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TRANSMISSION EIGENVALUE-FREE REGIONS NEAR THE REAL AXIS.

II

GEORGI VODEV

Abstract. In this paper we extend the results in [16] to more general domains. More precisely,
we obtain transmission eigenvalue-free regions for the interior transmission problem with one
complex-valued refraction index, that is, with a damping term which does not vanish on the
boundary. In particular, we remove the non-trapping condition as well as the strict concavity
condition from [16]. Instead, we impose new, more general conditions in terms of the high-
frequency behavior of certain cut-off resolvents associated to exterior problems.

Key words: interior transmission problems, transmission eigenvalues.

1. Introduction

Our goal in this paper is to extend the recent results on the location of the transmission
eigenvalues obtained in [16] to more general domains. Let Ω ⊂ R

d, d ≥ 2, be a bounded, con-
nected domain with a C∞ smooth boundary Γ = ∂Ω. In [16] the following interior transmission
problem has been considered:

(1.1)





(∇c1(x)∇ + λ2n1(x) + iλm(x))u1 = 0 in Ω,

(∇c2(x)∇ + λ2n2(x))u2 = 0 in Ω,

u1 = u2, c1∂νu1 = c2∂νu2 on Γ,

where λ ∈ C, ν denotes the Euclidean unit inner normal to Γ and cj , nj ,m ∈ C∞(Ω), j = 1, 2,
are real-valued functions satisfying cj(x) > 0, nj(x) > 0. We also suppose that either m(x) ≥ 0

for all x ∈ Ω or m(x) ≤ 0 for all x ∈ Ω. In other words, the function m does not change the sign.
If the equation (1.1) has a non-trivial solution (u1, u2) the complex number λ is said to be an
interior transmission eigenvalue. When the function m is not identically zero, it is well-known
that there are no real transmission eigenvalues. Moreover, Robbiano showed (see Theorem 8 of
[12]) that there are no transmission eigenvalues in the region

|Imλ| ≤ C1e
−C2|λ|, C1, C2 > 0.

When m ≡ 0 it is known (e.g. see [9], [10], [7]) that the transmission eigenvalues form a discreet
set in C with no finite accumulation points under the conditions

(1.2) c1(x) 6= c2(x) on Γ

and

(1.3) c1(x)n1(x) 6= c2(x)n2(x) on Γ.

This is also true in the case c1 ≡ c2 ≡ 1 under the condition (1.3) (e.g. see [9], [5], [8], [14]). Note
also that under these conditions Weyl asymptotics for the counting function of the transmission
eigenvalues are obtained in [5], [10], [11], [13]. We refer to the survey article [3] for more results
and references in this case.
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2 G. VODEV

In the present paper we will be interested in the case when the function m satisfies the
condition

(1.4) m(x) 6= 0 on Γ.

The location of the transmission eigenvalues near the real axis has been studied in [16] under (1.2)

and (1.4) as well as the condition that all geodesics associated to the Hamiltonians gj =
cj(x)
nj(x)

|ξ|2,
j = 1, 2, reach the boundary Γ in a finite time. It was also supposed that Γ is g2− strictly concave
(e.g. see [16] for the precise definition). It is shown in [16] that under these conditions the region

(1.5) CN (|λ|+ 1)−N ≤ |Imλ| ≤ C(|λ|+ 1)−ℓ

is free of transmission eigenvalues, N > 1 being arbitrary, where ℓ ∈ {0, 1} is defined as follows.
We put ℓ = 0 if the condition

(1.6)
n1(x)

c1(x)
>
n2(x)

c2(x)
, c1(x) < c2(x), on Γ

is satisfied, and ℓ = 1 otherwise.
In the present paper we will extend this result to more general situations. To describe them

we first take an open, bounded domain O ⊂ R
d (which may be empty) with a C∞ smooth

boundary Γ0 = ∂O, such that R
d \ O is connected. Let c̃j , ñj ∈ C∞(Rd \ O), j = 1, 2, be

real-valued functions satisfying c̃j(x) ≥ b0, ñj(x) ≥ b0 for some constant b0 > 0. We also
suppose that there are a constant R0 ≫ 1 and constants c0j > 0, n0j > 0 such that c̃j(x) = c0j ,

ñj(x) = n0j for |x| ≥ R0 + 1. Denote by G̃j the selfadjoint Dirichlet realization of the operator

−ñj(x)−1∇c̃j(x)∇ on the Hilbert space H̃j = L2(Rd \ O; ñj(x)dx). We define the outgoing and
incoming resolvents, R+

j (λ) and R−
j (λ), so that

R±
j (λ) = (G̃j − λ2)−1 : H̃j → H̃j

is bounded for ±Imλ > 0. Clearly, we have R+
j (λ)

∗ = R−
j (λ). Let χ ∈ C∞(Rd) be a real-valued

function of compact support such that χ(x) = 1 for |x| ≤ R0+2. It is well-known that the cutoff
resolvents χR+

j (λ)χ and χR−
j (λ)χ extend through the real axis to meromorphic operator-valued

functions with no poles on the real axis. Moreover, we have
(
χR+

j (λ)χ
)∗

= χR−
j (λ)χ

for real λ. We suppose that the cut-off resolvent of G̃j satisfies the following high-frequency
bound on the real axis:

(1.7)
∥∥∥∂αxχR±

j (λ)χ∂
β
x

∥∥∥
H̃j→H̃j

. λ|α|+|β|−1τj(λ), λ≫ 1,

for all multi-indices α and β such that |α|+ |β| ≤ 2, where the function τj is non-decreasing and
satisfies

(1.8) 1 ≤ τj(λ) ≤ λq,

with some constant q ≥ 0. Let Ω♯ ⊂ R
d be a bounded, connected domain with a C∞ smooth

boundary Γ = ∂Ω♯, such that

O ⊂ Ω♯ ⊂ {x ∈ R
d : |x| ≤ R0}.

Then Ω = Ω♯ \ O is a bounded, connected domain with a C∞ smooth boundary ∂Ω = Γ ∪ Γ0

and Γ∩Γ0 = ∅. We denote by cj , nj the restrictions of the functions c̃j , ñj on Ω. In the present
paper we will consider the following interior transmission problem:
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(1.9)





(∇c1(x)∇ + λ2n1(x) + iλm(x))u1 = 0 in Ω,

(∇c2(x)∇ + λ2n2(x))u2 = 0 in Ω,

u1 = u2, c1∂νu1 = c2∂νu2 on Γ,

u1 = u2 = 0 on Γ0,

where the function m is as above. We will be interested in obtaining eigenvalue-free regions near
the real axis under the above conditions. Our first result is the following

Theorem 1.1. Suppose that the conditions (1.4) and (1.7) are satisfied with j = 1. Then there
exists a constant C > 0 such that there are no transmission eigenvalues in the region

(1.10) −Cτ1(|λ|)−2 ≤ sign(m) Im λ ≤ 0, |λ| > 1.

This theorem is relatively easy to prove. It follows from the a priori estimates for the solution
of the first equation in (1.9) obtained in Section 3 together with the Green formula applied to
the second equation in (1.9). Therefore we do need to impose any conditions on the coefficients
c2 and n2.

In the half-plane {sign(m) Imλ > 0}, however, the situation is much more complicated.
Therefore, our main goal in the present paper is to obtain eigenvalue-free regions also in this
half-plane under the conditions (1.2), (1.4), (1.7) and (1.8). Define ℓ1, ℓ2 ∈ {0, 1} as follows. We
put ℓ1 = 0 if the condition (1.6) is satisfied and the function τ1 satisfies

(1.11) λ−1/6τ1(λ) → 0 as λ→ ∞,

and we put ℓ1 = 1 otherwise. We put ℓ2 = 0 if Γ is g2− strictly concave and the function τ2
satisfies

(1.12) λ−1/2τ2(λ) → 0 as λ→ ∞,

and we put ℓ2 = 1 otherwise. Given a parameter C > 0 we denote by Λ(C) ⊂ C the region

|Imλ| ≤ C|λ|−ℓ1−ℓ2τ1(|λ|)−10+2ℓ1τ2(|λ|)−2, |λ| > 1.

Denote by G2 the selfadjoint Dirichlet realization of the operator −n2(x)−1∇c2(x)∇ on the
Hilbert space H2 = L2(Ω;n2(x)dx). Clearly, the operator G2 is non-negative. It is also well-
known that the spectrum of G2 is discreet consisting of infinitely many non-negative eigenvalues.
Given λ ∈ C

± := {λ ∈ C : ±Reλ > 0}, set
θ±(λ) = dist(λ, spec ±

√
G2) = min

µk∈spec
√
G2

|λ∓ µk| ≥ |Imλ|.

Given parameters C,N > 0 we denote by L±
N (C) ⊂ C

± the region

θ±(λ) ≤ C|λ|−N , |λ| > 1.

Let LN (C) = L+
N (C) ∪ L−

N (C). We are now ready to state our main result.

Theorem 1.2. Suppose that the conditions (1.2), (1.4), (1.7) and (1.8) are satisfied. Then for
every N > 12q + 2 there exist constants C,CN > 0, C being independent of N , such that there
are no transmission eigenvalues in the region Λ(C) \ LN (CN ).

Remark 1.3. Obviously, if λ is a transmission eigenvalue associated to the problem (1.9), then
−λ is a transmission eigenvalue associated to the problem (1.9) with the function m replaced by
−m. Therefore, it suffices to prove the above theorems in C+, only.



4 G. VODEV

Remark 1.4. It follows from Theorem 1.2 that the transmission eigenvalues in the region Λ(C)∩
C
± are either finitely many or they are infinitely many and asymptotically very close to the

eigenvalues of the self-adjoint operator ±
√
G2.

Remark 1.5. It is well-known (e.g. see [1]) that the cutoff resolvents always satisfy the bound
(1.7) with τj = ecλ, c > 0 being some constant, and that this bound cannot be improved without
imposing extra conditions. Therefore, imposing the polynomial bound (1.8) is important. Indeed,
our arguments do not work anymore without this condition.

Remark 1.6. When O = ∅ and the coefficients c̃j , ñj, j = 1, 2, are constants, then R+
j (λ) and

R−
j (λ) are the outgoing and incoming resolvents of the operator − c̃j

ñj
∆, where ∆ is the Euclidean

Laplacian on R
d. In this case it is well-known that the bound (1.7) holds with τj = 1. Such a

bound still holds for non-constant coefficients but one has to assume a non-trapping condition,

namely that all geodesics associated to the Hamiltonians
c̃j(x)
ñj(x)

|ξ|2 escape to the infinity. This

conclusion remains valid when O 6= ∅ as well, but in this case one has to impose the non-trapping
condition on the broken geodesics. The simplest example of such a non-trapping obstacle O is
the strictly convex one, provided the coefficients c̃j , ñj , j = 1, 2, are supposed constants.

Remark 1.7. Our result also applies to trapping obstacles O which may have periodic broken
geodesics, provided these geodesics are of hyperbolic type. A typical example is an obstacle
consisting of several strictly convex bodies and the coefficients are supposed constants (in which
case the geodesics are just rays). More precisely, let O = ∪J

j=1Oj , J ≥ 2, where each Oj is strictly

convex and Oi ∩Oj = ∅ if i 6= j. When J = 2 there is only one periodic ray between O1 and O2

(which is of hyperbolic type), while when J ≥ 3 there are infinitely many. Therefore, in this case
one needs to impose some conditions in order to be able to get a nice resolvent bound on the real
axis. The first one is the Ikawa no-eclipse condition: if i, j and k are all different, then Ok does
not intersect the convex hull of Oi∪Oj . The second one is a dynamical assumption involving the
topological presure of the billiard flow (see [6] for the precise definition). Under these conditions
Ikawa [6] obtained that the cut-off resolvent extends analytically to a strip |Imλ| ≤ C and its
norm is polynomially bounded there. Using this Burq [2] applied the Fragmèn-Lindelöf principle
to conclude that on the real axis the norm of the cut-off resolvent is logarithmically bounded.
Therefore, under the Ikawa conditions mentioned above, in this case we have the bound (1.7)
fulfilled with τj = log λ.

The eigenvaue-free region in Theorem 1.2 is more precise than the region (1.5) obtained in
[16] in the sense that the region {|Im λ| ≤ CN |λ|−N} is replaced by the smaller one LN (CN ).
This is due to the observation that the parametrix of the interior Dirichlet-to-Neumann map
(without damping) in the elliptic region is valid in C \ LN (CN ) (see Section 6). Note that this
parametrix plays a crucial role in our proof. Therefore, studying the transmission eigenvalues
in LN (CN ), that is, close to the eigenvalues of ±√

G2, requires a completely different approach.
Most probably the region LN (CN ) is also free of transmission eigenvalues but proving this
remains an open problem.

To prove Theorem 1.2 we follow the same strategy as in [16] with some important modifi-
cations. The first one is, as mentioned above, that we extend the domain of validity of the
parametrix of the interior Dirichlet-to-Neumann map in the elliptic region (see Theorem 6.1).
Secondly, we obtain more general a priori estimates for the solutions of the interior Helmholtz
equation without damping (see Theorem 2.1). In particular, the boundary Γ is not necessair-
ily supposed strictly concave. This is done by using the so-called jump formula that allows to
express the solution by the term in the right-hand side and the restriction on Γ of the solution
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and its normal derivative (see Lemma 2.5). The a priori estimates for the solutions of the in-
terior Helmholtz equation with damping are also more general than those obtained in [16] (see
Theorem 3.1).

The proof of Theorems 1.1 and 1.2 is carried out in Section 7. Let us sketch our approach to
the proof of Theorem 1.2 which is much more complicated. We need to show that if λ belongs
to the eigenvalue-free regions, then the solution (u1, u2) to the equation (1.9) is identically zero.
In fact, it suffices to show that the function f = u1|Γ = u2|Γ is identically zero, which would
imply that u1 and u2 are identically zero. Clearly, if λ is a transmission eigenvalue, we have
T (λ)f ≡ 0 with f not identically zero, where

T (λ) = c1N1(λ,m) − c2N2(λ),

N1(λ,m) and N2(λ) being the corresponding interior Dirichlet-to-Neumann maps (see Section
5). In other words, we have to show that if λ belongs to the eigenvalue-free region of Theorem
1.2 and T (λ)f ≡ 0, then f ≡ 0. To this end, we use the parametrix of the interior Dirichlet-to-
Neumann maps in the corresponding elliptic regions in the form of h − ΨDOs (see Section 6).
This allows us to build a parametrix for the operator T (λ) in the intersection of the two elliptic
regions and to compute its principal symbol. The assumption (1.2) is crucial since it implies
that this principal symbol is an elliptic one in the deep elliptic region belonging to the class
S1(Γ) (see Section 4 for the definition). This fact in turm implies that the parametrix of T (λ)
sends the Sobolev space H1(Γ) into L2(Γ) and it is invertible in the deep elliptic region. That is
what we use in the proof of Lemma 7.2. The assumption (1.6) allows to extend the invertibility
of the parametrix to the whole elliptic region associated to the first equation in (1.9). This is
used in the proof of Lemma 7.3. Finally, we combine Lemmas 7.2 and 7.3 with the a priori
estimates from the previous sections to obtain the desired eiganvalue-free region.

2. Study of the interior Helmholtz equation without damping

Throughout this paper ‖ · ‖, ‖ · ‖1, ‖ · ‖0 and ‖ · ‖1,0 will denote the norms in L2(Ω), H1(Ω),
L2(Γ) and H1(Γ), respectively, where the norms in H1(Ω) and H1(Γ) are the semiclassical ones,
that is,

‖u‖21 :=
∑

0≤|α|≤1

‖(h∂x)αu‖2 ,

‖u‖21,0 :=
∑

0≤|α|≤1

‖(h∂x)αu‖20 ,

where 0 < h≪ 1 is a semiclassical parameter to be fixed below. Also, 〈·, ·〉 and 〈·, ·〉0 will denote
the scalar products in L2(Ω) and L2(Γ), respectively.

In this section we consider the equation

(2.1)





(∇c(x)∇ + λ2n(x))u = λv in Ω,

u = f on Γ,

u = 0 on Γ0,

where λ ∈ C, Reλ≫ 1, and c, n ∈ C∞(Ω) are real-valued functions satisfying c(x) > 0, n(x) > 0
for all x ∈ Ω. Let c̃, ñ ∈ C∞(Rd \ O) be real-valued functions satisfying c̃(x) ≥ b0, ñ(x) ≥ b0,
b0 > 0, such that c̃ = c, ñ = n in Ω. We also suppose that there are a constant R0 ≫ 1 and
constants c0 > 0, n0 > 0 such that Ω ⊂ {x ∈ R

d : |x| ≤ R0} and c̃(x) = c0, ñ(x) = n0 for

|x| ≥ R0 + 1. Denote by G̃ the selfadjoint Dirichlet realization of the operator −ñ(x)−1∇c̃(x)∇
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on the Hilbert space H̃ = L2(Rd \ O; ñ(x)dx). We define the outgoing and incoming resolvents,
R+(λ) and R−(λ), so that

R±(λ) = (G̃− λ2)−1 : H̃ → H̃

is bounded for ±Imλ > 0. Clearly, we have R+(λ)∗ = R−(λ). Let χ ∈ C∞(Rd) be a real-valued
function of compact support such that χ(x) = 1 for |x| ≤ R0+2. As mentioned in the introduc-
tion, the cutoff resolvents χR+(λ)χ and χR−(λ)χ extend through the real axis to meromorphic
operator-valued functions with no poles on the real axis, and we have (χR+(λ)χ)

∗
= χR−(λ)χ

for real λ. We suppose that the cut-off resolvent of G̃ satisfies the bound

(2.2)
∥∥∥∂αxχR±(λ)χ∂βx

∥∥∥
H̃→H̃

. λ|α|+|β|−1τ(λ), λ≫ 1,

for all multi-indices α and β such that |α|+ |β| ≤ 2, where the function τ ≥ 1 is non-decreasing,
that is, τ(λ1) ≤ τ(λ2) if λ1 ≤ λ2.

In Ω we define the Hamiltonian g = c(x)
n(x) |ξ|2. We now define ℓ ∈ {0, 1} as follows. We put

ℓ = 0 if Γ is g− strictly concave and τ satisfies

(2.3) λ−1/2τ(λ) → 0 as λ→ ∞,

and we put ℓ = 1 otherwise. We introduce the semiclassical parameter h = (Reλ)−1. Given a
parameter 0 < ǫ ≪ 1, independent of λ, set Ωǫ = {x ∈ Ω : dist(x,Γ) < ǫ}. One of our goals in
this section is to prove the following

Theorem 2.1. Suppose that the condition (2.2) is fulfilled. Let u ∈ H2(Ω) satisfy equation
(2.1) and set ω = h∂νu|Γ. Then there are constants C, λ0 > 0 such that for all λ ∈ C such that

(2.4) |Imλ| ≤ Cτ(|λ|)−1, Reλ ≥ λ0,

we have the estimates

(2.5) ‖u‖ . τ(|λ|)
(
‖v‖ + ‖u‖L2(Ωǫ)

)
,

(2.6) ‖u‖1 . τ(|λ|)
(
‖v‖+ |λ|ℓ/2‖f‖0 + |λ|ℓ/2‖ω‖0

)
.

Proof. It is easy to see that it suffices to prove the estimates (2.5) and (2.6) for real λ ≥ λ0.
Indeed, if u satisfies equation (2.1) with complex λ, then u satisfies equation (2.1) with λ replaced
by Reλ and v replaced by

ṽ =
λ

Reλ
v +

Imλ

Reλ
(Imλ− 2iReλ)nu.

Therefore, by (2.6) applied with λ replaced by Reλ and v replaced by ṽ we get

(2.7) ‖u‖1 . τ(|λ|)
(
‖v‖+ |λ|ℓ/2‖f‖0 + |λ|ℓ/2‖ω‖0

)
+ |Imλ|τ(|λ|)‖u‖.

If λ satisfies (2.4), taking C properly we can absorb the last term in the right-hand side of (2.7).
Therefore we can conclude that (2.6) also holds for λ satisfying (2.4). Clearly, a similar analysis
applies to the estimate (2.5). Thus, in what follows we will prove the estimates (2.5) and (2.6)
for real λ ≥ λ0. Then we have h = λ−1.

Let φ, φ1 ∈ C∞
0 (Rd) be independent of λ and such that φ = 1 in (Ω ∪ O) \ Ωǫ/3, suppφ ⊂

(Ω ∪O) \ Ωǫ/4, and φ1 = 1 in (Ω ∪O) \ Ωǫ, suppφ1 ⊂ (Ω ∪ O) \ Ωǫ/2.

Lemma 2.2. The solution u of the equation (2.1) satisfies the formula

(2.8) φu = −χR±(λ)χn−1 (λφv + [∇c∇, φ](1 − φ1)u)

for real λ.
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Proof. Clearly, the function φu satisfies the equation

(2.9)

{
(∇c(x)∇ + λ2n(x))φu = U in R

d \ O,
φu = 0 on Γ0,

where U ∈ H̃ is given by

U = λφv + [∇c(x)∇, φ]u = λφv + [∇c(x)∇, φ](1 − φ1)u.

Given a parameter 0 < k ≪ 1, set

U±
k = (∇c(x)∇ + (λ± ik)2n(x))φu.

We have ∥∥U − U±
k

∥∥
H̃

. k|λ|‖φu‖H̃ ,
which implies

lim
k→0

∥∥U − U±
k

∥∥
H̃

= 0.

On the other hand, since χ = 1 on suppφ, we have

φu = −χR±(λ± ik)χn−1U±
k .

Thus, taking the limit k → 0 we arrive at the formula

φu = −χR±(λ)χn−1U,

as desired. ✷

By (2.2) and (2.8), we obtain

(2.10) ‖φu‖ . τ(λ)‖v‖ + τ(λ)‖(1 − φ1)u‖,
which clearly implies (2.5). When ℓ = 0 the estimate (2.6) for real λ ≫ 1 follows from (2.10)
and the following

Proposition 2.3. Let Γ be g−strictly concave. Then, for a suitable choice of the function φ1
and the parameter ǫ, both independent of λ, we have the estimate

(2.11) ‖(1 − φ1)u‖ . ‖v‖ + ‖f‖0 + ‖ω‖0 + h1/2‖u‖1.
Indeed, combining the estimates (2.10) and (2.11) leads to

(2.12) ‖u‖ . τ(λ) (‖v‖+ ‖f‖0 + ‖ω‖0) + λ−1/2τ(λ)‖u‖1.
On the other hand, by the Green formula we have

(2.13) 〈λ2nu− λv, u〉 = 〈−∇c∇u, u〉 =
∫

Ω
c|∇u|2 + h−1〈cω, f〉0,

which clearly still holds for complex λ. Taking the real part of (2.13) leads to the estimate

(2.14) ‖u‖1 . h‖v‖ + ‖u‖+ h1/2‖f‖1/20 ‖ω‖1/20 .

Hence

(2.15) ‖u‖1 . ‖u‖+ ‖v‖+ ‖f‖0 + ‖ω‖0.
We now combine the estimates (2.12) and (2.15) and use (2.3) to absorb the term λ−1/2τ(λ)‖u‖1
by taking λ big enough. Clearly, this leads to the estimate (2.6) in this case. Note that the
above proposition is in fact Proposition 2.2 of [4] and we refer the reader to Section 2 of [4] for
the proof.
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Consider now the case ℓ = 1. Let γ : Hs(Ω) → Hs−1/2(Γ), s > 1/2, denote the restriction on
Γ and let γ∗ : H−s+1/2(Γ) → H−s(Ω) be its adjoint. We will need the following

Lemma 2.4. The restriction on the boundary satisfies the estimate

(2.16) ‖γu‖0 . λ1/2
(
ε‖u‖1 + ε−1‖u‖

)

for every 0 < ε ≤ 1.

Proof. Clearly, it suffices to prove (2.16) locally near Γ. Let V ⊂ R
d be a small open domain

such that V0 := V ∩Γ 6= ∅. Let (x1, x′) ∈ V+ := V ∩Ω, 0 < x1 ≪ 1, x′ = (x2, ..., xd) ∈ V0, be the
local normal geodesic coordinates near the boundary. Let also V1 ⊂ V be a small open domain
such that V0

1 := V1 ∩ Γ 6= ∅. Choose a function ψ ∈ C∞
0 (V), 0 ≤ ψ ≤ 1, such that ψ = 1 on V1.

Set u♭ := ψ(1 − φ)u, the function φ being as above, and Dx1
= −ih∂x1

. We have

− d

dx1
‖u♭(x1, ·)‖20 = −2Re〈u♭(x1, ·), ∂x1

u♭(x1, ·)〉0

≤ h−1ε−2‖u♭(x1, ·)‖20 + h−1ε2‖Dx1
u♭(x1, ·)‖20.

Hence

‖γψγu‖20 = ‖u♭(0, ·)‖20 = −
∫ ǫ

0

d

dx1
‖u♭(x1, ·)‖20dx1

≤ h−1ε−2‖u♭‖2 + h−1ε2‖Dx1
u♭‖2 . h−1ε−2‖u‖2 + h−1ε2‖u‖21.

Since Γ is compact, there exist a finite number of smooth functions ψi, 0 ≤ ψi ≤ 1, i = 1, ..., I,
such that 1 =

∑I
i=1 ψi and the above estimate holds with γψ replaced by each ψi. Therefore,

the estimate (2.16) is obtained by summing up all such estimates. ✷

To prove (2.6) in this case we will express the solution u in terms of the resolvent R±(λ) and
the functions v, f and ω by using the so-called jump formula. It can be derived from (2.8) by
letting ǫ→ 0. We have the following

Lemma 2.5. There exists a first-order differential operator Q near Γ so that the solution to the
equation (2.1) satisfies the formula

(2.17) φ0u = −λχR±(λ)χn−1 (φ0v + hQγ∗f + γ∗c0ω) ,

for real λ, where c0 = γc and φ0 denotes the characteristic function of Ω ∪ O.

Proof. We take a family of smooth real-valued functions φǫ → φ0 as ǫ → 0 for which (2.8)
holds. We will derive from the Green formula that

(2.18) 〈[∇c∇, φǫ]u,w〉 → 〈c0γ∂νu, γw〉0 + 〈γu, γQ̃w〉0
for every w ∈ H1(Ω) such that w = 0 on Γ0, where Q̃ is a first-order differential operator.
Indeed, by the Green formula we have the identity

(2.19) 〈−∇c∇u,w〉 = 〈c∇u,∇w〉,
provided either w = 0 or ∂νu = 0 on ∂Ω. Using (2.19) we obtain

(2.20) 〈[∇c∇, φǫ]u,w〉 = 〈c∇u, [∇, φǫ]w〉 − 〈c[∇, φǫ]u,∇w〉.
On the other hand, near Γ we have ∇ = ∂ν +Q, where Q is a tangential first-order differential

operator. Therefore, γ∇u = γ∂νu+Q̃γu, where Q̃ is the first-order differential operator obtained
by restricting the coefficients of Q on Γ. We also have in the sense of distributions

[∇, φǫ] → [∂ν , φǫ] → [∂ν , φ0] = δΓ,
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where δΓ denotes the Dirac delta function on Γ. Thus, by (2.20) we get

〈[∇c∇, φǫ]u,w〉 → 〈c0γ∂νu, γw〉0 − 〈c0γu, γ∂νw〉0
+〈c0Q̃γu, γw〉0 − 〈c0γu, Q̃γw〉0
= 〈c0γ∂νu, γw〉0 − 〈c0γu, γ∂νw〉0

+〈γu, (Q̃∗c0 − c0Q̃)γw〉0,
which implies (2.18) with

Q̃ = −c0∂ν + Q̃∗c0 − c0Q̃.
Given any w1 ∈ L2(Ω), by (2.8) we have

−〈φǫu,w1〉 = λ〈χR±(λ)χn−1φǫv,w1〉+ 〈[∇c∇, φǫ]u, n−1χR∓(λ)χw1〉.
Letting ǫ→ 0 and using (2.18) with w = n−1χR∓(λ)χw1, we get

−〈φ0u,w1〉 = λ〈χR±(λ)χn−1φ0v,w1〉

(2.21) +〈c0γ∂νu, γn−1χR∓(λ)χw1〉0 + 〈γu, γQ̃n−1χR∓(λ)χw1〉0,
which clearly implies (2.17) with Q = Q̃∗. ✷

We will now use the form (2) of the formula (2.17) together with Lemma 2.4 applied with
ε = 1 and assumption (2.2). We get

|〈φ0u,w1〉| ≤ λ‖χR±(λ)χn−1φ0v‖‖w1‖

+λ3/2‖χR∓(λ)χw1‖1‖ω‖0 + λ3/2‖hQχR∓(λ)χw1‖1‖f‖0
. τ(λ)‖w1‖(‖v‖ + λ1/2‖f‖0 + λ1/2‖ω‖0),

which implies

(2.22) ‖u‖ . τ(λ)
(
‖v‖+ λ1/2‖f‖0 + λ1/2‖ω‖0

)
.

Now (2.6) follows from (2.15) and (2.22) in this case. ✷

Denote by G the selfadjoint Dirichlet realization of the operator −n(x)−1∇c(x)∇ on the
Hilbert space H = L2(Ω;n(x)dx). Then G ≥ 0 and the spectrum of G is discreet consisting of
infinitely many non-negative eigenvalues. Given λ ∈ C

+, set

θ(λ) = dist(λ, spec
√
G) = min

µk∈spec
√
G
|λ− µk| ≥ |Imλ|.

In the next sections we will also need the following

Theorem 2.6. Let u ∈ H2(Ω) satisfy equation (2.1). Then the function ω = h∂νu|Γ satisfies
the estimate

(2.23) ‖ω‖0 .
(
1 + θ(λ)−1

)
‖v‖+

(
1 + |λ|θ(λ)−1

)
‖f‖1,0

for θ(λ) > 0, |Imλ| ≤ C, |λ| ≫ 1, C > 0 being any constant.

Proof. The theorem follows from the next two lemmas.

Lemma 2.7. We have the estimate

(2.24) ‖ω‖0 . ‖v‖+ ‖f‖1,0 + ‖u‖.
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Proof. As in the proof of Lemma 2.4, it suffices to prove (2.24) locally near Γ. We keep the
same notations. In the coordinates (x1, x

′) the principal symbol of the Euclidean Laplacian −∆
is equal to ξ21 + r(x, ξ′), where (ξ1, ξ

′) are the dual variables to (x1, x
′), and r is a homogeneous

polynomial of order two and satisfies C1|ξ′|2 ≤ r ≤ C2|ξ′|2 with some constants C1, C2 >
0. Therefore, the principal symbol of the positive Laplace-Beltrami operator on Γ is equal
to r0(x

′, ξ′) = r(0, x′, ξ′). Note that Γ can be considered as a Riemannian manifold without
boundary with a Riemannian metric induced by the Euclidean one. Therefore, we can write the
operator

P = −h2n(x)−1∇c(x)∇− 1

in the coordinates (x1, x
′) as follows

P =
c(x)

n(x)

(
D2

x1
+ r(x,Dx′)

)
− 1 + hR(x,Dx),

where Dx1
= −ih∂x1

, Dx′ = −ih∂x′ , Dx = −ih∂x and R is a first-order differential operator.
Introduce the function

F (x1) =
∥∥∥Dx1

u♭
∥∥∥
2

0
−

〈
r(x1, ·,Dx′)u♭, u♭

〉
0
+

〈
n♭(x1, ·)u♭, u♭

〉
0
,

where n♭ = c−1n. Clearly,

(2.25) ReF (0) ≥ ‖γψω‖20 − C‖f‖21,0, C > 0.

On the other hand,

(2.26) F (0) = −
∫ ǫ

0
F ′(x1)dx1

where F ′ denotes the first derivative with respect to x1. We have

F ′(x1) = −2Re
〈
(D2

x1
+ r − n♭)u

♭, ∂x1
u♭
〉
0
−

〈
(r′ − n′♭)u

♭, u♭
〉
0

= 2h−1Im
〈
n♭(P − hR)u♭,Dx1

u♭
〉
0
−

〈
(r′ − n′♭)u

♭, u♭
〉
0
.

Hence

(2.27) |F ′(x1)| . h−2‖Pu♭‖20 + ‖u♭‖21,0 + ‖Dx1
u♭‖20.

By (2.26) and (2.27) we obtain

(2.28) ReF (0) ≤
∫ ǫ

0
|F ′(x1)|dx1 . h−2‖Pu♭‖2 + ‖u♭‖21.

By (2.25) and (2.28),

‖γψω‖0 . h−1‖Pu♭‖+ ‖u♭‖1 + ‖f‖1,0
. λ‖P ((1 − φ)u)‖+ ‖(1− φ)u‖1 + ‖f‖1,0

. λ‖Pu‖+ ‖u‖1 + ‖f‖1,0,
which implies

(2.29) ‖ω‖0 . ‖v‖+ ‖f‖1,0 + ‖u‖1.
It is easy to see now that (2.24) follows from (2.14) and (2.29). ✷

Lemma 2.8. Under the assumptions of Theorem 2.6 we have the estimate

(2.30) ‖u‖ . θ(λ)−1‖v‖+
(
1 + |λ|θ(λ)−1

)
‖f‖1,0.
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Proof. Let ζ ∈ C∞(Ω) be supported in a small neighbourhood of Γ and ζ = 1 on Γ. Clearly,
if u is a solution to the equation (2.1), then u − ζf is a solution to (2.1) with f replaced by 0
and v replaced by

v − λ−1(∇c(x)∇ + λ2n(x))ζf.

Hence

(2.31) u− ζf = −λ(G− λ2)−1n−1v + (G− λ2)−1n−1(∇c(x)∇ + λ2n(x))ζf =: u1 + u2.

We have

‖u1‖ . |λ|
∥∥(G− λ2)−1

∥∥
H→H

‖v‖

. |λ| max
µk∈spec

√
G

∣∣µ2k − λ2
∣∣−1 ‖v‖

(2.32) . max
µk∈spec

√
G
|µk − λ|−1 ‖v‖ . θ(λ)−1‖v‖.

To bound the norm of u2, observe that given any w ∈ L2(Ω), in view of (2.19), we have

〈u2, w〉 = 〈(∇c(x)∇ + λ2n(x))ζf, n−1(G− λ
2
)−1w〉

= 〈c(x)∇(ζf),∇(n−1(G− λ
2
)−1w)〉 + λ2〈ζf, n−1(G− λ

2
)−1w〉.

Hence

(2.33) |〈u2, w〉| . |λ|2‖ζf‖1‖(G− λ
2
)−1w‖1.

On the other hand, since the function W = (G − λ
2
)−1w satisfies equation (2.1) with f = 0, λ

replaced by λ and v replaced by λ−1w, the Green formula implies the estimate

(2.34) ‖W‖1 . ‖W‖+ |λ|−2‖w‖.
As in (2), we get

(2.35) ‖W‖ . |λ|−1θ(λ)−1‖w‖ + |λ|−2‖w‖,
where we have used the fact that θ(λ) = θ(λ). Since ‖ζf‖1 . ‖f‖0,1, it follows from (2.33),
(2.34) and (2.35) that

|〈u2, w〉| . (1 + |λ|θ(λ)−1)‖f‖0,1‖w‖,
which clearly implies

(2.36) ‖u2‖ . (1 + |λ|θ(λ)−1)‖f‖0,1.
Now (2.30) follows from (2.31), (2) and (2.36). ✷

3. Study of the interior Helmholtz equation with damping

In this section we will obtain a priori estimates for the solution to the equation

(3.1)





(∇c(x)∇ + λ2n(x) + iλm(x))u = λv in Ω,

u = f on Γ,

u = 0 on Γ0,

where λ ∈ C, Reλ ≫ 1, c, n,m ∈ C∞(Ω), c > 0, n > 0, and the function m does not change
the sign. We keep the same notations as in the previous section. We define in the same way the

operator G̃ and suppose that its resolvent satisfies the condition (2.2). Our goal in this section
is to prove the following
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Theorem 3.1. Suppose that m satisfies (1.4). Let u ∈ H2(Ω) satisfy equation (3.1) and set
ω = h∂νu|Γ. Then there are constants C, λ0 > 0 such that for all λ ∈ C such that

(3.2) |Imλ| ≤ Cτ(|λ|)−1, Reλ ≥ λ0,

we have the estimate

(3.3) ‖u‖ . τ(|λ|) (‖v‖+ ‖mu‖) ,
while for

(3.4) |Imλ| ≤ Cτ(|λ|)−2, Reλ ≥ λ0,

we have the estimates

(3.5) ‖ω‖0 + ‖u‖1 . τ(|λ|)2 (‖v‖ + ‖f‖0) + ‖f‖1,0,

(3.6) ‖u‖ . τ(|λ|)2‖v‖+ τ(|λ|)|Im 〈cω, f〉0|1/2,

(3.7) ‖u‖1 . τ(|λ|)2‖v‖+ h1/2τ(|λ|)‖f‖0 + h1/2‖f‖1,0 + τ(|λ|)|Im 〈cω, f〉0|1/2.
Moreover, under the condition

(3.8) sign(m) Im 〈cω, f〉0 ≤ 0

we have the better estimate

(3.9) ‖u‖ . τ(|λ|)2‖v‖.
Proof. The estimate (3.3) is a consequence of (2.5). Indeed, in view of assumption (1.4) we

can find ǫ > 0 such that |m| ≥ C on Ωǫ with some constant C > 0. Applying (2.5) with v
replaced by v − imu, we get

‖u‖ . τ(|λ|)
(
‖v − imu‖+ ‖u‖L2(Ωǫ)

)
. τ(|λ|) (‖v‖ + ‖mu‖) .

As in the proof of Theorem 2.1, it is easy to see that it suffices to prove the estimates (3.5),
(3.6), (3.7) and (3.9) for real λ≫ 1. The Green formula in this case takes the form

(3.10) 〈(λ2n+ iλm)u− λv, u〉 = 〈−∇c∇u, u〉 =
∫

Ω
c|∇u|2 + λ〈cω, f〉0.

Taking the imaginary part of this identity we get

(3.11) 〈mu, u〉 = Im〈v, u〉 + Im〈cω, f〉0,
which implies

(3.12) ‖|m|1/2u‖2 ≤ ‖v‖‖u‖ + sign(m) Im 〈cω, f〉0.
Since |m| . |m|1/2, we obtain from (3.3) and (3.12),

‖u‖2 . τ(λ)2‖v‖2 + τ(λ)2‖|m|1/2u‖2

. τ(λ)2‖v‖‖u‖ + τ(λ)2‖v‖2 + τ(λ)2sign(m) Im 〈cω, f〉0,
which implies

(3.13) ‖u‖2 . τ(λ)4‖v‖2 + τ(λ)2sign(m) Im 〈cω, f〉0.
Clearly, (3.6) and (3.9) follow from (3.13). On the other hand, taking the real part of (3.10)
leads to the estimate

(3.14) ‖u‖1 . h‖v‖ + ‖u‖+ h1/2‖f‖1/20 ‖ω‖1/20 .
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By (3.13) and (3.14),

(3.15) ‖u‖21 . τ(λ)4‖v‖2 + h‖f‖0‖ω‖0 + τ(λ)2sign(m) Im 〈cω, f〉0.
Applying (2.24) with v replaced by v − imu, we get

(3.16) ‖ω‖0 . ‖v‖+ ‖f‖1,0 + ‖u‖1.
By (3.15) and (3.16),

‖u‖1 . τ(λ)2‖v‖+ τ(λ)‖f‖1/20 ‖ω‖1/20

. τ(λ)2‖v‖+ ε−1τ(λ)2‖f‖0 + ε‖ω‖0
(3.17) . τ(λ)2‖v‖+ ε−1τ(λ)2‖f‖0 + ε (‖u‖1 + ‖f‖1,0)
for every 0 < ε ≤ 1. We now get (3.5) from (3.16) and (3) by taking ε small enough in order to
absorb the term ε‖u‖1 in the right-hand side. By (3.15) we also have

‖u‖21 . τ(λ)4‖v‖2 + τ(λ)2 |Im 〈cω, f〉0|
+h‖f‖0

(
τ(λ)2‖v‖ + τ(λ)2‖f‖0 + ‖f‖1,0

)

. τ(λ)4‖v‖2 + τ(λ)2 |Im 〈cω, f〉0|
+hτ(λ)2‖f‖20 + hτ(λ)−2‖f‖21,0,

which clearly implies (3.7). ✷

4. A priori estimates for the boundary data

Given any k ∈ R, Sk(Γ) will denote the set of all functions a ∈ C∞(T ∗Γ) satisfying
∣∣∣∂αx∂

β
ξ a

∣∣∣ ≤ Cα,β(|ξ| + 1)k−|β|

for all multi-indices α and β. Given a symbol a ∈ Sk(Γ), Oph(a) will denote the h − ΨDO
defined by

(Oph(a)f) (x) = (2πh)1−d

∫

T ∗Γ
ei〈x−y,ξ〉/ha(x, ξ)f(y)dξdy.

Let χ ∈ C∞(T ∗Γ) be of compact support, independent of λ. We will derive from Theorem 3.1
the following

Proposition 4.1. Suppose that m satisfies (1.4). Let u ∈ H2(Ω) satisfy equation (3.1) and set
ω = h∂νu|Γ. Then for all λ ∈ C satisfying (3.4) we have the estimate

(4.1) ‖f‖1,0 . |λ|1/2τ(|λ|)3‖v‖+ |λ|1/2τ(|λ|)2|Im 〈cω, f〉0|1/2 + ‖Oph(1− χ)f‖1,0.
Proof. By (2.16) used with ε replaced by ετ(|λ|)−1, together with (3.6) and (3.7) we get

(4.2) ‖f‖0 . ε−1|λ|1/2τ(|λ|)3‖v‖ + ε−1|λ|1/2τ(|λ|)2|Im 〈cω, f〉0|1/2 + ε‖f‖1,0.
On the other hand, we have

(4.3) ‖f‖1,0 . ‖Oph(χ)f‖1,0 + ‖Oph(1− χ)f‖1,0 . ‖f‖0 + ‖Oph(1− χ)f‖1,0.
We now combine (4.2) and (4.3) and take ε small enough in order to absorb the term ε‖f‖1,0 in
the right-hand side. This clearly leads to the estimate (4.1). ✷

Let χ ∈ C∞(T ∗Γ) be supported in the hyperbolic region, H, of the boundary value problem
(3.1), that is,

suppχ ⊂ H := {(x′, ξ′) ∈ T ∗Γ : r0(x
′, ξ′) < n♭,0(x

′)},
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where n♭,0 = n♭|Γ, n♭ = n/c. With this choice of the function χ we will now prove the following
improved estimates.

Proposition 4.2. Under the assumptions of Proposition 4.1, we have the estimates

‖Oph(χ)f‖0 + ‖Oph(χ)ω‖0

(4.4) . τ(|λ|)2‖v‖+ τ(|λ|)|Im 〈cω, f〉0|1/2 + h1/2τ(|λ|)‖f‖0 + h1/2‖f‖1,0,

(4.5) ‖f‖1,0 . τ(|λ|)2‖v‖+ τ(|λ|)|Im 〈cω, f〉0|1/2 + h1/2τ(|λ|)‖f‖0 + ‖Oph(1− χ)f‖1,0.
Proof. By (4.3) we have

(4.6) ‖f‖1,0 . ‖Oph(χ)f‖0 + ‖Oph(1− χ)f‖1,0.
Clearly, the estimate (4.5) follows from (4.2) and (4.6). On the other hand, it is easy to see that
(4.2) follows from (3.7) and the following

Lemma 4.3. We have the estimate

(4.7) ‖Oph(χ)f‖0 + ‖Oph(χ)ω‖0 . ‖v‖+ ‖u‖1 + h‖f‖0.
Proof. It suffices to prove the estimate (4.7) for real λ ≫ 1. Indeed, this would imply (4.7)

for complex λ such that |Imλ| ≤ C, C > 0 being any constant. Let the function u♭ and the
operator P be as in the proof of Lemma 2.7. Set

u♯ = Oph(χ)u
♭ = Oph(χ)ψ(1 − φ)u.

Clearly,

‖Pu♯‖ . ‖P ((1 − φ)u)‖ + ‖[P,Oph(χ)ψ](1 − φ)u‖
. ‖P ((1 − φ)u)‖ + h‖(1− φ)u‖1

(4.8) . ‖Pu‖+ h‖u‖1 . h‖v‖ + h‖u‖1.
We define the function F (x1) as in the proof of Lemma 2.7 replacing u♭ by u♯. Observe now
that the choice of χ guarantees that

n♭(0, x
′)− r0(x

′, ξ′) ≥ C > 0

on suppχ. Therefore, by G̊arding’s inequality we have

(4.9) Re 〈(n♭(0, ·) − r0(·,Dx′))Oph(χ)ψ0f,Oph(χ)ψ0f〉0 ≥ C1‖Oph(χ)ψ0f‖20,
where C1 > 0 is some constant and ψ0 = ψ|x1=0. Since

Dx1
u♯|x1=0 = −iOph(χ)ψ0ω − ihOph(χ)ψ1f,

where ψ1 = ∂x1
ψ|x1=0, we deduce from (4.9),

ReF (0) ≥ C1‖Oph(χ)ψ0f‖20 + ‖Oph(χ)ψ0ω‖20 −O(h2)‖f‖20

(4.10) ≥ C1‖ψ0Oph(χ)f‖20 + ‖ψ0Oph(χ)ω‖20 −O(h2)‖f‖20.
On the other hand, the upper bound (2.28) still holds with u♭ replaced by u♯. This fact together
with (4) and (4) imply (4.7). ✷

Given a parameter 0 < ε ≪ 1, independent of λ, choose a function χε ∈ C∞
0 (T ∗Γ) such that

χε = 1 in the region {|r0/n♭,0 − 1| ≤ ε} and χε = 0 in T ∗Γ \ {|r0/n♭,0 − 1| ≤ 2ε}. We have the
following
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Proposition 4.4. Under the assumptions of Proposition 4.1, we have the estimate

(4.11) ‖Oph(χε)ω‖0 . τ(|λ|)2‖v‖+ τ(|λ|)|Im 〈cω, f〉0|1/2 + (ε+ h1/2τ(|λ|))‖f‖1,0.
Proof. It is easy to see that the proposition follows from (3.7) and the following

Lemma 4.5. We have the estimate

(4.12) ‖Oph(χε)ω‖0 . ‖v‖ + ‖u‖1 + (ε+ h)‖f‖0.
Proof. Again, it suffices to prove the lemma for real λ≫ 1. We will proceed in the same way

as in the proof of Lemma 4.3 with χ replaced by χε making the following modification. Since
in this case the function χε is no longer supported in the hyperbolic region, we do not have the
G̊arding inequality (4.9) fulfilled anymore. Instead, since n♭(0, x

′)−r0(x′, ξ′) = O(ε) on suppχε,
we have the bound

‖(n♭(0, ·) − r0(·,Dx′))Oph(χε)ψ0f‖0 . (ε+ h)‖ψ0f‖0.
Therefore in this case the function ReF (0) is lower bounded as follows

ReF (0) ≥ ‖Oph(χε)ψ0ω‖20 −O((ε+ h)2)‖f‖20

(4.13) ≥ ‖ψ0Oph(χε)ω‖20 −O((ε+ h)2)‖f‖20.
The estimate (4.12) follows from (4) and the upper bound (2.28) adapted to this case. ✷

5. The Dirichlet-to-Neumann map

Let u solve equation (3.1) with v ≡ 0 and define the Dirichlet-to-Neumann map

N (λ,m) : H1(Γ) → L2(Γ)

by

N (λ,m)f := h∂νu|Γ.
When m ≡ 0 we will denote the Dirichlet-to-Neumann map by N (λ). Clearly, under the
conditions of Theorem 3.1, by (3.5) we have that the Dirichlet-to-Neumann map in this case
satisfies the estimate

(5.1) ‖N (λ,m)f‖0 . τ(|λ|)2‖f‖1,0
for λ satisfying (3.4). On the other hand, when m ≡ 0, by (2.23) we have the estimate

(5.2) ‖N (λ)f‖0 .
(
1 + |λ|θ(λ)−1

)
‖f‖1,0,

for θ(λ) > 0, |Imλ| ≤ C, |λ| ≫ 1, C > 0 being any constant. Let χ, η ∈ C∞(T ∗Γ) be compactly
supported functions such that η = 1 on suppχ. In Section 7 we will need the following

Lemma 5.1. Under the assumptions of Theorem 3.1, we have the estimates

(5.3) ‖[N (λ,m),Oph(χ)]f‖0 . h1/2τ(|λ|)3‖f‖1,0 + τ(|λ|)3|Im 〈cN (λ,m)f, f〉0|1/2,

(5.4) ‖Oph(1− η)N (λ,m)Oph(χ)f‖0 . h1/2τ(|λ|)3‖f‖1,0 + τ(|λ|)3|Im 〈cN (λ,m)f, f〉0|1/2.
Proof. Let u solve equation (3.1) with v ≡ 0. Then the function ũ = Oph(χ)(1 − φ)u solves

equation (3.1) with v and f replaced by ṽ and f̃ , respectively, where

ṽ = λ−1[∇c(x)∇ + λ2n(x) + iλm(x),Oph(χ)(1 − φ)]u,

f̃ = Oph(χ)f.



16 G. VODEV

Let w solve equation (3.1) with v ≡ 0 and f replaced by f̃ . Then the function ũ − w solves
equation (3.1) with v replaced by ṽ and f = 0. Moreover, we have

h∂ν(ũ− w)|Γ = −[N (λ,m),Oph(χ)]f.

Therefore, the estimates (3.5) and (3.7) lead to

‖[N (λ,m),Oph(χ)]f‖0 . τ(|λ|)2‖ṽ‖ . τ(|λ|)2‖u‖1
. h1/2τ(|λ|)3‖f‖1,0 + τ(|λ|)3|Im 〈cN (λ,m)f, f〉0|1/2.

To prove (5.4) we will use that

Oph(1− η)Oph(χ) = O(h∞) : L2(Γ) → L2(Γ).

Thus, in view of (5.1), we get

‖Oph(1− η)N (λ,m)Oph(χ)f‖0 . ‖Oph(1− η)[N (λ,m),Oph(χ)]f‖0
+‖Oph(1− η)Oph(χ)N (λ,m)f‖0

. ‖[N (λ,m),Oph(χ)]f‖0 + h∞‖N (λ,m)f‖0

. ‖[N (λ,m),Oph(χ)]f‖0 + h∞τ(|λ|)2‖f‖1,0.
We now obtain (5.4) from (5.3). ✷

Denote by N (λ,m)∗ the adjoint of N (λ,m) with respect to the scalar product 〈·, ·〉0 in L2(Γ).
In Section 6 we will need the following

Lemma 5.2. The adjoint operator of the Dirichlet-to-Neumann map satisfies the identity

(5.5) N (λ,m)∗c0 = c0N (λ,−m),

where c0 = c|Γ.
Proof. Given any f1, f2 ∈ L2(Γ), let u1 be the solution of equation (3.1) with v ≡ 0 and f

replaced by f1, and let u2 be the solution of equation (3.1) with v ≡ 0, f replaced by f2 and λ
replaced by λ. By the Green formula we have

0 = −〈∇c∇u1, u2〉+ 〈u1,∇c∇u2〉 = 〈c0∂νu1|Γ, f2〉0 − 〈f1, c0∂νu2|Γ〉0
= h−1〈c0N (λ,m)f1, f2〉0 − h−1〈f1, c0N (λ,−m)f2〉0,

which clearly implies (5.5). ✷

6. Parametrix of the Dirichlet-to-Neumann map in the elliptic region revisited

Let η ∈ C∞(T ∗Γ) be such that 1 − η is supported in the elliptic region, E , of the boundary
value problem (3.1), that is,

supp(1− η) ⊂ E := {(x′, ξ′) ∈ T ∗Γ : r0(x
′, ξ′) > n♭,0(x

′)}.
For (x′, ξ′) ∈ E set

ρ(x′, ξ′, z) =
√
r0(x′, ξ′)− zn♭,0(x′), Re ρ > 0,

where z = (hλ)2 = 1− (hIm λ)2 + 2ihIm λ. On supp(1− η) we have the lower bound

(6.1) Re ρ ≥ C〈ξ′〉, C > 0.

The main result in this section is the following



TRANSMISSION EIGENVALUE-FREE REGIONS 17

Theorem 6.1. Suppose that the function τ satisfies the condition

(6.2) τ(λ) ≤ λq

with some constant q ≥ 0. Then, under the conditions of Theorem 3.1 we have the estimate

(6.3) ‖N (λ,m)Oph(1− η)f +Oph(ρ(1− η))f‖0 . h‖f‖0
for λ satisfying (3.4). When m ≡ 0 the estimate (6.3) still holds without assuming (6.2) for
λ ∈ C

+ \ L+
N (CN ), |Imλ| ≤ C, C > 0 being any constant, while CN > 0 is a suitable constant

depending on N .

Proof. The theorem follows from the parametrix construction carried out in [15]. In what
follows we will recall it (see also Section 5 of [16]). In fact, in [15] the case m ≡ 0 is considered,
but it is easy to see that the presence of the function m does not change anything. Indeed, the
eikonal equation does not depend on m and only the transport equations do. Note also that it
suffices to build the parametrix locally and then sum up all pieces.

Let (x1, x
′) ∈ V+ be the local normal geodesic coordinates near the boundary. Take a function

χ ∈ C∞(T ∗Γ), 0 ≤ χ ≤ 1, such that πx′(suppχ) ⊂ V0, where πx′ : T ∗Γ → Γ denotes the
projection (x′, ξ′) → x′. Moreover, we require that χ ∈ S0(Γ) with suppχ ⊂ supp(1 − η). We
will be looking for a parametrix of the solution to equation (3.1) (with v ≡ 0) in the form

ũ = φ0(x1)(2πh)
−d+1

∫ ∫
e

i
h
(〈y′,ξ′〉+ϕ(x,ξ′,z))a(x, ξ′, z, h)f(y′)dξ′dy′,

where φ0 ∈ C∞
0 (R), φ0(t) = 1 for |t| ≤ δ/2, φ0(t) = 0 for |t| ≥ δ. Here 0 < δ ≪ 1 is a small

parameter independent of λ. We require that ũ satisfies the boundary condition ũ = Oph(χ)f
on x1 = 0. The phase ϕ and the amplitude a are choosen in such a way that the function ũ
satisfies equation (3.1) mod O(hM ), where M ≥ 1 is an arbitrary integer. The phase function
satisfies

ϕ|x1=0 = −〈x′, ξ′〉
as well as the eikonal equation

(6.4) (∂x1
ϕ)2 + r(x,∇x′ϕ)− zñ(x) = xM1 ΨM ,

where the function |ΨM | is bounded as x1 → 0. It is shown in Section 4 of [15] that (6.4) has a
solution of the form

ϕ =

M∑

j=0

xj1ϕj ,

where the functions ϕj do not depend on x1, ϕ0 = −〈x′, ξ′〉, ϕ1 = iρ. It follows from (6.1) that

(6.5) Imϕ ≥ Cx1〈ξ′〉/2,
for 0 ≤ x1 ≤ δ, provided δ is taken small enough. The amplitude is of the form

a =

M∑

j=0

hjaj,

where the functions aj do not depend on h, a0|x1=0 = χ. Then all functions aj can be determined
from the transport equations and we have aj ∈ S−j(Γ) uniformly in x1 and z (see Section 4 of
[15]). Clearly, we have

(6.6) h∂ν ũ|x1=0 = Oph(bM )f,
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where

bM = ia
∂ϕ

∂x1
|x1=0 + h

∂a

∂x1
|x1=0 = −χρ+ h

M∑

j=0

hj
∂aj
∂x1

|x1=0.

Hence h−1(bM + χρ) ∈ S0(Γ) uniformly in h. This implies

(6.7) Oph(bM + χρ) = O(h) : L2(Γ) → L2(Γ).

On the other hand, the function

ṽ = (∇c(x)∇ + λ2n(x) + iλm(x))ũ

is of the form

ṽ = (2πh)−d+1

∫ ∫
e

i
h
(〈y′,ξ′〉+ϕ(x,ξ′,z))VM (x, ξ′, z, h)f(y′)dξ′dy′,

where VM = V
(1)
M + φ0(x1)V

(2)
M ,

V
(1)
M = [∇c(x)∇, φ0(x1)]a,

V
(2)
M = e−iϕ/h(∇c(x)∇ + λ2n(x) + iλm(x))eiϕ/ha.

As shown in Section 4 of [15], the functions aj can be choosen in such a way that the function

V
(2)
M is of the form

(6.8) V
(2)
M = xM1 AM + hMBM ,

where AM and BM are smooth functions. More precisely, since χ is supported in the elliptic
region, we have AM ∈ S2(Γ), BM ∈ S1−M (Γ) uniformly in h, z and 0 < x1 ≤ δ (see Proposition
3.4 of [15]). Note that in view of (6.5) we have the bound

∣∣∣xM1 eiϕ/h
∣∣∣ . hM 〈ξ′〉−M .

Thus we get that the function VM satisfies the bound

(6.9)
∣∣∣VMeiϕ/h

∣∣∣ . hM 〈ξ′〉−M+1.

By (6.9) we obtain the estimate

(6.10) ‖ṽ‖ ≤ C̃Mh
M/2‖f‖0,

provided M is taken big enough. Let u solve equation (3.1) with v ≡ 0 and f replaced by
Oph(χ)f . Then the function ũ − u solves equation (3.1) with v replaced by ṽ and f = 0.
Therefore, under the conditions of Theorem 3.1, by (3.5) together with (6.2), (6.6) and (6.10)
we get

(6.11) ‖N (λ,m)Oph(χ)f −Oph(bM )f‖0 = ‖h∂x1
(ũ− u)|x1=0‖ . τ(|λ|)2‖ṽ‖ . hM/2−2q‖f‖0.

Taking M ≥ 4q + 2, by (6.7) and (6.11), we get

(6.12) ‖N (λ,m)Oph(χ)f +Oph(χρ)f‖0 . h‖f‖0,
which implies (6.3) in this case since 1−η can be written as a finite sum of functions χ for which
(6.12) holds. Consider now the case when m ≡ 0. We proceed similarly with the difference that
we use the estimate (2.23) instead of (3.5). For λ ∈ C

+ \ L+
N (CN ), |Imλ| ≤ C, we obtain

(6.13) ‖N (λ)Oph(χ)f −Oph(bM )f‖0 .
(
1 + θ(λ)−1

)
‖ṽ‖ ≤ C̃♯

MC
−1
N hM/2−N‖f‖0 ≤ h‖f‖0,

provided we take M = 2N + 1 and CN ≥ C̃♯
M . Thus we conclude that the estimate (6.12) (and

hence (6.3)) still holds in this case as long as λ ∈ C+ \ L+
N (CN ), |Imλ| ≤ C. ✷
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Let χ, η ∈ C∞(T ∗Γ) be compactly supported functions such that η = 1 on suppχ and
supp(1− η) ⊂ E . We will use Theorem 6.1 to prove the following

Lemma 6.2. Under the conditions of Theorem 6.1 we have the estimates

(6.14) ‖Oph(χ)N (λ,m)Oph(1− η)f‖0 . h‖f‖0,

(6.15) ‖Oph(1− η)N (λ,m)Oph(χ)f‖0 . h‖f‖0.
When m ≡ 0 the estimates (6.14) and (6.15) still hold for λ ∈ C

+ \ L+
N (CN ), |Imλ| ≤ C.

Proof. Since

Oph(χ)Oph(ρ(1− η)) = O(h∞) : L2(Γ) → L2(Γ),

the estimate (6.14) follows from (6.3). In view of Lemma 5.2 the adjoint of the operator

A := Oph(1− η)N (λ,m)Oph(χ)

is

A∗ = Oph(χ)
∗c0N (λ,−m)c−1

0 Oph(1− η)∗.

Choose compactly supported functions χ1, η1 ∈ C∞(T ∗Γ) such that η1 = 1 on suppχ1, supp(1−
η1) ⊂ E , χ1 = 1 on suppχ and η = 1 on supp η1. The standard h−ΨDO calculus give

Oph(χ)
∗c0Oph(1− χ1) = O(h∞) : H−1(Γ) → L2(Γ),

Oph(η1)c
−1
0 Oph(1− η)∗ = O(h∞) : L2(Γ) → H1(Γ).

We now apply the estimate (6.14) with χ, η, λ replaced by χ1, η1, λ, respectively. We will also use
(6.3) with η, λ, m and ρ replaced by η1, λ, −m and ρ, respectively. Note that ρ(1−η1) ∈ S1(Γ).
Thus, in view of (5.1) and (6.2), we get

‖A∗f‖0 . ‖Oph(χ1)N (λ,−m)Oph(1− η1)c
−1
0 Oph(1− η)∗f‖0

+‖N (λ,−m)Oph(η1)c
−1
0 Oph(1− η)∗f‖0

+‖Oph(χ)
∗c0Oph(1− χ1)N (λ,−m)c−1

0 Oph(1− η)∗f‖0
. h‖c−1

0 Oph(1− η)∗f‖0
+|λ|2q‖Oph(η1)c

−1
0 Oph(1− η)∗f‖1,0

+h∞‖N (λ,−m)Oph(η1)c
−1
0 Oph(1− η)∗f‖0

+h∞‖N (λ,−m)Oph(1− η1)c
−1
0 Oph(1− η)∗f‖−1,0

. h‖f‖0 + h∞‖f‖0
+h∞‖Oph(ρ(1− η1))c

−1
0 Oph(1− η)∗f‖−1,0

+h∞‖(N (λ,−m)Oph(1− η1) + Oph(ρ(1− η1)))c
−1
0 Oph(1− η)∗f‖0

. h‖f‖0 + h∞‖f‖0 . h‖f‖0,
where ‖ · ‖−1,0 denotes the semiclassical norm in H−1(Γ). In other words,

A∗ = O(h) : L2(Γ) → L2(Γ),

and hence so is the operator A. Clearly, the same analysis still holds when m ≡ 0, using (5.2)
instead of (5.1). ✷
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7. Eigenvalue-free regions

Let (u1, u2) be the solution to equation (1.9) and set f = u1|Γ = u2|Γ. Then we can express
the restrictions of the normal derivative of u1 and u2 in terms of the corresponding Dirichlet-
to-Neumann maps, that is,

h∂νu1|Γ = N1(λ,m)f, h∂νu2|Γ = N2(λ)f.

Therefore, λ is a transmission eigenvalue if T (λ)f ≡ 0, where

T (λ) = c1N1(λ,m) − c2N2(λ).

We have to show that, for λ belonging to the eigenvalue-free regions of Theorems 1.1 and 1.2,
if T (λ)f ≡ 0, then f ≡ 0. Without loss of generality we may suppose that λ ∈ C

+ (see Remark
1.3). We will first prove the following

Lemma 7.1. If λ ∈ C
+ satisfies the condition

(7.1) sign(m) Imλ ≤ 0,

then

(7.2) sign(m) Im 〈c1N1(λ,m)f, f〉0 ≤ 0.

Moreover, there exist constants C, λ0 > 0 such that for all λ ∈ C
+ satisfying

(7.3) |Imλ| ≤ Cτ1(|λ|)−2, Reλ ≥ λ0,

(7.4) |Imλ| ≤ Cτ2(|λ|)−1, Reλ ≥ λ0,

we have the estimate

(7.5) |Im 〈c1N1(λ,m)f, f〉0| . |Imλ||λ|ℓ2τ1(|λ|)4τ2(|λ|)2‖f‖21,0.
Proof. The Green formula applied to the second equation in (1.9) gives the identity

2Imλ〈n2u2, u2〉 = Im 〈c2N2(λ)f, f〉0 = Im 〈c1N1(λ,m)f, f〉0.
Obviously, (7.1) implies (7.2). On the other hand, by (2.6) and (5.1) we have

‖u2‖ . |λ|ℓ2/2τ2(|λ|) (‖f‖0 + ‖N2(λ)f‖0)
. |λ|ℓ2/2τ2(|λ|) (‖f‖0 + ‖N1(λ,m)f‖0)

. |λ|ℓ2/2τ2(|λ|)τ1(|λ|)2‖f‖1,0,
which clearly implies (7.5). ✷

To prove Theorem 1.1 we apply Theorem 3.1 with u = u1 and v = 0. Note that the conditions
(3.8) and (7.2) are equivalent. Therefore, the estimate (3.9) holds for λ belonging to the region
(1.10) with a suitable choice of the constant C. Thus, for such λ, we get ‖u1‖ = 0, which implies
u1 ≡ 0, and hence f ≡ 0, as desired.

The proof of Theorem 1.2 is much more complicated. We will need the next two lemmas. Let
χ ∈ C∞(T ∗Γ) be of compact support such that 1−χ is supported in the region {r0 ≥ σ}, where
σ ≫ 1 is a constant to be fixed in the next lemma.

Lemma 7.2. For a suitable choice of σ we have the estimate

(7.6) ‖Oph(1− χ)f‖1,0 . h‖f‖0
for λ ∈ C+ \ L+

N (CN ) satisfying (7.3).
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Proof. Choose a compactly supported function η ∈ C∞(T ∗Γ) such that 1 − η is supported
in the region {r0 ≥ σ} and χ = 1 on supp η. Define ρj , Hj , Ej , j = 1, 2, by replacing in the
definition of ρ, H, E in Sections 4 and 6 the functions c, n by cj , nj. Clearly, taking σ big enough
we can arrange that the functions 1− χ and 1− η are supported in both elliptic regions E1 and
E2. Since Tf = 0, we have the identity

Oph((c1ρ1 − c2ρ2)(1− χ))f

+Oph(1− χ)Oph((c1ρ1 − c2ρ2)(1− η))f −Oph((c1ρ1 − c2ρ2)(1 − χ))f

= Oph(1− χ)Oph((c1ρ1 − c2ρ2)(1− η))f

= Oph(1− χ) (TOph(1− η) + Oph((c1ρ1 − c2ρ2)(1 − η))) f

+Oph(1− χ)TOph(η)f.

Since (c1ρ1 − c2ρ2)(1− χ) and (c1ρ1 − c2ρ2)(1− η) belong to S1(Γ), the h−ΨDO calculus give

Oph(1− χ)Oph((c1ρ1 − c2ρ2)(1 − η))−Oph((c1ρ1 − c2ρ2)(1 − χ)) = O(h) : H1(Γ) → L2(Γ).

Therefore, using Theorem 6.1 together with Lemma 6.2 we obtain

(7.7) ‖Oph((c1ρ1 − c2ρ2)(1− χ))f‖0 . h‖f‖1,0.
On the other hand, we have

(c1ρ1 + c2ρ2)(c1ρ1 − c2ρ2) = c21ρ
2
1 − c22ρ

2
2 = (c21 − c22)r0 − z(c1n1 − c2n2).

Hence ∣∣(c21 − c22)r0 − z(c1n1 − c2n2)
∣∣ . 〈ξ′〉 |c1ρ1 − c2ρ2| .

On the other hand, in view of assumption (1.2) we have |c21 − c22| ≥ C0 with some constant
C0 > 0. Therefore, taking σ big enough we can arrange that

∣∣(c21 − c22)r0 − z(c1n1 − c2n2)
∣∣ ≥ C1〈ξ′〉2, C1 > 0,

on supp(1− η). Hence

(7.8) |c1ρ1 − c2ρ2| ≥ C2〈ξ′〉, C2 > 0,

on supp(1− η), which implies

(7.9) ‖Oph(1− χ)f‖1,0 . ‖Oph((c1ρ1 − c2ρ2)(1− χ))f‖0 + h‖f‖0.
By (7.7) and (7.9).

‖Oph(1− χ)f‖1,0 . h‖f‖1,0 . h‖f‖0 + h‖Oph(1− χ)f‖1,0.
We now absorb the last term in the right-hand side of the above estimate and get (7.6). ✷

By (4.1), (7.5) and (7.6) we obtain

‖f‖1,0 . |λ|(ℓ2+1)/2τ1(|λ|)4τ2(|λ|)|Im λ|1/2‖f‖1,0 + h‖f‖0.
Taking h small enough we absorb the last term and arrive at the estimate

(7.10) ‖f‖1,0 ≤ C|λ|(ℓ2+1)/2τ1(|λ|)4τ2(|λ|)|Im λ|1/2‖f‖1,0,
which holds for all λ ∈ C

+ \ L+
N (CN ) satisfying (7.3) and (7.4), where C > 0 is a constant

independent of λ and N . Hence, if

(7.11) λ ∈ C
+ \ L+

N (CN ), |Imλ| ≤ (2C)−2|λ|−(ℓ2+1)τ1(|λ|)−8τ2(|λ|)−2,

we can absorb the term in the right-hand side of (7.10) and conclude that ‖f‖1,0 = 0, which
implies f ≡ 0. In other words there are no transmission eigenvalues in the region (7.11), as
desired.
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In what follows we will assume the conditions (1.6) and (1.11) fulfilled and we will show
that in this case the factor |λ|1/2 in the right-hand side of (7.10) can be removed. Clearly, the
condition (1.6) implies H2 ⊂ H1 and E1 ⊂ E2. Given a parameter 0 < ε ≪ 1, independent of
λ, we can choose functions χ−

ε , χ
0
ε, χ

+
ε ∈ C∞(T ∗Γ) such that χ−

ε + χ0
ε + χ+

ε ≡ 1, suppχ−
ε ⊂ H1,

suppχ+
ε ⊂ E1, χ0

ε = 1 in {|r0/n♭,0 − 1| ≤ ε} and χ0
ε = 0 in T ∗Γ \ {|r0/n♭,0 − 1| ≤ 2ε},

where n♭,0 = n1

c1
|Γ. Clearly, suppχ+

ε ⊂ E2. Taking ε small enough we can also arrange that

supp(1− χ−
ε ) ⊂ E2. Using this we will prove the following

Lemma 7.3. We have the estimate

(7.12) ‖Oph(1− χ−
ε )f‖1,0 .

(
|λ|ℓ2/2τ1(|λ|)5τ2(|λ|)|Im λ|1/2 + h1/2τ1(|λ|)3 + ε

)
‖f‖1,0

for λ ∈ C
+ \ L+

N (CN ) satisfying (7.3) and (7.4).

Proof. Observe that the condition (1.6) implies the inequality

c2n2 − c1n1
c22 − c21

<
n1
c1
.

Therefore the inequality (7.8) holds on E1. This implies the estimate (7.9) with 1−χ replaced by
χ+
ε . On the other hand, since the function χ+

ε is supported in both elliptic regions, the estimate
(6.3) holds with 1 − η replaced by χ+

ε . Thus, in the same way as in the proof of Lemma 7.2,
using (5.4) and (7.5) instead of (6.15), we conclude that

(7.13) ‖Oph(χ
+
ε )f‖1,0 .

(
|λ|ℓ2/2τ1(|λ|)5τ2(|λ|)|Im λ|1/2 + h1/2τ1(|λ|)3

)
‖f‖1,0.

Choose a function ηε ∈ C∞
0 (T ∗Γ) such that ηε = 1 in {|r0/n♭,0 − 1| ≤ 3ε} and ηε = 0 in

T ∗Γ \ {|r0/n♭,0 − 1| ≤ 4ε}. Clearly, ηε = 1 on suppχ0
ε. Moreover, taking ε small enough we can

arrange that suppηε ⊂ E2. Since Tf = 0, we have the identity

Oph(χ
0
ερ2)f +

(
Oph(χ

0
ε)Oph(ηερ2)f −Oph(χ

0
ερ2)f

)

= Oph(χ
0
ε)Oph(ηερ2)f = −Oph(χ

0
ε)N2(λ)Oph(ηε)f

+Oph(χ
0
ε) (N2(λ)Oph(ηε)f +Oph(ηερ2)f)

= Oph(χ
0
ε)N2(λ)Oph(1− ηε)f +Oph(χ

0
ε)c

−1
2 c1N1(λ,m)f

+Oph(χ
0
ε) (N2(λ)Oph(ηε)f +Oph(ηερ2)f) .

The h−ΨDO calculus give

Oph(χ
0
ε)Oph(ηερ2)−Oph(χ

0
ερ2) = Oε(h) : L

2(Γ) → L2(Γ),

Oph(χ
0
ε)c

−1
2 c1 − c−1

2 c1Oph(χ
0
ε) = Oε(h) : L

2(Γ) → L2(Γ).

Therefore, using the estimates (4.11), (5.1), (5.4), (6.3), (6.14) (with m ≡ 0) and (7.5), we get

(7.14) ‖Oph(χ
0
ερ2)f‖0 .

(
|λ|ℓ2/2τ1(|λ|)5τ2(|λ|)|Im λ|1/2 + h1/2τ1(|λ|)3 + ε

)
‖f‖1,0.

On the other hand, the condition (1.6) guarantees that |ρ2| ≥ C > 0 on suppχ0
ε, provided ε is

taken small enough. Hence

(7.15) ‖Oph(χ
0
ε)f‖0 . ‖Oph(χ

0
ερ2)f‖0 + h‖f‖0.

Clearly, the estimate (7.12) follows from (7.13), (7.14) and (7.15). ✷

By (4.5), (7.5) and (7.12) we obtain

‖f‖1,0 .
(
|λ|ℓ2/2τ1(|λ|)5τ2(|λ|)|Im λ|1/2 + |λ|−1/2τ1(|λ|)3 + ε

)
‖f‖1,0.
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Taking |λ|−1 and ε small enough, in view of the assumption (1.11), we can absorb the last two
terms to obtain

(7.16) ‖f‖1,0 ≤ C|λ|ℓ2/2τ1(|λ|)5τ2(|λ|)|Im λ|1/2‖f‖1,0
which holds for all λ ∈ C

+ \ L+
N (CN ) satisfying (7.3) and (7.4), where C > 0 is a constant

independent of λ and N . Hence, if

(7.17) λ ∈ C
+ \ L+

N (CN ), |Imλ| ≤ (2C)−2|λ|−ℓ2τ1(|λ|)−10τ2(|λ|)−2,

we can absorb the term in the right-hand side of (7.16) and conclude that ‖f‖1,0 = 0, which
implies f ≡ 0. In other words there are no transmission eigenvalues in the region (7.17) in this
case, which is the desired conclusion.
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