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Abstract
Transformation plasticity has been intensively studied because of its significant impact on various
industrial fabrication and forming processes. The widely used analytical macroscopic models are
based on idealized microstructures and strong assumptions. Such models predict linear (or weakly
non-linear) dependence between the transformation plastic strain rate and the applied load, whereas
experimental evidence shows that this dependence becomes highly non-linear when the applied
stress becomes non-negligible with respect to the macroscopic yield stress. Such a non-linear
response is not fully understood especially for phase transformations arising at high temperatures
for which the product phase is often softer than the parent phase, and involving visco-plastic
behavior.

Therefore to overcome this difficulty, the first key contribution of this paper is to exhibit the
detailed mechanisms leading to transformation plasticity in steels undergoing austenite to ferrite
phase transformation at high temperature and to explain the non-linear dependence between the
transformation plastic strain and the applied load. To do so, full-field simulations of visco-plastic
polycrystalline aggregates undergoing phase transformations under applied load are performed. In
addition, the second key contribution consists in upscaling the outcomes obtained at the scale of the
polycrystal into a macroscopic statistical model, that can be used for large simulations of industrial
processes. To do so, a database of computations with various initial microstructures, grain shape
distributions, and applied loads have been performed, and used to derive the macroscopic statistical
model. Of course, to create such a database, a relatively short computation time should be obtained
for the full-field simulations, which is achieved by using a fast Fourier transform-based algorithm.
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1. Introduction

Transformation plasticity is the average plastic strain that arises when metals undergo solid-state
phase transformations under applied loads. This phenomenon is of particular importance for the
steel-making industry because solid-state transformations often occur under applied stress during
welding [1], run-out-table [2] and coiling [3] processes, which significantly contributes to the
formation of residual stresses leading to major issues such as flatness defects [4], coil sagging [5, 6]
etc. Therefore, transformation plasticity has been intensively studied in the context of relatively
low-temperature phase transformations where the product phase is harder than the parent phase
(i.e., martensitic and bainitic phase transformations). Indeed, a significant amount of experimental
evidences has been reported [7–11], and various theoretical or numerical models based on idealized
microstructures and simple mechanisms have been established [12–27].

On this basis, the main mechanisms leading to transformation plasticity have been identified
and traditionally divided into Greenwood & Johnson [28] and Magee [29] mechanisms. When
solid-state phase transformation occurs, the product phase is subjected to a significant eigen-
strain corresponding to the atomic rearrangement (isotropic and deviatoric parts), which therefore
depends on the crystal orientation of the product phase. Such an eigenstrain locally induces a
non-negligible plastic flow even though there is no applied macroscopic load. However, if crystal
orientations are isotropically distributed and the grains are more or less spherical, the average
plastic flow over a large number of grains vanishes. Indeed, in this situation the eigenstrains and
hence the induced plastic strains are isotropically distributed over all the forming grains of the
product phase, and therefore average to zero. On the contrary, when macroscopic stress (even
much smaller than the yield stress) is imposed during phase transformation the plastic flow does
not average to zero, which is the very definition of transformation plasticity. Indeed, (i) the plastic
strain tends to orientate according to the macroscopic stress principal directions so that the plastic
strain is not isotropically distributed and does not average to zero (i.e., Greenwood & Johnson
mechanism), and (ii) the crystal orientation of the forming grains may be preferentially selected
according to the applied stress principal directions so that the corresponding eigenstrains are not
isotropically distributed and hence the induced plastic flow does not average to zero (i.e., Magee
mechanism).

Although widely used, simple analytical models such as [13] are limited to small applied
stress in comparison to the yield stress as a linear (or a weakly non-linear [27]) dependence with
respect to the applied load is typically obtained, whereas experimental evidence clearly shows
strongly non-linear behavior for applied stress higher than half of the yield stress. Therefore,
full field computations at the mesoscopic scale (i.e., polycrystal) have been performed including
low-temperature phase transformations and crystal plasticity [30–33] and detailed mechanisms
explaining transformation plasticity have been identified.

However, for high-temperature phase transformation in steels, the parent phase (i.e., γ-austenite)
is harder than the product phase (i.e., α-ferrite) [34], which significantly modifies the local mech-
anisms proposed in previous studies based on full field computations [31–33] and the overall
analytical formulas [13, 26, 27]. Therefore, the key contribution of this paper is to perform full-
field simulations of polycrystals for different applied loads while undergoing high temperature
γ → α phase transformation where the product phase is softer than the parent phase. On this
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basis, the local mechanisms responsible for transformation plasticity are identified. In addition, a
statistical upscaling strategy is proposed, which is comparable to previous studies [35, 36] within
the framework of grain growth during annealing. To do so, a database of computations is created
to derive a macroscopic statistical model including the non-linear dependence of transformation
plasticity with respect to the applied load. Full-field computations should therefore be relatively
fast, and a fast Fourier transform (FFT) approach [37] is chosen for the full-field simulations of
periodic polycrystals.

The present work presents several significant differences in comparison to previous studies [31–
33] (focusing on transformation plasticity during low-temperature phase transformation). Indeed,
since high-temperature phase transition is considered in this paper, an isotropic visco-plastic
behavior (i.e., independent of crystal orientation) is used instead of crystal plasticity (i.e., strongly
dependent on crystal orientation). In addition, in this contribution, the complete Bain strain (i.e.,
isotropic and deviatoric part) is considered for the eigenstrain imposed in the forming phase,
whereas only the volume change was taken into account in previous studies.

The paper is organized as follows. Mesoscopic scale full field simulations are presented
in section 2. Results are analyzed in section 3 to provide the detailed mechanisms leading to
transformation plasticity and derive the statistical upscaling strategy accounting for the non-linear
dependence of the transformation plastic strain with respect to the applied stress. Conclusive
remarks are provided in section 4.

2. Mesoscopic scale simulations

In this section, theoretical foundations and assumptions underlying the full-field simulations at
the mesoscopic scale are detailed. As already mentioned a FFT-based algorithm is developed to
reach short computation time. Consequently, representative volume elements (RVE) are periodic
Voronoi tessellations contained in cubic unit cells, which are rasterized onto regular grids. Initially,
all grains are face-centered cubic (FCC) (i.e., γ-austenite), and crystal orientation is randomly
assigned to each grain. The γ-austenite to α-ferrite phase transformation is then considered under
isothermal conditions at 750◦C. Phase transformation is simulated by randomly selecting N nuclei
among the voxels lying on grain boundaries, and applying spherical growth according to a specific
growth rate denoted by g (voxels.s−1). It should be noted that periodic conditions are conserved
during grain growth. Crystal orientations of the forming grains are determined: (i) by randomly
selecting from which side of the grain boundary the grain nuclei inherit its crystal orientation, and
(ii) by randomly selecting one of the three possible variants according to the Bain transformation.
At each time increment, the eigenstrain corresponding to the Bain transformation is imposed on
all the voxels that changed phase (i.e., γ → α) between the previous and the current time step.
Boundary conditions consist of macroscopic tension so that the applied second-order stress tensor
Σ reads Σ = Σ e1 ⊗ e1 where e1 is one of the unit cell direction and where Σ ∈ R and where:

Σ = 1
V

∫
V

σ(x) dV (1)

where V is the volume of the RVE, and where at the mesoscopic scale σ is the local Cauchy stress
second-order tensor and x denotes the local coordinates.

3



Elasto-viscoplasticity is considered for both phases. The elastic stiffness tensor is anisotropic
according to the cubic symmetry, and an isotropic Chaboche viscoplastic constitutive law is
considered [38]. Material coefficients involved in the Chaboche law are identified for both phases
by using experimental results [34]. As already mentioned austenite is harder than ferrite at 750◦C,
which significantly impacts the detailed mechanisms leading to transformation plasticity.

2.1. Local constitutive equations
At the mesoscopic scale, the local displacement vector field is denoted by u(x). The total local

strain second-order tensor at mesoscale is denoted by ε is defined by:

ε(x) = 1
2
(
∇u(x) + ∇u(x)⊤

)
(2)

Under infinitesimal strain assumption, the total strain is composed of elastic εe, transformation
(i.e., eigenstrain) ε∗, and plastic εp contributions such as:

ε(x) = εe(x) + ε∗(x) + εp(x) (3)

It should be noted that since the isothermal condition is assumed in this paper, thermal expansion
is not considered.

The local Cauchy stress tensor denoted by σ is related to the elastic strain tensor εe with the
fourth-order stiffness tensor C, which is assumed to be uniform in each phase:

σ(x) = C(x) : εe(x) (4)

The eigenstrain due to phase transformation (volume variation and deviatoric parts) is explicitly
given by the austenite-to-ferrite transformation mechanism. Among various existing mechanisms
(i.e., Bain, Kurdjumov-Sachs, Nishiyama-Wassermann, etc.) the Bain austenite to ferrite transfor-
mation relation is considered in this contribution for the sake of simplicity, hence:

ε∗(x) =
(√

2 aγ

aα
− 1

)
(eγ

1(x) ⊗ eγ
1(x) + eγ

2(x) ⊗ eγ
2(x)) +

(
aγ

aα
− 1

)
eγ

3(x) ⊗ eγ
3(x) (5)

where eγ
1 , eγ

2 , eγ
3 are the local unit vectors of the ferrite crystal, and aγ and aα are lattice parameters

of ferrite and austenite respectively. It should be noted that variants are obtained by permuting
eγ

1 , eγ
2 , eγ

3 . Hence using experimental data [39]:

ε∗(x) ≈ 0.1119 (eγ
1(x) ⊗ eγ

1(x) + eγ
2(x) ⊗ eγ

2(x)) − 0.2138 eγ
3(x) ⊗ eγ

3(x) (6)

The plastic strain is computed according to the flow rule:

ε̇p(x) = 3
2

(
σ′(x) − X ′(x)

σeq(x)

)
ṗcum(x) (7)

where σ′ and X ′ are deviatoric parts of the Cauchy stress tensor σ and back stress tensor X
respectively, σeq is the von Mises equivalent stress defined by:

σeq(x) =
√

3
2 (σ′(x) − X ′(x)) : (σ′(x) − X ′(x)) (8)
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and ṗcum is the cumulative plastic strain rate defined by:

ṗcum(x) =
√

2
3 ε̇p(x) : ε̇p(x) (9)

In addition, the Chaboche visco-plastic criterion reads:

ṗcum(x) =
(

σeq(x) − R0(x) − R(x)
K(x)

)n(x)

(10)

where R0, R, K, and n are the initial yield stress, isotropic hardening coefficient, drag stress, and
the exponent of the power law respectively. The isotropic and kinematic hardening laws are given
by:

Ṙ(x) = b(x) (Q(x) − R(x)) ṗcum(x) (11)

Ẋ(x) = 2
3 C(x) ε̇p(x) − D(x) X(x) ṗcum(x) (12)

where b, Q, C, D are material parameters at a given temperature. It should be noted that all material
parameters are heterogeneous (i.e., depend on x) as the domain is composed of austenite and ferrite
phases each of which has specific material properties.

Hardening properties for both phases at 750◦C are identified based on Liebaut [34] within
the range 10−3 s−1 to 5 × 10−3 s−1 for the strain rate, which is realistic for the γ → α phase
transformation. However, the proposed FFT -based approach is limited to n = 1 to facilitate
convergence, which induces a bias between the considered Chaboche law and hardening curves
obtained in [34] as shown in Figure 1. However, the fitted Chaboche law is reasonable and would
lead to identifying local mechanisms of transformation plasticity. Material parameters arising in
the Chaboche law are listed in Table 1.

Table 1: Viscoplastic parameters for austenite and ferrite at 750◦C

Parameter Austenite Ferrite
b (-) 50 100
R0 (GPa) 0.012 0.014
Q (GPa) 0.0555 0.0135
C (GPa) 0.191 0.045
D (GPa) 0.001 0.001
K (GPa.s−1) 6 1.5
n (-) 1 1

In addition, elastic properties are listed in Table 2, where the fourth-order stiffness tensor C
reads with cubic symmetry:

C(x) = (Cφ
11 − Cφ

12 − 2Cφ
44)
(
eφ

j (x) ⊗ eφ
j (x) ⊗ eφ

j (x) ⊗ eφ
j (x)

)
+Cφ

12

(
eφ

j (x) ⊗ eφ
j (x) ⊗ eφ

k (x) ⊗ eφ
k (x)

)
+Cφ

44

(
eφ

j (x) ⊗ eφ
k (x) ⊗

(
eφ

k (x) ⊗ eφ
j (x) + eφ

j (x) ⊗ eφ
k (x)

)) (13)
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Figure 1: Hardening curves for a uniaxial test at different strain rates for austenite and ferrite.

Where sums are implicitly considered over j and k indexes (with 1 ≤ j ≤ 3 and 1 ≤ k ≤ 3), the
exponent φ should be replaced by α for austenite grains and by γ for ferrite grains, Cγ

11, Cγ
12, Cγ

44 and
Cα

11, Cα
12, Cα

44 are elastic constant in ferrite and austenite respectively, and eγ
1 , eγ

2 , eγ
3 and eα

1 , eα
2 , eα

3
are the local unit vectors of the ferrite and austenite crystals respectively.

Table 2: Cubic elastic constants for austenite and ferrite at 750◦C

Parameter Austenite Ferrite
C11 (GPa) 117.4 162.8
C12 (GPa) 74.8 127
C44 (GPa) 110.9 100
ρ (Kg.m−3) 7608 7386.4

2.2. FFT full-field simulations
As already mentioned to reach short computation time, a FFT-based algorithm is used to solve

the elasto-visco-plastic full field problem composed of polycrystalline aggregates undergoing phase
transformation under applied loads. The classical scheme proposed by [40] is used, which involves
using periodic cubic cells composed of voxels to represent the polycrystalline RVEs. For the
initial austenite polycrystalline aggregates, classical periodic Voronoi-Laguerre tessellations are
generated using Neper [41] to easily control the grain shape distribution. Tessellations with
Naus = 100 austenite grains are considered and crystal orientation is randomly assigned with a
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uniform distribution. Resulting tessellations are then rasterized (i.e., approximated by a voxels
division) to be used as geometrical support of the FFT-based algorithm.

Phase transformation is simulated by randomly selecting Nfer = 100 nuclei for ferrite grains as
individual voxels belonging to austenite grain boundaries (GB) as ferrite grains are known to often
nucleate from GBs. Then all nuclei are grown spherically at a given rate g (voxel.s−1) so that:

ṙ = g (14)

where r (voxels) is the time-dependent radius of the growing ferrite grain. In practice, the
growth rate g has been fixed to g = 0.06 voxels.s−1 so that the volume phase fraction of ferrite
grains Vf roughly reaches 65% within 130 s, which is consistent with experimental data of ferrite
phase transformation [34]. Of course, depending on the ferrite nuclei distribution, the phase
transformation kinetics is different in all RVEs.

In addition, phase transformation involves the crystal orientation of ferrite grains. Various
orientation relationships (e.g., Bain, Kurdjumov-Sachs, Nishiyama-Wassermann, etc.) enable to
determine the crystal orientation of ferrite nuclei. In this contribution since the Bain mechanism
has been selected for the transformation strain ε∗, the Bain orientation relationship is also used.
Therefore the frame of each ferrite nuclei is rotated by 45◦ with respect to the parent austenite
grains around one of the three directions of the austenite frame. Hence the orientation matrix
between austenite and ferrite reads:

O =


1√
2 − 1√

2 0
1√
2

1√
2 0

0 0 1

 (15)

In practice, since ferrite grain nuclei are created at GBs of the austenite grains, the parent austenite
grain from one side of the grain GB is randomly selected, and then one of the three possible variants
of the orientation matrix (15) is randomly selected to determine the crystal orientation of the ferrite
growing grain.

It should be noted that at each time step during phase transformation the RVE remains periodic
so that the FFT based-algorithm applies, and the transformation strain (i.e., eigenstrain ε∗) is
applied in voxels that have been switched from austenite to ferrite between the previous and the
current time step. The RVE undergoing phase transformation with the associated mechanical
problem including applied stress as boundary conditions and eigenstrain is depicted in Figure 2 to
summarize the full-field simulation.

2.3. Transformation plasticity
By definition transformation plasticity is the volume average plastic strain over the entire RVE

when an external load is applied during phase transformation. Hence the transformation plastic
strain second-order tensor Etp reads as the following volume average:

Etp = 1
V

∫
V

εp(x) dV (16)
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Figure 2: Boundary condition of the RVE with macroscopic external stress (uniaxial tension) Σ and Bain transformation
strain ε∗ over the evolving product phase grains.

where V is the volume of the RVE. The average cumulative plastic strain rate denoted by Ṗcum is
also defined as:

Ṗcum =
√

2
3Ė

tp : Ė
tp (17)

In the following partial volume average over ferrite grains or austenite grains only will also be
considered that is to say that the average is considered over Vaus and Vfer representing the volume
occupied by austenite and ferrite grains respectively.

3. Results and discussion

3.1. Database
A total of 12 periodic-oriented tessellations initially composed of austenite grains with different

grain morphology (see, for instance, Figure 3) are included in the database. For each oriented
tessellation, a γ → α phase transformation is imposed under various macroscopic uniaxial ten-
sion/compression such as Σ = Σ e1 ⊗ e1 is applied, where e1, e2, e3 are orthonormal directions
defining the cubic cell (i.e., RVE), and Σ scans the following dataset given in GPa:

Σ ∈ {−0.1, −0.075, −0.05, −0.025, −0.01, 0, 0.01, 0.025, 0.05, 0.075, 0.1} (18)

Hence a total of 132 computations are included in the database, discretized with 1452 time steps.
To avoid storing massive data, only 11 time steps are extracted from each computation.

It should be noted that even though stress triaxiality of the applied load is not studied in
this paper, the proposed methodology would be similar, but lead to a larger database. Since
Σ = Σ e1 ⊗e1 only the first principal component of the average plastic strain tensor will be studied
in the following because Etp

22 ≈ Etp
33 ≈ −Etp

11/2 and Etp
12 ≈ Etp

13 ≈ Etp
23 ≈ 0.

3.2. Average response and transformation plasticity
As already mentioned, phase transformation is simply imposed by using a constant growth

rate from randomly selected nuclei located at grain boundaries. Figure 4 depicts several cross
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sections at the initial and final states (i.e., t = 0 with Vf = 0% and t = 130 s with Vf ≥ 65%
respectively). Austenite grains are shown in colors, and ferrite grains in white. In addition,
Figure 5(a) illustrates the evolution of austenite and ferrite phase fractions over time for one
particular oriented tessellation. This trend under isothermal conditions (i.e., at T = 750◦C)
is consistent with experimental data [42], which indicates that the simple strategy consisting in
imposing phase transformations with a constant growth rate can mimic actual phase transformation
kinetics correctly. It should be noted that initial austenite grain morphology naturally affects phase
proportion rates, as shown in Figure 5(b), hence influencing the transformation strain rate and
the resulting transformation plastic strain. This observation is consistent with experimental works
[43, 44], wherein different grain morphologies affected final phase proportions.

Figure 3: Microstructures with different grain morphologies.

z=0 z=1 z=2

z=3 z=4 z=5

z=0 z=1 z=2

z=3 z=4 z=5

Figure 4: Cross sections of a 3D periodic tessellation at the initial and final states. Austenite grains are shown in color,
and ferrite grains in white. (Left) Initial state (i.e., t = 0 s and Vf = 0% and (Right) final state (i.e., t = 130 s and
Vf ≥ 65%).

For one particular oriented tessellation and the different applied loads, the average cumulative
plastic strain denoted by Pcum derived by integrating (17) is presented as a function of time in
Figure 6. The average is considered over austenite grains only in Figure 6(a), ferrite grains only in
figure 6(b), and over the entire RVE in Figure 6(c). Since there is no ferrite at t = 0 the average
over ferrite grains cannot be computed at t = 0 and therefore has been discarded in Figure 6(b).
A quasi-linear relation is observed for both austenite and ferrite. At the origin, when t → 0
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Figure 5: (Left) Evolution of ferrite and austenite phase fractions for one particular computation. (Right) Ferrite phase
fraction for spherical and elongated austenite grains.

the cumulative plastic strain Pcum converges to zero in austenite while an offset is observed for
ferrite. This is explained by the fact that ferrite undergoes plastic deformation throughout its entire
volume as soon as phase transformation begins (i.e., at t = 0), whereas only an infinitesimal
volume fraction of austenite initially undergoes plastic deformation because ferrite nuclei are small
inclusions undergoing the transformation strain initially. It should also be noted that the cumulative
plastic strain rate Ṗcum (i.e., slopes in figure 6) are non-linearly correlated with the macroscopic
applied stress |Σ|.
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Figure 6: Average cumulative plastic strain Pcum as a function of time for different applied loads where averages are
considered over (a) austenite grains, (b) ferrite grains, and (c) both austenite and ferrite grains.

In addition, for the same oriented tessellation the average hardening curves are presented for
the different macroscopic applied loads in Figure 7. The average equivalent stress denoted by
Σeq =

√
3
2Σ′ : Σ′ (where Σ′ is the deviator of Σ) is plotted as a function of the average cumulative

plastic strain Pcum. The equivalent stress averaged over the entire RVE coincides as expected with
the macroscopic boundary condition (i.e., Σeq = |Σ|), and the range of Pcum is larger for higher
macroscopic applied stress |Σ| (see. figure 7(c)). Since the initial state is composed of austenite
grains only, the equivalent stress averaged over austenite grains starts at the applied macroscopic
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stress |Σ| as shown in Figure 7(a), while the initial time step is discarded for ferrite at t = 0 because
there is no ferrite. Then, during phase transformation Pcum increases as well as the equivalent
stress in both austenite and ferrite. It is clear by comparing Figures 7(a) and (b) that ferrite is
indeed softer than austenite. Moreover, on the one hand, the average hardening curves in austenite
are S-shaped (i.e., sigmoid functions) as shown in Figure 7(a), which is very different from the
hardening curve of pure austenite. This average response may be explained by the fact that the
volume fraction undergoing plastic deformation in austenite is more or less proportional to the
ferrite phase fraction Vf , which has a typical S-shape with respect to time (see. Figure 5), while
the cumulative plastic strain Pcum is linear with respect to time as shown in Figure 6. On the other
hand, all the ferrite grains undergo plastic deformation as soon as they nucleate and therefore the
average hardening curves in ferrite are similar to hardening curves in pure ferrite.
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Figure 7: Average equivalent stress as a function of average cumulative plastic strain for different applied loads where
averages are considered over (a) austenite grains, (b) ferrite grains, and (c) both austenite and ferrite grains.

Plastic strain is averaged over the entire RVE (i.e., over both austenite and ferrite grains)
to capture the overall transformation plastic strain second-order tensor denoted by Etp defined
in (16). In Figure 8, the final transformation plastic strain component Etp

11 is presented as a
function of the applied stress Σ for one particular oriented tessellation. It should be noted that the
transformation plastic strain does not vanish when there is no applied stress (i.e., Σ = 0 MPa).
This has been observed for instance in [33] for morphological anisotropy, and is observed in
this contribution for crystallographic anisotropy. Indeed, the imposed transformation strain (i.e.,
the eigenstrain) depends on crystal orientations of the product phase, and therefore a preferential
crystal orientation is sufficient for the overall average of local plastic strains not to converge to
zero. Since relatively small RVEs are considered (i.e., 100 ferrite grains are formed during phase
transformation), crystallographic isotropy is never obtained, and therefore transformation plasticity
does not completely vanish for Σ = 0 MPa. This explanation has been verified by computing an
RVE including 500 ferrite grains with an unrealistic condition for which the crystal orientation
of ferrite grains is randomly assigned regardless of the parent crystal orientation leading to better
crystallographic isotropy. The final transformation plastic strain with Σ = 0 MPa is reduced

11



from Etp
11 = 2.12 × 10−2 with residual crystallographic anisotropy to Etp

11 = 6.69 × 10−4 with
better crystallographic isotropy, which represents a reduction higher than 95% hence validating the
proposed explanation.

For low applied stress, a linear dependence is observed (i.e., grey zone in Figure 8) while
strongly non-linear evolution is obtained for higher applied stress (i.e., red zone in Figure 8)
with a smooth transition between linear and non-linear regimes (i.e., white zone in Figure 8). In
comparison, as most of the existing analytical models in the literature, the extended Leblond model
proposed by Weisz-Patrault [26] predicts a linear relationship between the transformation plastic
strain and the applied load. The thresholds between which the relation between the transformation
plastic strain and the applied stress becomes strongly non-linear are denoted by ΣL = 25 MPa and
ΣH = 50 MPa (where L and H stand for “low” and “high”). To explain these two regimes (i.e.,
linear for low applied stress and non-linear for high applied stress) two different mechanisms are
suggested:
1) The local transformation strain ε∗(x) always induces plastic deformation in ferrite grains.
2) As shown in Figure 1, applied stresses such as |Σ| ≥ ΣH are sufficient to reach a quasi-linear

regime with low hardening coefficient (i.e., shallow slope) in the hardening curve of austenite at
750◦C [34], which therefore induces significant plastic strain in austenite grains to accommodate
local deformation induced by ferrite grains on austenite grains.

Accordingly, for low applied stress, only the first mechanism would be activated, while both the
first and second mechanisms would be activated for higher applied stress, hence explaining the
non-linear variations in Figure 8.

0.100 0.075 0.050 0.025 0.000 0.025 0.050 0.075 0.100
External stress  (GPa)

0.4

0.2

0.0

0.2

0.4

Tr
an

sf
or

m
at

io
n 

pl
as

tic
 st

ra
in

 E
tp 11

FFT model
Extended Leblond's model

H
L

Figure 8: Transformation plastic strain plotted against externally applied stress, compared to the analytical solution
(extended Leblond’s model [26]

To validate the proposed explanation of the non-linear behavior for large applied stress in
Figure 8 involving the combination of the two suggested mechanisms, the average plastic strain
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is computed over both ferrite and austenite grains. For instance, in Figure 9 the average plastic
strain 11 component is presented for low and high applied stress (i.e., Σ = 10 MPa (left) and
Σ = 100 MPa (right)) as a function of the product phase fraction Vf . The average is considered
over austenite grains (i.e., blue curve), ferrite grains (i.e., green curve), and over the entire RVE
(i.e., red curve) which corresponds to the transformation plastic strain component Etp

11. On the one
hand, for low applied stress (i.e., Σ = 10 MPa) ferrite grains undergo plastic deformation as soon
as the phase transformation begins to accommodate the transformation strain, and one can notice
that austenite grains do not undergo significant plastic deformation in average, which corresponds
to localized isotropically distributed plastic deformation as demonstrated in the following section.
On the other hand, for high applied stress (i.e., Σ = 100 MPa) not only ferrite grains but also
austenite grains undergo significant plastic flow since the applied stress is sufficient to reach the
quasi-linear regime of the hardening curve of austenite (see. Figure 1) which induces significant
plastic strain in the entire volume of austenite grains. As a result, the transformation plastic strain
shows a non-linear growth with respect to the phase fraction for Σ = 100 MPa while a linear
dependence is obtained for Σ = 10 MPa as only the first mechanism is activated. In fact, between
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Figure 9: Transformation plastic strain observed with externally applied stresses of 10 MPa (left) and 100 MPa (right)
in austenite, ferrite, and averaged macroscopic phase.

low and high applied stress (i.e., especially for ΣL ≤ Σ ≤ ΣH) there is a continuous transition
in the behavior of the transformation plastic strain. Indeed, since the hardening of austenite is
a continuous process starting at the initial yield stress of austenite σY

aus = 12 MPa, even for low
applied load austenite grains undergo uniform plastic strain to accommodate the applied load (i.e.,
second mechanism) and not only the local deformation imposed by ferrite grains. However, a
negligible macroscopic effect is observed for Σ ≤ ΣL. This is due to the fact that the beginning of
the hardening curve of austenite is very steep (see. Figure 1), hence the high apparent stiffness of
austenite and low associated average plastic strain during the phase transformation. On the contrary,
for Σ ≥ ΣH the slope of the hardening curve of austenite is shallow (see. Figure 1), hence low
apparent stiffness of austenite and high associated plastic strain during the phase transformation.
This effect is demonstrated in Figure 10 where the average plastic strain component is presented
for Σ = ΣL (left) and Σ = ΣH (right) as a function of the product phase fraction Vf . For Σ = ΣL
the average plastic strain in austenite grains is strictly positive initially (i.e., Vf = 0%) as the
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applied macroscopic stress Σ is higher than the initial yield stress of austenite σY
aus. However,

the average plastic strain in austenite grains increases linearly and rather slowly during the phase
transformation, which indicates that the effect of ferrite over austenite is not sufficient to induce
significant average plastic strain in austenite grains as the hardening curve of austenite is rather
steep. For Σ = ΣH, during the phase transformation, the growth of the average plastic strain
in austenite grains becomes non-linear and more rapid since the slope of the hardening curve of
austenite is more shallow.
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Figure 10: Transformation plastic strain observed with externally applied stresses of 25 MPa (left) and 50 MPa (right)
in austenite, ferrite, and averaged macroscopic phase.

3.2.1. Local mechanisms
In this section, the proposed twofold mechanism to explain the nonlinear behavior of trans-

formation plasticity with respect to the applied load is demonstrated in more detail by analyzing
local plastic strain fields in both austenite and ferrite grains. In Figures 11 and 12, the local
plastic strain component εp

11(x) is presented at the final time step (i.e., Vf ≈ 65%) for different cut
planes respectively in ferrite and austenite for a single oriented tessellation. The vertical red lines
correspond to the threshold between ΣL and ΣH where the transformation plastic strain becomes
non-linear with respect to the applied load. On the one hand, as shown in Figure 11, when the
applied stress increases from Σ = 0 MPa to Σ = 100 MPa, the plastic strain in ferrite increases
especially in grains in which negative plastic strain initially took place (i.e., for Σ = 0 MPa),
which in turn increases the average transformation plastic strain. This mechanism is similar to the
Greenwood & Johnson mechanism and can be attributed to the fact that the applied stress favors
a specific direction in the plastic flow. This is the only mechanism involved for low applied stress
(i.e., |Σ| ≤ ΣL) because austenite grains almost do not undergo plastic deformation and present a
uniform plastic strain field due to the external load reaching the yield stress of austenite, as shown
in Figure 12. On the other hand, for high applied stress (i.e., |Σ| ≥ ΣH) the yield stress of austenite
reaches a quasi-linear regime with low hardening coefficient (see. Figure 1), and therefore austenite
grains undergo a significant and almost uniform positive plastic strain according to the loading
direction as shown in Figure 12. Indeed, when the applied load is sufficient to reach low hardening,
austenite grains naturally undergo plastic strain even without phase transformation, which favors
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further plastic flow when the phase transformation starts. Such a mechanism in austenite is added
to the Greenwood & Johnson-like mechanism in ferrite, which in turn explains why non-linearity
of transformation plasticity with respect to the applied stress develops for high applied stress. As
in many other analytical models, the extended Leblond’s model [26] was limited to low applied
stress because the plastic flow was confined in the parent phase to the very surroundings of the
forming grains. This resulted in a linear dependence between the transformation plastic strain and
the applied load because the uniform and global plastic flow in the parent phase could not be taken
into account for large applied stress as opposed to this contribution.

It should be noted that the Magee mechanism has not been studied in this contribution as the
crystal orientation of ferrite nuclei has been selected randomly among the three possible variants.

Figure 11: Plastic strain εp
11 at the final time step for different applied stresses in ferrite grains. The red line corresponds

to the threshold Σc.

3.3. Macroscopic statistical model of transformation plasticity
In this section, the database of FFTcomputations introduced in section 3.1 is exploited to derive

a macroscopic statistical model of transformation plasticity. Of course, the resulting macroscopic
model is only valid for the selected elasto-visco-plastic behavior and material properties. But the
proposed methodology could be used for other materials.

In Figure 13, the transformation plastic strain component Etp
11 is plotted against the volume phase

fraction Vf and applied stress Σ for all the 1452 data points (i.e., for the 12 oriented tessellations, the
15



Figure 12: Transformation plastic strain εp
11 at the final time step for different applied stresses in austenite grains. The

red line corresponds to the threshold Σc.

11 applied stresses Σ, and for the 11 recorded time steps during phase transformation). The volume
phase fraction Vf and the applied stress Σ are the two main state variables explaining transformation
plasticity as one can observe a quasi-deterministic distribution of Etp

11 with limited dispersion of
data for each pair (Vf , Σ) in Figure 13. The dispersion could be attributed to the effect of strain
rate, and morphological texture (e.g., oriented tessellations with different grain shape distributions
have been included in the data set). It should be noted that the effect of crystallographic texture of
the initial fully austenitic microstructure has not been tested though, since crystal orientations of
austenite grains are randomly selected using a uniform distribution.

Since visco-plastic behavior is considered, the macroscopic statistical model is derived in rates
to take into account non-linear evolution. The phase fraction rate V̇f is therefore added to the two-
state variables already considered: namely the applied stress Σ and the volume phase fraction Vf .
It should be noted that Σ̇ is not considered in this study as constant applied stress has been applied.
In Figure 14, the transformation plastic strain rate component Ėtp

11 is presented for all the oriented
tessellations in the database and Σ = 0.1 GPa as a function of the volume phase fraction Vf and
its rate V̇f . Similar results are obtained for other applied loads. A quasi-deterministic distribution
is obtained, which indicates that the chosen state variables are sufficient to capture transformation
plasticity at the macroscopic scale without introducing significant epistemic uncertainty [36]. A
polynomial regression of degree 2 is considered to interpolate data points with an average relative
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Figure 13: Transformation plastic strain component Etp
11 against externally applied stress Σ and volume phase fraction

Vf .

error of 10%. Hence, computing the polynomial regression for all applied loads, the macroscopic
model reads:

Ėtp
11 = A(Σ)

(
1 + α1 V̇f + β1 Vf + α2 V̇ 2

f + β2 V 2
f + γ V̇f Vf

)
(19)

where α1, β1, α2, β2, γ are listed in Table 3. In addition, A is presented as a function of Σ in
Figure 15. Since the applied stress tensor is written in the form Σ = Σ e1⊗e1, other transformation
plastic strain rate components read Ėtp

22 ≈ Ėtp
33 ≈ −Ėtp

11/2 and Ėtp
12 ≈ Ėtp

13 ≈ Ėtp
23 ≈ 0. A

polynomial regression of degree 3 is proposed such as:

A(Σ) = A0 + A1 Σ + A2 Σ2 + A3 Σ3 (20)

where coefficients A0, A1, A2, A3 are listed in Table 4.

3.4. Validation of the macroscopic statistical model
The macroscopic statistical model derived in (19) and (20) is validated in this section. Numerical

predictions of the overall transformation plastic strain evolution are compared with detailed FFT -
based computations at the mesoscopic scale using oriented tessellations that have not been included
in the database. The considered applied loads are Σ = −0.075, 0.05, 0.1 GPa, and the volume
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Figure 14: Transformation plastic strain rate component Ėtp
11 given in s−1 including all oriented tessellations in the

database plotted as a function of the volume phase proportion Vf and its rate V̇f for Σ = 100 MPa. A polynomial
regression of degree 2 is plotted with relative errors.

Table 3: Coefficients of the polynomial regression (19).

α1 (s−1) -155.15
α2 (s−2) 9012.72
β1 (-) -2.51
β2 (-) 3.32
γ (s−1) 251.22

phase fraction Vf and its rate V̇f is extracted from the mesoscale computations and used in the
macroscopic computation.
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Figure 15: A(Σ) as a function of the applied load Σ with a polynomial regression of degree 3.

Table 4: Coefficients of the polynomial regression (20).

A0 (s−1) -1.499×10−5

A1 (s−1.GPa−1) 1.465×10−2

A2 (s−1.GPa−2) 7.492×10−4

A3 (s−1.GPa−3) 4.023

The comparison is presented in Figure 16, and satisfying agreement is observed, which demon-
strates how a relatively small database of mesoscale computations can be used to derive a macro-
scopic model of transformation plasticity. Of course, the proposed macroscopic model strongly
depends on the chosen behavior, which is temperature and material-dependent. Stress triaxiality
has not been considered in the model, but the same methodology could be applied. In addition,
only isotropically distributed crystal orientations have been tested for initial austenite grains, and
therefore the proposed model does not depend on statistical descriptors of the crystallographic
texture. In contrast, different morphological textures have been included in the database (with
more or less elongated grains) with no significant macroscopic effect.

4. Conclusion

In this contribution, transformation plasticity has been investigated by using FFT based simu-
lations of polycrystals undergoing phase transformation under various applied loads. The γ → α
phase transformation is considered in steel under isothermal conditions at T = 750◦C. The elasto-
viscoplastic behavior has been considered and the parent phase (austenite) is harder than the product
phase (ferrite). In addition, the transformation strain and orientation relationship between ferrite
and austenite is determined by using the Bain mechanism.

Results show that the transformation plastic strain is highly non-linear with respect to the
applied load and the volume phase fraction. Two main mechanisms based on average and local
analysis of the plastic strain fields have been identified to explain such a non-linear response.
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Figure 16: Validation of macroscopic model against a mesoscale numerical simulation with external stress Σ =
0.1, 0.05, −0.075 GPa.

In addition, a database of FFT computations has been produced to derive a macroscopic statis-
tical model in order to upscale transformation plasticity including the complex non-linear behavior
missing in well-known analytical formulas. The obtained model gives the transformation plastic
strain rate as a function of three state variables, namely the applied stress, the volume phase fraction,
and the volume phase fraction rate. Satisfying agreement is observed between the macroscopic
statistical model and FFT computations that have not been included in the database. The proposed
methodology shows that relatively small databases that involve relatively fast computations based
on FFT algorithms at the mesoscopic scale (i.e., polycrystal), enable to derive accurate macroscopic
models, which in turn can be used in large-scale simulations.
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