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TOPOLOGICAL INTERFACE MODES IN SYSTEMS WITH DAMPING

KONSTANTINOS ALEXOPOULOS, BRYN DAVIES, AND ERIK ORVEHED HILTUNEN

ABSTRACT. We extend the theory of topological localised interface modes to systems with damping. The spectral
problem is formulated as a root-finding problem for the interface impedance function and Rouché’s theorem is used to
track the zeros when damping is introduced. We show that the localised eigenfrequencies, corresponding to interface
modes, remain for non-zero dampings. Using the transfer matrix method, we explicitly characterise the decay rate of
the interface mode.

1. INTRODUCTION

A cornerstone of modern wave physics is the creation of localised eigenmodes, which facilitate the strong fo-
cusing of wave energy and are often the starting point for building wave guides and other wave-focusing devices.
One way to realise such modes is to add defects to periodic media. When done correctly, this creates eigenmodes
that belong to the pure-point spectrum of the operator and are localised such that they decay exponentially as
a function of distance from the defect. Further, introducing defects with account of the system’s underlying
topological properties (taking inspiration from the field of topological insulators [21, 22]) has yielded a system-
atic way to create strongly localised eigenmodes that are, additionally, robust to imperfections. The specific,
tunable and controllable nature of these topological localised modes (see e.g. [10, 11, 12, 27]) means that waves
of selected frequencies can be focused at desired locations. As a result, they are ideally suited to serve as the
basis for developing a wide variety of wave guiding and control devices and have been exploited extensively by
experimentalists: see e.g. [30] for a review of topological photonics.

The mathematical theory for localised modes has been thoroughly developed for undamped systems recently.
For one-dimensional systems, there are extensive theories for both the Schrodinger equation [18, 17] and classical
wave systems [3, 6, 5, 26, 13, 14, 31]. There have also been important breakthroughs in extending these ideas to
multi-dimensional partial differential models [6, 5, 9, 16, 25, 24, 19]. These approaches typically rely on either
the use of integral operators [5, 6] or reducing the problem to (coupled) Dirac operators [20, 16, 7]. Nevertheless,
the crucial mechanisms can already be studied in one-dimensional systems as it is informative to consider the
problem of introducing an interface that breaks a single axis of periodicity.

Real-world physical systems invariably experience some degree of energy dissipation or damping. Damping
can be represented in a system as a non-zero imaginary part of the permittivity function. For example, this is
common in models for the permittivity of several important materials, such as the behaviour of metals at optical
frequencies (described e.g. by the Drude model [29]) and popular material choices for the fabrication of photonic
crystals (e.g. halide perovskites [1, 2]). However, the existing mathematical theory mostly focuses on systems
with real-valued material parameters.

This work extends the mathematical theory of localised modes to systems with damping in terms of complex-
valued permittivity functions. The main theoretical challenge of these settings is that the addition of damping
perturbs the real-valued spectrum of the differential operator into the complex plane. We have as our starting
point the work carried out in [4, 13, 26, 31, 32, 33], which use surface impedance functions to relate the existence
of interface modes to properties of the Floquet-Bloch spectrum of the periodic (bulk) materials. These localised
interface modes are also sometimes known as edge modes and the theory relating them to bulk properties of the
material is known as the bulk-edge correspondence. Our approach is to use Rouché’s theorem to track how the
real-valued eigenfrequencies of interface modes in undamped materials are perturbed in the complex plane as
damping is introduced.

We will begin by summarising the main results of this work in Section 2, along with introducing the key
definitions and tools that will be required. The problem will be introduced in more detail in Section 3, followed
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by some basic properties of the impedance functions in Section 4. In Section 5, we will summarise the existing
results for undamped systems, in which case the existence and uniqueness of localised interface modes is well
understood. Finally, in Section 6, we move to the case of damped systems with complex eigenfrequencies. We
consider this as a perturbative regime of the undamped case and, using Rouché’s theorem, we show the existence
and (in a suitable sense) uniqueness of interface modes.

In Section 7, using transfer matrices, we compute an estimate for the exponential decay rate of the localised
eigenmodes. In Section 8, we numerically investigate the conditions of Theorem 6.4 and discuss how the result
can be used for larger dampings. Finally, in Section 9, we consider a numerical example of a damped system. We
show how the behaviour of the band gaps changes in the presence of damping and how this affects the location
of the frequency of the interface localised mode in a band gap. In addition, we show the localisation of the mode
at the interface and its decaying character at infinity.

2. SUMMARY OF RESULTS

‘We begin by outlining our method and summarising the main contributions of our work, which is a generalises
the theory set out in [13, 31, 3] to damped systems. We will recall details from this previous work, as needed.

We will consider the spectrum of a one-dimensional differential operator posed on a domain that has an
interface formed by gluing together two different periodic materials. We will label the two materials by A and B
and fix the coordinate system so that the interface falls at the origin, denoted by x,. Lete : R — C denote the
system’s permittivity function whose non-zero imaginary part represents the damping in the system. We define
€ by

where ¢, for j = A, B, denotes the permittivity function of material j. Suppose that £(x) is piecewise smooth

and that each ¢ is periodic with period 1. We consider the differential eigenvalue problem Lu = ?u for the
operator

@.1) Lui=—L 9 (L ou)
My 0x \ €(x) ox

where p, € R denotes the constant magnetic permeability and w € C is the frequency.

We are interested in showing existence of eigensolutions of (2.1) which are localised around the interface
X, meaning they are non-zero and decay exponentially as |x| — oo. The starting point for this is to study the
Floquet-Bloch spectra of the two periodic materials A and B. In each case, we search for eigensolutions that
satisfy the Floquet-Bloch quasiperiodic conditions

2.2) u(x +1) = e u(x) and @(x +1)= eiKa—u(x),
0x 0x
for some « in the first Brillouin zone B := [—x, z]. This reveals a countable sequence of spectral “bands” of

solutions. In the case of damping, these bands will be complex-valued. Since we require x to be real, these
solutions must have constant spatial amplitude. As a result, the localised solutions we are looking for will have
eigenvalues located in the gaps between these bands. In this setting, a band gap is a connected component of
the complement of the Floquet-Bloch spectrum in C. The two materials A and B are allowed to have different
spectra; however, for an eigenmode to decay in both directions away from the interface, the two materials must
have a non-empty common band gap. The localised eigenvalues must fall in this common band gap.

Once a common band gap of the two materials has been identified, the properties of the two materials need
to be tuned so that an interface mode is allowed to exist. This is captured by the surface impedance function of
each material:

uy(xg, @) ug(xy, )
2.3) Zy(w) ;=—— and Zz(w):=——F——, weCl,
A 1 ou B 1 ou
—4(xy, @) —Z(xy,®)

e(xy) ox e(xar) ox



where u; is a decaying solution to each half-space problem j = A and j = B. We define the interface impedance

to be the function Z : C — C given by
2.4) Z(w) = Z () + Zg(w).

The interface impedance Z reveals when the half-space solutions can be glued together to create a localised
mode: an interface mode exists with eigenfrequency w € C if and only if

2.5 Z(w) =0.

This is a generalisation of the standard approach for undamped materials [3, 13, 31]. In the undamped case, we
will write the interface impedance ZY), while in the damped case we will write Z?).

The key conclusion of the above is that the existence of localised interface modes is equivalent to a root finding
problem for the interface impedance function Z(w) in (2.4). This is a complex-valued function of a complex
variable. Our approach to proving the existence of these roots is to study the problem as a perturbation of the
system with no damping. From [3, 13, 31], we have the existence and uniqueness of interface-localised modes
with real-valued eigenfrequencies in the case of no damping. In this case, the interface impedance function
Z(w) is real-valued whenever w is real, so it reduces to a root finding problem for a real-valued function of a
real variable. When damping is introduced, these roots are perturbed off the real axis into the complex plane.
The key result of this work is using Rouché’s theorem to keep track of these roots as the damping is introduced.

We consider a regime of small damping, i.e., we introduce a parameter 6 > 0 such that

lim sup Im(e(x)) = 0.
=0 R

The following theorem is the main result of this work. It uses the notation 2[(5) for the subset of C that is the
complement of the Floquet-Bloch spectrum of the system with damping parameter 6 (i.e. 2(6) is the “complex
band gap” of the damped material). Hence, 21(0) is the union of all the band gaps of the undamped system.

Theorem 2.1. Let A(5) denote a common band gap of (2.1)-(2.2). For each root wy of ZWU) in A(0), there
exists a root wpy of Z®) in A(), for 0 < 8 < 1, converging to wy; as 5 — 0.

Observe that the existence of the undamped localized eigenfrequency wy; was established in [13, 31]. These
eigenfrequencies were also shown to be unique inside each (real) band gap. This gives us the existence of
interface modes for frequencies which lie in the spectral band gaps of (2.1)-(2.2) for small but non-zero 6.

Using the transfer matrix method, we also study the spectral properties of the matrices describing the be-
haviour of the solution as we move further from the interface x;,. We obtain an equivalent condition to (2.5) in
terms of the eigenvectors of the transfer matrices and we get the asymptotic behaviour of u as |x| — oo.

3. MATHEMATICAL SETTING

We now define the problem outlined above, and introduce the setting to be considered in the remainder of
this work.

3.1. Damped systems.

We consider two materials A and B. Each one is of the form of a semi-infinite array. The arrays are glued
together at the origin and we assume that the material A extends to —oo and the material B extends to +oo.
In addition, we assume that each material is constructed by repeating periodically a unit cell. We denote the
permittivity function of material A by € 4 and of material B by € 5. Our assumptions on the permittivity functions
are the following:

* piecewise smooth and complex-valued, i.e. £; : R - C,
* positive real part: Re(e;) > 0,
« periodic, i.e. €;(x) = £;(x + 1), and

* inversion symmetric, i.e. €;(x + h) = €;(x + 1 — h), for h € (0, 1),
3



where j = A, B.

We define the sequence {x, },c7 to be the set of endpoints of each one of the periodically repeated cells, i.e.
x, = xg+nforn € Z. We take x, to be the interface point of the two materials, and so, for n < 0, x,, is in
material A and for n > 0, x,, is in material B.

3.2. Differential problem.
The differential problem we are studying in our search for localised eigenmodes is the eigenvalue problem

(3.1 Lu=wu

with

(3.2) Lui=—L 0 (L ou)
Ho 0x \ €(x) 0x

where y, € R, is the magnetic permeability, which is constant, ¢ is the permittivity of the system given by

(3.3) e(x) 1= {«?A(x), x < X,

EB(X)? X Z -x()’

and w € C is the frequency. Our goal is to find eigenvalues of (3.2) for which the associated eigenmodes are
localised in a neighborhood of the interface x, and decay (exponentially) as |x| — oo.

To find candidate eigenvalues w? for which localised eigenmodes can occur, it is valuable to consider the
Floquet-Bloch spectrum of the operators associated to the periodic materials A and B. This is the set of Bloch
modes which satisfy

(3.4) Lu=aw’u,
where the operator £; is defined by £; = —ML% <$%> , for j = A, B, along with the quasi-periodicity
0 j
conditions
(3.5) ux+1) = e*ux) and L+ 1) = e %),
ox 0x

for some k € [—x, x]. Hence, these eigenmodes belong to the space of functions
H2:={feH} : fx+1)=e"f(x), xER}.

With this formulation of the problem, we observe that for an eigenmode to be localised at the interface x), the
associated eigenvalue has to lie in the spectral gaps of the problem (3.4)-(3.5). This holds since, for an eigenvalue
in a spectral band, (3.5) gives that the magnitude of the associated eigenmode does not decay as |x| — oo. As
a result, we are interested in materials A and B with overlapping band gaps, otherwise edge modes cannot exist
in this setting.

Finally, we equip the space H ,% with the standard inner product (-, -), given by

(3.6) (u, U):/u(x)ﬂ(x)dx,
R

foru,v € H2.

4. PRELIMINARIES

4.1. Impedance functions.
We start by defining the impedance function, as described in Section 2.
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Definition 4.1 (Interface impedance). Let ® € C be in a common band gap of £, and L. We define the
interface impedance of the problem (3.1) by

@.1) Z(w) := Z () + Zg(w), o€eC,

where Z 4 and Z 5 denote the surface impedances of materials A and B, respectively, given by

uA(xa,a)) UB(XS—,CU)
“4.2) Z(w) =— > and Zz(w) = > — w € C,
ea(g) iaxg, @) TS xus(xg, @)

where u;, for j = A, B, denotes the solution to the problem £ ju = @?u which decays and has decaying derivative
as x = —oo for Z, and as x —» oo for Z.

We observe that the solutions u;, j = A, B, exist and are unique (up to scaling) if and only if @ is in a common
band gap of both L 4 and L.

Lemma 4.2. Let w € C. A localised interface mode exists at w if and only if
4.3) Z () + Zg(w) =0.

Proof. For the proof of this lemma we refer to Theorem 5.2 in [3]. O

4.2. Bulk index.
In the undamped case, existence of interface modes is intimately linked with a topological index of the material
known as the bulk index.

Definition 4.3 (Bulk index). Assume Im(¢e) = 0. Let © = [a, b] denote a band gap of £; in R with Bloch mode
u at the band edge a € B. Then we define the associated bulk topological index Jg by

4.4)

. +1, if u is symmetric at a,
J@ = . . . .
—1, if uis anti-symmetric at a.

In the case of damping, it follows from the symmetry of ¢; that the Bloch mode u at ¥ = 0 or k = 7 satisfies
(4.5) u(—=x) = e%u(x),

for some ¢ € R known as the Zak phase. In the undamped case, the quantity ¢ can only attain multiples of
« and hence, the bulk index is well-defined. However, in the damped case, the Zak phase may attain any real
value. As we shall see, despite the fact that the addition of a non-zero imaginary part breaks the quantization of
¢, the interface modes persist in the damped case.

5. UNDAMPED SYSTEMS

Let us start by considering the undamped case, i.e. we are in the following regime
Im(e4) = Im(ep) = 0.

We denote by ZU) the interface impedance function for the undamped systems, and by ZJ(.U) the impedance
function of material j, with j = A, B. First, we will look at the case of ® € R and then we will generalise to
consider the equivalent root-finding problem over w € C.
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5.1. Real frequencies. o
This setting has been studied extensively in the literature, e.g. [3, 13, 31]. We define AV ?[g C R to be band
gaps of L 4 and L g, respectively, such that

5U - — U ~ 91U
AY 1=A, NAL # 0.
Let J, and Jp be the bulk topological indices associated to the material A and the material B, respectively, in
AV
Ine.g. [3, 13, 31], existence and uniqueness of localised interface modes in a band gap is proved. Specifically,
we have the following result.

Theorem 5.1. If
Js+Tp #0,
then no interface mode exists. If
Ju+J5=0,
then there exists a unique frequency @, € AY, for which an interface mode exists.

5.2. Complex frequencies.

Let us now view the problem of finding localised eigenmodes of the undamped system as a root-finding
problem for @ in the complex plane. Since the bands are real, the band gap region 2AY consists of the entire
complex plane C except countably many intervals on the real axis. As established by the following results, there
are no additional interface modes with frequency away from the real axis.

Theorem 5.2. The surface impedance ZY) has no roots in C \ R.

Proof. Let us assume that there exists @, € C \ R for which Z() = 0. Since the permittivity function &
is real-valued and positive, the operators £, defined in (3.2) for permittivity ¢;, is self-adjoint and positive-
semidefinite. Hence, it admits only real, non-negative eigenvalues. Using the Helmholtz formulation in (3.1),
this translates to wf > 0, so that wf € R. This concludes the proof. 0

Let us also prove the following lemma which will be of great importance later.

Lemma 5.3. The interface impedance function Z) has no poles in C \ R.

Proof. For ZW) to have a pole, it means that there exists w, € C\ R such that
0 - d -
a—qu(xO ,wp) =0 or a—qu(x0 ,a)p) =0,
where u, and up are defined as in Definition 4.1. Let us assume that %u 4(xy,®,) = 0. This implies that the

boundary value problem

_ 2 _
Lpu=awyu, x&(=00,xpl,

5.1) L ua(y) =0,
uA,iuA — 0asx - —o0,
ox
admits a solution, where the differential operator L 4 is given by (3.2) for permittivity function € ,. However,
the differential operator £, is self-adjoint with respect to the inner product (3.6) on the space of functions

satisfying the boundary conditions of (5.1) (Appendix A). Hence, it admits only real eigenvalues which implies
that wf} € R. Since, in general, we consider frequencies with non-zero real parts, this implies that Im(w,) = 0,

which is a contradiction. The case Z ;;U) = oo follows the exact same reasoning. This concludes the proof. [

Combining this result with the dependence of u on the coefficients of (3.1), we obtain the following:

Lemma 5.4. The interface impedance function ZU) is holomorphic in C \ R.
6



6. DAMPED SYSTEMS

Let us now move on to the case of complex-valued permittivity functions ¢;, for j = A, B, with damping
represented by a small imaginary part. More precisely, we introduce an arbitrary parameter 0 < 6 < 1 and we
assume that

6.1) %ir% sup |[Im(e 4(x))| = (1511% sup |Im(e g(x))| = 0.

xeR “YxeR

Essentially, by considering small imaginary parts for € , and € 5, we view the case of complex permittivities as a
perturbation of the case of real permittivities. Indeed, let us denote by Z;D), Jj = A, B, the impedance functions
of materials A and B, respectively, and let Z(?) be the associated interface impedance. Then,

; (D) — 7WU)

for a fixed frequency w € C and for j = A, B.
We denote by 2[2 and 2[2 two band gaps of L, and L, respectively, in this regime, such that

D ._ gD D
AY =A, NAL £ 0.
Lemma 6.1. The impedance functions ZI(QD) and Z;D) have no poles in the interior of AP.
Proof. We treat the case of Z ;D). Then, in the same reasoning, the result for Z ;D) will follow. We denote by

(AP)° the interior of APL.
Let us assume that there exists w, € (2AP)° such that

D) —

VA A (wp) = 0.
Then, for all £, > 0, there exists r > 0 such that, for all ® € (AP)° satisfying | — ®,| < r,itholds that

|ZZD)(a))| > g
Then, applying the triangle inequality, we get

|Z;U)(w)j + |Zf4D)(w) - ZZU)(w)| > ’Zi}”(a})’ > &,
Now, letting our arbitrary parameter 6 — 0, from (6.2), we have
lim | 2 @) - 2{"(@)| = 0.

which gives

|Z/(4U)(co)| > €.

This translates to Z;U) having a pole at ®,, which is a contradiction from Lemma 5.3. This concludes the
proof. 0

Combining this with the dependence of a solution u on the coefficients of (3.1), we have:
Lemma 6.2. The impedance functions ZI(QD) and Z](_?D) are holomorphic in the interior of AP.
Applying Lemma 6.1 on (4.1), we get the following result.

Corollary 6.3. The interface impedance ZP) is holomorphic in the interior of AP.
7



This leads to the main result for damped systems.

Theorem 6.4. Let AV and AP be the spectral band gaps in the undamped and damped cases, respectively.
Assume that ZY) has a root in AY N AP. Then, for small 5, ZP) has a unique root in AP which converges to
the root of ZW) as § — 0.

Proof. Since we are in the case of complex frequencies, the spectral band gaps of the operators £ are defined
as the complement of the spectral bands. We know that there exists w;; € AY n AP such that ZW(wy,) = 0.
Now, let us define the set N , o be

(6.3) N, := {we%[uﬂ?[D L o - wyl <p}.

For small enough 6 we have that C AY N AP ) , where X ° denotes the interior of the set X € C. Then we
have that for any ¢ > 0 there exists p > 0 such that

|2V@)| < ¢,

forallw € N,. From Lemma 5.3 and Corollary 6.3, we get that
Z™D) and ZW) are holomorphic in N o

In addition, from (6.2), we know that

lim |Z(D)(w) - Z(U)(w)| =0, forallwe AV AP,

where W denotes the closure of AY N AP, Tt follows that, for small &,
6.4) |2P@)| > |2P(@) - 2V@)|, forallw N,
since, for all ¥ > 0,
2”@ - zV@)| <k and |ZP@)|#0, forallo €N,

where dN, denotes the boundary of N,. Thus, we can apply Rouché’s Theorem [8, Chapter 1] and obtain that
Z® and ZY) have the same number of roots in N,. a

Remark 6.5. Here, let us note that Theorem 6.4 can also be applied between two systems with dampings suffi-
ciently close to each other. The proof follows similar steps and is given in Appendix B.

7. ASYMPTOTIC BEHAVIOUR

Our objective in this section is to obtain the asymptotic behaviour of the modes as |x| — oo. For this, we will
make use of the transfer matrix method associated to this problem.

7.1. Transfer matrix formulation.
Let us define

-
@.1) i) = (00, u’(x)) .
The symmetry we impose on the system is the following:
e(x,+hw) =¢e(x,, —hw), hel01), neN\ {0}

For j = A, B, we denote the transfer matrix associated to the periodic cell of material j by Tlfj ), as described
in [3]. The following result holds.
8



Lemma 7.1. The transfer matrix Tlfj ), for j = A, B, satisfies det(TISj )) =1.

Proof. This can be shown by following the procedure of transfer matrix method, as described in Section 5.1 in
[3]. O

The transfer matrix is used to propagate the solution across one unit cell. We have that

U(Xpy1) | _ ) ( ulx,) ) [ ulxy)
7.2 <u/(xn+1)> =1z u'(x,) T Lo T, u(x,))’
for n € Z. From the symmetry of the model, we also get
u(xn_l) _ (B) u(xn) (A) u(xn)
7 (1)) = oS (102)) o sT Vs (1))

for n € Z, where

1 0
s=(0 %),
Here, let us note that S = S~!.
Using the transfer matrix, we can easily obtain the band structure of the two periodic materials A and B.
Applying the quasiperiodic boundary conditions, we get

ii(x,41) = €ii(x,).

Combining this with (7.2), we get the following problem

(7.4) <T1§j)(co) - e"KI)a(xn) =0, neN,

where j = A, B. From (7.4), we obtain the dispersion relation for each material given by
(1.5) det (leﬁ(w) — i 1) —0, j=AB.

The dispersion relation relates the quasiperiodicity k¥ with the frequency w of the system and gives the structure
of the spectral bands and the spectral gaps of (3.4)-(3.5) for materials A and B.

From Lemma 7.1, we know that the eigenvalues of the transfer matrix are either both on the unit circle, or
precisely one is inside the unit circle. Since the first case corresponds to a spectral band, we have the following
result.

Lemma 7.2. For w in a spectral band gap, the transfer matrix Tlfj ) has eigenvalues denoted by /l(lj ) and ﬂg),
satisfying |/1(1j)| < 1and |/1(2j)| > 1.

7.2. Asymptotic behaviour of damped systems.
We will use the transfer-matrix method to obtain information about the asymptotic behaviour of the modes
u(x,) as n — *oo. Arguing in the same was as in [3, 15], we have the following results.

Theorem 7.3. The eigenfrequency w of a localised eigenmode of the Helmholtz problem (3.1) posed on a medium
constituted by two different materials with damping must satisfy

(7.6) (VP VPw) (_ 11/;( AL

where (Vl(f‘ )(a)), V2(1A )(a)))T is the eigenvector of the transfer matrix TIEA) associated to the eigenvalue |/1(1A)| <1

(B) (B)

and (V| " (@), V,, ()7 is the eigenvector of the transfer matrix TISB) associated to the eigenvalue |/1(IB)| <1

9



From this, we obtain the asymptotic behaviour of the localised eigenmodes as n — +co.

Corollary 7.4. A localised eigenmode u of (3.1), posed on a medium constituted by two semi-infinite arrays of
different materials with damping, and its associated eigenfrequency w must satisfy

u(x,) = O(lﬂ(lA)(w)||"|> and u'(x,) = O(lﬂ(lA)(w)“"l) asn — —oo,

ux,) = O(M(IB)(CON'"') and u'(x,) = o<|/1(13>(w)||"|) as n — +oo,

where ﬂ(lj), for j = A, B, are the eigenvalues OfTIEj) satisfying |/1(1j)(a))| <L
8. DAMPING INCREMENTS AND LARGE DAMPING

In order for Theorem 6.4 to hold, the magnitude of the damping must be sufficiently small so that (6.4) holds.
In fact, this bound is deeply rooted in the structure of the material and its parameters. For structures with larger
damping, one might consider a sequence of structures with damping increments chosen so that (6.4) holds in
each successive step. In order to choose the increments, we must look at (6.4), where the impedances Z D) and
ZWY) appear. From the definition of Z in (4.2), we see the dependence on the localised mode u. Here, equation
(7.2) gives us the continuous dependence of u on the material parameters and hence, on the damping. This makes
choosing an appropriate damping increment a complicated task, as different materials will have a different effect
on this choice.

Here, let us also note that Theorem 6.4 can also be adapted to the setting of two dampings. Let us consider
two permittivity functions P and £(P2), such that

8.1) éir%lm(e(DZ)>(6) = Im<5(01)>,

and let us denote by ZP1), £(PV and Z(P2), £(P2) the associated interface impedance functions and differential
operators, respectively. Then, we have the following corollary of Theorem 6.4.

Corollary 8.1. Let APt be a band gap of L'PV which contains a root of ZPV. Then, for small 5, ZP?) has a
root, which converges to the one of ZPV as § — 0.

Proof. The proof is almost identical to Theorem 6.4 and is given in Appendix B. U

It is evident that the issue of the choice on the damping increment also applies on the case of Corollary 8.1.
We show this numerically by considering an example of a mirror symmetric material, as described in Section 9
and depicted in Figure 2. We define the regions R, and R, to be the regions on which the inequality of Rouché’s
theorem, i.e. (6.4) and (B.2), can and cannot be applied, respectively. More precisely,

(8.2) R, = {a) e AL |Z<D2>(w)| > |Z(D2)(w) - Z(Dl)(w)’}
and
(8.3) R, := {a) eAdr : (sz)(w)’ < ‘Z(DZ)(a)) - Z<D1>(w)| }

In Figure 1, we have two cases with fixed dampings close to each other, and we observe how the roots of
the interface impedance are placed with respect to the regions R, and R,,. In particular, let ®; denote the root
of ZPV and w, denote the associated root of ZP2). Then, we see that for @ = w;, we are at the equality on
Rouché’s inequality, which implies that w; € dR,,, as shown in Figure 1. Then, for @ = w,, it is clear that the
inequality (B.2) no-longer holds, and w, € R; . In both cases, we are able to enclose the two roots w; and ®,
by a curve entirely lying in the region R, where the inequality holds.

10



0.00010

R
Re ~0.41110 ¢
0.00005 Ru Ruw
| (e -0.41115 il «1
3 0.00000 L} x Wy 3 . x W
= € -0.41120 =
= -0.00005 i =
—0.41125
~0.00010
-0.41130
~0.00015
2.55575 2.555795 2.55584 2.555885 2.55593 2.555975 2.443 2.44305 2.4431 2.44315 2.4432 2.44325
Re(w) Re(w)
(A) Dampings 0 and 0.00005. (B) Dampings 0.5 and 0.50005.

FIGURE 1. Numerically computed regions R, and R,,, where the inequality at the heart of
Rouché’s theorem does and does not apply, respectively. The roots of Z(P1) and ZP2) are
shown. The root @, of Z(PV) (which has the smaller damping) must always lie on the interface
between the two sets (i.e. w; € dR,,), while ®, € R,,. In these cases, both w; and w, can
be enclosed by a closed curve entirely lying in R,, meaning that Rouché’s theorem can be
applied.

9. NUMERICAL EXAMPLES

We now consider an example of a damped system with piecewise constant €, which can be thought of as a
layered medium. In this case, we directly compute the interface modes of the system and illustrate our main
results.

9.1. Configuration.

Let us consider two materials A and B, each one in the form of a semi-infinite array, glued at the interface x,.
Each unit cell is the product of layering; it contains three particles of two different permittivities £, and €,. Each
permittivity function satisfies the assumptions of Section 3.1. We denote by DE”, i =1,2 and by DEZ], j=12,

the particles of the unit cell with permittivity £; and &,, respectively. In particular, for the mirror symmetry to
be valid, the particles obey the following ordering:

DEH - DEZ] - Dgu for material A
and
Dgz] - Dgl] - D£2] for material B.

A schematic depiction of this configuration is given in Figure 2.
In order to simplify our system, we will assume that the permittivities £, and &, are complex valued and
constant on each particle. This translates to

e, xepW:= Uizzl Dlm,
£ = {82, x € D .= U,-2=1 Dlm,
with €1, &, € C. We consider an arbitrary parameter 6 > 0 and we assume that
Im(e;) =c;6 and Im(e,) =c6, cp,c0 €ERy,.
This allows us to vary the damping of the system by taking different values of 6.

9.2. Band characterization.

The quasiperiodic Helmholtz problem (3.4)-(3.5), for each material, is characterised by a dispersion relation,
as found in (7.5). This is an expression which relates the quasiperiodicity x with the frequency w, such that it
describes the spectral bands @ = w,(x). It is an equation of the form:

©.1) 2cos(k) = f(w),

11
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FIGURE 2. An example of a damped system. In the unit cell of each material, we have 3
particles. We notice the mirror-symmetric way in which the particles are placed inside the
periodic cells. Each material is constituted by a semi-infinite array created by periodically
repeating the unit cell. Our structure is the result of gluing materials A and B at the interface
Xq-

where f : R — C is a function that depends on the material parameters and the system’s geometry. This
function is variously known as the discriminant or Lyapunov function of the operator £; [23]. Some examples
are provided in e.g. [4, 28].

From (9.1), we observe that, in order to be in a spectral band, the following two conditions need to be satisfied:

9.2) Im(f(@)=0 and |f(®)]<2.

We will use these conditions to identify the spectral bands and the band gaps of our quasiperiodic Helmholtz
problem, i.e.:

« Band: both condition in (9.2) are satisfied.
» Band gap: at least one of the conditions in (9.2) is not satisfied.

9.3. Effect of damping on spectrum.
A key feature of the proof given in Sections 5 and 6 is that, when we consider 6 = 0, i.e.

Im(e;) = Im(e,) =0,

we know that there exists a root wy; of Z in the band gap, on the real axis.

In Figure 3, we observe how adding damping to the system affects the structure of the spectrum of (3.1).
By fixing the material parameters and increasing the damping of the system, i.e. increasing 6, we observe a
downwards shit of the spectral bands. In addition, we see how the location of the root of the interface impedance
changes as the damping increases.

It is worth noting that Rouché’s theorem holds for small 6. In fact, as 6 increases, the inequality condition of
the theorem fails and hence we cannot use this tool. Nevertheless, from the numerics, we observe that even for
larger values of the damping, a root for Z still exists in the corresponding band gap. Along with this, in Figure
3, we provide also three examples of fixed dampings which show how the spectral bands and the associated gaps
look like. We see where the root of the interface impedance function Z is located in each spectral gap. The key
feature is that the edge mode shown to exist in the undamped case in [13, 31, 3] persists in the damped case.

9.4. Wave localisation.

Let us now fix the damping and consider the edge state of the interface material. We take 6 > 0, so that
Im(e,),Im(g,) > 0. For this specific damping, we consider a frequency in a spectral band gap of (3.4)-(3.5) for
which the interface impedance function is zero, i.e., Z (D)(a)) =0.

12
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FIGURE 3. Spectral bands of the damped system studied in Section 9. We observe how the
increase in damping pushes the bands further away from the real axis. Also, we notice how
the position of the roots of the interface impedance function ZP in a spectral gap changes as
the damping changes. For three different and fixed values of damping, we provide the exact
structure of the spectral bands.

In Figure 4, we observe the decaying character of |u| as |x| — oo. The red lines denote the positions of the
endpoints x,’s. We see how u oscillates at the scale of the unit cell, while its magnitude is localised around the
interface x( and decays away from it. The blue curves denote the eigenvalue envelope given by Theorem 7.4. In
particular, denoting the eigenvalue envelope by F, we have:

1A @)|", n <o,

F(x,) :=
! AP @), >0,

where /I(IA) is the eigenvalue of TISA) satisfying |/1(1A) (w)| < 1 and /I(IB) is the eigenvalue of TIEB) satisfying

|/1(IB)(w)| < 1. We observe how the eigenmode follows the decay rate of the eigenvalue envelope as |x| — oo.
This is the expected behaviour indicated by Theorem 7.4.

10. CONCLUSION

We have shown that localised interface modes exist for materials with damping. Specifically, we have shown
that the interface modes previously studied for undamped materials persist when the imaginary parts of the
13
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FIGURE 4. For fixed damping, we see the behaviour of an interface localised mode as |x| —
o0, for the damped system considered in Section 9. The eigenvalue envelope shows the decay
rates in terms of the eigenvalues of the transfer matrices, as described in Theorem 7.4.

material parameters are non-zero. Viewing the damped system as a perturbation of the undamped one and using
Rouché’s theorem, we are able to show the existence of localised modes for the damped model. These localised
modes are unique in the sense that they correspond uniquely to the localised modes in the undamped system
(and they coalesce in the limit of small damping). We have computed the edge mode frequency numerically and
found that the edge mode exists even in the case of relatively large dampings. Finally, we adapted the transfer
matrix method to the case of damped systems and obtained the asymptotic behaviour of the localised modes, as
|x| = oo, in terms of the eigenvalues of the transfer matrix of each material. Since the quantisation of the bulk
index is broken by the damping, proving topological robustness of the herein studied interface modes remains
an open problem.
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APPENDIX A. SELF-ADJOINTNESS IN LEMMA 5.3

We consider two functions u, v satisfying the boundary conditions at infinity as described in (5.1). We will
show that

(L qu,v) = (u, L 4v),

where the inner product (-, -) is defined in (3.6).
14



It holds

(L qu,v) = /xo 19 <Liu(x)> U(x)dx

o Mo 0x \ €(x) 0x
X0 X
_ [iLiu(x)a(x)] - / QNIRRT PR

o Mo 0x X e(x) 0x

X0
= —/ iiu(x)L iE(x)dx,
_oo Mo 0X e(x) ox

where the last step follows since %u(xa) =0 and %u(x) — 0 as x > —o0. Then,
1 N / *o 1o (1 o-
Lu,v)y=—-|— _— + —_— | —= d
(L 4u,) [,uou(x)e(x) 70|+ [ w5 ) ax

[ 1o (1 o-
= [ o (im0 o

= (u, L 4v),

since u(x) — 0 as x - —oo and %U(xa) = 0. This concludes the proof.

APPENDIX B. PROOF OF COROLLARY 8.1

Proof. Since we are in the case of complex frequencies, the spectral band gaps of the operators £ are defined as
the complement of the spectral bands. This implies that 2AP1 0 A2 # @. In addition, let us assume that there
exists @; € A1 N A2 such that ZPV(w,) = 0. Now, let us define the set N, to be

(B.1) N, i={oeuP nul: jo—wl<p}c (AP nul:),
such that for any ¢ > 0 there exists p > 0 such that
|2V )| < 9,
forallw € N o From Corollary 6.3, we get that
ZPV and ZP2) are holomorphic in N,.

In addition, from (8.1), we know that

lim |Z<D1>(w) _ Z(DZ)(w)| =0, forallwe AP N AD:.
It follows that, for small &,
(B.2) |2P@)| > |2P2(@) - 2PV(@)|,  forall® € ON,,
since, for all & > 0,

(zwz)(a)) - Z(Dl)(w)‘ <x and ’Z(Dz)(a))’ #0, forallw€oN,,

where N, denotes the boundary of N,. Thus, we can apply Rouché’s Theorem [8, Chapter 1] and obtain that

ZD1) and ZP1) have the same number of roots in Np.
O
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