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Time-uniform log-Sobolev inequalities and
applications to propagation of chaos*

Pierre Monmarché' Zhenjie Ren? Songbo Wang?®

Abstract

Time-uniform log-Sobolev inequalities (LSI) satisfied by solutions of semi-linear mean-
field equations have recently appeared to be a key tool to obtain time-uniform prop-
agation of chaos estimates. This work addresses the more general settings of time-
inhomogeneous Fokker-Planck equations. Time-uniform LSI are obtained in two cases,
either with the bounded-Lipschitz perturbation argument with respect to a reference
measure, or with a coupling approach at high temperature. These arguments are then
applied to mean-field equations, where, on the one hand, sharp marginal propagation
of chaos estimates are obtained in smooth cases and, on the other hand, time-uniform
global propagation of chaos is shown in the case of vortex interactions with quadratic
confinement potential on the whole space. In this second case, an important point is
to establish global gradient and Hessian estimates, which is of independent interest.
We prove these bounds in the more general situation of non-attractive logarithmic and
Riesz singular interactions.
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1 Introduction

We are interested in families (m;);>( of probability distributions solving time-inhomo-
geneous Fokker-Planck equations on R¢ of the form

&gmt =V- (UQth—btmt), (11)

where ¢2 > 0 and b, : R? — R¢ for ¢ > 0. This describes the evolution of the law of the

diffusion process
dX; = by(X,)dt + V20 dB;, (1.2)
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Time-uniform LSI and applications to PoC

where B is a standard d-dimensional Brownian motion. We have particularly in mind
McKean-Vlasov equations, where b; is in fact a function of m; itself, namely

bi(z) = F(x,my), (1.3)

for some suitable function F. Other examples are time-integrated McKean-Vlasov
equations where by(z) = F(z, fg mk(ds)) for some kernel k; (as in [7]).

Denoting by C!(R?) the set of compactly supported C' functions from R? to R, a
probability measure 1 on R¢ is said to satisfy a log-Sobolev inequality (LSI) with constant
C>0if

Vh € CL(R?) with /

RAdu=1, / A% In(h?) dp < C/ |Vh|*dp. (1.4)
Rd R4 R4

Equivalently, for all probability measure v € P(RR?) such that v is absolutely continuous
with respect to p and /dv/du € C}, we have

H(v|u) < —Z(v|p),

¢
4
where H, 7 are the relative entropy and Fisher information defined respectively as
follows:

H(v|w) ::/ ln%du7
R4

dp
Tl = |

We want to determine suitable conditions under which the family (m;);>o solving (1.1)
satisfies a uniform LSI, in the sense that (1.4) holds with 4 = m; and a constant C
independent from ¢. As will be discussed below in details (in Sections 3 and 4), for
McKean-Vlasov equations, this is an important tool to get uniform-in-time Propagation
of Chaos (PoC) estimates [16, 23].

The paper is organized as follows. In the rest of this introduction we state our
main results concerning time-uniform LSI (Theorem 1.3 and 1.4), which are proven in
Section 2. In Section 3 we use them to extend the range of the work [23] of Lacker and
Le Flem, obtaining sharp uniform in time PoC for McKean-Vlasov equations in cases of
smooth interaction. Section 4 addresses the question of uniform-in-time LSI and PoC for
singular (log or Riesz) interactions in R?.

2

Vln% dv.

dp

Before stating our main results, we recall first the following result of Malrieu [26],
based on the classical Bakry-Emery approach.

Proposition 1.1. Assume that there exist T > 0, L € R such that for allt € [0,7T] and z,
y € RY,
(be(@) = be(y) - (v —y) < Lz —y|*, (1.5)

and that my satisfies an LSI with constant Cy > 0. Then, for all t € [0,T], the measure
m; satisfies an LSI with constant

t
C, =ty + 02/ el ds.

0
For completeness, the proof is recalled in Section 2.1.

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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Remark 1.2. When the curvature lower-bound L in (1.5) is negative, this already gives
an LSI uniform in ¢, but we are mostly interested in cases where (1.5) only holds with
L > 0. Nevertheless, this first proposition means that, in the next results (Theorems 1.3
and 1.4), in fact, if the assumptions are only satisfied for ¢ > ¢y for some t; > 0 large
enough (for instance the condition (1.8)), we can apply Proposition 1.1 for times ¢ € [0, ¢(]
and then apply the other results to (m4+,)t>0-

The next result addresses the high-diffusivity regime, namely when o2 is high enough
(see (1.8)). It is proven in Section 2.2.

Theorem 1.3. Assume that there exist p, L, R, K > 0 such that, forallt > 0,

(be(2) = be(y)) - (2 — ) < {;f;__ylf Ziz i ﬁz ,thh =l > &, (1.6)
and, setting R, = R(2+ 2L/p)/4,
sup {—z-b(z)} < K. (1.7)
|z|<R.
Then, provided mq satisfies an LSI and
0?5 o i o(2r + p) LA DRE K (1.8)

pd ’

the family (my):>o satisfies a uniform LSI.

Moreover, there exists C, > 0 which depends on L, R, d and p but not on my, K nor
o such that, provided (1.8), there exists t, > 0 (depending on all previous parameters,
in particular mg) such that the measure m, satisfies an LSI with constant o2C, for all
t >ty

More precisely, for any € > 0, there exists o, > 0 which depends only on L, R, d, p
and ¢ such that for all o > o), there exists t, > 0 (depending on all previous parameters,
in particular mg) such that the measure m; satisfies an LSI with constant o(p~! + ¢) for
allt > t,.

The restrictive high-diffusivity condition (1.8) is inherited from the method of [28] that
we extend here to the time-inhomogeneous setting. It is unclear whether this condition
is necessary for this method, based on parallel coupling, to work (even in the time-
homogeneous case). A stronger result than in [28] is proven in [38], based on reflection
coupling and without any constraint on ¢2, but the method crucially relies on a general
spectral result from [27, 37], making the adaptation to the time-inhomogeneous case
(where the law at time ¢ is not given as the invariant measure of some explicit process)
much less clear. Notice that, as detailed in Section 3, one of our main motivation is to
apply the results of Lacker and Le Flem in [23] which anyway require a sufficiently large
o (which is then necessary for the result to hold: at small temperature, counter-examples
are known where propagation of chaos cannot be uniform in time).

The next result is the adaptation in the time-inhomogeneous settings of the bounded-
Lipschitz perturbation argument of [29]. Its proof is given in Section 2.3.

Theorem 1.4. Assume that, for all t > 0, the drift writes by = ag + g: for some ay,
g: € CY(RY,R%) with bounded derivatives such that the generator Ly = ag-V+02A admits
a unique C? invariant probability density o satisfying an LSI. Write I;t =2VInpg — by
and p; = —V - gy + g+ - VIn pg. Assume that there exist L, R, M¥, L¥ > 0 and p > 0 such
that,

e forallt > 0, we have ¢, = 1, + w2, with M¥-bounded 1, and L¥-Lipschitz @3 ;;

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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e forallz, y € R%,

—plz —y|* iflz—y| >R,

(be(2) = b)) - (x —y) < { (1.9)

Llx —y|* otherwise.

Finally, assume that the logarithmic relative density uy = Indmg/duo exists and is the
sum of a bounded and a Lipschitz continuous functions. Then (m,);>o satisfies a uniform
LSI.

Moreover there exists C, > 0 which depends on L, R, M¥, L¥, 02, p and the LSI
constant of uy but not on mg such that, for some t, > 0, m; satisfies an LSI with constant
C, forallt > t,.

Finally, denoting by C the LSI constant of yg, the following holds. For any € > 0,
there exists n > 0 (which depends only on p, L, R and ¢) such that, if M¥ + L¥ < n,
there exists t, > 0 (depending on all previous parameters, in particular mg) such that m;
satisfies an LSI with constant Cy + ¢ for all t > t,.

It may appear that the conditions of Theorem 1.4 are unnatural, in particular for
its consideration of the quantities by, . Here we only mention that the proof of the
theorem is based on the Hamilton-Jacobi-Bellman (H]B) equation (2.12) satisfied by the
log-density Indm;/duo of the measure flow, where Et, o appear by computations. This
analytical approach, despite being not very compatible with the theory of Markov diffu-
sion processes, turns out to be robust enough for our treatment of singular interactions
in Section 4.

2 Proofs of the general results

In this section we write (P; ;);>s>0 the inhomogeneous Markov semi-group associated
to (1.2), given by
Py f(z) = E[f(X¢)|Xs = a].

In particular, the solution of (1.1) is then given by m; = moF ;. In the proofs of
Proposition 1.1 and Theorem 1.3, we can additionally assume that b, is smooth with all
derivatives being bounded, and consider functions f which are for instance the sum
of a positive constant and a compactly supported smooth non-negative function, which
enable to justify the computations based on 0,P;;f = P, L, f and 0,FPs+f = —LsPs1f
(using e.g. Proposition B.1). The conclusion is then obtained by approximation (as in e.g.
[8D).

2.1 Proof of Proposition 1.1

Proof of Proposition 1.1. Considering X and X’ two solutions of (1.2) driven by the same
Brownian motion, the condition (1.5) gives

d|X; — X <2L|X; — X, > dt, (2.1)
so that |X; — X/|? < e2F(=9)| X, — X/|? for all t > s > 0, which by [21] implies
\VP,.f| <elt=9p, |Vl (2.2)

(In the initial work [26], the sub-commutation (2.2) is obtained by invoking [2], where it is
proven directly through Bakry-Emery interpolations, requiring regularity or integrability
assumptions, or approximation arguments to justify the time-differentation along the
semi-group. By using a coupling and relying on the more recent [21], this issue is
bypassed. Notice that the fact that a coupling bound implies a sub-commutation is the
easiest implication in [21]; the converse implication is more involved.) Fix a function

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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f € C>®(R%, R, ), globally Lipschitz continuous and lower bounded by a positive constant
(it is sufficient to prove the LSI with these functions and conclude by approximation).
For t > s > 0, we consider the interpolation ¥(u) = P; (P, :f1In P, f) for u € [s,t], so
that

Poo(fInf) = PsfIn Py f = T(t) — U(s)

—/t\I/'(u)du

2
ot [ R TRl
utf

2
< 0_2/ eZL(t—u) dups,t(|vff| ) ;

where we used that (P, |V f])? < Pu+(|Vf|*/f)Pu+(f) by Cauchy-Schwarz. Integrating
with respect to mg gives

t
my(fIn f) < mg(Psy fIn Py f) +my (|V]{|2)02/ 2L qy. (2.3)

The proof is concluded by applying this with s = 0 and using the LSI for mg, (2.2) and
Cauchy-Schwarz to bound

mo(Po,e fIn Pyt f) < myfIn(mef) + Com <|Vpotf|2>
Po.if

2.2 Proof of Theorem 1.3

Proof of Theorem 1.3. The different steps of the proof are the following. First, using
the coupling argument of [28] (at high diffusivity), we get a long-time L? contraction
along the synchronous coupling of two solutions of (1.2). By contrast to the almost
sure contraction (2.1), this L? contraction is not enough to get an LSI, but it gives a
uniform Poincaré inequality following arguments similar to the proof of Proposition 1.1.
It remains then to prove a so-called defective LSI, which together with the Poincaré
inequality yields the desired LSI. The proof of the defective LSI follows the arguments of
[29], except that in the present case the measure for which the LSI is proven is not an
invariant measure of a time-homogeneous semi-group (which would solve p = pP;, which
in our case is replaced by m; = moFy,). These arguments combine a Wang-Harnak
inequality for the operator I ; with a Gaussian moment bound.

Step 1: Poincaré inequality. Let X, X’ be two solutions of (1.2) driven by the same
Brownian motion. Following the proof of [28, Theorem 1] (which is concerned with
time-homogeneous processes, but the proof works readily in the non-homogeneous case
under the time-uniform assumptions made in Theorem 1.3), we get forallt > s > 0,

E[|X; — X{]] < Me M B[ X, - X1*],

where )
P 2(2L + p)R?
==L M=14+2""  Z/= 2.4
5 + 102 (2.4)
This implies, by [21],
VP f|> < Me =9 P, |V f|2.
EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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Since my satisfies a LSI, it satisfies a Poincaré inequality, and thus,
mo(Pouf)? = (moPouf)? < Como| VP f|P < CoMe M my|Vf|?.

Besides, for fixed t > 0 and f € C*(R? R) globally Lipschitz continuous, considering the
interpolation ¥(u) = Py, (P,..f)? for u € [0,t], we get

Pou(f?) = (Pouf)* = (t) — ¥(0)
= / U’ (u) du
0

t
:02/ Py u|VP, f*du
0
t
<o—2/ Me M9 duPy 4|V f]2.
0

Combining these last two inequalities, we get
me(f?) — (mt(f))2 =mo(Pos(f*) — (Poif)?) + mo(Porf)? — (moPof)?

2
< M(J/\+e_/\t00>mt|Vf2, (2.5)

which is a uniform Poincaré inequality for (m;);>o.

Step 2: Gaussian moment. Since myg satisfies an LSI, there exists g > 0 such that
/ e‘solm_y‘zmo(dx)mo(dy) < 00.
R4XR

Write V (z,y) = ¢’1#=" for some 0 < § < min(do, p/5) and L, the generator on R¢ x R
of two independent diffusion processes (1.2), namely

Lo1g(x,y) = by(x) - Vo +bi(y) - Vy + 02 As + 074,
Using (1.6) (and that |z — y| > 2R implies that either |z| > R or |y| > R),

LoV (z,y) 2 2
22T 95(z —y) - (be(z) — b 46d + 88°|z —
Vo) (z —y) - (be(x) = be(y)) + 40d + 86|z — y|
< 46d + (862 — 25p)|x — y|* if |z —y| = 2R
= | 46d + 4(862 + 26L)R2  otherwise

S =0Ljy—yzr, + Ciljo_y<r.

with J
14+ 4 9 9
= — 4 . =0(4 2L .
R maX(Q(p_45), R), C. = 6(4d + (2L + 86)R?)
Hence, )
L2V (2,y) < =0V (2,y) + Cue®=
and thus,

B (me @ my) (V) < —8(my @ my) (V) + Cre®B2

As a conclusion, forall ¢t > 0,

[ ) <670 e [ e g ma(dy). (26)
R4 xR R xR4

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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Step 3: Wang-Harnack inequality. In the following, fix f > 0 such that m;f = 1. Using
the Réckner-Wang argument [33] for the diffusion (1.2) we get, forall z, y € R, a > 1
and t >0,

a z —y|?
o) < By gt (e ) ) e

so that

L/‘(f%¢f“)(z)ﬂm(dm)

= (Po,tf(ZIDQ /Rd exp <—202(Z_1) <L2t + |x_ty|)>mo(d$) )

and thus, for any g > «,

mo(Pof)?

< (s [

R4

< (mt(fa))ﬂ/a /

R2d

] () )™

202(a — 1)

2, o lz—yl?
exp(lg(Lt+ )

202(oc — 1) )mo(dx)mo(dy) . (2.8)

Using Jensen’s inequality for the probability with density F ; f with respect to my, taking
a = 3/2 so that z — z*~! is concave, we get

me(f*) = moPof* < (77”L0(1Do,tf)2)a_1 .

Using (2.8) with 8 = 2 to bound the right hand side then gives

1/2
T —ul2
exp <2i2 <L2t + |ty|) ) mg (dx)mo(dy)] .

and we can divide by (m,f*)?/* to end up with

ol 3/2
me(fY) < [/}RM exp(j2 (L2t + |ty|>>m0(d:r)m0(dy)1 )

Applying this result to (my4,)i>0 for some t; > 0 we get that forall¢ > 0 and all f >0
with mt+t0f =1,

3/2
Mi+to (f3/2) < [/}RM exp (52 (L2to + Jﬁ))mt(dm)mt(dy)] :

Taking to = 2/ (502), the right hand side is bounded uniformly in ¢ > 0 thanks to (2.6). As
a conclusion, we have determined ¢y, C' > 0 such that

2d

mww<omww”ﬂ4

Vt>to, Vf >0, me(f3?) < Clmef)¥2. (2.9)

Moreover, in view of (2.6), we can find C > 0 which depends on mg only through ¢ such

that (2.9) holds with this C for all ¢ large enough. To see that we can take § independent
2

from mg, we can replace the function V above by the time-dependent V;(z,y) = edtlz—yl

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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where t — ¢, is slowly and smoothly increasing starting from some small §y > 0 (depend-
ing on myg) and reaching p/5 after some time. Following similar computations as above
we get that (m; ® m;)(V;) is non-increasing (taking dé,/ d¢ sufficiently small), from which,
replacing (m)i>0 by (mi,+¢)1>0 for some sufficiently large ¢y, we can assume that (2.6)
holds for § = p/5. As a conclusion, for times large enough, (2.9) holds with a constant C'
independent from my.

Step 4: Conclusion. For t > tg, applying (2.3) with s =t — ¢ gives, for f > 0,

my(fIn f) < 2m Py f In(Py 1 )?) +my (T) o? /tO e2lu du.
0

Assume that f is such that m;f = 1. Applying Jensen’s inequality twice (first with the
probability measure with density F; ., f with respect to m,) gives

mg (Ps,tfln(Ps,tf)1/2) g ln(ms(Ps,tf)3/2) < 1nTnt (f3/2> .

Thanks to (2.9), we have thus obtained that for all t > ¢ty and all f > 0 with m;f =1,

<|Vf|2) 2 to 2Lu
my(flnf) <2InC + my 7 o / e~ du, (2.10)

0
which is called a defective LSI (and is uniform over ¢ > ty). According to [3, Proposition
5.1.3], combining this inequality with the (time uniform) Poincaré inequality (2.5) gives
an LSI for m; uniformly over ¢ > to. For t € [0,ty] we apply Proposition 1.1, which
concludes the proof of the uniform LSI.

Finally, as mentioned above, the constant C' may be taken independent from my, in
which case the defective LSI (2.10) holds for sufficiently large times. Similarly, we see
that the Poincaré inequality (2.5) holds with constant M 02/ A + 1 (which is independent
from my) for ¢ large enough. This shows that there exists C, > 0 independent from my
such that m; satisfies an LSI with constant C”, for ¢ large enough. The fact that ¢, < 02C,
for some C, > 0 independent from o can be checked in the explicit expressions above.
More precisely, taking § = p/5 and t, = 2/(60%), we get that, in (2.10) the constant C
is uniformly bounded over ¢ > oy by a constant that depends only on p, L, R, d, and
similarly we can bound

to 10
02/ e2Lu 4y, < 0_2t0€2LtU < Y e20L/p
0 P

in (2.10) uniformly over ¢ > 1. As a consequence, for large values of o2, the leading
term in the LSI constant for large times is 02M /) from the Poincaré constant, with M
and A in (2.4). As 0 — 00, M goes to 1, so we may take the LSI constant (for large times)
to be 0?(\~! +¢) for any arbitrary ¢ > 0 for o large enough. This estimate (with A = p/2)
is not sharp, as we expect an LSI of order 02/p (which is the Gaussian behavior). This is
due to the 1/2 factor in the definition of A in [28], which is in fact arbitrary, in the sense
that the computations of [28] work if we take A = ap for an arbitrary a < 1 (see the two
first equations of [28, Section 2.1.2]), provided the lower bound on the temperature o7 is
sufficiently large (depending on «). As a conclusion, we can get a Poincaré constant, and
thus an LSI constant, equal to o%(p~! + ¢) for an arbitrary ¢ for large times, provided o
is large enough. O

2.3 Proof of Theorem 1.4

Proof of Theorem 1.4. The proof closely follows the one of [29, Theorem 1] (in the time-
homogeneous settings and with mg = pg, i.e. up = 0), the time dependencies appearing

EJP 29 (2024), paper 154. https://www.imstat.org/ejp
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along the proof being dealt with the uniform-in-time assumptions of Theorem 1.4. We
recall the main arguments and refer to [29] for details. Starting from

3tmf, = —V . (btmt) =+ Amt y
0= 0po = —V - (aopo) + Apo
we get that hy = my/po is a viscosity solution to

8tht :Aht+l~)t-Vht+<ptht. (211)

This gives the Feynman-Kac representation

hi(z) =E {ho (X/7) exp ( /O

t

s (X07) dsﬂ ’
where X"* solves
XpT =z, dXb"=b_(X!*)ds+v2dB, fors € [0,t].

Suppose additionally that ¢;, hg and 1/hg are bounded and Lipschitz continuous (the
general case being obtained afterwards by an approximation argument, which we omit
here, referring to [29]). Then, applying synchronous coupling to the Feynman-Kac
formula above, for any 7' > 0 we obtain a constant M > 0 such that for every ¢, s € [0, T
and every x, y € R4,

Mt <h(t,z) <M and  |h(t,z) — h(s,y)| <M(|t—s|1/2+|x—y|).

Taking the logarithm we obtain that u; := In h; is a bounded and uniformly continuous
viscosity solution to the H]JB equation,

8tut:Aut+|Vut\2+5t-Vut+<pt. (2.12)

In order to use a stochastic control representation of the solutions of such equations, for
N € NN, consider the approximative H]JB equation,

udl =g, ol = Aul + .lsu‘EN{Qa Vul —al?} +b-Vu + ¢, (2.13)

and the associated control problem,

T
VN(T,z) =sup sup E[UO(X;’I) +/ (got (X)) — |at\2) dt} ) (2.14)
0

v aiag| <N

where v = (Q, F,(F.),P, (B)) stands for a filter probability space with the usual con-
ditions and an (F.)-Brownian motion B, a is an R%valued progressively measurable
process such that fOT E[\at|m] dt is finite for every m € IN, and X*” solves

Xgt =, axp* = (B(XT) + 200) dt + V2AB. (2.15)

By Theorem IV.7.1 and the results in Sections V.3 and V.9 of [15], the value function V'V
defined by (2.14) is a bounded and uniformly continuous viscosity solution to (2.13).
Suppose ug = In(mg /o) is the sum of an M*“0-bounded and an L*°-Lipschitz function.
As shown in [29, Lemma 8], using a reflection coupling of two solutions of (2.15) with
different initial conditions but using the same control «, we get that there exist C’, k > 0,
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depending only on p, L, R, such that for every z, y € RE, NeN, T >0andt >0, we
have

VN(T,z) — VN(T,y)| < 2M*t + 2M“ 11

M?®
—I—C/(]IKTt+L¢+€_KT(LHU+]1T>1M“0))|33_y|- (2.16)

We simply take ¢t = 1. Since both u and V" are bounded and uniformly continuous on
[0,T] x R?, we can apply the parabolic comparison for viscosity solutions on the whole
space [12, Theorem 1] to obtain V(T z) = uz(x) for N sufficiently large. Therefore,
we have obtained that there exists C' > 0 such that for every 7' > 0 and every z, y € R,
we have

lur(z) —ur(y)] < CA+ [z —y]). (2.17)

Besides, in view of (2.16), we can find C' > 0 independent from mg such that (2.17)
holds with this C' for all T' large enough. Moreover this C' can be taken arbitrarily small
provided M¥ + L¥ is small enough.

We can then decompose up as the sum of a bounded and a Lipschitz continuous
functions (with time uniform bounds for both functions). For instance we can consider
a 2C(1 + v/d)-Lipschitz function vy that coincides with ur at all points = € Z¢ (thanks
to (2.17)) and then ur — vy is uniformly bounded (thanks to (2.17) again) uniformly in 7.
The proof is concluded by applying successively the Holley-Stroock and Aida-Shigekawa
perturbation lemmas [17, 1]. O

3 Sharp PoC for McKean-Vlasov diffusions

3.1 Settings and notations

In this section, we consider the non-linear McKean-Vlasov equation on R¢:
Oymy =V - (0*Vmy — F(-,my)my) (3.1)

which corresponds to (1.1) in the case (1.3). In fact, since we want to apply the results
of [23], we consider its settings, which reads

Fa,m) = bo(e) + [ bla.y)m(dy)
]Rd
for some by : R — R? and b : R? x R? — R? (which additionally may depend on time in
[23], which we don’t consider here for simplicity as it is not the case in the examples
were are interested in, although it would work similarly). It is associated to the system
of interacting particles X = (X!,..., X¥) solving

A . 1 S ,
vie[LN],  dX{=bo(Xj)di+ o > b(XLX])di+V20dB],  (B2)
JEILNI\i}

where B!, ..., BYN are independent d-dimensional Brownian motions. Denote by ml{v the
law of (X},...,X}) and by m;" the law of (X},..., X}) for k < N.

The PoC phenomenon describes the fact that, in the system of interacting particles,
as N — oo, particles become more and more independent, so that mf’N converges to
m?k for a fixed k. Up to recently, known results were typically that, under suitable
conditions, for a fixed t > 0, ||m;" — m*||.,, = O(/k/N). This can be for instance
obtained by showing the global estimate H (m} |m{") = O(1) (which is optimal) using
then that H(m} |mPY) = (N/k)H (m{™ |mP*) (assuming for simplicity that n/k € IN)
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and concluding with Pinsker’s inequality. This k/N rate for the marginal relative entropy
(hence /k/N in TV) was thought to be optimal until Lacker showed in [22] that it is
possible to get a rate k%/N? by working with a BBGKY hierarchy of entropic bounds
instead of simply with the full entropy of the N particles system. We refer to such
entropic estimates with a rate k?/N? as sharp PoC, by comparison with other results
(the k%/N? rate being optimal, as it is reached, e.g., in Gaussian cases). The work [22]
deals with finite-time intervals, and the technique is then refined by Lacker and Le Flem
in [23] to get uniform-in-time sharp PoC in some cases (small interaction in the torus
or convex potentials in R%). A crucial ingredient in their result is a uniform LSI for the
solution of the non-linear equation (3.1). Our results can thus be applied to extend their
results to more general cases, allowing for instance for non-convex potentials on R?.
The rest of this section is organized as follows. In Section 3.2 for the reader’s
convenience we give a brief overview of the general result of Lacker and Le Flem. In
Sections 3.3 and 3.4 we apply respectively Theorems 1.4 and 1.3 to get, under suitable
conditions, uniform-in-time LSI for solutions of the McKean-Vlasov equation, and thus
uniform-in-time sharp PoC as a corollary, in cases which are not covered by [23].

3.2 Lacker and Le Flem'’s result

First, for the reader’s convenience, we recall [23, Theorem 2.1]. There are two sets
of assumptions to apply this result: Assumption E of [23] is technical conditions related
to well-posedness of m and m” and we omit them as they are not important in our
discussion (see Proposition 3.5 below). The second set of assumptions of [23] is the
following.

Assumption 3.1 (Assumption A of [23]). The following holds.
1. (m4)i>0 satisfies a uniform LSI with constant n > 0.

2. (my)>0 satisfies a uniform transport inequality: there exists -y > 0 such that, for all
t>0,rcRYandv € P(RY),

v (b, -)) — mq (b, ) [P< AH(v]my) . (3.3)
3. (my)iz0 and (my"),, satisfy this uniform L> boundedness:
sup sup/ |b(x1,x2) —my(b(z1,-)) ‘Qmiv(dx) < 00. (3.4)
NEN ¢20 JRan

When b is bounded, (3.4) is trivial and (3.3) follows from Pinsker’s inequality. When
y — b(x,y) is Lipschitz continuous uniformly in z, (3.4) follows from time-uniform second
moment bounds, which are classically obtained by Lyapunov arguments, and (3.3) is
implied by the uniform LSI.

Theorem 3.2 (From Theorem 2.1 of [23]). Under Assumptions A and E of [23], assume
moreover that o* > 8yn and that

k‘2
3Co >0, YN =2, Vk € [1,N],  H(mg"|m&*) < Conrs - (3.5)
Then,
k2
30 >0, VN >2, Vke [1,N], vt =0, H(mpV|mP*) < Cxz- (3.6)

Remark 3.3. As in Remark 1.2, it is in fact sufficient to enforce Assumption A with the
condition % > 8yn for times ¢ > t¢( for some ¢, and apply Theorem 3.2 to (M1, )t>0-
More precisely, for some t(, assume that (3.3) and (3.4) holds uniformly over ¢ € [0, to].
Then, assuming the initial chaos (3.5), [22, Theorem 2.2] gives (3.6) for some constant
C > 0 uniformly over ¢ € [0, %]. In particular, the initial chaos (3.5) holds for (m1¢,)i>0-
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In [23], the assumptions of Theorem 3.2 are shown to hold in two cases: either
convex potentials on RY, or models on the torus. In any cases, the condition o* > 8yn
(corresponding to r. > 1 with the notation of [23, Theorem 2.1]) means that the PoC
estimates require that either the temperature o2 is high enough or the strength of the
interaction is small enough. In Sections 3.3 and 3.4 we extend the range of application
of [23, Theorem 2.1] to some cases with non-convex potentials on R¢.

Before that, in order to focus on the uniform LSI afterwards, let us state a result
concerning the other technical conditions, which is sufficient for the cases considered in
the two next sections.

Assumption 3.4. The initial conditions mg and m(z)v have finite moments of all orders,
m{ is exchangeable and there exists C independent from N such that [, |z 2m™ (day)
<C.

We omit the proof of the next result, the arguments are the same as in [23, Corollary
2.71.

Proposition 3.5. Assume that by and b are C*, that |by| grows at most polynomially, that
b is the sum of a bounded and a Lipchitz continuous function, and that there exist c,
C > 0 such that for all z, y € R?,

(bo(x) + b(z,y)) - & < —clz* + C(1+[y]) -

Then, under Assumption 3.4, (m;)i>o and (m{"), are well defined and Assumption E of
[23] and the uniform L? boundedness (3.4) holds.

3.3 Convergent trajectories

In this section we focus on the cases where m; converges as t — oo towards a
stationary solution m. of the non-linear equation (3.1). This is known to hold in various
cases of interest, like the granular media equation with convex potentials, or repulsive
interaction, or high temperature, or small interaction, or other models like the adaptive
biasing force method [24] or the mean-field gradient descent ascent [25]. So, assume
that

[lme — my|ltv — 0. (3.7)
t—o00

Remark 3.6. Under suitable conditions, [32, Theorem 4.1] allows to obtain (3.7) from a
W, convergence.

We now discuss suitable conditions to apply Theorem 1.4 with M¥, L¥ arbitrarily
small for large times, where we decompose the drift F(x,m;) = ao(z) + g:(x) with
ap(x) = F(x,m,) and g;(x) = F(x,m;) — F(x,m.). For simplicity we focus on the case
where

F(x,m)=-VV(z) — VW (z,y)m(dy), (3.8)
R4
for some V € C%(R%,R) and W € C?(R? x R%, R). The next result would be easily adapted
to other cases where the density of the stationary solutions of (3.1) are explicit or solve
an explicit fixed-point equation (namely when the invariant measure of o2A + F(-,m) - V
is explicit for each m), which is for instance the case in [24, 25].

Proposition 3.7. Let (m.):>0 be a solution to (3.1) (in the case (3.8)) which converges
in TV in long time towards a stationary solution m,. Assume that my admits a density
e*° with respect to m,, with ug being the sum of a bounded and a Lipschitz continuous
function. Assume furthermore that there exists L, o > 0 such that, for all z, y € R?,

L

AIW7 gL) $W) <7
12,1V ()] VW )| € T

. VV(@)| < LA+, (3.9)
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Finally, assume that V' is strongly convex outside of a compact set. Then, (m;):>o satisfies
a uniform LSI. Moreover, ast — oo, the optimal LSI constant of m; converges to the
optimal LSI constant of m,.

Notice that, V being strongly convex outside a compact set, the last condition of (3.9)
can only hold with some « > 1. Hence, the second condition of (3.9) on VW means that
we only consider local interactions.

Proof. Considering the decomposition F'(x,m;) = ag(z) + g:(x) with ag(z) = F(x, m,)
and g,(z) = F(z, m;) — F(z, m.), we have to show that Theorem 1.4 applies to (m1¢,)i>0
with M*¥, L¥ arbitrarily small provided t; is large enough. Indeed, the last part of
Theorem 1.4 will then give that, for any € > 0, the optimal LSI constant of m;, is less than
Cy + ¢ for t large enough, where Cj is the optimal LSI constant of m,. On the other hand,
for any € > 0, there exists a non-constant C*° function f with compact support such that

m(f2In f2) = m. () Inm.(£2) = (Co — e)m.|VfI*.
The weak convergence implied by (3.7) leads to
my(f2 10 f2) = me(f2) Inme(f2) = (Co — 2e)my|V f|?

for t large enough, which implies that the optimal LSI constant of m; is larger than
Co — 2e.

Hence, we turn to the application of Theorem 1.4 using its notations. We write
mx W (z) = [pa W(x,y)m(dy). The invariant measure of ag - V + ¢*A is pig = m,, with
Vinm, = —=V(V +m, xW) = F(-,m.), so that

bi(z) = =V(V +2m,xW —my x W).

Since VW is bounded by (3.9), the contribution of W in Bt is bounded (uniformly in ?)
and thus (1.9) holds thanks to the convexity of V' outside a compact set. From (3.9),

V- ge(2)| = [(my — ma) x AW ()| < Lljmy — mulirv,

and, given (Y,Y”) an optimal TV coupling of m; and m, and using the Cauchy-Schwarz
inequality,

|g¢(x) - VInm, (z)]
< B[V W (2,Y) = VoW (2, Y')]|L(2 + |2]%)

1 1
<E|lyy L*(2 «
[”Y (1+|xY°‘+1+|xY’|a>} @+l

1 1 2 1/2
1/2 2 a
< — My E L*(2 .
Then we bound, for the first term in the expection,
E ! } < LR
X = |
(I+lz=Y[4)2] = 1+ [2/2]*)?
1 1+ E[|Y|*]

<
@ ]z/20)?2 0 1+ w22
and similarly for the second term involving m,. Using that V is convex outside a

compact set and that V,W is bounded we easily get by Lyapunov arguments that the
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moments of m,; are bounded uniformly in time. As a consequence, we have obtained, for
Y = -V. gr + gt - VIDMQ, a bound

1/2
lelloo < L' lms — m.||14

for some L’ independent from ¢. The TV convergence (3.7) concludes the proof. O

Corollary 3.8. Under Assumption 3.4 and the settings of Proposition 3.7, assume fur-
thermore that W is bounded and V = V; 4+ Vo where V; is p-strongly convex and Vs is
bounded. Assume that

(3.10)

4 Vallso W oo
0,2 > p|VzW|zo€XP(| 2” + H H ) )

o2

Then, provided the initial PoC (3.5) holds, so does the uniform in time sharp PoC (3.6).

This applies to cases on R¢ where V is not convex, which are not covered by [23]. In
general cases where V' may have several local minima, a condition in the spirit of (3.10),
that states that either temperature is large enough or interaction is small enough, is
necessary to have a uniform-in-time propagation of chaos estimate.

Proof. The assumptions of Proposition 3.7 imply those of Proposition 3.5. Since V,W is
bounded, Pinsker’s inequality gives the transport inequality (3.3) with v = ||V, W% /2.
Proposition 3.7 provides the uniform LSI for (m;):>o. Moreover, for large times, the LSI
constant of m; converges to the LSI constant C, of m,, which by the Bakry-Emery and
Holley-Stroock results is less than 2p~" exp((||Va|o + [|W||s)/0?). Corollary 3.8 thus
follows from Theorem 3.2 (since, as noticed in Remark 3.3, the condition ¢ > 8yn only
has to be verified for sufficiently long times). O

3.4 High temperature regime

Instead of Corollary 3.8, using Theorem 1.3, we can get an alternative result, which
doesn’t require the a priori knowledge that m; converges in large time and with weaker
assumptions on W, but which only works at high temperature and is less explicit (an
explicit condition on ¢? can be obtained in principle by checking the proofs, but it
wouldn’t be as nice as (3.10)). In the next statement we consider a solution (mt)t>0
of (3.1) in the case (3.8).

Proposition 3.9. Under Assumption 3.4, assume furthemore that |VU| grows at most
polynomially, that there exist p, L, R > 0 such that, forall z € R%, ¢, := —VU -V, W (-, 2)
satisfies

—plz —y|? Va,y € R with |z| > R,

(3.11)
Lz —y]*> Vr,yeR?,

(2(x) = 92(y)) - (z —y) < {

and that V,W = F| + F», where F is bounded and y — F5(z,y) is Ly -Lipschitz with
SL%,V < p, uniformly in x. Then, there exists of > 0 (which depends on U, W and d) such
that, assuming o2 > of and the initial sharp PoC (3.5), we have that the uniform in time
sharp PoC (3.6) holds.

In particular, if U is strongly convex outside a compact set and x — W (z, 2z) is convex
for all z with V,W being bounded, then Proposition 3.9 applies, without any further
smallness condition on the interaction. For instance, with W(z,2) = ay/1+ |z — z|?,
it applies for any ¢ > 0. However, in that case, the temperature threshold o2 in
Proposition 3.9 will depend on a and will become large when « is large (i.e. when the
interaction is strong).
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Proof. We verify the conditions of Theorem 3.2. Using (3.11) with y = 0 we see that
Proposition 3.5 holds. The uniform LSI in the high temperature regime o2 > o2 is
ensured by Theorem 1.3, and for times large enough it holds with a constant n = 27’
for some 1’ > 0 independent from o, and which can be taken arbitrarily close to 1/p for
o2 large enough. Here we have used that sup{—z - b;(z) : |x| < R.} can be bounded by a
constant K independent from ¢ and such that (1.8) holds for ¢ large enough (for ¢ large
enough). Indeed, we can bound

[b:(2)| < [VU(2)] + [[F1]lo + [Fa(2, 0)] +Lw/d lylme(dy) .
R

Then, the condition (3.11) implies that s; := [p. [y|*m¢(dy) satisfies ds;/dt < —ps;/2 +
g+ 2do? for some ¢ > 0 independent from ¢ and 2. From this, for ¢ large enough, we get
Jga lylmi(dy) < C(1 + o) where C depends only on d, p, L, R. As a consequence, in (1.7)
we can take K = C’(1 + o) for some C’ (independent from ¢ and o), so that (1.8) holds
for o large enough, as claimed.

It remains to check the transport inequality (3.3). For any 6 > 0 we can bound, for all
t>0,r € RYand v € P(RY),

v (b, -)) — mq (b=, ) |”
<A+ 0| (Fi(z,-)) —me(Fi(z, )|+ (1 + 0 |v(Fa(x, ) — me(Fa(z, )|
< (L+0)| P2 v — mulizy + (1 + 07 Ly W3 (v, my)
<yH(vimye),

where we used Pinsker’s and Talagrand’s inequalities, and « on the last line is defined by

1+46 _
= IR+ (L + 0L .
Fixing # (independent from o) large enough so that 8(1 + 9’1)L%V < p, the condition
o* > 8vn holds for ¢ large enough, which concludes. O

4 Application to log and Riesz interactions
In this section, we still consider McKean-Vlasov equations (3.1), but now we impose
the following condition on the non-linear drift.

Assumption 4.1. We have d > 2, s € [0,d — 1) and the McKean-Vlasov drift in (3.1)
reads
F(z,m)=-VU(z)+ MVgs *m(x),

where U, M, g, satisfy the following conditions:

e the function U : R? — R has bounded Hessian V2U € L* and satisfies the weak
convexity condition: there exist ky > 0 and R > 0 such that for all z, y € R? with
|z —y| > R, we have

(VU(z) = VU(y),x —y) = kulz —y*;

e g; : R? — R is the logarithmic or Riesz potential:

—In|z| whens =0,
gs(x) = s
||~ when s > 0;

e in the sub-Coulombic case where s < d — 2, M is a d x d real matrix such that
M : V?%g(z) > 0 for x # 0; in the Coulombic and the super-Coulombic cases where
s€[d—2,d—1), M is anti-symmetric.
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These models have raised a high interest over the recent years, in particular with a
series of work by Rosenzweig, Serfaty and coauthors on the one hand (see e.g. [34, 9, 35]
and references within) and Bresch, Jabin, Wang and coauthors on the other hand (see
e.g. [20, 5, 4] and references within). The main result of the section, to be stated in
Theorem 4.12 in Section 4.4, addresses the McKean-Vlasov drift force above with d > 2,
s = 0, M being anti-symmetric and U being isotropically quadratic. We show that in
this case the dynamics exhibits the time-uniform propagation of chaos. This result is
a continuation of a recent work of Guillin, Le Bris and one of the author [16], where
the uniform PoC is shown for the dynamics on the torus (thus in a periodic setting). We
also note that a non-time-uniform result on the whole space have also been obtained
very recently by Feng and Wang [14]. In terms of methodology, the main addition of
our work is that we employ the reflection coupling technique of Conforti [10] to get
regularity bounds for the mean field flow on the whole space (Theorems 4.6 and 4.11),
which enable to apply the Jabin-Wang method.

We will write g = g, if that does not lead to ambiguities. For simplicity, we also set
o = 1 in this section. Under the assumptions above, we denote K = MVyg, and the
McKean-Vlasov dynamics writes

Gtmt:Amth- (mt(K*mthU)) (41)

Note that the interaction kernel K is divergence-free when the matrix M is anti-
symmetric.
Consider now the system of N particles in interaction:

dX,f:—VU(X;’)dHN% > K(X{-X])dt+vV2dW], i=1,...,N, (4.2)
JEMLNIN}

where W} are N independent Brownian motions. The flow of probabilities m¥ =

Law(X;) = Law(X},..., X}Y) in R?V satisfies the Fokker-Planck equation at least for-
mally:

dymyY = XN: (Aith ~ V- ((Nll S K-y - VU(gy?))mg\’» . (4.3)

i=1 Jelt,NI\{i}

In this section, 7° denotes a C* mollifier with support in B(0,¢) that is also invariant
by rotation. We set ¢° := gxn® and K° .= MVg® = MVg*n®. Since under Assumption 4.1,
we are restricted to the case where s < d — 1, the interaction potential g o |z|~® is
integrable around zero, so ¢° is infinitely differentiable with bounded derivatives. Notice
that the rotational invariance of 7° implies that the value ¢°(z) depends only on |z| and
thus, Vg¢¢(z) is parallel to z. We also work with the approximation of the confinement
U :=Uxn".

Sometimes, in the rest of this section, for conciseness, we write A < B when there
exists a constant C such that A < CB.

4.1 Well-posedness of the mean field and particle systems
For a function f : R? — R and 6 € (0,1], we denote the homogeneous #-Hélder

(semi-)norm of f by
Aoz wp F@-IWI
z,y€R : x#y |$ - y‘
In order to study the singular interaction kernel K, we use the following crucial estimate.
This generalizes the estimate in (2.9) of [34] (which corresponds to the case p = o).
We refer readers to Lemma 4.5.4 and Theorem 4.5.10 of [18] for the proof, where the
statement of the latter should be accompanied with an interpolation.
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Proposition 4.2. Let s > 0. Forallm € L' N LP(R?) with (1 — $)™' < p < oo, we have

1175 %m| e S lmll37 % m)| 95/

where p~! + ¢! = 1. If additionally, for some 6 € (0,1), we have (1 — =% )_1 <p< oo,
then

(1175 m] gy S Il g2 @ CF O a5+

Then, we present the well-posedness results for the mean field and the particle
system.

Proposition 4.3 (Well-posedness of the mean field system). Let Assumption 4.1 hold.
Then we have the following results:

e For each initial value my € L' N L> N P(R?), there exists a unique solution to
the mean field flow (4.1) in C ([0, 00); L*(R%) N'P) N L> ([0, 00); L°(R?)) depending
continuously on the initial value. In particular, we have the time-uniform bound:

sup |lmy|lpee < C1(U, |mollr-) < 0. (4.4)
te[0,00)

 If additionally the initial value my has finite k-th moment for some k > 0, then the
mean field flow m; has finite k-th moment, uniformly in time:

sup / |x|kmt(dx)<Og(U,K,k,||m0||Loo,/d|a:|km0(da:))
: R

te[0,00) J R4

e Finally, let K* = K % n®, U® = U xn° be the mollified kernel and confinement. If
m§ converges to mg in L' and if sup,||m§||L~ < oo, then the solution m of the
approximate mean field flow

Oymi = Am; — V- (mf (K® xm§ — VU?)) (4.5)

converges to m; in L' for allt > 0. Moreover, the L>° norm and the k-th moment
bounds above hold when we replace m by m*®.

Proposition 4.4 (Well-posedness of the particle system). Let Assumption 4.1 hold with
s < d — 2 and suppose that for all x € R?, we have ' Mx < 0. Then, for any initial value
Xo = (X4,..., X)) such that X} # X] almost surely for i # j, the SDE system (4.2)
has a global unique strong solution. Moreover, setting K¢ = K xn®, U® = U % n°, and
considering the approximate SDE system

) . 1 ) ; )
dX;" = -VU*(X;") dt + N1 Z Ke(X7' = X77) dt + vV2dW (4.6)
JELNI\{i}

fori € [1, NJ, with the initial condition Xg’i = X{, we have, forallt >0andi=1,..., N,
X" - X! as., whene—0.

These results may be considered mathematical folklore and we do not claim originality
from them. Their proofs are postponed to Appendix A.
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4.2 Uniform Lipschitz and Hessian bounds, and LSI

We introduce the invariant measure p of the reversible diffusion generated by
A — VU -V, whose density is explicit:

po(x) = Z(po) P exp(=U(x)),  Z(po) =/Rd exp(~U(x)) dz.

Note that, under Assumption 4.1, using the HJB flow method of Conforti (see Theorem
1.3 and Remark 1.7 of [11]), we can show that the measure y is the image of a Gaussian
measure under a transport mapping with an explicit Lipschitz constant, and thus satisfies
an LSI with an explicit constant.

We use the following result on the Lipschitz and Hessian bounds on the solution to a
class of HJB equations.
Theorem 4.5. Let T' > 0. Let u € C3”*([0, T] x R% R) be a classical solution to the HJB
equation

8tut = Aut — |V’U/t‘2 + Bt . Vut + Dt
for some b € C3*([0,T] x R%; RY), S CY2([0,T] x R% R). Suppose the initial condition
ug € Cﬁip(]Rd; R). Suppose the drift b satisfies the weak convexity condition

(be(2) = be(y) @ —y) < (e = yl)lz —y]

for some C'-continuous function j : (0,00) — R such that fol r(kj(r) vV 0)dr < oo and
liminf, . xz(r) < 0. Suppose Supte[O,T]||Vl;tHL°° < oo. Then, we have the following
results:

e Ifp, € L™ forallt € [0,T], then, we have, forallt € [0,T],

L Qe
gl do,
0 \/m”gpt UHL

[Vug| Lo < Ce || Vug|| L + (4.7)

where C, ¢ > 0 and depend only on k.

« If additionally, Vi, € L™ for all t € [0,T], then we have, for allt € [0,T],

C«/e—c’t
VEAL

V20| < [Vuo| o

t Clefc'v

o VAl

where C’, ¢/ > 0 and depend only on kj,

(IV@i—ullz + [ Vhi—y - Vuy—y|[r<) dv, (4.8)

V|| e and sup,ejo 7yl et oo

The theorem is only an enhancement to the result of Conforti [10] by using the
short-time gradient estimates obtained by Priola and Wang [31], and by Porretta and
Priola [30]. Thus we only provide a sketch of proof here.

Sketch of proof of Theorem 4.5. The stated results differ from the main result of [10],
i.e. Theorem 1.3 of it, only in two aspects: first, we work in a time-non-homogeneous
setting; and second, the uniform gradient estimate that we utilize in the proof has
explosion t~'/2 instead of t~! when ¢t — 0.

Following the method in the proof of Theorem 1.4 (and ignoring technical issues
about the correspondance to stochastic control problems), for every z, y € R? and
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t € [0,T], we can find stochastic processes X", X*¥, , all defined on [0, ¢] and taking
values in R?, such that

Xg =z, dX}F= (B(Xg,z) + 2%) dv+Vv2dBZ, forz=ux,y,
t
s (ot 07
0
t
u(t,y) < EU (lowl? + o1 (X:?’y)> dv + u(o,xg’y)} ,
0

where B”, BY are Brownian motions coupled by reflection until X**, X*¥ collide:

2(Xpv — Xg) (X = Xp )TN
‘Xa’y—Xa’x|2 >dB117 )

dB&Y = (1 -

forv < 7:=inf{w>0: X" = X3¥}, and dBS" = dBY for v > 7. Then, by subtracting
the dynamics of X** and X*¥, we find that their difference process | X" — X*¥| is
stochastically dominated by a one-dimensional Itd process (r:):>¢ solving

dr, = —ryrg(ry) dv + 224w,
with an absorbing boundary at 0 with initial value ro = |« — y|. It is shown in [31] that

C?“Q
VoAl

for some C depending only on «;. Then, by combining the result above with the long-time
Wasserstein contraction studied in [13], we get, for all v € [0,¢],

Plr, > 0] <

Cle=<vrq
VoAl

for some C’, ¢ > 0 depending only on «;. Therefore, by subtracting the stochastic
representation for u(¢, x), u(t,y) and applying the bound above on r,, we get the first
claim.

For the second-order estimate, we take spatial derivatives in the HJB and find that
Vu, solves the R%valued equation

Plr, > 0] <

atVut = AVUt + (I;t - 2Vut) . V2Ut + V?)t . Vut + V(pt .

Thus, Vu,; solves a second-order equation with the weakly semi-monotone drift term
Et — 2Vu; (as Bt is weakly semi-monotone and Vu; is bounded by the first claim), and a
bounded source term Vl;t - Vuy + V. Writing the Feynman-Kac formula for Vu; and
using the coupling by reflection as above, we get the second claim. We refer readers to
[10] for a rigorous justification of the Hessian bound. O

Theorem 4.6. Let Assumption 4.1 hold. Let mo € P(R?) be such that

d
Ug = 1 TR0 —Inmo —U —InZ(uo)
dpo
is Lipschitz continuous and let (m;);>o be the solution to (4.1). Denote u; := —Indm, /dpuyo.
Then we have, for allt > 0,

C
s [Kxme(@)(1+ fa)| SO [Vudlie <O [IVPullie < s
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for some C depending only ond, s, U, |M]|, ||mo||L~ and ||Vugl|| <. Moreover, when | M|
increases and all other dependencies are kept constant, C' increases. Consequently, the
flow (my)+>0 satisfies a uniform LSI whose constant has the same dependency as above
and is increasing in | M|.

The proof of Theorem 4.6 is postponed to Section 4.5.1.

Remark 4.7 (Modulated free energy and LSI, and kinetic case). We remark that since we
have obtained the L* bound of V?u, in the theorem above (and also in Theorem 4.11
below), we can control the Lipschitz norm of the time-dependent vector field

z+— o2Vin

me(x)

e K *my(x). (4.9)

The control of this quantity, as remarked in [9, Section 1.2], is crucial for the modulated
free energy method since it appears in the “commutator estimates”. See e.g. [36,
Proposition 1.1] or [9, Proposition 2.13]. We note that unfortunately our method to
obtain this control exploits the long-time contractivity of Brownian motions coupled
by reflection, and relies fundamentally on the diffusivity of the dynamics, so it is not
useful for deterministic dynamics (i.e. ¢ = 0) considered originally in [36]. Nevertheless,
since similar results for the kinetic case in the time-homogeneous setting have been
established by two of the authors in [29, Theorems 2 and 13], our method provides
bounds on V21nm,, which is of interest in the perspective of applying the arguments
[20, Theorem 2] in such hypoelliptic cases.

Besides, together with the control of the Lipschitz norm of (4.9), a key ingredient
to get uniform-in-time estimates when using modulated free energy instead of relative
entropy is the modulated log-Sobolev inequalities discussed in [35]. These modulated LSI
are in fact classical LSI satisfied uniformly over a specific family of measures (called the
modulated Gibbs measures, and distinct from the law m, that we consider in Theorem 4.6;
but a similar time-uniformity is required). The arguments of the time-uniform LSI of
Theorem 4.6 may thus be useful to establish time-uniform modulated LSI (although
additional difficulties appear in the latter case, in particular a uniformity in the number
of particles is required). On the topic of modulated free energy and modulated LSI, we
mention that an upcoming work [19] is announced in [9].

Remark 4.8 (Non-conservative flow and more singularity). Two natural extensions to the
setting considered in Assumption 4.1 are to consider a not necessarily anti-symmetric
M (notably M = —I;x4 which corresponds to the gradient flow) and a more singular
interaction with s € [d — 1,d). We note that in the first case, a not anti-symmetric M
poses challenges in mathematical analysis since the divergence term

V- (K *my) =M :Vigxmy

appears and is more singular than the flow m; itself when s > d — 2. By re-examining the
proof, we find that the method of Theorem 4.6 will continue to work if (m;):>( satisfies a
uniform #-Hoélder bound for some 6 > s — d + 3 without the anti-symmetry of M, or for
some 0 > s — d 4+ 2 with an anti-symmetric M. The authors are unfortunately unaware
of such results for Riesz flows with confinement in the whole space, which are possibly
worthy of independent studies in the future.

4.3 Global PoC for log interaction with general confinement potential

As a consequence of Theorem 4.6, we get the strong uniform-in-time propagation of
chaos result.

Theorem 4.9. Let Assumption 4.1 hold and suppose additionally that s = 0 and M is
anti-symmetric. Let (m;);>0 be a solution to (4.1) whose initial value m satisfies the
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conditions of Theorem 4.6 and let (mé\’)t>o be a solution to (4.3). Then, there exist C, C’,
p > 0, depending only on d, U, |M| and mg, such that

H(mi”m?N) < Cexp(—(p— C”)t)'}-l(méwm?]v) + C(l + exp(—(p — C')t)) (4.10)

for all t > 0, once H(m) |m§™) < oco. Moreover, when |M| decreases and all other
dependencies are kept constant, C' decreases, p increases, and lim| ;| C’'=0.

By the dependency of C, C’ and p in |M|, we find C’ < p when |M]| is sufficiently
small, and in this case the bound (4.10) becomes uniform in time. Even when |M| is
not small, we get a global PoC estimate for the dissipative log-interaction on R¢ with a
confinement potential, which is new to our knowledge (the case U = 0 is addressed in
[14]).

The proof of Theorem 4.9 is postponed to Section 4.5.2.

4.4 Uniform PoC for log interaction with quadratic confinement potential
In this subsection, we impose the additional assumption.
Assumption 4.10. The confinement potential reads U(z) = ry|x|*/2 for some ki > 0.

Under Assumptions 4.1 and 4.10, we easily verify that the Gaussian measure m, with
density

m.(z) = exp(~U () = exp (_'fvl;"lQ)

is invariant to the mean field flow (4.1). The first result that we obtain is the exponential
convergence of the mean field flow towards m..

Theorem 4.11. Let Assumptions 4.1 and 4.10 hold and suppose additionally that M is
anti-symmetric. Let mo € P(R?) satisfy the conditions of Theorem 4.6 and let (m;);>o be
the solution to (4.1). Then, we have, for allt > 0,

H(mi|m.) < exp(—2kyt)H(mo|m.) -

Moreover, setting u; = —Indm;/dm., we have, forallt > 0,
" . 5 Ce=ct
sup |z - K « (my —my)| < Ce™ € Vul|l~ < Ce™ € Veull e <
sup o K me —ma)| < Ce™ |Vl IVl < S

for some C, ¢ > 0 that depend only on d, s, Ky, M and ||Vug||fe.

The proof of Theorem 4.11 is postponed to Section 4.5.1.
Building upon the exponential convergence above, we obtain the uniform-in-time
propagation of chaos without restriction on the strength of the interaction.

Theorem 4.12. Let Assumptions 4.1 and 4.10 hold and suppose additionally that s = (
and M is anti-symmetric. Let (m);>o be a solution to (4.1) whose initial value my
satisfies the conditions of Theorem 4.6 and let (m} );>¢ be a solution to (4.3). Then,
there exists C' > 0, depending only on d, ky, M and mg, such that

"H(mi\”mg@N) < Cexp(—2kpt) (H(m{ﬂmgzw) + 1) (4.11)

forallt > 0, once ’H(méﬂm?N) < 0.

The proof of Theorem 4.12 is postponed to Section 4.5.2. Notice that, as discussed
in e.g. [35], this result describes a generation of chaos property (not only propagation)
since it implies that H(m> |m$") is of order 1 (in terms of N) for large times even if
it is not the case at time ¢t = 0. Here, moreover, and more surprisingly, the right hand
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side of (4.11) vanishes at ¢ — oo, which is due to the fact that in the specific case of an
isotropic Gaussian confining potential, the invariant measure of the system of interacting
particles is a tensorized Gaussian distribution, which is thus also the long-time limit of
the product of solutions of the non-linear equation. Finally, in contrast with the results
stated in Section 3, here (as in Theorem 4.9) we only state a result on the relative
entropy of the full system, and thus by sub-additivity of the relative entropy this yields
PoC estimates on the k-particles marginals which are not sharp in the sense of [22, 23].

4.5 Proofs
4.5.1 Proofs of uniform bounds and LSI

Proof of Theorem 4.6. Set py = Z* exp(—U) with Z = [ exp(-U).

Step 1: Construction of a regular approximation. Recall that the initial condition my is

such that d
Uy = —lnﬂ =—lnmog—InZ—-U
dpo

is Lipschitz continuous. We construct, for € > 0, the approximative initial value

exp(—ug * %) o
[ exp(—uo * %)’

m§ =

where p§ « exp(—U¢). Construct as well the approximative dynamics (4.5) with the
mollified kernel K¢ = K x n° and mollified confinement U¢ = U x n°. By construction,
the initial value m§ converges to mg in L' and is uniformly bounded in L°°, thus the
last claim of Proposition 4.3 indicates that m; — m; in L' for all ¢t > 0. Using the
uniqueness of the solution of the Fokker-Planck equation satisfied by the relative density
dm§/du§ and a Feynman-Kac argument similar to that of Proposition B.1, we obtain that
u§ == —Indm$ /du§ is C? in space and its derivatives Vu$, V2u$ grow at most linearly in
space (locally in time). As a consequence, u; is a classical solution to the H]B equation

ol = Aué — |Vus|> + 05 - Vus + ¢f

where b¢, ¢ are given by

by = —VU® — K® +mj,
;i ==V - (K*xmi)— (K*xmf) VU*".

Step 2: Uniform bound on K x m; and Vu;, and uniform LSI. We verify that the drift l~)§
satisfies the semi-monotonicity condition of Theorem 4.5, as the contribution from the
interaction K*° x mj is controlled by Proposition 4.2:

1— 1)/d 1)/d
1K 5 m|| e < || *m]| e < Jmg |5 T mg)| S0/

and U (along with its approximation U*¢) is already weakly convex. Now we focus on
proving the uniform L° bound on ¢i. For the first term in ¢}, we find that in the
Coulombic and the super-Coulombic cases, due to the anti-symmetry of M, we have

V(K %m§) = V- (MVgxm§ %) = M : g» V2(m§ + 1) = 0;
for the sub-Coulombic case where s < d — 2, applying Proposition 4.2 with p = oo, we get

1—(s+2)/d s+2)/d
IV - (B wom) || pee S [l |3 2 g | 2/
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so the first term is uniformly bounded in L*° in both cases. To treat the second term, we
note that

Ko smf(@) < sup |[Kxm(@),
xz'€B(x,e)

so it suffices to prove the bound uniformly:
|K *m? ()| S (1+ Jz]) 7
Decompose the kernel in the following way:
K(z) = K(@)Lljz<r + K(@)1>r = Ki(2) + Ka().

For the exploding part K, we have

/ K(z —y)mi(y) dy’
B(z,R)

< / & — 4=~ mS () dy
B(xz,R)

1/p
< ( [ ey dy) I Lm0
B(z,R)

< RYP

[ Ky #my ()| =

1p@,r)llLa s

_d_
’ s+1

-1
[ i <ming [ <24 = ) [ ol e
B(z,R) B(zaR)
For the non-exploding part K>, we have
/ K(z —y)mi (y) dy‘
R4\B(z,R)
S[ e tmiw)dy
R\ B(z,R)

—pel [ e () dy
RI\B(z,R) |T — y|s+1

where p € (1 )and p~' + ¢! = 1. For |z| > R, we observe

[ Ky my ()| =

o x_ys+1+ys+1
Sl o=y W ey ay
R\ B(z,R) |z -yl

< Il’lfH/Rd(”R’S’l\yIS“)mf(y) dy.

Thanks to Proposition 4.3, the mean field flow (mg);>¢ enjoys uniform bounds on its L*>
norm and its moments, as all moments of its initial value m§ are finite. Thus, we have,
uniformly in ¢,

sup| K »mj ()] < sup| K1 mj (z) + Ko +mg (2)] S (14 [x])~!
t>0 >0

So we have obtained sup,||¢i[/z=~ < oo, and the first claim of Theorem 4.5 implies that
IVus|| L is uniformly bounded. Taking the limit ¢ — 0, we recover the uniform spatial
Lipschitz bound on u; and thus by the perturbation lemma of Aida-Shigekawa, the flow
(my)e>o satisfies a uniform LSI.
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Step 3: Uniform bound on V?u,. We want to apply the second claim of Theorem 4.5 to
the HJB solution u$, and it suffices to control uniformly in time the following quantities:

VI - Vil = (=V2UT — K % Vms) - Vai§
Vi = —V2. (K°xmf) — V(K xm) - VU — (K xms) - V2U® .
The first quantity can be bounded by
IV0 - Vuillpoe < VB[l Vil pe < (IV2U [z + 1K % Vg || o) [ Vg |z
where || K€ x Vmy||r~ is uniformly bounded as

exp(—=U® — uj)
[ exp(=U¢ — u5)
uniformly in time, thanks to the uniform bound on Vu;. Now consider the second

quantity V5. In the case s € [d — 2,d — 1), we have K = M Vg with an anti-symmetric
M, so the first term V? - (K¢ x m¢) vanishes. In the case s < d — 2, we have

Vms = m(~VU® + Vu§) = (-VU* 4+ Vui) e L' N L™

1—(s+2)/d s+2)/d
192 - (K= %m5) || < VK % Vs e S [[Vmg]|7 24 wme )| (527

and by the uniform L' and L*> bound on Vm§, this term is uniformly bounded. That is
to say, in both cases, the first term V2 - (K€ x m$) is uniformly bounded in L>°. As we
have ||V2U| = < oo, the third term (K¢ x m$) - V2U is equally uniformly bounded. So it
remains to obtain a uniform bound on the second term V(K¢ xm§) - VU. Since VU? is of
linear growth, it suffices to prove

V(K xmg)(w) = (K« Vmi)(2) $ (1+[2))7

uniformly in time. For this, we use again the decomposition K = K; + K5 in the end
of the previous step, and redoing all the computations, we find that it is sufficient to
uniformly control

/ 12]9|Vm (2)| dz = / 29|~ VU () + Ve (2)|m§ () da
R4 R4
< / 1291 + [z)m§ (z) da
Rd

for some ¢ > (1 — %)71. But from Proposition 4.3 we know that the ¢ and (¢ + 1)-th
moments of m; are uniformly bounded. Hence, V¢{ is uniformly bounded in L*> and
by the second claim of Theorem 4.5, we get that ||V2u|| .~ is uniformly bounded. Thus
V2Inm§ = —V2U? — V24§ is uniformly bounded as well, and taking the limit ¢ — 0, we
get the desired result for u;. O

Proof of Theorem 4.11. The proof is similar to that of Theorem 4.6, except that now
the Lipschitz and Hessian bounds converge to zero. Thus, we first show that the mean
field flow m; converges to the invariant measure m, and then redo the estimates on the
log-density.

Step 1: Convergence in entropy. For the initial value mg such that
Vug = —Vinmg— VU € L™,

we find, as in the beginning of the proof of Theorem 4.6, an approximation mg defined
by the following:
ms = exp(—ug xn° —U) )
[ exp(—ug*ne —U)
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Set u§ := —Indmf/dm.. We also consider the approximative flow (m$):>o solving the
mean field Fokker-Planck equation (4.5). Notice that, in the case of quadratic potential,
the mollified potential U¢ = U % n° is nothing but U translated by a constant, due to the
symmetry of °. By Feynman-Kac arguments, we get that m{ is a classical solution to
the Fokker-Planck and V‘u$ grows at most linearly for i = 0, 1, 2. Thus, we can derive
t — H(m$|m,) and get

dH(mi|m.) mg (z) e €
g = T Tmilm) | Vi K (= ) ) ()
— _Z(mElm.) / Vinm(z) - K » (m§ — m.)(@)m; (de)

—Z(mji|m.) — /ﬂ{d Vinm,(z) - K¢ *mi(z)m;(dz)

—Z(mf|my) + IiU/ZIY - K¢ x m§ (z)my(dz)
= ~Z(milm) +ro ([ Ko = gym @omi(a)
=~Z(milm) + 5 [[ @ =y) K@~ yymitda)mi(ay

= —Z(mj|ms) < —2kpH(mi|my) .

Here the second inequality is due to the integration by parts and the fact that V- K¢ = 0;
the third to the fact that VInm.(x) is parallel to « and K¢ x m.(z) = K x (m. *xn°)(x) is
always orthogonal to z, as m, x n° is invariant by rotation; the sixth due to the oddness
of K¢; and the last due to

z-Ke(z) =x' MVg ()

and Vg¢°(x) is parallel to . Then applying Gronwall’s lemma and the log-Sobolev
inequality for m,, we get

H(m§lm.) < H(mg|m.) exp(~2rut)

and taking the limit € — 0 and using the lower semi-continuity of relative entropy, we
recover the first claim.

Step 2: Decaying bound on x- K*m;(x) and Vu,. In the following, C, ¢ will denote positive
reals that has the same dependency as stated in the theorem and may change from line
to line. Working again with the approximation mg, we get by Pinsker’s inequality,

[lmi —mullLr < exp(—rut)y/2H(mG|m.)

< exp(—rpt)y/ 265" Z(mg|m..)

< exp(—rpt)y/ 265 | VUG |3 = Cexp(—rpt).
Then, applying Proposition 4.2, we get

155 % (mf = m.) e < Olfmg —ma |7 —m. |20 < oo
We know that u§ = — Indm$/dm. solves the HJB equation
Opus = Aug — |Vui|? 465 - Vg + ¢f

for b (z) = —kpx — K« mS(z) and ¢S (z) = —kpz - K© «mS(z). Note that ¢, satisfies

pi(x) = —ruw - K= x (my —m.)(z),
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since x - K¢ x m,(x) = 0 according to the argument in Step 1. Thus, we have

i) = = [ 2TMIV = )i~ ma) ()

vy [ MV = g = m.)().

as 2" MVg(x) =0 for all » € R%. So ¢ satisfies the bound
ol = | [ 07K = )i o)

Y
S [ g~ @)+ sup [yTK = ) g — s
B(0,1) |z —yl yily—z|>1

S Hmg —ma)lpelle + [Imi —ma|

for q > (1 — %)71, according to the argument in the proof of Theorem 4.6. For the L4

norm we have, by interpolation,

1 1 1
1(m5 — ma)Lpnlle < 1M —mape < [m§ —ma}2%ms —ma |72 < lm§ —ma ||}

for p~' + ¢=1 = 1. Thus, [|¢f||r~ < Ce™“, and applying the first claim of Theorem 4.5,
we get ||[Vul|| L~ < Ce™“. The first claim is then proved by taking the limit ¢ — 0.

Step 3: Decaying bound on V?u,. First, we have
VB - Vg [|poe < ||V0; ||z - Ce™ < (|[V2U Lo + || K % Vm§ || ) - Ce™
where
1—(s+1)/d s+1)/d
(SR PRl | e 4 P

As we have
VU exp(=U — uf)
[ exp(=U — ug)
with VU of linear growth and Vu$ being uniformly bounded, we find that Vm$ € L' N L>®
uniformly. Thus,

Vm; = —=(VU + Vui)mi =

€ €
— Vu; mj

VDS - Vs || g < Ce™@.
The gradient of ¢§ reads
Vi(z) = =V (kyz - K* % (m§ —m,)(z))
= —ky K x (m; —m.)(x) — kpz - K&+ V(m; —m,)(z).
The first term on the right hand side is already controlled:
K= (me = ma) ()] S e = 127 g = | SE0 < Cemet
and in the following we show that the same is true for the second term. Again, using the

fact that « - K¢(x) = 0, we get

- K*%xV(m§ —my)(z) = /le ' MV (x —y)V(ms —m,)(dy)

= [TV @ )V - m)( ).
R
Following the argument in Step 2, we separate the two cases |y —z| < 1 and > 1, and get

sup |2 - K° % V(my —m.)(2)] S [V(mg —ma)lze + IV (mg —ma)l|z
zeR
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for g > (1 - 551)_1. Using the explicit density of m$, we get
Vm; — Vm, = =Vuim; — VU(m; —m.) .
The first term satisfies
1975 5 |1 < (Vg | e [0 < Ce™,
and the second satisfies
IVU(m§ —m.)|[pr < [V2U| L= Wi(m§, ma) S /H(m§|m.) < Ce™ .

Finally, their densities have the L* bounds:

[Vug mi |l < [|Vug|[e[Imillr < C,
U —us(z) U
<exp( (m)) N exp( ut(m)e (.13))) <C.
Jexp(=U) Jexp(—ui — U)

Then, by the same interpolation as in Step 2, we get ||[V5 ||~ < Ce™“". Applying the
second claim of Theorem 4.5, we get

VU (m; —my)|[Le < sup (1 + |z)
z€R4

Cefct t Ce— o Cefct
+ - Ce =) qy )
VAT 0 VoAl VAT

Taking the limit ¢ — 0, we recover the second claim and this concludes the proof. O

[NATHIEES

N

4.5.2 Proofs of propagation of chaos

Proof of Theorem 4.9. According to Propositions 4.3 and 4.4, given the initial values
mo, m{}’ , we find respectively approximating sequences mg, mf)’N such that Inmg +
Ue e ¢ and @ — Inm{™ (z) + Zi\il U#(z%) € C°. The solutions of (4.5) and of the
forward Kolmogorov equation associated to (4.6) being unique, we can use the Feynman-
Kac representation of Proposition B.1 to find that the densities and their classically

derivatives

N
V' (Ilnmg +U®), Vi<lnmf’N($)+ZU€(xi)) , izl
i=1

exist and grow at most linearly in space (locally in time). Then in the following we can
justify all the exchanges between limit and integration, and all the integrations by parts.
Taking the derivative of the relative entropy H; = H(mf’N|(m§ )®Y), and denoting the

relative Fisher information by

e,N 2
m; " (z)

£ e,N e\QNY\ __ e,N
It = I(mt |(mt) ) = /]RdN VIHW my (dCE),
we get
dH; 1 ms N ()
AP, i — Viln —
dt ¢ +N—1; RAN 1 mi(aﬂ)
(KE (2" — 27) — K= xm(a"))my ™ (dz)
1 .
=TI — —— VInmg(z")
t N - 1 ; RdN ¢
(Kf(z' —27) — K°* *mf(xi))mi’N(daf;) ,
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where i, j are summed over [1, N and the second equality is due to integration by parts
and the fact that V - K¢ = 0. Noting that the regularized N-particle measure mf’N has
density and has no mass on the sets {x : #' = 27} for i # j, we find that the second term
is equal to, by symmetrization,

N
1 ;i e
“No1 2 |, et mi N (),

ij=1 7R

where the function ¢,(-, ) is given by

Ou(e,y) = 3K —y) - (VI (@) = Viomi () Ly
1

1
- §K€ *mj (z) - Vinmg(x) — §K5 *mi(y) - Vinmi(y). (4.12)

The function ¢, satisfies
¢t (l’, y)mg (dy) =0 ’
RA
Gi(y, x)mi (dy) =0
Rd
for all z € R?. From now on, the symbols C;, i € IN denote a positive number that has

the same dependency as C, p have in the statement of the theorem. For the first term
in (4.12), we have by Theorem 4.6,

Co| M|
sup | K&(x — o) - (VInmé(x) = Vinme < O M|V Inmy | e < .
s [KE @ =) (Vinmi(2) [ < MV e < 22

For the last two terms in the definition (4.12) of ¢;, we have by the same theorem,
|K % mg ()] < Cs|M[(1+ |z[) ",
(Vinmg(z)| = |Vui(z)] + [VU(z)| < Ca(1 + [2]).

Thus,
| K *mj(z) - VInmg(x)] < Cs|M].

So the functions ¢, satisfies

C7|M]|
oo < .
Il < T2
Therefore, using the convex duality for relative entropy, we get
dHs 1 N o
dtt = —Ita + 5157‘[? + (St In /l;dN eXp((W—l) Z d)t(xl7x])> (m?)@N(dw) y

i,j=1
where we set
3(1600% + 36e*)C7| M |
VAT '

Then, applying the “concentration” estimate [20, Theorem 4] (whose constant is given
explicitly in [16, Theorem 5]), we obtain

0 =

dHy _ . GsIM|, . Gs[M| _ Cs|M|, .  Cs|M]|

< + < Hi + + .
dt CUVEAT Y VAT N N RV
We conclude by applying Gronwall’s lemma and taking the limit ¢ — 0. O
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Proof of Theorem 4.12. The argument is largely the same as the proof above, i.e. the
proof of Theorem 4.9. So here we only indicate the differences. Defining the same ¢
function as in (4.12), we find that in the quadratic case, we have the following bounds by
Theorem 4.11:

sup|z - K€ (m$ —m,)(z)] < Cre™ .
x

So for the first term in the definition (4.12) of ¢, we have, for all x # vy,
‘K‘E(:v —y) - (VInmi(z) — Vinm;(y))|

_ ’Ks(x_w. (mn mi(x) o mi(z;))‘

m.(2) m.(y)
£ C e—ct
< Vzln% <4 )
“’H My |lpe  VEAL

For the second term, we have

g
K®xmj(z) - Vinmg(z) = K% (m® —m.)(z) - VInm, + K xmgi(z) - VIn mtExi ,
my(z
therefore,

€
1K xm; - Vinm; || < kysup|z - K€% (m; — my)(2)| + || K *mi||p<||VIn T

xT * LOO

S Cge_Ct.

Combining the two results above, we derive the decaying L*° bound for ¢;:

Cgeid

t

[fell e <

e

Thus, taking the alternative

3(1600% + 36e*)Cze =<t

5 = ,
! VEA
we get
dHs Cye—ct Cue—ct
<-I7 + H + — .
dt VAL Y VAT

Finally, we note that, as the Lipschitz constant of Inm$/m. tends to zero exponentially,
the perturbed measure m; satisfies a k;-LSI with

ke = 2Ky exp(—Cse 1) .
Thus, for all t > 0, we have
I; > 2Ky exp(—C5e_clt)’Hf .

We conclude by applying Gronwall’s lemma and taking the limit ¢ — 0. O
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A Well-posedness of singular dynamics
The mean field well-posedness proof will mainly be based on the estimates on the
convolution with the kernel K in Proposition 4.2 and the following elementary result.

Proposition A.1 (Growth and stability estimates). Let T > 0 and 3 : [0, T] x R? — R? be
a vector field that is the sum of a Lipschitz and a bounded part, that is, 8 = Brip + 5o
with VBup, f» € L. Suppose its divergence is lower bounded: (V - [)_ € L*™. Let
m : [0,T] — P(R?) be a probability solution to the parabolic equation

3tmt = Amt -V (ﬁtmt) .
Then, for all p € |2, 0], we have
lmellze < Cp(llmollzr +1)

for some C,, depending only on p, d and ||(V - 8)—_| L~ (notably independent of t and T).

Moreover, let 3’ be another vector field satisfying the same conditions as 3, and let m’
be a probability solution to the equation corresponding to 3. Then, forallp € {1}U[2, ),
we have

e = g < e lma = mll + C (€5 = Dipza+ Vi) sup 18, = Byl
ve(0,t

(V- B) e,

(V-8)-llLe,

for some C,, depending only on p, d, mo||» and ||mgl|ze-

Proof. First, consider the SDE
dX, = B;(X,)dt +V2dB,.

Since its drift is the sum of a bounded and a Lipschitz part, we have the existence of
the strong solution and we find that if Law(X,) = mo, then we have the correspondence
Law(X;) = m;, by the uniqueness of the PDE. Moreover, it is known (see e.g. [6]) that
if we take a mollified sequence approaching towards 3, the SDE solution will also tend
to the original one, i.e. X, and we have the continuous dependency on the initial value
as well. So without loss of generality, we can suppose that V3 € Cg° and mg belongs to
the Schwartz class. By a Feynman-Kac argument similar to that of Proposition B.1, we
know that m; belongs also to the Schwartz class. Thus, in the following we perform only
formal calculations.

Step 1: Growth estimates. Let p > 2. The LP norm of m; satisfies
— P _ pfla
at Jga my =p . my £t
= p/ mf71 (Amt -V (Btmt))
RA
= /d (—p(p — DmE |V = (p— 1)(V - ﬂt)mt)
R,
<-plp=1) [ TP+ o= DT Bl [
]Rd' ]Rd
<GBl [ ml.
Rd

where here and in the following (), denotes a constant having the same dependencies
as in the statement, and may change from line to line. We would also denote by C
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a constant that does not depend on p, but having the same other dependencies. By
Gronwall’s lemma, we get

-1
Imlzs < exp (P2 5)- et s (a.1)
and taking p — oo, we get

Imellze < exp([[(V - B)=Ilzt) [mol| L~ - (A2)

Now we show that the two estimates above can be improved into time-uniform ones.
To this end, define the operator £; = A + ;- V and its dual £; = A — V - (8;-). Denote
by (Pu.t)ocust<r the time-dependent semi-group generated. Specializing to p = 2 in the
LP computations above, we get

d
= mfg—z/ |th\2+||(v.5),||m/ m?.
R4 R Rd
The Nash inequality indicates
d d
Imell 2 < Callml 7519 me|12 ,

where C; depends only on d. So by Gronwall’s lemma, we get the uniform-in-time bound
over ||my||p2:

02 V‘ﬂ — || Loe d/2 —K _
mels < (S ) ey,

for k = 2||(V - B)—||L~/d. Note that this bound is independent of ||mg| L~. Now we take
an arbitrary ho : R? — [0,00) of the Schwartz class and consider the dual evolution
Ouhy = Li_yhy, that is,

Ouhy = Ahy + fi—u - Vi,

for u € [0,t], where t € [0, T]. Deriving the L! norm of h, and integrating by parts, we get
[Pl < exp([[(V - B)-[l=w)llholl 1 -

Doing the same for the L? norm, we get

d
— [ h:=2 / ho L1y by
du R R

R4
:—2/ |th|2—/ RV - By
Rd ]Rd,

< —2/ Vhal? 4+ (V- B)_[ 1~ / 0.
Rd Rd
Again, using the Nash inequality:
a3 < Call bl A1V bl 22 < Caexp(2U[(V - B)— || ow/d) | hol|224 VAl 22

we derive the bound over ||| 2:

2 . - d/2
IP-witolfs = Wl < (ST Y oo ooy,
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from which follows the bound on || P;—y ¢|| 11 z2. So, taking u = max(t/2,t — k1), we get

[melloee = [1Pgimullze < lmullz2l| Pyl Lz - Lo

= mullzl|Puillipr sz < CEAD)™2mollr . (A3)
So, combining (A.2) and (A.3), we get a uniform-in-time bound over ||m;||fe:

sup ||mt||Loo g C(HmoHLl + ||m0||Loo) . (A4)
t€[0,T)

Finally, by differentiating f m, and integrating by parts, we get
[mellzs = [lmoll L1 - (A.5)
Similarly, interpolating between (A.3) and (A.5), we get
me]| r < C(p—l)/p(t A 1)—(p—1)d/2pHmOHL1 ,
and combing with (A.1), we get

sup [|melr < Cy(llmollzr + [Imollzs) (A.6)
t€[0,T]

Step 2: Stability estimates. Now let 3, m’ be the other vector field and the probability
solution. Recall that m, m’ correspond respectively to the SDE

dX, = Bu(X,) dt +V2dW, , Law(Xo) = mg,
dX; = Bj(X,)dt + V2dW;,  Law(X() =my.

Now introduce the third SDE, whose drift term is identical to the first, but initial condition
identical to the second:

AX) = BUX]) A+ V2AWs,  Law(X{) = mp.

such that P[X, # X{] = 1|/mo — m{]||1:. Denote m; = Law(X/'). Thus, conditioning on

the initial condition, we get
[me —my||o < 2P[X, # X}'] < 2P[Xo # Xg] = [[mo — mgl|ze -

On the other hand, by Pinsker’s inequality and Girsanov’s theorem, we have
2 1 ’ 2
I = mf |2 < 2 i) < 5 [ 18, = Bl dv.

Combining the two inequalities above yields the L!-stability estimate. Now, let p > 2 and
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let us calculate:

d /
- _ P
dt /Rd e =]

—p [ e e = ) (A — i) = V- (mi0) + V- ()

R
~op=1) [l g2V e —

4 [ =2, = m) (<9 - (i) + 9 - (mi )

“plp=1) [ o=V~ )P
R

+p/]Rd\mt —mi P72 (my —my) <—V ((me =mp)B) + V- (me(B; — Bt)))

N
El

I ! —1 1 1p— ’
0= [ =i (78 + PP [ -2t -

-1 —-1)(p—2
e P A
R4 R4
p—1
+ 2Ll 15— Bl

Then, using the uniform L? estimate in the first step, applying Gronwall’s lemma and
taking the p-th root, we get the desired result. O

Now we are ready to prove the well-posedness of the mean field dynamics.

Proof of Proposition 4.3. Take a p € (1,00) such that p~! < 1 — #t! and let ¢ be its
conjugate: p~1 + ¢ ! = 1. We also take a € (0,d — s — 1).

Step 1: Well-posedness. Let T' € (0, 00). We define the functional space:
X =C(0,T;L'*nLPNP).

The space X is a complete metric space. Given m € X, we let 7[m] be the uniqueness
probability solution to the Cauchy problem

O TImly = AT[m]; = V- (Kxm¢ —VU)Tmle), Tlmlo=mo.

According to Proposition A.1 we know that 7[m] € X, where the continuity in L' N L?
follows from a density argument. Moreover, by the stability estimate in the proposition,
for all m, m’ € X, we have

1T Tm]e = Tlm'Jell e < € llmo — m|| -

+ Cr (€9 = D) lomy + Vi1 ) sup [[K 5 (my, — )|
veE[0,t]

for r = 1, p. But by Proposition 4.2, we have

1—q(s+1)/d +1)/d
1K % (g =)o S iy = mf |37 iy — 7507
Thus, restricting to the subspace of X of common initial value and letting 7" be small
enough, we get that the mapping 7 is a contraction in X'. So a time-local solution exists
and is unique. Thanks to the uniform growth estimates, this short time interval can be
extended infinitely by iteration. So a unique global solution is recovered and it satisfies
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the uniform L°° bound thanks to Proposition A.1. For the continuous dependency on the
initial value, we use the stability estimates on a small time interval without restricting
the initial values to be the same and iterate infinitely as well.

Step 2: Control of moments. Given the uniform L°° bound obtained above, we have,
according to Proposition 4.2,

1—(s+1)/d +1)/d

1 5| oo S mell D7 | 507,

So the contribution from the interaction kernel is bounded. Then we construct, for £ > 0,
the Lyapunov function
Vi(x) = /1 + |z,

(A—VUV+(K*mt)V)Vk < = Vi + Cy

and we can easily verify

for some ¢, > 0, C > 0. This implies the uniform bound on the k-th moment.
Step 3: Approximation. Let (m):>o be the flow corresponding to the mollified kernel K*
and potential U®. Applying the stability estimates in Proposition A.1, we get

[me —mg || < eSrtllmg — m§| -

+ O (€ = ) Lpmy + VL ) st[lp]<||K*mv — K wems | VU = VU1 )
ve|0,t

Note that the initial L? error ||m; — m$||z» — 0 by interpolation between L' and L. For
the first term in the supremem, we have

([ % my = K5 xomg[|poe <K x (my —mg)|[ e + [ K xmy — K xmg xn°|| <
1 % (my —mg)|[ L= + e [K xmg]eo .

By the L*° and Holder estimates in Proposition 4.2, we have the following controls:

1— 1)/d 1)/d

1K % (my —m3) || o S fme — m|[5 T my, — ms | 450/
1—(s+1+0)/d +1+46)/d
(K «mSles < lms |57 ST me || S0/

For the second term we simply bound ||VU — VU?|| = < ||V2U| =¢. Since m* is again
uniformly bounded in L' N L>°, we get an error bound between m; and m for small ¢
and we iterate infinitely. O

Finally, we prove the well-posedness of the particle system in the non-attractive
sub-Coulombic and Coulombic cases.

Proof of Proposition 4.4. Define for n € IN the sequence of stopping times:
7 =1inf{t > 0:|X] — X]| < 1/n for some i # j}.

Then the original SDE system (4.2) stopped at 7,, is well defined according to Cauchy-
Lipschitz theory. Consider the “energy” functional

1 N,y
i j s=0 i
E(sc):E(xl,...,xN):§ Z gs(z —x])—&—TZ\x\Q.
i,j€[1,N] i=1
i#]
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The energy functional is always lower bounded, and by Ito calculus, we find that
E[E(Xr,)] is upper bounded uniformly in n. Then using the Markov inequality for
the energy, we show that P[r,, < ¢t] — 0 when n — oo. This implies that lim,,_, . 7, = 00
almost surely, thus the local well-posedness of the SDE extends to the half line [0, co).
That is to say the first claim is proved.

Now prove the second claim. For each n € IN, we construct a Lipschitz kernel
K, : R* = R such that K, (z) = K(z) for z € R? with |z| > 1/n. Define the convolution
f(fL =K, * n° and consider the SDE system

. . 1 e ,
AXT) = -VUS(XD) dt+ — Y KR(X0) - Xof) e+ v2dwy,
Jel,NI\{i}
for i € [1, N], with initial condition tho = Xy. Define the stopping time
7o =inf{t > 0: | X} — X| <1/n+¢ for some i # j} .
By construction, we know
X tnre = Xipre @S

On the other hand, by Cauchy-Lipschitz theory, we know

sup | X: inr, — Xinr,| < C(n,N,K,U,T)e as.
te[0,T] e

Thus, for each n € N, there exists ¢(n, N, K,U,T) > 0 such that for all € < ¢;, we have

sup | X5 = Xinr,| < 1 a.s.

n,tAT,
te[0,T] " 3n

In particular, we get foralle < eg, t < T AT, and i # j,

Consequently, for ¢ < e1(n, N, K,U,T) = ¢9 A 1/(13n), we have T A 7, < 75,, and
therefore,

sup Xf—Xt| = sup |Xf/\T§n —Xt| = sup ‘Xin,t_Xt’

t<T ATy, t<T ATy, t<T ATy,

< C(4n,N,K,U,T)e a.s.

Thus, taking ¢ — 0, we get X7, — Xiar, a.s. forallt < T. We recover the second
claim by using the arbitrariness of T and the fact that lim,,_,, 7, = c© a.s. O

B Feynman-Kac formula

Proposition B.1. Let T > 0. Suppose (3 : [0,T] x R — R? and ¢ : [0,T] x R? — R are
measurable functions and suppose that there exists C' > 0 such that for allt € [0,T] and
r € R%, we have

B(t,z)| < C(1+|z]),
lp(t,z)| < C(1+ |z]),
|VEB(t,2)| < C, forke[1,3],
IVEo(t, )| < C, forke[l,2].
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Suppose in addition that f, : R — R is measurable and satisfies, for the same constant
C, and for all z € R?,

IVEfo(z)| < Cexp(C(1+ |z|)), forke[0,2].

Then, the function f : [0,T] x R — R defined by

flha) = [exp ( /0 St — u, X0) du> fo (X;vr)} ,

where X" solves
dXh" = B(t — 5, X") du+V2dB,, uwel0,t], Xy ==,
is a strong solution to the Cauchy problem

Of=Af+B8-Vf+of, fli=o = fo

with the following bound: there exists C' > 0 such that for allt € [0,T] and x € R, we
have
V¥ folt,z)| < C"exp(C'(1 + |z])), fork € [0,2].

The result can be easily obtained by differentiating the defining SDE of the process
X" We refer readers to e.g. the appendix of [8] for details.
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