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Motivated by recent debates around the many-body localization (MBL) problem, and in particular its stability
against systemwide resonances, we investigate long-distance spin-spin correlations across the phase diagram
of the random-field XXZ model, with a particular focus on the strong disorder regime. Building on state-of-
the-art shift-invert diagonalization techniques, we study the high-energy behavior of transverse and longitudinal
correlation functions, computed at the largest possible distance, for a broad range of disorder and interaction
strengths. Our results show that while transverse correlations display a fairly stable exponential decay over
the entire XXZ phase diagram, longitudinal correlations exhibit markedly different behavior, revealing distinct
physical regimes. More precisely, we identify an intermediate disorder region where standard observables show
well-converged MBL behavior [J. Colbois et al., Phys. Rev. Lett. 133, 116502 (2024)] while the distributions of
longitudinal correlations reveal unexpected fat-tails towards large values. These rare events strongly influence
the average decay of longitudinal correlations, which we find to be algebraic in a broad region inside the
supposed MBL phase, whereas the typical decay remains mostly exponential. At stronger disorder and weaker
interactions, this intermediate regime is replaced by a more conventional exponential decay with short correlation
lengths for both typical and average correlators, as expected for standard localization. Our findings shed light
on the systemwide instabilities and raise important questions about the impact of such rare but large long-range
correlations on the stability of the MBL phase. Finally, we discuss the possible fate of the intermediate region
in the context of recent perspectives in the field.
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I. INTRODUCTION

Over the past decades, the many-body localization (MBL)
phenomenon has attracted a great deal of interest, leading to a
significant effort deployed to understand the interacting version
of an Anderson insulator [1–10]. Among the crucial points
that have been discussed recently, the interpretation of finite-
size and/or finite-time numerical simulations plays a central
role [11–19]. Indeed, our current understanding of the MBL
problem has been strongly shaped by the results of simulations
of relatively small interacting quantum disordered systems.

Nevertheless, it is quite widely accepted [20–33] that in one
dimension, strong enough disorder favors a stable MBL phase
or regime, on the length scales (a few tens of spins) probed
by these simulations. However, after almost two decades of
very hard work, there is still no clear consensus on some
aspects, not least being the very existence of the MBL phase
in the thermodynamic limit [34–37] , even for the few models
that have been intensively studied, such as the random-field
Heisenberg chain [19, 21, 24]. One should also mention the
few attempts to mathematically prove the existence of the MBL
as a new state of matter preventing thermal equilibrium [38–
41]. Interestingly, they have all focused on a certain class
of models of quantum spin 1/2 chains with no symmetry,
in contrast to the by-now standard U(1) symmetric random-
field Heisenberg chain. In addition to these theoretical results,
experimental evidences of localization have been reported by
several groups [42–50], reinforcing the idea that the MBL
phase can exist, but also raising the same questions about
finite size and finite time limitations.

A. Instabilities

One important aspect in understanding MBL stability is to
identify the relevant mechanisms that could destabilize the
interacting insulator. This knowledge would then allow a
more complete theoretical modeling of the elusive MBL phe-
nomenon, a problem that has recently benefited from impor-
tant advances such as the theory of avalanches [51–53] and
of many-body resonances [54–59]. Attempts at observing or
modeling thermalization through avalanches, as triggered by
an ergodic inclusion in an otherwise strongly localized back-
ground, have taken several forms. Idealized setups modeling
the ergodic inclusion as a random matrix [60–63] are con-
sistent with theoretical predictions [51, 52], even for small
systems. Other setups [19, 64], assuming the avalanche has
started and modeling its action through a weakly-coupled bath,
find a critical disorder much larger than those previously ob-
tained using standard observables [24, 29–32, 65], while with
a similar setup Ref. [66] reports a larger range of stability of
MBL. Investigations of more realistic models of local thermal
inclusions [67–69] reach different conclusions, some finding
no or little evidence of effective thermalization by the inclu-
sion [68, 69], some concluding in favor of thermalization albeit
in a different model [67]. Remarkably, these ideas have been
tested experimentally [50], but again on small chains, making
the interpretation in terms of avalanches quite delicate.

Another type of MBL instabilities actively discussed are
many-body resonances which, loosely speaking, correspond
to the hybridization by interaction terms of “localized” many-
body eigenstates differing by spin flips located in a certain
spatial range in real-space [39, 54, 55, 57, 70]. The “local-
ized” many-body eigenstates that participate the resonance can
be adiabatically connected to the large disorder limit (where
a local integral of motions picture apply [71–73]), and have
an energy difference exponentially small with the resonance
range [57]. Long-range resonances imply hybridization be-
tween states that differ by an extensive amount (a fraction of
the system size), and are extremely close in energy. Such
many-body resonances are at the heart of the formal proofs
of stability of MBL [38, 39, 41] and are thought to destabi-
lize the MBL phase. Several prior works found indirect signs
of (long-range) many-body resonances in microscopic MBL
models [70, 74–77] while more direct approaches [19, 54–
56, 58, 78] have also been designed to identify resonances –
most of these coming with a certain level of modeling [57, 59].

We finally note that these two destabilization mechanisms
need not be unrelated, and Ref. [58] discusses that avalanches
primarily propagate through strong, rare, (near-)resonances.
The statistics of long-range resonances, including rare events,
certainly play a crucial role when approaching the ergodic
transition, as been argued e.g. in Refs. [79, 80] borrowing ideas
from glassy physics. Nevertheless, a good understanding of
systemwide resonances is not yet fully achieved, especially at
the microscopic level. Our work aims to present a contribution
to this topic through a comprehensive study of simple objects,
namely long-range spin correlation functions in eigenstates,
which have the potential to capture long-range resonances and
allow us to provide a finer insight into the MBL phase diagram,
as we show below.

B. Spin correlations

In the vast literature on MBL and its lattice simulations in
U(1) symmetric models, only a handful of papers focused on
pairwise correlation functions in eigenstates [21, 76, 77, 81–
84], despite the fact that they can be routinely measured in
several experimental platforms [43, 44, 47]. In practice, the
main efforts have focused on the two-site quantum mutual
information [19, 77], an entanglement estimate that directly
depends on single-site and two-body correlations [85].

In the present work, we aim to further explore the phase
diagram of a prototypical model hosting MBL with the help
of long-distance correlations, extending in several ways our
recent work [65]. The random-field spin-1/2 XXZ model is
defined on a periodic chain of length 𝐿, by the Hamiltonian

HΔ =

𝐿∑︁
𝑖=1

(
𝑆𝑥𝑖 𝑆

𝑥
𝑖+1 + 𝑆

𝑦

𝑖
𝑆
𝑦

𝑖+1 + Δ𝑆𝑧
𝑖
𝑆𝑧
𝑖+1 + ℎ𝑖𝑆

𝑧
𝑖

)
, (1.1)

whereΔ ∈ [0, 1] controls the interaction (the Ising anisotropy),
and the random fields are drawn from a uniform distribution,
ℎ𝑖 ∈ [−ℎ, ℎ]. Crucially, HΔ preserves the total magnetiza-
tion 𝑆𝑧tot =

∑𝐿
𝑖=1 𝑆

𝑧
𝑖
. We highly rely on this U(1) symmetry.
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Throughout this paper, we consider eigenstates of Eq. (1.1)
in the middle of the spectrum for the largest sector of fixed
total magnetization. As we focus on even sizes 𝐿, we always
consider 𝑆𝑧tot = 0. Eigenstates are obtained through shift-invert
exact diagonalization (ED) [29] on lattices up to length 𝐿 = 20.
For each value of Δ, ℎ, we consider between 1000 and 5000
realizations {ℎ𝑖} of disorder.

Before presenting the main results of the current paper, let
us recall previous findings obtained in Ref. [65] on the phase
diagram for mid-spectrum eigenstates, see Fig. 1. First, we
have compiled evidence showing that the Anderson localized
(AL) line is unstable for any finite interaction Δ, leading to
an ergodic regime when ℎ < ℎ∗ ∼ 2 − 3, whereas it connects
to the MBL regime for sufficiently large disorder. The er-
godic to MBL transition line in the disorder ℎ — interaction Δ

plane, has been obtained through an infinite-size extrapolation
(𝐿 → ∞, symbols in Fig. 1) of finite-size data (up to 𝐿 = 21)
of four standard observables: participation entropy (PE), en-
tanglement entropy (EE), extreme magnetizations (EM) and
gap ratio (GR). Second, beyond this line, at stronger disorder,
we identified a regime of instabilities where, in particular, the
spin-spin correlation functions at long-distance (𝐿/2) show a
non-trivial response upon increasing the system length 𝐿.

This last point is the main motivation of the present work,
where we propose a comprehensive study of the spin-spin
correlation functions as a probe across the phase diagram of
the random-field XXZ chain model Eq. (1.1) at high energy,
shown in Fig. 1. We denote as follows the connected spin-spin
correlation functions

𝐶𝛼𝛼
𝑖 𝑗 = ⟨𝑆𝛼

𝑖 𝑆
𝛼
𝑗 ⟩ − ⟨𝑆𝛼

𝑖 ⟩⟨𝑆𝛼
𝑗 ⟩, (1.2)

with 𝛼 = 𝑥, 𝑦, 𝑧 and where the expectation values are cal-
culated for many-body mid-spectrum eigenstates. The XXZ
Hamiltonian Eq. (1.1) commutes with 𝑆𝑧tot, which implies that
the 𝛼 = 𝑥 and 𝛼 = 𝑦 components, transverse with respect to the
random field, are equivalent by symmetry, and that ⟨𝑆𝑥

𝑖
⟩ = 0,

which is not true for the longitudinal component (⟨𝑆𝑧
𝑖
⟩ ≠ 0).

Throughout this work, we mostly use the absolute value
of the correlations [21, 81], so that we can define the typical
correlations at distance 𝑟 = |𝑖 − 𝑗 |

𝐶𝛼𝛼
𝑟,typ := exp(ln |𝐶𝛼𝛼

𝑟 |), (1.3)

where the bar denotes averaging over positions, eigenstates as
well as disorder realizations. Considering the absolute value
also in the average correlations

𝐶𝛼𝛼
𝑟,avg := |𝐶𝛼𝛼

𝑟 | (1.4)

facilitates the comparison with the typical behavior, and is
helpful for the study of the longitudinal correlations, which are
in majority negative in the ergodic regime, and fully negative
in the non-interacting limit [76]. Because of the exponential
decay of various correlations throughout the phase diagram,
we often display directly their logarithm.

As a probe for long-range resonances, we focus particularly
on the midchain correlations, between spins at the maximal
distance 𝑟 = 𝐿/2 in periodic chains. We consider their full

probability distributions 𝑃(𝐶𝛼𝛼
𝐿/2), and, to emphasize the typ-

ical behavior, 𝑃(ln |𝐶𝛼𝛼
𝐿/2 |). The main focus is therefore on

the decay of the typical and average midchain correlations for
different system sizes 𝐿, rather than on their decay in the bulk
as a function of 𝑟 for a given system size.

C. Main results

Figure 1 shows the phase diagram of the random-field XXZ
chain Eq. (1.1), across which we have studied in great detail
the different behaviors of the spin-spin correlation functions
at long distances 𝐶𝛼𝛼

𝐿/2. We thus provide a deep extension of
our initial results [65], which can be summarized as follows.

(i) The transverse correlation functions 𝐶𝑥𝑥
𝐿/2 show no sig-

nificant change throughout the phase diagram: they al-
ways show an exponential decay, both for their average
and for their typical behavior. While the origin of such
exponential decays is very different for weak and strong
disorder, 𝐶𝑥𝑥

𝐿/2 is not able to distinguish between the
different regimes.

(ii) This is in sharp contrast to the longitudinal correlators
𝐶𝑧𝑧

𝐿/2, which follow distinctly different patterns across
the phase diagram: an exponential decay for both typ-
ical and average in the strong disorder limit, identified
as MBL, precedes a marked difference between typical
and average correlators at intermediate disorder, before
finally giving rise to the thermal phase characterized by
midchain correlations decaying as a power law (due to
magnetization conservation) at lower disorder.

(iii) These different behaviors result from a qualitative
change in the probability distribution of the longitudinal
correlators. Between the strong and weak disorder lim-
its, we show the existence of a rather broad intermediate
regime characterized by a fat tail (presumably power-
law) for the large correlations, leading to an average
dominated by rare events. In this intermediate region,
however, the usual observables (spectral statistics, en-
tanglement, participation, extreme magnetization) show
well-converged MBL features [31, 65].

Our results are strengthened by a detailed study of the two
limiting cases of the thermal phase (at low disorder, finite in-
teraction) and the many-body Anderson localized phase (at
Δ = 0). In the main text, results along several scans are dis-
cussed: the AL line at Δ = 0; the random-field Heisenberg
model (RFHM) line at Δ = 1; and a vertical cut at ℎ = 6. Re-
sults along other horizontal (Δ = 0.25, 0.5, 0.75) and vertical
(ℎ = 4, 6) lines are discussed in Appendix.

D. Paper organization

The rest of the paper is organized as follows. We first discuss
in Section II the two limit cases: on the one hand, the many-
body Anderson insulator (Δ = 0), and on the other hand, deep
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FIG. 1. High energy phase diagram of the random-field
XXZ chain Eq. (1.1) as obtained for mid-spectrum eigen-
states from shift-invert diagonalization. The extrapolated
transition points out of the ergodic phase (blue region),
as previously obtained [65] using four standard observ-
ables, are shown together with new markers (green dots,
not extrapolated), dividing the phase diagram into three
qualitatively different regimes with respect to the midchain
longitudinal correlations 𝐶𝑧𝑧

𝐿/2. Between the red and blue
regions, our work highlights the importance of a new inter-
mediate regime (green region) where anomalously large
correlation events appear in fat-tailed distributions and
dominate the average decay of 𝐶𝑧𝑧

𝐿/2. The estimates of the
positions of these green markers are discussed in Appen-
dices D and E. The top insets show the three qualitatively
different behaviors for the distributions 𝑃(− ln |4𝐶𝑧𝑧

𝐿/2 |) for
three representative points, indicated by colored stars: (a)
self-averaging in the ergodic regime; (b) fat-tail behavior
for large correlation events (ℓ𝑧 → 0) in the intermedi-
ate regime; (c) log-normal-like for strong disorder, where
both the average and the typical function decay equally
exponentially.

in the ergodic regime, where the eigenstate thermalization
hypothesis (ETH) [86–88] applies. In particular, we study the
joint behavior of the longitudinal and transverse correlation
functions in these two regimes, which will serve as a guide
for our initial exploration of the phase diagram. Section III
provides an overview of the phase diagram through the lens
of midchain correlators following two representative cuts: one
horitzontal along the highly studied random-field Heisenberg
model line at Δ = 1, and another one along a vertical cut in the
phase diagram at ℎ = 6. Typical and average correlations and
the related correlation lengths are discussed in detail. Their
striking differences motivate a focus on the large correlations,
which we discuss in Section IV. Our results are summarized
and put in perspective in Section V in relation with the recent
literature on instabilities and resonances of the MBL phase,
along with a brief conclusion.

Our paper is supported by several appendices. Appendix A
provides further details regarding the free fermions results.
Appendices B and C discuss respectively the distributions for
a random vector in the 𝑆𝑧tot = 0 sector and the variances in the
interacting case. Appendix D contains a similar analysis as in
Sections III and IV for horizontal cuts atΔ = 0.25 andΔ = 0.5.
Finally, Appendix E provides further insight into vertical cuts
at ℎ = 4, 6 and 10.

II. TWO LIMITING CASES: ETH AND ANDERSON

To set the stage for the discussion, we present the main
features of the spin-spin correlations and their probabil-
ity distributions, highlighting the differences between two
well-controlled limits. We first consider the “many-body”
Anderson-localized phase (Δ = 0, Sec. II A), before going
deep into the ergodic phase (Δ = 1, ℎ = 1, Sec. II B), where
the ETH holds.

A. The many-body Anderson insulator

1. Exponential decay of the correlation functions

In the absence of interaction Δ = 0, the XXZ Hamitonian
becomes equivalent (after Jordan-Wigner fermionization) to
free fermions in a random potential (half-filling corresponding
to 𝑆𝑧tot = 0). Using Wick’s theorem, it is straightforward [89,
90] to express the various correlation functions in terms of the
Anderson localized fermionic orbitals 𝜙𝑚 (𝑖) (see Appendix A
for free-fermion calculations). For instance one easily sees
that the longitudinal spin-spin correlations, equivalent to the
density-density correlations for fermions, are always negative
(for any 𝑖 ≠ 𝑗):

𝐶𝑧𝑧
𝑖 𝑗

= −
���⟨𝑐†𝑖 𝑐 𝑗

⟩
���2 = −

�����∑︁
𝑚

𝜙∗𝑚 (𝑖)𝜙𝑚 ( 𝑗)
�����2 , (2.1)

where 𝑚 labels the occupied AL orbitals. In contrast, the
transverse correlations can be positive or negative

𝐶𝑥𝑥
𝑖 𝑗 =

1
2
⟨𝑆+𝑖 𝑆−𝑗 ⟩ (2.2)

=
1
2
⟨𝑐†

𝑖
(−1) �̂�𝑖 𝑗 𝑐

𝑗
⟩ (with �̂�𝑖 𝑗 =

𝑗−1∑︁
ℓ=𝑖

𝑐
†
ℓ
𝑐
ℓ
). (2.3)

In this non-interacting, Anderson-localized case, the corre-
lations are expected to decay exponentially with the separation
𝑟 = |𝑖 − 𝑗 |, as shown by ED results in Fig. 2 (a) for the typical
correlations Eq. (1.3). We note that the rounding of ln |𝐶𝛼𝛼

𝑟 |
observed at large 𝑟 and fixed size 𝐿 is an effect of the periodic
boundary conditions. Importantly, in this case the bulk decay
of the typical correlations for 1 < 𝑟 < 𝐿/2 − 2:

𝐶𝛼𝛼
𝑟,typ ∝ exp

(
− 𝑟

𝜉𝛼bulk,typ

)
(2.4)
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FIG. 2. Typical correlations and associated lengths in the XX chain
(Anderson localized insulator) at 𝜖 = 0.5, averaging over 5 · 104

disorder realizations. Small sizes are taken in order to facilitate the
comparison with the interacting model. (a) Exponential decay of
the typical correlations at ℎ = 5. Errors are smaller than the data
points. The bulk correlation lengths 𝜉𝑧bulk,typ = 0.448 ± 0.005 and
𝜉𝑥bulk,typ = 0.868±0.006 agree with the midchain correlation lengths
𝜉𝑧typ = 0.449 ± 0.003 and 𝜉𝑥typ = 0.894 ± 0.009. (b) Evolution of
the midchain typical correlation length compared to the many-body
localization length 𝜉loc obtained from the Lyapunov exponent. Dotted
lines indicate the fits, Eqs. (2.6), (2.7). At weak disorder, finite-size
effects limit the typical midchain correlation length.

agrees with the decay of the midchain typical correlations
taken at 𝑟 = 𝐿/2 as a function of system size 𝐿

𝐶𝛼𝛼
𝐿/2,typ ∝ exp

(
− 𝐿

2𝜉𝛼typ

)
. (2.5)

It is instructive to compare these correlation lengths with a
many-body version of the Anderson localization length, which
can be computed from the Lyapunov exponent associated with
single-particle orbitals [53, 91, 92]. The single-particle local-
ization length depends on both disorder strength and single-
particle energy. To obtain an overall localization length 𝜉loc
characteristic of many-body eigenstates at a given many-body
energy target (e.g. 𝜖 = 0.5 [93]), we have to average over
the density of states [53, 92]. Fig. 2 (b) shows the disorder
dependence of 𝜉𝛼typ and 𝜉loc. Inspired by the fact that the latter
is well described by the form [92, 94]

𝜉loc (ℎ) =
1

ln
[
1 + (ℎ/ℎ0)2

] , ℎ0 ≈ 1.13 (2.6)

we numerically fit the typical correlation lengths and obtain
similar behaviors for ℎ ≳ 1.5

𝜉𝑥typ (ℎ) ≈ 2𝜉𝑧typ (ℎ) ≈
1

ln
[
1 + (ℎ/ℎ′0)2

] , ℎ′0 ≈ 1.72. (2.7)

The estimated midchain correlation lengths plotted in Fig. 2
(b) deviate slightly from their expected behavior for ℎ ≲ 1.5.
For 𝜉𝑧typ, this is a very simple finite-size effect due to the small
sizes considered here, of the same order as those reachable in
the interacting problem. We note that this occurs for 𝜉𝑧typ ≳ 3.
For 𝜉𝑥typ, the finite-size effects are more subtle: the correlation
length shows a maximum as a function of the disorder strength,
drifting to zero disorder as the size increases. For stronger

random fields, the fits are good and the ratio of the transverse
to longitudinal correlation lengths is ≈ 2.

There is a simple argument to explain the factor of 2: for
strong enough disorder, the local densities are very close to 1
or 0, and therefore in most cases we expect the Jordan-Wigner
phase factors �̂�𝑖 𝑗 =

∑ 𝑗−1
ℓ=𝑖

𝑐
†
ℓ
𝑐
ℓ

to contribute almost exclusively
to the overall sign in Eq. (2.3), leading to

𝐶𝑥𝑥
𝑖 𝑗 ≈ ±1

2
⟨𝑐†

𝑖
𝑐
𝑗
⟩ (2.8)

≈ ±1
2

√︂���𝐶𝑧𝑧
𝑖 𝑗

���, (2.9)

and thus to the observed proportionality between the two com-
ponents of the correlation lengths

𝜉𝑥typ ≈ 2𝜉𝑧typ. (2.10)

The average midchain correlations also decay exponentially
in the non-interacting case (not shown here, but see Sec. III B),
yielding a midchain "average" correlation length:

|𝐶𝛼𝛼
𝐿/2 | ∝ exp

(
− 𝐿

2𝜉𝛼avg

)
(2.11)

We note two important differences with the typical correla-
tions stemming from the fact that the average correlations are
dominated by the large values: the average is more noisy,
and the longitudinal and transverse correlation lengths are not
related by a simple constant ratio. Instead we observe that
𝜉𝑥avg < 2𝜉𝑧avg, as further discussed in Appendix A.

2. Histograms and correlation map between 𝐶𝑥𝑥
𝐿/2 and 𝐶𝑧𝑧

𝐿/2

Keeping in mind our objective of exploring long-range cor-
relations, we focus on the mid-chain correlation functions
(|𝑖 − 𝑗 | = 𝐿/2). In the panels (a) and (b) of Fig. 3, we con-
sider the "correlations of the correlations" at disorder ℎ = 3.5,
exposing how transverse and longitudinal responses are corre-
lated at the level of individual eigenstates. Most of the weight
essentially accumulates along the red dashed line

ln |𝐶𝑧𝑧

𝐿/2 | = 2 ln |𝐶𝑥𝑥
𝐿/2 | + 2 ln 2, (2.12)

in agreement with Eq. (2.9). This behavior does not change
with increasing system sizes, as shown in Fig. 3(b). Although
Eq. (2.12) is the typical behavior, which is not rigorously valid
for each correlation at the individual eigenstate level, the results
in Fig. 3 (a-b) clearly reinforce the above arguments of the
irrelevance of the Jordan-Wigner string, leading to Eqs. (2.8)
and (2.9), and thus the factor of two in the correlations lengths
Eq. (2.10). A simple physical interpretation is that the random
magnetic field strongly pins and constrains the spins along
the field direction (whether aligned with or against the field),
and the dominant quantum fluctuations occur in the transverse
channel, perpendicular to the random field direction.

When studied independently, the individual distributions of
the 𝑥𝑥 and 𝑧𝑧 midchain correlations, plotted in Fig. 3(c,d) for
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FIG. 3. Distribution of the midchain correlations in the XX chain
(Anderson localized) at 𝜖 = 0.5, for ℎ = 3.5, taken over 5 · 104

disorder realizations. The system size color code is the same in all
panels. (a) Joint distribution for 𝐿 = 18. The heatmap encodes
P(ln |𝐶𝑥𝑥 |, ln |𝐶𝑧𝑧 |), in logarithmic scale. (b) Evolution with in-
creasing system sizes of the joint distribution. For readability we
only plot the contour at half the maximum probability (shown in
black on panel (a)) (c) and (d) : distribution of the natural loga-
rithm of the longitudinal (𝑧) and transverse (𝑥) correlations. The
bright red dotted lines indicate the maximal value of the correlations,
ln |𝐶𝛼𝛼 | ≤ − ln(4). The size dependence of the variance of the log
distribution is shown in inset of panel (b), with the square root growth
marked by a light gray line.

ℎ = 3.5, Δ = 0, show very interesting features as system size
is increased. Here we focus on small lengths (𝐿 = 8, . . . , 24)
to favor the comparison with the interacting problem later on.
Except for the already discussed factor of two, both families
of distributions behave similarly:

(i) They are upper bounded by ln |𝐶𝛼𝛼
𝐿/2 | ≤ − ln(4).

(ii) They drift toward negative values linearly with 𝐿 as
ln |𝐶𝛼𝛼

𝐿/2 | ∼ −𝐿/2𝜉𝛼.

(iii) Their standard deviation increases, with a slower power-
law compatible with

𝜎ln |𝐶𝛼𝛼
𝐿/2 | ∼

√
𝐿, (2.13)

as shown in the inset of Fig. 3(b) (see also Appendix A).
We note that the behavior Eq. (2.13) and the presence of
logarithmic corrections has been conjectured by Fisher and
Young [95] for the related many-body AL regime of the ran-
dom transverse-field Ising chain. These distributions are not
perfectly well captured by (even truncated) simple log-normal
distributions [96].

B. Deep in the ergodic phase

1. ETH and random states

In the ergodic phase, a typical “infinite temperature” eigen-
state (in the middle of the many-body spectrum, 𝜖 = 0.5)
should be well described by a featureless random state, with
no spatial dependence of two-point correlations, namely 𝐶𝛼𝛼

𝑖 𝑗

is independent of |𝑖 − 𝑗 |. The finite-size effects in expectation
values should be entirely ascribed to the finite-dimension NH
of the available Hilbert space, and for some quantities the ex-
istence of an underlying sum rule due to a conservation law.
In the remainder of this paper, the size of the available Hilbert
space NH will be the sizes of the 𝑆𝑧tot = 0 magnetization sec-
tor. This leads to markedly different behavior as a function
of system size 𝐿 for longitudinal and transverse correlations,
clearly visible in the two leftmost panels (a, b) of Fig. 4, which
we now discuss.

a. Longitudinal correlations— The conservation of the
total magnetization

∑𝐿
𝑖=1 𝑆

𝑧
𝑖
= 𝑆𝑧tot can be rewritten as follows∑︁

𝑖, 𝑗

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩ = 𝐿

4
+

∑︁
𝑖≠ 𝑗

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩ = (𝑆𝑧tot)2. (2.14)

For the 𝑆𝑧tot = 0 sector (for even 𝐿), when associated to the
featureless property of a random vector, one expects on average

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩ ≈ − 1

4(𝐿 − 1) ∀𝑖 ≠ 𝑗 . (2.15)

While Eq. (2.15) applies to the average disconnected correla-
tions, it is also valid for the typical, connected correlations, up
to corrections decaying exponentially with system size. The
absence of dependence on 𝑟 and the decay of the typical mid-
chain correlations with 𝐿 is readily checked in Fig. 4(a) against
exact numerics for fully random states in the 𝑆𝑧tot = 0 sector,
averaged over hundreds of samples [97].

b. Transverse correlations— In contrast to the above
slow algebraic decay, the transverse component is suppressed
much faster with 𝐿. Since for a random state the correlations
do not depend on the distance, ⟨𝑆+

𝑖
𝑆−
𝑗
⟩ is given by a sum of

NH/4 variables of order 1/NH with random signs, where NH
is the size of the Hilbert space. We therefore expect

⟨𝑆𝑥
𝑖
𝑆𝑥
𝑗
⟩ ∝ 1

√
NH

∀𝑖 ≠ 𝑗 , (2.16)

a behavior that is checked for 𝑆𝑧tot = 0 random vectors in
Fig. 4(b), where we observe

𝐶𝑥𝑥
𝐿/2,typ ≈ 0.137

√
NH

, (2.17)

with NH = 𝐿!
(𝐿/2)!2 ∼ 2𝐿/

√
𝐿 for the largest (𝑆𝑧tot = 0) sector.

2. ED results deep in the ergodic regime

We now discuss the more realistic situation of the XXZ
chain with parameters ℎ = 1,Δ = 1, i.e. deep in the ergodic
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FIG. 4. Typical decay of the spin-spin correlations of a random vector in the 𝑆𝑧tot = 0 sector compared to results deep in the ergodic phase at
Δ = 1, ℎ = 1. (a) Longitudinal corrrelations for the random vector. The gray line corresponds exactly to Eq. (2.15). (b) Transverse correlations
in the random vector. The gray line is given by Eq. (2.17) (c) Longitudinal correlations in the ergodic phase. The gray line is given by Eq. (2.18).
(d) Transverse correlations in the ergodic phase. The gray line is a fit to a square-root decay with the 𝑆𝑧tot = 0 sector’s size. (e) Joint distribution
of the midchain correlations for 𝐿 = 18, with the white contour indicating the height at half-maximum and the plus sign indicating the locations
of the maxima. (f) Evolution of the contour at half-maximum of the joint midchain correlations distribution with increasing system sizes. The
colored plus signs indicate the locations of the maxima of the distribution. Typical and average values of |𝐶𝛼𝛼

𝐿/2 | are shown by triangles and
crosses respectively. In panels (e) and (f), the AL line is given by Eq. (2.12) while the ETH line is given by Eqs. (2.17) and (2.15).

regime, where we expect the above ETH behavior to apply.

FIG. 5. Distributions of the midchain spin-spin correlations deep in
the ergodic phase, at Δ = 1, ℎ = 1. (a)-(b) Longitudinal correlations.
The majority of the correlations are negative. The variance of the
distribution of the logarithm clearly decreases with increasing system
sizes. (c)-(d) Transverse correlations. The distributions of |𝐶𝑥𝑥

𝐿/2 | are
gaussian and result in a traveling-wave behavior for the distribution of
ln |𝐶𝑥𝑥

𝐿/2 |. In the bottom panels, the bright red dotted lines indicate the
maximal value of the correlations, ln |𝐶𝛼𝛼 | ≤ − ln(4). The arrows
indicate the typical value of |𝐶𝛼𝛼

𝐿/2 |, while the crosses indicate the
average.

Figs. 4 (c, d) show the relatively good agreement with the
analytical forms Eq. (2.15) and Eq. (2.16), despite some small
discrepancies at short distance.

In order to minimize this non-universal residual effect, we
focus on midchain correlations, with a leading term that indeed
scales as a power-law for 𝑧𝑧, shown by a gray line in Fig. 4(c):

𝐶𝑧𝑧

𝐿/2,typ ≈ 0.27
𝐿 + ℓ0

, (2.18)

where the shift ℓ0 ≈ 6.2 is due to the small size dependence
at short distance. The transverse (𝑥𝑥) typical correlator is
better described by the random vector results, the gray line
corresponding to 𝐶𝑥𝑥

𝐿/2,typ = 0.17/
√
NH in Fig. 4(d)

In order to emphasize the contrasting behavior of the
correlators in the ergodic and Anderson-localized phase,
we show in a heatmap the joint probability distribution
P(ln |𝐶𝑥𝑥 |, ln |𝐶𝑧𝑧 |) for 𝐿 = 18 in Fig. 4 (e), and the size
dependence of its half-maximum in Fig. 4 (f), which can be
compared with Fig. 3 (a, b) for the AL case. Clearly, the dis-
tribution of correlations between the two components 𝐶𝑥𝑥

𝐿/2
and 𝐶𝑧𝑧

𝐿/2 take a different (triangular-like) shape, with a much
smaller variance rapidly decaying with system size. The typi-
cal, average and maximal value rapidly converge towards each
other, and follow roughly the ETH behavior (from random
states, displayed in blue, long-dashed lines in the Figure), up to
the correction due to ℓ0. This behavior contrasts with the con-
vergence towards the AL line (ln |𝐶𝑧𝑧

𝐿/2 | = 2 ln |𝐶𝑥𝑥
𝐿/2 | + 2 ln 2),

see Fig. 3 (a,b), and the red dashed line in Fig. 4 (f).
In addition, we also show in Fig. 5 the individual distribu-

tions 𝑃(𝐶𝛼𝛼
𝐿/2) (panels a,c) and 𝑃(ln |𝐶𝛼𝛼

𝐿/2 |) (panels b, d). They
can be compared with the AL case, displayed in Fig. 3 (c-d),
and with random states (see Fig. S2 in Appendix B). This set
of plots showcases not only the strong differences between AL
and ergodic behaviors, but also between the two different com-
ponents (transverse and longitudinal) inside the ergodic phase.
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In the top panels of Fig. 5, one immediately remarks the strong
sharpening with system size of the peaks of 𝑃(𝐶𝛼𝛼

𝐿/2) around
their mean values. This is typical of the self-averaging nature
of the ergodic phase. More precisely we find (see Appendix C)
that the standard deviation of 𝐶𝛼𝛼

𝐿/2 decreases rapidly with the
Hilbert space size as

𝜎𝐶𝛼𝛼
𝐿/2

∼ 1
√
NH

. (2.19)

Furthermore, in agreement with the random state predictions
of Eq. (2.15), we find that the average longitudinal correla-
tion 𝐶𝑧𝑧

𝐿/2 takes mostly negative values, in contrast with the
transverse correlation 𝐶𝑥𝑥

𝐿/2 which has a symmetric distribu-
tion around zero.

The lower panels of Fig. 5 show the probability distributions
of the logarithm of the correlators 𝑃(ln |𝐶𝛼𝛼

𝐿/2 |) where the dif-
ference between the longitudinal and transverse components
is much more visible. In particular, the standard deviation for
the 𝑧𝑧 component decreases very fast

𝜎ln |𝐶𝑧𝑧
𝐿/2 | ∼

𝐿
√
NH

, (2.20)

as a simple consequence of ETH Eq. (2.19) and the conserva-
tion of the total magnetization yielding Eq. (2.15). In contrast,
𝑃(ln |𝐶𝑥𝑥

𝐿/2 |) shows a clear traveling wave behavior with a con-
stant standard deviation

𝜎ln |𝐶𝑥𝑥
𝐿/2 | ∼ O(1), (2.21)

which is also a consequence of ETH, since both 𝜎𝐶𝑥𝑥
𝐿/2

and
𝐶𝑥𝑥
𝐿/2 decay ∼ 1/

√
NH .

C. Summary of the two limits

To summarize the main results in the two limiting cases
(many-body AL and deep ergodic case, as captured by random
states), we report in Table I the different scaling behaviors
as a function of chain length 𝐿 or Hilbert space size NH for
midchain correlators, related correlation lengths, and variance
of probability distribution. We find that the midchain corre-
lators (at 𝑟 = 𝐿/2) are particularly useful for several reasons:
(i) in the ETH phase, they naturally capture the strongly dif-
ferent decays (exponential versus algebraic) of the 𝐶𝑥𝑥 and
𝐶𝑧𝑧 correlators; (ii) in this same phase, they are less affected
by finite-size effects that influence short-distance correlators
(at small 𝑟); (iii) in the AL phase they perfectly capture the
correlation lengths 𝜉𝑥 and 𝜉𝑧 , equally well if not better than
bulk correlators.

In the next sections, we explore in detail how the correlations
and associated correlation lengths evolve as a function of inter-
action and disorder strengths. In Ref. [65], we described as a
smoking gun the fact that the AL hierarchy 𝜉𝑥typ ≈ 2𝜉𝑧typ evolves
to eventually switch, such that 𝜉𝑥typ ≈ 1/ln 2 ≪ 𝜉

𝑧,eff
typ → ∞ in

the ergodic phase. Here, our discussion goes much deeper into
the distributions, the statistics of rare events, and provides fur-
ther insight by exploring the subtle differences between typical
and average correlations.

ETH Many-body AL

Mid-Chain ln |𝐶𝑥𝑥
𝐿/2 | ∼ − ln

√︁
NH ln |𝐶𝑥𝑥

𝐿/2 | ∼ − 𝐿
2𝜉 𝑥

Correlations
Functions 𝐶𝑧𝑧

𝐿/2 ≈ − 1
4(𝐿−1) ln |𝐶𝑧𝑧

𝐿/2 | ∼ − 𝐿
2𝜉 𝑧

Correlation
lengths 𝜉𝑥typ ∼ O(1), 𝜉𝑧,eff

typ → ∞ 𝜉𝑥typ = 2𝜉𝑧typ ∼ O(1)

Standard 𝜎ln |𝐶𝑥𝑥
𝐿/2 | ∼ O(1) 𝜎ln |𝐶𝑥𝑥

𝐿/2 | ∼
√
𝐿

Deviations
𝜎ln |𝐶𝑧𝑧

𝐿/2 |
∼ 𝐿√

NH
𝜎ln |𝐶𝑧𝑧

𝐿/2 |
∼
√
𝐿

TABLE I. Summary of the different behaviors for the transverse
(𝑥𝑥) and longitudinal (𝑧𝑧) components of the midchain correlation
functions 𝐶𝛼𝛼

𝐿/2 for the ergodic (ETH) and Anderson localized (AL)
limits. NH is the dimension of the 𝑆𝑧tot = 0 magnetization sector.

III. CORRELATIONS ACROSS THE PHASE DIAGRAM

A. Overview

We now consider the fate of both transverse and longitudi-
nal correlation functions over the entire XXZ phase diagram
shown in Fig. 1. This is first illustrated in Fig. 6 with a horizon-
tal cut performed at Δ = 1 (the RFHM) for three representative
disorder strengths: one point in the ergodic regime (ℎ = 3.5)
and two points of stronger disorder, presumably belonging to
the MBL phase (ℎ = 6.5 and ℎ = 8.5), at least according to
the extrapolation of standard estimates [31, 65].

1. Ergodic regime (ℎ = 3.5)

We begin with a discussion of Fig. 6 (a), which shows spin-
spin correlation data for ℎ = 3.5. Although less deep in the
ergodic regime than the previous case (ℎ = 1 in Fig. 4 and
Fig. 5), these data are consistent with ergodic behavior, and
nicely show a crossover to the ETH limit. This is best seen
in the lower panel, where the contour at the half-maximum
of the joint distribution of the 𝑥𝑥 and 𝑧𝑧 midchain correlators
𝑃(ln |𝐶𝑥𝑥

𝐿/2 |, ln |𝐶𝑧𝑧

𝐿/2 |) clearly evolves toward ETH behavior
with increasing system size. This trend can also be observed
in the typical correlation functions (top panels), where the
clear exponential decay of the transverse component 𝐶𝑥𝑥 (𝑟)
differs from the transient behavior of 𝐶𝑧𝑧 (𝑟), which signals a
slow change towards ETH.

The histograms of the midchain correlations 𝑃(ln |𝐶𝛼𝛼
𝐿/2 |),

shown in the middle panels, reveal additional features com-
pared to ℎ = 1 in Fig. 5 (c-d). Indeed, the contrasted behav-
iors of the two components are different. Both distributions
broaden with increasing system sizes, while at the same time
an increasingly pronounced peak slowly develops for the 𝑧
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FIG. 6. Overview of the spin-spin correlations along the RFHM line (Δ = 1) for three representative disorder strengths (a) ℎ = 3.5, (b) ℎ = 6.5
and (c) ℎ = 8.5, for even system sizes from 𝐿 = 10 to 𝐿 = 20. First row: Decay of the typical longitudinal (left) and transverse (right)
correlations with the distance 𝑟 = |𝑖 − 𝑗 |. Second row: Probability distribution 𝑃(ln |𝐶𝛼𝛼

𝐿/2 |). The short vertical lines denote horizontally
the typical (triangles) and average (crosses) values of |𝐶𝛼𝛼

𝐿/2 |. The bright red dotted lines indicate the maximal value of the correlations,
ln |𝐶𝛼𝛼

𝐿/2 | ≤ − ln(4). Third row: Evolution of the contour at half-maximum of the joint distribution 𝑃(ln |𝐶𝑥𝑥
𝐿/2 |, ln |𝐶𝑥𝑥

𝐿/2 |) with increasing
system sizes. The colored plus signs indicate the locations of the maxima of the distribution. Typical and average values of |𝐶𝛼𝛼

𝐿/2 | are shown
by triangles and crosses respectively. For all disorder strengths, the typical and average values are bounded by the two asymptotic AL and ETH
behaviors. The former is represented by a dashed red line corresponding to Eq. (2.12), and the latter by a dashed blue line given by Eqs. (2.17)
and (2.15).

component near the average value, signaling the onset of the
ETH behavior.

Furthermore, typical ln |𝐶𝛼𝛼
𝐿/2 | and average ln |𝐶𝛼𝛼

𝐿/2 | corre-
lations are indicated by down arrows and crosses on the his-
togram (middle panels), as well as in the 𝑥 − 𝑧 correlation
map (lower panel). For ℎ = 3.5, they show similar trends
towards ETH as 𝐿 increases. The distinction between typical
and average behaviors will be discussed below in Sec. III B.

2. Strong disorder (ℎ = 6.5, 8.5)

For stronger disorder, the situation differs both qualitatively
and quantitatively from the ergodic regime, as shown in Fig. 6
(b, c). In the upper panels, typical midchain correlations de-
cay exponentially for both components (discussed further in
Sec. III B), although 𝐶𝑧𝑧

𝑟 shows more rounding in the bulk.
Furthermore, the histograms of midchain correlations show
a very different behavior compared to both ergodic and AL
regimes. While the transverse correlations change only slightly

with ℎ, the longitudinal component 𝐶𝑧𝑧

𝐿/2 exhibits several re-
markable properties.

(i) Together with a shift towards large negative values, a
clear broadening is observed with increasing 𝐿 (middle pan-
els) [98]. However, unlike the AL results in Fig. 3 (c), a strong
asymmetry develops with an accumulation of the weight in the
right tail (large correlations). This effect is most pronounced
at ℎ = 6.5.

(ii) The joint correlations distributions (bottom panels) are
very different from the AL case (Fig. 3 (b)). The contours
at half maximum encompass a much broader area instead of
accumulating on the line given by the typical decay.

(iii) The bottom panels show that average and typical be-
haviors are different at both quantitative and qualitative levels.
This is particularly noticeable at ℎ = 6.5, where there is a
curvature for the average correlations, but not for the typical.

We explore this last and very significant effect in more detail
in the next section, before further discussing important features
of the distributions in Sec. IV A.
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B. Average vs. typical correlations

We now address the distinction between average and typical
correlations along two representative scans across the phase
diagram, namely varying disorder ℎ with fixed interaction Δ =

1 (RFHM), and then varying interaction Δ for a fixed disorder
strength ℎ = 6. Other cuts are shown in Appendix D (Δ =

0.25, 0.5, 0.75) and E (ℎ = 4, and more details on ℎ = 6).

1. Midchain correlation functions

a. Δ = 1: horizontal scan— Fig. 7 displays along the
RFHM line the evolution with increasing disorder strength
(ℎ = 4.5, . . . , 8.5) of the average ln |𝐶𝛼𝛼

𝐿/2 | and the typical
ln |𝐶𝛼𝛼

𝐿/2 | midchain correlations for both longitudinal (𝛼 = 𝑧)
and transverse (𝛼 = 𝑥) components. As already noticed, the
transverse correlations remain very well described by a purely
exponential decay, with the additional observation that average
correlations decay with a larger correlation length: 𝐶𝑥𝑥

𝐿/2 is not
sensitive to the transition, and behaves essentially the same in
all regimes.

In sharp contrast, the longitudinal correlations 𝐶𝑧𝑧

𝐿/2 show
very different properties as ℎ varies. Starting from strong dis-
order, we first find that average and typical correlations appear
to decrease exponentially over the whole range of 𝐿 for ℎ ≳ 8.
For 8 ≳ ℎ ≳ 6, some deviations start to become very visible for
the average which no longer follows a pure exponential decay
over the full range. Indeed, exponential fits (dashed lines) do
not display the same slope depending on the fitting range in the
left panels of Fig. 7. The discrepancy becomes increasingly
important as ℎ decreases, while at the same time the typical
correlations instead seem to remain mostly better described by
an exponential decay, at least for ℎ ≥ 6, where the various fits
agree reasonably well. A more systematic analysis in terms of
the effective longitudinal correlation length (dependent on the
fitting window) is given below in Sec. III B 2.

b. ℎ = 6: vertical scan— The results along a vertical
cut also display interesting features, as shown in Fig. 8 for
increasing interaction (Δ = 0, . . . , 0.75) at ℎ = 6. As already
observed in Ref. [65], for such a disorder the transverse cor-
relations are practically insensitive to the interaction strength,
while the longitudinal component is remarkably enhanced by
any Δ ≠ 0: this is easily seen by comparing the left and right
panels of Fig. 8. Moreover, the distinction between average
and typical values is particularly relevant for the 𝑧𝑧 compo-
nent. Indeed, as can be seen in the left panels, there is a
striking contrast between Δ = 0 (top panel) and an interaction
as weak as Δ = 0.1, where the average does not decay as a
pure exponential over the whole range, while the typical value
does. If we increase Δ further, the situation remains qualita-
tively the same, as we now analyze quantitatively by focusing
on the correlation lengths.

FIG. 7. Evolution of longitudinal (𝑧𝑧, left) and transverse (𝑥𝑥, right)
midchain correlations. The typical ln |𝐶𝛼𝛼

𝐿/2 | (triangles) and average

ln |𝐶𝛼𝛼
𝐿/2 | (crosses) are plotted against 𝐿 forΔ = 1 and various disorder

strengths (shown on plots). A linear scale is used to highlight possible
exponential decays. Dashed lines show exponential fits. For 𝑧𝑧 (left),
two fits are shown: light green for the four smallest sizes, and dark
blue for the four largest, qualitatively revealing fitting instabilities.
For 𝑥𝑥 (right), we only show one fit.

2. Correlation lengths

We first observe that for midchain transverse correlation
functions𝐶𝑥𝑥

𝐿/2, the associated transverse correlation length 𝜉𝑥

is practically featureless, as it remains O(1) over the entire
parameter space. The lengths 𝜉𝑥avg/typ are very stable with sys-
tem size, and barely depend on the averaging process. This
reinforces the result that the midchain transverse correlations
always decay exponentially with 𝐿 over the entire phase di-
agram. However, it is important to realize that the origin of
these exponential decays is very different in the ergodic regime,
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FIG. 8. Same as for Fig. 7, but for a fixed value of disorder ℎ = 6
and various values of interaction (from top to bottom). The first panel
corresponds to the non-interacting many-body AL insulator.

where it comes from the simple ETH argument, see Eq. (2.16),
while at strong disorder it is a signature of localization.

The longitudinal length turns out to be much more sensitive
to the parameters Δ and ℎ, the system size 𝐿, and the averaging
procedure. This can be clearly observed for example at Δ = 1
(Fig. 9 left), where we see that as ℎ decreases, 𝜉𝑧typ starts
to increase with 𝐿 when ℎ ≤ 5 − 6, while 𝜉𝑧avg also shows
instability with increasing 𝐿, but already at ℎ ≤ 7 − 8. A
similar effect occurs at ℎ = 6 (Fig. 9 right) as a function of
the interaction Δ, where one sees that the enhancement with
𝐿 is much more pronounced for the average length than for
the typical. The two lower panels of Fig. 9 provide another
clear view of the strong difference between the average and
typical correlation lengths, by showing how their ratio evolves.
Despite the rather large error bars (due to the fact that we
are taking a ratio of two estimates already averaged over the
disorder), we can easily see that the ratio increases with 𝐿

FIG. 9. Correlation lengths associated to the typical (top) and aver-
age (middle) decays, and their ratio (bottom) in the longitudinal (𝑧𝑧,
green) and transverse (𝑥𝑥, orange) directions. Left: ℎ dependence at
fixed interactionΔ = 1. Right: Δ dependence at ℎ = 6. Labels denote
the various system sizes 𝐿 used for exponential fits to extract corre-
lation lengths. The top panels were already presented in Ref. [65].

below ℎ ≈ 7 for Δ = 1 and above Δ ≈ 0.1 for ℎ = 6, which
signals a growing discrepancy between average and typical
behavior.

All these observations reinforce the idea that there might
be a regime where the decrease of the average correlations is
not well captured by a stable exponential decay. This calls
for a closer inspection of the distributions of the longitudinal
correlators 𝐶𝑧𝑧

𝐿/2, focusing in particular on certain rare events
with large values.

IV. DISTRIBUTIONS OF CORRELATIONS, EXTREME
STATISTICS, RARE EVENTS

A. Focus on large correlations: general overview

To emphasize the large values of correlators, we consider
for both components (𝛼 = 𝑥, 𝑧) the strictly positive quantities

ℓ𝛼 = − ln
���4𝐶𝛼𝛼

𝐿/2

��� , (4.1)

and examine their distributions. Compared to the histograms
𝑃(ln |𝐶𝛼𝛼

𝐿/2 |) plotted in Fig. 6, there is a clear advantage in
showing 𝑃(ℓ𝛼) instead as we directly focus on the large cor-
relation events |𝐶𝛼𝛼

𝐿/2 | ≈ 1/4 corresponding to the ℓ𝛼 → 0
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FIG. 10. Evolution of the distributions 𝑃(ℓ𝑧) along the RFHM line (Δ = 1) for a wide range of disorder strengths ℎ ∈ [2, 20]. The histograms,
collected across all eigenstates (from full diagonalization) and several thousands of disordered samples, are shown for various chain lengths
𝐿 = 8, 10, 12, 14, 16. As the disorder strength increases, two clear tendencies are observed: there is a first broadening, together with the
development of a left fat tail visible for ℎ approximately in the range [4, 10], followed by a gradual vanishing of the fat tail, which then becomes
more and more Gaussian-like as 𝐿 increases. For the largest values of ℎ, a peak can be seen at the right-hand limit of the support (ℓ𝑧 ≈ 35),
corresponding to vanishingly small correlations that have reached machine precision.

regime.
Longitudinal correlators — Fig. 10 gives a broad overview

of the evolution of 𝑃(ℓ𝑧) for different sizes 𝐿 = 8 · · · 16
along the RFHM line (Δ = 1) in the phase diagram with
ℎ = 2, 4, · · · , 20, thus highlighting three different regimes.
Note that to improve the statistics, the histograms are con-
structed over all the eigenstates, rather than only for the mid-
spectrum states. For weak disorder ℎ = 2 [panel (a)], the distri-
butions narrow with increasing 𝐿, in agreement with previous
observations [21]. Then, as the disorder strength increases,
a new pattern emerges in a regime where otherwise standard
observables indicate a rather well-converged MBL-type be-
havior for these system sizes [31, 65]: the distributions tend
to broaden slightly, but more strikingly, a fat tail (seemingly
power-law) appears for small ℓ𝑧 and then persists for disorder
strengths roughly in the range ℎ ∼ 4 − 10, see panels (b-e)
(this behavior is best seen for the largest 𝐿). Finally, as the
disorder is further increased, this peculiar regime is followed
by a more conventional behavior where the distributions be-
come closer to a normal distribution (in the ℓ𝑧 variable, with
an exponential-like tail not emphasized here) as 𝐿 increases,
see panels (f-h). Note that the observation of this "fat tail" be-
havior for 𝑃(ℓ𝑧) was not reported in Ref. [21], which instead
mentioned log-normal distributions once ℎ > 4 in the putative
MBL phase.

Comparison with transverse correlator — Fig. 11 compares
𝑃(ℓ𝑥) and 𝑃(ℓ𝑧) for three representative disorder strengths
(ℎ = 5, 6.5, 8.5) in the regime where the fat tail emerges for ℓ𝑧
(here, only eigenstates close to the middle of the spectrum are
kept). 𝑃(ℓ𝑥) is clearly suppressed much faster with system size

and does not exhibit a tail for low values of ℓ𝑥 . In this regime,
𝑃(ℓ𝑥) is qualitatively similar to the Gaussian-like behavior
observed for 𝑃(ℓ𝑧) at stronger disorders (compare to Fig. 10
(f-h)). The distribution of ℓ𝑥 translates into a behavior much
more similar to the many-body Anderson insulator (Sec. II A),
that is, a standard localized regime in which the statistical
analysis is not dominated by rare events.

The different shapes of 𝑃(ℓ𝛼), and their evolution with
increasing system size, provide a qualitative explanation for the
differences between average and typical observed in Sec. III B,
a point which we discuss more quantitatively below.

B. Quantitative analysis of the fat-tail regime

We quantify the importance of the tail in the distribution of
|𝐶𝑧𝑧

𝐿/2 | (gray shaded area in Fig. 11) by the weight

𝑊∗ =

∫ ℓ𝑧∗

0
𝑃(ℓ𝑧)dℓ𝑧 , (4.2)

where ℓ𝑧∗ is a size-independent O(1) cutoff. For a log-normal
distribution, assuming that the standard deviation (in ℓ𝑧) grows
slowly enough [99], 𝑊∗ would vanish exponentially with 𝐿,
such that average and typical correlations would be similar.
The situation is quite different in the presence of a fat tail,
which leads to a slower decay of both 𝑊∗ (𝐿) and the average
correlation function, as we discuss below for two representative
cuts.
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FIG. 11. Distributions 𝑃(ℓ𝑧) (left) and 𝑃(ℓ𝑥) (right) for three dis-
order strengths ℎ = 5, 6.5, 8.5 along the RFHM line (Δ = 1). The
histograms, collected from mid-spectrum eigenstates are shown for
𝐿 = 10, 12, 14, 16, 18, 20. The fat-tail regime for the longitudinal
component ℓ𝑧 contrasts with the quickly vanishing tail for the trans-
verse one. The region indicated by the shaded gray area corresponds
to ℓ𝑧∗ < 3.22 (|𝐶𝑧𝑧

𝐿/2 | > 10−2), and is used to compute the weight 𝑊∗
in Eq. (4.2), shown in Fig. 12.

1. Δ = 1: horizontal scan

Focusing on the regime 4.5 ≤ ℎ ≤ 8.5, we plot in Fig. 12
both the weight 𝑊∗ Eq. (4.2), computed for |𝐶𝑧𝑧

𝐿/2 | > 0.01
(corresponding to ℓ𝑧 < 3.22 [100], shaded area in Fig. 11),
and the average correlation, formally defined as

|𝐶𝑧𝑧

𝐿/2 | =
1
4

∫ ∞

0
𝑃(ℓ𝑧) exp(−ℓ𝑧)dℓ𝑧 . (4.3)

These two quantities show qualitatively similar trends, clearly
demonstrating that the average is controlled by the left tail of
𝑃(ℓ𝑧), i.e. the weight of large correlations. For most values
of ℎ in this regime, we observe a sub-exponential decay with
𝐿, presumably better described by a power law, as shown in
the log-log plots of Fig. 12 (right panels). On the other hand,
the data for ℎ = 8.5 seem to more reasonably obey a pure
exponential decay with 𝐿, as shown by the semi-log plots in
Fig. 12 (left panels).

To make this analysis more systematic across the entire

FIG. 12. Average midchain longitudinal correlations |𝐶𝑧𝑧
𝐿/2 | (top) and

large correlation weight 𝑊∗, Eq. (4.2) (bottom), both plotted against
𝐿 for Δ = 1 and various disorder strengths ℎ, as indicated on the plot.
The semi-log scale (left) indicates that only the data at ℎ = 8.5 can
be reasonably described by an exponential decay, while the log-log
scale (right) shows a plausible power-law decay for most of the other
data, see Fig. 13 for a quantitative analysis.

horizontal cut (Δ = 1, ℎ ≤ 10), we fit the decay of both𝑊∗ (𝐿)
and |𝐶𝑧𝑧

𝐿/2 | by exponential forms

𝑊∗ (𝐿) ∼ exp
(
− 𝐿

2𝜆w

)
and |𝐶𝑧𝑧

𝐿/2 | ∼ exp
(
− 𝐿

2𝜉𝑧avg

)
, (4.4)

as well as using algebraic laws

𝑊∗ (𝐿) ∼ 𝐿−𝜂w and |𝐶𝑧𝑧

𝐿/2 | ∼ 𝐿−𝜂𝑧
avg . (4.5)

As previously done in Sec. III B 2, the length scales 𝜆w,
𝜉𝑧avg, and the power-law exponents 𝜂w, avg are estimated
from fits performed over 3 different sliding windows (𝐿 ∈
[10, 16]; [12, 18]; [14, 20]) so that one can estimate the
(in)stability of the presumed forms Eqs. (4.4, 4.5).

The results are shown in Fig. 13 where we observe a strong
similarity between 𝑊∗ (𝐿) and |𝐶𝑧𝑧

𝐿/2 |, such that 𝜆w ≈ 𝜉𝑧avg
and 𝜂w ≈ 𝜂𝑧avg. In addition, the study of fit stability with the
sliding windows allows one to distinguish three qualitatively
different regimes: (i) For strong disorder (above ℎ ∼ 8) the
data are best described by an exponential decay, stable with
𝐿 and with rather short characteristic length scales; (ii) in the
other limit for ℎ ≲ 5, the exponential fits are clearly not stable
with 𝐿, while the power-law fits show a slow 𝐿-dependent
crossover for the exponent 𝜂 possibly at weak disorder towards
the value 𝜂 = 1 expected for ETH (see Sec. II B and Fig. 4,
this is more clearly seen for 𝜂𝑧avg); (iii) finally, the intermediate
region 5 ≲ ℎ ≲ 8 is not correctly described by an exponential
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FIG. 13. Δ = 1. Characteristic lengths 𝜆w and 𝜉𝑧avg (bottom) and
power-law exponents 𝜂w,avg (top), obtained by fitting the longitudinal
tail weight 𝑊∗ and correlator |𝐶𝑧𝑧

𝐿/2 | to respectively exponential and
power-law forms Eq. (4.4), and Eq. (4.5)). These estimates, obtained
over different sliding windows (𝐿 ∈ [10, 16]; [12, 18]; [14, 20]), are
plotted against the disorder strength ℎ, highlighting three qualitatively
distinct regimes (see text). The insets quantify the qualities of the
fitting forms, defined in Eq. (4.6).

decay, and is best characterized by a rather stable algebraic
decay, with exponents 2 < 𝜂 < 4. To confirm this visual
estimate of stability of the fits, we compute their coefficient
of determination obtained by comparing the residuals of the
data 𝑦 with respect to the fit 𝑓 from those with respect to the
average :

𝑅2 := 1 −
∑

𝑖 (𝑦𝑖 − 𝑓𝑖)2∑
𝑖 (𝑦𝑖 − 𝑦)2 . (4.6)

𝑅2 = 1 (𝑅2 ≪ 1) indicates a perfect (bad) fit. Despite the noise
inherent to the original data, the plateau close to 1 for 𝑅2 for
the power-law fits displayed in the insets in Fig. 13 highlights
the existence of an intermediate regime where the power-law
fits indeed perform better.

2. ℎ = 6: vertical scan

An identical analysis is performed for a vertical scan, exam-
ining how 𝑃(ℓ𝑧) evolves for a fixed disorder ℎ = 6 while Δ is
varied. Fig. 14 shows how the weight 𝑊∗ (𝐿) and the average
correlations |𝐶𝑧𝑧

𝐿/2 | decay with 𝐿 in the range Δ ∈ [0, 1]. The
results of a quantitative analysis of the decays, fitted with ex-
ponential Eq. (4.4) and algebraic Eq. (4.5) forms, are shown
in Fig. 15, similar to the analysis in Fig. 13 for the RFHM.

Although the error bars are quite large, especially for the
power-law exponents 𝜂w,avg (top panels), we can still conclude
that at sufficiently low interaction, roughly below Δ ∼ 0.1, we
do not observe signs of fat tails, with both 𝑊∗ (𝐿) and |𝐶𝑧𝑧

𝐿/2 |

FIG. 14. Same as Fig. 12 but for a vertical scan at ℎ = 6 plotted
for Δ ∈ [0, 1]. The semi-log scale (left) indicates that the data
for Δ < 0.1 can be described by an exponential decay, while with
the log-log scale (right) we observe a reasonnable power-law decay
for Δ ≳ 0.1. Fig. 15 shows a quantitative analysis of the fitting
parameters.

FIG. 15. Same as Fig. 13 but for a vertical scan at ℎ = 6 with
Δ ∈ [0, 1]. The power-law regime appears to be stable aboveΔ ∼ 0.1,
while below that an exponential decay seems to describe the available
data slightly better.

compatible with exponential decay, at least in the range of
system sizes accessible to our simulations. This regime would
then be adiabatically connected to the many-body Anderson
insulator. However, as the interaction strength increases, we
observe a qualitative change towards power-law decay at and
above Δ ∼ 0.1, signaling the onset of the intermediate fat-tail
regime. The results in Appendix E support this picture even
further.
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C. Discussion

With the above analysis, we have clearly identified a new
regime where the midchain longitudinal correlations follow
a fat-tailed distribution for ℓ𝑧 → 0, presumably power-law.
Along the RFHM line (Δ = 1), this roughly occurs for
5 ≲ ℎ ≲ 8, i.e. in a regime where otherwise standard eigen-
state observables indicate MBL physics [31, 65]. An impor-
tant consequence is that in this region, typical and average
correlations have qualitatively different decays:

|𝐶𝑧𝑧

𝐿/2 | ∝ 𝐿−𝜂avg (4.7)

exp
(
ln |𝐶𝑧𝑧

𝐿/2 |
)

∝ exp

(
− 𝐿

2𝜉 typ
𝑧

)
, (4.8)

suggesting that certain types of rare events with large correla-
tion dominate the mean, leading to a behavior clearly distinct
from that of the typical value. The other scan for which we have
also presented a detailed analysis at ℎ = 6 similarly displays
such an intermediate window, readily observed above Δ ∼ 0.1
(for lower values of Δ < 0.1, this regime is not observed
within our system sizes). Importantly, we did not find trace
of a similar regime for the transverse correlator 𝐶𝑥𝑥

𝐿/2, which
instead displays more conventional behaviors (Gaussian-like
in the ergodic phase, log-normal like at larger disorder).

The fact that typical and average longitudinal correla-
tions show such different trends suggests the absence of self-
averaging for this particular observable. Such unconventional
behavior reminds us of the case of Infinite Randomness Fixed
Point (IRFP) criticality [101–103], for which we briefly recall
the peculiar properties of the correlation functions at distance
𝑟. They are broadly distributed, with a fat tail describing rare
but large correlation events associated with long-range singlets
(aka the random singlet phase). As a striking consequence, the
average decays algebraically 𝐶avg (𝑟) ∼ 𝑟−𝜂 , since it is domi-
nated by O(1) correlations occurring with a probability∼ 𝑟−𝜂 ,
see Refs. [104, 105] for numerical evidence. At the same time,
the typical correlation, controlled by a scale-invariant part of
the distribution [95], decays much faster, like a stretched ex-
ponential 𝐶typ (𝑟) ∼ exp(−𝐴

√
𝐿). Although IRFP physics is

usually associated with a strong disorder type renormalization
group flow [106], it is not clear that such a framework provides
a good description of MBL physics [107–109]. For example,
Refs. [110–112] concluded for Z2-symmetric models that at
high energies, the non-interacting IRFP is destabilized by any
weak interactions towards a delocalized ergodic phase, con-
trasting with the zero-temperature properties where instead
IRFP remains stable against finite interactions in the ground
state [113]. For the present U(1)-symmetric XXZ model, the
non-interacting limit is the many-body Anderson insulator,
which is not described by IRFP physics, but rather by a stan-
dard finite-disorder fixed point, which has been argued [114]
to be analogous to the off-critical (Griffiths) regime of the ran-
dom transverse-field Ising chain [103, 104]. Therefore, we
do not expect finite interaction to emulate any kind of IRFP
physics, but our numerical results strongly suggest that rare
events may still play a key role.

Remarkably, qualitative differences between average and
typical decay have also been reported in apparently quite
different situations. In the context of classical spin glasses,
Ref. [115] discussed the relevance of large deviations of cor-
relation functions in random magnets using the example of
the random-field Ising model on the Bethe lattice, where they
found rare events with anomalously strong correlation func-
tions driven by a few pairs of strongly correlated spins. In a se-
ries of advances on the Anderson transition problem in random
graphs, Refs. [116–118] proposed that rare events dominate the
physics in the localized regime. In particular, they numerically
found qualitatively different behavior for the decays of single-
particle two-point correlation functions over the random graph,
a behavior that may be related to our observations, although
the correspondence between the many-body problem and ran-
dom graphs is known to be highly non-trivial [119–126] and
deserves more careful investigation.

V. SUMMARY, DISCUSSIONS AND OUTLOOKS

We summarize here our main results and connect them with
the relevant literature. The basis for our comprehensive study
of correlators was laid in section II with the limiting cases,
where their behavior is well understood. The ergodic regime
at low disorder shows different natures for the midchain corre-
lators: algebraic decay with system size 𝐿 for the longitudinal
𝐶𝑧𝑧

𝐿/2, due to the magnetization preserving nature of HΔ in
Eq. (1.1), versus the exponentially decaying transverse compo-
nent 𝐶𝑥𝑥

𝐿/2. In the non-interacting many-body Anderson case,
both correlators decay exponentially with associated typical
length scales that follow the localization length and respect a
hierarchy 𝜉𝑥typ > 𝜉𝑧typ.

Section III contrasts the exponential decay of transverse
correlators observed throughout the phase diagram with the
richer longitudinal behavior. While for sufficiently strong dis-
order 𝐶𝑧𝑧

𝐿/2 also decays exponentially, upon decreasing disor-
der we find a quite unconventional intermediate regime with
a broad and asymmetric distribution of systemwide correla-
tion 𝑃(ln |𝐶𝑧𝑧

𝐿/2 |) that appears well before the ergodic phase.
In this interesting regime, we report very pronounced differ-
ences between average and typical midchain correlators. In
particular, the average is no longer well described by a stable
exponentially decay, while the typical is (note that the latter
will eventually also show signs of instability as the disorder is
further reduced, as previously reported in Ref. [65]).

By focusing in Section IV on large correlation events using
the logarithmic variable ℓ𝑧 = − ln(4|𝐶𝑧𝑧

𝐿/2 |), we can explore the
large deviation statistics in this intermediate disorder regime,
where we reveal the existence of a fat-tailed probability distri-
bution (presumably a power law) for strong correlators |𝐶𝑧𝑧

𝐿/2 |
(small values of ℓ𝑧), an effect that is clearly visible in Fig. 10.
These rare but strong correlations are at the origin of the non-
trivial qualitative difference observed between typical and av-
erage decays, as also reported in Fig. 9, where the effective
correlation lengths, 𝜉𝑧typ (𝐿) and 𝜉𝑧avg (𝐿), show very contrast-
ing behaviors. This intermediate "fat-tail" regime, in which
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systemwide correlations are dominated by rare events, exhibits
a rather large extension in the disorder-interaction plane (green
region in the phase diagram, Fig. 1), typically nearly as large
as the ergodic region. Beyond this regime, for larger disorder,
we report more conventional exponentially suppressed long-
range correlations, consistent with a more standard real-space
localization.

The existence of a region of the phase diagram, or a regime
in the parameter range, presumably inside the MBL phase,
with unusual (not-strictly localized) properties has been advo-
cated in some previous works, albeit not always at the same
location or not delimited by the same markers [127]. An ear-
lier exact diagonalization analysis [81] argued on the existence
of a critical regime for ℎ ∈ [3, 4] based on the power-law
decay of the average correlator 𝐶𝑧𝑧

𝑟 , which we instead at-
tribute to the crossover to the ergodic regime in this disorder
range, as already visible for the typical correlator represented
in Fig. 6 (a). Ref. [128] considered the distribution of sizes
of entanglement clusters across the phase diagram and found
that the probability of small 2-sites entanglement clusters re-
mains finite for disorder values where we observe the fat-tails,
but finds that the two sites are at relatively short distances.
Similarly, Ref. [84] obtains relatively local correlation clus-
ters. This contrasts with the long-range nature of the enhanced
correlations that we find. Interestingly, Ref. [77] analyzes the
probability distribution of (the log of) the quantum mutual
information (QMI) between two distant spins (closely related
to 𝐶𝑧𝑧 in case of magnetization conservation) for the RFHM.
One of the main results is a stretched exponential behavior (as
a function of distance 𝑟) for the typical QMI of open chains
in an intermediate disorder regime, whereas our typical data
at maximal distance 𝑟 = 𝐿/2 are best fit with an exponential
decay (albeit in some cases with a growing correlation length).
Ref. [77] also studies events associated to large QMI, but to
the best of our understanding does not report power-law tails
in the range where we find them, but rather a maximum around
ℎ ≃ 3 (identified as the transition). We note nevertheless the
positive skewness in the distribution of the log of the QMI, in
the range where we see fat tails. Anomalous dynamical be-
haviors (in dynamics after a quench, or in transport) have also
been reported [12, 14, 18, 70, 129–132] in a similar disorder
regime where we find fat-tails for strong correlators, and it
would be interesting to understand if these two observations
could be related.

Our finding of the enhancement of strong long-distance cor-
relations could be interpreted as a direct witness of long-range
many-body resonances, extensively argued [19, 55–58, 70]
to be the final precursor to the ergodic phase, and as such
complements other (direct or indirect) supports for the identi-
fication of long-range many-body resonances in microscopic
MBL models [19, 54–56, 58, 59, 70, 74–78, 133].

Considering the logarithmic variable ℓ𝑧 effectively zooms
on anomalous strong long-distance correlators. With a sim-
ilar objective but a different approach, Ref. [80] proposes a
way to put a biased emphasis on long-distance many-body
resonances and also find an intermediate regime (between the
ergodic and deeply localized) where such rare long-distance
resonances dominate the physical behavior (albeit in a differ-

ent microscopic model). In a related spirit, Ref. [19] considers
the extreme statistics of the QMI (the maximal QMI taken
over all eigenstates at the largest distance for open chains) as
a marker of the appearance of at least one systemwide reso-
nance, identified at a disorder strength ℎswr ≃ 8 for the RFHM.
This value is apparently close to the one where, for Δ = 1, we
begin to observe power laws for 𝑃(ℓ𝑧), but we note that tak-
ing the maximum QMI over the entire many-body spectrum
should provide an upper bound on the extent of this regime.
Our results suggest, at least for periodic systems free of edge
effects, that this upper bound should be larger.

Our study does not shed light on the exact anatomy [120,
123] of the resonant states that give rise to these strong dis-
tant correlators, even though we note that that simultane-
ous strong 𝐶𝑧𝑧

𝐿/2 and vanishing 𝐶𝑥𝑥
𝐿/2 suggests the involve-

ment of (at least two) spin flips in the bulk due to the total
magnetization conservation in our samples. Further work is
needed to identify the form and range distribution of these
strong correlation events, as well as to make connections with
phenomenological approaches to many-body resonances [55–
57, 59, 134], avalanche models [19, 51–53, 57, 58, 134], and
other renormalization group / effective approaches to the tran-
sition [52, 94, 117, 135–139].

Although our results are effectively limited to finite systems,
one can nevertheless try to elaborate possible scenarios for the
intermediate regime in larger chains, and in particular how it
relates to its surrounding ergodic and MBL phases.

1) The fat tail of large systemwide correlations may be
an early sign of a regime that eventually becomes ergodic
at larger scales, a scenario that falls into the phenomenology
of the prethermal MBL [59]. However, it remains to be under-
stood why in this regime many-body spectroscopy adheres so
strongly to Poisson statistics, as also raised by Biroli et al. [80].

2) As an alternative scenario, one could imagine that the
observed power-law decay of the average systemwide correla-
tions is only a transient finite-size effect before an asymptotic
exponential decay signaling a stable conventional MBL phase
at larger 𝐿. Although we cannot rule it out, this scenario seems
unlikely from our data, which instead show that the boundary
of this regime drifts toward larger disorder with increasing 𝐿.

3) Finally, as a third possibility, one may expect the power-
law decay of the average correlations to persist at larger sizes,
giving rise to an intermediate stable phase where ergodicity is
broken but real-space localization is not total.

This clearly paves the way for interesting future research
aimed at exploring these different scenarios. In that respect,
tensor network approaches targeting excited states [81, 140–
142] may help clarify the fate of the average systemwide cor-
relations for larger systems. Their bias towards less entangled
states could, however, be a significant limitation [84, 141].

As a final remark, we believe that further studies of long-
distance correlators in microscopic models (with or without
magnetization conservation, including in dynamical setups)
would provide very useful insights, since they are natural,
experimentally accessible [50], and interpretable probes of
many-body resonances. This real-space perspective on local-
ization could form a basis for deeper understanding, and reveal
the key role of extreme statistics in the stability of MBL.
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Appendix
In these appendices, we provide details for several points

of the main text. Appendix A deals with the free-fermion
calculations. Appendix B gives more details on correlations
in random vectors modeling ETH. Appendix C provides a brief
discussion of the variance of the correlation distributions in the
interacting case. Finally, Appendices D and E show the results
of a similar analysis as in the main text, but for other cuts in the
phase diagram. Appendix D gives the results for Δ = 0.25, 0.5
and 0.75 while Appendix E provides further results at constant
fields ℎ = 4 and 6. We discuss the evaluation of the boundary
of the intermediate regime (green dots in Fig. 1), and of the
associated error bars.

Appendix A: Many-body Anderson insulator

1. Transformation to free fermions

The XXZ Hamiltonian Eq. (1.1) can be re-written in terms
of spinless fermions in a random potential through the Jordan-
Wigner transformation [150]:

𝑛𝑖 = 𝑆𝑧
𝑖
+ 1/2, 𝑐𝑖 = exp ©«𝑖𝜋

𝑖−1∑︁
𝑗=1

𝑛 𝑗
ª®¬ 𝑆−𝑖 , (S1)

with the term in the exponent corresponding to the Jordan-
Wigner string. In one dimension, this string cancels out for
nearest-neighbor hopping, yielding

𝐻 𝑓 =
∑︁
𝑖

[
1
2

(
𝑐
†
𝑖
𝑐𝑖+1 + 𝑐

†
𝑖+1𝑐𝑖 + 2Δ𝑛𝑖𝑛𝑖+1

)
+ ℎ𝑖𝑛𝑖

]
+ 𝐻B + 𝐶

(S2)
where the boundary term 𝐻B comes from the Jordan-Wigner
string, and 𝐶 is a constant energy shift. In the Anderson case,

Δ = 0 and the fermionic Hamiltonian is quadratic and can be
exactly diagonalized by new fermionic operators of the form

𝑏𝑚 =

𝐿∑︁
𝑖=1

𝜙𝑚 (𝑖)𝑐𝑖 . (S3)

Thus we have 𝐻 𝑓 =
∑𝐿

𝑚=1 E𝑚𝑏
†
𝑚𝑏𝑚 with E𝑚 the single-

particle energy associated with the𝑚th exponentially localized
orbital 𝜙𝑚. The conservation of the magnetization corresponds
to a conserved number of spinless fermions, with the 𝑆𝑧tot = 0
sector of the spin chain corresponding to 𝐿/2 occupied or-
bitals {𝑚𝜇}𝐿/2

𝜇=1. To form the many-body wavefunction, we
randomly select the occupied orbitals in such a way as to tar-
get many-body states at energy density above the ground state
𝜖 = (𝐸 − 𝐸min)/(𝐸 − 𝐸max) = 0.5 [151]. For a given disorder
realization, the many-body energy is given by 𝐸 =

∑𝐿/2
𝑗=1 E𝑚 𝑗

,
with 𝐸min (𝐸max) corresponding to the ground (top) state.

2. Spin-spin correlations

Both the longitudinal and transverse correlations can be
expressed in terms of fermions and then evaluated using Wick’s
theorem, as detailed in particular in Refs. [89, 152]. For 𝑖 = 𝑗 ,
we have ⟨𝑆𝛼

𝑖
𝑆𝛼
𝑖
⟩ = 1

4 . For 𝑖 ≠ 𝑗 the longitudinal correlations,

⟨𝑆𝑧
𝑖
𝑆𝑧
𝑗
⟩ = ⟨(𝑐†

𝑖
𝑐
𝑖
− 1/2) (𝑐†

𝑗
𝑐
𝑗
− 1/2)⟩ (S4)

= ⟨𝑐†
𝑖
𝑐
𝑖
𝑐
†
𝑗
𝑐
𝑗
⟩ − 1

2
⟨𝑛𝑖 + 𝑛 𝑗⟩ + 1/4 (S5)

so that the connected 𝑧𝑧 correlations read

𝐶𝑧𝑧
𝑖 𝑗

= ⟨𝑐†
𝑖
𝑐
𝑖
𝑐
†
𝑗
𝑐
𝑗
⟩ − ⟨𝑛𝑖⟩⟨𝑛 𝑗⟩ = −⟨𝑐†

𝑖
𝑐
𝑗
⟩⟨𝑐†

𝑗
𝑐
𝑖
⟩, (S6)

where in the last equality we used Wick’s decoupling. This
is readily expressed in terms of the occupied orbitals as in
Eq. (2.1) and results in purely negative 𝐶𝑧𝑧 [76].

Ref. [152] shows how to evaluate the transverse correlations.
We need to define 𝐴𝑖 = 𝑐

†
𝑖
+ 𝑐

𝑖
, 𝐵𝑖 = 𝑐

†
𝑖
− 𝑐

𝑖
. Both these

operators intervene when using Wick’s theorem, with the only
non-zero contraction given by:

⟨𝐴𝑖𝐵 𝑗⟩ = −⟨𝐵 𝑗𝐴𝑖⟩ = 𝛿𝑖 𝑗 − 2 ©«
𝐿/2∑︁
𝜇=1

𝜙∗𝑚𝜇
( 𝑗)𝜙𝑚𝜇

(𝑖)ª®¬ . (S7)

Defining 𝐺𝑖 𝑗 := ⟨𝐵𝑖𝐴 𝑗⟩, we can obtain the transverse correla-
tions from the determinant:

⟨𝑆+𝑖 𝑆−𝑗 ⟩ =
1
2

��������
𝐺𝑖,𝑖+1 𝐺𝑖,𝑖+2 · · · 𝐺𝑖 𝑗

𝐺𝑖+1,𝑖+1 𝐺𝑖+1,𝑖+2 · · · 𝐺𝑖+1, 𝑗
...

...
. . .

...

𝐺 𝑗−1,𝑖+1 𝐺 𝑗−1,𝑖+2 · · · 𝐺 𝑗−1, 𝑗

�������� (S8)

which is easy to evaluate numerically.
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3. Link between longitudinal and transverse correlations

In Sec. II A, we argued that 𝜉𝑥typ ≈ 2𝜉𝑧typ but also noticed that
𝜉𝑥avg < 2𝜉𝑧avg. Here, we use the simplified picture of simple
log-normal distributions to explain this observation.

Fig. 3 shows the joint distributions of the logarithm
𝑃(ln |𝐶𝑥𝑥

𝐿/2 |, ln |𝐶𝑧𝑧

𝐿/2 |). The maximal probability lies on the
line corresponding to ln |𝐶𝑧𝑧

𝐿/2 | = 2 ln |𝐶𝑥𝑥
𝐿/2 | + 2 ln 2, imply-

ing a factor two between the longitudinal and transverse typ-
ical correlation lengths. Yet, the distribution is quite broad,
compatible with a standard deviation of the form (see also
Appendix C)

𝜎(ln |𝐶𝛼𝛼
𝐿/2 |) ∼ 𝛽𝛼

√︁
(𝐿 + 𝑜(ln 𝐿)). (S9)

To see how this can impact the average behavior, we first
rescale the correlation functions using the Pauli matrices, such
that C𝛼𝛼 = 4𝐶𝛼𝛼. Then, using ℓ𝛼 = − ln |C𝛼𝛼

𝐿/2 |, we can write
C𝛼𝛼

typ = exp(−ℓ𝛼) and C𝛼𝛼
avg = exp (−ℓ𝛼) (the subscripts 𝐿/2

have been dropped to simplify the notations). For sufficiently
strong ℎ, we assume that each sample/eigenstate expectation
yields

ℓ𝑧 = 2ℓ𝑥 , (S10)

obviously giving the expected result for the typical correlations

C
𝑧𝑧
typ = exp(−2ℓ𝑥) = [exp(−ℓ𝑥)]2 = (C𝑥𝑥

typ)2. (S11)

However, for the average we have

C
𝑧𝑧
avg = exp(−2ℓ𝑥) = [exp(−ℓ𝑥)]2 (S12)

= (C𝑥𝑥
avg)2 + 𝜎2

|C𝑥𝑥 | ≠ (C𝑥𝑥
avg)2 (S13)

where we have used the fact that (C𝑥𝑥)2 = (C𝑥𝑥
avg)2 + 𝜎2

|C𝑥𝑥 | .
If we assume a log-normal 𝑃(C𝛼𝛼) (implying that ℓ𝛼 fol-

lows a normal distribution), we obtain

𝜎2
ℓ𝛼 = ln

(
1 +

𝜎2
C𝛼𝛼

(C𝛼𝛼
avg )2

)
. (S14)

Ignoring the subleading log corrections, we use

𝜎2
ℓ𝛼 = 𝛽2

𝛼𝐿, (S15)

(in the large-𝐿 limit) and invert Eq. (S14), to obtain

C
𝑧𝑧
avg = (C𝑥𝑥

avg)2 exp
(
𝛽2
𝑥𝐿

)
. (S16)

Finally, this gives the following relation between the inverse
average correlation lengths from midchain correlations

1
𝜉𝑥avg

≈ 1
2𝜉𝑧avg

+ 𝛽2
𝑥 . (S17)

Thus the factor 2 present for the typical correlation lengths is
replaced by a slowly varying term for the average correlation
lengths, as shown in Fig. S1. Recall that Eq. (S17) is valid for
log-normal distributions, which do not perfectly describe the
transverse and longitudinal correlations in AL. Despite this
limitation, the agreement in Fig. S1 is somewhat reasonable.

FIG. S1. Relation between the longitudinal and transverse corre-
lation lengths at Δ = 0. While the typical lengths are related by a
factor 2 when the disorder is sufficiently strong, there is a further
disorder-dependent correction for the average, qualitatively captured
by Eq. (S17) despite the approximations.

Appendix B: Random state

At finite interaction, the limit of weak disorder, i.e. deep in
the ergodic regime, was discussed in Sec. II B. In Fig. 5, we
presented the distributions of the correlations at Δ = 1, ℎ = 1.
For reference, in Fig. S2 we show the distributions of the lon-
gitudinal and transverse correlations and of their logarithms
for random vectors sampled from the 𝑆𝑧tot = 0 sector. Panels
(a) and (b) clearly show Gaussian distributions with a reducing
variance. Additionally, it is easy to see that longitudinal cor-
relations are shifted to negative values due to the sum rule and
that they are almost all negative. Panels (c) and (d) of Fig. S2
illustrate the strong contrast created by this simple sum rule

FIG. S2. Distributions of the midchain spin-spin correlations for a
random vector in the zero magnetization sector, to compare to Fig. 5.
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for the distributions of the logarithms. The transverse corre-
lations have self-similar distributions which only get shifted
with increasing system sizes with a constant variance. In con-
trast, the longitudinal correlations get more and more peaked
around the typical value, which decays as a power-law of the
system size (see Fig. 4).

Thus, the random vector captures very well the most im-
portant effects present at Δ = 1, ℎ = 1 (Fig. 5). The only
slight difference is that in Fig. 5, 𝑃(𝐶𝑧𝑧

𝐿/2) has more weight
on positive correlations than in the random vector case. This
results in the tail at small correlations for 𝑃(ln |𝐶𝑧𝑧

𝐿/2 |), which
however reduces with increasing system sizes.

Appendix C: Variance

We now mention results for the standard deviations of the
logarithm of the longitudinal and transverse correlations. The
limiting cases are shown in Fig. S3. In the non-interacting AL
insulator, fitting the standard deviation growth with simply
a power-law yields 𝜎 ∼ 𝐿−0.43 at ℎ = 5. However, this
behavior can be ascribed to additive logarithmic corrections to
the variance [95], as stated in Eq. (S9). Fig. S3(a) shows that
the numerical results are compatible with such corrections. At
ℎ = 5, we find:

𝜎(ln |𝐶𝛼𝛼
𝐿/2 |) = 𝛽𝛼

√︁
(𝐿 + 2 ln 𝐿) 𝛽𝑧 ≈ 2𝛽𝑥 ≈ 0.943 (S1)

At weak disorder and strong interaction in the ergodic regime,
𝜎(ln |𝐶𝑥𝑥

𝐿/2 |) is constant as expected from ETH (see the dis-
tributions in Fig. 5), whereas 𝜎(ln |𝐶𝑧𝑧

𝐿/2 |) reaches a maxi-
mum and decays with increasing system sizes. More precisely,
Fig. S3(b) shows that the decay is roughly related to the square-
root of the Hilbert space dimension, see also Section II B).

FIG. S3. (a) Standard deviation of the distributions of the log longi-
tudinal and transverse correlations at Δ = 0, and fits to square-root
growth with logarithmic corrections. (b) Decay of the variance of the
longitudinal correlations, deep in the ETH regime (ℎ = 0.5,Δ = 1).

Fig. S4(a) presents the standard deviation of the logarithm of
the longitudinal correlations at Δ = 1. For sufficiently strong
disorder, both 𝜎(ln |𝐶𝑧𝑧

𝐿/2 |) and 𝜎(ln |𝐶𝑥𝑥
𝐿/2 |) (not shown) grow

as a power-law of the system size. The effective exponents in
Fig. S4(b) show a very clear square-root behavior for the lon-
gitudinal correlations, and a sightly lower power for the trans-

FIG. S4. (a) Standard deviation of the distributions of the log lon-
gitudinal correlations at Δ = 1. For disorders ℎ ≳ 3.9, the standard
deviation grows as a power-law with system size 𝐿. (b) Exponent of
the power-law fit for even sizes 𝐿 = 8 to 𝐿 = 20 for both components.
At strong disorder for the longitudinal correlations, it is compatible
with the expected square-root increase. The transverse standard devi-
ation can be accounted for a logarithmic corrections to a square-root
growth.

verse correlations, compatible with the logarithmic corrections
present also in the non-interacting results.

Taken together with the evolution of the typical correla-
tions, these results are compatible with those of Ref. [21] for
the random-field Heisenberg chain, where their 𝜎 stands for
𝜎(ln |𝐶𝑧𝑧 |)/ln |𝐶𝑧𝑧 |. However, our findings in the main text
highlight the essential role played by the fat-tail at strong lon-
gitudinal correlations, an effect that is not captured by the
scaling of 𝜎(ln |𝐶𝑧𝑧 |).

Appendix D: Constant interactions

In the main text, we have focused on the correlation
functions in the random-field Heisenberg model. Here, we
provide an analysis of other constant interaction lines, at
Δ = 0.25, 0.5 and 0.75. We focus on the typical and average
decays as well as on the weight of large correlations (fat-tails).

Fig. S5 provides an overview of the evolution of the typi-
cal longitudinal and transverse correlation lengths. It can be
compared to Figs. 1 and 3 of Ref. [65] as well as Fig. 9 of the
present work. Altogether, these figures support the following
important results (see also main text):

(i) The typical longitudinal length grows quickly with inter-
actions, contrasting with the almost constant transverse corre-
lation length.

(ii) Throughout the presumably MBL phase (as given by
standard observables), this results in a change of ordering from
𝜉𝑧typ < 𝜉𝑥typ at strong disorder and weak interactions (similar to
the AL limit) to 𝜉𝑧typ > 𝜉𝑥typ at weaker disorder and stronger
interactions (Fig. S5).

(iii) An instability of the longitudinal typical length shows
up in roughly the region where 𝜉𝑧typ ∼ 𝜉𝑥typ.

We suggested in the main text that this instability could be a
weak signature of rare, large correlations, that are much more
manifest in the average correlations. Here, we provide addi-
tional evidence supporting this scenario throughout the phase
diagram. Despite the large errors, Fig. S6 signals a region
of power-law decay of the average correlations, supporting
further our results in Sec. IV.
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FIG. S5. Overview of the midchain correlation lengths throughout
the phase diagram (compare to Fig. 9). The lengths associated with
the midchain average correlations are shown in Fig. S6. The middle
panel was already shown in [65].

Using these results to trace out the intermediate regime in
Fig. 1 is not easy for the following reason. At very strong
disorder (ℎ ≳ 9), the average correlations fluctuate a lot. Im-
portantly, this purely numerical effect shows up already in the
Anderson localized case for strong disorder ℎ ≳ 8 – in some
cases, the decay can seem algebraic even though a pure expo-
nential is expected (not shown here). The limit on small cor-
relations imposed by machine precision together with the low
probability of large correlations imply that sampling effects
become much more important. Upon introducing interactions,
the challenging region starts from stronger disorders (as the
correlations grow). Hence, this difficulty does not undermine
our results at disorders below ℎ ∼ 8 − 9 in the phase diagram.

From Fig. 1, we extract the boundary and corresponding
errors as follows:

1. For Δ = 0.25 in Fig. S6(a), the fits to power-law de-
cays of both the average correlations and of the weight

FIG. S6. Overview of the midchain correlations throughout the
phase diagram (compare to Fig. 13). Left column: decay of the
weight of large correlations fitted to a power-law (top panels) and
exponential (bottom panels). Right column : power-law (top) and
exponential (bottom) fits to the decay of the average |𝐶𝑧𝑧

𝐿/2 |.
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FIG. S7. Evolution of the distributions 𝑃(ℓ𝑧) along a constant field line ℎ = 6 for interactions from Δ = 0.01 to Δ = 1. As in Fig. 11, and
unlike Fig. 10, the histograms are collected across about 60 eigenstates near 𝜖 = 0.5 (and less than 1% of the spectrum, for small sizes) and
thousands of disordered samples. Small values of ℓ𝑧 correspond to very large correlations (close to the maximal possible value), while large
values of ℓ𝑧 correspond to extremely small correlations.

of large correlations are consistently good until ℎ ≤ 6
(presumably even ℎ ≤ 6.5), while ℎ ≥ 7 is on the edge
with an exponential fit seeming slightly better. The er-
ror on the right is estimated in light of the fact that the
decay at ℎ = 8 is clearly exponential, suggesting that the
change of behavior occurs before.

2. For Δ = 0.5 (panel (b)), the situation is much more
delicate, with a lot of fluctuations in the longitudinal
correlations. However, the 𝑅2 (Eq. (4.6)) suggests that
the correlations decay is slightly better described by a
power-law at least until ℎ ≲ 6.5, which provides the
lower bound on the error in Fig. 1, while most points
beyond this are compatible with an exponential decay.
The very large error in the phase diagram corresponds
to the unexpected, probably accidental, agreement with
a power-law decay at ℎ = 9,Δ = 0.5.

3. For Δ = 0.75 in panel (c), the situation is again much
clearer, with a power-law decay until ℎ ≲ 7, an inter-
mediate situation for ℎ ∼ 8 followed by an exponential
decay at ℎ ∼ 9: we place the upper limit for the end of
the power-law regime before this value.

In our view, despite the challenges, these results present a
consistent picture for the phase diagram. The next section

supports this even further by providing a similar analysis, this
time for fixed disorder strength and variable interaction.

Appendix E: Constant fields

1. Fat-tail regime

In Sec. IV B 2, we have presented a quantitative analysis of
the decays of the average correlations and the weights of the
fat-tails. Here, we provide some further evidence, qualitative
for ℎ = 6, and quantitative for ℎ = 4.

First, Fig. S7 gives a qualitative overview of the distribu-
tions at constant fields. The distributions for weak interactions
[panels (a)-(c)] exhibit a strikingly different behavior from
strong interactions [panels (f)-(h)]. In the first panels, the
large correlations are suppressed very quickly with increasing
system sizes, in agreement with the exponential decay of the
associated weights Figs. 14 and 15. Instead, at strong inter-
actions, a very clear power-law tail develops at small ℓ𝑧 , i.e.
large correlations, again agreeing with the power-law decay
of the weights of large correlations shown in Fig. 14. In the
intermediate values of interactions, 0.1 ≲ Δ ≤ 0.25, there are
some signatures of the presence of a fat-tail regime. While it
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is difficult to identify the precise limiting value of the inter-
actions from only a qualitative inspection of the distributions,
the integrated weight in Fig. 15 indicates clearly that all this
region also corresponds to a power-law decay. Taken together,
the results at ℎ = 6 do provide ample evidence for the exis-
tence of a wide power-law regime for the decay of the average
correlations.

FIG. S8. Same as Fig. 15 but for ℎ = 4. For this field, we note
that for the finite sizes presented here, all standard observables show
non-ergodic behavior for any Δ ≤ 0.5. Note that in Fig. 1, the
extrapolated critical disorder out of the ergodic phase for Δ = 0.25 is
of order ℎ𝑐 = 3.7±0.6. This suggests that above Δ ∼ 0.25, the power
law decay of the average correlations may be due to the presence of
the ergodic phase.

To further establish that a truly exponential decay of average
longitudinal correlations can be found at weaker (but non-zero)
interactions, we complement our results at ℎ = 6 with evidence
at ℎ = 4, shown in Figure S8. For Δ ≲ 0.05, this plot reveals a
consistent exponential decay of the average correlations, with
the top panels clearly ruling out a power-law decay. In contrast,
for Δ ≥ 0.1, the results are consistent with a power-law.

2. Weak interaction limit

We finally point out an intriguing effect of the weak in-
teractions on the joint distributions of mid-chain correlation,
𝑃(ln |𝐶𝑥𝑥

𝐿/2 |, ln |𝐶𝑧𝑧

𝐿/2 |). In Sec. II A and in particular Fig. 3, we
have seen that the majority of the weight accumulates along
the “AL line” given by Eq. (2.12). In Sec. III and Fig. 6,
we have seen very clearly that even at strong interactions and
strong disorder (in the presumably MBL regime), the corre-
lations instead have much broader distributions, noticeable in
the contours at half-maximum. The typical correlations also
follow a very different trend as the one shown by the AL line.
In Fig. S9, we put the emphasis on how this behavior arises at
weak but non-zero interaction.

For very weak interactions (orange, Δ = 0.01), the contour
at half maximum for 𝐿 = 12 accumulates on the AL line.

However, the relation between transverse and longitudinal cor-
relations (orange triangles) exhibits a slightly different slope.
Upon increasing the system size, eventually, the contour also
starts detaching from the AL accumulation line. This shows
the extreme sensitivity to vanishingly small but finite Δ on the
Anderson insulator.

At Δ = 0.25 (blue), the slope of the typical correlations is
markedly different, and the contours at half-maximum cover
a much broader reagion. They clearly detach from the AL
accumulation line for increasing system sizes. For 𝐿 = 12, the
most probable point ("+" symbol) is still on the AL line, but
similarly to what happens in Fig. 6 at Δ = 1, ℎ = 8.5, it jumps
away for a large enough size.

FIG. S9. Contours at half-maximum weight of P(ln |𝐶𝑥𝑥
𝐿/2, ln |𝐶𝑧𝑧

𝐿/2 |)
at ℎ = 6, for sizes and interaction strengths as indicated in the legend,
with the location of maximal probability indicated by a "+" sign.
The down triangles illustrate the typical correlations for even sizes
𝐿 = 8, . . . , 20.
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