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LONG TIME BEHAVIOUR OF GENERALISED GRADIENT FLOWS
VIA OCCUPATIONAL MEASURES

PIERMARCO CANNARSA, WEI CHENG, AND CRISTTAN MENDICO

ABSTRACT. This paper introduces new methods to study the long time behaviour of
the generalised gradient flow associated with a solution of the critical equation for me-
chanical Hamiltonian system posed on the flat torus T¢. For this analysis it is necessary
to look at the critical set of u consisting of all the points on T? such that zero belongs
to the super-differential of such a solution. Indeed, such a set turns out to be an attrac-
tor for the generalised gradient flow. Moreover, being the critical set the union of two
subsets of rather different nature, namely the regular critical set and the singular set,
we are interested in establishing whether the generalised gradient flow approaches the
former or the latter as ¢ — co. One crucial tool of our analysis is provided by limiting
occupational measures, a family of measures that are invariant under the generalized
flow. Indeed, we show that by integrating the potential with respect to such measures,
one can deduce whether the generalised gradient flow enters the singular set in finite
time, or it approaches the regular critical set as time tends to infinity.

1. INTRODUCTION

It is well known that viscosity solutions of Hamilton-Jacobi equations on an open
domain ) C R?

H(x, Du(x)) =0 (x € Q)

may fail to be everywhere differentiable (see, for instance, [17]). The set of all the
points of non-differentiability of a solution v, called the singular set of v and denoted
by Sing(u), has been the object of several studies. Indeed, understanding the role such
a set plays in the underlying optimal control problem is of primary interest for both
theory and applications.

Rectifiability results for singular sets were obtained in [26, 27], [24, 25], and [5] show-
ing that Sing(u) is a countably (d — 1)-rectifiable set. Moreover, the propagation of
singularities was addressed in several papers, see [18, 19, 6], [2, 3, 20, 15], [1], and
[16, 11, 14]. It was later understood that global propagation of singularities has in-
teresting topological applications, including homotopy equivalence results between
different geometric objects (see, [4, 12, 13]).

In particular, for the so-called Hamilton-Jacobi equation of mechanical systems

(1.1) %]Du(xﬂz +V(x)=al0] (zeT9,
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where a[0] stands for Mané’s critical value ([23]), it is known that the singularities of
any semiconcave solution v propagate along the semi-flow, x,, associated with the
differential inclusion

(12) { %(t) € D*ulx(t)), t>0ae.

x(0) =z,

where Dt stands for the Dini superdifferential of u (see section 2 for more details). We
recall that a well-known consequence of the semiconcavity of u is that problem (1.2) has
a unique solution defined on the whole half-line [0, c0). Moreover, the singularities of
u propagate along x,, in the sense that, for any « € Sing(u), x,(¢,z) € Sing(u) for all
t > 0 (see [4] and [1]).

The global dynamics of x, (¢, z) from the topological point of view was studied in
[10] (see also [15]), for a more general Hamiltonian of the form

H(r,p) = 5{A@)(c+p).c+p) + V()

where ¢ € R", A(x) is a positive definite n x n matrix smoothly depending on xz, and
V is of class C?(T%). In particular, an example in the context of monotone twist maps
on T?, showing that singularities can approach a Denjoy type Aubry set when the
corresponding rotation number is irrational, was constructed.

In this paper, we study the long time behavior of x, from a measure-theoretic point
of view. For this purpose, for any z € T¢ and T > 0 we consider the individual
occupational measure p” defined by

T
[ty = [ feaea)de vre o).
Td 0
We begin our analysis by introducing the family W, (z) of the occupational measures of
x,, which consists of all the weak limits of x along sequences T,, — oco. We recall that
the notion of occupational measures was used for differential inclusions even when
the uniqueness of the solution is not guaranteed, see, for instance, [7, 5]. Moreover,
from the classical Aubry-Mather theory, we know that such a set reduces to the set of
Mather measures when the characteristics is a minimizing curve, see [9].
The set W, (z), together with the singular set of

Sing(u) = {z € T?: Du(z) does not exists}
and the critical set
Crit(u) = {x € T?: 0 € DTu(z)},

turns out to be an essential tool to study the long time behaviour of the generalised
gradient flow x,,. First of all, we observe that all limiting occupational measures have
support in Crit(u) (Proposition 3.4). Indeed, the Krylov-Bogoliubov argument shows
that each measure i € W, (z) is invariant under x,,(-, x).

Then, we proceed to show that the critical set of u is an attractor for the semi-flow
x,(t, x): more precisely, we prove that the probability for x,(t, z) to be arbitrarily close
to Crit(u), with ¢ picked at random in the interval [0,7], tends to 1 as 7" — oo (The-
orem 3.9). In particular, when W, (x) reduces to the singleton {J,}, with ¢, denoting
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the Dirac measure centered at y, we prove that y, besides being a critical point of u
(Theorem 3.13), is the approximate limit of x,,(t,z) as t — oo (Corollary 3.11).

It is worth noting that the results of this first part of the paper hold true for any
semiconcave function on T¢, not just for weak KAM solutions of (1.1).

Then, since Crit(u) may contain both regular and singular points of u, we refine
the analysis by giving a criterion to decide whether the flow approaches points of the
former or latter family of critical points as ¢t — co. For any given point z € T¢ we show
that the following alternative holds:

(1) either
[ Viin) =al] Ve W),

and, for any € > 0, the probability for x, (¢, z) to be e-close to the regular critical set
of u, with ¢ picked at random in [0, 7], tends to 1 as " — oo (Theorem 4.7),
(2) or

Ju € Wy(x) such that V(y)du(y) < «|0],

Td

and the genaralised gradient flow enters the singular set of u in finite time (Theo-
rem 4.9 and Corollary 4.10).

The results of this paper can be regarded as a first attempt to describe the asymptotic
nature of generalised characteristics by looking at the structure of the set of the corre-
sponding occupation measures. We trust that the implications of such a connection,
which are mostly to be discovered, will prove to be useful in the future.

This paper is organized as follows. In Section 2, we recall some basic facts about
Hamilton-Jacobi equations, viscosity solutions, semiconcave functions, and propaga-
tion of singularities. In Section 3, we introduce the notion of occupation measures of
the generalized gradient flow x, and we prove that the critical set of u is an attractor
for x,,.. In Section 4, we give conditions for x,, to approach either the regular critical set
of a solution or the singular set. In Section 5, we discuss the extension of our results to
more general eikonal-type equations and open problems.
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Vergata, CUP E83C23000330006, and by the European Union—Next Generation EU,
CUP E53D23017910001. Wei Cheng is partly supported by National Natural Science
Foundation of China (Grant No. 12231010).
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2. PRELIMINARIES

We denote by T the flat torus. Let L € C?(T? x R% R) be a Tonelli Lagrangian' and
let H be the associated Hamiltonian, i.e.,
H(x,p) = sup{(p,v) — L(z,v)} (z €T peR).
vER

It is well known (see [22]) that there exists a unique constant a[0] € R such that the
Hamilton-Jacobi equation

(2.1) H(x, Du(z)) = a[0] (v € T9)

has a semiconcave viscosity solution. Such a constant is known as the critical constant
of H and (2.1) is called the critical equation.
We recall below the definition of viscosity solutions and semiconcave functions.

Definition 2.1. We say that a continuous function u : T* — R is a viscosity solution to (2.1)
if for every x € T and for every p € C*(T?)
(i) w — ¢ has a maximum at x implies H(x, Dp(z)) < «[0] (in this case, we say that u is
a viscosity subsolution);
(i7) w — @ has a minimum at x implies H(x, Dyp(z)) > «[0] (in this case, we say that u is
a viscosity supersolution).

An equivalent definition of viscosity solutions can be given in terms of generalised
Dini semi-differentials. We recall that, for any x € T¢, the closed convex sets

D~ u(z) = {p € R" : liminf uly) = ulz) = (p.y = @) > 0}

y—z ‘y—aj‘
y—a ly — |

are called the sub-differential and super-differential of u at x, respectively. It is well known
(see [21]) that a continuous function u : T? — R is a viscosity sub-solution of (2.1) if
and only if

(2.2) H(x,p) <al0] VoeT?, Vpe DTu(w),
a viscosity super-solution of (2.1) if and only if
(2.3) H(x,p) > al0] VT V¥pec D u(x),

and a viscosity solution of (2.1) if and only if (2.2) and (2.3) are both satisfied.
Another relevant notion to the topics of this paper is that of semiconcave function.

Definition 2.2. We say that a continuous function u : T — R is semiconcave with linear
modulus (or, briefly, semiconcave) if there exists a constant C' > 0 such that

M)+ (1= Apuly) — (v + (1= Ay) < SA1 =N —

forany z, y € T and any X € [0, 1].

'We omit recalling this well-known notion because this paper is focussed on the specific class of
mechanical systems Lagrangeans.
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Any semiconcave function u : T — R is Lipschitz continuous and D*u(x) is nonempty
for all x € T? (see, e.g., [17]).

For a semiconcave viscosity solution u to (2.1), the following sets will play a crucial
role in this paper:

(i) Sing(u) = {z € T¢: Du(x) does not exists}, the singular set of u,
(i1) Crit(u) = {z € T?: 0 € D,H (z, D™u(z))}, the critical set of u,

(i73) Crit*(u) = Crit(u)\ Sing(u), the reqular critical set of .
Notice that, for any z € T¢,
(2.4) x € Sing(u) <= min  H(x,p) < a0].

peD u(x)

Moreover, a critical point z belongs to Crit*(u) if and only if H(x,0) = «/[0].

Given a Tonelli Hamiltonian H and a semiconcave function v on T¢, a Lipschitz
curve x : [0,7] — T% is called a generalized characteristic for the pair (H,u) if

(2.5) x(t) € co D,H(x(t), D*u(x(t))), ae.te[0,T],

where “co”denotes the convex hull.
We conclude this section with a list of notations, part of which will be introduced
later on.

Table 1. Notation

X A the characteristic functionofaset A C R(=1on A4, = 0on R\ A)
T the flat d-dimensional torus

wy the modulus of continuity of f € C(T9)

a|0] Marié’s critical value

O the Dirac measure centred at =

Dt u(x) the superdifferential of v at =

po() the element of minimal norm of D" u(x)

Sing(u) the singular set of

Crit(u) the critical set of u

Crit™(u) the regular critical set of u

X, (t, ) the generalised gradient flow of u

ul the (individual) occupational measure of x,,(-, z)

Wy () the family of all limiting occupational measures of x,(-, x)
7(7) the critical time of =

3. GENERALISED GRADIENT FLOW AND OCCUPATIONAL MEASURES

3.1. Generalized gradient flow. Let u : T¢ — R be a semiconcave function. It is well
known that for = € T¢ the problem

{k(t,x) € Du(x(t,z)), te[0,00)ae.

1) x(0,2) = x.
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has a unique solution. Such a solution, which is locally Lipschitz continuous in (¢, z)
on [0, 00) x Q, is called the generalized gradient flow of v ad is denoted by x,,(¢, z). In fact,
x,(t, z) is a semi-flow because uniqueness and regularity are guaranteed just for ¢ > 0.
We now give two properties of the generalized gradient flow of interest to this paper.

Proposition 3.1. Let x € T¢. Then the following properties hold true.
(a) x,(-,x) has the right derivative X/ (t, z) for all t € [0, 00) and

(3.2) X! (t,z) = po(xu(t,z)),
where
(3.3) po(y) = argmin [p|  (y € TY).
pEDFu(y)

() The right derivative of u(x, (-, z)) exists for all t € [0, 0o) and is given by

(3.4) %u(xu(t,x)) = ‘po(xu(t,x))‘z.

Proof. For point (a) we refer the reader to [4, Theorem 1], where the conclusion is ob-
tained for solutions of eikonal type equations on bounded domains. Since the argu-
ment needed to derive (3.2) is of local nature and just uses the differential inclusion in
(3.1), the same proof applies to the present case.

In order to prove (b) observe that, since u is Lipschitz, for all ¢ > 0 we have that

Eu(xu(t, r)) = IA%I .
— lim u(xy(t,z) + A% (8, 7)) — u(xu(t, x))
A0 by .

Then, recalling that u is semiconcave on (2, by the representation formula for the direc-
tional derivatives of a semiconcave function (see, e.g., [17]) we deduce that

u(x(t ) + A% (7)) —u(xa(t @) . ot
lim : = oo (. % (t,2))

. B 2
= pain o (ppo(xu(t2)) = [po(xu(t,2))

)

where the last two equalities follow from (3.2) and (3.3), respectively. O

Remark 3.2. The following properties of p, : T? — R? are easily deduced.

(@) ¥ — argmin,cp+, ) [p| = po(r) is single-valued: indeed, py(r) is the projection of 0
onto the non-empty convex compact set D" u(z).

(b) The function x — |py(x)| is lower semi-continuous and, in particular, Lebesgue
measurable: this is a consequence of the upper semi-continuity of the set-valued
map x = D7 u(z) (see, for instance, [17, Proposition 3.3.4]).

(¢) The critical set of u is closed: this follows from (b) above.

Corollary 3.3. Let x € T¢. Then:
(i) the function t — u(x,(-,z)) is nondecreasing on [0, o),
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(ii) there exists a sequence of positive real numbers t;, — oo such that
po(xu(tk,x)) —0 as k— oo.

Proof. Point (7) is a direct consequence of (3.4). As for (i), by integrating (3.4) we obtain

| Ittt < 2l

The conclusion follows. OJ

3.2. Occupational measures. Let us denote by P(T¢) the family of all probability mea-
sures on T?. We recall that a sequence {p }ren C P(T?) weakly converges to a measure

€ P(TY) (or, g — ) if
lim [ f)du(e) = [ f@)dutx) vf e O

k—oo Td

Let u : T — R be a semiconcave function and let x, be the semi-flow associated
with (3.1). We recall that a measure u € P(T?) is invariant under x,, (ot, X,~invariant) if

/ f(xu(t, x))d / f(z)du(z Yt >0, Vf € C(TY).
Td
We now give a necessary and sufficient condition for invariance under x,,.

Proposition 3.4. A measure y € P(T?) is invariant under x,,(t, -) if and only if
(3.5) spt(u) C Crit(u).
Proof. Let pn € P(T?) satisfy (3.5). Then, for any f € C(T?) and ¢t > 0 we have that

/Tdf(xu(t,x)) dp() :/c-t( )f(Xu(t,x)) dp(z)

Now, observe that x,,(t,z) = z for any « € Crit(u) by uniqueness. So,

/w f(xu(t, @) dp(z) = /Cm(u) f(z) du(z) = /w Fl@)dp(z)

Thus, p is x,-invariant.
Conversely, let 1 € P(T?) be invariant under x,. Then, (3.4) ensures that

0= % Tdu(xu(t,ac)) dp(x) / ‘po(xu(t x )’ du(xz) (t>0ae.)

Thus, for a.e. ¢t > 0 we have that py(x,(¢,-)) = 0 on the support of . In fact, owing
to Remark 3.2, we have that py(x,(¢,-)) vanishes on the support of 4 for all ¢ > 0. In
particular, py(x) = 0 on the support of p and spt(p) C Crit(u). O

For any z € T¢ and any 7' > 0 the measure p! € P(T¢), defined by

[t ale) =7 [ seatea)ae v o),

is called the individual occupational measure of x,,(-, ) on [0, T'.
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Definition 3.5. We say that a measure yi € P(T?) ia an occupational measure of x,, if there
exists a sequence {1}, }ren, with Tj, 1 oo, such that

(3.6) gk = (k= o0).
We denote by W, (x) the family of all occupational measures of x,,.
By repeating the proof of the Krylov-Bogoliubov theorem, we obtain the following.

Proposition 3.6. Let u be a semiconcave function on T¢. Then W, (x) # 0 for any x € T
Moreover, any p € W, (x) is invariant under x,,.

Proof. Let x € T? and take any sequence {7} }xen, with Ty 1 co. Then Prokhorov’s
theorem ensures the existence of a subsequence {7}, };cn and a measure € P(T?)
such that

Ty
(3.7) ,uxk’ —pu as j— oo.

Next, in order to prove that y is invariant under x,, fix any f € C(T¢) and observe
that, for any ¢ > 0,

(3.8) /Td [f (xult,y)) — f(y)]duly) = / £ (%u(t,9)) (dpa(y) — dpa” ()

n /T el )~ S d / F ) (s () — du(v)
Now, in view of (3.7) we have that both
| Acut) (@) = s @)and [ (@ 0) = dute)

converge to zero as j — co. Moreover, the semigroup property of the flow yields

Ty,
[ Gt = s@ldi ) = - [ [0t +-5.) = £ xls,)]ds
Td k;j JO
1 Ty, +t 1 T,
= T_kj t f(xu(s,z))ds — T_kj i f(xu(s,z))ds
1 T+t 1 t
= T_kj f(xu(s,z))ds — T_k]/o f(xu(s, z))ds.
Therefore,
‘/ [f(xult,9)) — F(0)] dpta” (y)‘ < % —0 as j— oo
Td k;

In view of (3.8), this shows that y is invariant under x,,. O

In general, W, (z) may well consist of more than one element, but the integral of u
with respect to all occupational measures of x,(-, z) is the same.
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Proposition 3.7. Let u be a semiconcave function on T Then for any x € T? and any

w, v € W, (z) we have that
/w u(y)dp(y) = /Td u(y)dv(y).

Proof. Let pul* — prand p2x — v. In view of Corollary 3.3 (a) we have that for all ¢t > 0

d%(% /Otu(xu(s,x)) ds) = %(u(xu(t,x)) - %/Otu(xu(s,x)) d8> 2 0.

This yields the existence of the limit
1
/ u(y)du(y) = thm n u(xy(s,x)) ds = / u(y)dv(y)
Td —00 0 Td

which in turn gives the conclusion. O
Now, we show that W, remains constant along the generalised gradient flow.

Theorem 3.8. Let u be a semiconcave function on T?. Then for any x € T we have that
(3.9) Wa(z) = Wy (x4(t, ) V>0

Proof. Fix t > 0. Let u € W, () and let T}, 1 oo be such that pls — yas k — oo. For all k
large enough, so that 7}, > ¢, let us set Sy, = T}, — t. Then, by the semigroup property of
the flow we have that, for all f € C(T¢),

f( ) dp m(y):Sik/o kf(xu(s—i-t,x)) ds
- Sik/t kf(xu(s,x)) ds

— Tkl— - /OTk f(xu(s,z)) ds — Sik/otf(xu(sax)) ds

1 t
Te(y) — = ) d ) dp(
=l y) Sk/Of(xusx s—>/f uly

Therefore, ;1 € W, (x,(t,2)) and so W,(z) C W, (x,(t,z)). Since the reverse inclusion
can be proved by a similar argument, the proof is complete. O

Next, we will use occupational measures to prove that the critical set of u is an at-
tractor for the generalised gradient flow with probability one. A finer analysis of the
asymptotic behaviour of x,, valid only for solutions of equation (4.2), will be presented
in Section 4.

Theorem 3.9. Let u be a semiconcave function on T and let x € T?. Then for any & > 0

(3.10) lim L’l({t € [0,7] : derig(w) (xu(t,x)) > 5}) =0.

T—o0 T’

Proof. Let us argue by contradiction assuming that there exist numbers ¢, > 0 and a
sequence T}, 1T oo such that

Ti,cl({t €0, T : dovie) (xu(t,z)) =€}) 20 VkeN.
k



10 PIERMARCO CANNARSA, WEI CHENG, AND CRISTIAN MENDICO

Without loss of generality we can suppose that pu’k — pas k — oo for some p € W, (x).
Therefore, for all £ € N we have that

I
(3 11) / dCrlt d:u ( ) TT / dCrit(u) (Xu (t, :L‘)) dt
k Jo

€
= Tkﬁl({t € [O,Tk] : dCrit( ( t x ) 6})
On the other hand, since ; has support in the closed set Crit(u) by Proposition 3.4,
S doi (v) dig* (y) = / deris(u) (y) dp(y) = 0,
—00 Jmd Td

in contrast with (3.11). The conclusion follows. O
Finally, we investigate the interesting case when an occupational measure turns out

to be a Dirac measure.

Theorem 3.10. Let u be a semiconcave function on T¢. Let x, 7 € T¢ and let {T} }ren be a real

sequence, with Ty, T oo. The following properties are equivalent:

(a) pls — 6z as k — oo,
(b) forany e >0

(3.12) lim —.cl({t €0,T;] : |xu(t,z) —T| =e}) =0.

k:—>oo k
Proof. For any € > 0 and any 7" > 0 let us set
F(T)={t€[0,T) : |x,(t,z) —Z| 2 e} and G.(T)=[0,T]\ F.(T).

(a) = (b) |Fix any € > 0. Then we have that

1 [T € £
— X, (t,x) —T|dt > F.(T})).
7. ), et @) = wldt > 7 (F=(Th))
Since the left-hand side converges to [, |y — T|ddz(y) = 0 as k — oo, (3.12) follows.

(b) = (a)|Let f € C(T?). Then for any £ > 0

H [ (it - s@)a]

< Tik k |f(xu(t,2)) — f(2)| <XFE(Tk)(t) + Xcg@k)(t))dt
S 2”;1'()0'51 (F(Th)) +wy(e),

where wy(¢) = sup|,_, <. | f(y) — f(2)|- Therefore, owing to (3.12),

/OTk (£l ) - f(f))dt( < wyle).

Since ¢ is arbitrary and wy(e) — 0 as € — 0, the conclusion follows. O

lim sup —
k—00 k
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We now characterize the case when W, (s) is atomic, that is W, (z) = {dz} for some

x.

Corollary 3.11. Let z, T € T The following properties are equivalent:

(a) Wy (z) = {0z},
(b) pl — 0z as T — o,
(c) forany e > 0

lim El({t € 0,T] : |xu(t,z) —Z| 2€}) =0.

T—oo T

Proof. The equivalence between (a) and (b) follows from the definition of W,(z). The
equivalence between (b) and (c) is a consequence of Theorem 3.10. O

Remark 3.12. Notice that property (c) above can be expressed saying that 7 is the ap-
proximate limit of x,,(t, ) as t — oo.

Theorem 3.9 suggests that a point 7 € T satisfying any of the properties in Corol-
lary 3.11 should be critical for u. This is the object of our next result.

Theorem 3.13. Let u be a semiconcave function on T¢ and let x,7 € T If W,(z) = {0z},
then T € Crit(u).

Proof. Fix any € > 0. Since W, (x) = {0z}, Corollary 3.11 ensures that
1 _
(3.13) }ggzch())_gl where G.(t) = {s€[0,t] : |x,(s,2) —T| <e}

Consequently, there exists t. > 1/ ¢ such that ]Xu(tg, x) —T| < e. Infact, t. € G.(t) for
all ¢ > t.. Moreover, by (3.4), the semigroup property of the flow, and Fubini’s theorem
for any 7' > 0 we have that

_/ u(xy(t, xu(te, 2))) — u(xu(ts,x))>dt = %/OT dt /Ot |p0(xu(s—|—t5,x))‘2ds

= %/0 (T—s)‘po(xu(s—i—te,x))fds.

Since W,() = Wa(xu(t.,z)) by Theorem 3.8, our hypothesis forces 1, , ., — dz as
T — 00. So,

lim %/0 (T — 5)|po(xu(s + ts,x))|2ds = u(T) — u(xy(te, 2)) < wu(e).

T—oo

Therefore, there exists 7. > 0 such that, forall 7" > T,

%/OT(T — 5) |po(xu(s + t, x))|2ds Swyle) +e.
Now, Lemma A.1 below applied to f(s) := |po(xu(s + tc, x))|? yields
(3.14) ﬂ@ﬂw>g—1mmuT>L

where
K(T)={s€[0,T] : |po(xu(s+t.,2))|* <wy(e) +¢}.
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Next, we claim that there exists S. > max{t., 7.} such that
(3.15) KA(T)N (G-(T) —t.) #0 forall T > 5.

where weset G.(T) —t. = {s —t. : s € G(T)}.
Indeed, since
LY((GAT) —t.)Nn[0,T]) > LYG-(T)) — t,
we have that K.(T) and (G.(T) —t.) N [0, T] are subsets of [0, '] satisfying

LYEA(T)) + £ ((G(T) —t.)n[0,T]) > g + LYG(T)) — (1+t.) VT >T..

Hence, our claim follows noting that, in view of (3.13), the right-hand side of the above
inequality can be made strictly larger than 7" for 7" large enough.

Finally, appealing to (3.15) with ¢ = 1/k, one can construct a sequence
Ty = sy +tiy, —00 as k— o0
with
Xy(Ty,z) > 7T and  po(xy(Ty,z)) -0 as k — oo.
It follows that 7 € Crit(u). O
From the above result we can easily derive a characterisation of the critical set.

Corollary 3.14. Let u be a semiconcave function on T¢ and let x € T?. Then
(a) x € Crit(u) if and only if W, (z) = {J. }.

Moreover, for any t > 0,
(b) x,(t,x) € Crit(u) if and only if W, (x) = {0x.@t0) }-

Proof. (a): the fact that W, (x) = {d,} for all x € Crit(u) is obvious since x,(t,z) = x in
this case. The converse is an immediate consequence of Theorem 3.13.
(b): the conclusion follows by combining (a) and Theorem 3.8. O

4. GRADIENT FLOWS OF SOLUTIONS TO HAMILTON-JACOBI EQUATIONS

Given a function V' € C?(T?), consider the Lagrangean
L(z,v) = %W V(@) (zeTveRd)
with the associated Hamiltonian
H(z,v) = %]p\Q +V(z) (xeT%peRY.

We recall that «[0] denotes the critical constant of H.
The following lemma is well known. We give the proof for the reader’s convenience.

Lemma 4.1. The critical constant is given by
4.1) a[0] = max V(x).

x€Td

Moreover, for any semiconcave solution u : T — R of

4.2) %\Du(x)]z V(@) =al0] (xeTY.
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we have that
4.3) argmax V' (z) = Crit™(u)

zc€Td

where Crit*(u) = Crit(u)\ Sing(u) denotes the regular critical set of .

Proof. Let u : TY — R be a semiconcave solution of (4.2). For any z € T¢ and any
p € DMu(z) we have that

1
SIbl? + V() < alo],
which implies that maxp V' < «[0]. Let now 7 € T¢ be a minimum point of u. Then
0 € D~u(T), so that V(T) > a[0] in view of Definition 2.1. Identity (4.1) follows?.
Next, let 7 € T? be a maximum point of V. Then, by (4.1) we have that
1
sl <al0] = V(@) =0, VpeDru@).
Hence, D™ u(Z) = {0}. So, u is differentiable at 7 and Du(Z) = 0. Thus,
argmax V' (z) C Crit*(u).

zeTd
Conversely, if 7 € Crit*(u), then
1
al0] = §|Du(f)|2 +V(z)=V(z).
So, 7 is a maximum point of V. O

Remark 4.2. In the terminilogy of weak KAM theory, the set in (4.3) is called the pro-
jected Aubry set.

For solutions of (4.2) we can develop a more detailed analysis of the long time be-
haviour of the associated generalized gradient flow x, than the one given by Theo-
rem 3.9. In particular we establish conditions for x, to approach either the regular
critical set or the singular set of w.

We begin by quoting a result by Albano [1] which ensures that Sing(u) is x,-invariant.

Theorem 4.3. Let u : T% — R be a semiconcave solution of (4.2) and let x,(ty, z) € Sing(u)
for some (ty, z) € [0,00) x T Then x,(t,z) € Sing(u) for all t € [to, c0).

We now recall the definition of critical time for the generalised gradient flow of a
semiconcave function u : T¢ — R.

Definition 4.4. For any z € T? we define the critical time of x as
7(z) =inf {t > 0 : x,(t,z) € Crit(u)}.

Observe that 7(z) € [0, 00]. The following proposition establishes a dichotomy that
applies to all the points with a finite critical time.

Proposition 4.5. Let u : T? — R be a semiconcave solution of (4.2) and let x € T¢ be such
that T(x) < oo. Then the following holds true:

2Moreover, we have that argmings v C argmaxqa V.
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(a) x,(7(z),z) € Crit(u),

(b) V (x,(7(2),2)) = a[0] if and only if x,(7(z), z) € Crit*(u),

(c) V(xu(7(z),2)) < al0] if and only if x, (7 (), z) € Sing(u).

Proof. Point (a) follows from the fact that Crit(u) is closed. Point (b) is a direct conse-

quence of (4.3). In order to prove (c), observe that, in view of (a) and (b),
V(xu(T(2),2)) < 0] <= xu(7r(z),z) € Crit(u) \ Crit *(u). O

Remark 4.6. Notice that, if V (x,(7(z),z)) = a[0], then u is differentiable at x,(t, z)

for all ¢t > 0. Indeed, x,(t,z) = x,(7(x),z) € Crit*(u) for all t > 7(z) by (b) above.

Moreover, there can be no time ¢, € [0, 7(x)) such that x, (¢, x) € Sing(u), for otherwise

the semi-flow would stay in the singular set for all ¢ > ¢, by global propagation of
singularities (Theorem 4.3).

We now proceed to study the set of points with an infinite critical time. The first
problem to face is to give a meaning to conditions

V(xu(7(z),2)) = al0] or V(x.(r(z),z)) < 0]

when 7(z) = oo. Since W,,(x) = {0x, (r(2),2)} When 7(z) < oo and

[V 0eif) =V (ea(r(a). ).

we guess that occupational measures may be useful for this purpose. Let us set
(4.4) M(V) = argmax V().

z€Td

Theorem 4.7. Let u : T¢ — R be a semiconcave solution of (4.2) and let x € T be such that
7(x) = oo. The following properties are equivalent:

(a) for any € W, (x) we have that

5 [ Vadntn = alol
(b) for any € > 0 we have that

(4.6) Jim %Ll({t € [0,7] : dyv)(xult,z)) > g}) =0.

Proof. Assume (a) and suppose (b) fails for some ¢ > 0. Then, for some § > 0 and some
sequence T}, T oo, we have that

1
(4.7) Tﬁl({t € 10,74 + dup) (xu(t,z)) > g}) >4,
k
We can also assume that pZk — € W, (x) as k — oo without loss of generality. Set

m(e) = inf {a[0] = V(y) : y € T, du)(y) > ¢}
and observe that 0 < m(e) < 2||V||w. Since for any k& € N

m(Ee)L ({t € (0.7 + du (xultx) 2 }) < / *(alo] = Vet )t
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we conclude that

7 ({07 5 o (alte) > ) < s [ al) =Vt )

Now,

lim i/O " (af0] = V (xu(t,2)) ) dt = /T (a]0] = V(y))du(y) = 0

T—o00 Tk

in view of (4.5). This contradicts (4.7) showing that (b) holds true.

Conversely, assume (b). Let u € W,(z) and let T}, T oo be such that p’* — 4 as
k — oo. Fix any € > 0. Then

1 [T
0< 7 ), (a[0] = V (xu(t, 2)))dt
Vi
<, max(alo] = V(y) + %c (€ 0.1 ¢ duo(xult.2)) = <}).

Therefore, taking the limit as £ — oo and recalling (4.6) we obtain
0< [ (ald) = V()du(y) <, max_(al0] - V().
Td darvy(y)<e
where the right-hand side of the above inequality tends to zero as ¢ — 0. Since ¢ is
arbitrary the conclusion follows. 0
Remark 4.8.

(1) Owing to Corollary 3.3 (a), we have that x,,(-, z) cannot approach argming. v unless
x is itself a minimum point of u. Therefore, if
r € T\ argminu and Crit*(u) = argmin u,
Td Td
then there exists no occupational measure of x,, satisfying (4.5).
(2) Another way to formulate (4.6) is to say that for any € > 0 the probability for x, (¢, x)
to be e-close to the regular critical set of u, with ¢ picked at random in [0, 7], tends
tolasT — oo.

Theorem 4.9. Let u : T¢ — R be a semiconcave solution of (4.2) and set

(V) :=maxV —minV.
Td Td

Let x € T? be such that T(x) = oco. Then, the following properties are equivalent:
(a) there exists i € W, (x) such that

@8 [ Vduty) < alol
T
(b) we have that 5(V') > 0 and there exists a constant n > 0 such that

(4.9) limsup %ﬁl ({t €0,7] : %!po(xu(t,x)) }2 + V(Xu(t,x)) +n < a[O]}) S .

T—00 /5( )7
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(c) there exists a constant 6 > 0 such that

(4.10) lim sup %51(& € 0,T] : davy(xu(t, z)) > 5}) >0

where M (V) is deﬁ:zoed in (4.4).
Proof. (a) = (b): define
@11) 1= [, (@)= Vi)duty)

and observe that 0 < n < §(V')/3. Hence, 6(V) > 0. Let T}, 1 oo be such that pfx — 1 as
k — oc. Since u is bounded and pl+ — y, for k large enough, say k > kg, we have that

(4.12) %k/o ) <%|pg(xu(t,x))‘2 + V(xu(t,z)) — a[()])dt

_ “(Xu(Tka;T)Z —ul(@) | 1%/0 C(V(xult, 7)) — af0])dt < 21
This yields
li]?iiogf%k i k <%}p0<xu(t,x)) ‘2 + V (xu(t, x)) — a[O])dt < —2n.

So, from (4.12) and Lemma A.2 below applied to the function

1
1) = alol = glpo(xu(t ) =V xu(t.2) (2 €[0.7])
with 0 = §(V), p = 2n, and A = 5, it follows that

Tikﬁl({t 0.7 ¢ glpolxult ) + Vet 2) +n < al0]}) > TGET

for all £ > ky. The conclusion (4.9) follows.
(b) = (c): let T}, 1T oo be such that

@13) Jim 20 ({t € 0.1+ Gl +Vealto) +n < alil}) > 5

In order to prove (4.10) observe that, since a[0] = maxys V, by the uniform continuity
of V' we deduce that, for some 6 = §(n) > 0,

{zeT?: V(x)+n<al0]} C{zeT?: dyp(z) > 5}
So, for all £ € N we obtain the lower bound

Tik,cl({t € 10,74 + du) (xult, ) = 6})
> Tikﬁl({t € 0.7+ V(x,(t.x)) + 9 < al0]})

> 22 ({te 0B ¢ glmxu(t.)f + Vix(to) + 7 < al0]})

which in turn yields the conclusion in view of (4.13).
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(¢) = (a): let us argue by contradiction assuming that (4.5) holds for all ;1 € W, ().
Then, (4.6) must also hold by Theorem 4.7, in contrast with (4.10). O

The existence of a measure 11 € W, (x) satisfying the strict inequality (4.8) has the
following consequence on propagation of singularities.

Corollary 4.10. Let z € T If (4.8) holds for some measure i € W, (x), then
(4.14) Jdtg € [0,00) such that x,(t,x) € Sing(u) ¥Vt > to.

Proof. Suppose, first, 7(x) < oo. Then x,(7(z), z) € Crit(u) and Wy (x) = {0x, (r()2) } PY
Proposition 4.5 and Corollary 3.14. Therefore, (4.8) reduces to V (x,(7(z),z)) < a[0].
So, again by Proposition 4.5, x,(7(x),z) € Sing(u). Thus, x,(t,z) € Sing(u) for all
t > 7(z) owing to Theorem 4.3. This yields (4.14) for t, = 7(z).

Now, assume 7(z) = oo and let 7 > 0 be as in point (b) of Theorem 4.9. Then, (4.13)
holds for some sequence 7}, 1 co. Owing to (2.4),

{t € [0, Ty : %|po(xu(t,x)) ‘2 + V(xu(t,2)) + 1 < oz[O]} C Sing(u).
Therefore,

Tiklll({t € [0,T] : x,(t,z) € Sing(u)}) > %

for all k£ € N. Thus, (4.10)-(¢) follows by taking any
to € {t €[0,Tp] : x,(t,z) € Sing(u) }
and applying Theorem 4.3. O

Remark 4.11. For any x € T? Proposition 4.5, Theorem 4.7, and Corollary 4.10 provide
the following synthetic view of the asymptotic behaviour of x, (¢, z):

e either equality (4.5) holds for all measures ;1 € W, (z), and the generalised gra-
dient flow approaches (in a suitable sense) the regular critical set of v,

e or the strict inequality (4.8) holds some ;1 € W,(z), and the flow enters the
singular set of v in finite time.

We conclude this paper with two examples in dimension one. We begin by showing
that property (a) of Corollary 3.11 is always true in this case.

Proposition 4.12. Let u be a semiconcave function on T'. Then for any x € T' there exists a
unique T € Crit(u) such that W, (z) = {z}

Proof. Let z € T'. Then, in view of (3.4), the function ¢ — u(x,(¢, z)) is strictly increas-
ing on the interval [0, 7(z)). Therefore, the function ¢ — x,,(¢, x) is strictly monotone on
[0, 7(z)) and so

Wy(z) = {6s} where T— {min {y € Crit(u) : y :v} if t — x,(t,z) increasing

2
max {y € Crit(u) : y <z} ift+ x,(t,z) decreasing

owing to Theorem 3.9. O]
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Example 4.13. This example illustrates the interaction among limiting occupational
measures, critical points, and singularities. Let d = 1 and take

V(z) = cos(2mz) (x eTh).
Then a[0] = 1 and the Hamilton-Jacobi equation (4.2) reads as follows
(4.15) %\u’(x)\Q teos2mz) =1 (zeTY).

Observe that the periodic extension (with period 1) of the function
/ \/2(1 —cos(2my))dy 0<z <3
_ ) Jo
= 1
/ \/2(1 —cos(2my))dy 1<z <1

is a semiconcave solution to (4.15). For such a solution we have that

Crit*(u) =7, Sing(u) = {%} +7Z, Crit(u) = {O, %} + Z.

u(x)

Therefore,
Wy(k) = {0,} Vk€Z.
Moreover, one can compute the limiting occupational measure and critical time at all
other points of T* thanks to Remark 4.8 (1). We have that
1 1
Walz) = {5%%} and 7(0)=|5—(@—[a])| vVeeT\Z
where [z] = max{k € Z : k < x}.
Example 4.14. We now give another example where 7(z) = oo for some z. Let d = 1
and take
V(z) = —sin®(27x) (z € T).

Since a[0] = 0, the critical equation reduces to
1
(4.16) 5]u’(a¢)|2 —sin?(27x) = 0 (z eTh).

Observe that the projected Aubry set has two components, {0} and {1/2}, and (4.16)
admits infinitely many weak KAM solutions. For the smooth solution

u(r) = \2/—7?(1 — cos(27x)) (x €T

the associated gradient system is

{x(t) = V/2sin(2mx(t)),
x(0) = .

Let us consider the solution x(-, z¢) with initial condition z = z, € (0,1/2). Then

[% log | tan(x(s, 900))@t - /0 t o XG) 4o

0 27x(s, x0))
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which yields
_ 27{'t\/§
mx(t, z) = arctan (e tan(7z)).

Thus, lim;_, o x(t, 20) = 1/2, 7(20) = 00, and W, () = {51/2}.

5. EXTENSIONS AND OPEN PROBLEMS

5.1. Extension to eikonal-type equations. All the results of this paper can be extended
with minor changes to the eikonal-type equation

(5.1) %(A(:B)DU(ﬂf% Du(x)) +V(z) = al0]  (z €T,

where V € C?*(T?) and A(x) is a positive definite symmetric n x n matrix, smoothly
depending on = € T In this case, the role of (3.1) is played by the generalised charac-
teristics system

(5.2)

x(0,2) =«

{ x(t,z) € A(xu(t, ) DTu(x(t,z)), t>0ae.

which defines a Lipschitz semi-flow on T¢. Consequently, instead of (3.4), one has that

(53) %U(Xu@, ZE)) = <A(Xu(t7 x))pA (Xu(tv x))apA (Xu(tv I)>> (t = 0)7
where
(5.4) paly) = argmin(A(y)p,p)  (y € TY).

pEDTu(y)

The definition of the sets Crit(u), Sing(u), and Crit*(u) remains unchanged, as well as
that of limiting occupational measures. Since the analogue of Theorem 4.3 is already
available (see [1]), all the results of Section 3 and Section 4 extend to equation (5.1), in
particular Theorem 4.7 and Corollary 4.10.

5.2. Open problem: the time dependent case. A very natural question is to under-
stand how the approach of this paper can be adapted to the time dependent equation

ou

(5.5) o

1
(t,z) + §|Du(t, )+ V(t,x) =0 (t,z) € [0,00) x T¢,
where V : [0, 00) x T is of class C?. Observe that (5.5) cannot be regarded as a special
case of (4.2) for several reasons: the Hamiltonian of (5.5) is not quadratic in the time
derivative, the configuration space [0, 00) x T? is not compact, and the potential V is
not assumed to be periodic in time.
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5.3. Open problem: nonzero cohomology. In homogenisation problems and weak
KAM theory, equation (5.1) often appears as a special case of the family of problems

(5.6) %(A(a:)Du(:c) beDulz)+¢)+ V() =ald  (xeT9,

where ¢ € R". Unfortunately, even the very basic results of this paper—for example,
Proposition 3.1 and Corollary 3.1—seem hard to adapt to the case of ¢ # 0, for which
new ideas will be necessary. Nevertheless, the present theory can serve as a significant
example of what one may expect in the general case.

5.4. Open problem: Riemannian manifolds. Unlike the open problems mentioned
in 5.2 and 5.3, the results of this paper should not be too hard to generalise to an
eikonal-type equation like (5.1) on a compact Riemannian manifold. A crucial point
for this plan would be the extension to manifolds of the result ensuring global prop-
agation of singularities. This seems reasonable since the proof in [1] is of local nature
and should therefore be easy to adapt to a local chart.

APPENDIX A. TWO TECHNICAL LEMMAS

Lemma A.1. Let T,C > 0 be fixed and let f : [0,T] — [0,00) be a Lebesgue measurable
function such that

T

(A.1) l/ (T —s)f(s)ds < C.
T Jo

Then we have that

(A2) L'({s€0,T] : f(s)<C}) == —1.

T
2
Proof. Observe that (A.1) yields

c >-EA<T—@ﬂ$&@wa+X%m@UW

OT(T — s)x{bc}(s)ds = %(7 — /OT(T — S)X{f<0}<8)d8>
72

> T<7—T£1({r€ 0,T] = f(s) gC}))

The conclusion follows. O

T
C
> =
T
C

Lemma A.2. Let T, § > 0 be fixed and let f : [0,T] — [0, §] be a Lebesgue measurable function
such that

A

(A3) o Y
T Jo

for some p € (0,0). Then for any \ € (0, p) we have that

%51({75 € 0,7 : f(t) = A}) > —=.
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Proof. Fix A € (0, p) and let

e\ =L'({te[0,T] : f(t)=A}) (t €10,7))
Then (A.3) ensures that

1 T
P [ O (9 X (5))ds <

Thus, (0 — N)p(N)/T = p— A O
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