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The use of hydrogen as a fuel is a promising way to reduce the emissions of civil aviation but it requires the 
development of wholly new injectors for the combustion chamber. Thanks to the increase in available computing 
power, the application of optimization techniques combined with CFD computations is now possible to develop 
these injectors. Among the optimization approaches, Bayesian optimization is particularly relevant when the 
objective functions and constraints of the optimization problem are expensive to evaluate which is the case in 
CFD-based optimization. Besides, the use of a multifidelity strategy allows to reduce the simulation cost of the 
Bayesian method. Therefore, this paper investigates the application of a multifidelity and multi-objective Bayesian 
approach to improve the performances of a laboratory swirl injector using hydrogen and operating in conditions 
close to industrial targets. This optimization study combines LES simulations as high-fidelity model with 2D RANS 
simulations as low-fidelity.
1. Introduction

The mitigation of pollutants and green-house gases constitutes an 
essential and imperative challenge for aircraft manufacturers. To reach 
this goal, H2 combustion is a promising solution to replace kerosene as it 
does not emit CO2 during combustion, but thermochemical properties of 
H2 and kerosene are so different that it is mandatory to rethink in depth 
several key elements of the plane, including the combustion chamber’s 
injector. It’s worth noting that this injector, which is dedicated to both 
mix the reactants and stabilize the flame, concentrates most of the design 
issues for the combustion chamber.

Historically, combustion chamber’s injector design improvement 
was based on a trial and error approach made of successive experimental 
tests and numerical simulations without the use of an automated opti-

mization algorithm. This approach was successful for legacy kerosene 
injectors and has already been applied as well for hydrogen injectors 
with, for example, the Micromix concept developed by the Aachen Uni-

versity of Applied Sciences [1] or the lean direct injection concept (LDI) 
proposed by NASA [2]. Nevertheless, this approach is fundamentally 
limited because it is both costly and tedious to explore all the given 
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parameter space by hand. What is more, it is sometimes difficult to en-

visage some configurations that are far from what is usually known, 
but which could nonetheless turn out to be highly effective. However, 
with the advances in computing science, Computational Fluid Dynamics 
(CFD) simulations can be considered massively in the combustor design 
process. Moreover, new optimization techniques have the potential to 
improve the exploration of the design space and to lead to injectors with 
better performances, more stable combustion and lower emissions.

CFD-based optimization is already quite common in aerodynamics 
[3] with the use of gradient-based, gradient-free or surrogate-based 
methods (Bayesian optimization is a sub-family of these surrogate-based 
approaches). It is now an essential tool for aircraft, car or wind tur-

bine aerodynamics designs but it is not yet the case for combustion 
devices. Indeed, the literature is scarce for reactive flows because com-

bustion simulations are generally more challenging and expensive than 
aerodynamic ones, as more physical phenomena need to be taken into 
account. However, the surrogate-based approach seems really promis-

ing for optimization of combustion systems ([4–6] for example) as it 
is a good trade-off between the cost of the method and the theorical 
ability to find a global optimum. Globally, this approach is more suited 
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than gradient-based or genetic algorithms when the evaluation of the 
objective function is based on numerical simulation. Among surrogate-

based optimization algorithms, Bayesian optimization (BO) [7] appears 
as a good alternative possible for CFD-based optimization with complex 
cases ([4,8,9]).

Regardless of the optimization method, one of the key aspects for op-

timization studies is the choice of the CFD simulation’s level of fidelity. 
The chosen one should ideally reproduce the main trends of quantities 
of interest during the optimization process, while preserving a compu-

tational cost compatible with the current available computing power. In 
the CFD context, turbulence modeling has a huge influence on both solu-

tion quality and CPU cost. On the one hand, Reynolds-Averaged Navier-

Stokes (RANS) approaches are widely used to compute industrial scale 
configurations and often lead to fairly good results for aerodynamic 
problems [10]. On the other hand, large scale scalar mixing between ar-

eas of the flow made of different compositions or temperatures is a weak 
point of RANS methods. For combustion problems, the use of RANS ap-

proaches often needs a fine tuning of model’s constants which makes 
these methods poorly predictive. Despite this significant drawback, af-

fordability of RANS methods makes them attractive and almost all op-

timization procedures are based on these approaches ([11,12,8,13,5]). 
Due to the RANS lack of accuracy, the most recent and state-of-the-

art combustion chamber’s simulations are carried out with Large-Eddy 
Simulations (LES), an approach allowing to capture the most energetic 
scales of the flow and its unsteady features ([14–17] for example, among 
numerous works). However, LES methods are far more expensive than 
RANS ones (several orders of magnitude) which makes their use unsuit-

able for optimization procedures for aircraft combustors design and have 
never been employed yet for this purpose to the authors’ knowledge. 
A multifidelity RANS-LES optimization would therefore take advantage 
of the predictive capability of LES while preserving an acceptable com-

putational cost thanks to considerably cheaper RANS simulations.

Moreover, it is important to emphasize that the combustion cham-

ber’s injector optimization must always integrate several objectives and 
constraints to fulfill its specifications. In particular, it is necessary to 
satisfy safety constraints like prohibiting flashback. Another important 
objective consists in reducing the pollutant emissions such as nitric ox-

ides (NOx) to respect the more and more stringent environmental norms. 
These two objectives can lead to different, even opposing, design choices 
like diffusion flames to prevent flashback or lean premixed flames to 
minimize NOx emissions. With the use of hydrogen, this trade-off prob-

lem is further amplified by the fact that hydrogen flames are both faster 
(promoting flashback) and potentially hotter (promoting NOx emis-

sions) than kerosene ones. As a consequence, it is mandatory to take 
into account several objectives and constraints which may be compet-

ing in the design process to find the best trade-off possible.

In the literature of aeronautical combustion chambers optimization, 
LES have never considered yet to the authors’ knowledge. Moreover, the 
multifidelity and multi-objective approaches have never been applied 
together for such a task.

Therefore, the final objective of this work is to present, apply and as-

sess a multifidelity and multi-objective Bayesian optimization method 
for a realistic H2-powered aircraft combustor injector. To achieve this, 
the MFMO-SEGO algorithm developed by Charayron et al. [18] was used 
with both high accuracy LES and affordable RANS approaches that were 
combined together in a multifidelity strategy [19] for the Bayesian op-

timization, with the aim of achieving a new concept leading to stable 
combustion (no flashback) and low NOx emissions

This paper begins with a review of the literature of optimization 
of combustors in Section 2 before a brief description of the test injec-

tor, the chosen operating point and the numerical settings used by the 
automated workflow for numerical simulations in Section 3. Then, an 
overview of the principle of the Bayesian optimization methods used 
for this study, is provided in Section 4. The results of the multifidelity 
2

and multi-objective study using LES simulations are given in Section 5. 
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Finally, general conclusions and future prospects are presented in Sec-

tion 6.

2. A review of previous combustion chambers optimization 
studies

In the literature, several multi-objective studies have already been 
performed for combustion systems but in terms of CFD simulation, only 
RANS or laminar approaches were used. For example, Torkzadeh et al. 
[11] or Asgari et al. [12] used 2D axisymmetric RANS computations of a 
combustor to build a surrogate model based on Support Vector Machine 
techniques and to perform a multi-objective optimization study directly 
on the surrogate. In [11], four different objectives are considered: the 
combustion efficiency, the pattern factor, the pollutant emissions (NO

and CO) and entropy generation. In [12], the study is non-reactive and 
aims to evaluate the effects of fuel injection position in the combustor. 
To do so, the objectives are: the evaporation efficiency, the homogene-

ity index (a metric measuring the homogeneity of the fuel vapor profile 
at the chamber outlet), the average value of the fuel vapor mass fraction 
at the outlet and entropy generation. The cost of 3D RANS simulations is 
higher than 2D ones but still affordable for an optimization study. This 
level of fidelity was used for example by Duchaine et al. [4] to optimize 
the combustor efficiency and the exit temperature profile. They chose 
a Kriging-based metamodel combined with a lower confidence bound 
type criteria. It was also considered by Jeong et al. [20] to optimize a 
diesel engine whose parametrization is made of 10 design variables. The 
optimization algorithm called EGOMOP (Efficient Global Optimization 
for Multi-Objective Problem) is a Bayesian method allowing to solve 
in this case 4 objectives linked to pollutant emissions and thermal effi-

ciency. More generally, a surrogate based approach was used by Thomas 
et al. [5] to optimize a small-scale combustor. Kriging is chosen to build 
a metamodel which is directly used by a Multi-Objective Genetic Al-

gorithm (MOGA). The variance of Kriging is not directly integrated in 
an infill criterion but it is used to check if the solution of the optimiza-

tion problem is trustworthy or if 3D RANS simulations must be added to 
the design of experiment. For this study, 15 design variables were cho-

sen and the goal was to optimize the total pressure losses, the pattern 
factor and the combustion efficiency. The approach of Laraia [6] for a 
Lean Premixed Prevaporized (LPP) injection system is quite similar but 
an artificial neural network is built instead of Kriging to minimize the 
pollutant emissions (NOx and CO).

As previously mentioned, when the simulations become too expen-

sive, multifidelity modeling [19] may reduce the overall cost of the 
optimization study. This approach was put into practice for combus-

tors for the first time by Wankhede et al. [8] who combined RANS and 
URANS 2D simulations with several mesh sizes and time steps to opti-

mize the shape of a backward facing step using a Kriging-based surrogate 
in a Bayesian framework. More recently, Zhang et al. [9] have proposed 
a multifidelity study of a fuel injector feed arm with non-reactive RANS 
simulations. They show that multifidelity performs better than monofi-

delity to optimize the pressure losses of their test case. Toal et al. [13]

developed a multifidelity approach for a complex geometry really close 
to industrial combustors. In their work, they built a Co-Kriging surrogate 
and employed directly the predictor of the surrogate for a surrogate-

based optimization study. Table 1 sums up the presented studies.

3. The MICADO test case

In this section, the injector that we want to optimize is described 
along with the operating conditions. We explain the different hypothesis 
made to simplify the injector and the numerical settings used in the 
computational workflow are presented.

3.1. The baseline injector and the operating point

The configuration considered for this study is an axial swirl injector 

on the MICADO test bench [22] (see Fig. 1). This experimental rig allows 
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Table 1

Some studies on combustion chamber optimization.

Authors Algorithm Multi-objective Multifidelity Constraints CFD approach

Duchaine and al. [4] BO ✓ ✗ ✗ RANS

Toal and al. [13] SBO ✗ ✓ ✓ RANS

Zhang and al. [9]-1 BO ✓ ✗ ✓ RANS

Zhang and al. [9]-2 BO ✗ ✓ ✗ RANS

Janiga and al. [21]-1 Simplex ✗ ✗ ✗ Laminar

Janiga and al. [21]-2 GA ✗ ✗ ✗ Laminar

Jeong and al. [20] BO ✓ ✗ ✗ RANS

Asgari and al. [12] SBO ✓ ✗ ✗ RANS

Torkzadeh and al. [11] SBO ✓ ✗ ✗ RANS

Thomas and al. [5] SBO ✓ ✗ ✓ RANS

Wankhede and al. [8] BO ✗ ✓ ✗ (U)RANS

Laraia and al. [6] SBO ✓ ✗ ✓ RANS

This paper BO ✓ ✓ ✓ LES & RANS
Fig. 1. Baseline version of the H2-air injector.

the study of combustion with representative conditions of aeronautical 
combustion chambers (maximum 30 bars and 900 K for the incoming 
fresh gases). The MICADO test rig was originally designed to be fueled

with methane but will be adapted to burn hydrogen as well. The present 
injector is fitted with 8 axial vanes through which the air is injected. 
Between each vane, there is a small hole (not represented in Fig. 1) 
allowing to inject the fuel. The vanes allow to impose a swirling motion 
to the flow whose intensity is described by the swirl number 𝑆 . It is 
defined as the ratio of the axial flux of tangential momentum over the 
characteristic radius times the axial momentum flux:

𝑆 =
∫ 𝑅𝑜

𝑅𝑖
𝑈𝑥𝑈𝜃𝑟

2𝑑𝑟

∫ 𝑅𝑜

𝑅𝑖
𝑅𝑜𝑈

2
𝑥
𝑟𝑑𝑟

. (1)

Under the assumption that the vanes are very thin and that the axial and 
azimuthal velocities are uniform, 𝑆 can be linked to the deviation angle 
𝜙 imposed by the vanes and to the inner (𝑅𝑖) and outer (𝑅𝑜) radius of 
the injector [23]:

𝑆 = 2
3

⎛⎜⎜⎝
1 − ( 𝑅𝑖

𝑅𝑜
)3

1 − ( 𝑅𝑖

𝑅𝑜
)2

⎞⎟⎟⎠ tan(𝜙). (2)

Eq. (2) allows to choose the vanes angle that will be imposed to the 
CAD (Computer Aided Design) model to match the desired swirl number. 
The two radius 𝑅𝑖 and 𝑅𝑜 and the deviation angle 𝜙 (in red) can be seen 
in Fig. 2 (with diameters instead of radius).

The swirl number is a crucial parameter because the swirling motion 
generated by the vanes, creates an Inner Recirculation Zone (IRZ) at the 
exit of the injector which is the main flame stabilization mechanism of 
this injector. An example of a velocity field of a swirled flow is shown in 
Fig. 3. If the swirl number is too low, the IRZ will be not able to stabilize 
efficiently the flame whose length increases. On the other hand, with 
3

a high swirl number, the size of the IRZ will become more important 
Fig. 2. Cut view of the injector. (For interpretation of the colors in the figure(s), 
the reader is referred to the web version of this article.)

Fig. 3. Axial velocity field and streamlines for a configuration of the MICADO 
injector. The black isoline corresponds to a null axial velocity and allows to 
identify the IRZ and the ORZ.

and the flame will be very compact with good stabilization properties. 
However, it should be noted that a too high swirl number can create 
a blocking effect in the chamber because the IRZ will take too much 
space. As a consequence, the swirl number is an important parameter 
which controls the aerodynamics of the flow and the stabilization of the 
flame. For the real injector installed in the test rig (called the baseline in 
the following sections), the vane angle is 50° corresponding to around 
𝑆 = 1.0.

The fuel can be injected also through the tip of the injector to create 
a pilot flame to help the stabilization of the main flame. The importance 
of this pilot flame can be quantified with the pilot ratio 𝑃𝑅 which is the 
ratio between the hydrogen mass flow rate injected by the pilot and the 
global hydrogen mass flow rate. It is a crucial parameter as it controls 
the combustion regime of the flame. Indeed, if 𝑃𝑅 = 0%, all hydrogen is 
injected through the main inlet before the vane and premixed with air. 
The advantage of the premixing regime is that when the equivalence ra-

tio 𝜑 is low (lean conditions), the maximum temperature of the flame 
remains fairly low and the production of NOx in these conditions is lim-

ited. However, in premixing conditions, the risk of flashback, i.e. the 
flame going upstream in the injector, increases (especially with hydro-

gen whose laminar flame speed is very high compared to hydrocarbons). 

On the opposite, with 𝑃𝑅 = 100%, all hydrogen is fed through the pilot 
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Fig. 4. CAD model of the injector.
Table 2

Operating conditions.

𝑃 [bar] 𝑇𝑎𝑖𝑟 [K] 𝑇H2
[K] 𝑚̇𝑎𝑖𝑟 [𝑘𝑔.𝑠−1] 𝜑

12 750 290 0.606 0.3

inlet. In this case, hydrogen and air burn in diffusion regime, i.e. near a 
stœchiometric equivalence ratio. In these conditions, the flame temper-

ature is higher than in premixing regime. The diffusion regime is prone 
to produce more pollutant than the premixing one but the flame does 
not propagate and the risk of flashback is therefore limited. For inter-

mediate values of PR, both regimes co-exist. In the baseline, 𝑃𝑅 equals 
50%. Moreover, in this paper, the fuel entering the chamber through 
the pilot inlet is injected with an angle of 30◦ to create an hollow cone 
of hydrogen. As 𝑆 and 𝑃𝑅 are two important parameters with a great 
impact on the flow, they are chosen as design variables in this paper.

The injector geometry was modeled with the CAD software Freecad,1

allowing a parametric version for optimization purposes. The CAD 
model of the MICADO injector is depicted in Fig. 4. Hydrogen will be 
considered as premixed with air from inlet injection, which is a com-

mon assumption for injector simulations with so small holes (diameter 
smaller than 1 mm).

Moreover, a part of the air flow rate is used to cool the chamber dur-

ing real experiments. To reduce the size of the mesh, the cooling system 
is not modeled geometrically neither but its impact will be taken into 
account on the effective air mass flow rate entering in the injector and 
through the use of a special boundary condition for the most upstream 
wall of the chamber.

For the walls of the chamber, the temperature is imposed to 800 K. 
When hydrogen is injected through the pilot, hydrogen inside the fuel 
injection system (not represented in the CAD model) contributes to cool 
the wall, so the temperature of the wall around the pilot inlet is fixed to 
400 K.

The operating conditions of an injector (temperature, pressure, fuel 
and air mass flow rate,...) change greatly according to the flight phase 
(cruise, take-off, idle,...). The simulations of this study are conducted at 
cruise conditions representative of a small-to-medium range (SMR) air-

craft. The cruise flight phase is selected because it is the longest during 
a flight compared for example to idle or take-off. It is worth noting that 
this work is thus only focused on this operating point, summarized in 
Table 2, because adding several operating conditions increases signifi-

cantly the computational cost and is beyond the scope of this work (even 
if this remains a long-term goal). The presented flow mass rate is repre-

sentative of a sector of the chamber (20 sectors for the whole chamber). 
As explained before, the cooling system of the test rig is not simulated 
but we suppose that 20% of the air mass flow rate is used to cool the 
4

1 https://www .freecadweb .org/.
Fig. 5. Meshes used for the optimization process.

walls of the chamber so only 80% of the air mass flow rate given by 
Table 2 will be imposed at the inlet boundary condition.

Now that the full reference injector was presented, we can describe 
the possible geometrical simplifications

3.2. Reduction of the computational domain

The full injector geometry presented in Section 3.1 allows to get ref-

erence LES solutions. These reference solutions are obtained on a mesh 
of nearly 50 M cells and the CPU time of this LES simulation is not 
compatible with an optimization study. Indeed, the restitution time is 
about 2-3 days to have converged fields with 2400 cores (in this paper, 
for all simulations, the type of processor is Intel Xeon E5-2680 v4 2.4 
GHz). The full geometry is thus difficult to integrate in an optimization 
approach so it is necessary to find some alternatives to reduce the com-

putational burden. We propose here two solutions: a 3D sector and a 2D 
axisymmetric geometry (Fig. 5).

The first alternative to the full geometry is a 45° sector with lateral 
periodic conditions. For LES simulations, this approach needs meshes 
between 1 and 10 M cells which is a significant reduction compared to 
the full injector. The CPU time of this kind of computation is acceptable 
and the restitution time is around 20 hours on 768 cores. With this ge-

ometrical solution, it becomes possible to integrate LES simulations in 
the optimization process. Then, the high-fidelity model chosen for the 
multifidelity Bayesian optimization is LES simulation of the 3D sector, 
which we will refer to hereafter as S3DLES to lighten the reading.

The second alternative to the full geometry is a 2D axisymmetric ge-

ometry. As turbulence is an intrinsically 3D phenomenon, this approach 
cannot be used for LES but is interesting for 2D RANS simulations. For 
this test case, a typical mesh for 2D RANS is around 30K-50K cells which 
is again a huge reduction compared to the previous approaches using ei-

ther the full injector or the 45° sector. Such computations last about 1.5 

hours on 128 cores which is fast compared to the 3D LES approaches. As 

https://www.freecadweb.org/
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Fig. 6. Automated CFD workflow.
a consequence the 2D RANS simulation, which we will refer to hereafter 
as 2DRANS, is retained as the low-fidelity model.

For these two levels of geometric simplification, 2DRANS and 
S3DLES, the vanes of the swirler are not represented which helps the 
generation of the mesh particularly for the 3D sector. Nevertheless, the 
swirling motion imposed to the flow by the vanes is taken into account 
through the boundary condition of the inlet where an angular velocity 
is defined. The more the swirl number (or equivalently the vane angle) 
is important, the more the imposed angular velocity increases. With 
Eq. (1) and the hypothesis that 𝑈𝑥 is constant at the inlet and that 𝑈𝜃

can be written as 𝑈𝜃 = 𝑟𝜔 with 𝜔 the angular velocity, it is possible to 
link the swirl number 𝑆 to the angular velocity that will be imposed at 
the inlet of the numerical domain:

𝜌𝜔 =
2𝑅𝑜𝑚̇𝑆

𝜋(𝑅4
𝑜
−𝑅4

𝑖
)
, (3)

with 𝑚̇ the mass flow rate of fresh gases injected at the inlet. This feature 
allows to represent swirling flows in 2D and to have simpler meshes in 
3D as the vanes can be quite complex to mesh accurately.

The informations about the meshes and the number of cores used for 
each computational domain are recalled in Table 3.

Now that the geometry simplifications introduced to take into ac-

count LES simulations in the multifidelity optimization framework have 
been described, the computational workflow as well as the numerical 
settings used for RANS and LES simulations will be presented in the 
next section.

3.3. The computational workflow and the numerical settings

All computations of this work are made with the ONERA in-house 
CFD code CEDRE [24]. This code is made of several solvers including the 
finite-volume solver CHARME to solve the compressible Navier-Stokes 
equations for reactive flows on unstructured meshes. When perform-

ing optimization studies, numerous computations are launched and it 
is necessary to automate as much as possible the computation process. 
Therefore, a workflow has been developed to run CFD computations in a 
Python framework. For 3D sector and 2D simulations, Gmsh [25] allows 
to modify the geometry and to build the meshes. The different surfaces 
of the injector are directly identified in Gmsh to define the boundaries 
conditions of the fluid domain.

Once the mesh is generated, it is transferred to CEDRE for the CFD 
simulation. When the simulation is over, the ONERA python package 
Cassiopée [26] is used for the post-processing to extract the data needed 
to evaluate the objective and constraint functions. The whole process is 
recalled in Fig. 6. All the meshes of this paper are unstructured and 
made of tetrahedras for the sector and triangles for 2D simulations. The 
meshes, whose characteristics can be found in Table 3, are refined at 
the tip of the injector and on the back of the chamber as it is the area 
where the flame is expected to be.

For both fidelity levels, the kinetics mechanisms are the San Diego 
one [27] for the H2-air combustion and the Zeldovich one [28] for the 
thermal NO formation. As previously mentioned, the thermal NO forma-

tion is very sensitive to temperature: above 1800 K, its concentration 
increases following a quadratic evolution. No other pathways of NOx

formations (N2O or NNH) are included. For the LES simulation, the 
Smagorinsky model [29] is used as a subgrid-scale model and the inter-

action between chemistry and turbulence is taken into account thanks 
to a Thickened Flame model using the Volpiani efficiency function [30]. 
5

For the RANS simulation, the k-𝜔 SST [31] model is chosen.
Table 3

Features and performances of the different CFD methodologies.

Computational domain Cells Cores Rest time

2DRANS 2D axi 30K-50K 128 1.5 h

S3DLES 3D sector 1M -10M 768 20 h

F3DLES full 3D 50M 2400 3 days

The numerical methods consist in a second order MUSCL (Mono-

tonic Upwind Scheme for Conservation Laws) type scheme for space 
discretization, combined with a HLLC (Harten-Lax-van Leer-Contact) 
scheme [32] for hyperbolic fluxes. For time integration, an implicit 
scheme, associated to the GMRES (Generalized Minimal RESiduals) 
method to solve the linear system [33], is used.

3.4. Comparison of CFD approaches

A preliminary step before performing optimization studies consists 
in comparing the results obtained with the different CFD approaches. In-

deed, as it was decided to reduce the computational domain and to use 
RANS simulations for the 2D injector in order to decrease the computa-

tional cost, it is necessary to check that these simplifications are not too 
important and allow to get results similar to a reference solution simu-

lated with the full injector geometry. The full geometry, the sector and 
the 2D RANS approaches are compared for the baseline (𝑆 = 1.0 and 
𝑃𝑅 = 50%) in Figs. 7–9.

For the axial velocity, there is a good agreement between the three 
fields. This validates the use of a dedicated boundary condition for 
S3DLES and the 2DRANS simulations instead of modeling the vanes 
which is a very important point. For the temperature fields, 2DRANS 
tends to overestimate the temperature compared to the full geometry 
LES (F3DLES) and S3DLES. For the heat release rate, the flame brush of 
the full geometry is thicker than with 2DRANS and S3DLES. However, 
the phenomenology of the flow remains similar for all computations, 
with a premixed flame coming from the main inlet interacting with a 
diffusion flame induced by the pilot inlet. Overall, the discrepancies be-

tween each approaches remain acceptable for the baseline.

Comparing these approaches only on the baseline point is of course 
not enough. Indeed, to perform multifidelity optimisation, the varia-

tions of the different models for varying inputs must be well-correlated 
[19]. Consequently, additional comparisons were done for other values 
of 𝑆 and 𝑃𝑅 (not shown here for conciseness) that confirmed that the 
simplification levels considered here were relevant.

4. Multifidelity and multi-objective Bayesian optimization

In this section, after explaining why a Bayesian optimization ap-

proach is chosen, we present Kriging and its multifidelity extension. 
Then, we explain the principle of the Efficient Global Optimization 
method (EGO) and how it can be extended to multifidelity, multi-

objective and constrained problems.

4.1. Motivations behind the choice of Bayesian optimization

When optimizing a function defined on a continuous design space, 
three main techniques exist in the literature: the gradient-based method, 
the gradient-free one and the surrogate-based one.

For gradient-based method, the computation of the gradient is a dif-
ficult task with a CFD code. Indeed, it can be evaluated either by finite 
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Fig. 7. CFD approaches comparison - Units: Velocity: 𝑚.𝑠−1.

Fig. 8. CFD approaches comparison - Units: Temperature: 𝐾 .
differences which increases significantly the number of computations 
needed or by an adjoint solver. This last solution is quite common in 
aerodynamics [34] and allows to get the gradient at a reduced cost but 
the development of an adjoint solver is more difficult for reactive flows. 
Indeed, the source terms due to the chemical reactions are often not 
differentiable which decreases the accuracy of the adjoint solver. There-

fore, there exists only few adjoint solvers for combustion in the literature 
([35], [36]) and they are often based on simplification to derive the 
adjoint equations. As for gradient-free techniques such as genetic or evo-

lutionary algorithms, they often need a prohibitive number of iterations 
to converge. There are few studies using gradient-based or gradient-free 
6

methods but they are limited to simple test case of combustion systems. 
For instance, Janiga et al. [21] use directly a genetic algorithm or the 
Simplex algorithm but their simulations are 2D laminar, i.e. the turbu-

lence is not taken into account whereas this phenomenon is crucial in 
a real combustor. As a consequence of the limitations of gradient-based 
and gradient-free methods, it was decided to choose the surrogate-based 
method and more particularly the Bayesian optimization one.

4.2. Kriging and its multifidelity extension

Kriging was firstly introduced in geostatistics by Krige [37] then 
mathematically formalized by Matheron [38]. It is now a popular type of 
surrogate model to approximate a function 𝑦 ∶𝕏 ⊆ℝ𝑑 ↦ℝ by a Gaus-
sian Process (GP) [39] with 𝑑 the dimension of the input vector 𝐱. The 
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Fig. 9. CFD approaches comparison - Units: Heat release: 𝑊 .𝑚−3.
construction of such a metamodel implies two steps: first, the definition 
of a prior GP {𝑌 (𝐱), 𝐱 ∈𝕏}, then the use of evaluations of 𝑦 to condition 
this GP. The prior approximation 𝑌 (𝐱) can be divided in two parts:

𝑌 (𝐱) = 𝜇(𝐱) +𝑍(𝐱), (4)

where 𝜇(𝐱) is a mean term of the form 𝜇(𝐱) = 𝐡′(𝐱)𝜷 with 𝐡′(𝐱) =
(ℎ1(𝐱), ..., ℎ𝑝(𝐱)) a set of basis function and 𝜷 = (𝛽1, ..., 𝛽𝑝)′ a set of re-

gression parameter associated to the basis function. 𝜇(𝐱) represents the 
trend of the Gaussian Process 𝑌 (𝐱) with respect to the input parameters. 
A common choice is to take a constant trend, i.e. ℎ1(𝐱) = 1 and ℎ𝑖(𝐱) = 0
for 𝑖 > 1. 𝑍(𝐱) is a stationary Gaussian Process with a null mean. This GP 
is specified by its covariance function 𝑘(𝐱, 𝐱∗) also called the kernel of 
the GP, that allows to model the correlation between the different points 
of the design space. The choice of the kernel is essential as it controls 
the smoothness of the GP and thus the regularity of the 𝑦 approxima-

tion. This covariance function can be written 𝑘(𝐱, 𝐱∗) = 𝜎2𝑟(𝐱, 𝐱∗; 𝜽) with 
𝜎2 the variance parameter and 𝜽 a vector allowing to parametrize the 
correlation function 𝑟. The different components of 𝜽 are called the 
hyper-parameters of the covariance function and they are estimated by 
Maximum Likelihood Evaluation (MLE).

With the design of experiment (DoE) 𝐷 = ((𝐱𝟏, 𝑦1), ..., (𝐱𝐧, 𝑦𝑛))𝑇 made 
of 𝑛 evaluations of the true function and the non-conditioned GP 𝑌 (𝐱), 
it is possible to generate a conditioned GP 𝑌 (𝐱)|𝐷 (this notation means 
𝑌 conditionally to 𝐷). Once it is built, it allows to predict values for a 
new point 𝐱∗ that does not belong to the DoE instead of using a complex 
and costly numerical model.

One interesting property of Kriging compared to other kind of meta-

model is that such a surrogate model provides an estimation of the un-

certainty of the metamodel thanks to the Kriging variance. This feature 
is a huge advantage that can be used to develop optimization algorithms 
and to create an adaptive strategy.

Kriging was extended to multifidelity through the co-Kriging tech-

nique by [40]. It allows to build a metamodel with data from different 
levels of simulation fidelity. In this section, the principle of multifidelity 
kriging is presented for 2 levels of fidelity only but it can be extended to 
more levels. The chosen formulation of this paper is the Autoregressive 
Model of order 1 (AR1). It assumes an affine relationship between the 
7

high-fidelity and the low-fidelity functions. We use the recursive imple-
mentation of Le Gratiet [41] to construct multifidelity Kriging models. 
The AR1 approach supposes that:

𝑓𝐻𝐹 (𝐱) = 𝜌𝑓𝐿𝐹 (𝐱) + 𝛿(𝐱),

with 𝑓𝐿𝐹 ⟂ 𝛿,
(5)

with 𝑓𝐻𝐹 the high-fidelity model, 𝑓𝐿𝐹 the low-fidelity model, 𝜌 a scal-

ing factor as both fidelities may have different scales and 𝛿 a discrepancy 
function that captures the differences between the high and low-fidelity 
model. The symbol ⟂ means that the discrepancy function is indepen-

dent of the low-fidelity model.

To ease the construction of the metamodel, the DoEs are nested. Ev-

ery point evaluated with the high fidelity model is also evaluated with 
the low-fidelity. This property allows to express the surrogate model 
variance in a closed form.

In practice, the construction of a multifidelity Kriging begins with the 
generation of a single-fidelity Kriging model based on the low-fidelity 
data. Then, a Kriging model of the discrepancy function is built with the 
differences between the high and low fidelity evaluations as data. With 
these two metamodels, we have now access to a multifidelity Kriging 
model. Similarly to the Kriging, the advantage of such a surrogate model 
is the possibility to predict quickly point outside the DoE. For a new 
point 𝐱∗, this predictor gives:

𝑦̂𝐻𝐹 (𝐱∗) = ℎ′(𝐱∗)𝛽 + 𝑟(𝐱∗)′𝐑−1(𝑌𝐷𝑂𝐸 −𝐇𝛽). (6)

And the variance is:

𝑠2
𝐻𝐹

(𝐱∗) = 𝜌2𝜎2
𝐿𝐹

+ 𝜎2
𝐻𝐹

− 𝑟(𝐱∗)′𝐑−𝟏𝑟(𝑥∗), (7)

where 𝜷 =
(
𝜷𝑳𝑭

𝜷𝑯𝑭

)
, 𝒀 𝑫𝑶𝑬 =

(
𝒚𝑳𝑭
𝒚𝑯𝑭

)
, 𝒚𝑳𝑭 the true values of the low-

fidelity function, 𝒚𝑯𝑭 the true values of the high-fidelity function and 
with 𝐑 the matrix of correlation of the samples and 𝐫(𝐱) the vector of 
correlation between the samples and the points to predict. Moreover, 

we have 𝐡′(𝐱) = (𝜌𝐡′𝐋𝐅(𝐱), 𝐡

′
𝐇𝐅(𝐱)) and 𝐇 and 𝐑 are defined by:
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𝐇 =

⎛⎜⎜⎜⎜⎜⎜⎜⎝

𝐡′𝐋𝐅(𝐱
𝐋𝐅
𝟏 ) 0

⋮ ⋮
𝐡′𝐋𝐅(𝐱

𝐋𝐅
𝐧𝐋𝐅

) 0
𝜌𝐡′𝐋𝐅(𝐱

𝐇𝐅
𝟏 ) 𝐡′𝐇𝐅(𝐱

𝐇𝐅
𝐧𝐇𝐅

)
⋮ ⋮

𝜌𝐡′𝐋𝐅(𝐱
𝐇𝐅
𝐧𝐇𝐅

) 𝐡′𝐇𝐅(𝐱
𝐇𝐅
𝐧𝐇𝐅

)

⎞⎟⎟⎟⎟⎟⎟⎟⎠
,

𝐑 =
⎛⎜⎜⎝

𝜎2
𝐿𝐹

𝑅𝐿𝐹 (𝑋𝐿𝐹 ) 𝜌𝜎2
𝐿𝐹

𝑅𝐿𝐹 (𝑋𝐿𝐹 ,𝑋𝐻𝐹 )
𝜌𝜎2

𝐿𝐹
𝑅𝐿𝐹 (𝑋𝐻𝐹 ,𝑋𝐿𝐹 ) 𝜌𝜎2

𝐿𝐹
𝑅𝐿𝐹 (𝑋𝐻𝐹 )

+𝜎2
𝐻𝐹

𝑅𝐻𝐹 (𝑋𝐻𝐹 )

⎞⎟⎟⎠ .
With 𝑋𝐿𝐹 = (𝐱𝐋𝐅𝟏 , ..., 𝐱𝐋𝐅𝐧𝐋𝐅 ) and 𝑋𝐻𝐹 = (𝐱𝐇𝐅

𝟏 , ..., 𝐱𝐇𝐅
𝐧𝐇𝐅

) respectively 
the sampling points of the low and high-fidelity models.

One interesting result of Le Gratiet, thanks to his recursive formu-

lation, is that it is possible to express the variance contribution of each 
fidelity level:

𝜎2
𝑐𝑜𝑛𝑡𝐿𝐹

(𝐱) = 𝜌𝜎2
𝐿𝐹

(𝐱) and 𝜎2
𝑐𝑜𝑛𝑡𝐻𝐹

(𝑥) = 𝜎2
𝛿
(𝐱). (8)

These two expressions will be used for the choice of the level of 
fidelity in the multifidelity Bayesian optimization process.

4.3. Principles of Bayesian optimization

Bayesian optimization is a part of surrogate-based optimization 
methods and was first defined by Mockus [42] and Kushner [43]. Among 
this class of methods, the Efficient Global Optimization (EGO) algorithm 
[44] is a popular method to solve unconstrained optimization problems 
using black box function, i.e. a function whose expression and deriva-

tives are unknown. The main idea of EGO is the following: the objective 
function is assumed to be the realization of a Kriging model and with 
this Gaussian approximation, new points are added iteratively to the 
DoE to increase the quality of the metamodel and to converge toward 
the global optimum. To determine new points 𝐱∗, the original version 
of EGO uses the Expected Improvement (EI) as an infill criterion (called 
also an acquisition function):

𝐸𝐼(𝐱) = 𝔼[𝑚𝑎𝑥(𝑦𝑚𝑖𝑛 − 𝑌 (𝐱)|𝐷,0)], (9)

where 𝑦𝑚𝑖𝑛 is the current minimum value of the objective function over 
the DoE. As 𝑌 (𝐱)|𝐷 is a Gaussian random variable, it is possible to derive 
an analytic formula for EI:

𝐸𝐼(𝐱) = (𝑦𝑚𝑖𝑛 − 𝑦̂)Φ(
𝑦𝑚𝑖𝑛 − 𝑦̂

𝑠
) + 𝑠𝜙(

𝑦𝑚𝑖𝑛 − 𝑦̂

𝑠
), (10)

with 𝑦̂ the value of the kriging predictor in 𝐱, 𝑠 the kriging variance, 
𝜙 and Φ are respectively the probability density function and the cu-

mulative distribution function of a standard normal random variable. 
This criterion is popular as it allows a good trade-off between exploita-

tion of the Gaussian surrogate model and the exploration of the design 
space. To sum it up, this algorithm consists of three main steps at each 
iteration:

1. Construction of the Kriging metamodel with the DoE of size n.

2. Maximization of the EI to find the new point 𝐱∗.

3. Addition of the new point 𝐱∗ to DoE and evaluation of it (𝑦(𝐱∗)).

EGO is appropriate for unconstrained problems but most engineering 
design problems are subject to constraints, so it is necessary to develop 
this algorithm to integrate them. There are several techniques to inte-

grate the constraints such as the expected feasible improvement (EFI) 
[45,46], the stepwise uncertainty reduction (SUR) [47] or the Penalty-

adjusted EI [48] for example. EGO can also be extended to constrained 
optimization studies with the Super EGO (SEGO) approach [49,50]

which is the approach retained in this work to handle constraints. In the 
SEGO framework, the objective function 𝑦 is approximated by a GP ex-

actly as in the EGO approach. To transform the problem in a constrained 
8

one, a metamodel is generated for each constraint function 𝑔𝑖, 𝑖 = 1, .., 𝑚
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(with 𝑚 the number of constraints). The predictor of each constraint 𝑔̂𝑖
is then used during the maximization of the EI. This results in the fol-

lowing constrained optimization problem for the infill criterion:

max
𝐱∈Ω𝑓

𝐸𝐼(𝐱), (11)

where Ω𝑓 is the feasible domain defined by:

Ω𝑓 ∶= {𝐱 ∈𝕏 ⊆ℝ𝑑 ∶ 𝑔̂1 ≤ 0, ..., 𝑔̂𝑚 ≤ 0}. (12)

As with the EGO approach, the best point 𝐱∗ given by the maximization 
of the EI is added to the DoE and the process continues iteratively until 
the convergence. Even if the evaluation of 𝐱∗ by the true function gives 
an unfeasible result, it is added to the DoE as it allows to gain more 
information about the design space to update the Kriging models.

4.4. Multi-objective and multifidelity extension of Bayesian optimization

For most design problems, there are several objectives functions of 
interest and it is important to take them all in the definition of the opti-

mization problem. Moreover, in a lot of domains as it is the case in CFD, 
several numerical models of variable fidelity can be used. There is of-

ten a high-fidelity model that is very accurate but quite expensive. On 
the other hand, there is a low-fidelity model, which is cheap but inaccu-

rate. It is interesting to combine both models in an optimization process 
to exploit advantages of each model and to limit the drawbacks of each 
approach. Therefore, it is essential to upgrade SEGO to tackle multifi-

delity and multi-objective problems. It is done with the Multi-Fidelity 
and Multi-Objective Super Efficient Global Optimization (MFMO-SEGO) 
algorithm presented in [18]. In general, a multi-objective constrained 
problem can be defined as:

𝑚𝑖𝑛
𝑥∈𝕏⊆ℝ𝑑

𝐟(𝐱) ∶= [𝑓1(𝐱), ..., 𝑓𝑛𝑜𝑏𝑗 (𝐱)]
𝑇 ,

𝑠.𝑡. 𝐠(𝐱) < 0,
(13)

with 𝑛𝑜𝑏𝑗 the number of objective functions considered in the optimiza-

tion problem. With Bayesian optimization technique, it is necessary to 
build a surrogate model for each objective and to adapt the infill crite-

rion to the multi-objective case. There are several multi-objective infill 
criteria in the literature and most of them are extensions of mono-

objective infill criteria. For instance, the Expected Hypervolume Im-

provement (EHVI) [51] is an extension from the EI criterion. In this 
paper, we select the extension made in [52] to multi-objective problem 
of the scaled Watson and Barnes 2 (WB2S) criterion [50]. WB2S is an 
evolution of the Watson and Barnes 2 (WB2) criterion [53] which is:

𝑊𝐵2(𝐱) = −𝑦̂(𝐱) +𝐸𝐼(𝐱). (14)

The EI criterion is often difficult to optimize and the WB2 criterion, 
where the mean value 𝑦̂(𝐱) of the surrogate is subtracted from the EI, al-

lows to make the optimization easier as it is less multimodal. However, 
after some iterations, the EI can become very small compared to the pre-

dictor of the surrogate and this criterion loses its capacity of exploration 
of the design space. Therefore, the WB2S criterion was proposed in [50]

to solve this issue. It consists in adding a scaling to the WB2 criterion:

𝑊𝐵2𝑆(𝐱) = 𝑠𝐸𝐼(𝐱) − 𝑦̂(𝐱), (15)

with s a non-negative scale. WB2 and WB2S criteria were originally 
made for single-objective optimization but can be extended to multi-

objective cases. In this paper, the multi-objective WB2S (MOO-WB2S) 
combined with the EHVI as sub-criterion can be written:

𝑀𝑂𝑂 −𝑊𝐵2𝑆(𝐱) = 𝛾𝐸𝐻𝑉 𝐼(𝐱) − 𝜒(𝜇̂𝑓 (𝐱)), (16)

where 𝛾 ∈ℝ is a constant parameter which acts as a scaling factor and 
𝜇̂𝑓 ∶ℝ𝑑 →ℝ𝑛𝑜𝑏𝑗 is the GP prediction of all the objectives gathered in 𝐟 . 
𝜒 ∶ℝ𝑛𝑜𝑏𝑗 → ℝ is a scalarization operator. There are several choices for 

this operator as a maximization function or a sum function for example. 
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In this paper, a sum function is chosen (𝜒(𝜇̂𝑓 (𝐱)) =
∑𝑛𝑜𝑏𝑗

𝑖=1 𝜇̂𝑓𝑖 (𝐱)). In [52], 
this scalarization operator was compared with a maximization function 
and the results were quite similar for both operators, showing a limited 
influence of the scalarization operator on the results of the optimization 
study.

To perform multifidelity Bayesian optimization, a crucial aspect is 
that at each iteration, the most promising point and the appropriate level 
of fidelity at which it must be evaluated, are determined. The MFMO-

SEGO algorithm follows the same approach as the Multi-Fidelity SEGO 
(MFSEGO) algorithm [54] where this aspect is divided in two steps. 
First, the infill criterion is optimized to find the most promising point. 
Then, to choose the fidelity level at which the point will be evaluated, 
the variance contribution of each fidelity is used. To be more explicit, 
with the expression of the variance contribution, it is possible to express 
the variance reduction of the high-fidelity model 𝜎2

𝑟𝑒𝑑
(𝑙, 𝑥∗) with 𝑙 ∈

0,1 (0 for the low-fidelity model and 1 for the high-fidelity one). This 
variance reduction can be written:

𝜎2
𝑟𝑒𝑑

(0,𝐱∗) = 𝜎2
𝑐𝑜𝑛𝑡𝐿𝐹

(𝐱∗),

and 𝜎2
𝑟𝑒𝑑

(1,𝐱∗) = 𝜎2
𝑐𝑜𝑛𝑡𝐿𝐹

(𝐱∗) + 𝜎2
𝑐𝑜𝑛𝑡𝐻𝐹

(𝐱∗).
(17)

When the point is evaluated at the high-fidelity level, it is also eval-

uated at the low-fidelity level to keep the nested DoE structure. In the 
MFSEGO approach, the variance reduction is penalized by the compu-

tational cost to find the most appropriate level of fidelity. With 𝑐0 and 
𝑐1, the costs associated with the low-fidelity and high-fidelity model re-

spectively, the enrichment level criterion can be written:

𝑙∗ = argmax
𝑙∈0,1

𝜎2
𝑟𝑒𝑑

(𝑙,𝐱∗)

(
∑𝑙

𝑖=0 𝑐𝑖)2
. (18)

In the MFMO-SEGO framework, the enrichment level criterion de-

fined in (18) is computed for each objective and then the maximum is 
selected:

𝑙∗ =𝑚𝑎𝑥{𝑙∗1 ,… , 𝑙∗
𝑜
,… , 𝑙∗

𝑛𝑜𝑏𝑗
}. (19)

Note that modification may be sub-optimal as the maximization step 
may lead to evaluate all objectives with the high-fidelity level whereas 
it would be useful only for one objective.

To sum it up, the MFMO-SEGO algorithm consists of four main steps 
at each iteration:

1. Construction of a Multifidelity Kriging metamodel for each objec-

tive and constraint.

2. Maximization of the MOO-WB2S criterion under constraints to find 
𝑥∗ that solves Eq. (16).

3. Choice of the level of fidelity according to Eq. (19).

4. Add the new point 𝐱∗ to DoE and compute 𝐟(𝐱∗) and 𝐠(𝐱∗) at the 
retained fidelity.

It is worth noting for step 4, that when the high-fidelity level is cho-

sen, the low-fidelity model is evaluated as well, in order to keep the 
nested structure of the DoE.

5. Results

The MFMO-SEGO methodology described in Section 4.4 is applied 
to the MICADO test case presented in Section 3.

5.1. Definition of the optimization problem

The problem presented here is a constrained optimization counting 
two design variables, with two fidelity levels and two objectives. As the 
main goal is to assess the MFMO-SEGO algorithm for the MICADO test 
case and as the LES simulations are quite costly, it is decided to begin 
9

with a rather simple optimization problem with a low-dimension. In a 
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future work, this number of parameters will be increased to come closer 
to industrial problems. As explained in Section 3, the swirl number 𝑆
and the pilot ratio 𝑃𝑅 are two major parameters with a huge impact 
on the flow and on the pollutants formation. Therefore, they are chosen 
as design parameters for this study. The ranges of these parameters are 
given in Table 4. These parameters are linearly scaled to [0, 1] for the 
optimization process:

𝑥𝑠𝑐𝑎𝑙𝑒𝑑 =
𝑥− 𝑥𝑚𝑖𝑛

𝑥𝑚𝑎𝑥 − 𝑥𝑚𝑖𝑛
, (20)

with 𝑥𝑚𝑖𝑛 and 𝑥𝑚𝑎𝑥 respectively the lower and upper bound of the pa-

rameter.

The two objectives to minimize are the following: the NO mass flow 
rate 𝑚̇𝑁𝑂 at the outlet of the chamber and the flame length (FL). NO

is the main pollutant species produced by the combustion of hydrogen 
with air, therefore it is essential to limit its production. It is also impor-

tant to limit the size of the combustor to facilitate its integration in the 
whole engine and to reduce its mass. To reach this goal, it is necessary 
to have a compact flame and therefore to minimize the flame length FL. 
𝑚̇𝑁𝑂 values are very small for cruise conditions (between 10−8 𝑘𝑔.𝑠−1

and 10−4 𝑘𝑔.𝑠−1) and preliminary tests have shown that a log trans-

form of the NO mass flow rate makes the optimization easier. For similar 
reasons, the flame length FL is normalized by the length of the chamber 
CL. Two constraints are added for this problem: the absence of flash-

back 𝑔𝐹𝐵(𝐱) and the absence of unburnt hydrogen at the outlet of the 
combustor 𝑔𝑈𝐻 (𝐱). For the flashback constraint, the heat release rate 
in the injector (𝐻𝑅𝑅𝑖𝑛𝑗𝑒𝑐𝑡𝑜𝑟) is measured and then divided by the total 
heat release rate 𝐻𝑅𝑅𝑡𝑜𝑡𝑎𝑙 (injector + chamber). If this ratio is superior 
to a fixed threshold (1% in this work), it means that there is a flash-

back. For the unburnt hydrogen, the H2 mass flow rate at the outlet of 
the combustor is divided by the total H2 mass flow rate injected. Simi-

larly to the flashback constraint, if this ratio of H2 mass flow rate reachs 
a value superior to 1%, it is considered that too much hydrogen is un-

burnt. These two constraints enforce realistic solutions. The choice of 
the objectives and constraints to define the optimization problem is an 
important task and can be quite difficult. Minimizing the pollutant pro-

duction, preventing the flashback and limiting the unburnt hydrogen 
to ensure a high combustion efficiency are primary goals taken into ac-

count by a lot of studies in the literature and by the industrial designers. 
These three aspects are selected in this work too. As for the flame length, 
it is a more unusual and original metric. However, the minimization of 
this metric is of great interest to modify directly the shape of the flame 
which is not the case with other usual functions used in the literature. 
In the numerous studies reviewed in Section 2, two functions appear 
particularly important for the manufacturer: the pressure loss and the 
pattern factor (a metric measuring the homogeneity of the exit temper-

ature profile). These two functions are not retained in this work. In the 
MICADO test case, the swirl vanes are one of the main sources of pres-

sure loss. However, as the vanes are not represented in 2D or with the 
sector modelisations, it is not relevant to take into account the pressure 
loss in this optimization problem. Therefore, the absence of the vanes 
is an advantage to simplify the computational domain but it limits the 
choice of the objective function. Concerning the pattern factor, it is a 
function of interest to ensure the durability of the turbine located after 
the combustor in a real engine. Nevertheless, the MICADO test case is 
a laboratory injector without any turbine after the combustion cham-

ber and is long enough to ensure an homogeneous temperature profile 
at the exit of the domain in most cases. Therefore, the pattern factor is 
not chosen either.

The two fidelity levels chosen for this problem are the 3D sector LES 
as high-fidelity model and the RANS 2D as low-fidelity model.

The optimization problem mentioned in the following as Case 1, can 

be written as:
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Table 4

Ranges of variations of the param-

eters.

Parameter 𝑆 [-] 𝑃𝑅 [%]

Lower bound 0.4 0

Upper bound 1.2 100

Table 5

Initial DoE (parameters are linearly scaled to [0, 1]).
Calculation number 𝑆 [-] 𝑃𝑅 [-] Fidelity level

1 0.12 0.82 LF

2 0.09 0.47 LF

3 0.51 0.94 LF

4 0.41 0.35 LF

5 0.94 0.27 LF

6 0.73 0.46 LF/HF

7 0.81 0.82 LF/HF

8 0.11 0.22 LF/HF

9 0.33 0.77 LF/HF

10 0.49 0.11 LF/HF

Fig. 10. Initial DoE (x0: swirl number S, x1: Pilot ratio 𝑃𝑅).

𝐱∗ = argmin
𝐱∈[0;1]2

[log(𝑚̇𝐻𝐹
𝑁𝑂

(𝐱)), 𝐹𝐿𝐻𝐹 (𝐱)
𝐶𝐿

],

s.t 𝑔𝐻𝐹
𝐹𝐵

(𝐱) ≤ 0 and 𝑔𝐻𝐹
𝑈𝐻

(𝐱) ≤ 0,

with 𝑔𝐹𝐵(𝐱) =
𝐻𝑅𝑅𝑖𝑛𝑗𝑒𝑐𝑡𝑜𝑟

𝐻𝑅𝑅𝑡𝑜𝑡𝑎𝑙

− 0.01

and 𝑔𝑈𝐻 (𝐱) =
𝑚̇𝑜𝑢𝑡𝑙𝑒𝑡
𝐻2 (𝐱)

𝑚̇𝑡𝑜𝑡𝑎𝑙
𝐻2 (𝐱)

− 0.01.

(21)

This optimization study will be compared to three other optimiza-

tion studies: a multifidelity single objective constrained study for the 
flame length (Case 2), a multifidelity single-objective constrained study 
for the NO mass flow rate (Case 3) and a monofidelity multi-objective 
constrained study (Case 4). For this last case, the retained fidelity is the 
high-fidelity one. For all cases, the constraints are the same. We also 
performed an additional test where NSGA-II [55] was applied directly 
to multifidelity surrogates built from a nested LHS of size equivalent to 
the total cost of the 4 previous cases. This last test is not shown here 
for conciseness but this non-adaptive approach is less efficient than a 
10

Bayesian strategy.
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Fig. 11. Case 1 optimization: Multi-objective and multifidelity (obj1: NO mass 
flow rate, obj2: flame length).

Fig. 12. Case 4 optimization: Multi-objective with only high-fidelity simulations 
(obj1: NO mass flow rate, obj2: flame length).

5.2. Parameters of the optimization algorithm

For each case, we made one optimization run as the computations are 
quite costly for the LES 3D sector. For the multifidelity cases, before the 
beginning of the iterative process, we build an initial nested DoE of 5 HF 
points and 10 LF points. The size of the initial HF DoE follows a rule of 
thumb found by the authors in previous works that this size should equal 
2 ∗ 𝑛𝑑𝑖𝑚 + 1 with 𝑛𝑑𝑖𝑚 the dimension of the optimization problem. This 
rule of thumb allows that the most important part of the computation 
budget is used during the iterative process to adapt the metamodel. The 
initial DoE, shown in Fig. 10 and detailed in Table 5, is used for cases 1 to 

3. This DoE is built with the Latin Hypercube Sampling (LHS) technique 
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Fig. 13. Case 1 evaluations: Multi-objective and multifidelity (objective 1: NO mass flow rate, objective 2: flame length).
[56]. To construct this DoE, we use the SMT2 opensource toolbox [57,

58] where we choose the Enhanced Stochastic Evolutionary (ESE) [59]

algorithm to create the LHS. The method implemented in SMT to build 
nested LHS [54] follows the one proposed by Le Gratiet in [41]. Firstly, 
a LHS 𝐷𝐻𝐹 is built for the high-fidelity model. Secondly, a LHS ̃𝐷𝐿𝐹

is built for the low-fidelity model. Then, for each point 𝑥𝑖 in 𝐷𝐻𝐹 , the 
closest point in ̃𝐷𝐿𝐹 is replaced by 𝑥𝑖. This ensures the nested structure 
of the high and low fidelity design of experiments. For the monofidelity 
case, the initial DoE is made of the 5 HF points of the nested DoE. Once 
the initial DoE is generated and evaluated, the optimization process is 
performed with the Super Efficient Global Optimization with Mixture 
of Experts (SEGOMOE) package developed jointly at ONERA and ISAE-

SUPAERO [50]. To build the different surrogate models needed for the 
optimization, the implementation in the SEGOMOE library is identical 
to the SMT one. For this paper, the surrogate models were built with a 
constant trend (i.e. 𝜇(𝑥) = 𝛽1 ∗ ℎ1(𝑥) with ℎ1(𝑥) = 1). For the kernel, we 
selected the square exponential or Gaussian kernel that can be written:

𝑘(𝐱,𝐱′) = 𝜎2
𝑛𝑑𝑖𝑚∏
𝑙=1

exp(−𝜃𝑙(𝑥𝑙 − 𝑥′
𝑙
)2). (22)

As presented in Section 4.2, the infill criterion used for the multi-

objective studies is the 𝑀𝑂𝑂−𝑊𝐵2𝑆 (Case 1 and 4) and the classical 
WB2S for single objective ones (Case 2 and 3). This criterion is optimized 
with the SLSQP technique [60] which is a quasi-Newton method. As the 
criterion can be multimodal, its optimization is based on a multistart 
approach to avoid to find only a local optimum. For the two dimension 
optimization problems of this work, the multistart approach consists in 
generating a LHS of 20 points. Then, these points are used as initial point 
of the SLSQP optimization.

For the multifidelity cases, the cost associated with the low-fidelity 
model is fixed to 1, and the cost for the high-fidelity model is 15. These 
costs were chosen by comparing the restitution time of the two CFD 
models.
11

2 https://github .com /SMTorg /smt.
Table 6

Repartition of the fidelities.

HF LF Equivalent HF

Case 1 13 29 14.93

Case 2 10 72 14.8

Case 3 10 71 14.73

Case 4 15 0 15

Table 7

Optimum values.

Optimal parameters [-;%] Optimum value

Baseline [0.97; 0.5] [-4.20; 0.31]

Case 1 [1.14; 0.0] [-7.22; 0.123]

Case 2 [1.108; 9.4] [-4.65; 0.189]

Case 3 [0.982; 1𝑒−11] [-7.16; 0.131]

Case 4 [0.844; 1𝑒−13] [-7.15; 0.143]

For all cases, we have a budget of 15 equivalent HF computations, 
initial DoE included (if we perform 15 LF computations, it equals 1 HF 
computations in terms of budget).

5.3. Results of the optimization studies

Table 6 summarizes the number of HF and LF simulations performed 
for each case and Table 7 shows the different optimum values for each 
case study.

For Cases 1 and 4 that are multi-objective, as the number of iterations 
is quite low due to the cost of the simulations, there is only one point 
in the Pareto Front (Fig. 11 and Fig. 12). For Fig. 13–16, the blue zone 
between iteration 0 and 9 represents the initial LF DoE and the orange 
one represents the initial HF DoE. The red line corresponds to the current 
best HF evaluation. The Case 1, i.e. the multifidelity and multi-objective 
study, gives the best result at the end of the computation budget with 
this initial DoE. Cases 3 and 4 give an optimum with slightly lower 
performances. The optimum found by the Case 2 gives a more important 
value for FL (Fig. 14) and the NO mass flow rate is quite high too. As 
it is not an objective of this case, it explains why the NO mass flow 

rate is so high compared to other cases but it proves the interest of 

https://github.com/SMTorg/smt
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Fig. 14. Case 2 evaluations: Mulfidelity single-objective for flame length (objective 2: flame length).

Fig. 15. Case 3 evaluations: Mulfidelity single-objective for NO mass flow rate (objective 1: NO mass flow rate).
12
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Fig. 16. Case 4 evaluations: Multi-objective with only high-fidelity simulations (objective 1: NO mass flow rate, objective 2: flame length).

Fig. 17. CFD fields of the optimum (HF) - Units: Temperature: K, Velocity: 𝑚.𝑠−1, 

Fig. 18. Iso-surface of instantaneous heat release rate for a value of 1010 𝑊 .𝑚−3

(blue) with the instantaneous temperature field. Results of the 45° injector du-

plicated on a 360° geometry.

performing a multi-objective optimization to get an efficient injector. 
The solution of case 3 (Fig. 15) is quite close to the solution of the case 
1 so it could be possible to perform only a single objective multifidelity 
study and to find a low-NOx injector with a compact flame but there is 
no guarantee. Performing a multi-objective study remains a safer choice 
to get an injector with improved performances.

The results of the different cases suggest that the best parameters are 
a swirl number superior to 0.8 (which is rather a high value) and a pilot 
hydrogen repartition of 0%, i.e. no hydrogen injected through the pilot. 
No pilot flame means an injector working in premixing regime.

With Case 1 and Case 4, it is possible to evaluate the interest of us-

ing a multifidelity approach for a given budget. The optimum of Case 4 
is found after adding 6 HF computations to the initial DoE, i.e. 11 HF 
computations (Fig. 16). For Case 1, 14 LF and 3 HF are needed with 
the initial DoE to find the optimum, i.e. 9.6 equivalent HF simulations 
(Fig. 13). Therefore, Case 1 allows to find a better optimum than Case 4 
in less iterations which shows the interest of multifidelity for this case 
and this initial DoE. This result will need a more in-depth validation with 
the use of other initial DoE for example, but the multifidelity seems re-

ally interesting as the use of LF simulations allows to explore the design 
space at a reduced cost and the first HF simulations added to the DoE 
gives already a significant improvement of the injector performances for 
Heat release: 𝑊 .𝑚−3. both objectives whereas it is not the case for the monofidelity case. The 
13
difference in terms of equivalent HF computations between case 1 and 
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Fig. 19. Final DoE for the 4 cases. x0: swirl number S, x1: pilot repartition 𝑃𝑅. HF points are in orange, LF points in blue and the points of the initial DoE are 
surrounded by black circles.
4 to reach the optimum is 1.4 and as the restitution time of a LES sec-

tor is around 20 hours, there is a gain of around one day in terms of 
restitution time between Case 1 and Case 4.

The different DoEs at the end of the optimization are presented in 
Fig. 19. For Case 1, most points are added in the “corners” of the design 
space. In general, the variance of a surrogate is high near the edges of 
the design space. That’s why the algorithm add new points in the “cor-

ners” for exploration. The best point for Case 1 is found in a zone with a 
high swirl and a zero PR. Other HF points are added in this zone for ex-

ploitation. The analysis of Fig. 13 and Fig. 19a shows that after adding 
some LF points for exploration, the first HF point at iteration 26 allows 
to reduce significantly the NO mass flow rate and to decrease the flame 
length too. After this first HF point, other HF simulations are added by 
the algorithm for exploitation. After this step, the last HF points allows 
more exploration of the domain. A similar behavior is visible for Case 2 
and 3 where most points are added toward the edges of the domain. For 
Case 2, the last HF point of the initial DoE gives a value of 0.22 which is 
already quite low. The first iterations (until the second added HF evalua-

tion) select points close to the last HF point of the initial DoE. Therefore, 
the beginning of the optimization is an exploitation phase. This phase 
does not allow to reduce the flame length. Then, as explained for Case 1, 
14

there is an exploration phase with points in the lower right corner and in 
the upper left corner. After this exploration, the algorithm detects that 
the region with a high swirl (𝑆 ≥ 0.8) and a low 𝑃𝑅 (𝑃𝑅 ≤ 0.2) is the 
zone where the flame is the more compact and two HF evaluations are 
added including the current optimum. Contrary to Case 1, no HF point 
is added for a null value of PR and a swirl superior to 0.9. In Case 1, this 
zone allows to reach a smaller value of flame length than for Case 2. 
In Case 2, the variance reduction of adding a HF simulation seems not 
sufficient compared to the cost of the simulation and only LF points are 
computed in this promising zone. However, with a higher budget, it is 
likely that HF points would be evaluated in this region. For Case 3, the 
adaptive phase begins with an exploration phase of the lower left cor-

ner, i.e. the zone with a very low swirl (lower than 0.1) and 𝑃𝑅 close 
to 0.0. This exploration allows to find very promising solutions with a 
significant reduction of the NO mass flow rate compared to the initial 
DoE. After detecting this promising zone, there is an exploitation phase 
followed by a exploration phase of higher swirl value (𝑆 ≥ 0.2 with 𝑃𝑅

still closed to zero). The exploration continues similarly to Case 1 and 2 
with the edges of the domain. This exploration is mainly done with LF 
simulations which allows a wide exploration at a reduced cost. At the 
end of the budget, a last HF point is computed for a normalized swirl 
number of 0.73 which allows to reduce again the NO mass flow rate. 

This Case and the previous ones show that when 𝑃𝑅 = 0.0%, the NO 
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Fig. 20. Correlation for both metrics of interest after the end of Cases 1-3.
mass flow rate is low and its variations with respect to the swirl num-

ber are weak. Therefore, the performance of the best injector of Case 3 
is very satisfying even if the NO mass flow rate is higher than for Case 
1. Indeed, computing new HF points with a higher swirl and 𝑃𝑅 = 0.0%
would offer only a limited gain of NO mass flow rate for a higher com-

putational cost. For Case 4, in the initial DoE, the best point for both 
objectives is found for 𝑆 = 0.49 and 𝑃𝑅 = 0.11. The first iterations after 
the initial DoE add new simulations close to this point, it is therefore a 
phase of exploitation. In Fig. 19d, it is possible to identify a cluster of 
points due to this exploitation of the surrogates. Most points are gath-

ered in a zone delimited by 0.5 ≤ 𝑆 ≤ 0.6 and 0.0 ≤ 𝑃𝑅 ≤ 0.11. The 
𝑃𝑅 parameter is progressively reduced until the edge of the domain is 
reached. However, with this low budget, there is a lack of exploration 
which explains why Case 4 finds a optimum with lower performances 
compared to Case 1.

5.4. Comparison of the fidelities post-optimization

For Cases 1 to 3, both S3DLES and 2DRANS simulations are used. 
Each time a HF simulation is performed, a LF simulation at the same de-

sign point is done to keep the nested property of the DoE. The values 
for both fidelities are compared for the NO mass flow rate in Fig. 20a 
and for the flame length in Fig. 20b. It is worth noting that most points 
are close to the red line 𝑦 = 𝑥 showing a pretty good correlation be-

tween the fidelities with less than 2% of relative error for most design 
points. However, some of them display huge discrepancies with relative 
errors superior to 20%. For the flame length, there is one point reaching 
99% of relative error because the RANS simulation predicts a flashback 
whereas it is not the case with the LES simulation. These results com-

bined with the two 𝑟2 criterion [61] visible on Fig. 20 underline that 
for both metrics of interest, the level of correlation is satisfying but not 
perfect. It shows that it is not possible to trust completely the LF fidelity 
and that is relevant to combine HF and LF simulations in a multifidelity 
strategy.

5.5. CFD results of the optimum

As mentioned in Section 5.3, the optimum found by Case 1 has the 
best performances among all the computations made for this paper. The 
Swirl number is 1.14 which is a strong value. With the use of Eq. (2), it 
gives a angle of 54.3 deg. The H2 pilot ratio is zero which means that 
no hydrogen is injected through the pilot. All the hydrogen is perfectly 
15

premixed with air and injected through the main inlet.
The temperature, heat release rate and axial velocity mean fields of 
the 3D sector in the central plane are shown in Fig. 17. In Fig. 18, the in-

stantaneous heat release rate is shown along with the temperature field. 
The heat release rate allows to visualize the position of the flame. For 
this set of parameters, one get a premixed flame attached to the lips of 
the injector. As the combustion regime is premixed and that there is no 
pilot flame, it burns at a low equivalence ratio 𝜑 of around 0.4 which al-

lows a rather “low” temperature. Indeed, the maximum temperature in 
this computation is around 1800 K whereas when there is a pilot flame, 
a part of hydrogen burns in a diffusion regime at stœchiometry and the 
maximum temperature can rise to 2500 K. As the production of NO in-

creases with the temperature, it explains why this optimum produces 
few pollutants. The velocity field shows that thanks to the swirling ef-

fect, there is an important IRZ that helps to the stabilization of the flame.

6. Conclusion and perspectives

In this work, we applied the MFMO-SEGO algorithm to the CFD op-

timization of a laboratory swirl injector using hydrogen: the MICADO 
test case. To perform the optimization with this multi-objective, multifi-

delity and constrained approach, 2D RANS simulations were combined 
with 3D LES sector computations. The use of LES remains quite rare 
in the literature due to the computational cost but it allows to inte-

grate simulations with more accuracy as more physical phenomena can 
be simulated. The MICADO test case was parametrized with two pa-

rameters and the optimization study with MFMO-SEGO was compared 
to studies with monofidelity or with single-objective. The MFMO-SEGO 
case outperforms the other ones. Indeed, it converges faster than the 
monofidelity approach and the multi-objective feature is necessary to 
ensure efficient solutions. In future work, it is planned to perform other 
optimization studies to understand more in-depth the influence of the 
initial DoE and of the numerical parameters of the algorithm such as the 
kernel. Moreover, we plan to continue to improve the fidelity of the CFD 
simulation for combustors optimization by integrating full injector 3D 
LES computations. We also aim to increase the dimension of the opti-

mization problem to come closer to the industrial constraints and also to 
combine cruise simulations with take-off simulations to get a more effi-

cient injector on a larger range of operating conditions. Indeed, with the 
cruise flight phase which is the longest one, the take-off phase is where 
the conditions are the most extreme. Therefore, combining these two 
phases in the optimization problem will allow to have a better design 

for the injector.
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