)) ds + /Otn L(vn(s),un(s)) ds — a[H]t,

n—o0

dn
tntdn 1
+/ L(v5(s),uy(s)) ds — 2 a[H] dn> < ILm (anHL(-, Meoorixs, + E) =0.
tn n—oo
The proof is thus complete since, by definition, A, (x, z) > 0 for any z € T U

3.3. Horizontal regularity of critical solutions. In this section we show that any fixed-
point of the Lax-Oleinik semigroup is differentiable along the range of ' (see the definition
below) at any point lying on the projected Aubry set.

DEFINITION 3.3 (Horizontal differentiability). We say that a continuous function 1\ on

T is differentiable at x € T along the range of F(x) (or;, horizontally differentiable at x) if
there exists q, € R™ such that

b Fa)) = 9() — {ge,0)

v—0 ’U|

=0. (3.21)

Clearly, if ¢ is Frechét differentiable at x, than ¢ is differentiable along the range of F'(x)
and q, = F*(x)Dv(x). For any ¢ € C(T?) we set Djyp(z) = F*(z) D ().

LEMMA 3.5. Let oy € C(T4) be locally semiconcave. Then, 1 is differentiable at v € T
along the range of F(x) if and only if Df(x) = {q. }.

Hereafter, the vector ¢, given in will be called the horizontal differential of 1) at
x € T? and will be denoted by Dp1)(z).

The next two propositions ensure that any fixed-point of 7}, denoted by Y, is differentiable
along the range of F' at any point lying on a calibrated curve . The proof consists of showing
that Dy is a singleton on .

PROPOSITION 3.3. Let x be a subsolution to the critical equation and let (v, u) be a
trajectory-control pair such that v : R — T% is calibrated for . Then we have that

alH]+L*(y(1),p) =0, VYpe€ Dpx(y(r))
forall T > 0.
PROOF. On the one hand, since Y is a subsolution of (3.7)) we have that for any 7 > 0
alH|+H(y(1),p) <0, Vpe D x(y(1)).
So, recalling (2.7) and the fact that D} x(z) = F*(x)D*x(z) for any z € T¢ we get
alH]+L*(y(7),p) <0, ¥pe Dix(y(1)) Y7 > 0.

Thus, it is enough to prove the reverse inequality.
Let7 > 0and 7 > h > 0. Since 7 is a calibrated curve for x we have that

KO =X = 1) = [ L) u(s) ds = al]
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Then, by the definition of superdifferential we get
X(v(7)) = x(v(7 = h)) < (p,7(7) = (7 = h)) + o(h)
= ([ s ds) ot = [ ) ds-tolt)

Therefore,

| r sy ds—almin < [ @ Gl uls) ds + o)

or

~alf] <5 [ (P OERuE) - LoE,u() ds o)

</ L*(3(s), F*(+(s))p) ds + o(1).

Thus, for h — 0 we conclude that
alH|+L*(y(7), F*(v(7))p) = 0. O

PROPOSITION 3.4. Let x be a fixed-point of the Lax-Oleinik semigroup and let (v, u) be
a trajectory-control pair such that v : (a,b) — T is calibrated for x, where —c0 < a <
b < 4o00. Then, for any T € (a,b) we have that x is differentiable at v(7) along the range of

F(y(7)).

PROOF. We recall that, owing to X is semiconcave. Moreover, [Proposition 3.3
yields

alH]+L*(y(r),p) =0, Vp € Dp(x(y(7)), V7 € (a,b).

Since L*(z,-) is strictly convex and the set D} x(x) is convex, the above equality implies that
D x(y(7)) is a singleton. Consequently, ensures that x is differentiable at (1)

along the range of F'(y(7)). O
We are now ready to prove the differentiability of any fixed-point of 7; on the Aubry set.

THEOREM 3.3 (Horizontal differentiability on the Aubry set). Let x be a fixed-point of
Ty. Then, the following holds.

(i) For any x € A there exists y, : R — T<, calibrated for x, with v,(0) = x.
(i1) x is horizontally differentiable at every x € A.

PROOF. We begin by proving (i). Let z € A and let (v,,u,) € 25, N TG be the

trajectory-control pair given by [Theorem 3.2] We claim that ~, is calibrated for x. By (3.6) we
have that x < L — «[H] and, for any ¢ > 0, the following holds

Xelt) = X(@) < [ L(s). () ds = ol
Moreover, in view of we deduce that
X(I) - X(Vx(t)) < As(’ym(tL l’) - Oé[H] S
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for any s > 0. Thus, since 7, is calibrated for A (-, z) we get

(@) = (1 (8)) < A (a(t), 2) = — / L(7a(s), us(s)) ds + o[ H] ¢

This proves that v, is a calibrated curve for x on [0, c0). Similarly, one can prove that the same
holds on (—o0, 0]. Moreover, for any s, ¢ > 0 we have that

X(12(t) = X(V2(=5)) = x(7=(t)) — x(7) + x(¥) — x(V2(—5))

= [ L0t ar=alile+ [ Lou(r) ulr) dr = al)s

—S8

- / L(ya(r), ua(r)) dr — a[H](¢ + 5),

—S8

and this completes the proof of (7). Conclusion (z2) follows from () and |Proposition 3.4] ]

COROLLARY 3.2. Let x be a fixed-point of T}, let x € A, and let 7y, be calibrated for x on
R with 7,(0) = x. Then, v, satisfies the state equation with control

uz(t) = DpL*(7:2(t), Drx(1:(1))), VteR.
Moreover,
Drx(72(t)) = DuL(7:(t), us(t)), Vt€R.

PROOF. Let x be a fixed-point of 7}, let x € A and let 7, be a calibrated curve for x. Let
u, be the control associated with «y,. Then, from the maximum principle and the inclusion of
the dual arc into the superdifferential of the corresponding value function, e.g. [13, Theorem
7.4.17], it follows that for a.e. t € R

(Drx(12(t), ua(t)) = L(72(t), ua(t)) + L™ (12 (t), Drx(1a(t))-
Notice that, Dpx(7.(t)) exists by |Proposition 3.4, Hence, by the properties of the Legendre
transform and the fact that t — D, L*(7,(t), Drx(7.(t))) is continuous on R, we conclude that
u, has a continuous extension to R given by u,(t) = D, L*(7.(t), Drx(7:(1))). O

REMARK 3.3. Following the classical Aubry-Mather theory for Tonelli Hamiltonian sys-
tems, one could define the Aubry set A C T¢ x R™ as

A= n{(x,u) € AXR™: Dpx(x) = D,L(z,u)}
where the intersection is taken over all fixed-point x of the Lax-Oleinik semigroup.
4. Minimizing measures and critical constant

4.1. Horizontally closed measures. We begin by introducing a class of probability mea-
sures that adapts the notion of closed measures to sub-Riemannian control systems. Set

P &) = { e PT xR s [

TdxR™
and for k > 0 let P7(T? x R™) be the subset of P?(T? x R™) such that x € P7(T? x R™) if

/ lu|” p(de, du) < k.
TdxR™

|ul” p(dz, du) < oo}
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Note that, since P?(T? x R™) is closed w.r.t. distance d; by Prokhorov’s Theorem P? (T4 x R™)
is compact w.r.t. distance d; for any x > 0.

DEFINITION 4.1 (F-closed measure). We say that ;1 € P°(T? x R™) is an F-closed
measure if

[ P @)Dete). ) aldndn) =0, ¥ e CH(T)
TdxR™
We denote by Cr the set of all F-closed measures and we set Cf. = Cr NP7 (T? x R™).

Closed measures were first introduced in [22, 23] and then used, for instance, in [19] in
order to overcome the lack of regularity of the Lagrangian. Indeed, if L is merely continuous,
then there is no Euler-Lagrange flow and, consequently, it is not possible to introduce invariant
measures as it is customary, see for instance [18]]. Similarly, in our setting, such a flow does not
exist: for this reason, the use of closed measures turns out to be necessary. Moreover, as we
will show in the next result, such measures collect the behavior of the minimizing trajectories
for the infimum in (2.3) as 7" — oc.

We now proceed to construct one closed measure that will be particularly useful to study
the Aubry set. Given o € T, forany T' > 0 let the pair (Vz,, us,) € I'g% be optimal for (2.3).
Define the probability measure ,ufo by

1 [T
/ oz, u) pl (d, du) = T/ O(Vao (1), Uy (1)) dt, ¥ o € Cp(T4 x R™).  (4.1)
TdxR™ 0
Then, we have the following.

PROPOSITION 4.1. The sequence { ,ufo}T>0 is tight and there exists a sequence T, — 00
such that i, weakly-* converges to an F-closed measure ji3;.

PROOF. First, by definition it follows that {Wlti,ufo }rs0 has compact support, uniformly in

T. Thus, such a family of measures is tight. Let us prove that {mfu’ } 7~ is also tight.
On the one hand, by the upper bound in (2.2)) we have that

1 I
Vo) < 7 [ Lao.0) ds < 126 0)

On the other hand, since (7, 4., ) is @ minimizing pair for Vr(z), by the lower bound in (2.2))
we get

FVrtan) = 7 [ L (0) sy (0) d

[ M) > [ (Rl = Ko) i )
TdxR™

TdxR™
Therefore,

Ko [ el ity o du) < 2, 0) o + K
TexR™

Consequently, the family of probability measures {7r2ti,u3;0 }r>o has bounded (w.r.t. T) o-
moment. So, {mafil }rs is tight.
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Since {mi§u }rso and {mafpul }7so are tight, sois {ul }rso by [5, Theorem 5.2.2]. There-
fore, by Prokhorov’s Theorem there exists {7}, }nen, wWith T, — oo, and 2 € P7(T? x R™)
such that glr —* p2°.

We now show that 427 is an F'-closed measure, that is,

[, @D, . =0 (e CH(T)

By definition we have that

/’JTd B (F*(z)Dy(z), u)pir (dz, du) = %n/o ' (F* (g (1) Dt (Y () 1y (1))
- Tin/o : <D¢(”Yzo(t),%o(t)> dt = w(’ny(Tn])ﬂi — w(l‘o)

So, in view of the compactness of the state space we obtain

/ <F*(ZL')D¢(£L'),U> uiz (d:L'7 du) — lim ¢(7xo (Tn)) - w(l‘o)

n—00 T,

= 0. UJ

The following property, which is interesting in its own right, will be crucial for the charac-
terization of the critical constant derived in below.

PROPOSITION 4.2. We have that

inf / L(z,u) p(dzx,du) = — inf sup H(z, Di(x)). (4.2)
TdxR™

weCr YECH(TY) yed

The following two lemmas are needed for the proof of [Proposition 4.2]

LEMMA 4.1. We have

inf / L(z,u) p(dx, du)
TdxR™

HECF

= inf sup / (Lx,u —(F*(2\D x,u) dx, du).
HEP(TIXR™) e c1(Td) JTd R (@, u) = {F*(2) DY (), w) | 1 )

4.3)

The proof of the above lemma is based on an argument which is quite common in optimal
transport theory (see, e.g., [27, Theorem 1.3]). We give the reasoning for the reader’s conve-
nience.

LEMMA 4.2. Let ¢ € C(T¢ x R™) be such that
do < ¢(x,u) < Cy(1+ |u?), V(z,u) € T x R™

for some constants ¢y € R and Cy, > 0. Let {1} jen € P?(T? x R™) and let ;i € P*(T? x R™)
be such that j1; —* |1 as j — oo. Then, we have that

lim inf/ od(z,u) pj(de, du) > / o(z,u) p(de, du). (4.4)
TdxR™

J—roo TdxR™
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Proof of |[Proposition 4.2} We divide the proof into two steps.
(1). We will prove that

inf sup /T . (e ) — (P (@)D (a), ) (e, )

neEPI (TdxR™) PeC(T?)

= sup inf /deRm (L(x,u) - <F*(x)D¢(x),u>) p(dx, du).

PYEC(TY) HEPT (TdxR™)

4.5)

For the proof of we will apply the Minimax Theorem ([25, Theorem A.1]) to the functional
F:CHTY) x P7(T* x R™) —= R
defined by
P = [ (1) = (P @)D0@). 1)) pldr, o)
To do so, define
¢ = 2|lL(:, 0)|oo-
In order to check that the assumptions of the Minimax Theorem are satisfied we have to prove

the following.

(i) € :={pe P (TxR™): F(0,n) < c*} is compactin (P (T x R™), d, ). Indeed,
for any given € P?(T¢ x R™) we know that the support of mfiu is contained in
T9. Moreover, the assumption (L) implies that for any i € £ we have that the family
{mofp1} ce has bounded o moment and, therefore, it is tight. Thus, y is tight by [5,
Theorem 5.2.2] and & is compact by Prokhorov’s Theorem.

(i) The map p +— F (¢, i) is lower semicontinuous on & for any v € C*(T¢). This fact
follows from Lemma

Therefore, by the Minimax Theorem we obtain (#.5).
(2). In order to complete the proof we observe that, in view of (4.3) and #.3),

inf / L(z,u) p(dx, du)
TdxR™

HECF

= inf sup /de]Rm <L(I,u) - <F*(J;)Dw(x),u>> p(dx, du)

HEPT (T4xR™) YECL(T)

— sup inf /T . <L(:B,u) — (F*(2) D (), u>> p(dz, du).

YeC(Td) UEPT (TdxR™)

Now, assumption (L) ensures the existence of

min {L(:v,u) - <F*(x)D¢(x),u>}.

(z,u) €T XR™
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Therefore, by taking a Dirac mass centered at any pair (7, %) at which the above minimum is
attained, one deduces that

sip i /T . (Lix ) — (P (@)D(a). ) (e, )

peC1(Td) HEP? (TdxR™)

= sup min {L(az‘,u) - <F*(:C)Dw(:c),u>}.

YECL(TT) (z,u)€TExXR™
= sup (— max {(F*(:U)Dw(:v),u) — L(z, u)})
YECL(TT) (@,u)€Te X R™

— — inf  max {(F*(x)Dw(x),u>—L(x,u)}

PYeC(TY) (z,u)eTEXR™

=— inf max H(x, DyY(x)).

$peCL(Td) z€Td

We observe that the last inequality holds because

max {<F*<x>pw<x>,u> . L(x,u)}

(@, u)€TE X R™

= max sup {(F*(I)Dqﬁ(a:),u) - L(ﬁ,u)} = max H(x, Dy(x)).

z€Te ycRm z€Td

This completes the proof. ]

THEOREM 4.1. The following holds:

alH| = min/ L(z,u) p(dx, du). (4.6)
TdxR™

HECF

Once again, we need a lemma for the proof of

LEMMA 4.3. Let x be a solution of the critical equation. Then, there exists a constant
K > 0 such that, for any ¢ > 0

a[H]+H(z,Dx.(z)) < Ke VazeT, 4.7)
where x.(z) = x * &(x) and & is a smooth mollifier.
Proof of Observe that it is enough to show that there exists £ > 0 such that for

any K > ko we have

neCy

alH] = inf /]Td . L(z,u)p(dz, du).

First, we recall that by [11, Theorem 5.3] we have that

.17
O{[H] _TLHJrrloo TU (O>
Hence, appealing to and recalling that L(x, u) > — K5 we obtain
alH| = lim L(z,u) pd (dz, du) > / L(z,u) pg(dx, du). (4.8)
T—o0 Jrdxgrm TdxR™
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Here, we recall that ' is defined by

1 T
/ o(x,u) pd (dz, du) = T/ o), up(t)) dt, V¢ € Cy(T x R™)
TdxR™ 0

with (7o, ug) € T')7 optimal for (2.3) and 1§° denotes the limit measure of {/.§ } 7o constructed
in [Proposition 4.1] So, setting

L0+ K
=
Ky

we have ;5° € Cj for any k > Ko, which implies

«[H] > min /Td . L(z,u) p(dz,du) (VK > ko).

neCE

Next, by [Proposition 4.2| we have that for any 1) € C1(T¢)

inf / L(z,u) p(dx,du) = — inf sup H(x, Dip(x)). 4.9)
TdxR™

neCp YECH(T?) yed

Let x be a fixed-point of T;. For ¢ > 0 let x.(x) = x * £&°(x), where £° is a smooth mollifier.
So, Lemma 2.3 yields
alH)|+H(z,Dx.(v)) < Ke, x€T%

Then, using x. to give a lower bound for the right hand side of (4.9)) we obtain

inf / L(z,u) p(dzx,du) > — sup H(z, Dx.(z)) > a|H| —K ¢.
HECF Jdypm

z€Td

Hence,

min/ L(z,u) p(dx,du) > inf / L(z,u) p(dz, du)
HECE Jpdpm HECF Jdygm
> a[H]|-Ke (YK > ko)

as e | 0 we get

min/ L(z,u) p(dz, du) > o[H]
TdxR™

neCrk
for any Kk > kg and this completes the proof. U

COROLLARY 4.1. For any xy € T? we have that

alH] = /’]I‘d . L(z,u) pg, (dw, du)

where i3 is given in|Proposition 4.1}
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4.2. Strongly closed measures. Here, we restrict the notion of F'-closed measures in order
to allow test functions to be semiconcave, which is, a larger class of test functions than the space
C' considered in

For brevity of notation we denote by SC(T¢) the set of all semiconcave function defined on
T<. Moreover, we introduce the one-sided horizontal directional derivative

_ i P+ hE()0) — o(z)
Orte ) = Jy SR

, @€ SC(TY

at any point z € T and direction § € R™.

DEFINITION 4.2. We say that u € P°(T? x R™) is a strongly F-closed measure if
/ Opp(z,u) p(dr,du) =0, V¢ e SC(TY).
TdxR™

We denote by Cy. the set of all F-closed measures and by Cz (k) = C3 NP2 (T? x R™).
LEMMA 4.4. C2(k) is a compact subset of PZ(T¢ x R™) w.r.t. distance d,.

PROOF. Let ¢ € SC(T?), let {4 tren C C3 be such that g, —* pand let z € T, h € T¢
u € R™. Let w be the modulus of semiconcavity of . Then, we have

p(r +hF(x)u) — p(x) < (p, hF (2)u) +w([B])|uf*, ¥ p € Dfp(z).
So, dividing by A > 0 we get

oz + hF(::L)u) — ) o Pl + = lul’, ¥p€ Digla).

So, taking the minimum over p € D}.¢(x) on the right-hand side we have that
p(x+ hF(z)u) — p(x) w(|h])
h h
Then, integrating the above inequality w.r.t. 11, we obtain

/ p(z + hF(x)u) — p(z)
TdxR™ h

w([h])

< Opp(z,u) + Jul.

h
<[ oretew pe(d ) + ) [l i,
TdXRm ’]l‘dXRm

Hence, as k& 1 co we get

/WX]RW oz + hF(z)U) — () pu(dz, du) < w(]|1h|) /MRM ul? (e, dur).

and, as h — 0™ we have
/ Orp(z,u) p(dr,du) <O0.
Td xR™

Next, we proceed to show that

/ Orp(z,u) p(dr,du) > 0.
TdxR™
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Again from the semiconcavity of ¢ we have that
p(z + hF(z)u) — () > ({p, hF(x)u) —w(|h)ul®, ¥p € Dyp(a + hF(x)u).

Appealing to the compactness of the state space and the upper-semicontinuity of the superdiffren-
tial we have that for any R > 0, and any ¢ > 0 there exists h(R, ) > 0 such that

Dio(x + hF(z)u) C Dip(z) +eB), VaecT% Yue BgVh<h(R,e).

Hence,
p(x + hE(z)u) — p(z)
h

Integrating w.r.t. 1, over T x By we get

/Td i 90(3: + hF('z)u) _ 30(1‘) ,uk(dx,du)

> drele,) - (slul + )

> [ ompamindn - € (=425 [ o s au)
TdXBR TdXBR

So,
t/‘ Opep(x, u) pu(dz, du)
TdXBR

= [ orew mldndu)+ [ Orele,) pulde, du)
TaxR™

T xB$
C

>
T 1+R

Thus, as k — oo we get

pl + hF(x)u) — p(x) w(lhl) =1
dz,du) > —C :
Aw% h plede,du) 2 =Cr \ e +=0 + 7
Next, fix o > 0 and let R be such that RLH < g, lete < o. Then,
hE —
/ el £ hF(@)u) = o) p(dx, du) > 20 + o(|h]).
TdXBR h
The conclusion follows as h — 07 and since o is arbitrary. U

Next, we recall the construction of measures p! for 7 > 0 and, as before, we proceed
to show that, up to subsequence, such measures weakly-* converges to an F'-strongly closed
measure. Given zo € T, for any 7' > 0 let the pair (Va,, us,) € I'g% " be optimal for 23).
Define the probability measure ,ufo by

1 (T
/ o(x,u) ,ufo(dx, du) = T/ O(Vao (1), Uz (1)) dt, ¥ @ € Cy(T x R™).  (4.10)
Td x R™ 0

Then, we have the following.

PROPOSITION 4.3. The sequence {ji} Y1~ is tight and there exists a sequence T, — o0
such that i, weakly-* converges to an F-strongly closed measure ji;.
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PROOF. Proceeding as in [Proposition 4.1| one immediately gets that there exists a subse-
quence {7, } ey and a probability measure 430 such that i, weakly-+ converges to p2°. Let us
show that 27 is F'-strongly closed, i.e., we have to show that

/ Opp(z,u) p(dz,du) =0, V¢ € SC(TY).
TdxR™
Fix ¢ € SC(T?). Then,
h/n aF%KaUzO Nx0<dx dU)
TdxR™

L (T o) + hE((0)u(t) — e((1)

= — lim 14
T o h—0t h
o 1 TR To(y(t 4+ R) = e(r(t) | e(y(t) + hE(y(#)ult) — e(y(t +h))
= Fk/o { h * h .
Recalling that since ¢ € SC(T¢) then p € W1H>°(T4), we immediately get
‘@(’7( ) + hE(y(t))u(t)) —@(V(th))‘
h
Dyl hF — h
< 1Dl (®) + (z(t))U(f) U)o 1Dl ).
On the other hand,
L Mot +h) —e(y®) _ 1 [ [T o(r(1) (1)
7 ), i g | e [l
1 Me(y(t) L[5 p(y(t) 2
=T ) Tk dt—ﬁ N dtﬁ—kH@Hoo-
Thus, as k£ 1 oo we conclude
/ Opp(x,u) p(dz,du) =0, V¢ € SC(TY). O
TdxR™

THEOREM 4.2. We have that

a[H] = min /]Td . L(z,u) p(dx,du).

pecs

PROOF. First, by definition

min / L, u) p(da, du) > o H].
Td x R™

S
HeCy

On the other hand,

alH] = lim L(z,u) pd (dz,du) > / L(z,u) pg(de, du)
TdxR™

T—o0 Td xR™

and the conclusion follows taking the infimum over C%. O
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5. Mather set

In this section we introduce the Mather set associated with a control system with nonholo-
nomic constraints. We show that such a set is included into the projected Aubry set and, as a
consequence, a fixed-point of the Lax-Oleinik semigroup is horizontally differentiable on the
projected Mather set. Before doing this, we prove the existence of a strict critical subsolution
(Definition 5.1|below) and, then, the existence of a semiconcave strict critical subsolution which
is, consequently, globally Lipschitz continuous w.r.t. the Euclidean distance.

5.1. Lax-Oleinik semigroup and viscosity solutions. In this section we investigate the
relation between the Lax-Oleinik semigroup and viscosity solutions to

o[H]+H(z,Dx(x)) =0, z¢eT%

Before proving the main result of this section we need a technical lemma on the propagation
of regularity along optimal pairs via the inclusion of the dual arc in the subdifferential of the
value function. The proof of the following lemma can be obtained by adapting the arguments
in the proof of [13, Theorem 7.3.4] to control-affine state equations.

LEMMA 5.1. Let ¢ € C(T%), let (t,x) € [0,00) x T and let (y,u) € Ty} be optimal for

olton) = Tigle) = int Lot0)+ [ Lo(s)ats) ds}

(ru)elys
Let p : [0,t] — R? be the dual arc associated with the above problem and suppose that p(t) €
D_v,(t,x). Then,
p(s) € Dyvy(s,7(s)), Vsel0,t].
REMARK 5.1. Observe that still holds true replacing D~ v, with D*v,,, where

D*v,, denotes the set of all limiting horizontal gradients of v,,. This fact follows arguing as in
[13, Theorem 7.3.10] and [10]].

THEOREM 5.1. A continuous function v : T — R is a viscosity solution to
o[H]+H(z,Dv(z)) =0 (v €T
if and only if v(z) = Tyv(x) — a[H] t for any t > 0.
PROOF. If v(z) = Tyv(xz)—a[H]t, then the statement follows by the dynamic programming

principle.
Let us prove the converse. To do so, let v be a viscosity solution to

alH)+H(z,Dv(z)) =0, ze&T?
and define the function
o(t,z) = Tw(z), Vt>0, VoeT

So, the proof is reduced to showing that 0(t, z) = v(z) + «[H|t. From|[Lemma 3.3|we deduce
that v(¢, z) is semiconcave and, thus, Lipschitz continuous w.r.t. the Euclidean distance. This
implies that it is enough to show that 9,v(t, z) = «[H| at any point (¢, z) where v(t, x) admits
a derivative. By the dynamic programming principle it follows that v satisfies

O0(t,x) + H(x, Dv(t,z)) =0, (t,x) € [0,00) x T¢
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in the viscosity sense. Hence, we have to show that
alH)+H(z,Dv(t,x)) =0, (t,z)€[0,00) x T
Since v(t, x) < L — a[H], we have that
alH)+H(xz, Dv(t,z)) < 0.

Next, we proceed to show that o[ H]| +H (x, Dv(t, z)) > 0 holds. Let (¢,x) € (0,00) x T be a
point of differentiability of v and let (v, u) € T'y;* satisfy

t
Tla) = o(2(0) + [ L3(s).u(s) ds.
By the maximum principle and the properties of the Legendre transform we obtain
OuL(z,u(t)) € DEO(t, z)
and since v is differentiable at (¢, x) we get Dpv(t, x) = 0, L(x, u(t)). Using the fact that

H(v(s), 8uL(y(s),u(s)))
is constant we are reduced to show
alH] +H(7(0), 9.L(7(0),u(0))) = 0.
The above inequality is a consequence of since
9. L(7(0),u(0)) € D~ v(+(0))
and v is a viscosity solution to o[H| +H (x, Dv(x)) = 0. O
5.2. Strict critical subsolution.

DEFINITION 5.1 (Strict critical subsolution). A subsolution y : T — R to the critical
equation is said to be strict at v € T if there exists an open subset U C T¢ and ¢ > o[H| such
that © € U, and xy = x|U is a subsolution of ¢ + H(x, Dxy) = 0.

Before proving the existence of a strict critical subsolution to the critical equation we pro-
vide a preliminary result on the, so called, Mané potential function. We omit the proof which is
similar to the one of [19, Proposition 4.2].

PROPOSITION 5.1. Let x € T and let ¢, be function defined by
02(y) = nf[A(z,y) — a[H]1]. (5.1)
Then, ¢,(-) is a viscosity subsolution to the critical equation on T%. Moreover, ¢,(-) is a
viscosity solution to the critical equation on T? if and only if x € A.
REMARK 5.2. Since, for any z € T, ¢, is a subsolution to the critical equation
alH]+H(y, Dé.(y)) =0

on T, by appealing to we conclude that ¢,(+) is locally Lipschitz continuous uni-
formly w.r.t. z € T9.

Next, we prove the existence of a strict critical subsolution to the equation
alH)+H(x,Dx(r)) =0, zeT%
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PROPOSITION 5.2. There exists a global critical subsolution which is strict at each point
of T4\ A.

PROOF. We first show that, given z € Td\.A, we can construct a global critical subsolution
Xz : T¢ — R which is strict on an open set U,, containing z.

Let * : T? — R be defined as in (5.I). Appealing to [Remark 5.2/ we have that such a

function is a global subsolution to the critical equation and a solution to the critical equation on
T\ {0}, that is, the viscosity supersolution condition must be violated at x. So, there exists an
horizontally differentiable function # : V' — R defined on a open neighborhood V' of x such
that

O(y) < ¢®(y) fory eV, 0O(x)=¢"(xz), and «o[H]+H(x,DO(x))<D0.

Hence, we can find a constant ¢, > «a[H| and a open neighbourhood W of = whose closure is
compact and contained in V' such that

ce +H(y,DO(y)) <0 (yeW).
Next, let € > 0 be such that ¢*(y) > 0(y) + € for y € W\W and define

v2(y) = max{¢”(y),0(y) + e}, yeW.

Note that, by the choice of ¢ we have that ¢*(y) = ¢®(y) on W\W and so the function v,
can be continuously extended on T¢. Moreover, observe that () + ¢ > ¢*(z) = 0(x) which
implies that there exists an open neighbourhood U, of x such that ¢*(y) = 6(y) + ¢, and for
any y € U,, we have that ¢, + H(y, D¢*(y)) = ¢ + H(y, DO(y)) < 0. Thus, we deduce that
gbez is dominated by L — ¢, on U,.

By definition, ¢”(z) = 0. So we have that

sup{|¢”(y)| : € TN\A, y € K} < o0 (5.2)

for each compact subset K of T¢. Since the set T¢\ A is covered by the open sets U, with
x € T%\ A, we can find a countable subcover {U,, } en. Define the function

U(y) - Z 2_1k,¢$k+1 (y)
k=1

From (5.2) we have that ) -, Q%bek ., () uniformly converges on all compact subsets of T
Moreover, we have that v is an infinite convex combination of ¢**. Hence, we get that v is
dominated by L — o[ H] since each ¢"* < L — o[H] and v, is dominated by L — c with

Co alH|
C:ZQT:1+22m+1 <alH].
m#k

This yields the fact that v is a strict subsolution of the critical equation. U

5.3. Analysis of the Mather set. In order to prove the main result of this section, namely
we need to use a strict critical subsolution as a test function for closed measures.
For this, we have to construct a semiconcave subsolution, which is strict at each point not in the
projected Aubry set. This will be done by showing that, given any strict critical subsolution, for
any t > 0, the function 7}v : T? — R is also a strict critical subsolution.
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Before doing so, let us recall that the Lax-Oleinik semigroup is defined on the set of domi-
nated functions Dy by the formula

t

Tig(o) = int {o00)+ [ Loy ds| (o e D v
vu 0,t 0

Let us introduce the set

Z(p) ={z € T?: 3 (y,u) € TZL yNIF L s.t. v is calibrated for ¢}

0,00

The proof of the following Lemma, as well as the one of the next Theorem, can be recovered
arguing as in [19], Proposition 6.2 and Lemma 6.3 respectively.

LEMMA 5.2. The following facts hold true.

(i) If v is a subsolution of the critical equation then, for each t > 0, the function T;v is
also a subsolution of the critical equation. Moreover,

I(Tw)=Z(v), and v=Tw—a[H|t on I(Tw)=ZI(v)Vt>D0.
(ii) Ift > 0, x € TNZ(v), and 7 : [0,t] — T? are such that x = ~(t), and

Too(x) = v((0)) + / Lix(s), u(s)) ds,

then, v ([0,t]) € TN\Z(v).

THEOREM 5.2. Let v be a subsolution of the critical equation which is strict at each point
of TI\Z(v). Then Tyv is also a subsolution of the critical equation, strict at each point of

TNZ(v).
Let m; : T¢ x R™ — T be the projection onto the first factor, that is, 71 (z, u) = .

DEFINITION 5.2 (Mather measures and Mather set). We say that ;i € C3 is a Mather
measure for L if

alH| = inf / L(z,u) v(dz,du) :/ L(z,u) p(dz, du)
veCs Jrdxrm RdxR™
and Cy,(L) denotes the set of all Mather measures. We define the Mather set as
M = U spt(p) € T x R™.
neCE (L)

and we call M = m, (M) the projected Mather set.

We can now prove the main result of this section stating the inclusion of the projected
Mather set into the projected Aubry set.

THEOREM 5.3. The following holds:
McC A



28 PIERMARCO CANNARSA AND CRISTIAN MENDICO

PROOF. Let 7y € T\ A, let V be an open neighborhood of z with V' C T%\ A and let ¢ be
a semiconcave strict subsolution at x to the critical equation with value ¢y > a[H]. Letz € V
and let p € Df¢(x). Then, by the Legendre transform we have that

(p, uygm < L(z,u) + L*(z,p) < L(z,u) —co, ¥ (z,u) €V xR™
So, taking the minimum over p € D}.¢(z) we get
Opp(r,u) < L(x,u) —co, V(x,u) €V xR™.
Fix a Mather measure p € Cj.(L). Then, we have that

0= / Orp(z,u) p(dr, du)
TdxR™

VxR™ (TA\V)xR™
<[ ew-c)undg+ [ (L) - alH) drdo
V xR™m (’]I‘d\v) xRm

— /v Rm(oz[H] —co) p(dz, du) +/ (L(z,u) — a[H]) p(dz, du).

Td x R™

Hence, recalling that ¢o > a[H] and [, g (L(x,u) — a[H]) p(dz, du) = 0 we conclude that

/ Orp(z,u) p(dr,du) <0
Td x R™

which implies the conclusion. U

As a consequence of the above result, we obtain the horizontal differentiability of solutions
to the critical equation in M and the representation of M as the graph of a continuous vector
fields (in the spirit of Mather graph Theorem).

COROLLARY 5.1. Let u € Ci(L) be a Mather measure and let x be a fixed-point of T,.
Then the following holds:

(1) x is differentiable at any x € spt(mtu) along the range of F(x) and the horizontal
gradient Dpx(x) satisfies

Dpx(z) = Dy L(z,u), ¥ (x,u) € spt(p);
(i2) x is a solution to
alH|+L*(z, Dpx(z)) =0, Yz € spt(mtn)

in the classical sense;
(i11) the Mather set is the graph of a continuous vector field, that is,

M = {(x, D,L*(z, Dpx(x)) : x € M}.

PROOF. Let x be a fixed-point of the Lax-Oleinik semigroup. Since M C A and y is
horizontally differentiable on A, we deduce that the same holds on M. Moreover, we have that

(Dpx(x),u) < L(z,u) + L*(z, Dpx(z)) < L(z,u) — a[H], (z,u) € M xR™.  (5.3)
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Hence, integrating the above inequality w.r.t. © we get

0< /Rd . (L(z,u) + L*(z, Dpx(x))) p(dz, du) < 0.

So,
/ (L(z,u) + L*(z, Dpx(x))) p(dz,du) = 0. (5.4)
RéxR™
From we know that
0 < L(z,u) + L*(x, Dpx(z)) — (Dpx(z),u) (5.5)

Therefore, combining (5.4)) and (5.5)) we deduce that
0< /d (L(z,u) + L*(z, Dpx(x)) — (Drx(z),u)) p(dz,du) =0

RaxR™
and so

(Dpx(x), u) = Lz, u) + L (2, Dpx(x)),  (x,u) € spt(n). (5.6)
Similarly, again from (5.3)) and (5.4) we obtain

L(z,u) + L*(z, Dix(2)) = Lz, u) - a[H], (,u) € spt(s).
Thus,
a[H]+L*(z, Dpx(z)) =0, Vx € spt(min)
and, by (5.6) and the properties of the Legendre transform ([13, Appendix A.2]), we get
Dpx(x) = DyL(z,u), ¥ (x,u) € spt(p)

which proves (7) and (i7). Moreover, still from (5.6)) and the properties of the Legendre transform
we deduce that

uw=D,L*(x,Dpx(z)), V(x,u) € spt(p).
So,
M = {(z, D,L*(z, Dpx(z)) : 2 € M}

which proves (#22) and completes the proof. U
We conclude this section with an example.

EXAMPLE 5.1. Let us consider the Grushin dynamic on T? determined by

Q@ZF ﬂ

O:Cl

with controls u = (uy,u3) € R? and a Lagrangian of the form
1
L(w,u) = lu = V(@) + G(x)

for a given V € C?(T?; R?) and G € C?*(T?; R). The state equation associated with G is
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We recall that a probability measure i on T? x R? is G-closed if

/T2 . (Do(z),G(x)u) p(dr,du) =0, Ve CHT?).

A simple verification shows that the following measures are G-closed:
p1 = v ®00,0), Wwherev isany probability measure on T?

and

H = Vom) ® Vo),
where V(IO,’]I‘) = 0y} @ 11, V(QO’R) = 0{0} ® v, for any v4 and v, probability measures on T and R
respectively. So, recalling also that

a[H] = inf /TR (%m— V(z)|? +G(x)) p(dxdu)

HeCR

we obtain
a[H] < inf {/TR (%m — V()] + G(x)) p(dzdu) - p=v®@ 800, Vv E 79(’110)}
— uin (GIVOP +60))

y€ET?

and

a[H] < inf { /1r2 . (%|u —V(z)]* + G(:ic)) p(dzdu)
on = (5{0} X Vl) X ((5{0} X Vz), V] € P(T), vy € P(R)}

1
(§|V1(O 2)|? 4+ G(0, z))
(Vi(x), Va(x)) for x € T?. Therefore,

= min
z€T
where we set V (z) =

1

a[H] < min {m%% (§|V(y)]2 - G(y)) mm < V1(0, 2) > + G(0, z))} (5.7)
ye

In some special cases, it is easy to show that (5.7) becomes an equality. For instance, if

there exists (z*,y*) € T? such that V (z*,y*) = 0 and G(z*,y*) = ( m)inTzG(x, y), then
x,y)e

alH] = min G(z
[H] o, (z,9)

and f1; = Oz~ y+) ® 0(0,0) 1S the Mather measure.
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