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ABSTRACT: For r > 1, we show, using the Ledrappier-Young entropy characterization of SRB measures
for non-invertible maps, that if a " map f of the interval or the circle has its Lyapunov exponent greater
than 1 log |||/« on a set E of positive Lebesgue measure, then it admits hyperbolic ergodic invariant
measures that are absolutely continuous with respect to the Lebesgue measure. We also show that the

basins of these measures cover E Lebesgue-almost everywhere.
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1. Introduction

In this work, we study the long-term behavior of discrete-time dynamical systems. More precisely, we
consider maps f : X — X where X is the phase space, and we define the orbit of a point x in X as
the sequence obtained by iterating f starting from z. We are interested in the asymptotic distribution of
these orbits, for example by identifying attractors, their structure, and the set of points that are attracted
to them. Formally, we consider the notion of empirical measure: for a positive integer n and a point

n—1
z in X, we define p2 = 1 3" O ¢k (y), where Opr(,) is the Dirac at f¥(z) and f* is the k-th iterate of
k=0

f- Therefore, the asymptotic behavior of the system can be understood by studying the limits of the
sequence (u}), as n goes to infinity. By duality, if p is an f-invariant borelian probability measure on X,
we define the basin of 11, denoted by B(u), as the set of points = such that (u),, converges to p for the
weak-* topology. When X is a smooth Riemannian manifold, one can define a Lebesgue measure on X
and search for measures whose basin has positive Lebesgue measure. They are called physical measures
and describe the asymptotic dynamics of a visible part of the space. As a consequence of Birkhoff’s
ergodic theorem, f-invariant ergodic probability measures that are absolutely continuous with respect to
the Lebesgue measure are physical measures. Our goal here is to study, for smooth one-dimensional dy-
namics, the existence of absolutely continuous probability measures of positive entropy and to understand
their basins.

For one-dimensional dynamics, the existence of such measures has been studied since the 1970s, by
Jakobson for example, for the quadratic family [12] and for near-quadratic families [13], and by Collet and
Eckmann [10] for more general unimodal maps. As for multimodal maps, some hyperbolicity assumption
was usually made, such as in the results of Keller [14] and Ledrappier [16], which we will discuss later
in the introduction. Regarding higher-dimensional dynamics, the notion of SRB measures generalizes
what absolutely continuous probability measures represent for one-dimensional systems. These measures
first appeared in the works of Sinai [23], Ruelle [22] [20] and Bowen [2] who showed their existence for
uniformly hyperbolic diffeomorphisms. The aim has then been to weaken the hyperbolicity assumption,
both in dimension one and in higher dimension. To do so, we use the notion of Lyapunov exponent, which
we only define when X = I is one-dimensional: for x € I, the Lyapunov exponent of f at x is

X(x) = Timsup log | (")'(x)|

n—-+o0o

Therefore, weakening the hyperbolicity assumption is well illustrated by Viana’s conjecture [24]:

Viana’s conjecture. If a smooth map has only non-zero Lyapunov exponents at Lebesgue almost
every point, then it admits some SRB measure.

We present some previous results in this direction. For one-dimensional dynamics, and priorly to the
conjecture, Keller [14] proved the existence of absolutely continuous measures for multimodal maps with
negative Schwarzian derivative and with positive Lyapunov exponent on a set of positive Lebesgue mea-
sure. Another similar result is that of Ledrappier [16] where he showed that such measures exist for €2
maps satisfying the following conditions:
i) Non-degenerate critical points: there are finitely many critical points, all of finite multiplicity.
ii) Hyperbolicity: on a set of positive Lebesgue measure, the Lyapunov exponent is positive.
iii) Regularity assumption on the Lyapunov exponents: on this set of positive Lebesgue measure, the
lim sup defining the exponent is a limit and the orbits’ distributions converge to an ergodic measure.
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The proof of Ledrappier uses an entropy characterization of absolutely continuous measures: among the
ergodic measures of positive entropy, the absolutely continuous ones are exactly those who satisfy the
entropy formula h(p) = [log|f’|dp. As for higher-dimensional dynamics, the existence of SRB measures
has been shown under similar though weaker conditions by Alves, Bonatti and Viana [1]. Moreover, their
proof relies on a geometric study of the probability density with respect to the Lebesgue measure of the
empirical measures rather than on the Ledrappier-Young entropy characterization [15].

In this work we deal with interval or circle maps and we only assume some hyberbolicity and regularity of
the map. Hence, the dynamics is free to display flat critical points and infinitely many monotones branches.

We now introduce the required definitions and notations to state our result. Let I be the interval [0;1] or
the circle T! and f : I — I be a " map where 7 > 1. Here, r does not need to be an integer, so f being
a €" map means that it is €l"), where |r| is the largest integer smaller or equal to r, and that dlrl fs
the |[r]-th order derivative of f, is Holderian with exponent r — |r|, and we denote the Holder constant

by [l flloc. We also define R(f) < lim_2log* [|(/")]lec = [Ix*lloe < 10g [1]]oc where || - [|oo is the

essential supremum norm. Lastly, we say that an f-invariant probabilty u is hyperbolic if, for p-almost
every x, we have x(x) > 0.

Theorem 1. Let f: I — I be a €" map with r > 1. There are countably many hyperbolic ergodic
f-invariant measures (u;) that are absolutely continuous with respect to the Lebesgue measure and such
that:

o Lebesgue-almost every x € I such that x(z) > @ is in some B(u;) and x(z) = x(1i),

o for any d > 0, the set {X > @ + (5} s covered by finitely many of these basins, up to a set of zero
Lebesgue measure.

In particular, for any 6 > 0, there are finitely many ergodic absolutely continuous measures with entropy
larger than @ +9.

For smooth interval maps, we get the following corollary:

Corollary 2. Let f : I — I be a €°° map. Then [ admits an absolutely continuous hyperbolic measure
if and only if Leb(x > 0) > 0.

Furthermore, regarding the finiteness statement in Theorem 1, we explicit a bound on the number of
measures. Such bounds are not known for surface diffeomorphisms, where Buzzi, Crovisier and Sarig’s
methods [9] only provide finiteness of SRB measures. Moreover, in the case where f is analytic, the
bound we obtain has a simple expression (see Remark 7.6). For the following statement, we introduce an

additional notation: if f is a €” map, then ||f'||,—1 denotes  max ||d"f|| where d*f is the k-th
ke[1;|r]Ju{r}
order derivative of f.

Proposition 3. Let f: I — I be a €" map with r > 1. There exists a constant C, such that, for any

0 > 0, the number of hyperbolic ergodic f-invariant absolutely continuous measures whose basin intersects

/ ’ Cr 1 "r=1)/6
{X > % + 5} with positive Lebesgue measure is less than (%)( oslIll-—2)/ .



We mention that if we also assume f to be transitive in the previous statements, then there is at most one
hyperbolic absolutely continuous measure. In particular, whenever such a measure exists, it is unique.
We further explain this fact in Remark 7.7.

We also mention that the bound R(f)/r in Theorem 1 is sharp. In Appendix A of [3], there is, for any
r € Z", an example of a €" map f of the interval for which there exists some set E C I satisfying

- Leb(E) > 0,
- for z € E, x(x) = R(f)/r,
- F is in the basin of the Dirac measure at some fixed point of f.

Hence, for such an f, if a < R(f)/r, then the set {x > a} is of positive Lebesgue measure but is not
covered by basins of absolutely continuous measures.

Let us now explain our strategy to prove Theorem 1 and present the organization of the paper. The
proof relies on a reparametrization lemma, stated in section 2., which allows us to precisely control the
local dynamics. Such lemmas were introduced by Yomdin [25] to prove Shub’s entropy conjecture for €>°
systems. The reparametrization lemma that we use is an adaptation of Burguet’s one from [5], which he
used to prove the following result, regarding SRB measures for smooth surface diffeomorphisms:

Theorem (Burguet, [5]). Let f: M — M be a €" surface diffeomorphism, where R > r > 1. There

are countably many ergodic SRB measures (w;)icr with A == {[ xdp;,i € I} C } B -i-oo[, such that we
have:

{x > B } = {x € A} Lebesgue-almost everywhere

e For all A € A, we have Lebesgue-almost everywhere {x = A} C U, , (u,)=» B (i)

For €°° surface diffeomorphisms, part of this result has also been obtained by Buzzi, Crovisier and Sarig
[7].

Then, the idea is to use an entropy characterization of absolutely continuous measures. It is a version
of Ledrappier-Young’s entropy characterization [15] for endomorphisms, the precise statement for one-
dimensional systems is given by Theorem 7.1 (corresponding to Theorem VII 1.1 from [19]). Hence, our
goal is to build a hyperbolic measure 4 satisfying the entropy formula k() = [log|f’| dp. In section 5.,
we define a measure p as a limit of ”partial” empirical measures: instead of averaging the Dirac measures
d kg over all k in [0;n — 1], we only average over points of the orbit where the dynamic shows some ex-
panding behavior, such k’s are called geometric times (introduced in [5] and inspired by hyperbolic times
[1]). We will use this expansion to prove that p is hyperbolic. We define geometric times in section 3.,
where we also show that they happen with positive density on a set of positive Lebesgue measure — we
use the bound R(f)/r to do so. We then show in section 4. that geometric times are in fact hyperbolic
times, in the sense of [1]. A straightforward but important consequence is that if a point has an imminent
geometric time, then it cannot be too close to a critical point. In other words, our limit measure p will
avoid places where f’ is too close to zero, which we will use to prove that log | f’| is integrable with respect
to p.

We explain how we estimate the entropy of u. We first point out that our sequence of empirical measures
is of the form (), where M is a parameter controlling the distance to geometric times — as M grows,



we allow the k’s in the definition of ! to get further from geometric times. We then estimate the
entropy of the empirical measures p for some well-chosen countably infinite partition (section 6.) and
show in section 7.a. that letting n and M go to infinity gives entropy estimates for p. We build this
partition by dividing I into monotone branches and regions where log |f’| is fixed. The fact that log | f|
is not bounded and that f may have infinitely many monotone branches explains why this partition is
countably infinite. The question of how to choose such a partition already arose when dealing with surface
diffeomorphisms [5], but for one-dimensional dynamics, being able to use monotone branches makes the
proof more efficient as it is very suitable with regard to the Reparametrization Lemma (see Lemma 6.11).
Since the chosen partition is infinite in our case, we must first show that it has finite entropy for the
limit measure p (section 6.b.). To prove this, we use an argument from Mané’s proof of the Pesin’s
entropy formula [17], where he shows that if the diameter of a partition is integrable with respect to some
f-invariant measure, then this partition has finite entropy for that measure. The fact that our partition
has finite entropy will then follow from the integrability of log |f’| with respect to u. The proof of the
entropy estimate for M is then based on a Gibbs inequality for this specific partition (section 6.c.). In
section 7.a., we put together all of the previous results to prove the entropy formula and the absolute
continuity of u. We eventually prove in section 7.b. that the union of the basins of such measures covers
{rel]|x(z)> @} Lebesgue-almost everywhere. We also prove the finiteness of such measures whose
Lyapunov exponent is larger than some b > R(f)/r, and we prove the bound on the number of measures
as stated in Proposition 3.

2. Reparametrization Lemma

We start by explaining the concept of a reparametrization Lemma. The approach was introduced by
Yomdin in [25], and is thus also called Yomdin’s theory. The idea is to divide the space I into many small
dynamically bounded pieces, all the while having an estimate of the number of pieces. Formally, we will
look for reparametrizations ¢ : [—1;1] — I such that the high order derivatives of f o ¢ are small. With
these notations, the image of ¢ is one of these small pieces. In the end, the dynamical complexity of f
can be understood through these reparametrizations, giving a rather combinatorial interpretation of the
dynamic, which is helpful in many situations.

When using Yomdin theory in dimension one, many aspects are much simpler. For example, dividing a
one-dimensional space into small pieces does not need any geometric attention, while higher dimensions
require using semi-algebraic geometric tools. Another more important consequence is that it is easier to
get distortion inequalities (see Lemma 2.2), which are essential to study absolutely continuous measures.
We start by detailing this central fact.

a. Bounded reparametrizations

Let > 1 and note [1;7] = [1;[r]] U {r}. We consider the point 0 in I, and we will say that a map
o :[—=1;1] — I is a reparametrization if it is a € map whose derivative does not vanish and if we have:

o(]=11])Nn{0} =0



This last condition is useful when [ is the circle, because it ensures the injectivity of 0. We give more
details about this in section 2.d.. We will note o, = o([—1;1]) its image.

Definition 2.1 (Bounded reparametrization). A reparametrization o is said to be bounded if

1
max ||d°c < o’
a4 < G101

Then, for e > 0, it is said to be e-bounded if it also satisfies
lo']loc < &
Moreover, we say it is (n,e)-bounded for f: I — I if we have

Vk € [0;n], ¥ oo is e-bounded

As mentioned before, the important property satisfied by bounded reparametrizations is the following
control of the distorsion:

Lemma 2.2 (Distortion inequality). If o is a bounded reparametrization, then we have

'@ _ 3
vt -1;1 < -
o =2
Proof. Consider sy € [—1;1] such that |0/(s0)| = ||0”||cc- By noting ' = min(2,r), we get

’_ ’ 1
[0'(s) = o' (s0)| < |s = so|" "M |d" o loo < 20" (s0)]

This leads to 9
0" (s) > |0 (s0)| — |0"(50) — o’(s)| > §|J’(so)|

which does give

/ /
!ff/(t)\ < \0,(80)\ <3
lo'(s)] = lo’(s)] T 2
O
We now state a lemma about bounded reparametrizations that we will use in the next section.
Lemma 2.3 (Lemma 6 from [5]). Let v : [-1;1] — I be a bounded reparametrization satisfying

17 lloc > €. Then there exists a finite family of affine maps (v : [-1;1] — [—1;1])jer, where L is of the
form LU L and such that

i) For any j € L, the map ~y o ¢; is an e-bounded reparametrization and ||(y o ¢;) (0)|| > ¢/6
i) [-1;1] = (U Lj([—lsl])> U (U L ([ﬂﬁtﬂ))
JjeL jeL
iii) #L <2 and #L <6 (1= 1 1)

iv) For x € v, we have #{j € L | (yo )« N B(z,e) # 0} <100



b. Reparametrization Lemma

We first introduce some more notations. We will note € = Crit(f) = {x € I | f'(x) = 0}, and for any
n € ZT = [1;4o0o[, we let
G =Crit(f*) and 6o = J %n
nezZ+t

For z € I\~ and n € ZT, note

kng(2) = log™ |g'(¢" 1 ()] € [0510g ||| oc]
kng(2) = [log™ |g'(g" " (2))I] = 0

where |z] is the largest integer smaller or equal to z. Lastly, for k, k' € (Z$)", where Z§ = ZT U {0},we
let
Hy(k, k') = {x € I'| kig(x) = k; and k] ,(z) = ki for any i € [1;n] }

Let us explain the purpose of this notation. Yomdin’s original Reparametrization Lemma was local in
space, meaning that the part of the space that would get divided into many pieces is not o, but only the
intersection of o, with a small enough dynamical ball. However, similarly to Burguet’s Reparametrization
Lemma from [5], our Reparametrization Lemma will be global in space, but local in terms of values of the
log of the derivative. More precisely, we will not reparametrize o, completely, but only the intersection
of o, with %, (k, k'), for any k, k'

We now give a first taste of the forthcoming reparametrization lemma. We start by considering a
reparametrization o, and we assume that its image o, is small enough — the precise bound on this
size is given in the proof of the Reparametrization Lemma, it depends on f and r and it allows us to
approximate f by its Taylor polynomial. Fix ki, k] € Zg, and divide the intersection o, N %, (k1, k}) into
many pieces so that f composed with the reparametrizations corresponding to these pieces has bounded
distorsion. This gives a first family of reparametrizations. Then, to control the distorsion of f", we
iterate the construction that allowed us to bound the distorsion of f!. In particular, if 6 is one of the
reparametrizations in the above family, then the set (f o o o ), must be small enough, which is not
necessarily the case. To ensure that it is small enough, we apply Lemma 2.3 to the reparametrization
fooof. In other words, for every 6 such that the image (f o o 0 6), is not small enough, we divide the
set (0 0 60), into even more pieces. In the end, we obtain reparametrizations that allow us to bound the
distorsion of f! and whose images by f are small enough. We denote this family of reparametrizations

by .%(kl’kl). Then, to control the distortion of f™, we proceed by induction and follow the steps shown in
Figure 1:

Yomdin for the f Yomdin for the f
first iterate o second iterate
— > o _— > e
o (0 06), (foogob), (foooba),

Figure 1: Iterating Yomdin’s division process to bound the distortion of iterates of f

For this induction, formally, we consider a reparametrization 6 € %(kl’kl), and we reparametrize the set
(f o0 00). N Fy(ka, k) with fixed ko, ky € Z7, so that f has bounded distortion through these new
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reparametrizations. Hence if we note (¢j); these new reparametrizations, then the reparametrizations

0 o ¢} cover o', ((k1,k}), (k2, kb)) and bound the distortion of f2. By doing it for every 6 € P/'l(kl’k,l),

(kl’k/l)

we get a second level of reparametrizations nested in 7 where f? has bounded distortion, call it

%((klyki)v(k%klg))‘
So if we fix k = (ki,..., k) and k' = (K], ..., k) and note ) the n-th level of reparametrizations of
Hy(k, k'), we get a tree structure as represented in Figure 2. As for notations, we write (6;»);» the n-th

level of reparametrizations and 9,-2 the child of 8;» at level k.

(@] 91'-” T(k'k'!)

VA2 22

000y k) (K1)
ag o 9371’ 71(;"1’}“3}

ag

Figure 2: A tree where children of a node o o 6 are of the form ¢ o 6 o ¢ where ¢ is an affine contraction

We build these branches for each % (k, k'), and label every vertex in T with (kn, k],) to know from

which %;(k, k') it comes from. Then, we note 7, the union of all FEF) for k, k' € (Z$)™. Notice that
this tree may have unbounded degree, although its restriction to the vertices labeled by a given (k, k')
has bounded degree (see item 5) of Lemma 2.4).

Lastly, recall that we had to use Lemma 2.3 in the construction. The purpose was to ensure that the
image of a reparametrization was small enough to approximate f by its Taylor polynomial. For example,
in the first step of the induction, we reparametrized the 6’s for which (f o o o #), was not small enough.
When we have to make this additional division, we will consider that the resulting pieces are the ones
that see the expansion of the dynamic. To keep track of these pieces, we will say that a vertex " of the
tree 7, can be of two different types: write i" € 7, for the ones that see some expansion and i" € J,, for
the others. Then, by replacing f with some iterate fP = g, we get this Reparametrization Lemma:



Lemma 2.4 (Reparametrization Lemma). Forp € Z™, there exists ¢ > 0 such that, for any e-bounded
reparametrization o : [—1;1] — I, we have a tree T and affine maps (O : [—1;1] — [=1;1])ineg, such
that for any n:

1) For any i" € I, the reparametrization o o O is (n,e)-bounded for g = fP

2) For any i" € Iy, the affine map Oin is of the form Oin o @in where pin is an affine contraction of
rate smaller than 1/100, and when i,y € Ip—1, we have O ([—1;1]) C Oin_ ([-1/3;1/3])

3) For any i" € Iy, we have |(g" o 0 0 §;)'(0)| > /6

4) For any k™, k'™ € (Z$)™, the set o~ %, (k"™, k™) is contained in the following union

USRI IY J e

i"€T,, such that i"€Tn such that
k() (in)=kn k() (in)="n

each set of these unions having non empty intersection with o~ 3,(k™, k'™)

5) For i"~' € F,_1 and k!, € Z , we have

_ g 19 o 25 )
#{i"e T, |i" P =i"_ | and K, (i") = k.,} < C,log Hg/HOOemaX( g [19'lloe, 774

K,
#{" € Ty | " =ip_y and k;, (") = Ky} < Crlog ||g/||oce™T

6)\G = U ZEE) and | (000m)s D o([-1;1])\%n

kn k'me(Z$)m i"€In

Proof. Note 7' = min(2,r), and fix € > 0 satisfying
1
2[lg'llr—1
For z € I, note g3, : t € [—1;1] — g(x + 2¢t) € I. We first show the following

Vo e I,Vs € [L;7], ||d° (g5.) || < 3emax (1, [ (x)])

(2e)" 1 <

When s €]1;7], we have s > 7/, so
|d° (93:) ()| = (2€)°|d°g(x + 2¢t)|

< (2)"]19'llr1
<2 x1/2

And if s =1, then
| (95.) ()] = 2¢lg’(x + 2et)]
< 2¢ (|g'(x + 2¢t) — g'(2)| + |g'(2)])
< 2e[2et|" H|d" gl oo + 2¢]¢/ ()]
< 3emax(1, |¢'(z)])



Once this € is defined, the proof is the same as for the Reparametrization Lemma in [5], except for two
differences. The first one relates to item 5), where we count the number of vertices of 7, and F;, for which
k], takes a given value. However in [5], both the values of k], and k,, were fixed. Hence, to obtain item
5) as stated here, we simply multiply the bound in [5] by the number of all possible k,,, which explains
the term log||¢’||c in our bound. The second difference is related to our definition of reparametrizations.
More precisely, we have to show that the maps g* o o 0 §;n are reparametrizations, for k < n, in the sense
that (g¥ o 5 06;n) (]—1;1])N{0} = 0. To guarantee that this condition is satisfied, we make an additional
division before applying Lemma 2.3. It was not needed in [5] and it multiplies the constant C, in item 5)
by 2.

O

c. The case of circle maps

A first technical remark is that when computing derivatives of circle maps, one should take care of the
tangent bundle. However, we do all the computations as for interval maps, which does not change the
arguments.

A more important difference relates to monotonicity. For interval maps, if we have some subinterval where
f’ does not vanish, then f is injective on this subinterval, but this is not true for circle maps. With this
in mind, consider the point 0 in I, and define monotone branches as follows:

Definition 2.5 (Monotone branch). The monotone branches of f are the sets of the form [a; b where
la; b is a connected component of the following set

{zelI|f(z)#0 and f(z) # 0}

The main consequence of this definition is Lemma 6.11: if ¢ is an (n, £)-bounded reparametrization for f,
then it is contained in the closure of a monotone branch of f™. Furthermore, the following lemma implies
that this definition of monotone branches does not change anything for interval maps.

Lemma 2.6. If I = [0;1], then
oy c{o1pue

3. Positive density of geometric times

We start by defining geometric times. Let p € ZT and let ¢ = fP. In Proposition 3.1, we will choose
p large. Let € > 0 be such that the Reparametrization Lemma applies to g. Let o be an e-bounded
reparametrization and = € o,. Note

_ 11
E,(x) = {m €EZS | I € T, K (™) = K™ (), 2 € 5 0bim ({—3; 3})}
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As in [5], elements of this set will be called geometric times. The idea is that if n is a geometric time for
x, then there is some small neighborhood of = such that:

i) For the first n iterates of g, we have bounded distortion on this neighborhood

ii) The size of this neighborhood decreases exponentially in n, while the size of its image by ¢" is
uniformly bounded from below

We now define several notions of density. First, we define the upper density of a subset E of ZBL by

d(E) = limsup l#E N [0;nf

n—+oo T

Before taking the limit, we note for any n € Z™
1
dn(E) = —#E N [0;n[
n

We also define the density along a specific integer sequence 7z by

d*(E) = i dn(E

( ) ﬂanlgl—&—oo n( )

We now explain how the bound R(f)/r in Theorem 1 will force positive upper density of E,(x). It is
related to the growth rate of the number of pieces we get when we follow the reparametrization scheme.
Let us recall that there are two types of reparametrizations, as explained in the last paragraph before
stating the Reparametrization Lemma:

- The ones in 7, that directly gave (n,e)-bounded reparametrizations for g = fP. Their number has
an exponential growth rate given by &'/r — 1 (where k' is some k;, ,(z)).

- The ones in F, that required an additional division to be (n, ¢)-bounded. These are the ones that see
the expansion of the system, and their exponential growth rate is given by max(k’/r —1,1og ||¢'||c0)-

So, if the number of pieces has an exponential growth rate larger than k’/r — 1, then the second type
has to appear often enough. This is achieved if the system is expanding enough, and we will see that a
Lyapunov exponent larger than R(f)/r on a set of positive Lebesgue measure exactly corresponds to this
large enough expansion.

Proposition 3.1. For b > R(f)/r, there exists py such that the following property holds. For any
D > po, there exist B = B, > 0 and € = €, > 0 such that, if o is an e-bounded reparametrization, then

limsupllog Leb ({x € 0x | dipsp| (Ep(x)) < B and |[(f*) (x)] > e"b}) <0

n—+oo T

Proof. Let p € ZT. Let € := ¢, > 0 be given by the Reparametrization Lemma for g = fP. Let 8 > 0 be
a quantity that we will determine at the end of the proof. Let o be an e-bounded reparametrization. We
start with the case where n = mp. Consider the tree given by the Reparametrization Lemma up to level
m. Take x € o, such that

dn(Byp(w)) < B and | (/") (2)] = e

and note (k1,....k,) = (Kj(x),....,k,(x)). Then, by item 4) of the Reparametrization Lemma, we have
some "™ € 9, such that
E™(i™) = (K, ..., kl,,) and z € (0 060m),

11



These k, satisfy the following inequality

DK™ =) ki)
=1 =1
m—1
<> [loglldllsc] — [loglg' (")l
=0
mlog||(f7)|lec +m —log|(f™)'(z)|

m (log [|(f*)llsc + 1 — pb)
Now, for S € R, we have the following general statement
- m(S +1)
4 {( k) €75 | S K < ms} < ( a ) < emloB(s 1) 4m (3.1)
i=1
We will hence choose S =1og ||(f?)'||occ + 1 — pb. Then, consider the following inequality

Leb ({x € 0u | dm(Ey()) < B and |(f")' ()] > "*})
< > > Leb((o0bim). N{I(f)] = €™}

(k) ie1im] t-a- Z;:ze‘Zm t.q}
S ki<mS kI (im)=(k;)
et #{ke[L;m]|i}} €T }<mpB

Since ¢ is injective on the image of the (n,€)-bounded reparametrization o o 6;m, the change of variable
formula (Lemma 6.9) gives

-1
Leb((0 0 0im) N {|(f™)'| > €™ §( inf gm') Leb((g™ oo 08;m),
(eotmbn (Y12 ey < (| mE ™) Leb( )
Furthermore, the reparametrization g™ o ¢ o 0;m is e-bounded, so

Leb((a 0 0m)e O {I(F7)'] = €™}) < 2c6~

Then, for each ™ € T, and k € [1;m], we considg the vertices ;' in 9%, i.e. the parents of i, and
we note j the number of k € [1;m] such that i}* € ;. Hence, item 5) of the Reparametrization Lemma
gives

Leb ({z € 0 | dm(Ep(z)) < 8 and |(f")'(z)| > "} )

is

mp j ) /
< 2€e_nb Z Z Z (H C, logHg/HOOemaX(logHg 0077‘—1))

(kDieqiym) t-a.  J=0 1<in<..<ij<m \s=1
S k<mS
K,
X [T  GlogllglleerT
se[L;m]\{i1,...,i5}
mS
using (3.1) < 27 x emIBSTIFM om0 (log ||g|oo) ™ €T X || f[[EXP™

12



Notice that S/p — R(f) — b, therefore

p—+o00

lim sup llog Leb,, ({x € o, | do(Ep(z)) < B and |(f)(x)| > e"b})

pZtsn—+o00 1

log(S+1)+1 log(2C,pl "Moo S
L los(S+ 1)1 log(2Cplog 1 flc) |, + Blog 7

= p P p(r—1)
= b+ o (R() =)+ Blogl|f e+ o (1)
= (B ) sog 7+ (1)

Since @ — b < 0, this concludes the case n = mp.

For the general case, write n = mp + s with s € [0;p — 1]. We note n’ = mp and show that the previous
argument still works. Let x € o, be such that

din(Ep(x)) < B and |(f")' ()] = €

Then

’(fn)/(x)‘ 1 nb 1 n'b
e = TS = e

Previous computations for n’ lead to an upper bound on the Lebesgue measure for n and we would reach

(™) @) = |(f (@)] =

the same conclusion. O

4. Geometric times are hyperbolic times

In this section, we show some useful properties of geometric times that emphasize the relationship between
geometric and hyperbolic times, as defined by Alves, Bonatti and Viana [1].

We first introduce some notations that we will use throughout the rest of the paper.

For E C Z$,M € Z§ and n € Z], we let

EY = | Ik

n>k,leE
k=l <M

Then, for m € Zg , we define the set EM™ as follows: for each connected component of EM we remove
its last L elements, where L depends on the connected component and is the minimal integer such that
m—1<L < M+ m—2 and such that the new connected component is still of the form [k;!] with
k,l € E. In particular, notice that EMI = EM . Notice as well that for n and m fixed, the set £, is
non-decreasing in M. Indeed, consider the set E,Af "™ where we only removed the last m — 1 elements of
each connected component of EM. Hence, for M < M’, the inclusion EM C E,Zl\/[/ gives EYm c EM m,
Then, to build EM " we removed more and more elements at the end of each connected component of

13



Eﬁ/l ™ until we reached an element of E. Since E’/ﬁ/l o Eﬁ/l /’m, the element of E that we reach in E’/g/l m

cannot come after the one in B ™ which gives gMm - pM "™ We will also note OE = EA(E + 1)
where A denotes the symmetric difference. We now prove some general properties of these sets.

Lemma 4.1. For M,n,m € Za', the set EYT™ satisfies the following properties:
i) OEM™ c E

ii) limsup dy, (OEA"™) < Z

n—-+o0o

M,m
iii) M#EEe " <4 M

M m
iv) For M' > M, #(E, M m\ phtmy > N HOEL” 2#8En

Proof. To prove i), notice that the set E3”™ is a union of intervals [k : [ whose boundary {k;[} lies in
E and that for any A, B C Zg, we have (AU B) C AU dB.

Then, i7) follows from iii), so we only prove #ii) and iv). To do so, we consider the following figure:

EMm

- - - - -

- .
> M > M

Figure 3: A visualization of the sets EMm and M m

Mm

- Proof of iii): For each connected component [k;I[ of E, """, consider the interval [I;1 + M| contained

M,m
n [0;n + M. This gives #8# disjoint intervals of length M inside [0;n + M.

- Proof of iv): For each connected component [k;l] of EY™ such that | ¢ OEN /’m, consider the set

’ M,m M/,m
[I;1 + M] contained in Ea" "™\ EA"™. This gives at least #9Zn _Q#aE" disjoint intervals of length M
inside E%/’m\Eﬁ/[’m. O

In what follows, E will be the set of geometric times of some point. Let p € ZT. Let € := ¢, > 0 be given
by the Reparametrization Lemma for ¢ = fP. Let ¢ be an e-bounded reparametrization. For z € oy,
n, M,m € Z}, we note En""™(z) = (E,(x))n"™, and we let EM™(z) be the non-decreasing limit in n of
EM™(2). Notice that we may have EM™(z) N [0;n] # EX™ (), although these sets are equal up to the
last 2M + m elements.

14



In the next statement, the term ”log 10” will only be of use to prove that the Lyapunov exponent of g is
strictly positive p-almost everywhere (Proposition 5.4).

Lemma 4.2. Forx € o,,n, M, m € Zar, we have the following properties:

i) Fork <l andl € E(z), we have

log |(g" %) (¢"z)] > (I — k)log 10 > 0

i) If [a;b] is a connected component of EXY™ (), then

log |(¢"~*)'(¢x)| > (b—a)log10 > 0

iti) For [k;l[c EX"™(x), we have

log |(¢'*)'(¢"x)| > (I = k)1og 10 — M log||¢'||ec > —M log |||

Proof. - Proof of i): By definition of E(x), we may write z = o o 0, (t) with 8; = 0, o @t and ile T

k

(i.e. the branch of J; that ends at ! passes through some i*, and we note Pit the contraction that goes

from i* to i'). We hence have

iy @V @] (g 070 6) (1)
N =@y @) = (o0 0 05 oy )] % (o0

2|(g' 00 00)'(0))|

1) and 2) from the Reparametrization Lemma > 3 100+
21
3) from the Reparametrization Lemma > 561001*
> 10k

- Proof of ii): From item 4) from Lemma 4.1, we have that dEs"™(z) C E(z), so we apply 7).

- Proof of #i): Let b be the first element of E(z) that is superior or equal to [. By definition of EX"™ (),
we have |b — | < M. Therefore, we get

log (9" ") (g"x)

Yo = |logld(g'n)]
ic[ksb]  i€lb]
> (b—k)log 10 — M log ||g'| |

B)
> (I — k) log 10 — Mlog||¢'[|

15



5. The empirical measure

We may assume that the set A := {x > R(f)/r} is of positive Lebesgue measure. By taking a subset of
A, still of positive Lebesgue measure, we may assume that we have some b > R(f)/r such that

Ve e A, x(x) >b

Now fix p > pg, 8 > 0 and € > 0 given by Proposition 3.1, and fix ¢ an e-bounded reparametrization such
that Leb(ANo,) > 0. Note E(z) = E,(x) for x € 0, N A and g = fP. From Proposition 3.1, one can take
a subset of A of positive Lebesgue measure and assume that for n large enough

Yz e ANo,,|(g") (z)] > e = dn(E(z)) > B

We will use the notation EM () defined in the previous section, for M,n,m € Za“ . Lastly, if J is a

subset of I, we will denote by Leb; the normalized Lebesgue measure on J, i.e. Lebs(-) = Lzbe(b'(g‘)]).

a. Definition of the empirical measure

Lemma 5.1. There is a sequence of positive integers 7z and measurable sets (A, C AN 0w )nen such
that

i) tlogLeb(4,) —» O

7225N—00

ii) For any m € Zg and for M large enough, we have that (f dn(EfLV‘[m(x)) dLeby, (x)) ., converges
nez

to BM > B, where BM B which does not depend on m
M—o0

iii) For any m € Zg, limsup Mfdn(8E¥LV[’m(a:))dLebAn () — 0

73n—s-+00 M—+o0

iv) Define &M g5 the partition whose atoms are maximal sets of positive Leby, -measure where x +—

Eflv[m(x) s constant. Then limsup %HLebA, (%éwm) — 0, where H\(P) denotes the entropy
73n—+00 " M—+o00
of a partition P for a measure \, defined as Y —A(P)log A(P).
Pep

Proof. For n € Zg, define A, = {x € ANo. | d,(E(z)) > B and |(¢")(z)| > €"*}. Then let 7 be the
sequence of integers in the set {n € Z | Leb(A,) > %} Since the Lyapunov exponent of f on A is larger

than b, every point of A is in infinitely many A,. By using Borel-Cantelli’s lemma, this implies that 7 is
infinite.

- Proof of 7): Simply write log Leb(A,) > —2logn for n € 7.
- Proof of ii): Once we obtain the convergence in n, the fact that (82);; is non-decreasing comes
from the fact that B ™ (z) is non-decreasing in M. We first prove the convergence in n. Using Cantor’s

diagonal argument, we have convergence along a subsequence of 72 independent of M, and we may assume
that it is in fact along 7. We prove that 8¥ > 3 and that the limit of (8M)s; does not depend on m
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after the proof of item #44), which only uses the convergence of (3M),;.

- Proof of iii): Let M < M’ € Z$ ,n € » and = € A,,. From Lemma 4.1, we obtain

dEN™ , oEM'm
yBOE Dty B @) 4 g PO D)
2 Lemma 4.1.iv) 2
M’ m M,m M
Lemma 4.1.44) M

Dividing by n, we get

/ M M
M DEY" (1)) < 2 (dn(EY"(2)) — du (B (w)) 4 o+ )
By integrating and letting n — +oo, we get for any M < M’ € Z{{
/ M
limsup M [ d,(OEM™(x))dLeby, (z) < 2 <ﬂ% —pM 4 />
723n—~+00 M

We conclude by letting M’ — 400 then M — 400 and using the convergence in item ii).

- Proof of ii), second part: We prove that 82 > 3 for M large enough and that 5> does not depend
on m. From the definition of A,,, we have

Vn € n,Vx € Ay, dp(E(z)) > 0

Then, we have that #EM (z) > #E(z) — “tM and that #EY™(2) > #EM(z) — (m + M)#E)Efm
Hence, for any M’ > M, the previous inequalities give

lién dp(EM™(2))dLeba, (x) > lim sup/dn(Ey(x)) —(m+ M)(MaE;y(x))dLebAn (x)
ner nezn
1 m+M / M
285" (A A+ )

Therefore, letting M’ go to infinity, taking M large enough, and changing 3 to a smaller one gives 82 > f.
To prove that 3% does not depend on m, we write that for any m < m’, we have
#OE, (x)
2
- Proof of iv): Notice that any E C Z{ is uniquely determined by dF. Let FM™ — max #0F3"™ (x),

[L'EAn

#E,™ (x) < #E (x) < #ENT (2) + (m + M)

SO
Frll\/l,m

m n
HLebAn(%yjle )S IOg Z (k‘)

k=0

FM,m

n n FM,m
<log 3 (FMm)( " )
k=0 n

= log <2F’€/Lm (F]\?}[m))

n
< FMm <1—i—log2—|—log >
(3.1) page 12 " Fé\/l’m

Then item i) from Lemma 4.1 concludes. O
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For any n € 7 and M € Zg , we follow the approach from [8] and [6] and define the empirical probability

J X b4z dLeby, ()
MM’m _ i€ EM™ (z)
" [#E"™ () dLeba, (x)

We will also use the following measure, which corresponds to u,]‘f with a different normalization

1

M,m

ma— §.i, dLeb

) nﬂm/‘ > by dLeba, (@)
i€E, " (x)

measure as follows:

1 M,1

We will also note ,uﬁ/[ = unM and yfl\/[ =Up

b. Convergence of the empirical measure

To establish the convergence of these measures, one may simply extract some subsequence that would
converge in the weak-* topology. However, the forthcoming arguments will require some stronger type of
convergence. More precisely, we will use the fact that pm i non-decreasing in M to prove that (VM m) M
converges in total variation.

Yet, in the following, if we talk about convergence of measures without precising the topology, it will
always be in the weak-* topology.

Proposition 5.2. By taking a subsequence of 7, we may assume that

i) For any M,m € Z, (p%m)n and (Vym)n converge along 7.

M,m) M,m)

ii) For M,m € Zg, note u™™ and v™M™ the respective limits from i). Then (u M and (v

both converge to a g-invariant borelian probabilty w, which does not depend on m.

M

iii) For any borelian B and m € Z§, v™™(B) 7 u(B).

M —o0

Proof. Ttem 1) is a consequence of Cantor’s diagonal argument.

For item i), we first show that (v™™),; converges. This will give the convergence of (™) as one
can apply item ii) from Lemma 5.1 to the following equality:

VM,m — fdn(EM’m(x))dLebAn(x) ’uM,m

n 500 n

Then, the following inequality gives the convergence of (vM™):

M/ v BM’_ M
[ = [t < BB

Then, the inequality that we used to prove that 5°° does not depend on m in item ii) of Lemma 5.1 gives

V) : I — R continuous, VM < M,

V) : I — R continuous, Ym < m/,

nerzn 2500
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So item 4ii) from Lemma 5.1 gives that the limit of (¢™"™),; does not depend on m. Let p be the limit
of the sequence (™). Since every ,uﬁ/[ "™ is a borelian probability measure, the limit p is a borelian
probability. To prove g-invariance, we take M, m € Za“ and n € 7 and notice that for ¢ : I — R
continuous, we have

[ dgin— [vanitn| = 1] E;() Wg'n)— Y (') debs, (2)
7 ’ +

1 icEN™ ()

IN

1
0l e [ #OBL™ (0) dLeb

Therefore, by using item i) from Lemma 4.1, we get that the above quantity goes to zero when n then
M go to infinity, which yields the g-invariance of p.

For item iii), we use that when n is fixed, then (v ™)y is a non-decreasing sequence of measures.
Since the convergence in n is in the weak-* topology, any non-negative continuous function ¢ : I — R

satisfies [ dvMm = vMm(y) A () = [ du. To go from non-negative continuous functions to
M —+o00

characteristic functions, one can use the outer regularity of the measures ™, O

c. Properties of the limit measure

Using section 4., we show some properties of the limit measure p built in the previous section. Let ¢4 be
the geometric potential defined by

. {I—HRU{—OO}
7 @ loglg/ (@)

Proposition 5.3. The function ¢, is u-integrable

Proof. Since ¢4 < log||¢'||sc, we only have to prove fqbg_d,u < +oo, where ¢, = —min(¢,,0). For
k € Zar, note
bgp =min(k, ¢, ) : I =Ry 7 ¢,

k—+o0

By monotone convergence and continuity of ¢, 5, we get

/¢>g—du = kgrjlooT/@Lk dp= lim  lim  lim /qﬁg,k dud!
J

—+400 M —+00 725Nn—00
> Sgn(g'z)dLeba,(z)

e M
= lim lim lim e (@) 7
k—400 M —4-00 722N—00 f #En (:L‘)dLebAn (LL’)

We then estimate the terme inside the integral. For k € ZE{, MeZ", n€nandzxc A, wehave
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Y dgrlgie) < Y —min(0, ¢g(g'x))

i€EM () 1€EM (x)
< Y (=0g(g'z) +log]lgl|)
i€eEM (2)
< 0+ #E) (2)1og|lg oo

Lemma 4.2.i%)

where we used item i) from Lemma 4.2 on every connected component of EX(z). This then leads to
[ &y dp <log||g'||ee < +o00. O

Proposition 5.4. We have x4, > 0 p-almost everywhere and [ ¢pgdp = [ xq4dp.

Proof. To prove that [ ¢gdu = [ x4dp, we use Birkhoff’s ergodic theorem for the potential ¢, € L ().
Then, to prove that x4 > 0 p-almost everywhere, we adapt the proof of Lemma 6 from [4]. We will in fact
prove that x4, > log 10 p-almost everywhere. For m € Za“, we note ¢p" = > ¢go0 gk. For M € ZS’,
ke[0;m—1]

let Kpyy ={xel|3Ime [[1;M]],¢;”(x) > mlog10}. Although ¢, is not continuous everywhere, the set
Ky is closed because ¢, is not continuous only on the critical set €,. Then, for z € 04, M € Zar and
n € 7, we have that any k € EM () satisfies g*z € Kj;. Indeed, if k € EM(z), then there exists | € E(x)
such that 1 <1 —k < M, hence item i) from Lemma 4.2 gives

Sk (gF ) > (1 — k) log 10

Therefore pu}M (Kys) = 1. Since Ky is closed, letting n go to infinity gives u (Kjys) = 1, which we rather

write as vM(Kyp) = %, where M 7 > as stated in item #i) from Lemma 5.1. Hence, if we let
M—+o00
K = |J K, then item 4i7) from Proposition 5.2 gives p(K) = 1. Since p is g-invariant, we also have
M>1

that u ( N g_kK) = 1. In other words, for py-almost every x € I, we have that
k>0

vk > 0,3m > 1,q§;”(gka:) > mlog 10
By applying this iteratively, we obtain a strictly non-decreasing sequence of integers (my) such that

¢y (z) > molog 10
¢yt "0 (g™0x) > (my — mg) log 10

g T (g ) > (Mg — my) log 10

By summing these inequalities, we obtain that for any k, ¢7* (x) > my log 10, hence x4(7) > log 10.
O
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6. Entropy of the empirical measure

Let us sum up what we have done so far. We noted A = {x > R(f)/r} and fixed g = fP some iterate
of f, e > 0,8 >0 and o an e-bounded reparametrization such that Leb(o, N A) > 0. We applied the
Reparametrization Lemma to ¢ and g and got a family of reparametrizations organized as a tree with
unbounded degree. For x € o, N A, we defined E(z) the set of geometric times of x, whose density is
larger than 8 for Lebesgue-almost every . Then, using two parameters M and m in Zg , we defined the
sets EM™(z) so that the orbit of x at these times does not get too close to critical points. By integrating
those pieces of orbits up to time n, we got an empirical measure ,u% "™ Then, by letting n — +o0 along
some sequence 7z then by letting M — 400, we got a g-invariant measure u, and we proved that p is
hyperbolic and that log|g’| is p-integrable. We now wish to prove that u is absolutely continuous with
respect to the Lebesgue measure. By using the entropy characterization given by Theorem 7.1, we will in
fact prove that p satisfies the entropy formula h,(g) = [ log|g'|dp.

In this section, we give a lower bound of the entropy of the empirical measure ,uﬁ/[ ™ for a specific countably
infinite partition &, that depends on a parameter ¢ € Z*.

a. First entropy estimates

We start this section with a slightly modified version of Lemma 5 from [5], which gives a lower bound of
the entropy of an empirical measure for a finite measurable partition. We state a version for countably
infinite measurable partitions for which the measure only sees a finite number of atoms. More precisely,
if & is a measurable partition and p is a borelian measure, then we ask for the following set to be finite:

Py ={PeP|uP)>0}

Also, what we call a measurable partition depends on the measure:

Definition 6.1 (Measurable partition). If (X, 9/, \) is a probability space and R is a countable
collection of subsets of X, we say that X is a measurable partition for X if

i) fr R#R € %, \RNR') =0,

ii) the union |J R has full A-measure.
ReR

The important remark is that when a measure A is not preserved by a dynamical system 7', and if & is
a measurable partition for A, then 77'% may not be a measurable partition for \.

Lemma 6.2. Let R be a countable measurable partition of a probabilty space (X,\). Let T : X — X
be a measurable transformation, which may not preserve X. Let F be a finite subset of Zar. Note \I' =
# 3> TEX. Assume that for every i € F, T'R is a measurable partition for X and that R,r is finite.

keF
m—1
For m € 7%, if we note #™ = \ T~*% and R* = \| T~*R, then we have
k=0 keF
1 . 1 HOF
—Hyr (™) > ﬁHA(W“)—mlog(#%lw) e
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Proof. When F' = [a;b], we use an argument from Misiurewicz’s proof of the variational principle [18].
We start with the case m € [1;b — af, we let r € [0;m — 1] and note j, = [>=%="|. We have

b b—a
=\ T '2=T7"\/T"'%
i=a 1=0
Jr—1 r—1 b—a
— 7@ \/ T (mi+r) gm | (\/ T—i92> v \/ T
j=0 =0

i=r+jrm

Then, T~'% is a measurable partition when i € F, so its entropy is well defined and we have

jr—1 b—a
]Z Hy, ( m]+r+a)%m) + Z Hy, ( (i-i-a)g?) + Z H, (T—(i-&-a)%)
=0 1=r+jrm

Then, we will use the following fact:
¥i € F,¥A measurable, (\(T"4) > 0 = A"'(4) > 0) (6.1)
This implies, for ¢ € F, that 4
Hy(T™'R) < log #R,r
Indeed, when TR is of positive A-measure, then R € &, r. Therefore, by using r+(b—a)—(r+j,m)+1 <
2m, we get
Jr—1
H\(2") < 2mlog#Fyr + Y Hy (T~ (mitrtalgm)
§=0

Summing over r then gives

mHy\ (%) < Z Hy\(T7'R™) + 2m* log #R\r < 2m*log #R\r + ZH)‘ T
i€l

Then, if m > |b — a|, we have Hy(RF) < #Flog#R%\r < mlog#%R,r. So the above inequality still
holds. Hence, by using the concavity of A= H)(Z™), we get

fHAF (A™) >

T %™ > ﬁ (HA(2") = 2mlog #%,r )

Then, if F' is a union of intervals Fj, = [[ak; b] with k € [1; N], using the concavity of A — H)(R™) gives

1 F
L Hyr () > fz#  Hyn ()

1
— (HA(L%FIC) — 2mlog #%, 5, )

prevlous case #

Mz

H (ng) 2m
> /\#71? — Z #F log # R, r,

Notice that 2N = #0F and consider the following fact, analog to (6.1):
Wk € [15N], VA measurable, (A (4) > 0 = A'(4) > 0)
This leads to #X,r, < #R,r, which concludes. 0
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For the rest of this section, fix m € Z*,M € ZI n € », and recall that &M is the partition of AN o,
whose atoms are the sets {EX"™(z) = E} where E C Z§ are such that the associated atoms are of

positive Leb 4, -measure. To shorten notations, we will denote by E both the atom of &M™ and the value
EY™(2) for x in this atom. Then for E € &2"™, we note

e L d = —
e =Ty md W= g ,%:3 gine

Let # be the partition of I into monotone branches of g as defined in Definition 2.5.

Remark 6.3. The collection F is a measurable partition for p, because its atoms are disjoint and
cover I\G, which is of full p-measure since log|g'| is p-integrable (Proposition 5.3). Moreover, when we
consider the partition F", its atoms may be of the form [a;b[,]a;b], or ]a;b[. Therefore, it is equal to the
partition into monotone branches of g Lebesgue-almost everywhere, but it may not be equal everywhere.

We first show that H,,(F%) < +oo for E € &Y™ this will ensure the computations of the rest of the
section hold. We write

d
E = J[a;: 051
j=1

So we get

Hyp (F7) <log#{J € 77 | pu(J) > 0}
<log#{J e ¥ | JNA,NE #0}

d
<Y log#{J € gltl| Jn A, N E # 0}

j=1
But when y is in J N A, N E, then item i) of Lemma 4.2 gives

(g ~) (g% y)| > 1

Therefore the entropy is finite, because ¢ ~% is €', so the number of monotone branches where the
derivative reaches some fixed positive value is finite. We also mention that in the €" case, we have an
estimate of this number. This is the statement of the following lemma, though we will only use it in
section 6.b.

Lemma 6.4. Let g : [ — I be a " map where I is the interval [0;1] or the circle T', and r > 1.
Note ' = min(r,2). For s > 0, the number of monotone branches of g where |¢'| takes at least the value

1
s is less than C(r',g)s” 71 + 1.

Proof. Because g is €" , we have the following inequality:

Va,y € L|g'(z) — ' (y)| < ||d" gl|cc|z — y|"

P s A A
So whenever |¢'(z)| > s, then ¢’ cannot vanish in the ||d" g||” ' s -1-neighborhood of z. Therefore,
1

/-1 ,— 7

1
/ — . oy e
there are at most ||d" g||5% 's 71 + 1 intervals where |¢’| reaches s and whose extremities are critical
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points or points of 1. Notice that the +1 is only needed if I is the interval. Now, recall that if I is the
circle, then an interval whose extremities are critical points may not be a monotone branch (see section
2.d.). So we may divide the previous intervals into at most ||¢’||oo pieces. This requires multiplying our
previous bound by ||¢'|| if I is the circle, which concludes. O

We now give the entropy estimate of the measure ,uﬁ/[ " for a partition Z.

Proposition 6.5. Let & be a countable measurable partition of I for p such that P ,r is finite for

every E € &X™ and such that g 'P is a measurable partition for ug, when i € E. Then for any
m,m' € Z*,M € Z{ and n € n, we have

m

% ( / HEM™ ()L, (x)) Hpon(2) > Y / ~log Leb(PE N E N Ay)dLeba, ()
EegMm E
+ Leba, (FE)log Leby, (E)
+ Lebga, (F)log Leb(Ay,)
—m' Y Leba,(E)log(#P,5)#0E
Eeglm™

where PL is the element of the partition PF that contains x.

Let us dissect this statement. The right hand side contains four terms, our goal will be to show that when
P is a well-chosen partition, then the first term gives the Lyapunov exponent x4(p) = [ x4 dp and the
other three are negligeable. In section 6.b., we define this partition, show that its p-entropy is finite and
that the fourth term is negligeable. The second (resp. third) term is always negligeable by item iv) (resp.
i)) from Lemma 5.1. Then, we estimate the first term in section 6.c., by establishing a Gibbs inequality.

Proof of Proposition 6.5. We first consider the equality

S #BLeba, (BF = ( [#EVT @)iLeba, (2)) ulim

Ecg)t™
By concavity of yu— H #(g’m,), this equality gives

1 . o 4E o
~ ( / #EM (1)dLeby, (a:)) H pm (P™) > ) ;MmLebAn(E) —H ()
€6p’
> S" Leba, (B) (Hyup(PF) — m log(#(P,5))#0E)

Lemma 6.2

g’rIL\J,m

24



We conclude by using the following equality

(PF) = Leba, (ENPE)  Leb(A, N ENPE)
HEANT ) = "Teba (E)  Leb(An)Leba, (E)

which gives

Leb(An N ENPE) dLeby, (x)
eba, (E) / og 1t (Py )dpe(x) = Leba, (E) /E 8 Teb(A)Leba (E) Leby. (E)

= / —log Leb(A, N ENPP)dLeby, (x)
E

+ Leby, (E)log Leb(Ay,) + Leby, (E)log Leba, (E)

b. Definition of the partition &,

Let ¢ € Z" be a parameter, we build a partition @, as follows
1) for k € Z, note Iy, =]k/q; (k+1)/q] + a where a € R does not depend on k and is chosen below,
2) for k € Z, note Qu 1 = {x € I |log|¢'(z)| € Iy 1}

Then we define the partition @, = {Qqx | k¥ € Z}. Hence, on each atom of @, the value of log |¢'| does not
vary by more than 1/q. Then, to choose a, recall that £ is the measurable partition for x4 into monotone
branches of g. We choose a €] —1/¢;0[ such that the border of # V @, has zero p and p*™-measure, for
any M, m € Z{. Also notice that k/q € I, for any k € Z. We define

P, =JV @,

This may be an countably infinite partition, and the purpose of this section is to prove the following
statement:

Proposition 6.6. The collection P, is a measurable partition for u satisfying:

1) H,(P) < +00

2) For E € &Y™, we have #(Py) 2 < +o0

3) For E € &M and i € E, the collection g_i@q is a measurable partition of I for up

4) limsup & 3 Leba,(E)#0Elog #((%y),z) — 0

729n——+00 EG%;LW‘W M ——+oc0

The core of the argument is that log|g’| is p-integrable (Proposition 5.3). We point out that the proof of
item 1) uses some ideas from the proof of Lemma 2 from Mané’s proof of Pesin’s formula [17]. We will
also use the following technical lemma;:
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Lemma 6.7 (Lemma 1 from [17]). For z € [0;1],k € Z, we have

Z —zglogzy < Z |k|z) + co

keZ kEZ

where ¢ = 4(e(1 — e~ 1/2))71

Proof of Proposition 6.6. By definition, atoms of %, cover I\@,, which is of full y-measure since log|¢’| €
L'(u) (Proposition 5.3). Then, atoms of @, and # are disjoint, so P, is a measurable partition for .
The argument to prove 3) is similar:

- Proof of 3): Notice that g7'€; C €. Therefore, it is enough to show that ug(€s) = 0, which is
true since AN G = 0.

- Proof of 1): We first show that @, is of finite p-entropy. We will then show that # as well, which is
the part inspired by Lemma 2 from [17]. We have

Hy(Qg) = —1(Qq) 10g 11(Qq 1)

kEZ

< o+ Z k1 (Qg,k)

Lemma 6.7 keZ

_CO+Z/k|]l{x€I|log|g ()€l .} ()
keZ

<co+ Z/ qllog |g' ()|l + D iaer | 1og g @) €1, A1 (2)
keZ

260+1+q/|10gg’||du

< +00
Proposition 5.3
For #, we will also use Lemma 6.7 and Proposition 5.3. We first examine the specificities of J#. Recall
that to define # (Definition 2.5), we first divided I according to the critical points of g, then we divided
again some of these pieces into at most ||¢||~ pieces to ensure injectivity in case I is the circle. Therefore,
to show that # has finite entropy, we may assume that # only comes from the division of I according to
the critical points of g. However, this change of definition only holds for this proof. Let ' = min(r,2),
we have

Vo e, | (z)| < dist(z,8,)" |d" gl

Therefore, if z ¢ €, and p(x) denotes the size of the monotone branch containing x, then

Let 7, ={J € £ | |log diam J| € [n;n+ 1[} = {J;S;n)}keNn and J, = |J J,gn). Thus we have
kEN,

Hu(7) = —u(Dlogpu() = S S~ —u(7") log (")

JeF neZd k€N,
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Then, concavity of log implies, for any n € Zg , that

S (I og () = ) Y "

kENy keN,

We therefore get
Hy(F) < > p(Jn) log #N, — p(Jn) log ()

nEZg
Then, any J € %, has length larger than e~ ("1 so #N,, < "1 so Lemma 6.7 implies that
Hu(5) < +2 3 nlh)
nEZg

But notice that J, = {z € I | |logp(x)| € [n;n + 1[}, hence

H(7) <0+ [ [logp@)ldut) <o+ 2 [

r—1

[log |9’ ()| — log [|d” gl oo | dpa(x) < 4o
Proposition 5.3

- Proof of 2): Recall the notation from the previous section: (%) ,e = {P € P, | p(P) > 0}, where
E € &""™. Recall that u = ;E g%(Leba, ) g, thus
a

uE(P)>0:>E|a€E,E|m€AnﬂE,gax€P

Since Py = Q,V 7, we only have to show that #(@Q,) u2 < +ooand #.7,r < +00, independently. Although
we only have to show finiteness, we provide an upper bound that will be useful to prove item 4). For
(Qq) 2, we have

#(Qq) 2 < #{k€Z|3a€ E,3x € A, NE,log|q (¢"x)| € I 1}
<#ke€Z|JacE,Fx e A,NEk—1<qlog|d(¢g%x)| < k+1}
But when 2 € A, N E and a € E, item #ii) from Lemma 4.2 gives log |¢'(¢%x)| > —M log ||¢||c, sO
#(Qq) e < qlogllg'loc +1 = (—gMlog|lg'[|c — 1) +1 < +00
Then for 7,r, using once again item i4i) from Lemma 4.2 gives

#5m <#{JeF|JacE,FJxrec A,NE, ¢"ze J}

, 1
g#{JGJIHyGJ’\g(yNZW}

M

< Clgllg'llset +1

Lemma 6.4
< F00
- Proof of 4): Notice that #((%;),z) < #((Qq),z) X #.7,5. By using the upper bounds proved for
item 2), and by choosing M large enough, we get

D" Leba, (E)y#0Elog#((Py),p) < Y Leba, (E)#0Elog [2Mglog|lg||se x (C(r',g)llg/|[5/0" 1 + 1)]
Eegltm EcgMm

< (0 lostaC(r'9))) [ #OEN™ (@)aLeb, (2)

We conclude with 4ii) from Lemma 5.1, stating that limsup Mfdn(OEq]@V[’m(x))dLebAn () — 0. O

73n—+00 M—+o0
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c. Gibbs inequality

Let n € n,M € Z§ and E € &M'™  Recall that ¢q = log|g'|, and note

by =Y 504"

keE

In this section, we deal with the main term of Proposition 6.5. More precisely, we show the following;:

Proposition 6.8. For some universal constant C' we have

/E_log Leb(fxE N @fx NENAp)dLeby, (x) > /E¢f($) dLeba, (x) — Leba, (E) (#qE + #0F log (S))

Fix x € A, N E. Let us note by = 0 and
d
E = [Jlas: b1
j=1
We will estimate the Lebesgue measure of the following set:
R:==gFnel,nENA,

The strategy is to cover R by small sets where the distortion is bounded, then to use the change of variable
formula to estimate the Lebesgue measure of each of these sets.

Lemma 6.9 (Change of variable formula). Let k € Zar. If J is a monotone branch of ¢ and if
A, B C I, then

1
Leb(JNANg*B) < ————Leb(B)

i . f k /
inf |(g*)]
Proof. We have
Lel(B) > Lebig" (I nang By | = (6" (@) da
J monotone branch J 4 nJn g*kB

> inf "“)LbAﬂJﬂ "B
> (, jnt | 16"1) Leban s ng ™ B)

> | inf "“)L A B
> (jnf 1(6)1) Leb(An A g~ B)

O]

The ¢*’s that we will consider for the change of variable are the iterates of ¢ at the times of OE. Such
iterates are of two different types, the ones coming from intervals of times of E, of the form [a;;b;[, and
others from intervals of [0;b4[\E. Note that for a point in R, we know to which atoms of # and @, the
points of its orbit belong. So at these times, the only factor that will come out of the variable change
formula is gbf (x), with some error term. The reason why the change of variable formula directly gives qng
at point x, and not some integral of gbf , is the following lemma:
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Lemma 6.10. Let k € Z(T. If y and z are in the same atom of @g, then

log |(¢)' ()| — log (") ()| < ’;"

Proof. Recall that the I, ;’s from section 6.b. have a length of 1/q. O

However, for times of [0;b4[\E, the set R may intersect many monotone branches. But we can only
apply the change of variable formula to one monotone branch, so we will have to sum what the change
of variable formula gives over all monotone branches. More precisely, we will define a new partition 7
such that we can apply the change of variable formula to each of its atoms, then take the trace of 7" over

R. First let 9 be a partition of I whose atoms are intervals of size between /27 and 2¢/28. Then, for a
n—1 )
partition & and n € Zg, recall that Rt = g% and %" = \/ g7'R. For j € [0;d — 1], we define
i=0
7, = @Flair—bit\ gairi-b;

aj+1

!/

We mention that 7;,,, is not a measurable partition of I for Leb, since (g%+17b)
set of positive Lebesgue measure. However, g% Va;., does cover R with disjoint atoms, which will be

sufficient since we only want to estimate the Lebesgue measure of R.

may be zero over a

To get some properties of the atoms of 7, ,, we will once again use the reparametrizations obtained
through the Reparametrization Lemma and fixed at the beginning of section 5. for the definitions, recall
that we noted them 6;». Our choice of definition for what a reparametrization and a monotone branch
are (sections 2.a. and 2.d.) gives the following lemma:

Lemma 6.11. For k,l € Zar, the interval (g¥ o o 0 0;611)« is contained in the closure of a monotone
branch of ¢'.

Proof. By item 1) of the Reparametrization Lemma, the map ¢* o o 0 0,111 is an (I, £)-bounded reparametriza-
tion for g. In particular, for any i € [0;1— 1], the derivative of go (¢"™ o ¢ 0 f;x+:) does not vanish, hence

the derivative of g does not vanish on (g™ o o 0 6;x+1) . Furthermore, the interior int (g o (¢"** 0 0 0 6;11))
i+k

*
does not intersect the point 0 in 1. Then, the set int ((g oogo Gik+z)*) is an interval, so it is inside an

atom of #. Therefore, the interval (g o o o 0;x41)4 is contained in the closure of an atom of #*. O]

We now show that the atoms of 7;;,, have bounded distortion and a size bounded from below.

Lemma 6.12. Let j € [0;d — 1] and V be an atom of ¥, such that g~%V intersects R.

@j+1

i) Fory,z €V, we have |(g%+17%)'(y)| < (g% %) (2)]

ii) The atom V satisfies
Leb(g%+17% (V) > e/27

Proof. Let yg € R be such that g%yy € V. Before proving the two items, we make some preliminary
construction summarized in Figure 4 and detailed on the next page:

29



9" /N g7 /N

@i
)

}B - (gt ogolf

e~

(0'09.2-%'+1)*/ o , /gbq’yo \

(Q’ 7oogo 9-3'“j+1)* 4

Figure 4: We prove that yg is in some (o o ;441 ), which when iterated by g%+ contains B = Byaj+iyys
so it had to contain V when iterated by only g%

We have yg € F, so a;j+1 € E(yo) and there exists a vertex i%+! € a4, such that yo € 0000511 ([—%; %])
Thus, for ¢t € [-1;1], items 1) and 3) from the Reparametrization Lemma give

, 2¢
(9+ 0070 B00)(6) 2 < =
Therefore, the image of an interval of length 2/3 under g%+! o ¢ 0 64,41 has length at least % x 5. Thus
2¢e

(g%t 00 000541 ) conta21ns the ball centered at g“*'yp and of radius 5=. Since we chose atoms of & to
£

have a length less than 3, we get g% 1% (V) C Byaji1y, C int(g+t oo oba;i1),, where int denotes

the interior of a set. Then, by definition, the atom V is contained in a monotone branch of ¢%+1~%_ but
nt (gbi ogo Giaj+1)* as well because of Lemma 6.11. Since they intersect, these two branches must be

the same. This shows that V' C (gbﬂ' ogo 9¢@j+1)

"

We now show the two items of the Lemma. From what precedes, we have s,t € [—1;1] such that
y=g% o000 (t) and z = g% 00 0 0,a;41(s). Therefore, we have

(g% 78 ()] = (g7 (9% 0 0 0 Bpazua (1)) |
[(g%+1 00 0 B1a511)' (1))
(g% 000 O03:1)/(¢)]
31(g7+t 0 0 0 B0141)'(s))]

= 3% 000 ) (s)
9 b
= Sl )

For the second item, we will in fact prove that
B = %gaj+1y0 frd gaj+1_bj (V)

We proceed by double inclusion. By definition of V', we have V = (g_(aj+1_bj)B) NJ where J = ¢ ijj',“_bj .
9790

So we are left to show that B C ¢“*'% (V). From the preliminary construction, we know that
int (gbﬂ' OO'Oeiaj+1)* C J and B C int(g%+' o0 06,e;41),. Therefore, for any y € B, there exists a

t €] — 1;1[ such that y = g%+! 0 o 0 B,a;41 (t), hence 3 := g%
y =g h(y) and y € (g TIB)NT =V

00 00,4541 (t) satisfies

30



We define 7/, a partition of R = £F N @gz NENA,, as follows

d—1
v = \/ g_bj%]url
7=0

In the following lemma, we estimate the Lebesgue measure of R over an atom of Z° by using the change
of variable formula.

d—1
Lemma 6.13. For any atom V = jOO g_l’J'Vaj+l of 7', we have
. d—1
Leb(RNV) < (C/e)#Fe a0t #E/a [ TT Leb(V,,,,)
§=0

Proof. Since R forces a precise monotone branch during times of E, and because V also forces one during
times of [0;b4[\E, we know that the set R NV is contained in a monotone branch of g*¢. Therefore
Lemma 6.9 gives

-1
Leb(RAV) < (inf (6)])  Leb(g"(RNV))

Then, for y € I, we have

18" )] = 1(g™) ()] % [(g" ) (g™ )| x ... x |(g" %) (g"y)]

Thus, when y € RNV, we have

V Qb —a by—a
“ q,lgalﬁc @qiigad(i

For the factors in @, if j € [1;d] and z € @ng_a?;, Lemma 6.10 implies

b: — a.
log |(9" 7Y ()] > log| (¢~ (g"2)| = -~

Then, for j € [0;d — 1], the set V,,_, is inside a monotone branch of ¢g%+17% 5o the argument that we

used to prove the change of variable formula (Lemma 6.9) gives

-1
Leb(Va,,,) > (sup !(g‘”“bj)’|> Leb(g“+ 7% (Vi)

@j+1

4 ! €
> ~ | inf aj+1=bj\/ =
Lemma 6.12 9 <Vaj+1 g ) 27

Here, Lemma, 6.12’s hypothesis is satisfied because we may assume that g=%V,

a;4, intersects R. This gives
the following estimate for the Lebesgue measure of RNV

e 7 243
Leb(RNV) < e ? et | [ Z=Leb(Va, )
j=0
And because d = #0F /2, we may take C' = 8. O
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Proof of Proposition 6.8. Recall that we fixed x € A, N E and let R := ZF N @(ﬁt NENA,. wewrite

Leb(R)= Y Leb(RNV)
Ver

Z Z Z Leb Rﬂﬂg bV, Vi,

Va1 €Vy Vay €y Vad €%y

Z Z Z (C/e)#0E¢ ¢E(m+#E/qHLeb it

Vay €%y Vag €%y vade%d
< (C/e)*F e~ %5 (@)+#E/q

Lemma 6.13

We then integrate over x and get

/ —log Leb (7F N@F, N ENA,) dLeba, (z) > / —~log ((C/e)#9Pe=05 @+#E/1) dLeby, (x)
E E

_ /E oL (z)dLeba, (x) — Leba, (E) <#qE +#0E log (f»

O]

7.Proof of Theorem 1

a. Absolute continuity

To get an absolutely continuous measure, we will use the following entropy characterization:

Theorem 7.1 (Theorem VII.1.1 from [19]). Let f : I — I be a €" map where r > 1 and I is
the interval [0;1] or the circle T'. Let p be an f-invariant hyperbolic borelian probabily satisfying the
integrability condition

log | f'] € LY(I, )

Then p is absolutely continuous with respect to the Lebesgue measure on I if and only if it satisfies the
entropy formula

hy(f) :/IXf dp

In the previous sections, we did not work directly with f but rather with ¢, an iterate of f. Let us first
show how to obtain a hyperbolic absolutely continuous invariant borelian probability (HACIP) for f once
we have one for g. Suppose u is an HACIP for ¢ = fP, and consider the following f-invariant borelian
probability

1222
== ffu
p k=0
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One can verify that f has a positive Lyapunov exponent v-almost everywhere and that v satisfies the
integrability condition. For the entropy formula, we have

phy(v) = hyo (1) = xpe (1) = pXf (V)

This shows that v is an HACIP for f. In particular, any ergodic component of v is an ergodic HACIP for f.

We now build a measure satisfying the entropy formula and the integrability condition for g = fP, where
p and other notations are defined at the beginning of section 5., so we get an integer sequence » and

converging sequences of measures (1 ") e . MmeLT and (3! ") e M meLg We show that the limit

p= lim lim ,uﬁ/[ "™ is an HACIP. Item 4i) from Proposition 5.2 implies that the limit p is a g-

M —+00 7251n—>+00
invariant borelian probability. The integrability condition and the positivity of the Lyapunov exponent

p-almost everywhere come from Propositions 5.3 and 5.4. Hence, we are only left to show that u satisfies
the entropy formula.

Proposition 7.2. The measure pu satisfies the entropy formula for g.

Proof. By Ruelle’s inequality [21] and Proposition 5.4, we only have to show that h,(g) > ¢4(n). For
pE ZE{, item 1) from Proposition 6.6 gives that the p-partition %, is of finite p-entropy. We can thus
write

. 1 m
hu(g) = hu(g, Py) = lim  —H,(P]")

m——+oo M,

Part 1) Dealing with the error terms:

Let m,q € Z*, M € Zar and n € 2. The purpose of the previous sections was to reach an inequality of
the form

1
—HHM,m((@;") > /qﬁgdufy’m + error term
m n

In this first part, we prove that this error term goes to 0 when n then M then ¢ go to infinity. We will prove

in part 2) that Ml_lgoo nB}LILn—i-oo Huy,m(g"q ) = H, (&) and in part 3) that Ml—lg—loona}llin—&—oo Gg(pn ™) =
bg(1)-

In section 6.a., we proved Proposition 6.5 claiming that

1 m m
— ( / #EM™(2)dLeba, (m)) H i () 2 > /E —log Leb(PF, N EN Ay)dLeba, (x)
BEeghtm
+ Leba, (E)log Leby,, (E)
+ Leba,, (F)log Leb(Ay,)
—m Y Leba,(E)log(#(P),z)#0E

EcgMm

To show that these first error terms go to 0 as n then M go to infinity, we use items i) and iv) from
Lemma 5.1 and item 4) from Proposition 6.6, which imply the following

1
limsup —=~ Y Leba,(E)log Leba, (E)+Leba, (E)log Leb(An)—mLeba, (E)#0Elog #((Py),z) — 0
nin—+oco N Beghtm M—+o0
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Then, for the main term, the Gibbs inequality (Proposition 6.8) gave us

> —log Leb( 7 N @Y, N En Ap)dLeba, (x /gb "M@ (1) dLeba, (z) — /#EM’”( YdLeby, ()

E
EegMm

—log (f) / #HOEM™ ()dLeba, ()

To show that these other error terms converge to 0 as well, we use item i) from Lemma 4.1 and let ¢ go
to infinity. Therefore, we obtain

7H Mm(@ )> ¢g( Mm) En,M,m,q

m  Hn
where lim lim ¢ =¢, — 0. Hence, parts 2) and 3) of the proof will give
M —+o00 723n—+00 n,Mm.q a q—+o0 P ) ) P &

Vg € Z, hu(g) > ¢q(p) — 4

Hence letting ¢ — +o00 will give the result.
Part 2) Convergence of the entropy:

We now show that lim lim  H vm(P") = Hu(P"). In fact, we will rather lead the computations
M—+o00 7dn—+oo Hn q q

for v "™ which will imply the result for ,u% m

We first prove that
#PecP"|Inc 7, vM™(P) > 0} < 400

m—1
For P in this set, we write P = ﬂ g~/ Pj. Then, there exists an n € n, z € A, and i € EY™ (%) such

=0
that for any j € [0;m — 1], we have ¢z € P;. By definition of EM "™(z), we have i +j € EM(x), and
item i44) from Lemma 4.2 gives |¢'(¢"z)| > ||¢'||z . Therefore, the same reasoning as for item 2) of
Proposition 6.6 gives that there are only finitely many such P;, hence finitely many such P. Then, the
choice of a done at the beginning of section 6.b. gives v M(0Py) = 0, therefore

H A{m(@m) — H Mm(g’;n)

Vn 97 pon—+o00

For the limit in M, note v : z — —x log(z), so that

Hyum (PP = Y (@M (P

pPegm

For P € &7, item iii) from Proposition 5.2 gives that vMm(py A u(P). Then notice that 1 is
M—+o00

continuous, non-negative and non-decreasing on [0; 1/e], and that at most two atoms of P, will ever have

a vM™m_measure larger than 1/e. Therefore, using monotone convergence, we get

S P = ST w(u(P) = Hu( )

Pegm Pegm

34



This gives the result for ™ To obtain the same for ,uﬁ/[ "™ let us note

gt — / dn(EM™(2)) dLeby, (x)

By item ii) from Lemma 5.1, this quantity satisfies

00
M,m M 00 /8 M,m
’ — — and = v,
Bn 725Nn—+00 B M—+o0 5 'u Mm ™ n

Hence

H o (PP) = Y —pn™(P) log(uy"™(P))

PGgim
= IOg =t - Mm vy (P) log (v (P))
Pe?]’m
p* BT m m
— —IOng M7mHl/7]y’m(gjq ) m Hu(gj )

Part 3) Convergence of ¢, (un"™)

We show that lim lim (;59( ") = ¢g(p). For the limit in n, we use the fact that ¢, is continuous
M —+o00 729n—>+00

everywhere except on critical points. However, item #ii) from Lemma 4.2 gives
VM, m € Z§ ,¥n € 7,V € 0.,Yk € EX™(x), ¢4(g" ) > —Mlog ||¢||oo

This shows that the support of u,];/[ "™ is at distance at least ejs from the set €,, where ep > 0 does not
depend on n nor m. Therefore, we have

VM, m € Z§, ¢g(un™™)  —  ¢g(u™™)

72N—00

Notice that the same holds for V,Jl‘/l’m, so that 9hmJr ¢g(un = ¢g( ™) for any M,m € Zj. We
n—

now prove that (qﬁg(uM ")), converges to ¢g (). Notice that this is true if ¢, were to be a characteristic
function, because of item iii) from Proposition 5.2. By linearity, monotone convergence, and item #ii) from
Proposition 5.2, which gives that (VM m) »s 18 non-decreasing, it is true for any non-negative measurable
function. This is therefore true for any function that is p-integrable and vM™-integrable for every
M,m € Zg . We thus get the convergence of (qﬁg(yM m)) )y from Proposition 5.3. To prove the convergence

of (¢g(u™)),,, we write

Gg (') = lim_g(piy™)
nB>

= i Mm
e [ #EM™(2) dLeby, (z) Goln™")

From Lemma 5.1.i7) and previous remarks — g(p)
M—+oc0
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b. Cover by the basins

Proposition 7.3. We have the following inclusion Lebesque-almost everywhere

{x>R(f)/r} C U @wn{x=xw}

w HACIP ergodic

Proof. Let & = U B(n) N {x = x(u)}. By contradiction, assume that there is A C {x >
u HACIP ergodic

R(f)/r} such that Leb(A) > 0 and AN B = 0. We may take a very small subset of A, still of positive
Lebesgue measure, such that every x € A has the same set of geometric times E(x), note it Ey, and note
B > 0 the lower bound of the upper density of Ey. Let A’ be the set of density points of A. Let z € A

and n € Ey, note 0;» € F,, a reparametrization such that « € o o O;n ([—%; %]), and note

Hy(x)=(0o06in), and D,(x)=g"Hp(x)=(¢g"00c0bpn),
Therefore, D, (x) is an interval of length at least 5= on each side of g"(z). We also have

Leb(H,(x) N A)
Leb(Hn(iL')) Epon—+o0

Vo e A,

Let A” be a subset of A’, still of positive Lebesgue measure, such that this convergence is uniform on A”.
We now build an HACIP p as in the previous sections but starting from A”. We keep the same notations

as in section 5., that is ¢ = fP and v = 1 Z fFu is an HACIP for f. Thus every ergodic component Verg
of v satisfies ve,q(B) =1, so v(B) =1, and ,LL(QS’) = 1. Then we notice that

{rel|u(e— o+

= I
e 54[) 0} C I'\supp p

So by using p < Leb, we get

€
I|Leb(Jx — —; = )
p({z el Leblo - oo+ IN%) = 0)
Therefore, there exists ¢ > 0 such that

u({er\Leb(]x— 4[ﬂ.9§)>c})>1—6

£
54 5)
Let G be the £-open neighborhood of the set {z € I | Leb(]x — ;¢ + 5[NAB) > c}. For n € 7, note
Qr—/ > bypdLeba, ()
keEoN[0;n[

Let ¢ be an accumulation point of ((,)ne, for the weak-x topology. Since (,(I) > S, we have ((I) > 3.
Also notice that ¢ < u, hence

C(G) = w(G) +(G) — u(G)
> p(G) +¢(I) — ()
>1-B+8-1=0
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Thus 0 < ((G) < liminf (,(G), and there exist infinitely many n and z,, € A” such that

723n—-+00

g"r, € G and n € Ey

Notice that for any n, we have % N ¢g"A C g"(AN B) = (. Then recall that D,(x,) is an interval of
length at least 5= on each side of g™z, for infinitely many n inside Ep. This implies that

eb(BNg"A)

eb(Dy(xn) NABNGHA)

eb(Dy () N B) — Leb(Dy(x,) N B\g"A)
— Leb(Dy,(x,)\g"A)

Our goal is to show that Leb(D,(x,)\g"A) — 0. We use the fact that ¢” has bounded distortion on
H, (zy), which gives

| \/

Y
o

Leb(Dy,(x,)\g"A)
Leb(Dp(zn))

9Leb( n(zn)\A)
S 2 Teb(Ho ()

Leb(Dy(2n)\g"A) = Leb(Dy ()

We conclude using uniform convergence on A” and the fact that x,, € A”. O

We now prove the finiteness of ergodic absolutely continuous measures whose Lyapunov exponent is larger
than R( ) + 4, for any § > 0.

Proposition 7.4. Ford > 0, there are finitely many ergodic HACIP whose basins intersect {X > B (5}
with positive Lebesgue measure.

Proof. We prove that any such measure must have the Lebesgue measure of its basin bounded from
below by a constant depending only on 6,7 and f. Let b = @ + 0 and apply Proposition 3.1 to this

b, which gives p, 8 and ¢ that depend only on §,7 and f. Denote by Brounded = U B(1).
1 HACIP ergodic s.t.
Leb(B(u))>8e/243

By contradiction, assume that there exists A C {X > (f + (5} of positive Lebesgue measure such that
ANByoundeda = 0. We define Ey, A’, A” as in the proof of Proposmon 7.3, and let i be a g-invariant measure

obtained by using the construction of the previous sections but starting from A”, then let v = E fEp.

We prove that any ergodic component of v must have its basin of Lebesgue measure larger than 85 / 243.
This is enough to conclude, since it gives v(Bpounded) = 1, then p(Bpounded) = 1, and the rest of proof of
Proposition 7.3 gives, for any n € Ey, that

0= LEb(Qbounded N gnA) >c+ 0(1)

Eo3>n——+oco

Let verg be an ergodic component of v. Then let z be a density point of B (verg). Thus, for any n € Ey,
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the fact that ¢g” has bounded distorsion on H,(x) gives

Leb(B(Verg)) > Leb (B(Verg) N Dyp(x))

Leb (%B(Verg) N Dy (x))
Leb(Dy(x))

4 Leb (B(Verg) N Hy(x))

9 Leb(Hp(x))

2 4
> Lz (1 +  o(1) )
27 9 FEo>n—+oo

Hence, letting n € Ey go to infinity concludes. O

= Leb(Dy,(z))

> Leb(Dy(x))

We then explain how to obtain the bound stated in Proposition 3.

Proof of Proposition 3. By applying Proposition 3.1 to b = % +6> @ + §, we obtain an € > 0
and a p large enough such that the set of geometric times E,(x) has positive density for Lebesgue-almost
every x. Then, in Proposition 7.4, we showed that basins to consider are of Lebesgue measure larger
than 2%. Therefore, to estimate the number of these basins, we estimate €. From the proof of the
Reparametrization Lemma, we can take & such that (2¢)™n(27)-1 < W
p. From the proof of Proposition 3.1, it suffices to choose p such that

_b+log(logll(fp)’l\oo+1—pb+ 1)+1 +10g(20rp10g!|f’|\oo) N log ||(f?)||oc + 1 — pb
P P p(r—1)

. Thus, we first estimate

<0

One can check that this is obtained by taking p such that

2log(pB; log || f'||s0)
p

<46

where B, is a constant depending on r. Thus, we can take p = %log %. We now estimate

11(f?)'||r—1. From Faa di Bruno’s formula [11], we have that ||(f?)'||,—1 < A"|(f*~Y)|lr—1||f'||"_;, where
A is a universal constant. Therefore,

1) =1 < APIFITZ
In the end, we obtain that the number of basins is bounded by

243 1
< C 2 1Y e min(2,r)—1
2 <o @Iy )
1
< C (47|, m

2Br 108”}””00
8

< (A f| |y ) TG=T X 08

r 4. 2B, log||f']|o , )
—exp [~ x Slog 228 e pop ) )
eXp(min(2,r) —1 %58 5 x log(Al[f'[|r-1)
< (W)wrlogf’ll”)/s
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Remark 7.5. [t is possible to estimate the constant of the Reparametrization Lemma and obtain that
it is smaller than Cr?", where C is a universal constant. This implies that the constant C,. of Proposition 3
is smaller that Cr+/rlog(r). Then, we can show that if f is €, then there exists a constant C' depending
on ||f'|leo such that, for any § > 0, the number of hyperbolic ergodic f-invariant absolutely continuous

3
measures whose basin intersects {x > d} with positive Lebesgue measure is less than (Hf’HC/(;)C/(s .

Remark 7.6. If f is analytic, we have the following fact: 3¢ > 0,Yk € Z1,||d* f||oo < (f)k Conse-
quently, there exists a constant C depending only on || f'||ec such that, for § < e, the number of hyperbolic
ergodic f-invariant absolutely continuous measures whose basin intersects {x > 0} with positive Lebesgue

. 4
measure is less than C/9".

Remark 7.7. We now explain the transitive case. Suppose that p is an ergodic HACIP and note p its
probability density with respect to the Lebesgue measure. By using Lemma VIL.9.1 from [19], we obtain
that there exists an open set where p is positive. If we do the same for another ergodic HACIP v, then
we get an open set V. where the probability density of v is positive. By applying transitivity to U and V,
one can show that Leb(B(v)NU) > 0, which implies that (B(v)) >0, so p=v. When p and v are not
supposed ergodic, then the previous case shows that all the ergodic components of u and v are equal, so u
and v are in fact ergodic and = v.
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Index of notations

HACIP

FAUND)
Ed

IqJﬁ

{X>R(f)/r} e 16
Subset of A where E,(x) has
uniformly bounded density ...... 16

b> R(f)/r s.t. Leb(x >b) >0.. 16
Partition of I into small balls ... 29

Basinof pp............l 2
value such that d(E,(z)) > 8.... 16
[ dn(EM™(z))dLeba, (x)........ 35
Set of critical points of f......... 7
Set of critical points of f™........ 7
Union of €,,’S .o oo oveeeiiiii... 7
Lyapunov exponent at =.......... 2
S Xgdp oo 24
LyEN[Ln]) .o 11
limpe, dp(E) oo, 11
limsup, dp(E) covvvviiiian. 11
Border of E, i.e. : EA(E+1)... 14
k-th order derivative of f......... 3
Yomdin’s scale for fP............ 16
Some fixed EM(z) of the form
E= U lapb-coovoiiiin. 28
jelt;m]
E,(x) with p large enough....... 16
Geometric times of « for fP..... 10
Defined as  |J [k;i[CZ§.... 13
n>kl€E
|[k—l|<M
Subset of EM ... 13
(By(z) ™ 14
Partition into values of Ea"™(z) 16
f iterated k times................ 2
g = fP with p large enough...... 16
Hyperbolic Absolutely Continuous
Invariant Probabilty............. 32
(| k)(@) =k i€ [Lin]}...... 7
integer part of x.................. 7

|k/q; k +1/q] + a for some fixed a 25

Partition into monotone branches of
g of the form [z;y[.............. 23
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kng(2)
k. g(2)
Leby

log™ g/ (" X)) e 7
log™ |g" (g™ H ()] e, 7
Leb(-NJ)/Leb(J) ... 16
Defined as %i'(g)m ........... 23
Empirical probabilty measure ... 18
Empirical probabilty measure ... 18
limpe, oo 18
p=limy g™ = limp oM. 18

Sequence of integers along which we
have nice convergence properties 16

BM s yM 18
BM oy 18
limpe, vy oo 18
v = % Zl e 32
k=0

p s.t. E,(x) has positive density. 16
{PeP|pu(P)>0}.cccooii... 21
Oy V T oo 25
o 7 19
Shep®ogh. 28
Partition given by Qg r’s........ 25
Defined by (log |¢'|) " (Iyk) - - - 25
JEneE, nEnA, c1......... 28
limnilogH(f“)’HoO ............... 3
Vier TR oo, 21
Viem[T "R oo 21
Reparametrization intersecting A 16
n-th level of the tree of
reparametrizations ............... 8
Reparametrizations of &, that see
the expansion of f ............... 8
Reprametrization at level n ...... 8
Child of 8;» at level k ............ 8

-1

V g%V 31
j=0
Blas=bity gaia=bi 29
{1;2; ) oo 7
{0;1;2; 0 oo 7
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