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Abstract

In this paper, we address the exponential stabilization of the linearized FitzHugh-Nagumo system using an event-triggered boundary
control strategy. Employing the backstepping method, we derive a feedback control law that updates based on specific triggering
rules while ensuring the exponential stability of the closed-loop system. We establish the well-posedness of the system and analyze
its input-to-state stability in relation to the deviations introduced by the event-triggered control. Numerical simulations demonstrate
the effectiveness of this approach, showing that it stabilizes the system with fewer control updates compared to continuous feedback

strategies while maintaining similar stabilization performance.
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1. Introduction

1.1. Motivation

In control systems, particularly when implemented on dig-
ital platforms, a key challenge is balancing performance with
resource usage. Traditional digital control schemes, such as
sampled-data control, typically rely on periodic updates of the
control signal. However, this can lead to unnecessary computa-
tional effort, especially when the system state evolves slowly.
This issue is even more critical in networked control sys-
tems, where excessive communication can exhaust available re-
sources (see, for example, [20] for a more detailed introduction
in the finite-dimensional case, and [23, 24] for applications in
the parabolic setting).

Event-triggered control has emerged as an effective alter-
native, performing updates only when a predefined condition
(based on the system state) is fulfilled. This approach allows
the system to remain stable while minimizing control updates
and preserving resources. The approach has shown promising
results in finite-dimensional systems modelled by ordinary dif-
ferential equations (ODESs) [45, 36] and, more recently, in sys-
tems described by partial differential equations (PDEs), see e.g.,
[2, 12,16, 21, 27, 40, 3, 49, 44, 11, 28, 38, 39, 10, 37].
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In the context of PDEs, the most common stabilization re-
sults rely on controlling from the boundary of the equation.
The backstepping technique (see the seminal work [29]) offers
a systematic approach for designing stabilizing feedback laws
applicable to a wide range of systems. One of its key advan-
tages is that this method is robust and adaptable across vari-
ous frameworks, having been successfully applied to numerous
equations and models while ensuring global stability. We refer
to the non-exhaustive list [8, 17, 7, 1, 31, 9, 19, 34] for recent
progress and works in this direction. We also refer to the very
nice survey [46] and its references for a broader perspective on
current trends in the backstepping technique.

Building on this framework, we consider the application of
event-triggered control to a system known as the FitzHugh-
Nagumo model. We employ the backstepping feedback as a
starting point and apply the event-triggered control strategy to
a linearized version of the model. As established in prior work
(see [5]), this linearization possesses specific stabilization prop-
erties, most notably the restriction that stabilization can only be
achieved for decay parameters determined by the system’s co-
efficients rather than arbitrary values. We extend this analysis
to the event-triggered setting, demonstrating that the system re-
mains stable and that the stabilization rate can be made arbitrar-
ily close to that of the continuous control case.

1.2. State of the art

Event-triggered control for partial differential equations has
gained significant attention in recent years, resulting in a vast
and rich body of literature across various classes of PDEs. Let
us provide an overview of the most relevant areas and highlight
key works related to these topics.

For hyperbolic PDEs, the work in [14] introduces an out-
put feedback event-triggered boundary controller for one-
dimensional linear hyperbolic systems of conservation laws,
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utilizing Lyapunov techniques (see also [43] for the case of a
2 x 2 hyperbolic system with periodic updates). By employ-
ing the backstepping method, the works [12, 15] develop dy-
namic triggering conditions for event-triggered boundary con-
trollers aimed at stabilizing coupled 2 X 2 linear hyperbolic sys-
tems, using full-state feedback and output feedback, respec-
tively. Further advancements of this approach can be found
in [48, 49], with [49] specifically presenting an event-triggered
adaptive control strategy for coupled hyperbolic PDEs. These
backstepping-based event-triggered control techniques have
also been applied to practical systems, such as load-moving ca-
ble systems [47] and traffic flow regulation on interconnected
roads [13].

Regarding parabolic PDEs, [42] introduces a decentralized
event-triggered control approach to minimize the number of
transmitted measurements. Meanwhile, [25] employs modal
decomposition to design a sampled-data and observer-based
event-triggered boundary control scheme for one-dimensional
reaction-diffusion systems with time-varying input delays. This
approach features a novel switching-based dynamic triggering
condition that depends on the estimated state’s finite modes,
combined with time regularization to prevent the Zeno phe-
nomenon. Alternatively, using Input-to-State Stability (ISS)
properties for PDEs and small-gain arguments, the work [16]
proposes a backstepping-based event-triggering control strat-
egy for a one-dimensional reaction-diffusion system with con-
stant parameters and Dirichlet boundary actuation. Addition-
ally, [40] introduces an observer-based event-triggered back-
stepping boundary control under Robin boundary actuation.
This strategy incorporates a dynamic triggering condition that
ensures a minimum dwell time, thereby preventing the Zeno
phenomenon. Another approach to event-triggering based con-
trol has been studied in [22], where the authors applied a gain
scheduling type strategy for a reaction-diffusion system with
time and space varying reaction coefficients. More recent ad-
vances can be found, for instance, in [39], where the notion
of performance is incorporated into the event-triggering strat-
egy. This means that the expected decay of the Lyapunov func-
tional (and, consequently, the system’s stability) must be en-
sured while keeping the system’s operation within a prescribed
threshold (see also [50] for a traffic-flow model).

Furthermore, [49] extends the findings of [40] by propos-
ing an adaptive event-triggered boundary control scheme for
a cascade parabolic PDE-ODE system with uncertain param-
eters. Expanding on these ideas, [37] explores applications
to the Stefan problem. It is worth mentioning that the event-
triggered control methods have also been studied in other
classes of PDEs, including reaction-diffusion PDEs with input
delay, see [28]. This problem essentially reduces to stability is-
sues for a coupled parabolic-transport (hyperbolic PDE-ODE)
system. Other notable contributions include [21], which ex-
amines event-triggered control for the nonlinear Korteweg—de
Vries (KdV) equation under averaged measurements, [27] for
the damped linear wave equation, and [26] for the damped lin-
ear Schrodinger equation, among others.

In this paper, we explore the event-triggering control strat-
egy for a backstepping-based feedback controller applied to the

linearized FitzHugh-Nagumo equation. Our stability analysis
relies on Input-to-State Stability and small-gain principles, fol-
lowing the approach in [16] for a scalar parabolic equation. The
main difficulty lies in extending the analysis of that work to
a coupled parabolic-ODE system, where the ODE component
also depends on the spatial variable. This makes the ODE com-
ponent infinite-dimensional, in contrast to the coupled PDE-
ODE system studied in [49]. This feature introduces an accu-
mulating spectral branch, which complicates the analysis and
prevents achieving an arbitrary (prescribed) exponential decay
rate. Here, we establish the existence of a uniform minimal
dwell time—independent of the initial conditions—between
consecutive triggering instants, thereby preventing the Zeno
phenomenon. Consequently, we ensure the well-posedness of
the closed-loop system, guaranteeing the existence and unique-
ness of solutions, as well as its global exponential stability.

1.3. Setting of the problem

Let us consider the following nonlinear coupled ODE-
PDE reaction-diffusion system in the interval (0, 1) with non-
monotone non-linearity o, (-, -) of FitzZHugh-Nagumo type

o= é)iv + Lign(v, W) in (0, 00) X (0, 1),
in (0, 00) X (0, 1),
in (0, 00),

in (0, 1).

ow = yv — ow
v(t,0) =0, v(t, 1) =q(?)
(0, x) = vo(x), w(0, x) = wp(x)

ey

In (1), v = v(x,t) and w = w(x, t) are the state variables while
g € L*(0, ) is a boundary control. The nonlinearity is of the
form:

Lon(v, w) = —v(v = D(v — a) — pw.

Here, the system parameters are a € (0, 1), and y, J, and p are
positive constants.

We refer the reader to the review article [18] for a compre-
hensive study of this mathematical model in neurobiology. This
model describes the conduction of electrical impulses in a nerve
axon (see also [41]) and is also known in cardiac electrophysi-
ology as the monodomain equations (see [35] for more details).

In this paper, we are interested in studying the exponential
stabilization by means of an event-triggered control of the fol-
lowing linearized version (around the origin) of (1)

Oy =02 —av—pw in (0, 00) X (0, 1),

ow =yv —ow in (0, 00) X (0, 1), @)
v(t,0) =0, v(t, 1) = g(?) in (0, 00),
v(0, x) = vo(x) w(0,x) =wpo(x) in(0,1).

We begin by recalling the notion of exponential stabilization by
feedback control.

Definition 1.1. Let (v, wg) € L?(0,1) x L*(0, 1). The system
(2) is called exponential stabilizable by feedback control in the
space L*(0, 1) x L*(0, 1) with a decay rate w > 0, if there exists
a bounded linear map IT : L*(0,1)x L*(0, 1) — R such that, the



solution (v, w) of (2) with control of the form ¢(r) = TI(v, w)(z, -)
satisfies

VOl 20.1) + IWOIlz200,1

< Ce™ (ol + woll 2.

for all ¢+ > 0, for some positive constant C independent of u
and wy.

It is well-known that the system (2) is not exponentially sta-
bilizable in the sense of Definition 1.1 with a exponential decay
e if w > 6 (see [5, Corollary 3.13]). This limitation arises
due to the presence of the ODE component in (2), which acts as
a memory term, preventing any improvement in the decay rate
beyond the critical value . See [6], [4], and [30] for this kind
of obstruction in related control problems.

Despite the obstruction to exponential stabilization when
w > ¢, feedback control still plays a role in enhancing the sys-
tem’s stability with decay rate w < ¢. By direct computations, it
can be checked that if g = 0, system (2) is exponentially stable
with decay rate w = min{a, 6}. On the other hand, it has been
proved in [5] that using the method of backstepping, we can go
up to the exponential decay e~ for any w < §. According to
these facts, if § < a, system (2) with ¢ = 0 already exhibits the
expected exponential stability. Consequently, the case 6 > a
is the most relevant for the design of the feedback control law
because in this case the exponential decay is e~*, which we
know that can be improved by feedback controls. This moti-
vates us to study the event-triggering control strategy and in-
vestigate whether the best possible decay rate can be achieved.

The stabilization result in [5] is established by the action of
an explicit feedback control law of the form

1
q() =v(t, 1) = fo k(1, yyv(z, y)dy, >0, 3

where k is a suitable kernel (see eq. (6) in Section 2). In this
paper, employing an event-triggering approach, we replace the
continuous control (3) by

1
qd(t)=V(t,1)=f0 k(1, yv(zj, y)dy,

forall ¢ € [t;,1j+1), j € N, where {t;}; is a sequence of triggering
times obeying a well-prescribed rule (see Definition 4.1 below).
The price to pay for applying this piecewise-constant control is
that we are unable to achieve the critical decay rate ¢, but only
the exponential rate

—wt

e where w=06-€ Vee(0,9). “4)

See Theorem 4.8 below.

1.4. Outline of the paper

The rest of the paper is organized as follows. In Section 2,
we describe a preliminary structure of the backstepping ap-
proach along with the event-triggering control strategy. Sec-
tion 3 contains well-posedness results for the event-triggered

control system. Section 4 is devoted to the description of the
event-triggering rule, the avoidance of the occurrence of the
Zeno solution and the main result (Theorem 4.8) regarding the
exponential stabilization of the linearized FHN system. Finally,
in Section 5, we conclude the paper by introducing some nu-
merics which illustrate the result of the paper.

2. Brief description on the structure of Backstepping under
the Event-triggered strategy

Our main goal is to investigate the exponential stabilizabil-
ity of the closed-loop linear FHN system (2) with an event-
triggered approach. This method involves stabilization based
on events by sampling the feedback control law (3) for the
continuous-time backstepping case at specific time instants,
which form an increasing sequence {t;} jen, along with 7o = 0.
These time instants will be characterized later through a trig-
gering rule. Between two consecutive time instants, the con-
trol value remains constant and is only updated when a state-
dependent condition is satisfied.

In this context, we will use the boundary control of the form

1
Wi, 1) = qult) = fo k(L (1, )dy, )

for all ¢ € [t},t+1), j € N, where £ satisfies the following wave
equation in the triangle 7~ = {(x,y) € [0,1] X [0,1] : 0 <y <
x<1}
0*k(x,y) — Bfk(x, V-A-—ak(x,y)=0 O0<y<x<l,
d
2—k(x,x)+(1—-a)=0
dx
k(x,0) =0,

0<x<1,

0<x<l1,

(6)
where A is a positive constant. Thanks to Lemma 2.2 of [32] and
Lemma 4.4 of [33], we see that the equation (6) has a unique
C? solution. Furthermore, we can write the solution k in the
following series expansion

00

- A=a\"™! 2y =y
k(x,y>—‘§( 4 ) m)*(n+1)

and thanks to [29, Chapter 4], we also have the following rep-
resentation

11 (Ve = )67 - )
@-D0? -2

0o x\142n
where 7 is the Bessel function given by 7; = }; )

n=0
Note that, the expression of the control g, in (5) can be written

in the following fashion

k(x,y) = (a— Ay

(N

nl(n+1)!"

1
qa4(t) = j; k(1, yyv(z, y)dy +d(1), ®)

N———
q(n)



where d(?) is the difference between the event triggering control
and the continuous-time backstepping control at ¢ € [£}, ;1)

1 1
d(n) = fo k(1, y)v(t;, y)dy — fo k(1, yyv(z, y)dy. — (9)

Let us formulate the concerned system with an event-triggered
control strategy Vj € N

Oy = &y —av —pw in (1), 141) X (0, 1),
ow =yv —ow in (tj,2;41) x (0, 1),
V(t’ 0) = 0’ in (t]’ tj+l)’

Ve, 1) = ) k(L w0y in (11500,

and initial conditions v(0, x) = vy(x), w(0, x) = wo(x) in (0, 1).
Next, we employ the well-known backstepping method for the
event-triggered boundary control system (10). For that, let
us introduce the Volterra integral transformation of the second
kind IT : L2(0, 1) — L?*(0, 1) defined by

(10)

<mmm=dm—£kmwwww
x€[0,1], o € L*0, 1), (11)

where the kernel function & is the solution of equation (6). Note
that IT : L2(0,1) — L*(0,1) and IT"! : L2(0,1) — L3(0, 1) are
linear bounded operators (see Lemma 2.4 in [32]). The inverse
of the transformation (11) is given by

(') (x) = 6(x) + f I(x,y)o(ydy, x€[0,1], (12)
0
where [ is the solution of the following equation

6)261()@ y) — O)Z,I(x,y) +A-a)lx,y) =0 O<y<x<l,

d
2—Il(x,x)+(1-a)=0 0<x<1,
dx
I(x,0)=0 0<x<1.
(13)
Using the transformation (11), let us define
u(t’ ) = HV(I, ')s (14)
z(7,-) = Iw(z, ).

Next, one can show that the system (10) can be transformed to
the following target system

O —0*u+ Au+pz=0 in (¢j,1501) X (0, 1),

0z = yu — 0z in (¢j,t501) x (0, 1), (15)
u®,0)=0, u@1)=d@ in (¢),241),
u(0, x) = up(x), z(x,0)=z9(x) 1in(0,1).

where A4 > 0 is called the damping parameter, to be chosen as
sufficiently large (see (41) and Remark 4.7 for details), (u, z), d
are given by (14) and (9), respectively and uy, 7y are the follow-
ing

up(x) = Ivg = vp(x) - fo k(x, y)vo(y)dy,

X

20(x) = Iwg = wo(x) — fo k(x, y)wo(y)dy.

In order to establish the exponential stabilizability of the system
(10), we first prove that the target system (15) is exponentially
stable and then, thanks to the invertibility of the Volterra trans-
formation (11), we get the stabilization result for (10). It is
worth mentioning that, in the continuous backstepping case in-
stead of the target system (15) with nonhomogeneous boundary
data at the right Dirichlet end, we have a similar system with
homogeneous boundary data, and thus one can obtain the expo-
nential stability with critical exponential decay rate up to e,
see [5] for more details. For the event-triggering case, due to
the presence of a nonhomogeneous boundary data u(z, 1) = d(¥)
in the target system (15), we get the exponential stability of
the system (15) with a decay rate w < ¢. This fact essentially
implies the same result for the original event-triggered system
(10).

3. Well-posedness result

Through this section, let {#;};c;, J C N, be a strictly increas-
ing sequence of times. We start by introducing the maximal
time 7" under which the system (10) possess a solution

00, if {¢;} is a finite sequence ,
T:=11im supz;  otherwise. (16)
Jj—oo
Theorem 3.1. For every (v(t).w(t)) € L*0.1) x

%0, 1), system (10) possess a unique solution (v,w) €
CO([t), 1j411; L2(0, 1) L*(0, D) N LA(t, 1513 H' (0, 1) x L*(0, 1)).

Proof. We prove this result by establishing a similar result for
a system with homogeneous boundary conditions and then per-
forming a change of variable, we conclude the result for the
main system (10). Note that the boundary data for the right end
(at x = 1) of v is constant in the interval (¢;, ;1) and we denote
g = qa- Next, we consider the following system

0= —av—pw—g(a+2)x in(t.111)x0,1),
in (tj’t]+1) X (07 1)’
in (¢, 141).

AW = yv — oW
¥(t,0)=0, ¥(t,1) =0
17
As it is given that (v(t)),w(t;)) € L*(0,1) x L*(0,1), thanks
to [5, Lemma A.1], the solution of (17) lies in the space
C([tj, 1741 1: L*(0, 1) X L*(0, 1) N L2(t;, tj21: H' (0, 1) X L*(0, 1).
. o @ 1
Next taking, v = ¥ + gx,w = w + %yx, q= fo k(1, y)v(t;, y)dy,
one can show that (v, w) satisfies (10) and

v, w) € CO[t), 13411 L*(0, 1) x L*(0, 1))
N LAt 1513 H'(0, 1) X L*(0,1)).
This ends the proof. O

The above well-posedness result allows us to construct a so-
lution (v, w) for the system (10) in the time interval [0, T').

Corollary 3.2. Let (vo,wy) € L*(0,1) x L*(0,1). Then
there exists unique mapping (v,w) such that (v,w) €
c ([0, T); L*(0,1) x L*(0, 1)) with v(t) € H'(0,1), for a.e. t €
(0,T) and (v, w) satisfies (10) in (¢;,tj+1),¥Vj € N.



Proof. First let us consider that (v, wo) € L*(0,1) x L*(0,1).
Then using Theorem 3.1, we get the existence of unique solu-
tion of (10) in (fy,#;) = (0, 1) denoted by (+*, w°) and we have
0, w%) e C°([0,11; L*(0, 1) x L*(0, 1)). with v(r) € H'(0,1)
for a.e. t € (0,1,]. Note that we get (*(¢;), w’(t;)) € L*(0, 1) x
L*(0,1). Thus we start the system in the next interval (¢;,1,)
with taking (vO(¢;), w®(¢,)) as the initial data and so on. That is,
at each step, we have the following system for (j > 1)

ol = v — avl — pw! in (t;,2j41) X (0, 1),
in (tj9 tj+1) X (O, 1)7
in (¢, 2j41),

in (¢, 2j41),

in (0, 1),

in (0, 1),

owl = yvi — sw/
vi(t,0) =0,
. 1 .
Vi, 1) = [ k(L yWi(t;, y)dy
vi(tj, x) = v (15, %)

wl(t, x) = w1}, x)

(18)

and we get the existence of unique solution (v/,w/) €
CO[t;,tj411; L2(0, 1) x L(0, 1)) with (vj(t), wf'(t)) e H'(0,1) x
I[%0,1), foraet € (t,tj41]. With this step-by-step construc-
tion, we finally have the solution (v,w) = (v/,w/) in [t},1;,1]
with the desired regularity. O

4. Exponential stabilizability

The main goal of this section is to present the event-triggered
boundary control and its primary outcomes: avoidance of the
Zeno phenomenon and the exponential stability of the event-
triggered controlled system. The event-triggered boundary con-
trol discussed in this paper includes a triggering condition,
which determines the moments when the controller needs to be
updated, and a backstepping-based boundary feedback law, ap-
plied at the right end of the Dirichlet boundary for the parabolic
component. The proposed event-triggering condition is based
on the evolution of the L? norms of the states of both the
parabolic and the ODE components.

4.1. Event-triggered rule

Let us denote V(1) = [Vl 20,1y + WDl 20,1y » Where (v, w)
is the solution of the equation (10).

Definition 4.1. Let 8 > 0 be a parameter that will be chosen
later. Let us recall the kernel k defined in (6) and the control d
in (9). Let us define the following set:

E(t)) := {t >0:1>1t; and
ld®] > BIIk(L, 20,1y V(O + Bk, llz20.1) V(tj)}- (19)

The event-triggered boundary control is defined by considering
the following components:

1. (The event-trigger) The times of the events #; > 0 with
to = 0 form a finite or countable set of times which is
determined by the following rules for some j € N:

a) if E(t;) = 0 then the set of the times of the events is
{to, ..., [j}.

b) if E(z;) # 0, then the next event time is given by:
tiy) = inf E(lj) (20)

2. (The control action) The boundary feedback law,

1
qd(t)=f0k(1,y)V(tj,y)dy, Yt € [t),tj+1). 21

4.2. Avoidance of Zeno behavior

In this section, we will prove that the so-called Zeno phe-
nomenon, which refers to an infinite number of triggers in a
finite time interval, is avoided by ensuring minimal dwell time
between two triggering instances. Let us first present the fol-
lowing intermediate result before moving to the finding of the
existence of the minimal dwell time.

Lemma 4.2. For the closed-loop system (10), the following es-
timate holds, for all t € [tj,tj.1], j € N:

sup (vl + IW(S)liz.n))

1jS5<t 4

< M; (IVeplizon + Iwi)lleen) — (22)

c k(1,:
where M = N3t (14 IK(L Mo + ZE0) +

[Ik(1, ;20,1 and c is a positive constant that depends on the
system parameters.

Proof. Let us first introduce the following change of variables

{17(t, x) = v(t, x) — xqq(t), 23)

w(t, x) = w(t, x).

It is easy to check that (¥, W) satisfies the following PDE for all
te(tj,tj+1), JEN,

P, = 3)2(\7 —ab —pw—axqq in(tj, 1) X (0,1),
in (tp tj+1) X (Os l)a (24)

in (tj,141).

Wy =YV — oW + yxqu(t)
91,0 =0, ¥(t,1)=0

Next, by considering the function
| _
W) := 5 (PO, + 19O 1)

and taking its time derivative along the solutions of (24) and
using Cauchy-Schwarz inequality for the coupling terms, we
obtain, for ¢ € (¢}, 1;4+1):

WD) < = 1050720 1) = allF Ol 1) = SR q )
1
QWO +as [ G- axtix
0

In addition, using the Young’s inequality on the last term along
with the Cauchy-Schwarz inequality, we get

. 1
W) < el W) + qu + e W(r),



where ¢, ¢ are two positive constants. Then, for z € (¢},2;,1):

. 1
W) < cW() + qu,

where c is a positive constant. Thanks to the Gronwall’s in-
equality on an interval [p,r] where p > t; and r < t;;, one
gets, for all ¢ € [p, r]

, 1
W(r) < &P (W(p) + qu).

Due to the continuity of W(¢) on [¢;,7;,1] and the fact that p,r
are arbitrary, we can conclude that

. 1
W(t) < et (W(t,) + 52 qf,) (25)
C

for all f € [¢j, tj+1]. Then, applying Cauchy-Schwarz inequality,
we have that

Igal < k(1 20, nlIVED200,1)-
Using this fact in (25), we get, in addition
”f}(t)HiZ(O’]) + ”W(t)”iza)’])

=1 2 T
< o6l t/>(||v(z_,-)||L2(0’1) I

1 2 2
+ ;”k(L .)”LZ(O,I)”V(tj)”Lz(O,l))’
which further gives

VONl20,1) + WOz 0,1)

< V2SIt lzon + 9o
1
# KMo ) 26)

Thanks to the change of variables (23) and the triangle inequal-
ities, we obtain the following inequalities:

IVOll20,1) < IPOll20,1y + lgals
PN 20,1y < IVEDN 2001y + g4l

together with g4 < [Ik(T, Illr20,1)V(E)Ilz20,1). Thanks to (26)
and the above estimates, we obtain, for all € [z, 7;,1],

IVOllr20,1y + WOl 20,1
< POIzz0,1) + KL, 2o, plvED20,1) + POIl20.1)

< ‘56’2(t/”_[f)(||\7(l‘j)||L2(0,1) + WD 20,1)

1
+ —c||k||L2(o,1)||V(lj)||L2(0,1)) + Ik(TL, 2,V 20,1y

\/_

< «ﬁeﬂ’f“"ﬂ(nv(r,)uLz(o,n + k(L Mz 0.0V 20.1)
1
+ w21y + —= KL, llzzo,nllvEDz20.1y
Ve

+ k(L M2, VEDN 2 0,1)-

Therefore, finally, we deduce the following

sup (V)20 + IW(S)iz.n))

1j<S<tjs)
< M; (vl + Iwt)llzon)
. _ (=t k(L2001
with M; = V2300 1+ k(L )l + —F %) +
[lk(1, )llz2(0,1)- This concludes the proof. O

Theorem 4.3. Under the event-triggered boundary control
(19)-(20)-(21), there exists a minimal dwell-time between two
triggering times, i.e. there exists a constant T > 0 (independent
of the initial condition (vo, wo)) such that tj — t; > 1, for all
jeN.

Proof. Let us consider the following function g € C%([0, 1)
N
800 1= D knthn() @7
n=1

where N € N to be fixed later, k,, := fol k(1,y)¢,(y)dy, with k

satisfying (6) and ¢,(x) = V2sin(nrx),n = 1,2... Let us recall
(v, w) is the solution of the event-triggered control system (10).
Next, we define

1
dr) = f 2 (v(t),y) = v(t,y)) dy (28)
0
for t € [tj,tj.1), for j € N and g is given by (27).  Since

g€ H(‘)(O, 1) and v(t;,-) = v(t,-) € L*(0,1) c H(0, 1), we can
rewrite (28) as

d(e) = (vt ) = v(t,).8) (29)

where (-,-)_;; stands for the usual duality pairing between
H71(0,1) and Hé (0, 1). Taking the time derivative of d(¢) along
the solutions of (10) yields, for all # € [¢;,7j,1)

d(t) = = (@0(t,),8)_1,

1
= — (O, ~),g>_1’1 ta fo v(t, y)g(y)dy

1
+p fo w(t, ¥)g(y)dy

Using the definition of the duality pairing between Hé(O, 1)
and H~'(0, 1), we can write the above expression as

. 1 1
dit) = fo Ov(t,y)g' (dy +a fo v(t, y)g(y)dy

1
+p fo w(t, y)g(dy,

whence, integrating by parts, we readily have
. 1
d(t) = v(t, 1)g'(1) = v(t,0)g'(0) - f v(t,y)g"” (y)dy
0

1 1
ra fo Wt g0y + p fo Wit y)g)dy.



Noting that v(,0) = 0, v(z, 1) = [, k(1,y)v(t;,)dy, and by
the expression of g, we get

. 1 N
d = [ k1m0 Y k1)
n=1

N 1
+ Z:‘ ky(n*n® + a) fo & (Y)v(t, y)dy

N 1
+p ) ke fo Gu)w(r.y)dy.
n=1

Using the Cauchy-Schwarz inequality and ||¢,ll;2¢,1) = 1 for

n = 1,2, ..., the following estimate holds for 7 € (¢;,1;+1), j € N
ld(0)] < k1, 200 VEDN 20,1 Fn

+ (MOl + WD) G, (30)

where Fy = Zﬁlzl kn¢,'1(1)‘ and Gy := ZnN:1 lk,(n*7 + a + p)|.
Therefore, from (30) along with the fact c?(tj) = 0, we obtain
the following estimate:

d(@0)] < (&t = DIk, 20y VENFN + (8 = 17) sup (V(s)Gy.

1j<s<t
(31)
Note that using (9) and (28), the deviation d(¢) can be expressed
as follows:

1
d(t)=€7(t)+f0 (k(1,y) = gONO(tj,y) = vz, y)dy.  (32)

Hence, combining (31) and (32), we obtain an estimate of d as
follows:

ld@)] < (2 = t)llk(L, llz20.1)V(EHF N
+(r=1)) sup (V(5))Gn
1i<s<t (33)
+ |Ik(1, -) - g||L2(0,1)||V(fj)||L2(0,1)
+ k(L ) = gllzz.n VOl 20,1)-
Let us first assume that V(¢;) # 0. Using (33) and assuming that
an event is triggered at ¢ = t;,1, we have

ld(tis )l < (tje1 = tHIKCL, 20, VEHFN
+ (i1 — 1) sup (V(s))Gn
1j<s<tji1 (34)
+ lk(1L, -) = gll2o,) V()
+ |Ik(1, ) = gllz20,ny V(tjx1)

and, by Definition 4.1, we have that, at t = £,

d(tj+ )l = BlkCL, 20,1y V() + BlIk(L, lzz0,1) VI(E+1)- (35)
Combining (34) and (35), we get

BIIKCL 20, V(E)) + BIKCL 20, V(Ej1)
< (e — EPIKCL, 201y FNV(E))
+ (tjs1 —tj))Gy sup (V(s))

1j<S<tjs

+k(1, ) = gll2,ny V() + k(1) = gllr20,1) V(Ej+1),

and hence,

(BIKCL, 2.1y = (1) = gllzzony) Vi)
+ (BIKCL, Iz, = (L, ) = gllzon) V()

< (tjer — DI, 20, FNV(E))
+ (1 — 1) Gy sup (V()).

1j<s<tji1

By the definition of g, [Ik(1, -) — gll;2(,1) tends to zero as N tends
to infinity. Thus, we can fix a natural number N > 1 sufficiently
large so that [[k(1, ) — gllz20,1) < BIK(L, llz2(0,1)-

In addition, using the fact that V(z;,;) > 0 and by (22) in
Lemma 4.2, we obtain the following estimate:

(BIKCL, 201 = (L) = gllz)) V()
< (tje1 = UKL 0. Fa V() (36)
+ (i1 — t)GNM;V(2)),

where

k(1,2
M; = \/Ee‘ﬂ(’fﬂ"ﬂ(l k(L Mz + I, Mo (0’1))

Ve
+ k(1 )llz200,1)-

Let us define the following quantities
* ag := BlIk(L, 20,1y = k(L) = gll20,1)s

o ap = [Ik(1, iz Fn + Gullk(L, ll20,1)

o a2i= V2Gi (1 + (L Mz, + 0 )
and after rearranging and rewriting (36), we obtain an inequal-
ity of the form

0 < ap < ay(tjsr — 1))+ ay(tyy —t))e = (37)

from which we aim at finding a lower bound for (¢, — ;). Let
us denote it as a(s) := a;s + arse?® with s = (tjs1 — tj). Since
ay is strictly positive, then there exists 7 > 0 such that s =
(tjis1 — tj) = 7 > 0. Indeed, let us write T = inf A, where A =
{s € (0,00) | a(s) > ap > 0} . Clearly T > 0. If T = 0, there exists
a sequence {s,} € A of nonnegative real numbers such that
s, — 0. As « is continuous function a(s,) — 0, which is a
contradiction to the fact a(s,) > ag > 0, as s, € A.

If V(t;) = 0, then Lemma 4.2 guarantees that V(¢) remains
zero. In this case, by Definition 4.1, we do not need to employ
triggering anymore, and thus, the Zeno phenomenon is imme-
diately excluded. This concludes the proof. U

Thus, we already proved that there is a minimal dwell time
(which is uniform and does not depend on either the initial con-
dition or on the state of the system), and no Zeno solution can
appear. Henceforth, we have the following result on the exis-
tence of solutions of the system (10) with (19)-(20)-(21) for all
t > 0. The result is the following.



Corollary 4.4. Let (vo,wg) € L*(0,1) x L*(0,1). Then
there exists a unique mapping (v,w) such that (v,w) €
c ([0, c0); L*(0,1) x L*(0, 1)) with v € L*((tj,1j+1); H'(0, 1)),
forall j € Nand (v,w) satisfies (10) for t € (tj,t;+1), ¥j € N.

Proof. The proof follows from the combination of Corol-
lary 3.2 and Theorem 4.3. Indeed, since there is a minimal
dwell-time by Theorem 4.3, we can construct a (strictly) se-
quence of times {¢;} given by the rules (19)-(20)-(21) and apply
directly Corollary 3.2. O

4.3. Stability analysis

This section is devoted to the main result regarding the ex-
ponential stabilization of the linearized FHN system (10). We
start by showing that the target system (15) is Input-to-state sta-
ble with respect to d(t), defined in (9).

Proposition 4.5 (Input-to-state stability). Let € € (0,0) be
given. Then the target system (15) satisfies the following es-
timate:
lee@llz20,1) + I2Dllz2(0,1
<Ce™ (||M(O)||L2(o,1) + ||Z(O)||L2(0,1))
+ 9 sup (e d(s)]),

O<s<t
where C > 0 is uniform with respect to € and
1 2
9=2+ [— + —] . 38
( € mM+A-6+¢ ) (38)

Proof. The continuity of the transformation (11) and the above
well-posedness result Corollary 4.4 for the main control system
(10) imply that the system (15) has a unique solution (u, z) such
that (u,z) € C° ([0, 0); L2(0, 1) x L*(0, 1)) with u(¢) € H'(0, 1),

forae.r€ (tj,tj+1).
Let us denote N* = N\ {0} and write
1
uy(t) = V2 f u(t, x) sin(nx)dx,
0
1
() = V2 f 2(t, x) sin(nax)dx.
0

As {\/Esin(mrx)} o forms an orthonormal basis of L*(0, 1),
using Parseval’s iﬁentity we have that

aOIE2 00y = D 1n O, 12Oy = D P (39)
n=1

n=1

Then (u,, z,) satisfy the following equation:

it (1) + (W70 + V(1) + pz,(1) = (=1)'nrd(0),
(1) + 62(1) = yun(0).

Let us write the above system in the following abstract form

i — _ T
{Un(t) =AU, (1) + F (1), Uy (1) = (1), za(0)", (40)

U,(0) = (ttn0, 20"

where

2.2
An = [_(” Y o :ﬁ], Fit) = (=1)"'nrd(1), 0)".

We decompose A, as

-0 0 -’ +1-6) —p _
Arz—[o —(5:|+|: y 0 —A1+Bn.

Ayt Byt

Since the matrix A; and B, commute, we have e = ¢Aie
For each n € N*, the eigenvalues of the matrix B, are given by

Ay = %[—(/l+n27r2 —6)+(\/(/l+n27r2 - 6)? —4/)7)],

Un = %[—(/an;# —6)—(\/(/l+n2ﬂ2 - 6)? —4p)/)].

We choose the damping parameter A large enough. In particular,
we set A in such a way that

A1-6>2+/py. (41)

It can be easily checked that the eigenvalues of the matrix B,
are negative for all n € N*. Furthermore, for large values of n,
we have the following behavior of the eigenvalues of B,

Py 1
/ln = __n27z'2 + O(F),
1
U & —(n2ﬂ2+/l—6)+0(—2).
n

Also we have

(=) = U+ 272 = 672 —dpy >0
(by the choice of 4, see (41))

and the following asymptotic expression

2 1
(A,,—ﬂn)zn2n2+/1—(s—%+0(—4).
n-m n

A direct computation shows that,

ﬂne/l”l _Mnellnt /l";/l" (eﬂnt — ednt)

Bt — 1
/111 - )un

e

»y(e/lnl — eﬂnl) /lneﬂnt — #ne/lnl

for all n € N*. Therefore,
/lne/l”’ _ Hne”"[ /L.;ln (e;lnt _ e”"’)

1 _
pry- o0
An = Hn

7,(e/lnl _ e/int) /lneﬂnt - Uy et

The corresponding solution U, (¢) of (40) is given by

!
U, (1) = eM'U, + f eAIF (5)ds.
0



Thus we have the following expressions for the solution of (40):

up(1)
e—éz
= p my I:uon(/l e Ant — eﬂn1)+ Z (e/ln _e/lnl):|
n n
-1 t
* L 37 f e (2,7 = 1, ) d(s5)ds,
n n
Zn(1)
e—él
T - [”0’”7(61” =) + 20,(Ae —une‘"’)]
n n
t
+ M e—(?(t—s) (exln(l—s) _ eﬂn(f—s)) d(s)ds
An =t Jo ’

In order to find the stability estimate for the system (15), it is
enough to establish the same for (u,, z,), the solution of (40).

Estimate of u,(t). By direct computations, we have

2
et (1)]
—26t

2 At "2
< ——|lu A’ — et
|/ln — /ln|2 [| O,n| ( n Hn )

+ oy = ey

n’n’ L s Aa(t=5) (t-5) ’
+ e (L, — et =9) d(s)ds
[ (et ) o)
2 2
< Ce—251[| |2M + |ZO,n|2%:|
| MUn — /l | |/1n - /lnl
2.2
T (42)
|/~1n - /lnl
Let us estimate the term I =

vl _ _
fo =09 (/lne/l”(t s) _/Jnelln(t S)) d(s)ds.

ds

|7] < sup (e‘d("5)|d(s)|) ft '(Aneﬂn(t—s) _#ney,l(t—s))

0<s<t

< sup (e7 ”|d<s>|)(m Bl g

0<s<t

-1y el )
M

<2 sup (e Vld(s)l), (43)

0<s<t

here we have used the fact |(@(e*”’ -+ ‘ﬁ—”‘(e“"’ - 1))’ <2as
Ans iy < 0.
Therefore combining (42) and (43), we get

2 —20 2 2
(O < Cre™ |luoal? + Izl
4n*n? (

2
+—— |su e-6<’-S>|d(s)|) , (44)
i — Al p )

0<s<t

for a constant C; > 0 independent of n, where we have used

P+ )
Ittn

N and

the expressions of u,, 4, to bound the quantities
) e appearing in (42).

|tn—

Estimate of z,(t). Similarly, we have

2
|z, (@)l
—26t

S
|/Jn - /lnl
T o (e une*"’f]

2.2, A W\2
luoul "y~ (e™" — &)

2.2

nem ! 2
~8(=5) ( JAn(t=$) _ ptu(=5)
+ e e —e d(s)ds
|/1n_/ln|2(f0 ( ) ( ) )

_ (P + ual®)
< Ce 2‘”[Izo PP+ g |2—]
" |/1n - /lnl2 " |/1n - Anlz
2.2
n-m >
+ ——9" (45)
|/1n - An|2

Let € € (0,6) be given. We estimate the term J =
fot e0=9) (e’l"("s) - e””“‘”) d(s)ds as follows

f
\T1 < sup (e—(d—f)(t—.f)ld(s)l) (e(/ln—f)lf o~ (n=O)s
0

0<s<t
!
+ e(m—f)ff e—(m—f)s)
0
(= _ (n=6)t _ 1
< sup (e—(é—e)(t—s)ld(s)l)(e e )
0<s<t (A4, —©) (up — €)
< My sup (e Id(s)]), (46)
0<s<t
where M, = stl>1(;)) (6(:/1__);1 E(ZJ__)SI) Therefore combining
(45) and (46), we have

en(F < Cre™ [luoal* + lzoal’]
) n'r (6=6)t-5) ’
+ (M) ——— ( sup (e 7 Vd(s)| ) . @n
|/1n - /1n|2 Ossrls)t( )
Using the expressions of the eigenvalues and noting the fact that
A, iy < 0, we have M, < [é + m] Adding (44) and (47),

we deduce

(o] (o] (o) (o)
Dl + Y P < 2C1e™ | Y luoal + Y ol
n=1 n=1 n=1 n=1

‘S P
+((M2)* +4) ( sup (e‘“‘f“"fﬂd(sn)) —.
0<s<t =1 |,un - /lnl
(48)
Let us estimate the following term
|4, — ﬂnlz
A-6  2+py A-6 2+py
=n'mt |1+ = el | R et . IR
n’n n’n n’n n’n

Using (39), (48), and the above estimate yields
Ol 0 1) + DI )

-26 2
< Coe” ! (HMOHLZ(O 1) + ”ZO”LZ(O‘]))

2
+((M2)? +4) ( sup (e-<5—f><f-s>|d(s)|)) :

0<s<t



The required result follows from a direct computation.
O

Remark 4.6. The constant ¥ in the input-to-state stability esti-
mate Proposition 4.5 is not sharp. The reason for getting such
a bound is that we need to use an upper bound of the term M,
in the estimate of z,,, see (47). In other cases, such as for scalar
parabolic equations, an explicit bound for ¥ can be derived,
depending on the system parameters and the decay rate. For
further details, see [16, Lemma 3].

Remark 4.7. We have chosen the damping parameter A (see
(41)) present in the target equation (15) in such a way that for
each n € N*, the eigenvalue of the matrix B, are real and neg-
ative as well. It simplifies the computation in the estimate of
u, and z, of the above proof. Otherwise, as we seek to get the
stability of (15) with decay up to w < 9, the assumption A > §
is enough.

Now we are in a position to prove our main exponential sta-
bilization result.

Theorem 4.8. Let € € (0,0) be given, ¢ be as in Proposition 4.5
and B be chosen in such a way that

@, 1= 2B0IIk(1, Mrzo. T lzsz < 1. (49)

Then, the closed-loop system (10) with event-triggered bound-
ary control (19)-(21) has a unique solution and is globally ex-
ponentially stable, i.e. there exists M > 0 depending on € and
the system parameters such that for every (vy, wy) € L%(0,1) x
L*(0,1) the unique solution (v,w) € C°(0,c0);L*(0,1) X
L*(0, 1)) of (10) satisfies

IVOllz20,1y + WOz 0,1
< Me™ " (vl + IWO)lz.1)) - forall £ 2 0. (50)

Remark 4.9. Note that in Theorem 4.8 we prove the exponen-
tial decay e™*" with w = 6 — € for all € € (0, 9) for the closed-
loop system (10) with even-triggered control. In this regard, we
can always choose € > 0 small enough such that a < 6 — €. This
improves the decay rate of the open-loop system (i.e., (2) with
q=0).

Remark 4.10. In practice, the good strategy to choose the free
parameters involved in the event-triggering control design is as
follows:

1. We choose € > 0 small enough according to the discussion
in Remark 4.9.
. We fix A sufficiently large as in (41), which only depends
on the system parameters 6, p and .
3. We compute the constant 9 in (38) of Proposition 4.5 (de-
pending on € and ).

4. Lastly, we compute B according to (49) in Theorem 4.8.

Remark 4.11. Note that as € \, 0, the parameter ¥ in Propo-
sition 4.5 grows to infinity. This implies that we must choose
the parameter B in (49) to be very small, which, according to
Definition 4.1, leads to more triggering events occurring and
the dwell-time decreasing to 0.

10

Proof of Theorem 4.8. For given € € (0,9), we set ¢ as in
Proposition 4.5 and, to abridge the notation, we denote v = d—e.
It follows from (20) that the following inequality holds for all
L€ [tj,tjr1)

ld(@)] < Bllk(L, M2,y VE)) + BlIKCL, 20, V(D). (SD

For every t > 0, we define f(¢) = max{¢; : j € N,¢ > ¢;}. Then,
inequality (51) implies the following

ld(@)] < Bllk(L, M2,y V@) + Blk(L, )l 20, V(D). (52)

Therefore, from (52), we deduce the following inequality for all
t>0
(Idr)le)

< 2BIk(L, 20,1y JSup (V(s)e™). (33)

<s<t

Let us choose any 7 > 0. Then for all ¢ € [0, 7] we have from
(53)
(Id(0le™) < 2BIIk(1, 20,1y sup (V(s)e™).

0<s<f

(54)

As the above estimate holds for all 7 € [0, f], we have

sup (d(s)le”) < 2BlIk(1, llr20,1y sup (V(s)e™). (55)

0<s<f 0<s<f
Since 7 is arbitrary, one can write the following

sup (ld(s)le™) < 2BIk(1, )llz20,1) sup (V(s)e™). (56)

0<s<t 0<s<t

On the other hand, by Proposition 4.5 and a direct computation,
we obtain

(lu@®llz + llz(D)ll2)
< C (Ol + 1z(0)llz2) + & sup (d(s)le™).

0<s<t

(57)

Again let us pick 7 > 0. Then for all ¢ € [0, f], we have

(lu@lzz + lZllz2) e
< C (luO)ll2 + [20)ll2) + 9 sup (d(s)e”).

0<s<f

(58)

As the above estimate holds for all ¢ € [0, 7], we have

sup (lu()llz + llz(s)llz2) €
0<s<f
< C(lu(O)lz2 + lIz(0)l2) + & sup (|d(s)le™).

0<s<f

(59)

Since 7 is arbitrary, we can write the following

sup ((lu(s)llz2 + llz(s)llz2) €™)

O<s<t

< C(lu(O)llz2 + lIz(O)llz2) + & sup (ld(s)le™).

0<s<t

(60)

Hence, combining (56) with (60), we obtain

sup ((lu()llz2 + llz()llr2) ™)

O<s<t

< C (Ol + [12(0)ll2) + 2B9Ik(1, )l sup (V(s)e™)

0<s<t



and using the fact V(s) < I (Jlud|| + 1z(0)]), we deduce

sup ((llu(s)llz2 + llz(s)llz2) €™)

0<s<t

< C (luO)llg2 + llz(0)ll2)
+ @, sup ((lu()llz + llz()ll2) ™),

0<s<t

where @, := 289|k(1, )| l20s 12 Thereby, thanks to (49)
and the invertibility of the backstepping transformation, the so-
lution to the closed-loop system (10) with event-triggered con-
trol (20)-(21) satisfies

sup ((IV(llrz + Iw()ll2) e™)

0<s<t

< ClMllp 2 [T oy, 2 (1 = @)
X (IMO)Iz2 + W (O)lI2) .

which leads to the following:

(v®llz2 + lw@ll2)
< Me™" (IvVO)lz2 + w(O)llz2), ¥t >0,

with M := C [Tl 2 [T, > (1 = )" The proof is fin-
ished. O

5. Numerical experiments

In this section, we present some numerical illustrations and
comments about the practical implementation of the backstep-
ping technique and the event-triggering control. In what fol-
lows we shall use the notation [[a, b] = [a,b] N N for any real
numbers a < b.

5.1. Some considerations on the system parameters

In Section 1.3, we have mentioned that the linearized
FitzHugh-Nagumo system (2) is exponentially stable with a de-
cay rate w = min{a, 6} without the action of any control. Thus
the important case to study the backstepping-based stabiliza-
tion problem is when a < §. As, in this case, the free system
((2) with ¢ = 0) is stable with exponential decay e~“, and the
action of the event-triggering control law makes the decay rate
uptoe ™, w<4.

To see the effect, in a numerical simulation, of the action of
the event-triggering control law, that actually helps to stabilize
an unstable system to a stable one, we choose to change the sign
of the parameters a in the system (2) and make the stable FHN
to an unstable coupled parabolic-ODE system. To this end, let
us consider the model given by

0y = (9)2(\/ —av — pw, in (0, 00) X (0, 1),

oW = yv — ow, in (0, 00) % (0, 1),
v(t,0)=0, v(t,1)=q() in(0,c0), (61)
v(0, x) = vo(x), in (0, 1),

w(0, x) = wo(x) in (0, 1),
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where p,y > 0 and 6 > 0 > a. For some fixed values of p, y, 6,
we choose a < 0 in such a way that it satisfies the following

(a+m* =62 —4py>0

along with \[(a+72 — ) —dpy > @+ +0).  (62)

As a is negative, we can always choose such a with a large
enough absolute value. Furthermore, the spectrum of the asso-
ciated operator for the system (61) can be expressed as

Ay = %[ - (a +n°n’ + 5) + \/(a +n2n? - 5) —4py],

My = %[— (a+n27r2 +6) - \/(a+n2ﬂ2 -6 —4py].

These expressions suggest that it is reasonable to find the con-
ditions for a for which the first eigenvalue for A, is positive.
Thanks to the assumption (62), we have 4; > 0, which essen-
tially ensures the instability of the system (61).

It is worth mentioning that, here, we will not change the sign
of the ODE component in the ODE of the system (2). Oth-
erwise, it is impossible to make the system exponentially sta-
ble, as indeed, the continuous backstepping-based feedback law
also could not change the decay rate of the ODE, see [5].

5.2. Discretization of the coupled model and numerical imple-
mentation of the backstepping control

For the numerical tests, system (61) is discretized in time
by using a standard implicit Euler scheme and discretized in
space by a usual finite-difference scheme. More precisely, let
N,M € N*, weset 6t = T/M and h = 1/(N + 1) and consider
the following uniform discretization for the space and time vari-
ables

O=xp<x;<...<xy<xys =1,
O=ty<ti <...<Ty=T,

where x; = ih, i € [O,N + 1], and ¢, not, n € [0, M].
The numerical approximation of a function f = f(x,t) at a grid
point (#,, x;) will be denoted as f" := f(#,,x;) and, for fixed

. T . o
n, we write f" ( S fy ) the evaluation at the interior
points.

Defining Z := (v, w)" and using the above notation, the fully-

discrete version of (61) takes the form
Zn+1 _zn

ot
7" =7,

+ AZ = B, ne0,M-1]

(63)

where (Z"),eomy € R? ® RY and (¢")uepia € R are the (dis-
crete) state and control variables, respectively, Zg e RZ@RN
is the approximation of the initial data (v, wo), the (boundary)
control operator B, € R?> @ R" is given by



and A, € R¥2 @ RV is

1 0

Ap = ( 0 0 )®ﬂh!D+C®IN><N,

where A,p € RV is the usual tridiagonal matrix coming
from the discretization of the Laplacian operator —d,, with ho-
mogeneous Dirichlet boundary conditions, that is, (Ay);

. a
=L = 2y + yie), i = [1,N] and C = ( _ g

are the

coupling coefficients.

Now, let us turn our attention to the control part. Recall that
the backstepping control is given by the explicit feedback con-
trol law

1

q(1) = f k(1, y)v(z, y)dy, (64)
0

where k = k(x, y) is the solution to (6). This particular structure

simplifies the implementation of the control. In fact, we can

approximate (64) directly at a time-grid point ¢, (i.e., g(¢,) = ¢")

with the formula

N
¢ =h Z k(1, X))V (65)
i=1

Remark 5.1. There are, of course, different ways to discretize
the integral in (64). For instance the trapezoidal rule would
slightly modify (65), specifically,

h N
qn = [ k(l’xi)v?,
.
2 =1

n € [1, M].

where w = a — A < 0. We opted for (65) due to its simplicity in
numerical implementation.

Note that (65) can be written in compact form and using the
complete state variable Z by introducing the vector K € RZ®RY
defined by

KT:=( ki ki kiy 0 0 0)  (66)
where ki ; := k(1, x;). More precisely,
q"=hK"Z", nel[l,M]. (67)

Thus, combining (63) and (67), the feedback control system
simplifies to

Zn+1 —_zn
ot
70 =20

h

+ (ﬂh - hBhKT)Z"“ =0, nel0,M-1],

(68)
To illustrate the behavior of the controlled system (61), let us
choose the following parameters: we set

T =6, vy(x)=sin(mrx), wy(x)=sin(2rx), (69)
and the coupling matrix
-11 1
C= ( o ) (70)
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where we choose the entries in the matrix C according to the
constraints (62).

With these parameters, it can be verified that the uncon-
trolled system (setting g = 0) is unstable, as shown in Figure 1.
Such figures have been obtained with the help of the numerical
scheme (68) with parameters N = 40, M = 4000° and setting
By, = 0 for observing the uncontrolled dynamics.

(a) The PDE component (z, x) — v(Z, x).

(b) The ODE component (%, x) — w(t, x).

Figure 1: Evolution in time of the uncontrolled system (61).

Now, we choose A = 4, compute K as in (66) with the help
of formula (7) and use the numerical scheme (68) to illustrate
the behavior of the closed-loop system, see Figure 2. We see
that by applying the boundary control shown in Figure 2c the
system becomes stable.

Unlike other similar backstepping control problems, as noted
in [5], the best achievable exponential rate for our closed-loop
system with backstepping control is determined by the decay
of the ODE component in (61). In other words, we cannot at-
tain an arbitrary exponential decay rate regardless of the control
design. To illustrate this, we have computed feedback controls
with different design parameters A, and compared the dynam-
ics, as shown in Figure 3. Even though the dynamics are distinct
at the very beginning of the time interval, after some point, all
dynamics converge and become almost identical. The figure
effectively illustrates this convergence behavior.

5.3. Numerical illustration of the event-triggering control
With the discrete system given in (63) and the backstepping
control law defined by (67), we can easily adapt our compu-

3These simulation parameters will be used in the remainder of the simula-
tions shown in this section, unless otherwise specified.



(a) The PDE component (¢, x) = v(t, x).

(b) The ODE component (¢, x) — w(t, x).

(c) The control ¢ — g(1).

Figure 2: Evolution in time of the controlled system (61) with backstepping
control (64).

A=4 - =8
251 1 o--- A=10 oo 1=15
R '
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Figure 3: Norm of the closed-loop dynamics ¢ = [[v(£)]|;2 +|lw(t)l|;2 of (61) with
different design parameters A. For comparison, we have added the exponential
function Ce™ for some C > 0, which is the best theoretical decay rate for
system (61) with coupling parameters (70).

tation tool to address the event-triggering problem. For clarity
and future reference, we present a brief pseudocode in Algo-
rithm 1 that outlines the essential steps.

Algorithm 1 Event-triggered control with backstepping

1: Input: Initial (discrete) states (vo, wp); discrete parameters
h, 6t (resp. N, M); matrices C, A, By, K; time T > 0,

parameter 3
2: Initialize:
3 Set W « up, W’ « wy and arrange in vector form
0
70 ( :}0 )
4: Set z(ty) « Z°
5: Compute norm: ||K]|| « VAKTK
6: fori=0to M —1do
7: Update state with (63) and control ¢™*! = hK z(1;):

7 (I + 6tA,)! (Z" + 5t3hz(t,-))

8: Set z(f) « Zi*!
9: Compute difference: d(f) « hKT (z(t;) — z(t))
10: Split the vectors in components: ( :}((tt)) ) — z(0),
v(t;) '
( () ) A

11: Compute norms: |[v(?)|| < VhAv(t)Tv(¢) (similarly for
variables w(t), v(t;), w(t;))
12: Compute triggering threshold:

quotient « ,fJ’IIKII(IIV(t)IIL2 + w2

+ Il + w2 )

13: if |d| > quotient then

14; Update variable: z(fi;) « Z™!
15: else

16: Keep variable: z(#;;1) « z(t;)
17: end if

18: end for

19: Output: Final controlled solution Z = (Z"),cpo,m7 and
event-triggered control g = (§")ue1,m7-

Using such algorithm, along with the system parameters
specified in (69) and (70), we aim to stabilize the free dynamics
via event-triggered control. In this context, let € = 0.1, then the
parameter 3 in Theorem 4.8 must be carefully selected follow-
ing Remark 4.10.

Recall that we have fixed A = 4 and § = 1, then a quick com-
putation shows that # = 12.154 according to (38), |[IT"!||;22 =
2.437 and |[k(1)]|l;2 = 9.744 if A = 4, so choosing 8 = 0.001
ensures (49). In Figure 4, we illustrate the time evolution of
the system under event-triggered control. Notably, the small
magnitude of 3 leads to frequent triggering, resulting in a con-
trol strategy that closely resembles continuous control (com-
pare Figure 4c and Figure 2c). However, upon closer inspec-
tion, we can observe distinct triggers, with the control remain-
ing constant over certain time intervals. Also, the similitude in



the control translates into a nearly indistinguishable behavior in
the system’s states.

To explore the effect of a less frequent triggering mechanism,
we repeat the experiment with a larger value of €. Keeping the
same system parameters and A = 4, we compute ¥ for € = 0.5,
which still guarantees an exponential decay rate for the closed-
loop system. In this case, we obtain ¢} = 4.149, leading to
a choice of § = 0.005. The corresponding figures (Figure 5)
illustrate the control behavior and the system’s closed-loop re-
sponse under this setting.

5.4. The choice of B and its effect on the dwell-times

In Theorem 4.3, we proved the existence of a minimal (uni-
form) dwell-time for controlling the FHN equation with an
event-triggered strategy. However, a closer examination of the
proof reveals that this dwell-time is closely tied to the choice of
[, which, as pointed out in Remark 4.10, depends on €.

To investigate the effect of 8 on the dwell-time, we repeat the
experiments from Section 5.3 using event-triggered controls,
keeping the same parameters, but applying a much finer time
mesh. In this case, we set 6 = 5 x 1076, Figure 6 shows the
distribution of triggers over the time interval [0, 4] for different
values of 8. The results indicate that, at the beginning of the in-
terval, the density of triggers increases as 8 decreases, whereas
in the later part of the interval, the triggers appear to be more
regularly spaced.

For a more precise understanding of the relationship between
B, the dwell-time, and the number of triggers, we refer to Table
1. The table presents numerical values for both the dwell-time
and the exact number of triggers associated with each value
of 8. As 8 decreases, both the dwell-time and the number of
triggers show opposite trends: the dwell-time decreases while
the number of triggers increases. Specifically, for 8§ = 0.005,
the dwell-time is 6 x 107 (12 times the time step §7) with
121 triggers, while for § = 0.0005, the dwell-time drops to
1.0 x 1073 (twice the time step 67) with 646 triggers. This il-
lustrates that smaller values of S8 lead to more frequent control
updates, thereby increasing the computational effort required
by the system.

€ B Dwell-time Number of triggers
0.5 0.005 6x 107 121
025 0.003 3.5x107 263
0.1 0.001  15x1073 431
0.025 0.0005 1.0x 1073 646

Table 1: Comparison of dwell-time and number of triggers for different values

of B.
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(a) The PDE component (¢, x) = v(t, x).

(b) The ODE component (%, x) — w(t, x).

(c) Event-triggered control and zoom-in.

Figure 4: Evolution in time of the controlled system (61) with event-triggered
control with design parameter 8 = 0.001.



(a) Norm of the closed-loop dynamics # = [[v(®)||,2 + [[w(®l,2-

0 v

4t i

(b) Event-triggering control.

Figure 5: Evolution in time of the controlled system (61) with event-triggered
control with design parameter 8 = 0.005.
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Figure 6: Distribution of trigger events over the time interval [0, 4] for different
values of 8. Each vertical line represents a trigger in time.
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