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Aurby-Mather theory for optimal control systems with
nonholonomic constraints
Piermarco Cannarsa and Cristian Mendico

ABSTRACT. In this work, we extend Aubry-Mather theory to the case of control systems with
nonholonomic constraints. In this framework, we consider an optimal control problem where
admissible trajectories are solutions of a control-affine equation. Such an equation is associated
with a family of smooth vector fields that satisfy the Hörmander condition, which implies the
controllability of the system. In this case, the Hamiltonian fails to be coercive, so results for
Tonelli Hamiltonians cannot be applied. To overcome these obstacles, we develop an intrinsic
approach based on the metric properties of the geometry induced on the state space by the sub-
Riemannian structure.

1. Introduction

The purpose of this paper is to extend Aubry-Mather theory to minimization problems as-
sociated with control-affine structure. Our approach is based on metric properties of the sub-
Riemannian geometry induced on the state space by the dynamical system. In particular, the
existence of geodesics w.r.t. the sub-Riemannian metric and controllability properties of the
system play a crucial role. We refer the reader to [1, 17, 26] and the references therein for more
details on sub-Riemannian geometry and its relation with geometric control.

In [11] the authors prove the existence of the critical constant and of a viscosity solution to
the ergodic Hamilton-Jacobi equation in a general sub-Riemannian structure. However, in order
to improve the natural regularity of critical solutions—which, in general, are merely Hölder
continuous w.r.t. the Euclidean distance and Lipschitz continuous w.r.t. the sub-Riemannian
one—in this work we restrict the analysis to the class of sub-Riemannian systems that admit no
singular minimizing controls different from zero. We recall that a control function is singular
for the problem if there exists a dual arc which is orthogonal to vector fields {fi}i=1,...,m along
the associated trajectory. In absence of such controls, owing to [12], we have that critical
solutions are semiconcave, hence Lipschitz continuous, w.r.t. the Euclidean distance on Td.
While the hypothesis may seem restrictive, it encompasses many interesting examples, such as
the Heisenberg group and the Grushin plane. In Example 5.1 we investigate in detail the case
of the Grushin plane with a Lagrangian function of Mañé type.
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2 PIERMARCO CANNARSA AND CRISTIAN MENDICO

We observe that a crucial role in the Aubry-Mather theory is played by probability measures
on the tangent bundle which are invariant for the Euler-Lagrange flow. Such a strategy fails
for nonholonomic control systems because the Euler-Lagrange flow requires distributions to
generate the whole tangent space, which is no longer the case. For this reason, we replace such
measures by a suitable notion of closed measures (used in [19] in order to adapt weak KAM
theory to problems in the calculus of variations satisfying mild regularity assumptions), tailored
to fit the sub-Riemannian structure. Note that a similar strategy has been used also in the case of
control of acceleration (a particular case of single input sub-Riemannian systems with non-zero
drift) in [15] to define closed measures adapted to the control structure. Furthermore, in this
work we generalize the approach in [19] by using weaker test functions for closed measures,
namely semiconcave functions, which allow us to avoid the problem of the existence of a C1

critical strict subsolution to the ergodic Hamilton-Jacobi equation. The generalization proposed
in this work is necessary to show the inclusion of the projected Mather set into the projected
Aubry set (see Theorem 5.3). Indeed, the C1 regularity is not natural in our settings due to the
weaker controllability of the system. For the existence of smooth subsolutions to the critical
Hamilton-Jacobi equation and the use of closed measures, we also refer to [7, 8, 9]. In [9], P.
Bernard developed a Hamiltonian approach to weak KAM theory, that is, an approach where the
Euler-Lagrange flow on the tangent bundle is replaced by the Hamiltonian flow on the cotangent
bundle. Even in [9], however, the Tonelli property of the Hamiltonian plays a crucial role, which
prevents application to control problems with nonholonomic constraints.

Therefore, when the Hamiltonian fails to be Tonelli—as is often the case in optimal control—
finding a continuous viscosity solution to the critical equation is a widely open question. Spe-
cific models were addressed in [16], [28], [14], [6], and [2], where the ergodic problem associ-
ated with the so-calledG-equation or other non-coercive Hamiltonians on compact manifolds is
treated. See also [3, 4] [21], and [24] for more on second order differential games. In the above
papers, the authors proved the existence of the critical constant and, in few specific cases such
as theG-equation, they also showed the existence of a viscosity solution to the critical equation.

In the case of mechanical Lagrangians and state equations of sub-Riemannian type, the crit-
ical constant and a solution of the ergodic equation at the energy level of such a constant were
constructed in [20] by using PDE methods. In this work, following a completely different ap-
proach that relies on variational methods, we go beyond the existence of the critical constant
and critical solutions introducing and studying the Aubry set and the Mather set. In particular,
we first show that critical solutions are horizontally differentiable on the projected Aubry set.
Then, we investigate dynamical and topological properties of the Mather set. For instance, our
novel approach turns out to be crucial to obtain the inclusion of the projected Mather set into
the projected Aubry set and to prove the Mather graph property in the case of nonholonomic
constraints. We would also like to stress that our results hold for a more general class of La-
grangian functions and control affine structures. Indeed, we allow the Lie algebra generated by
the family of vector fields not to have a uniform degree of nonholonomy. Finally, concerning
the characterisation of the critical constant in terms of probability measures, in [20], closed
probability measures were defined on the distribution generated by the vector fields associated
with the nonholonomic constraints. In this work, we need to change such a definition by in-
troducing probability measures on the control space, which appears to be a natural choice in
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the sub-Riemannian case. This is why we manage to obtain finer regularity properties for the
Aubry and Mather sets (see Section 1.2.1 for more details).

In Section 2 we introduce the notation, the data of the model we are interested in and the
main assumptions in force throughout the paper. In Section 3, we introduce Peierls’ barrier,
whose zero points define the Aubry set. The main result of this chapter concerns the horizontal
differentiability of the fixed-point of Tt at any point in the projected Aubry set. We then provide
a characterization of the critical constant by minimizing closed measures adapted to the sub-
Riemannian structure described in Section 4. Consequently, we define and study the Mather set
in Section 5. In particular, we show that the projected Mather set is a subset of the projected
Aubry set, and we conclude by proving a weaker form of the Mather graph property.

2. Assumptions

Fixed m ∈ N such that m ≤ d, let

fi : Td → Rd (i = 1, . . . ,m)

and
ui : [0,∞)→ R (i = 1, . . . ,m)

be smooth vector fields and square-integrable controls, respectively. Consider the following
control affine dynamics

γ̇(t) =
m∑
i=1

ui(t)fi(γ(t)) = F (γ(t))U(t), t ∈ [0,+∞) (2.1)

where F (x) = [f1(x)| . . . |fm(x)] is a d × m real matrix, U(t) = (u1(t), . . . , um(t))? with
(u1, . . . , um)? denoting the transpose of (u1, . . . , um). We assume the vector fields fi to satisfy
the following.

(F) F = [f1 | . . . | fm] ∈ C1,1(Td) and for any x ∈ Td the matrix F (x) has full rank (equal
to m).

For any s0, s1 ∈ R with s0 < s1 and x, y ∈ Td we define

Γx→s0,s1 = {(γ, u) ∈ AC([s0, s1];Td)× L2(s0, s1;Rm) : γ̇(t) = F (γ(t))u(t), γ(s0) = x},
Γ→ys0,s1

= {(γ, u) ∈ AC([s0, s1];Td)× L2(s0, s1;Rm) : γ̇(t) = F (γ(t))u(t), γ(s1) = y},
Γx→ys0,s1

= Γx→s0,s1 ∩ Γ→ys0,s1
.

We now state the assumptions on the Lagrangian L : Td × Rm → R.
(L) L ∈ C2(Td × Rm) such that D2

uL(x, u) ≥ 0 and there exist σ > 1, K1, K2 > 0 such
that

L(x, u) ≥ K1|u|σ −K2 ∀ (x, u) ∈ Td × Rm. (2.2)
In the following we consider the asymptotic behavior of the minimization problem:

minimize
∫ T

0

L(γ(s), u(s)) ds over all (γ, u) ∈ Γx→0,T

for any x ∈ Td and any time horizon T > 0, and we define the value function

V T (x) = inf
(γ,u)∈Γx→0,T

∫ T

0

L(γ(s), u(s)) ds (x ∈ Td). (2.3)
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Let H : Td × Rd → R be the Hamiltonian associated with L, that is,

H(x, p) = sup
u∈Rm

{
m∑
i=1

ui〈p, fi(x)〉 − L(x, u)

}
, ∀ (x, p) ∈ Td × Rd. (2.4)

We need to assume the following.
(S) There are no singular minimizing controls of problem (2.3) different from zero.

Such extra assumption (S) is needed to improve the regularity of viscosity solutions. Indeed,
it was proved in [12, Theorem 1] that, under (S), the fundamental solutionAt(x, y) to the critical
equation

α[H ] +H(x,Dχ(x)) = 0, x ∈ Td (2.5)
is semiconcave (in the Euclidean sense) as a function of y 7→ At(x, y) and, consequently,
Lipschitz continuous w.r.t. Euclidean distance.

REMARK 2.1. In view of the above assumptions on L, there exists a constant CH ≥ 0 such
that

|H(x, p)−H(y, p)| ≤ CH(1 + |p|2)|x− y|, ∀ x, y ∈ Td. (2.6)

We denote by L∗ the Legendre transform of L, that is,

L∗(x, p) = sup
u∈Rm

{
〈p, v〉 − L(x, u)

}
,

and we observe that

H(x, p) = L∗(x, F ∗(x)p), (x, p) ∈ Td × Rd. (2.7)

3. Aubry set

DEFINITION 3.1 (Dominated functions and calibrated curves). Let c ∈ R and let ϕ be
a continuous function on Td.

(1) We say that ϕ is dominated by L − c, and we denote this by ϕ ≺ L − c, if for any a,
b ∈ R, with a < b, and any trajectory-control pair (γ, u) ∈ Γ

γ(a)→γ(b)
a,b we have that

ϕ(γ(b))− ϕ(γ(a)) ≤
∫ b

a

L(γ(s), u(s)) ds− c (b− a).

(2) Fix a, b ∈ R with a < b and let (γ, u) ∈ Γ
γ(a)→γ(b)
a,b . We say that γ is calibrated for ϕ if

ϕ(γ(b))− ϕ(γ(a)) =

∫ b

a

L(γ(s), u(s)) ds− c (b− a).

For any t ≥ 0 and for any x, y ∈ Td we recall that At(x, y) stands for the action functional,
also called fundamental solution of the critical equation, i.e.,

At(x, y) = inf
(γ,u)∈Γx→y0,t

∫ t

0

L(γ(s), u(s)) ds. (3.1)

We note that ϕ ≺ L− α[H ] if and only if for any x, y in Td and for any t ≥ 0 we have that

ϕ(y)− ϕ(x) ≤ At(x, y)− α[H ] t. (3.2)

Moreover, the following holds.
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LEMMA 3.1. Assume (F), (L) and let ϕ ≺ L − α[H ]. Then, ϕ is Lipschitz continuous on
Td with a Lipschitz constant depending only on L, i.e., there exists CL ≥ 0 such that

|ϕ(x)− ϕ(y)| ≤ CLdSR(x, y) (x, y ∈ Td).

Peierls’ barrier is defined as

A∞(x, y) = lim inf
t→∞

[
At(x, y)− α[H ] t

]
(x, y ∈ Td). (3.3)

LEMMA 3.2. For any x, y, z ∈ Td there holds

A∞(x, z) ≤ A∞(x, y) + A∞(y, z) (3.4)

and,
A∞(x, z) ≤ A∞(x, y) + At(y, z)− α[H ] t for any t ≥ 0. (3.5)

REMARK 3.1. Note that, combining (3.5) and (3.2) we have that Peierls’ barrier is domi-
nated by L − α[H ]. Moreover, it is well-known that this implies that A∞(x, ·) is a subsolution
to the critical equation

α[H ] +H(x,Dχ(x)) = 0 (x ∈ Td).

3.1. Properties of Peierls’ barrier. In this section we derive several properties of Peierls’
barrier. For example, we prove that A∞(x, ·) is a fixed-point of the Lax-Oleink and we give a
construction of calibrated curves for such a function.

First, we observe that a fixed-point of the Lax-Oleinik semigroup can be equivalently written
as

χ(x) = min
y∈Td
{χ(y) + At(y, x)} − α[H ] t, ∀t > 0, ∀x ∈ Td. (3.6)

and it is a solution of
α[H ] +H(x,Dχ(x)) = 0, x ∈ Td. (3.7)

LEMMA 3.3. Let χ be a fixed-point of Tt. Then, χ is locally semiconcave.

PROOF. Let yt,x ∈ Td be the minimum point associated with (t, x) in (3.6). Then, for any
t > 0, x, h ∈ Td we have that

χ(x+ h) + χ(x− h)− 2χ(x)

≤ χ(yt,x) + χ(yt,x)− 2χ(yt,x) + At(yt,x, x+ h) + At(yt,x, x− h)− 2At(yt,x, x)

= At(yt,x, x+ h) + At(yt,x, x− h)− 2At(yt,x, x).

The conclusion follows from the semiconcavity of At(yt,x, ·), proved in [12, Theorem 1]. �
The following technical lemma is useful for the analysis of the Aubry set.

LEMMA 3.4. Let (x, y) ∈ T2d. Let {tn}n∈N ∈ R and (γn, un) ∈ Γx→y0,tn be such that

tn → +∞ and lim
n→+∞

∫ tn

0

L(γun(s), un(s)) ds− α[H ] tn = A∞(x, y). (3.8)

Then, there exist a subsequence, still denoted by (γn, un), and a pair (γ̄, ū) ∈ Γx→0,∞ such that
(i) {un}n∈N weakly converges to ū in Lσ on any compact subset of [0,∞);

(ii) {γn}n∈N uniformly converges to γ̄ on every compact subset of [0,∞).
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PROOF. For simplicity of notation we set h := A∞(x, y). From (3.3) it follows that there
exists n̄ ∈ N such that for any n ≥ n we have that∫ tn

0

L(γn(s), un(s)) ds− α[H ] tn ≤ h+ 1.

On the other hand, by (L) we obtain∫ tn

0

L(γn(s), un(s)) ds− α[H ] tn ≥ K1

∫ tn

0

|un(s)|σ ds.

So, ∫ tn

0

|un(s)|σ ds ≤ h+ 1

K1

, ∀ n ≥ n.

Therefore, there exists a subsequence, still denoted by {un}, that weakly converges to an ad-
missible control ū in Lσ on any compact subset of [0,+∞). So, for any s ∈ [0, t] and any
n ≥ n ∫ tn

0

|γ̇n(s)|σ ds ≤
∫ tn

0

|F (γn(s))|σ|un(s)|σ ds ≤ 4‖F‖σ∞
h+ 1

K1

.

Hence, {γn}n∈N is uniformly bounded in W 1,σ(0, t;Td) for any t > 0. Then, by the Ascoli-
Arzela Theorem, up to extracting a further subsequence, {γn}n∈N uniformly converges to a
curve γ̄ on every compact subset of [0,+∞).

Now, we claim that (γ̄, ū) satisfies (2.1). Indeed, for any t ≥ 0 we have that

γn(t) = x+
m∑
i=1

∫ t

0

uni (s)fi(γn(s)) ds.

Thus, by the locally uniform convergence of γn it follows that fi(γn(t)) → fi(γ̄(t)), locally
uniformly, for any t ≥ 0, as n → +∞ for any i = 1, . . . ,m. Therefore, taking v ∈ Td we
deduce that

〈v, γn(t)〉 = 〈v, x〉+
m∑
i=1

∫ t

0

uni (s)〈fi(γn(s)), v〉 ds, ∀ t ≥ 0.

As n→ +∞ we get

〈v, γ̄(t)〉 = 〈v, x〉+
m∑
i=1

∫ t

0

ūi(s)〈fi(γ̄(s)), v〉 ds, ∀ t ≥ 0.

Since v ∈ Td is arbitrary, the conclusion follows. �

REMARK 3.2. Arguing as in the proof of Lemma 3.4, one can prove the following. Given
h ∈ R, {tn}n∈N and (γn, un) ∈ Γx→y−tn,0 such that

tn → +∞ and lim
n→+∞

∫ 0

−tn
L(γun(s), un(s)) ds− α[H ] tn = h,

there exists a subsequence, still denoted by (γn, un), and a trajectory-control pair (γ̄, ū) such
that

(i) {un}n∈N weakly converges to ū in Lσ on any compact subset of (−∞, 0];
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(ii) {γn}n∈N uniformly converges to γ̄ on every compact subset of (−∞, 0].
Moreover, given x, y ∈ Td there exists {tn}n∈N with tn ↑ ∞ and (γn, un) ∈ Γx→y−tn,0 such that

A∞(x, y) = lim
n→∞

∫ 0

−tn
L(γn(s), un(s)) ds− α[H ] tn.

Next we show that there exists a calibrated curve for Peierls’ barrier A∞(x, ·) at any x ∈ Td.

PROPOSITION 3.1. Let x ∈ Td. Then, for any y ∈ Td there exists (γ̄, ū) ∈ Γ→y−∞,0 cali-
brated for A∞(x, ·) in [−t, 0] for any t > 0, i.e., (γ̄, ū) satisfies

A∞(x, y)− A∞(x, γ̄(−t)) =

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t, ∀ t ≥ 0. (3.9)

PROOF. Fix x, y ∈ Td and let {tn}n∈N, (γn, un) ∈ Γx→y−tn,0 be such that

tn →∞, and lim
n→∞

∫ 0

−tn
L(γn(s), un(s)) ds− α[H ] tn = A∞(x, y).

Then, by Remark 3.2 there exists (γ̄, ū) such that un weakly converges to ū and γn uniformly
converges to γ̄, on every compact subset of (−∞, 0].

Fix t ∈ [0,∞), take n ∈ N such that dn = dSR(γ̄(−t), γn(−t)) ≤ 1 and tn > t + 1. Let
(γ0, u0) ∈ Γ

γn(−t)→γ̄(−t)
−t,−t+dn be a geodesic pair and set

ũn(s) =

{
un(s), s ∈ [−tn,−t]
u0(s), s ∈ (−t,−t+ dn].

We denote by γ̃n the associated trajectory, that is, (γ̃n, ũn) ∈ Γ
x→γ̄(−t)
−tn,−t+dn .

Then, defining the control ûn(s) = ũn(s+ tn), so that (γ̂n, ûn) ∈ Γ
x→γ̄(−t)
0,tn−t+dn , by (L) we get

Atn−t+dn(x, γ̄(−t))− α[H ](tn − t+ dn)

≤
∫ tn−t+dn

0

L(γ̂n(s), ûn(s)) ds− α[H ](tn − t+ dn)

=

∫ −t+dn
−tn

L(γ̃n(s), ũn(s)) ds− α[H ](tn − t+ dn)

=

∫ −t
−tn

L(γn(s), un(s)) ds+

∫ −t+dn
−t

L(γ0(s), u0(s)) ds− α[H ](tn − t+ dn).

Since ‖u0‖∞,[−t,−t+dn] ≤ 1, by (L) we obtain∫ −t+dn
−t

L(γ0(s), u0(s)) ds ≤ 2dn‖L(·, ·)‖∞,Td×B1

and so

Atn−t+dn(x, γ̄(−t))− α[H ](tn − t+ dn)

≤
∫ −t
−tn

L(γn(s), un(s)) ds+ (2‖L(·, ·)‖∞,Td×B1
− α[H ])dn − α[H ](tn − t).
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Hence, by the definition of Peierls barrier we have that

A∞(x, γ̄(−t)) ≤ lim inf
n→+∞

{
Atn−t+dn(x, γ̄(−t))− α[H ](tn − t− dn)

}
.

Appealing to the lower-semicontinuity of the action, we obtain∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t ≤ lim inf

n→+∞

{∫ 0

−t
L(γn(s), un(s)) ds− α[H ] t

}
.

Therefore, combining the above estimates we get

A∞(x, γ̄(−t)) +

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t

≤ lim inf
n→+∞

{
Atn−t+dn(x, γ̄(−t))− α[H ](tn − t− dn)

}
+

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t

≤ lim inf
n→+∞

{
(2‖L(·, ·)‖∞,Td×B1

− α[H ])dn

+

∫ −t
−tn

L(γn(s), un(s)) ds− α[H ](tn − t)
}

+ lim inf
n→+∞

{∫ 0

−t
L(γn(s), un(s)) ds− α[H ] t

}
.

By reordering the terms inside brackets we conclude that

A∞(x, γ̄(−t)) +

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t

≤ lim inf
n→+∞

{
(2‖L(·, ·)‖∞,Td×B1

− α[H ])dn

+

∫ 0

−tn
L(γn(s), un(s)) ds− α[H ] tn

}
= A∞(x, y).

Therefore,

A∞(x, y)− A∞(x, γ̄(−t)) ≥
∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t. (3.10)

Next, we claim that

A∞(x, y)− A∞(x, γ̄(−t)) ≤
∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t. (3.11)

Indeed, by (3.5) we have that

A∞(x, y)− A∞(x, γ̄(−t)) ≤ At(γ̄(−t), y)− α[H ] t.

Hence, defining the control
û(s) = ū(s− t), s ≥ 0
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and denoting by γ̂ the associated trajectory, we deduce that

A∞(x, y)− A∞(x, γ̄(−t)) ≤ At(γ̄(−t), y)− α[H ] t

≤
∫ t

0

L(γ̂(s), û(s)) ds− α[H ] t

=

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t.

By combining (3.10) and (3.11) we obtain (3.9). �
Next, we proceed to show that, for any point x ∈ Td, the Peierls barrier A∞(x, ·) gives a

fixed-point the Lax-Oleinik semigroup.

COROLLARY 3.1. For each x ∈ Td we have that the map y 7→ A∞(x, y) is a fixed-point of
Tt, thus a solution of (3.7), on Td.

PROOF. Note that γ, constructed in Proposition 3.1, turns out to be calibrated for A∞(x, ·)
on any interval [−t, 0] with t > 0 and, thus, by (3.5) we deduce that such a curve is also a
minimizer for the action At(x, γ(−t)). From Remark 3.1 we have that the map y 7→ A∞(x, y)
is a subsolution to the critical equation for any x ∈ Td, whereas in view of the fact that γ is a
minimizing curve we also have that such a map is a supersolution for the critical equation.

In order to show that A∞(x, ·) satisfies (3.6), let z be in Td. Then, (3.5) yields

A∞(x, z) ≤ min
y∈Td
{A∞(x, y) + At(y, z)− α[H ] t}.

Now, by Proposition 3.1 we have that for any x, z ∈ Td there exists (γ, u) ∈ Γ→z−t,0 such that

A∞(x, z)− A∞(x, γ̄(−t)) =

∫ 0

−t
L(γ̄(s), ū(s)) ds− α[H ] t.

Consequently, there exists yx,z ∈ Td such that

A∞(x, z) = A∞(x, yx,z) + At(yx,z, z)− α[H ] t.

This shows that A∞(x, ·) satisfies (3.6) for any x ∈ Td. �

3.2. Projected Aubry set. In this section, we define the Aubry set and begin by showing
some extra properties of Peierls’ barrier on such a set. We conclude by proving that the projected
Aubry set A is a compact subset of Td.

DEFINITION 3.2 (Projected Aubry set). The projected Aubry set A is defined by

A =
{
x ∈ Td : A∞(x, x) = 0

}
.

THEOREM 3.1. A is nonempty.

PROOF. We proceed to show that the α-limit set of calibrated curves to A∞, which is known
to be nonempty from the compactness of the state space, is a subset of A. To do so, appealing
to Proposition 3.1, let x0 and let y0 ∈ Td and consider (γ, u) ∈ Γ→y0−∞,0 calibrated for A∞(x0, ·).
For simplicity of notation, we denote by Ω the α-limit set of the calibrated curve γ. Let x ∈ Ω.
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Then, there exists {tn}n∈N with tn ↑ ∞ such that limn→∞ γ(tn) = x. Fix, ε > 0 and n1, n2 ∈ N
such that

|tn1 − tn2| >
1

ε
, and γ(−tn1), γ(−tn2) ∈ Bε(x)

where Bε(x) denotes the ball of radius ε and center x w.r.t. sub-Riemannian distance. Set d1 =

dSR(x, γ(−tn1)), d2 = dSR(x, γ(−tn2) and let (ξ1, u1) ∈ Γ
γ(−tn1 )→x
−tn1+d1,−tn1

, (ξ2, u2) ∈ Γ
x→γ(−tn2 )

−tn2 ,−tn2−d2
be two geodesic pairs. Define the trajectory-control pair (γ̂, û) ∈ Γx→x−tn2−d2,−tn1+d1

as follows

û(s) =


u2(s), s ∈ [−tn2 − d2,−tn2 ]

u(s), s ∈ (−tn2 ,−tn1 ]

u1(s), s ∈ (−tn1 ,−tn1 + d1].

So, we have
inf
t> 1

ε

[At(x, x)− α[H ] t]

≤ Ad1(x, γ(−tn1)) + Atn2−tn1 (γ(−tn1), γ(−tn2)) + Ad2(γ(−tn2), x)

− α[H ](tn2 − tn1 + d1 + d2).

(3.12)

Note that, since γ(−tn1), γ(−tn2) ∈ Bε(x) and (ξ1, u1), (ξ2, u2) being geodesics we immedi-
ately obtain

Adi(x, γ(−tni))− α[H ] di ≤ (‖L(·, ·)‖∞,Td×B1
+ |α[H ] |) ε (i = 1, 2). (3.13)

Hence, it remains to estimate Atn2−tn1 (γ(−tn1 ,−tn2) − α[H ](tn2 − tn1). Recalling that (γ, u)
is calibrated for A∞(x0, ·) and that A∞(·) is a fixed-point of Tt we deduce that

Atn2−tn1 (γ(−tn1), γ(−tn2))− α[H ](tn2 − tn1)

= A∞(x0, γ(−tn1))− A∞(x0, γ(−tn2)) ≤ CLdSR(γ(−tn1), γ(−tn2)) ≤ CL ε . (3.14)

Finally, combining (3.13) and (3.14) with (3.12) we get

inf
t> 1

ε

[At(x, x)− α[H ] t] ≤ (CL + ‖L(·, ·)‖∞,Td×B1
+ |α[H ] |) ε

that yields to the conclusion taking the supremum over ε > 0 on the right hand side. �
Next, we provide a characterization of the points in A.

THEOREM 3.2. Let x ∈ Td. Then, the following properties are equivalent.
(i) x ∈ A.

(ii) There exists a trajectory-control pair (γx, ux) ∈ Γ→x−∞,0 ∩ Γx→0,∞ such that

A∞(γx(t), x) = −
∫ t

0

L(γx(s), ux(s)) ds+ α[H ] t (3.15)

and

A∞(x, γx(−t)) = −
∫ 0

−t
L(γx(s), ux(s)) ds+ α[H ] t. (3.16)

Moreover, the trajectory γx in (ii) satisfies

γx(t) ∈ A, t ∈ R. (3.17)
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PROOF. We start by proving that (i) implies (ii) and, in particular, we begin with (3.15).
Since x ∈ A, we have that A∞(x, x) = 0 . So there exist {tn}n∈N and (γ+

n , u
+
n ) ∈ Γx→x0,tn such

that

tn → +∞ and lim
n→+∞

∫ tn

0

L(γ+
n (s), u+

n (s)) ds− α[H ] tn = 0. (3.18)

Then, by Lemma 3.4 there exists (γ+
x , u

+
x ) ∈ Γx→0,∞ such that u+

n weakly converges to u+
x and γ+

n

uniformly converges to γ+
x , on every compact subset of [0,∞), respectively.

Fix t ∈ [0,+∞) and fix n large enough such that dn := dSR(γ+
x (t), γ+

n (t)) ≤ 1 and t+ 1 <

tn. Let (γ0, u0) ∈ Γ
γ+x (t)→ γ+n (t)
t,t+dn

be a geodesic pair and let ũn ∈ L2(t, tn + dn) be such that

ũn(s) =

{
u0(s), s ∈ [t, t+ dn]

u+
n (s− dn), s ∈ (t+ dn, tn + dn],

so that, (γ̃n, ũn) ∈ Γ
γ+x (t)→x
t,tn+dn

. Then, recalling that ‖u0‖∞,[t,t+dn] ≤ 1 we obtain∫ t+dn

t

L(γn1 (s), un1 (s)) ds ≤ 2dn‖L(·, ·)‖∞,Td×B1
.

Hence,∫ tn

t

L(γ̃n(s), ũn(s)) ds =

∫ t+dn

t

L(γ0(s), u0(s)) ds+

∫ tn+dn

t+dn

L(γn(s), un(s)) ds

≤ 2‖L(·, ·)‖∞,Td×B1
dn +

∫ tn+dn

t+dn

L(γn(s), un(s)) ds.

Now, defining ûn(s) = ũn(s+ t), that is, (γ̂n, ûn) ∈ Γ
γ+x (t)→x
0,tn−t , we get

A∞(γ+
x (t), x) ≤ lim inf

n→+∞

[
Atn+dn−t − α[H ](tn + dn − t)

]
≤ lim inf

n→+∞

[∫ tn+dn−t

0

L(γ̂n(s), ûn(s)) ds− α[H ](tn + dn − t)
]

≤ lim inf
n→+∞

[ ∫ t+dn

t

L(γ0(s), u0(s)) ds+

∫ tn+dn

t+dn

L(γ̃n(s), ũn(s)) ds

− α[H ](tn + dn − t)
]

≤ lim inf
n→+∞

[
2‖L(·, ·)‖∞,Td×B1

dn +

∫ tn+dn

t+dn

L(γ+
n (s− dn), u+

n (s− dn)) ds

− α[H ](tn + dn − t)
]

= lim inf
n→+∞

[(
2‖L(·, ·)‖∞,Td×B1

− α[H ]
)
dn +

∫ tn

0

L(γ+
n (s), u+

n (s)) ds

− α[H ] tn −
∫ t

0

L(γ+
n (s), u+

n (s)) ds+ α[H ] t
]
.
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Then, by (3.18), the uniform convergence of γn, the fact that dn ↓ 0 and the lower semicontinu-
ity of the functional we deduce that∫ t

0

L(γ+(s), u+
x (s)) ds− α[H ] t+ A∞(γ+

x (t), x) ≤ 0.

Moreover, since A∞(x, ·) is dominated by L− α[H ] we also have that

A∞(x, γ+
x (t)) = A∞(x, γ+

x (t))− A∞(x, x) ≤
∫ t

0

L(γ+
n (s), u+

n (s)) ds− α[H ] t

and by (3.4) we know that A∞(x, γ+
x (t)) + A∞(γ+

x (t), x) ≥ 0. Therefore, we obtain∫ t

0

L(γ+
x (s), u+

x (s)) ds− α[H ] t+ A∞(γ+
x (t), x) = 0.

Similar arguments show that there exists (γ−x , u
−
x ) ∈ Γ→x−∞,0 such that (3.16) holds. By taking

the sum of (3.15) and (3.16) one immediately get that (ii) implies (i). Finally, observe that the
inequality

A∞(γx(t), γx(t)) ≤ 0 (t ∈ R) (3.19)
suffices to show (3.17). Indeed, by Lemma 3.2 we have that A∞(γx(t), γx(t)) ≥ 0. In view of
(3.4), the following holds

A∞(γx(t), γx(t)) ≤ A∞(γx(t), x) + A∞(x, γx(t)) (t ∈ R). (3.20)

Hence, combining (3.15) and (3.16) with (3.20) we get (3.19). �
We conclude this section showing that the projected Aubry set a compact subset of Td.

PROPOSITION 3.2. A is a closed subset of Td.

PROOF. Let {xn}n∈N be a sequence inA such that lim
n→∞

xn = x ∈ Td. We have to show that
x ∈ A.

By definition we have that there exist subsequence, still labeled by {tn}n∈N, and {(γkn , ukn)}n∈N ∈
Γxn→xn0,tn such that ∫ tn

0

L(γkn(s), ukn(s)) ds− α[H ] tn ≤
1

n
.

Then, by Lemma 3.4 there exists (γ̄, ū) such that un weakly converges to ū and γn uniformly
converges to γ̄, on every compact subset of [0,∞), respectively. Let us define dn = dSR(xn, x)
and the control

ũn(s)


un1 (s), s ∈ [−dn, 0]

un(s), s ∈ (0, tn]

un2 (s), s ∈ (tn, tn + dn]

where (γn1 , u
n
1 ) ∈ Γx→xn−dn,0 and (γn2 , u

n
2 ) ∈ Γxn→xtn,tn+dn

are geodesic pairs, on their respective inter-
vals. Hence, we have that (γ̃n, ũn) ∈ Γx→x−dn,tn+dn

. Let us estimate |γn1 (·)| (the same estimate can
be obtained for |γn2 (·)|). Since ‖un1‖∞,[−dn,0] ≤ 1, we obtain∫ 0

−dn
L(γn1 (s), un1 (s)) ds ≤ dn‖L(·, ·)‖∞,Td×B1

.
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Thus, we get

A∞(x, x) ≤ lim inf
n→∞

[Atn+2dn(x, x)− α[H ](tn + 2dn)]

≤ lim inf
n→∞

(∫ 0

−dn
L(γn1 (s), un1 (s)) ds+

∫ tn

0

L(γn(s), un(s)) ds− α[H ] tn

+

∫ tn+dn

tn

L(γn2 (s), un2 (s)) ds− 2α[H ] dn

)
≤ lim

n→∞

(
2dn‖L(·, ·)‖∞,Td×B1

+
1

n

)
= 0.

The proof is thus complete since, by definition, A∞(x, x) ≥ 0 for any x ∈ Td. �

3.3. Horizontal regularity of critical solutions. In this section we show that any fixed-
point of the Lax-Oleinik semigroup is differentiable along the range of F (see the definition
below) at any point lying on the projected Aubry set.

DEFINITION 3.3 (Horizontal differentiability). We say that a continuous function ψ on
Td is differentiable at x ∈ Td along the range of F (x) (or, horizontally differentiable at x) if
there exists qx ∈ Rm such that

lim
v→0

ψ(x+ F (x)v)− ψ(x)− 〈qx, v〉
|v|

= 0. (3.21)

Clearly, if ψ is Frechét differentiable at x, than ψ is differentiable along the range of F (x)
and qx = F ?(x)Dψ(x). For any ψ ∈ C(Td) we set D+

Fψ(x) = F ∗(x)D+ψ(x).

LEMMA 3.5. Let ψ ∈ C(Td) be locally semiconcave. Then, ψ is differentiable at x ∈ Td
along the range of F (x) if and only if D+

Fψ(x) = {qx}.

Hereafter, the vector qx given in Definition 3.3 will be called the horizontal differential of ψ at
x ∈ Td and will be denoted by DFψ(x).

The next two propositions ensure that any fixed-point of Tt, denoted by χ, is differentiable
along the range of F at any point lying on a calibrated curve γ. The proof consists of showing
that D+

Fχ is a singleton on γ.

PROPOSITION 3.3. Let χ be a subsolution to the critical equation and let (γ, u) be a
trajectory-control pair such that γ : R→ Td is calibrated for χ. Then we have that

α[H ] +L∗(γ(τ), p) = 0, ∀ p ∈ D+
Fχ(γ(τ))

for all τ > 0.

PROOF. On the one hand, since χ is a subsolution of (3.7) we have that for any τ ≥ 0

α[H ] +H(γ(τ), p) ≤ 0, ∀ p ∈ D+χ(γ(τ)).

So, recalling (2.7) and the fact that D+
Fχ(x) = F ∗(x)D+χ(x) for any x ∈ Td we get

α[H ] +L∗(γ(τ), p) ≤ 0, ∀ p ∈ D+
Fχ(γ(τ)) ∀τ ≥ 0.

Thus, it is enough to prove the reverse inequality.
Let τ > 0 and τ ≥ h > 0. Since γ is a calibrated curve for χ we have that

χ(γ(τ))− χ(γ(τ − h)) =

∫ τ

τ−h
L(γ(s), u(s)) ds− α[H ]h.



14 PIERMARCO CANNARSA AND CRISTIAN MENDICO

Then, by the definition of superdifferential we get

χ(γ(τ))− χ(γ(τ − h)) ≤ 〈p, γ(τ)− γ(τ − h)〉+ o(h)

=

〈
p,

∫ τ

τ−h
γ̇(s) ds

〉
+ o(h) =

∫ τ

τ−h
〈F ∗(γ(s))p, u(s)〉 ds+ o(h)

Therefore, ∫ τ

τ−h
L(γ(s), u(s)) ds− α[H ]h ≤

∫ τ

τ−h
〈F ∗(γ(s))p, u(s)〉 ds+ o(h)

or

−α[H ] ≤ 1

h

∫ τ

τ−h

(
〈F ∗(γ(s))p, u(s)〉 − L(γ(s), u(s))

)
ds+ o(1)

≤ 1

h

∫ τ

τ−h
L∗(γ(s), F ∗(γ(s))p) ds+ o(1).

Thus, for h→ 0 we conclude that

α[H ] +L∗(γ(τ), F ∗(γ(τ))p) ≥ 0. �

PROPOSITION 3.4. Let χ be a fixed-point of the Lax-Oleinik semigroup and let (γ, u) be
a trajectory-control pair such that γ : (a, b) → Td is calibrated for χ, where −∞ ≤ a <
b ≤ +∞. Then, for any τ ∈ (a, b) we have that χ is differentiable at γ(τ) along the range of
F (γ(τ)).

PROOF. We recall that, owing to Lemma 3.3, χ is semiconcave. Moreover, Proposition 3.3
yields

α[H ] +L∗(γ(τ), p) = 0, ∀p ∈ D+
F (χ(γ(τ)), ∀τ ∈ (a, b).

Since L∗(x, ·) is strictly convex and the set D+
Fχ(x) is convex, the above equality implies that

D+
Fχ(γ(τ)) is a singleton. Consequently, Lemma 3.5 ensures that χ is differentiable at γ(τ)

along the range of F (γ(τ)). �

We are now ready to prove the differentiability of any fixed-point of Tt on the Aubry set.

THEOREM 3.3 (Horizontal differentiability on the Aubry set). Let χ be a fixed-point of
Tt. Then, the following holds.

(i) For any x ∈ A there exists γx : R→ Td, calibrated for χ, with γx(0) = x.
(ii) χ is horizontally differentiable at every x ∈ A.

PROOF. We begin by proving (i). Let x ∈ A and let (γx, ux) ∈ Γ→x−∞,0 ∩ Γx→0,∞ be the
trajectory-control pair given by Theorem 3.2. We claim that γx is calibrated for χ. By (3.6) we
have that χ ≺ L− α[H ] and, for any t ≥ 0, the following holds

χ(γx(t))− χ(x) ≤
∫ t

0

L(γx(s), ux(s)) ds− α[H ] t.

Moreover, in view of (3.6) we deduce that

χ(x)− χ(γx(t)) ≤ As(γx(t), x)− α[H ] s
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for any s ≥ 0. Thus, since γx is calibrated for A∞(·, x) we get

χ(x)− χ(γx(t)) ≤ A∞(γx(t), x) = −
∫ t

0

L(γx(s), ux(s)) ds+ α[H ] t.

This proves that γx is a calibrated curve for χ on [0,∞). Similarly, one can prove that the same
holds on (−∞, 0]. Moreover, for any s, t > 0 we have that

χ(γx(t))− χ(γx(−s)) = χ(γx(t))− χ(x) + χ(x)− χ(γx(−s))

=

∫ t

0

L(γx(τ), ux(τ)) dτ − α[H ] t+

∫ 0

−s
L(γx(τ), ux(τ)) dτ − α[H ] s

=

∫ t

−s
L(γx(τ), ux(τ)) dτ − α[H ](t+ s),

and this completes the proof of (i). Conclusion (ii) follows from (i) and Proposition 3.4. �

COROLLARY 3.2. Let χ be a fixed-point of Tt, let x ∈ A, and let γx be calibrated for χ on
R with γx(0) = x. Then, γx satisfies the state equation with control

ux(t) = DpL
∗(γx(t), DFχ(γx(t))), ∀t ∈ R.

Moreover,
DFχ(γx(t)) = DuL(γx(t), ux(t)), ∀t ∈ R.

PROOF. Let χ be a fixed-point of Tt, let x ∈ A and let γx be a calibrated curve for χ. Let
ux be the control associated with γx. Then, from the maximum principle and the inclusion of
the dual arc into the superdifferential of the corresponding value function, e.g. [13, Theorem
7.4.17], it follows that for a.e. t ∈ R

〈DFχ(γx(t)), ux(t)〉 = L(γx(t), ux(t)) + L∗(γx(t), DFχ(γx(t)).

Notice that, DFχ(γx(t)) exists by Proposition 3.4. Hence, by the properties of the Legendre
transform and the fact that t 7→ DpL

∗(γx(t), DFχ(γx(t))) is continuous on R, we conclude that
ux has a continuous extension to R given by ux(t) = DpL

∗(γx(t), DFχ(γx(t))). �

REMARK 3.3. Following the classical Aubry-Mather theory for Tonelli Hamiltonian sys-
tems, one could define the Aubry set Ã ⊂ Td × Rm as

Ã =
⋂
{(x, u) ∈ A× Rm : DFχ(x) = DuL(x, u)}

where the intersection is taken over all fixed-point χ of the Lax-Oleinik semigroup.

4. Minimizing measures and critical constant

4.1. Horizontally closed measures. We begin by introducing a class of probability mea-
sures that adapts the notion of closed measures to sub-Riemannian control systems. Set

Pσ(Td × Rm) =

{
µ ∈ P(Td × Rm) :

∫
Td×Rm

|u|σ µ(dx, du) <∞
}

and for κ > 0 let Pσκ (Td × Rm) be the subset of Pσ(Td × Rm) such that µ ∈ Pσκ (Td × Rm) if∫
Td×Rm

|u|σ µ(dx, du) ≤ κ.
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Note that, sincePσκ (Td×Rm) is closed w.r.t. distance d1 by Prokhorov’s TheoremPσκ (Td×Rm)
is compact w.r.t. distance d1 for any κ > 0.

DEFINITION 4.1 (F -closed measure). We say that µ ∈ Pσ(Td × Rm) is an F -closed
measure if ∫

Td×Rm
〈F ?(x)Dϕ(x), u〉 µ(dx, du) = 0, ∀ ϕ ∈ C1(Td).

We denote by CF the set of all F -closed measures and we set CκF = CF ∩ Pσκ (Td × Rm).

Closed measures were first introduced in [22, 23] and then used, for instance, in [19] in
order to overcome the lack of regularity of the Lagrangian. Indeed, if L is merely continuous,
then there is no Euler-Lagrange flow and, consequently, it is not possible to introduce invariant
measures as it is customary, see for instance [18]. Similarly, in our setting, such a flow does not
exist: for this reason, the use of closed measures turns out to be necessary. Moreover, as we
will show in the next result, such measures collect the behavior of the minimizing trajectories
for the infimum in (2.3) as T →∞.

We now proceed to construct one closed measure that will be particularly useful to study
the Aubry set. Given x0 ∈ Td, for any T > 0 let the pair (γx0 , ux0) ∈ Γx0→0,T be optimal for (2.3).
Define the probability measure µTx0 by∫

Td×Rm
ϕ(x, u) µTx0(dx, du) =

1

T

∫ T

0

ϕ(γx0(t), ux0(t)) dt, ∀ ϕ ∈ Cb(Td × Rm). (4.1)

Then, we have the following.

PROPOSITION 4.1. The sequence {µTx0}T>0 is tight and there exists a sequence Tn → ∞
such that µTnx0 weakly-∗ converges to an F -closed measure µ∞x0 .

PROOF. First, by definition it follows that {π1]µ
T
x0
}T>0 has compact support, uniformly in

T . Thus, such a family of measures is tight. Let us prove that {π2]µ
T}T>0 is also tight.

On the one hand, by the upper bound in (2.2) we have that

1

T
VT (x0) ≤ 1

T

∫ T

0

L(x0, 0) ds ≤ ‖L(·, 0)‖∞.

On the other hand, since (γx0 , ux0) is a minimizing pair for VT (x0), by the lower bound in (2.2)
we get

1

T
VT (x0) =

1

T

∫ T

0

L(γx0(t), ux0(t)) dt

=

∫
Td×Rm

L(x, u) µTx0(dx, du) ≥
∫
Td×Rm

(
K1|u|σ −K2

)
µTx0(dx, du).

Therefore,

K1

∫
Td×Rm

|u|σ µTx0(dx, du) ≤ ‖L(·, 0)‖∞ +K2.

Consequently, the family of probability measures {π2]µ
T
x0
}T>0 has bounded (w.r.t. T ) σ-

moment. So, {π2]µ
T
x0
}T>0 is tight.
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Since {π1]µ
T
x0
}T>0 and {π2]µ

T
x0
}T>0 are tight, so is {µTx0}T>0 by [5, Theorem 5.2.2]. There-

fore, by Prokhorov’s Theorem there exists {Tn}n∈N, with Tn → ∞, and µ∞x0 ∈ P
σ(Td × Rm)

such that µTnx0 ⇀
∗ µ∞x0 .

We now show that µ∞x0 is an F -closed measure, that is,∫
Td×Rm

〈F ?(x)Dψ(x), u〉 µ∞x0(dx, du) = 0 (ψ ∈ C1(Td)).

By definition we have that∫
Td×Rm

〈F ?(x)Dψ(x), u〉µTnx0 (dx, du) =
1

Tn

∫ Tn

0

〈F ?(γx0(t)Dψ(γx0(t)), ux0(t)〉 dt

=
1

Tn

∫ Tn

0

〈Dψ(γx0(t), γ̇x0(t)〉 dt =
ψ(γx0(Tn))− ψ(x0)

Tn
.

So, in view of the compactness of the state space we obtain∫
Td×Rm

〈F ?(x)Dψ(x), u〉 µ∞x0(dx, du) = lim
n→∞

ψ(γx0(Tn))− ψ(x0)

Tn
= 0. �

The following property, which is interesting in its own right, will be crucial for the charac-
terization of the critical constant derived in Theorem 4.1 below.

PROPOSITION 4.2. We have that

inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du) = − inf
ψ∈C1(Td)

sup
x∈Td

H(x,Dψ(x)). (4.2)

The following two lemmas are needed for the proof of Proposition 4.2.

LEMMA 4.1. We have

inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du)

= inf
µ∈P2(Td×Rm)

sup
ψ∈C1(Td)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du).

(4.3)

The proof of the above lemma is based on an argument which is quite common in optimal
transport theory (see, e.g., [27, Theorem 1.3]). We give the reasoning for the reader’s conve-
nience.

LEMMA 4.2. Let φ ∈ C(Td × Rm) be such that

φ0 ≤ φ(x, u) ≤ Cφ(1 + |u|2), ∀ (x, u) ∈ Td × Rm

for some constants φ0 ∈ R and Cφ ≥ 0. Let {µj}j∈N ∈ P2(Td×Rm) and let µ ∈ P2(Td×Rm)
be such that µj ⇀∗ µ as j →∞. Then, we have that

lim inf
j→∞

∫
Td×Rm

φ(x, u) µj(dx, du) ≥
∫
Td×Rm

φ(x, u) µ(dx, du). (4.4)
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Proof of Proposition 4.2. We divide the proof into two steps.
(1). We will prove that

inf
µ∈Pσ(Td×Rm)

sup
ψ∈C1(Td)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du)

= sup
ψ∈C1(Td)

inf
µ∈Pσ(Td×Rm)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du).

(4.5)

For the proof of (4.5) we will apply the Minimax Theorem ([25, Theorem A.1]) to the functional

F : C1(Td)× Pσ(Td × Rm)→ R

defined by

F(ψ, µ) =

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du).

To do so, define

c∗ = 2‖L(·, 0)‖∞.

In order to check that the assumptions of the Minimax Theorem are satisfied we have to prove
the following.

(i) E :=
{
µ ∈ Pσ(Td×Rm) : F(0, µ) ≤ c∗

}
is compact in

(
Pσ(Td×Rm), d1

)
. Indeed,

for any given µ ∈ Pσ(Td × Rm) we know that the support of π1]µ is contained in
Td. Moreover, the assumption (L) implies that for any µ ∈ E we have that the family
{π2]µ}µ∈E has bounded σ moment and, therefore, it is tight. Thus, µ is tight by [5,
Theorem 5.2.2] and E is compact by Prokhorov’s Theorem.

(ii) The map µ 7→ F(ψ, µ) is lower semicontinuous on E for any ψ ∈ C1(Td). This fact
follows from Lemma 4.2.

Therefore, by the Minimax Theorem we obtain (4.5).
(2). In order to complete the proof we observe that, in view of (4.3) and (4.5),

inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du)

= inf
µ∈Pσ(Td×Rm)

sup
ψ∈C1(Td)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du)

= sup
ψ∈C1(Td)

inf
µ∈Pσ(Td×Rm)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du).

Now, assumption (L) ensures the existence of

min
(x,u)∈Td×Rm

{
L(x, u)− 〈F ?(x)Dψ(x), u〉

}
.



AUBRY-MATHER THEORY 19

Therefore, by taking a Dirac mass centered at any pair (x, u) at which the above minimum is
attained, one deduces that

sup
ψ∈C1(Td)

inf
µ∈Pσ(Td×Rm)

∫
Td×Rm

(
L(x, u)− 〈F ?(x)Dψ(x), u〉

)
µ(dx, du)

= sup
ψ∈C1(Td)

min
(x,u)∈Td×Rm

{
L(x, u)− 〈F ?(x)Dψ(x), u〉

}
.

= sup
ψ∈C1(Td)

(
− max

(x,u)∈Td×Rm

{
〈F ?(x)Dψ(x), u〉 − L(x, u)

})
= − inf

ψ∈C1(Td)
max

(x,u)∈Td×Rm

{
〈F ?(x)Dψ(x), u〉 − L(x, u)

}
=− inf

ψ∈C1(Td)
max
x∈Td

H(x,Dψ(x)).

We observe that the last inequality holds because

max
(x,u)∈Td×Rm

{
〈F ?(x)Dψ(x), u〉 − L(x, u)

}
= max

x∈Td
sup
u∈Rm

{
〈F ?(x)Dψ(x), u〉 − L(x, u)

}
= max

x∈Td
H(x,Dψ(x)).

This completes the proof. �

THEOREM 4.1. The following holds:

α[H ] = min
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du). (4.6)

Once again, we need a lemma for the proof of Theorem 4.1.

LEMMA 4.3. Let χ be a solution of the critical equation. Then, there exists a constant
K ≥ 0 such that, for any ε > 0

α[H ] +H(x,Dχε(x)) ≤ K ε ∀ x ∈ Td, (4.7)

where χε(x) = χ ? ξε(x) and ξε is a smooth mollifier.

Proof of Theorem 4.1. Observe that it is enough to show that there exists κ0 ≥ 0 such that for
any κ ≥ κ0 we have

α[H ] = inf
µ∈CκF

∫
Td×Rm

L(x, u)µ(dx, du).

First, we recall that by [11, Theorem 5.3] we have that

α[H ] = lim
T→+∞

1

T
vT (0).

Hence, appealing to Lemma 4.2 and recalling that L(x, u) ≥ −K2 we obtain

α[H ] = lim
T→∞

∫
Td×Rm

L(x, u) µT0 (dx, du) ≥
∫
Td×Rm

L(x, u) µ∞0 (dx, du). (4.8)
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Here, we recall that µT0 is defined by∫
Td×Rm

ϕ(x, u) µT0 (dx, du) =
1

T

∫ T

0

ϕ(γ0(t), u0(t)) dt, ∀ ϕ ∈ Cb(Td × Rm)

with (γ0, u0) ∈ Γ0→
0,T optimal for (2.3) and µ∞0 denotes the limit measure of {µT0 }T>0 constructed

in Proposition 4.1. So, setting

κ0 =
‖L(·, 0)‖∞ +K2

K1

we have µ∞0 ∈ CκF for any κ ≥ κ0, which implies

α[H ] ≥ min
µ∈CκF

∫
Td×Rm

L(x, u) µ(dx, du) (∀ κ ≥ κ0).

Next, by Proposition 4.2 we have that for any ψ ∈ C1(Td)

inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du) = − inf
ψ∈C1(Td)

sup
x∈Td

H(x,Dψ(x)). (4.9)

Let χ be a fixed-point of Tt. For ε ≥ 0 let χε(x) = χ ? ξε(x), where ξε is a smooth mollifier.
So, Lemma 4.3 yields

α[H ] +H(x,Dχε(x)) ≤ K ε, x ∈ Td.

Then, using χε to give a lower bound for the right hand side of (4.9) we obtain

inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du) ≥ − sup
x∈Td

H(x,Dχε(x)) ≥ α[H ]−K ε .

Hence,

min
µ∈CκF

∫
Td×Rm

L(x, u) µ(dx, du) ≥ inf
µ∈CF

∫
Td×Rm

L(x, u) µ(dx, du)

≥ α[H ]−K ε (∀ κ ≥ κ0)

as ε ↓ 0 we get

min
µ∈CκF

∫
Td×Rm

L(x, u) µ(dx, du) ≥ α[H ]

for any κ ≥ κ0 and this completes the proof. �

COROLLARY 4.1. For any x0 ∈ Td we have that

α[H ] =

∫
Td×Rm

L(x, u) µ∞x0(dx, du)

where µ∞x0 is given in Proposition 4.1.
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4.2. Strongly closed measures. Here, we restrict the notion of F -closed measures in order
to allow test functions to be semiconcave, which is, a larger class of test functions than the space
C1 considered in Definition 4.1.

For brevity of notation we denote by SC(Td) the set of all semiconcave function defined on
Td. Moreover, we introduce the one-sided horizontal directional derivative

∂Fϕ(x, θ) = lim
h→0+

ϕ(x+ hF (x)θ)− ϕ(x)

h
, ϕ ∈ SC(Td)

at any point x ∈ Td and direction θ ∈ Rm.

DEFINITION 4.2. We say that µ ∈ Pσ(Td × Rm) is a strongly F -closed measure if∫
Td×Rm

∂Fϕ(x, u) µ(dx, du) = 0, ∀ ϕ ∈ SC(Td).

We denote by CSF the set of all F -closed measures and by CSF (κ) = CSF ∩ Pσκ (Td × Rm).

LEMMA 4.4. CSF (κ) is a compact subset of Pσκ (Td × Rm) w.r.t. distance d1.

PROOF. Let ϕ ∈ SC(Td), let {µk}k∈N ⊂ CSF be such that µk ⇀∗ µ and let x ∈ Td, h ∈ Td
u ∈ Rm. Let ω be the modulus of semiconcavity of ϕ. Then, we have

ϕ(x+ hF (x)u)− ϕ(x) ≤ 〈p, hF (x)u〉+ ω(|h|)|u|2, ∀ p ∈ D+
Fϕ(x).

So, dividing by h > 0 we get

ϕ(x+ hF (x)u)− ϕ(x)

h
≤ 〈p, F (x)u〉+

ω(|h|)
h
|u|2, ∀ p ∈ D+

Fϕ(x).

So, taking the minimum over p ∈ D+
Fϕ(x) on the right-hand side we have that

ϕ(x+ hF (x)u)− ϕ(x)

h
≤ ∂Fϕ(x, u) +

ω(|h|)
h
|u|2.

Then, integrating the above inequality w.r.t. µk we obtain∫
Td×Rm

ϕ(x+ hF (x)u)− ϕ(x)

h
µk(dx, du)

≤
∫
Td×Rm

∂Fϕ(x, u) µk(dx, du) +
ω(|h|)
h

∫
Td×Rm

|u|2 µk(dx, du)

Hence, as k ↑ ∞ we get∫
Td×Rm

ϕ(x+ hF (x)u)− ϕ(x)

h
µ(dx, du) ≤ ω(|h|)

h

∫
Td×Rm

|u|2 µ(dx, du).

and, as h→ 0+ we have ∫
Td×Rm

∂Fϕ(x, u) µ(dx, du) ≤ 0.

Next, we proceed to show that∫
Td×Rm

∂Fϕ(x, u) µ(dx, du) ≥ 0.
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Again from the semiconcavity of ϕ we have that

ϕ(x+ hF (x)u)− ϕ(x) ≥ 〈p, hF (x)u〉 − ω(|h|)|u|2, ∀ p ∈ D+
Fϕ(x+ hF (x)u).

Appealing to the compactness of the state space and the upper-semicontinuity of the superdiffren-
tial we have that for any R ≥ 0, and any ε ≥ 0 there exists h(R, ε) ≥ 0 such that

D+
Fϕ(x+ hF (x)u) ⊂ D+

Fϕ(x) + εB1, ∀ x ∈ Td, ∀ u ∈ BR,∀ h ≤ h(R, ε).

Hence,
ϕ(x+ hF (x)u)− ϕ(x)

h
≥ ∂Fϕ(x, u)−

(
ε |u|+ ω(|h|)

h
|u|2
)
.

Integrating w.r.t. µk over Td ×BR we get∫
Td×BR

ϕ(x+ hF (x)u)− ϕ(x)

h
µk(dx, du)

≥
∫
Td×BR

∂Fϕ(x, u) µk(dx, du)− C
(
ε+

ω(|h|)
h

)∫
Td×BR

|u|2 µk(dx, du)

So,∫
Td×BR

∂Fϕ(x, u) µk(dx, du)

=

∫
Td×Rm

∂Fϕ(x, u) µk(dx, du) +

∫
Td×BcR

∂Fϕ(x, u) µk(dx, du)

≥ C

1 +R
.

Thus, as k →∞ we get∫
Td×BR

ϕ(x+ hF (x)u)− ϕ(x)

h
µ(dx, du) ≥ −Cκ

(
ε+

ω(|h|)
h

+
1

R + 1

)
.

Next, fix σ ≥ 0 and let R be such that 1
R+1
≤ σ, let ε ≤ σ. Then,∫

Td×BR

ϕ(x+ hF (x)u)− ϕ(x)

h
µ(dx, du) ≥ 2σ + o(|h|).

The conclusion follows as h→ 0+ and since σ is arbitrary. �
Next, we recall the construction of measures µT for T > 0 and, as before, we proceed

to show that, up to subsequence, such measures weakly-∗ converges to an F -strongly closed
measure. Given x0 ∈ Td, for any T > 0 let the pair (γx0 , ux0) ∈ Γx0→0,T be optimal for (2.3).
Define the probability measure µTx0 by∫

Td×Rm
ϕ(x, u) µTx0(dx, du) =

1

T

∫ T

0

ϕ(γx0(t), ux0(t)) dt, ∀ ϕ ∈ Cb(Td × Rm). (4.10)

Then, we have the following.

PROPOSITION 4.3. The sequence {µTx0}T>0 is tight and there exists a sequence Tn → ∞
such that µTnx0 weakly-∗ converges to an F -strongly closed measure µ∞x0 .
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PROOF. Proceeding as in Proposition 4.1 one immediately gets that there exists a subse-
quence {Tn}n∈N and a probability measure µ∞x0 such that µTnx0 weakly-∗ converges to µ∞x0 . Let us
show that µ∞x0 is F -strongly closed, i.e., we have to show that∫

Td×Rm
∂Fϕ(x, u) µ∞x0(dx, du) = 0, ∀ ϕ ∈ SC(Td).

Fix ϕ ∈ SC(Td). Then,∫
Td×Rm

∂Fϕ(x, u) µTkx0 (dx, du)

=
1

Tk

∫ Tk

0

lim
h→0+

ϕ(γ(t) + hF (γ(t))u(t))− ϕ(γ(t))

h
dt

= lim
h→0+

1

Tk

∫ Tk

0

[
ϕ(γ(t+ h))− ϕ(γ(t))

h
+
ϕ(γ(t) + hF (γ(t))u(t))− ϕ(γ(t+ h))

h

]
dt.

Recalling that since ϕ ∈ SC(Td) then ϕ ∈ W 1,∞(Td), we immediately get∣∣∣∣ϕ(γ(t) + hF (γ(t))u(t))− ϕ(γ(t+ h))

h

∣∣∣∣
≤ ‖Dϕ‖∞|γ(t) + hF (γ(t))u(t)− γ(t+ h)|

h
≤ ‖Dϕ‖∞o(|h|).

On the other hand,

1

Tk

∫ Tk

0

ϕ(γ(t+ h))− ϕ(γ(t))

h
=

1

Tk

[∫ Tk+h

h

ϕ(γ(t))

h
dt−

∫ Tk

0

ϕ(γ(t)

h
dt

]
=

1

Tk

∫ h

0

ϕ(γ(t))

h
dt− 1

Tk

∫ Tk+h

Tk

ϕ(γ(t))

h
dt ≤ 2

Tk
‖ϕ‖∞.

Thus, as k ↑ ∞ we conclude∫
Td×Rm

∂Fϕ(x, u) µ∞x0(dx, du) = 0, ∀ ϕ ∈ SC(Td). �

THEOREM 4.2. We have that

α[H ] = min
µ∈CSF

∫
Td×Rm

L(x, u) µ(dx, du).

PROOF. First, by definition

min
µ∈CSF

∫
Td×Rm

L(x, u) µ(dx, du) ≥ α[H ] .

On the other hand,

α[H ] = lim
T→∞

∫
Td×Rm

L(x, u) µT0 (dx, du) ≥
∫
Td×Rm

L(x, u) µ∞0 (dx, du)

and the conclusion follows taking the infimum over CSF . �
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5. Mather set

In this section we introduce the Mather set associated with a control system with nonholo-
nomic constraints. We show that such a set is included into the projected Aubry set and, as a
consequence, a fixed-point of the Lax-Oleinik semigroup is horizontally differentiable on the
projected Mather set. Before doing this, we prove the existence of a strict critical subsolution
(Definition 5.1 below) and, then, the existence of a semiconcave strict critical subsolution which
is, consequently, globally Lipschitz continuous w.r.t. the Euclidean distance.

5.1. Lax-Oleinik semigroup and viscosity solutions. In this section we investigate the
relation between the Lax-Oleinik semigroup and viscosity solutions to

α[H ] +H(x,Dχ(x)) = 0, x ∈ Td.
Before proving the main result of this section we need a technical lemma on the propagation

of regularity along optimal pairs via the inclusion of the dual arc in the subdifferential of the
value function. The proof of the following lemma can be obtained by adapting the arguments
in the proof of [13, Theorem 7.3.4] to control-affine state equations.

LEMMA 5.1. Let ϕ ∈ C(Td), let (t, x) ∈ [0,∞)× Td and let (γ, u) ∈ Γ→x0,t be optimal for

vϕ(t, x) = Ttϕ(x) = inf
(γ,u)∈Γ→x0,t

{
ϕ(γ(0)) +

∫ t

0

L(γ(s), u(s)) ds

}
.

Let p : [0, t] → Rd be the dual arc associated with the above problem and suppose that p(t) ∈
D−x vϕ(t, x). Then,

p(s) ∈ D−x vϕ(s, γ(s)), ∀ s ∈ [0, t].

REMARK 5.1. Observe that Lemma 5.1 still holds true replacing D−vϕ with D∗vϕ, where
D∗vϕ denotes the set of all limiting horizontal gradients of vϕ. This fact follows arguing as in
[13, Theorem 7.3.10] and [10].

THEOREM 5.1. A continuous function v : Td → R is a viscosity solution to

α[H ] +H(x,Dv(x)) = 0 (x ∈ Td)
if and only if v(x) = Ttv(x)− α[H ] t for any t ≥ 0.

PROOF. If v(x) = Ttv(x)−α[H ] t, then the statement follows by the dynamic programming
principle.

Let us prove the converse. To do so, let v be a viscosity solution to

α[H ] +H(x,Dv(x)) = 0, x ∈ Td

and define the function

ṽ(t, x) = Ttv(x), ∀ t ≥ 0, ∀x ∈ Td.
So, the proof is reduced to showing that ṽ(t, x) = v(x) + α[H ] t. From Lemma 3.3 we deduce
that ṽ(t, x) is semiconcave and, thus, Lipschitz continuous w.r.t. the Euclidean distance. This
implies that it is enough to show that ∂tṽ(t, x) = α[H ] at any point (t, x) where ṽ(t, x) admits
a derivative. By the dynamic programming principle it follows that ṽ satisfies

∂tṽ(t, x) +H(x,Dṽ(t, x)) = 0, (t, x) ∈ [0,∞)× Td
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in the viscosity sense. Hence, we have to show that

α[H ] +H(x,Dṽ(t, x)) = 0, (t, x) ∈ [0,∞)× Td.
Since ṽ(t, x) ≺ L− α[H ], we have that

α[H ] +H(x,Dṽ(t, x)) ≤ 0.

Next, we proceed to show that α[H ] +H(x,Dṽ(t, x)) ≥ 0 holds. Let (t, x) ∈ (0,∞)×Td be a
point of differentiability of ṽ and let (γ, u) ∈ Γ→x0,t satisfy

Ttv(x) = v(γ(0)) +

∫ t

0

L(γ(s), u(s)) ds.

By the maximum principle and the properties of the Legendre transform we obtain

∂uL(x, u(t)) ∈ D+
F ṽ(t, x)

and since ṽ is differentiable at (t, x) we get DF ṽ(t, x) = ∂uL(x, u(t)). Using the fact that

H(γ(s), ∂uL(γ(s), u(s)))

is constant we are reduced to show

α[H ] +H(γ(0), ∂uL(γ(0), u(0))) ≥ 0.

The above inequality is a consequence of Lemma 5.1, since

∂uL(γ(0), u(0)) ∈ D−v(γ(0))

and v is a viscosity solution to α[H ] +H(x,Dv(x)) = 0. �

5.2. Strict critical subsolution.

DEFINITION 5.1 (Strict critical subsolution). A subsolution χ : Td → R to the critical
equation is said to be strict at x ∈ Td if there exists an open subset U ⊂ Td and c > α[H ] such
that x ∈ U , and χU = χ|U is a subsolution of c+H(x,DχU) = 0.

Before proving the existence of a strict critical subsolution to the critical equation we pro-
vide a preliminary result on the, so called, Mañé potential function. We omit the proof which is
similar to the one of [19, Proposition 4.2].

PROPOSITION 5.1. Let x ∈ Td and let φx be function defined by

φx(y) = inf
t≥0

[At(x, y)− α[H ] t]. (5.1)

Then, φx(·) is a viscosity subsolution to the critical equation on Td. Moreover, φx(·) is a
viscosity solution to the critical equation on Td if and only if x ∈ A.

REMARK 5.2. Since, for any x ∈ Td, φx is a subsolution to the critical equation

α[H ] +H(y,Dφx(y)) = 0

on Td, by appealing to Lemma 3.1 we conclude that φx(·) is locally Lipschitz continuous uni-
formly w.r.t. x ∈ Td.

Next, we prove the existence of a strict critical subsolution to the equation

α[H ] +H(x,Dχ(x)) = 0, x ∈ Td.
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PROPOSITION 5.2. There exists a global critical subsolution which is strict at each point
of Td\A.

PROOF. We first show that, given x ∈ Td\A, we can construct a global critical subsolution
χx : Td → R which is strict on an open set Ux containing x.

Let φx : Td → R be defined as in (5.1). Appealing to Remark 5.2 we have that such a
function is a global subsolution to the critical equation and a solution to the critical equation on
Td\{x0}, that is, the viscosity supersolution condition must be violated at x. So, there exists an
horizontally differentiable function θ : V → R defined on a open neighborhood V of x such
that

θ(y) < φx(y) for y ∈ V, θ(x) = φx(x), and α[H ] +H(x,Dθ(x)) < 0.

Hence, we can find a constant cx > α[H ] and a open neighbourhoodW of x whose closure is
compact and contained in V such that

cx +H(y,Dθ(y)) < 0 (y ∈ W).

Next, let ε > 0 be such that φx(y) > θ(y) + ε for y ∈ W\W and define

vx(y) = max{φx(y), θ(y) + ε}, y ∈ W .

Note that, by the choice of ε we have that φx(y) = φx(y) on W\W and so the function vx
can be continuously extended on Td. Moreover, observe that θ(x) + ε > φx(x) = θ(x) which
implies that there exists an open neighbourhood Ux of x such that φx(y) = θ(y) + ε, and for
any y ∈ Ux, we have that cx + H(y,Dφx(y)) = cx + H(y,Dθ(y)) < 0. Thus, we deduce that
φx|Ux is dominated by L− cx on Ux.

By definition, φx(x) = 0. So we have that

sup{|φx(y)| : x ∈ Td\A, y ∈ K} <∞ (5.2)

for each compact subset K of Td. Since the set Td\A is covered by the open sets Ux with
x ∈ Td\A, we can find a countable subcover {Uxn}n∈N. Define the function

v(y) =
∞∑
k=1

1

2k
φxk+1

(y).

From (5.2) we have that
∑∞

k=1
1
2k
φxk+1

(y) uniformly converges on all compact subsets of Td.
Moreover, we have that v is an infinite convex combination of φxk . Hence, we get that v is
dominated by L− α[H ] since each φxk ≺ L− α[H ] and v|Uxk is dominated by L− c with

c :=
cxk

2k+1
+
∑
m 6=k

α[H ]

2m+1
< α[H ] .

This yields the fact that v is a strict subsolution of the critical equation. �

5.3. Analysis of the Mather set. In order to prove the main result of this section, namely
Theorem 5.3, we need to use a strict critical subsolution as a test function for closed measures.
For this, we have to construct a semiconcave subsolution, which is strict at each point not in the
projected Aubry set. This will be done by showing that, given any strict critical subsolution, for
any t > 0, the function Ttv : Td → R is also a strict critical subsolution.
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Before doing so, let us recall that the Lax-Oleinik semigroup is defined on the set of domi-
nated functions DH by the formula

Ttϕ(x) = inf
(γ,u)∈Γ→x0,t

{
ϕ(γ(0)) +

∫ t

0

L(γ(s), u(s)) ds

}
(ϕ ∈ DH , x ∈ Td).

Let us introduce the set

I(ϕ) = {x ∈ Td : ∃ (γ, u) ∈ Γ→x−∞,0 ∩ Γx→0,∞ s.t. γ is calibrated for ϕ}.

The proof of the following Lemma, as well as the one of the next Theorem, can be recovered
arguing as in [19], Proposition 6.2 and Lemma 6.3 respectively.

LEMMA 5.2. The following facts hold true.

(i) If v is a subsolution of the critical equation then, for each t > 0, the function Ttv is
also a subsolution of the critical equation. Moreover,

I(Ttv) = I(v), and v = Ttv − α[H ] t on I(Ttv) = I(v) ∀ t > 0.

(ii) If t > 0, x ∈ Td\I(v), and γ : [0, t]→ Td are such that x = γ(t), and

Ttv(x) = v(γ(0)) +

∫ t

0

L(γ(s), u(s)) ds,

then, γ ([0, t]) ⊂ Td\I(v).

THEOREM 5.2. Let v be a subsolution of the critical equation which is strict at each point
of Td\I(v). Then Ttv is also a subsolution of the critical equation, strict at each point of
Td\I(v).

Let π1 : Td × Rm → Td be the projection onto the first factor, that is, π1(x, u) = x.

DEFINITION 5.2 (Mather measures and Mather set). We say that µ ∈ CSF is a Mather
measure for L if

α[H ] = inf
ν∈CSF

∫
Rd×Rm

L(x, u) ν(dx, du) =

∫
Rd×Rm

L(x, u) µ(dx, du)

and C∗F (L) denotes the set of all Mather measures. We define the Mather set as

M̃ =
⋃

µ∈C∗F (L)

spt(µ) ⊂ Td × Rm.

and we callM = π1

(
M̃
)

the projected Mather set.

We can now prove the main result of this section stating the inclusion of the projected
Mather set into the projected Aubry set.

THEOREM 5.3. The following holds:

M⊂ A.
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PROOF. Let x0 ∈ Td\A, let V be an open neighborhood of x with V ⊂ Td\A and let ϕ be
a semiconcave strict subsolution at x0 to the critical equation with value c0 > α[H ]. Let x ∈ V
and let p ∈ D+

Fϕ(x). Then, by the Legendre transform we have that

〈p, u〉Rm ≤ L(x, u) + L∗(x, p) < L(x, u)− c0, ∀ (x, u) ∈ V × Rm.

So, taking the minimum over p ∈ D+
Fϕ(x) we get

∂Fϕ(x, u) ≤ L(x, u)− c0, ∀ (x, u) ∈ V × Rm.

Fix a Mather measure µ ∈ C∗F (L). Then, we have that

0 =

∫
Td×Rm

∂Fϕ(x, u) µ(dx, du)

=

∫
V×Rm

∂Fϕ(x, u) µ(dx, du) +

∫
(Td\V )×Rm

∂Fϕ(x, u) µ(dx, du)

≤
∫
V×Rm

(L(x, u)− c0) µ(dx, du) +

∫
(Td\V )×Rm

(L(x, u)− α[H ]) µ(dx, du)

=

∫
V×Rm

(α[H ]−c0) µ(dx, du) +

∫
Td×Rm

(L(x, u)− α[H ]) µ(dx, du).

Hence, recalling that c0 > α[H ] and
∫
Td×Rm(L(x, u)− α[H ]) µ(dx, du) = 0 we conclude that∫

Td×Rm
∂Fϕ(x, u) µ(dx, du) < 0

which implies the conclusion. �
As a consequence of the above result, we obtain the horizontal differentiability of solutions

to the critical equation inM and the representation ofM as the graph of a continuous vector
fields (in the spirit of Mather graph Theorem).

COROLLARY 5.1. Let µ ∈ C∗F (L) be a Mather measure and let χ be a fixed-point of Tt.
Then the following holds:

(i) χ is differentiable at any x ∈ spt(π1]µ) along the range of F (x) and the horizontal
gradient DFχ(x) satisfies

DFχ(x) = DuL(x, u), ∀ (x, u) ∈ spt(µ);

(ii) χ is a solution to

α[H ] +L∗(x,DFχ(x)) = 0, ∀ x ∈ spt(π1]µ)

in the classical sense;
(iii) the Mather set is the graph of a continuous vector field, that is,

M̃ = {(x,DpL
∗(x,DFχ(x)) : x ∈M}.

PROOF. Let χ be a fixed-point of the Lax-Oleinik semigroup. Since M ⊂ A and χ is
horizontally differentiable onA, we deduce that the same holds onM. Moreover, we have that

〈DFχ(x), u〉 ≤ L(x, u) + L∗(x,DFχ(x)) ≤ L(x, u)− α[H ], (x, u) ∈M× Rm. (5.3)
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Hence, integrating the above inequality w.r.t. µ we get

0 ≤
∫
Rd×Rm

(
L(x, u) + L∗(x,DFχ(x))

)
µ(dx, du) ≤ 0.

So, ∫
Rd×Rm

(
L(x, u) + L∗(x,DFχ(x))

)
µ(dx, du) = 0. (5.4)

From (5.3) we know that

0 ≤ L(x, u) + L∗(x,DFχ(x))− 〈DFχ(x), u〉 (5.5)

Therefore, combining (5.4) and (5.5) we deduce that

0 ≤
∫
Rd×Rm

(
L(x, u) + L∗(x,DFχ(x))− 〈DFχ(x), u〉

)
µ(dx, du) = 0

and so
〈DFχ(x), u〉 = L(x, u) + L∗(x,DFχ(x)), (x, u) ∈ spt(µ). (5.6)

Similarly, again from (5.3) and (5.4) we obtain

L(x, u) + L∗(x,DFχ(x)) = L(x, u)− α[H ], (x, u) ∈ spt(µ).

Thus,
α[H ] +L∗(x,DFχ(x)) = 0, ∀ x ∈ spt(π1]µ)

and, by (5.6) and the properties of the Legendre transform ([13, Appendix A.2]), we get

DFχ(x) = DuL(x, u), ∀ (x, u) ∈ spt(µ)

which proves (i) and (ii). Moreover, still from (5.6) and the properties of the Legendre transform
we deduce that

u = DpL
∗(x,DFχ(x)), ∀ (x, u) ∈ spt(µ).

So,
M̃ = {(x,DpL

∗(x,DFχ(x)) : x ∈M}
which proves (iii) and completes the proof. �

We conclude this section with an example.

EXAMPLE 5.1. Let us consider the Grushin dynamic on T2 determined by

G(x) =

[
1 0
0 x1

]
with controls u = (u1, u2) ∈ R2 and a Lagrangian of the form

L(x, u) =
1

2
|u− V (x)|2 +G(x)

for a given V ∈ C2(T2;R2) and G ∈ C2(T2;R). The state equation associated with G is{
ẋ1(t) = u1(t)

ẋ2(t) = x1(t)u2(t).



30 PIERMARCO CANNARSA AND CRISTIAN MENDICO

We recall that a probability measure µ on T2 × R2 is G-closed if∫
T2×R2

〈Dϕ(x),G(x)u〉 µ(dx, du) = 0, ∀ ϕ ∈ C1(T2).

A simple verification shows that the following measures are G-closed:

µ1 = ν ⊗ δ(0,0), where ν is any probability measure on T2

and
µ2 = ν1

(0,T) ⊗ ν2
(0,R),

where ν1
(0,T) = δ{0} ⊗ ν1, ν2

(0,R) = δ{0} ⊗ ν2 for any ν1 and ν2, probability measures on T and R
respectively. So, recalling also that

α[H ] = inf
µ∈CF

∫
T2×R2

(
1

2
|u− V (x)|2 +G(x)

)
µ(dxdu)

we obtain

α[H ] ≤ inf

{∫
T2×R2

(
1

2
|u− V (x)|2 +G(x)

)
µ(dxdu) : µ = ν ⊗ δ(0,0), ν ∈ P(T2)

}
= min

y∈T2

(
1

2
|V (y)|2 +G(y)

)
and

α[H ] ≤ inf
{∫

T2×R2

(
1

2
|u− V (x)|2 +G(x)

)
µ(dxdu) :

µ = (δ{0} ⊗ ν1)⊗ (δ{0} ⊗ ν2), ν1 ∈ P(T), ν2 ∈ P(R)
}

= min
z∈T

(
1

2
|V1(0, z)|2 +G(0, z)

)
where we set V (x) = (V1(x), V2(x)) for x ∈ T2. Therefore,

α[H ] ≤ min

{
min
y∈T2

(
1

2
|V (y)|2 +G(y)

)
,min
z∈T

(
1

2
|V1(0, z)|2 +G(0, z)

)}
. (5.7)

In some special cases, it is easy to show that (5.7) becomes an equality. For instance, if
there exists (x∗, y∗) ∈ T2 such that V (x∗, y∗) = 0 and G(x∗, y∗) = min

(x,y)∈T2
G(x, y), then

α[H ] = min
(x,y)∈T2

G(x, y)

and µ1 = δ(x∗,y∗) ⊗ δ(0,0) is the Mather measure.
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