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Thouless pumping is an emblematic manifestation of topology in physics, referring to the ability
to induce a quantized transport of charge across a system by simply varying one of its parameters
periodically in time. The original concept of Thouless pumping involves a non-interacting system,
and has been implemented in several platforms. One current challenge in the field is to extend
this concept to interacting systems. In this article, we propose a Thouless pump that solely relies
on nonlinear physics, within a chain of coupled Kerr resonators. Leveraging the driven-dissipative
nature of the system, we modulate in space and time the onsite Kerr interaction energies, and
generate 1+1-dimensional topological bands in the Bogoliubov spectrum of excitations. These bands
present the same topology as the ones obtained within the Harper-Hofstadter framework, and the
Wannier states associated to each band experience a net displacement and show quantized transport
according to the bands Chern numbers. Remarkably, we find driving configurations leading to band
inversion, revealing an interaction-induced topological transition. Our numerical simulations are
performed using realistic parameters inspired from exciton polaritons, which form a platform of
choice for investigating driven topological phases of matter.

A one-dimensional system of non interacting electrons
in a time-modulated periodic potential can show trans-
port in absence of any external bias, a phenomenon
known as geometric pumping. Strikingly, there exists
modulation protocols where the electron motion is quan-
tized in direct connection to the topology of the 1+1-
dimensional (1+1D) bands that the system outlines dur-
ing the protocol, in analogy to the quantum Hall effet [1].
In the case of filled bands, electrons move during a pump
period by an integer number of unit cells equal to the
sum of the Chern numbers of the filled bands [2]. Note-
worthily, as quantized transport is intrinsically linked to
the band structure, it can be accessed by monitoring the
motion of the Wannier states. This way, Thouless pump-
ing can also be accessed in bosonic systems.

The development of synthetic experimental platforms,
providing exquisite control over the system parameters,
has enabled experimental demonstrations of Thouless
pumping. Examples include cold atoms confined in tun-
able optical lattices [3–5] or coupled to a cavity field [6],
photons in coupled waveguides [7–9], plasmons in plas-
monic waveguides [10], or mechanical excitations in meta-
materials [11] or waveguides [12].

The picture gets even richer when considering inter-
acting particles [13]. Interactions can induce topologi-
cal pumping [14, 15], or lead to its breakdown [16, 17]
depending on the interaction strength. Nonlinear soli-
tonic waves on top of a Thouless pump have shown to
exhibit quantized transport [18–22]. Thouless pumping
has been proposed as a way to channel multiphoton quan-
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tum states [23, 24]. Remarkably, interactions in bosonic
systems are also known to renormalize the band struc-
ture for the elementary Bogoliubov excitations [25], and
have been shown to induce non trivial topology in the
Bogoliubov bands of an otherwise trivial system [26, 27].
To the best of our knowledge, the question whether one
can organize a Thouless pump for the Bogoliubov modes
of an interacting bosonic system remains unexplored so
far.

In this letter, we propose an optically driven topolog-
ical pump that entirely relies on the optical nonlinear-
ity in a 1D array of driven-dissipative Kerr resonators.
We consider a protocol where an optical drive is period-
ically distributed across the lattice sites with adiabatic
time-periodic intensity modulation. Because of the Kerr
nonlinearity, this protocol induces a modulation of the
lattice onsite energies, proportionally to the local photon
number. As a result, topological bands akin to Harper-
Hofstadter bands emerge in the 1+1D Bogoliubov spec-
trum of excitations and Thouless pumping of the Wannier
states is demonstrated. Moreover, we show that anahar-
monicities in the modulation protocol may induce topo-
logical transitions. We anticipate that this protocol could
be implemented using exciton polariton lattices [28, 29],
as this platform combines a giant Kerr nonlinearity with
the ability to image Bogoliubov excitations both in real
and k-space [30–33]. We therefore base our numerical
simulations on realistic parameters that are relevant for
the exciton polariton platform.

We consider an infinite periodic chain of identical Kerr
resonators with constant couplings along the chain (see
Fig. 1a). The linear part of the Hamiltonian writes:
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FIG. 1. a. Schematic of the lattice of coupled Kerr resonators.
Each lattice site is individually driven (zigzag arrows). b. En-
ergy dispersion of the lattice modes in the linear regime. The
horizontal dashed line shows the energy ~ωP of the drives.

Ĥ =
∑

n

E0 |φn〉〈φn| − J (|φn〉〈φn+1|+ |φn〉〈φn−1|) ,

(1)
where |φn〉 is the mode of resonator n with on-site energy
E0, and J is the coupling between neighboring sites. The
eigenenergies of the Bloch eigenstates form a single band
of dispersion E(k) = E0− 2J cos (ka), where a is the lat-
tice period and k ∈]−π/a, π/a] (see Fig. 1b). The nonlin-
ear resonators are coherently driven by a monochromatic
field oscillating at angular frequency ωp. The complex
field amplitude at site n is Fn, and all sites experience
a uniform loss rate γ. In the mean field approximation,
the system dynamics is governed by the following driven-
dissipative Gross Pitaevskii equation:

i~∂tψ =
(

Ĥ − i
γ

2
1̂ + gN̂

)

ψ + iF e−iωpt , (2)

where g is the Kerr nonlinearity, ψ is a vector of com-
ponents ψn, N̂ is a diagonal operator with non-zero ele-
ments equal to N̂n,n = |ψn|2, 1̂ is the identity matrix, and
F is a vector of components Fn. In the rest of this letter,
we define the energy detuning between the drive and the
top of the band ∆E = ~ωP −E0 − 2J (see Fig. 1b), and

the drive power P =
∑

n |Fn|
2.

We propose a drive protocol where we spatially mod-
ulate the pump amplitudes as follows:

Fn(ϕ) = F |cos(ϕ/2 + παn)| , (3)

where α = 1/5 and the parameter ϕ is a phason that
can take values between 0 and 2π. Note that the spatial
periodicity of this protocol is 5a, meaning that each unit
cell of this drive pattern contains five sites.

We first set ϕ = 0 and compute the system nonlinear
steady-state versus P , solving Eq. 2. We plot, in Fig. 2a,

the stationary field intensity pattern
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FIG. 2. a. Stationary intensity map versus unit cell number
and power for the lattice driven according to ϕ = 0 in Eq. 3.
The dotted horizontal line marks the drive power P = 0.79Pth

used in most part of this letter. b. Nonlinear onsite energies

2g
∣

∣

∣
ψ

(s)
n (Fn(ϕ))

∣

∣

∣

2

as a function of ϕ. The red arrow is a guide

to the eye to highlight the trajectory for one energy mini-
mum. The vertical white dashed lines in a. and b. delimit
the five sites forming one unit cell. c) Top panel: the popu-

lation
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on site 3 of the unit cell is shown as a function

of ϕ for P/Pth = 0.79 (solid blue line) and for P/Pth = 0.996
(dashed red line). The associated power spectra (normal-
ized to the power in the fundamental harmonic |F1|

2) are
plotted in the bottom panel. The numerical parameters are
γ = 44.7 µeV, J/γ = 2.2, g/γ = 10−3, ∆E = 5.14J .

for increasing values of P . The intensity pattern fol-
lows the periodicity of the driving field, and evidences
a nonlinear threshold at P = Pth, characteristic of a
multi-stable nonlinear system. In the following, unless
stated otherwise, we set P/Pth = 0.79 (red dashed line
in Fig. 2a).

We now compute the excitation spectrum on top of this
nonlinear steady state. To do so, we use a Bogoliubov

approach writing: ψ(t) = (ψ(s) + δψ(t))e−iωPt. Intro-
ducing this ansatz into the Gross-Pitaevskii equation, we
obtain the following linearized equations for δψ(t) and
δψ∗(t):

i~∂t

(

δψ(t)
δψ∗(t)

)

=

(

M̂ N̂

−N̂ ∗ −M̂∗

)(

δψ(t)
δψ∗(t)

)

, (4)

where M̂ = Ĥ −
(

~ωP + iγ2
)

1̂ + 2gN̂ (s), and N̂ is
a diagonal operator with non-zero elements equal to

N̂n,n = g
(

ψ
(s)
n

)2

.

The stationary solutions of Eq. 4 have the form:
δψ(t) = ue−iEt/~ + v∗eiE

∗t/~, where (u,v)T is an eigen-
vector of the Bogoliubov matrix written in Eq. 4 for the
eigenvalue E . The set of all possible Re(E) values gives
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FIG. 3. a. Bogoliubov bands on top of the nonlinear steady-
state ψ(s). The normal (ghost) branches are shown in solid
(dashed) lines. b. 1+1D Bogoliubov bands as a function
of k and ϕ. The computed Chern numbers are given aside
each band. γ = 44.7 µeV, J/γ = 2.2, g/γ = 10−3, ∆E =
5.14J, P/Pth = 0.79

.

rise to the Bogoliubov spectrum of excitations. It is con-
venient to write the Bogoliubov eigenmodes in reciprocal
space versus wavevector k, using the basis of Bloch states
(ũ(k), ṽ(k))T. For each site i of the unit cell, ũi(k) and
ṽi(k) are called the “normal” and “ghost” branch ampli-
tudes.

Figure 3a shows the resulting Bogoliubov spectrum
versus k. Because of the 5a spatial period imposed by
the drive, k takes values within ] − π/5a, π/5a]. We
clearly observe the presence of 10 bands separated by
energy gaps. By construction, the bands are symmetric
with respect to the pump energy Re(E) = 0 (particle-
hole symmetry). The five low energy bands correspond
to the “normal” modes (|ũ(k)|2 − |ṽ(k)|2 = 1), while the
five upper energy bands correspond to the “ghost” modes
(|ũ(k)|2 − |ṽ(k)|2 = −1). This spectrum highlights that
spatially engineering the driving field enables tailoring
the Bogoliubov band structure [26].

We now consider a protocol where ϕ is adiabatically
varied between 0 and 2π. As we vary ϕ, the diagonal
elements of the Bogoliubov matrix are periodically mod-

ulated according to M̂n,n(ϕ) = E0 +2g
∣
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−
(

~ωP + iγ2
)

. Strikingly, M̂ has the form of an Aubry-
André-Harper Hamiltonian [34, 35], where the onsite en-
ergies are modulated as a function of ϕ, while the cou-
pling coefficients J stay constant. As highlighted in
Ref. [7, 36], one can see ϕ as a parametric dimension

in a 1+1D space. Every realization of M̂(ϕ) is a Fourier

component of a 2D operator M̂2D acting on the 1+1D
system. For a pure sine-modulation of the on-site ener-
gies, M̂2D exactly coincides with the Harper-Hofstadter

Hamiltonian [37] describing particles on a square lattice
with a non-zero flux per plaquette equal to 2πα.

In Fig. 2b, we show the nonlinear potential
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evolution versus ϕ. We observe that

it defines a series of potential wells that get deformed as
we vary ϕ, in a way that they exhibit a unidirectional
motion, as expected for an adiabatic pump. The non-
linear response of the Kerr resonators leads to anhar-
monic modulations of the nonlinear onsite energies, so
that the mapping to the Harper-Hofstadter Hamiltonian

is not exact. This is illustrated in Fig. 2c, where
∣
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(population in the third site of the unit cell) is plotted for
P/Pth = 79 % (blue solid line) and P/Pth = 99.6 % (red
dashed). The corresponding power spectra are shown
on the lower panel, where we evidence the increase of
the anharmonicity as P approaches Pth from below. We
show in the following that the band structure topol-
ogy of the Harper-Hofstadter model persists as long as
P/Pth < 99.6 %, illustrating its robustness against an-
harmonicities in the potential.

We plot, in Fig. 3b, the 1+1D (versus k and ϕ) Bo-
goliubov energy bands outlined during the drive proto-
col. We observe that all gaps described in Fig. 2 remain
open for all ϕ values. For the five normal and the five
ghost branches, we then compute Chern numbers [38, 39]
and find C = 1, 1, −4, 1, 1. These values correspond to
the Chern numbers expected for the Harper-Hofstadter
model with magnetic flux α = 1/5. Adjusting the drive
protocol, we point out that one can straightforwardly
extend this demonstration to any rational flux α = p/q,
where q is the number of sites per unit cell. These results
establish adiabatic drive modulation of a nonlinear fluid
of light as a powerful tool to induce non-trivial topology
in an effectively 2D space with one synthetic parametric
dimension.

To evidence topological pumping for the Bogoliubov
excitations, we now investigate the Wannier centers and
their evolution during the drive protocol. For every value
of ϕ, we compute the maximally-localized Wannier states
associated to the five lowest energy (“normal”) bands. For
each normal band, we show in Fig 4, the intensity dis-
tribution |un|

2 of the Wannier state located at a chosen
unit cell, and we monitor its evolution as a function of ϕ.
The solid lines follow the barycenter trajectories for these
Wannier states, and clearly highlight a net motion of the
Wannier centers. Moreover, after one modulation period,
each Wannier state has moved by a quantized number of
unit cells that exactly matches the Chern number of the
band. This fully demonstrates that we have realized a
topological pump for Bogoliubov excitations. The cru-
cial novelty of our result lies in the fact that the pumping
mechanism relies entirely on the presence of inter-particle
interactions which modulate the potential acting on Bo-
goliubov excitations.

So far, we have focused on a value of P lying well
below Pth. As discussed in Fig. 2c, the nonlinear char-
acter of the modulation protocol, leads to power depen-
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FIG. 4. Intensity distributions |un|
2 of a Wannier state lo-

cated at a chosen lattice position as a function of ϕ. From
bottom to top, we represent Wannier states in each of the five
normal bands ordered by increasing energies. The red lines
trace the barycenter motion of each Wannier state during one
protocol period. The white dashed lines delimit one unit cell.
The intensity distributions are normalized to their maximum
values. All numerical parameters are identical to the ones
used in Fig. 3.

FIG. 5. a. Energy gaps ∆ij versus P/Pth. b. Logarithmic
plot of ∆34/J versus P/Pth for ǫ = 0 (solid line) and ǫ = 0.06
(dashed line). c. Intensity distributions |un|

2 versus ϕ for the
Wannier states associated to the third (bottom) and fourth
(top) Bogoliubov bands obtained for ǫ = 0, just below Pth

(P/Pth = 99.99 %). The red lines trace the barycenter mo-
tion of each Wannier state during one protocol period. The
intensity distributions are normalized to their maximum val-
ues.

dent anharmonicities in the modulated onsite energies.
In Figure 5a, we plot the evolution of the energy gaps
∆ij between bands i and j, as we increase P up to Pth.
Interestingly, at a critical power Pc/Pth = 99.6%, we
observe that ∆34 vanishes, and then the gap reopens
(see semi-logarithmic plot in Fig.5b). For power val-
ues within the range (Pc < P < Pth), we repeat our
analysis of the resulting pump. We first compute the

Chern numbers for the 1+1D Bogoliubov bands, and
obtain C = 1, 1, 1, −4, 1. Compared to the situation
discussed previously in Fig. 3b, we do not recover the
same Chern number ordering, as the Chern numbers of
the third and fourth bands are inverted. We then cal-
culate the Wannier centers evolution and find that their
barycenter motion follows the new Chern number order-
ing. Indeed, the Wannier state motions in the third and
fourth bands (see Fig. 5c), are inverted as compared to
Fig. 4, while the motions stay unchanged in the rest of
the bands (not shown). These results evidence the occur-
rence of a topological transition induced by the nonlin-
earity and the resulting anharmonic modulation of the
onsite energies. We note that the nth harmonic intro-
duces nonzero nth-neighbor coupling in the parametric
dimension, so that deviations in the mapping to the 2D
Harper-Hofstadter model without long range couplings
can no longer be neglected, and the system experiences
a topological transition.

Increasing P to values P > Pth, we observe that the an-
harmonicity of the onsite energy modulation decreases,
and we recover the Harper-Hofstadter Chern ordering.
These results illustrate an asset of our pump protocol,
whereby the drive amplitude can be used as a knob to
control the topology that emerges in the Bogoliubov spec-
trum, in a way that Bogoliubov excitations experience
topological transitions. As a further tuning knob, we
now show that one can control Pc by modifying the fre-
quency spectrum of the drive protocol. We illustrate this
feature by studying the evolution of ∆34 versus P/Pth

when adding a second order harmonic to the drive:

Fn(ϕ) = F |cos(ϕ/2 + παn)|+ǫF |cos(ϕ+ 2παn)| . (5)

The result is shown in Fig. 5b (dashed line) for ǫ = 0.06.
Under the modified drive protocol, the critical power at
which the topological transition occurs gets significantly
reduced to the value P

′

c = 0.85P
′

th. This confirms that
the observed gap closure and ensuing topological tran-
sition are rooted in the evolution of modulation anhar-
monicities as the nonlinearity develops. We note that
tuning the number and amplitudes of harmonics included
in the drive protocol provides a vast nonlinear optics
framework to trigger topological transitions and control
the motion of Wannier states in the Bogoliubov excita-
tion spectrum. A systematic study of these effects is
beyond the scope of this letter.

In conclusion, starting with a trivial lattice of driven-
dissipative Kerr resonators, we establish Bogoliubov ex-
citations as a playground to organize Thouless pumping
through spatial engineering of the drive. Adiabatically
modulating the drive pattern introduces a parametric di-
mension leading to 1+1D topological bands. As a conse-
quence of the presence of non-zero Chern numbers, the
Bogoliubov Wannier states associated to the bands ex-
perience quantized motion through Thouless pumping.
Moreover, the nonlinearity modifies the frequency spec-
trum of the onsite energy modulation, leading to topo-
logical transitions that switch the directionality and am-
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plitude of the quantized motion of Wannier states within
different bands. We emphasize that all our simulations
are performed using realistic parameters that are com-
patible with the exciton polariton platform. Benefiting
from recent progress in probing and manipulating Bogoli-
ubov excitations in these systems [32, 33, 40], we foresee
that the experimental implementation of the proposed
topological pump is within reach. As a further develop-
ment, we envision that drive engineering can be used to
induce uniform magnetic flux for Bogoliubov excitations
in 2D lattices. By extending the perturbative approach of
Ref. [26], one could realize Hofstadter-type models with
large synthetic flux Φ ∼ π per plaquette, hence offering
new opportunities to explore nonlinear topology in 2D
lattices [41, 42].
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