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Abstract

We extend the Gibbs conditioning principle to an abstract setting combining infinitely
many linear equality constraints and non-linear inequality constraints, which need not be
convex. A conditional large large deviation principle (LDP) is proved in a Wasserstein-
type topology, and optimality conditions are written in this abstract setting. This setting
encompasses versions of the Schrédinger bridge problem with marginal non-linear inequality
constraints at every time. In the case of convex constraints, stability results for perturbations
both in the constraints and the reference measure are proved. We then specify our results
when the reference measure is the path-law of a continuous diffusion process, whose law
is constrained at each time. We obtain a complete description of the constrained process
through an atypical mean-field PDE system involving a Lagrange multiplier.
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1 Introduction

1.1 Motivation

A fundamental question in statistical mechanics is to estimate the most likely configuration of
a large system of exchangeable particles, given some macroscopic observation on it. More pre-
cisely, let us consider a N-tuple of exchangeable random variables XN .= (XLN XN
in some abstract Polish space E. We assume that the X»V are either independent or interact
through their empirical measure

N
S 1
(XN = ¥ > oxin € P(E).
=1

The purpose is then to estimate 7(X ™) as N — 400, given the knowledge that {m(X") € A}
for some measurable A C E. This amounts to determining the behaviour of a typical particle
in the system given the observation that {m(X®) € A}. In a physical context, measurements
are often submitted to uncertainties. Therefore, a closely related question is the stability of
the computed behaviour when perturbing the observation.
These questions can be specified when L£(7(X?")) satisfy the large deviation principle
(LDP) with rate function Z. Informally speaking, the LDP states that
P(n(X") € B) < exp [~ N inf T(p)], (1)
He
at the exponential-in-N scale, for any sufficiently regular B C E. In this setting, the Gibbs
conditioning principle suggests the heuristic
LXYN|7(XN) e A) —— argmin 4 Z, (2)

N—+oco



provided that argmin, Z is well-defined, and argmin 7 is also the weak limit of w(X™)
conditionally on {m(X") € A}. More precisely, a LDP can be established for the conditional
law. Some reference textbooks on this approach are [Lan73; Rue65; DZ09; DE11; Ell06]. To
explicitly compute argmin 4, Z, some further knowledge of Z is needed.

The scope of this article is to establish (2), to compute minimisers of Z, and to prove
stability properties when Z is the sum of relative entropy and an interaction term:

Z(p) == H(plv) + F(w),

the definition of the relative entropy H(u|v) being recalled in Section 1.5, and A = .A\CI,,
where
Ay = {pePE), Vs€S, [,Cdu=0,VteT, ¥(u) <0}

is given by (possibly) infinitely many linear equality constraints and non-linear inequality
constraints. Precise assumptions on F, ((s)ses and (V)7 are detailed in Section 2, under
which we prove that minimisers are Gibbs measures, whose density involves suitable La-
grange multipliers. Our approach relies on the Hahn-Banach theorem, combining tools from
functional analysis in the spirit of [Csi84; Léo00; PP19] with differential calculus on P(FE).
In particular, F and the ¥; need not be convex. When F = 0, the LDP (1) is the well-known
Sanov theorem [DZ09| for independent particles. The case F # 0 allows for mean-field in-
teraction, modelling particles that are distributed according to mean-field Gibbs measures
as in [Léo87; AB90; WWW10; DLR15]. When S = 0, our results extend the standard Gibbs
principle to settings with infinitely many constraints, see Section 1.2 below. When FE is
a product space, we can further impose marginal laws for argmin ,¢ Z through the linear
equality constraints. This last setting includes the famous Schrédinger bridge problem, with
additional inequality constraints, see Section 1.3 below. A notable example, which is studied
in Section 3, is given by the space of continuous paths E = C([0,T],R9).

When F and the U; are convex, uniqueness holds for the minimiser argmin A I, corre-
sponding to the notion of entropic projection introduced by [Csi75; Csi84]. Stability results
for entropic projections have enjoyed many recent developments [GNB22; EN22; NW23;
Chi+23; DNP24], mainly motivated by the surge of interest around the Schrédinger problem
and its applications in machine learning. In our abstract setting, we prove two kinds of
apparented results:

e A quantitative stability result when changing ¥, into ¥, — ¢ for small € > 0.
e A weak stability result when perturbing v, F, (¥¢);e7 at the same time, when S = 0.

These new stability results hold in P(FE) at a great level of generality, under minimal as-
sumptions on v, F, (V)7 that are stated in Section 2.4.

Let us now illustrate our results with the examples of the Gibbs conditioning principle
and the Schrédinger bridge problem. For the clarity of exposition, the next two subsections
provide an overview of our results only in the particular case F = 0 with linear constraints

Wy(p) = fE Prdp.

1.2 The Gibbs conditioning principle

When Z(p) = H(p|v) and the constraints are given by a finite number of moments against
U1,... 07 E— R, namely

A={peP(E), Vte{l,...T}, [Ldn <0},

then it is well-known that the density of 1z := argmin ¢ 4 H(u|v) is given by

=

%(g;) =7 'exp {— émpt(w)} : (3



where Z is a normalising constant, and the )1, ..., Az are non-negative Lagrange multipliers.
A similar result holds when imposing f g ¥irdp = 0 instead of inequalities, corresponding to
the canonical ensemble in statistical physics. In addition to the aforementioned textbooks
on the Gibbs principle, we mention the prominent contributions [Bor06; DF87; SZ91]| for
precise statements, and [DZ96; DK98; CGO07] for quantitative versions of (1) in this setting.
Our abstract results now allow for an infinite number of constraints (¢;):c7, provided

a continuous dependence on ¢ in the compact space 7. In particular, Theorem 2.13 pro-
vides existence for a positive Radon measure A\ € M (T), which generalises the previous
multipliers, such that

di -1 ~

L) =7 e | - [ wleiNan)

v T
In the particular setting E = C([0,7],R?) and T = [0,T], z = (7¢)¢ejo,7) being a continuous
path, a natural choice is () = 9 (z¢), for some continuous 9 : R? — R. In this case, if v
is the path-law of the solution to the stochastic differential equation (SDE), (By);>o being a
Brownian motion,
dXt = bt(Xt)dt + O't(Xt)dBt,

under standard Lipschitz assumptions, Theorem 3.6 further identifies 7 as being the path-law
of the solution to the SDE

dyt = bt(yt)dt - UtU;rVgOt(yt)dt + Ut(yt)dBt, XO ~ 7_1€_WO(£)CL'L'7

where ¢ is the weak solution of the Hamilton-Jacobi-Bellman (HJB) equation

T
1 1 _
—¥t +/ bs ' VSOS - 7|0'5Tv903|2 + 7Tr[0-so';rv2<ps] ds + ws /\(dS) = 0,
¢ 2 2 [t,T]
for which we prove well-posedness in a suitable sense detailed in Section 3.3. This HJB
approach is reminiscent of mean-field control problems under constraints that were recently
studied in [Dau22; Dau23b; Dau23a].

1.3 Schroédinger bridge with additional constraints

When E = C([0,T],R%) and T = [0, T], another famous example is the Schrodinger bridge
problem [Sch32], which is the prototype of a stochastic mass transport problem. For this
problem,
A= {peP(C(0,T],RY), o = ftini, LT = Hin }»
where the marginal laws i, tin € ’P(Rd) are imposed. The literature on Schrédinger
bridges has recently enjoyed thriving developments. Some seminal references are [Csi75;
CL95; CL96|. For more recent results, we refer to the survey article [Léol3], the lecture
notes [Nut21], and references therein. We also mention [Bac+20] for an extension to a more
general rate function Z. Denoting 7i := argmin ¢ 4 H(u|v), a standard result [Nut21] is the
existence of measurable functions &y, &7 : R — R, called Schridinger potentials, such that
dp
dv

under suitable assumptions on (v, tini, ptfin). Our results extend this decomposition to the
case

(z) = exp [ — &o(xo) — Erlar)],

A= {/U' € P(C([OvT]de)v Mo = Minis AT = Hfin, VI € [O’TL fRd dpy < 0}

In this setting, as a consequence of Theorem 2.13, Theorem 3.3 provides A € M ([0,T]) and
measurable &, &ép : R — R such that

dp _
7(1‘) = exp | — &o(wo) — &r(ar) — }w(ﬂﬁt))\(dt) .

d 0,7



In fact, Theorem 3.3 states a stronger result, since it allows for non-linear and non-convex
constraints ¥(u) < 0 instead of fRd Yy <0.

1.4 Outline

This article is organised as follows. Our main abstract results are stated in Section 2. The
optimality conditions are presented in Section 2.3, whereas the stability results are given in
Section 2.4. Section 3 develops the case of continuous paths E = C([0,T],R?). Our results
on the Schrédinger bridge problem with additional constraints are stated in Section 3.2. The
specific case of Gibbs principle for diffusion processes is further studied in Section 3.3, and
some examples for Gaussian processes can be found in Section 3.4. The proofs of the results
are written in Sections 4-5. Appendix B finally presents an alternative proof of Theorem 2.13
(from Section 2.3) in the linear setting of Section 1.2, with improved assumptions.

1.5 Notations

e VNV denotes a generic element of a product set EV, for an integer N > 1. We also write
N = (2")1<i<n.

e P(E) denotes the set of probability measures over a Polish space E endowed with its
Borel o-algebra.

e ¢, denotes the Dirac measure at some point x in F.

e 7 denotes the function that maps a vector ¥ in EV to the empirical measure
1N
(@) = v > 6, € P(E).
i=1

e (i, f) denotes the integral (when it exists) of a measurable function f against the
measure . The convention will often be adopted that (u, f) = +oco if the integral is
not well-defined.

e (-] A) stands for the conditional measure p(A) =1 ap, for pin P(E) and A measurable
with pu(A4) > 0.

e M, (T) denotes the convex cone of positive Radon measures. In this setting, a Radon
measure is defined as a signed finite measure that is both inner and outer regular as
defined in [Rud70, Definition 2.15].

e P,(E) denotes the set of measures p € P(E) with (u,¢) < +oo for some measurable
¢ E — R. When ¢(z) = d(x,x0)? for some distance d on E, some xp in E and some
p > 1, we will often write P,(E) instead.

e W, denotes the Wasserstein distance on P,(E), defined by

1/p
Wy(p,p') = | inf  E[X —Y["]

Xeop, Yoeou!
e T > 0is a given real number, and d > 1 is an integer.
® 07 € C(]0,T),R?) denotes a continuous function ror ¢ [0,T] — R,

e jijo,7] denotes a path measure in P(C([0,T],R?)). Its marginal measure at time ¢ will
be denoted by ;.

e ;. denotes a continuous curve ¢ — g in C([0, 7], P(R9)).

e X denotes the coordinate map g 1) = z¢. It can be seen as a random variable on the
canonical space 2 = C([0, T], R?).



o % (u):z— 2%(u,x) denotes the linear functional derivative at p (when it exists) of a
" 7
function ¥ : P(R?) — R. See Definition A.1 below for more details. The convention is

adopted throughout the paper that (u, %(u)) =0.

e - and Tr[] respectively denote the transpose and the trace of matrices.

2 Abstract setting and main results

This section contains our main two theorems for the generalisation of the Gibbs principle. We
first present our abstract setting in Section 2.1, allowing for interaction terms and infinitely
many linear equality constraints and nonlinear inequality constraints. We then establish
a conditional LDP (Theorem 2.7), taking only inequality constraints into account, in Sec-
tion 2.2. Next, we establish a Gibbs-like formula for the minimiser of the rate function of
the conditional LDP (Theorem 2.13) in Section 2.3, and study more properties, in particular
stability, of this minimiser in the case where the rate function and the inequality constraints
are convex, in Section 2.4.

2.1 Global setting
2.1.1 The rate function

Let E be a complete separable metric space, endowed with its Borel o-algebra. The space
P(E) of probability measures over F is endowed with the weak topology [Bil13, Chapter 2|.
We recall that a sequence (uy)r>1 weakly converges towards p in P(E) if and only if

(tks ) —— (1, ),

k—+oo

for every bounded continuous ¢ : E — R. The space P(E) is endowed with its Borel
o-algebra. For any continuous ¢ : E — R, we define the set

Po(E) :={n € P(E), (u, ¢) < +o0}.
The topology on Py (E) is now defined through its converging sequences.
Definition 2.1 (Weak convergence in Py (E)). A sequence (fx)r>1 weakly converges towards

win Py(E) if and only if

{1k, &) P (1, ) and (g, p) e (1, ),

for every bounded continuous ¢ : E — R.

This topology on Py (FE) is stronger than the one induced by the weak topology on P(E).
It was used for instance in [Léo87]. When ¢(z) = 1 for every z in E, we notice that P(FE)
and Py (E) coincide, together with their topology. When ¢(z) = d(z, z¢)? for some zo in E
and p > 1, this topology corresponds to the one defined in [Vil+09, Definition 6.8]. This
latter topology can be metrised using the p-Wasserstein distance W), [Vil4-09, Theorem 6.9].

The dual representation formula

H(uv) =  sup (i, ®) —log (v,e") (4)

& measurable
(v,e¥)<oo

of the relative entropy [Léo12, Proposition 3.1-(iii)] yields the following statement.

Lemma 2.2 (Integrability condition). Let ¢ : E — Ry be a continuous function and v €
P(E). If there exists a > 0 such that (v,e*®) < oo, then any probability measure p € P(E)
such that H(p|lv) < 400 is in Pyg(E).



We now fix a continuous function ¢ : £ — R, and a reference probability measure
veP(E).

Lemma 2.3 (Relative entropy as a good rate function on Py(E)). If the condition
Ya > 0, (v,e™?) < 00 (5)

holds, then p — H(u|v) is lower semi-continuous on Py(E), with compact level sets.

In the terminology of [DZ09, Section 1.2], under the condition (5), the relative entropy
with respect to v is a good rate function on Py(E).

Proof. The compactness of the level sets of H for the usual weak topology is part of the
Sanov theorem. From (4) applied to ® = a¢lj4>n for every a, M > 0, ¢ is uniformly
integrable over any level set of H. The compactness for the weak topology on Py(E) then
follows from [Bil13, Theorem 3.5]. O

As is stated in the proof of Lemma 2.3, by Sanov’s theorem, the relative entropy describes
the large deviations of systems of independent particles. To take interaction between particles
into account, we now consider a measurable map F : Py(E) — (—o0,+0o0], and define the
function 7 : Py(E) — (—o0,+00] by

Z(p) := H(ulv) + F(p), (6)
the domain of Z being the set
Dy = { € Py(E), H(ulv) < +o0, F(js) < oo}, (7)
Assumption (A.1) (Rate function). Condition (5) holds and T is lower semi-continuous
on Py(E).

This assumption tells that 7 is a rate function on Py(E). Of course, by Lemma 2.3, T
is lower semi-continuous on Py(E) as soon as F is lower semi-continuous on Py (E). Then a
sufficient condition for Z to be a good rate function on Py(E) is given as follows. The proof
is omitted.

Lemma 2.4 (Sufficient condition for 7 to be a good rate function). Under Assumption (A.1),
if F is bounded from below on Py(E), then I has compact level sets in Py(E).

2.1.2 Constraints

The first goal of this article is to study the minimisation of the rate function Z on the
space Py(E), subject to two types of constraints: linear equality constraints, and non-linear
inequality constraints.

Linear equality constraints are encoded by a family ({s)ses of functions E — R, where
S is an arbitrary set. They will be assumed to satisfy the following properties.

Assumption (A.2) (On the linear equality constraints). For any s € S, (s is continuous
on E, and there exists CS € [0,00) such that

Vo e B, |((2)] < CS1+ ¢()].
We define the associated constrained subset of Py(E) by
A= {;U’ € P¢(E)7 Vs €S8, (1, (s) = 0}

Nonlinear inequality constraints are encoded by a family (¥;);c7 of functions Py (E) — R,
where 7 is a compact metric space. The basic assumption on these functions is the following.



Assumption (A.3) (On the nonlinear inequality constraints). For any t € T, the function
U, is lower semi-continuous on Py(E).

We define the associated constrained subset of Py(E) by
Ay :={p € Py(E), Vt € T, Vy() <0}

Remark 2.5 (Linear inequality constraints). A particular case of inequality constraints is
given by linear functions W(u) = (u, ) for some function ¢; : E — R. Then Assump-
tion (A.3) holds as soon as, for any ¢ € T, 1 is lower semi-continuous and there exists
CY € [0,00) such that

Vo€ B, [in(a)]- < CYIL+ ()],

Our assumptions on the linear equality and nonlinear inequality constraints yield the
following statement.

Lemma 2.6. Under (A.2)-(A.3), the constrained sets AS, Ay and Ag, = AN Ay are
closed in Py(E).

The elements of Dz N A\CI, are the admissible measures. Under (A.1)-(A.2)-(A.3), the
sequel of this section is dedicated to the study of the minimisation problem

fé, = inf  Z(w). (8)

HEDINAS

By Lemma 2.6, any limit 7z of a minimising sequence for this problem belongs to Dz N .A\CI,,
and by the semi-continuity assumption (A.1) it satisfies

I(p) = T3 < oo

We call @ a minimiser for (8). If Dz N .AfI, is non-empty and Z is a good rate function, as in
Lemma 2.4, then there exists at least one minimiser.

2.2 Conditional LDP for nonlinear inequality constraints

As is explained in Section 1, the first step of the proof of the Gibbs principle is the derivation
of a LDP for the conditional distribution of the empirical measure of the particle system under
inequality constraints. Thus, in this section, we consider a sequence (ITV) ~>1 of probability
measures on Py(E), which is assumed to satisfy a LDP with rate function Z defined in (6).
Under the assumption that

YN >1, TIV(Ag) >0, (9)

we may define the conditional distribution ITV(:|Ay). The goal of this section is to state a
LDP for the sequence IV (:|Ag).

2.2.1 Statement of the result
In order to state the LDP for this sequence, we need to introduce the following assumptions.

Assumption (A.4) (Regularity of ). The function p — sup,cr V(1) is well-defined and
continuous on Py(E).

Assumption (A.5) (Constraint qualification). For any p € Dz N Ay, there exists ji € Dz
such that:

(i) for every e > 0 small enough, we have Wy(pu+e(fi — p)) <0 for allt € T;
(i) limsup,_,o F(p +e(fi — p)) < F(p).



Theorem 2.7 (Conditional LDP). Let (A.1)-(A.3)-(A.4)-(A.5) hold, and assume that

;= inf . 1
Ly = _jof I(p)<-+oo (10)
Let (IIV)n>1 be a sequence of probability measures on Py(E) which satisfies a LDP with rate
function I, such that (9) holds. Then (1N (-|Ay))n>1 satisfies a LDP with rate function
Ty : Py(E) — [0, +00] defined by

I(M)_f‘lﬁ ZfMEA‘I’;
400, otherwise.

Zy(p) = {

Theorem 2.7 is proved in Section 4.1. This result can be seen as a variation of [LS15,
Theorem 1] or [CFS21, Theorem 3.1], without requiring the rate function to be good. Under
the assumptions of Theorem 2.7, if Z is a good rate function (as in Lemma 2.4), then
by Lemma 2.6, so is Zy and therefore (ITV(:|Ag))n>1 satisfies the LDP with a good rate
function. In particular, there is at least one minimiser for (10). If this minimiser 7 is
moreover unique, then IV (-|Ag) weakly converges towards 0z Therefore, in this case, the
Gibbs principle holds in the general setting of Theorem 2.7, namely with infinitely many
constraints Wy, which need not be linear functionals of u, and interaction between particles,
which are encoded by the functional F. Moreover, it is stated in the abstract metric space F,
for the Wasserstein-like topology on Pg(E) which is stronger than the usual weak topology.

The detailed study of minimisers for (10) is carried out in Sections 2.3 and 2.4, in the
more general setting of (8) which takes equality constraints into account. In the sequel of the
present section, we discuss how to check the continuity assumption (A.4) when the functions
U, have a certain regularity property, and then we provide an example of application of
Theorem 2.7, when F = 0. We therefore obtain a conditional version of Sanov’s Theorem,
which is stated in Wasserstein topology. Some examples with F # 0 are LDPs for Gibbs
measures like [AB90] which typically enter the framework of Theorem 2.7, and suitable
examples in the Wasserstein topology are given in [Léo87; LW20; DLR15; Cha24].

2.2.2 Checking (A.4) for differentiable constraints

In the sequel of this article, we shall be particularly interested in the case where the functions
U, are differentiable with respect to p, using the notion of linear functional derivative, whose
definition and basic properties are gathered in Appendix A. In this context, explicit, sufficient
conditions for the continuity assumption (A.4) may be formulated.

Proposition 2.8 (Assumption (A.4) for differentiable constraints). Assume that for any
€ Py(E), for any t € T, the function U, is differentiable at p w.r.t. the set of directions
Ps(E), in the sense of Definition A.1. If the conditions:

(i) for any compact set K C Py(E), there exists DY- € [0,00) such that
o
e, s [SGu0) < DR+ o)
(tn)eTxK | Op
(i1) for any compact set K C Py(E), the family of functions (x — %(vi))teT,ueK 18
equi-continuous;
(iii) for any x € E, the family of functions (p — %(u,x))tg- is (sequentially) equi-
continuous on Py(E);
are satisfied, then Assumption (A.4) holds.
Proposition 2.8 is proved in Section 4.1.
Remark 2.9 (Linear constraints). In the setting of Remark 2.5, the conditions (i,ii,iii) hold
as soon as the family (¢;)se7 is equi-continuous on E and there exists D¥ € [0, o) such that

Ve eE,  supli(z)| < D1+ ¢(x)].
teT

9



2.2.3 Application: the conditional Sanov Theorem with linear constraints

A particular setting where Theorem 2.7 may be applied is the case where IT"V is the law of
the empirical measure of independent random variables distributed according to v. In this
case, the LDP is known to hold with Z(p) = H(u|v) on Py(E), either with ¢ =1 (this is the
usual Sanov Theorem), or with ¢(z) = d(x,20)?, p > 1 under the exponential integrability
assumption (5) in (A.1) (this is the Sanov Theorem in Wasserstein distance [WWW10,
Theorem 1.1]).

In this case, and if the inequality constraints are actually linear, as in Remark 2.5, then
defining

E,={xecE: VteT, (x) <—n},

we have that a sufficient condition for (A.5)-(i) to hold is
In>0: v(E,) >0, (11)

because then we may take i = v(:|E,), which satisfies (i, ;) < —n for any ¢. This condition
also guarantees that the conditions (9) and (10) are satisfied. Thus, the combination of this
observation with Remark 2.9 yields the following statement.

Proposition 2.10 (Conditional Sanov Theorem with linear constraints). Let ¢(z) = d(x, zo)P
forp=0o0rp>1, andletv € P(E) be such that the integrability condition (5) holds. Let IV
be the law of the empirical measure of N independent random variables distributed according
to v. Let (V¢)ie7 be a family of functions E — R satisfying the conditions of Remark 2.9,
and let the set Ay be defined accordingly. If this family satisfies (11), then the sequence
(TN (-] Ag))n>1 is well-defined and satisfies a LDP on Py(E) with good rate function

{H(MV) - Juf HQW), ifpe Ay,

00, otherwise.

In the setting of Proposition 2.10, the set Ay is convex and the (good) rate function is

strictly convex, so it admits a unique minimiser 7 and II"V(-|Ay) converges to 6. A more
general discussion on the convex case is postponed to Section 2.4.
Remark 2.11 (Convergence for conditioned particles). Denoting by XN = (X1, XN
the underlying particle system, whose empirical measure W(X N has distribution IV, this
statement implies that the conditional distribution £(X|m(XN) € Ayg) of the first par-
ticle converges weakly to 7i. This convergence can be quantified: we deduce from [Csi84,
Theorem 1] that

- 1
VN >1, HLX'Y7(XN) € Ag)f) < ¥ log TV (Ay) — H(7i|v).
More explicit rates are given in [DZ96; DK98; CGO07].

2.3 Gibbs density for minimisers

In this section we focus on the minimisation problem (8), which takes both equality and
inequality constraints into account. We show that minimisers, if they exist, have a density
with respect to v, whose form generalises (3) to the infinite-dimensional setting. To take
into account both the interaction part F in the rate function, and the nonlinearity of the
inequality constraints ¥;, we need to assume differentiability properties of these functionals,
at a given 71 € Py(E).

Assumption (A.6) (Differentiability of F at 7). The set Dz is convex, and F is differen-
tiable at @ w.r.t. the set of directions Dz.

Assumption (A.7) (Regularity of ¥; and constraint qualification at ).
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(i) The function t — W(@) is continuous.

(i1) For any t € T, Wy is differentiable at i w.r.t. the set of directions Py(E), uniformly
in t, in the sense that for any p € Py(E),

: V(L —e)p+ep) — V() _ 0wy
1 - - =
i sup . neB (1)

(iii) For any x € E, the function t — 6(;‘1: (&, x) is continuous.

(iv) There exists DY € [0,00) such that

Ve € F, sup

‘5\1/
teT

— (7, z)

L (.0)| < D[1+ (o)L

(v) There exist fi in Dz N AS and & > 0 such that

o
vteT, Wi(pm)+ 5</1 - K, 5;(#)> <0.

Remark 2.12. By (A.7)-(i,iil,iv), for any p € Py(E) and any € > 0, the function ¢ —

U, () + e{n — I, 55\1; t(71)) is continuous. In particular, (A.7)-(v) equivalently rewrites

. 0
sup W (71) +5<H - R, 5t(ﬂ)> <0.
teT %

The condition (A.7)-(ii) can be verified under equi-continuity assumptions on 5(;1; t in the

spirit of Proposition 2.8.

The proof of Theorem 2.13 also requires the following technical condition.

Assumption (A.8). Every probability measure on E that has a bounded density with respect
to 1 or to the measure i given by (A.7)-(v) belongs to Dr.

For instance, Assumption (A.8) holds when F = 0, as in Sanov’s theorem.

Theorem 2.13 (Gibbs density for minimisers of (8)). Let (A.1)-(A.2)-(A.3) hold, and let
7 be a minimiser for (8), which satisfies (A.6)-(A.7)-(A.8). Then, the following holds

1. Any p € Dz N AS is absolutely continuous w.r.t. .
2. There exist ((,\) € L*(E,dn) x My (T) and a measurable S C E such that i(S) = 1,

v,
T Op

0F - -
7= [ 5o~ o)~ T - [ S manan]van) e .00, (2)

and v has density

o,  —
Tww,xwat)] (13)

1

0 ()

o sta)exp | -5 (r.a) - Clo) -

1

Z
with respect to v.

3. The function ¢ belongs to the closure of Span((s,s € S) in L*(E,df) hence

[ can=o, (14)
E
and the complementary slackness condition is satisfied:

Uy(m) =0 for \-a.e. t€T. (15)

11



The proof of Theorem 2.13 is detailed in Section 4.2. Remark 4.4 there provides a bound
on the total mass of X in terms of &7, fi, € and ‘;—ﬁ(ﬁ). In the particular case F =0 and T = {)
(no inequality constraint), we recover the result of [Csi75, Theorem 3].

Remark 2.14 (Equivalence between i and v). In general, 77 is not equivalent to v; the set S
where % is positive is thus needed, contrary to the Gibbs density (3) in Section 1.2. This
loss of equivalence only comes from the equality constraints. Indeed, if S = (), we notice that
v € Dz N AS, so that v < 71 and v(S) = 1 from Theorem 2.13-1. If S = ), we of course
have ¢ = 0. The need for S for handling equality constraints is well-known in the setting of
the Schrodinger bridge, see Section 3.2. From Theorem 2.13-1, we eventually deduce that a
necessary and sufficient condition for 7i ~ v is the existence of 7 € Dz N .A¢ such that 7 ~ v.
Remark 2.15 (Assumption (A.7) for linear inequality constraints). In the case of linear
inequality constraints of Remark 2.5, Assumption (A.7)-(ii) always holds true. Assump-
tions (A.7)-(i,iii,iv) are satisfied as soon as for any « € E, ¢t — t:(z) is continuous and there
exists D¥ € [0,00) such that

Vo € E, sup |1y (z)| < DY[1 + ¢(x)].
teT

Last, Assumption (A.7)-(v) amounts to assuming that there exists i € Dz N .AS such that
(fi,7p:) < 0 for all t € T. For the present case of linear constraints, the assumptions of
Theorem 2.13 may be relaxed. In particular, no upper bound on the v; needs to be assumed.
This alternative result is detailed in Appendix B.

Remark 2.16 (Sufficient condition for (A.7)-(v) without equality constraints). If § = () (no
equality constraints), and i gives a positive measure to the set

U:= {er, vteT, (S(;I:(u,x)<0},

we notice that ji := 71(-|U) satisfies (A.7)-(v), for any &€ > 0, if we know that F(ji) < +oo.
The latter condition may follow from (A.8) since fi has a bounded density w.r.t. f.

2.4 Sufficient conditions and stability in the convex case
In this section, we work under the following assumption.

Assumption (A.9) (Convexity). The functions F and ¥y, t € T, are convex on Py(E).

Then, the function p — H(u|v) being strictly convex, the sets Dz and .Afp are convex,
and there is at most one minimiser for (8).

In this setting, we first show a converse statement to Theorem 2.13, namely that an
admissible measure which satisfies the conditions (13)-(15) is the minimiser for (8).

Theorem 2.17 (Sufficient conditions in the convex case). Let (A.1)-(A.2)-(A.3)-(A.9) hold.
Letn e Dz N ,A\CI, satisfy the following conditions.
(i) The functions F and Uy, t € T, are differentiable at @ w.r.t. the set of directions

Dz N AS,.
(i) The function (t,x) — 55‘1,;" (i, z) is measurable, and there exists DY € [0,00) such that
v
Ve B, sup \tm,z) < DV[1 + $(a)].
teT | Op

(iii) There exist  in the L'(E,dm)-closure of Span((s,s € S) (which necessarily satis-

fies (14)), X € M (T) and a measurable subset S C E such that fi(S) = 1 and (12)-
(13)-(15) hold.
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(iv) v(S) =1 and for any p € DrNAS, ¢ € LY (E,du) and (u,{) = 0.
Then, the measure [ is the unique minimiser for (8).

When only equality constraints are considered, corresponding to 7 = (), Condition (iv)
can be verified using [Nut21, Lemma 2.18].

We now prove stability for (8) when moving the inequality constraints ¥, or the reference

measure. To this aim, we will use the following sufficient condition for the qualification
condition (A.7)-(v) to hold.

Lemma 2.18 (Sufficient condition for qualification). Under (A.9), if there exists ji € DzN.AS
such that
vteT, U, () <0,

then the condition (A.7)-(v) holds, with € =1, at any & € Dz N Af;, at which all the U, are
differentiable (w.r.t. the set of directions Dz N AS).

Lemma 2.18 is an immediate consequence of the convexity of the constraints (see e.g. (51)
below) and we do not detail it.

We first state a quantitative result when only the inequality constraints are relaxed. To
this aim, for any € > 0, we introduce the notation

Ay ={n € Py(E), V€T, Uy(n) <e}, Ay, =ANAy..

Proposition 2.19 (Quantitative stability w.r.t. inequality constraints). Let (A.1)-(A.2)-
(A.8)-(A.9) hold, and assume that F is bounded from below on Py(E), and that for any
w € AS, the function t — Uy(u) is measurable. We consider the minimisation problem

TS .= if  I(p). (16)
: HEDINAS, .

We assume that there is €, > 0 such that (A.6), (A.7)-(iii,iii,iv) hold at every i € Dz N
Afpﬁs*, that the condition of Lemma 2.18 is satisfied, and that (A.8) holds for every @ €

Dz N Afpﬁs* and for fi given by Lemma 2.18.

1. For every € € [0,¢], (16) has a unique minimiser Ji_, and this minimiser satisfies the
conclusions of Theorem 2.13 for some ((.,\e) € LY(E,dfi.) x M4 (T) and a measurable
set S. C E.

2. Assume in addition that for any ¢ € [0,e.], v(Sc) = 1, and that for any u € AS,
(. € LY(E,du) with (u,(.) = 0. Then the function & ffpﬁ is absolutely continuous,

d_ _
Iszi’e = —X(T), Lebesgue-a.e.,

and there exists Cspap € [0,00) such that, for any e € [0, 4],
=C =<
0<Tyo—ZTy. < Coave: (17)

In the case F = 0, the estimate (17) reads 0 < H(fmylv) — H(f.|v) < Cstabe. The

Pythagorean identity for entropic projections [Csi75, Theorem 2.2] then provides the follow-
ing quantitative stability estimate on the minimiser 7z of (16).

Corollary 2.20. If F =0 in the setting of Proposition 2.19, then

H(ﬁ0|ﬁ5> S Cstabg-

13



We finally address weak stability when v, F and the ¥, are perturbed at the same time.
Since interesting results already exist in the setting of equality constraints [GNB22; EN22;
NW23; Chi+23; DNP24|, we only focus on inequality constraints; therefore, we assume that
S = 0. Let (v)r>1 and v be in Py(E), and (Fj)r>1 and F be functions Py(E) — (—o0, +00].
Let Ty, : p— H(p|vk) + Fr(p) be the related rate function with domain Dz, . For each ¢t € T,
let (¥, x)k>1 be functions Py(E) — R.

Assumption (A.10) (Setting for stability).
(1) The functions T, (Zx)r>1, (¥e)ieT and (Vi k)ieT k>1 are lower semi-continuous. More-
over, for every k > 1, I, has compact level sets in Py(E).
(i) The functions F, (Fi)r>1, (Pe)reT and (Vi k)teT k>1 are conver.
(iii) For every k > 1, any measure that has a bounded density w.r.t. vy belongs to Dz, .
(iv) vk = v in Py(E), and supy, (v,e*?) + (vy, e*?) is finite, for every oo > 0.
(v) For any p € Py(E), limy oo super Wik (1) < supper Wilp).
(i) If (j)iz1 converges to i in Py(E), then supy | supyer ok (ur) —supyer Uo(n)] = 0,
and | supyer We(pu) — supyer We(p)| — 0.
(vii) There exists i € Dz such that sup,c ¥ () < 0.

We notice that (A.10)-(i,iv) make Zy, v and (¥ )7 enter the framework of (A.1)-
(A.3). We define the sets (Aw i)r>1 accordingly. As previously, (A.10)-(vi) can be verified
using Proposition 2.8. Similarly, a sufficient condition for the compactness of level sets in
(A.10)-(i) is given by Lemma 2.4. From (A.10)-(i), the (Zy)r>1 are good rate functions.
Therefore, using the the convexity assumption (A.10)-(ii) (which corresponds to (A.9)), the

minimisation problem

Loy = inf 7 ,
Tk ME'DIk ﬂA\I/7k k(’u)

has a unique minimiser denoted by 7, for every k > 1. Let us now verify the qualification
condition in Lemma 2.18.

Lemma 2.21 (Qualification). Under (A.10), there exist (fux)k>1 and ko > 1 such that
i € Dz,., (H(fi|vk))k>1 is bounded, and

sup sup Uy x(fix) < 0.
k>ko teT

To obtain Gibbs measures and show their stability, we need differentiability assumptions.

Assumption (A.11) (Local regularity).
(i) For every large enough k, the reqularity assumptions (A.6) and (A.7)-(i,ii,iii,iv) hold
at Ty, for (Zi, (Wi k)teT)-
(i) For every k > ko, (A.8) holds at iy, and fi, given by Lemma 2.21, for (T, (Ui r)ieT)-
(iii) There exists D7>¥ € [0,00) such that
Oy

W(ﬁmﬂ?)

+ sup
teT

} < DPV(1+ ¢(a)].

0F
Ve e F, su — (g, x
kzli{’ o (Fig» @)

(iv) For any sub-sequence (i, )r>1 that converges towards some i, in Py(E), fi,, belongs
to Dz, (A.6) and (A.7)-(i,ii,iii,iv) hold at T, for (Z,(Vi)ieT), and for every x € E,

0Fi, OF _
) = )

0,

k— 400

oWy 0w,
v Wy ()| + [ -t
?2p| t,ly (:u’lk) t( oo)| ‘ 6'“ (ulk7$) 6,“/ (/u‘oovx)

0.

k—+oo

LER
op

Moreover, (x — %(ﬁlk, z))k>1, (T — (i, > ))teT k=1 are equi-continuous on .
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The regularity assumptions in (A.11)-(iv) are similar to the ones in Proposition 2.8.

Theorem 2.22 (Weak stability).

1. Under (A.10) and (A.11)-(i,ii,iii), for every large enough k, T, writes as Gibbs mea-
sure (13)-(15) for some A\ € M (T). Moreover, the sequence (Ag)g is weakly precom-
pact in My (T).

2. Under (A.10)-(A.11), T has a unique minimiser fi in Dz N Aw, which is the limit of
(Fig)k>1 0 Py(E). Moreover, (13)-(15) hold at T for any limit point Ao of (Ak)k-

Since we are working with § = (), following Remark 2.14, in the statement of Theorem
2.22-1, there is no need to for introducing neither the set Sj nor the function (.
Theorem 2.17, Proposition 2.19, Lemma 2.21 and Theorem 2.22 are proved in Section 4.3.

3 Application to stochastic processes

In this section we fix T' > 0 and d > 1. We consider the case where E is the set of
continuous trajectories C([0, T],R%), endowed with the sup norm. In this setting, we denote
by xp ) = (T¢)iefo,r) typical elements of C([0,T],R%), and by o, typical elements of
P(C([0,T],R%)). If Xjo,77 is a random variable in C([0,T],R?) with law p(o 7, then the
marginal distribution of X; is denoted by u;. We focus on inequality constraints of the form

vte T =10,T1, \I}t(:uf[O,T]) = U(u), (18)

for some function ¥ : P(R) — R. We moreover focus on the case F = 0, so that minimisers
of (8) describe the asymptotic behaviour of large systems of independent and identically
distributed continuous stochastic processes, conditionally on the constraint (18) on their
empirical distribution at all times ¢ € [0, T].

In Section 3.1, we provide conditions on the function ¥ and on the reference measure
Vjo,7) ensuring that the assumptions of the main theorems of Section 2 are satisfied. We
next present two examples of applications of these theorems: in Section 3.2, we construct
and study a constrained version of the Schrodinger bridge, and in Section 3.3, we state a
Gibbs principle for i.i.d. diffusion processes under constraints of the form (18). In particular,
we provide a detailed description of the law of the minimiser Hio,) s the law of a diffusion
process with tilted initial condition and modified drift coefficient with respect to the reference
measure V[ ]. To illustrate the latter result, we present simple examples in Section 3.4.

3.1 Constraints on time marginal laws

3.1.1 Global setting

Throughout Section 3, we work with E = C([0,T],R?) and set ¢(zo,7) := supg<;<y |2¢|P
for some p € [1,+00), so that the topology on Py(E) = P,(C([0,T],R?)) corresponds to
the one induced by the p-Wasserstein distance W,,. In this context, we have the following
standard properties, which follow from elementary coupling arguments.

Lemma 3.1 (Metric properties of time marginal distributions).
(i) For anyt € [0,T], the map
(PP(C([OaT]aRd))a Wp) — (PP(Rd)a Wp)
Hio,1] = Mt

is 1-Lipschitz continuous.

(it) For any ppo 1) € Pp(C([0,T],R)), the map t — py is continuous.
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We shall always take F = 0, so that given a reference probability measure vjg ) on
C([0,T),R%), Assumption (A.1) holds as soon as

Yo > 0, EV[O,T] [ea SUPg<¢<T |Xt|pi| < 0, (19)

where the notation E,, ,, [ - -] means that the process X|o 7} has distribution v 7). Moreover,
the set Dz rewrites

Dz = {pp,1) € Pp(c([OaT]aRd))aH(H[O,THV[O,T]) < oo}

Equality constraints are represented by a family ({,)ses of functions C([0,T],R%) — R
which satisfy (A.2). Last, we fix a function ¥ : P,(R?) — R and define the functions ¥y,
€ [0,7], by (18). Then (A.3) holds as soon as V¥ is lower semi-continuous on P,(R%).
Overall, we deduce that in this setting, (A.1)-(A.2)-(A.3) hold under the following condition.

Assumption (B.1) (Condition for (A.1)-(A.2)-(A.3)). F = 0, (19) holds, ((s)ses satis-
fies (A.2) and U : P,(R?) — R is lower semi-continuous.

Notice that under (B.1), Z(p0,17) = H (pj0,71|Vj0,77) is always a good rate function thanks
to Lemma 2.4, so minimisers to (8) exist as soon as Dz N ASI, is nonempty.

3.1.2 Differentiability of the constraints

In the assumptions of Theorem 2.7 (via Proposition 2.8) and Theorem 2.13, the linear func-
tional derivative of the function W; plays a central role. The next lemma, whose proof is
straightforward, links the linear functional derivatives of ¥, (defined on P,(C([0,T],R%)))
to that of U (defined on P,(R?)).

Lemma 3.2 (Linear functional derivative of W;). Let u € P,(R?) be such that V is dif-
ferentiable at p w.r.t. the set of directions Pp(R?), and let t € [0,T]. For any pjor €
Po(C([0,T],RY)) such that p, = p, Wy is differentiable at o) w.r.t. the set of directions
Pp(C([0,T],RY)), and for any xom) € C([0,T],R?),

o )= 0%, 0)
5M[O,T] Ho,17 L0,1]) = i Mty Tt ).

As a consequence of Lemma 3.2, we get that the assumptions of Proposition 2.8 are
satisfied under the following condition on W.

Assumption (B.2) (Global differentiability of ¥). For any u € P,(R), U is differentiable
at p w.r.t. the set of directions P,(R?). Moreover,

(i) for any compact set K C P,(R%), there exists Dy € [0,00) such that

5w
Yz e R, sup ‘(u,x)

< DE[L + |z|P);
sip | K0+ o)

(i3) for any compact set K C P,(R?), the family of functions (z g%(‘u,x))ue[( s equi-
continuous;

(iii) for any compact set = C Re, the family of functions (u %(u,x))weg is uniformly
equi-continuous on Pp(R?).

The fact that the assumptions of Proposition 2.8 are satisfied under (B.2) essentially
follows from Lemma 3.2, together with the observation that if K[ 7} is a compact subset of

Po(C([0,T],RY)), then K := {p; : t € [0,T], po. 7] € Kjo.77} is a compact subset of P,(R?).
The latter statement is an easy consequence of Lemma 3.1 (i) and (ii).
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Hence, since we are working with F = 0, Theorem 2.7 applies as soon as (B.1)-(B.2)
hold (with & = (), together with the constraint qualification condition that for any Hio,T] €
DzNAy, there exists fijg 7 € Dz such that, for any ¢ > 0 small enough, (s +e(fi;—pe)) <0
for all ¢t € [0,T).

We now turn our attention to the assumptions of Theorem 2.13. Since F = 0, (A.6)
and (A.8) necessarily hold true, at any fij 71 € Dz N Afp. On the other hand, Lemmata 3.1
and 3.2 again show that given z 1), (A.7) is satisfied under the following conditions on V.
Assumption (B.3) (Regularity of ¥ and constraint qualification at Zif 17)-

(i) The function U is continuous on P,(R?).

(ii) For anyt € T, VU is differentiable at Ji, w.r.t. the set of directions P,(R?), uniformly
in t, in the sense that for any pp 1) € Pp(C([0,T],R?)),

b sup | =2 ep) — 0 <M_M,w(#t)>’:0.

e=04¢(0,1] €

op

(iii) The function (t,x) — g—i’(ﬁt,x) is continuous on [0, T] x RY.
(iv) There exists DY € [0,00) such that

ov
7(/’(%7‘%‘)

vz e RY, sup
op

t€[0,T]

< DY[1+ [e]].

(v) There exist i) in Dz NAS and & > 0 such that

- )
Vvt e [0, 7], Y(a,) +€<Mt _Nt,é,u(ut)> <0.

This condition allows to apply Theorem 2.13 to characterise minimisers of (8). Let us
finally mention that, as soon as ¥ is convex, then (A.9) holds and the minimiser is therefore
unique. Moreover, in this case, Lemma 2.18 implies that (B.3)-(v) holds (with & = 1) as
soon as there exists fijo,r) in Dz N AS such that ¥(f,) < 0 for any ¢ € [0,7].

3.1.3 Example of a nonlinear inequality constraint

A typical example of a nonlinear function V¥ is given as follows. Let W : R? — R be a
measurable function, bounded from below, which satisfies W(z) < C(1 + |z|P). For any
p € Pp(RY), set
W) = (W) = [ Wle - ya(douldy). (20)
R4 xR4
Then ¥ is well-defined, and lower semi-continuous, on P,(R?). Moreover, it is differentiable
on P,(R?) w.r.t. the set of directions P,(R?), and its linear functional derivative writes

ow

E(M’gc) =WH+Wo)xp(@) —2¥(p),  W_(z):=W(-x)
However, in general, it is not convex. For example, if p > 2, then one may take W(z) =
1|x|? — M, for some M > 0, so the condition that ¥(x) < 0 means that the variance of p
(understood, for d > 2, as the trace of the covariance matrix) is bounded from above by M.
Then ¥ is concave.
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3.2 Constrained Schrédinger bridge

Given a reference probability measure v ) € P,(C([0,T],R?)), for example the law of the
d-dimensional Brownian motion on [0, 7], and two probability measures p'™, ufin € P,(R%),
such that 4™ < vy and pfi* < v, the standard Schrédinger bridge is the continuous process
on [0, 7] whose law fif 7 is the minimiser of the problem

inf p H(ppo,mvi0.1)-
Hio,T] E,P_P(_C([O»T]’R ))7

o=, pp—p

In this section, we address the dynamically constrained version of this problem, namely, for
a lower semi-continuous function ¥ : P,(R%) — R, we consider the minimisation problem

inf 4 H (ppo,11|vi0,77)- (21)
ko, 1 €Pp (C([0,T],RY)),

ini fin

po=p"", pr= s

Vte[0,T], ¥ (p)<0

We call minimisers of this problem constrained Schrodinger bridges. Our main result for this
constrained problem reads as follows.

Theorem 3.3 (Constrained Schrédinger bridge). Let vy ) € Pp(C([0, T],R?)) satisfy (19),
and ¥ : P,(R?) — R be a lower semi-continuous function. Let p™, ufin € P, (R?) be such
that vor ~ P ® phin where vo,r denotes the marginal distribution of the pair (Xo,Xr)
under vjo -

1. If the infimum in (21) is finite, then it is reached at some Hio,r) which satisfies fiy = pint,
fr = pin, and W(u) < 0 for any t € [0,T]. Moreover, if ¥ is conver, then this
MANIMISET 1S UNique.

2. If T,y is a minimiser at which (B.3) holds, then there exist X\ € M, ([0,T]) and
measurable (g, (7 : R? — R such that

dfzo,m ov

o (@) = Z " exp|—Colwo) — Cplr) — /[M] E(ﬁtvmt)x(dt) , (22)

where Z € (0,00) is a normalising constant, and the slackness condition holds
V(@) =0 for A-a.e. t €[0,T).

The proof of Theorem 3.3 follows from the application of Theorem 2.13 to the case
where the equality constraints are defined as follows: let (¢*);>1 be a countable family of
bounded continuous functions R¢ — R which separates measures. For k > 1, we define
¢§7¢’7€’ : C([OvT]de) — R by

Shfarom) = o) = [ A G = M) = [ dta

We finally set (Cs)ses = (#5)k>1 U (¢%)r>1. The details of the proof are postponed to
Section 5.1.

Compared to Theorem 2.13, a major improvement of Theorem 3.3 is that Hjo,T) ™~ V[0,T];
see Remark 2.14.

Remark 3.4 (Multi-marginal constraints and support constraints). We could easily adapt the
above result to impose marginal laws at arbitrarily many instants. We could also consider
time-dependent constraints U(¢, u;).
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3.3 Gibbs principle for diffusion processes

In this section, we focus on the Gibbs principle for i.i.d. diffusion processes under constraints
of the form (18) on the empirical distribution.

Assumption (C.1) (On the reference SDE). The functions b : [0,T] x R? — R?, o :
[0, 7] x RY — R¥*? gre measurable and locally bounded, vy € P(RY), and in addition:

(i) uniformly int € [0,T], x + b (z) and x — o¢(x) are Lipschitz continuous;
(i3) there exists M, > 0 such that |oy(z)| < M, for all (t,z) € [0,T] x R, and t — o4(x)
is locally Hdélder-continuous;
(iii) for all o >0, [pae®*"1y(dz) < 0.
Under (C.1), for a given d-dimensional Brownian motion (B;).co, 1], it is standard that

the SDE
dX; = by(Xy)dt + 04(X;)d By, Xo ~ Vo, (23)

has a pathwise unique strong solution Xjo 7}, whose law in C'([0, T, R?) is denoted by V(o,1]-
Moreover, if p < 2 then this measure satisfies (19).

As a consequence, the law ITV of the empirical distribution of N iid copies of the SDE (23)
satisfies a LDP on P, (C([0, T],R?)), with good rate function given by H (u(o,7)|vj0,7]) [WWW10].
Thus, if ¥ is such that the functions (V¢)c(o,7] satisfy the assumptions of Theorem 2.7, the
conditional law IV (:|Ay) satisfies a LDP with good rate function given by

H(M[O,T] \V[O,T]) - inf H(MEO,T] |V[0,T])

MEO,T] eDrNAy

on Dz N Ay, and as soon as this good rate function has a unique minimiser 7 7y, T (- Ay)
converges weakly to 5ﬁ[0 - For such a minimiser, if ¥ satisfies (B.3), Theorem 2.13 yields

the existence of A € M ([0, T]) such that

dzpo, 1 [ / ow - -
— (x = —exp|— — (T, ) A(dE) |, Z € (0,+0).
dV[o,T]( [O,T]) Z p 011 Sh (Mt ¢)A(dt) ( )

Starting from this expression, the goal of the present section is to express Hjo,r) as the law
of the solution Y[O,T] to some SDE of the form

dX, = by (X,)dt + 04(X;)dBy, Xo ~ Ty, (24)

and to express the drift coefficient b; and the probability measure Ji, in terms of the original
SDE (23). We shall actually work in the more general setting in which there exist measurable
functions ¢ : [0,7] x R — R and ¢ : [0,T] x RY — R, and a positive Radon measure
A € M4 ([0,T1), such that the measure fif, 1) satisfies

o.1) (z10,17) !

= —exp [—/0 ci(zy)dt — o wt(xt))\(dt)}, Z € (0,+0), (25)

dl/[07T] VA

which would thus allow us to take a nonzero interaction functional F into account. We
postpone the detail of our assumptions on ¢ and ¢ to (C.2) below, and first provide an
informal sketch of our argument.

Let us assume that A has a density (A¢)o<i<r W.r.t. to the Lebesgue measure. Under
very weak regularity assumptions, [Léo22, Theorem 5.24] shows that Hjo,) is the law of the
solution to (24), with

be(z) = be(x) + ar(x) o (),

for a; := o0 and a measurable « : [0, T] x R? — R?. Moreover,

di
oy = —vgpt’ dilljs(x) — Z_le_‘PO(w)7
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where ¢ is the solution to the Hamilton-Jacobi equation (HJB)
B 2 NC I 257 — o _
Orpr + by - Vepy B loy Veor|” + 2Tr[atV pt] = —cr — P, or =0, (26)

in a generalised sense. Formally, the Feynman-Kac formula tells that the solution of (26)
can be represented as

T
() = —log E exp [ [ ezass [z
t [t,T]
where (Z%);<s<7 is the solution of dZL* = by(Z0%)ds 4+ 05(Z0*)dBs, t < s < T, with
Zf ¥ = . We now prove an analogous of this result in a more classical sense, and without
assuming existence of a density for A.

Assumption (C.2) (Regularity of the coefficients of (26)). Assumption (C.1) holds with
p=1,, c:[0,T] x R? = R are measurable and locally bounded, and in addition:

(i) the function (t,x) — () is continuous;

(ii) uniformly in t € [0,T), ¢; and v are Lipschitz-continuous, and o; ' is bounded;
(i1i) the families (x — Vb (z))o<i<r, (& — Vo (z))o<i<r, (z = Ve (x))o<i<r, and (z —

Vi (z))o<i<T are equi-continuous.

We now fix a positive Radon measure A € M ([0,T]). To make sense of the analogous
of (26) when A may not have a density, we rely on the integrated version

T 1 1
— ¢ +/ (bs Vs — 5\02V<p5|2 + i’IT[asVQQDS] + cs) ds + P A(ds) =0.  (27)
t [t,T]

If A({t}) # 0, an arbitrary choice has been made when considering integrals over [¢, T] rather
than (¢,T]. However, the set of atoms of A is at most countable; hence the choice of the
interval does not matter if we only require equality Lebesgue-a.e. For approximation and
stability purposes, we introduce a specific notion of solution, which relies on the following
construction.

Under the assumptions made on o in (C.1)-(C.2), a consequence of [Rub11, Theorem 2.1]
is that for any 0 < s < T and any continuous ¢ : R — R with linear growth, the parabolic
equation

Orpr + %Tr[atv2§0t] =0, 0<t<s,
Ps = P,

has a unique solution ¢ € C([0,s] x RY) N CH2((0,s) x RY) with linear growth. From this,
we define the evolution system (S; s)o<i<s<r by

St.slel(@) = pi(2),

for any continuous ¢ : RY — R with linear growth, S; s[¢] being a C? function with linear
growth as soon as t < s.

Definition 3.5. We say that a measurable ¢ : [0, 7] x R? — R is a mild solution of (27) if
for Lebesgue-a.e. t € [0,T], z +— ¢(z) is C1, (t,2) = Vi, (x) is bounded measurable, and
for a.e. t € (0,7,

T
or = / Sis[bs - Vips — 2o Vs |? + ¢]ds +/ Sp.s[s]A(ds). (28)
t [t’T]

This implies that z + ¢4 () is C? for Lebesgue-a.e. t.
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The above definition is a natural extension of the Duhamel formula for perturbations of
a linear PDE, which was already used in [Dau23b]. Lebesgue-almost sure uniqueness always
holds for (27) in the sense of Definition 3.5 because the difference of two solutions solves a
classical linear parabolic equation without source term.

Theorem 3.6. Under (C.2), let i 1) be given by (25). Then, fij gy is the path-law of a
solution to the SDE

dyt = bt(yt)dt — at(yt)Vgpt(yt)dt + Ut(yt)dBt, YO ~ Z_1€_¢0($)V0(d$)7
where @y is given by
T
() := —log Eexp [/ cs(Z5%)ds + Yo (ZE*)N(ds) |, (29)
¢ [t,T]
where (Z*)i<s<r is the path-wise unique solution to
dZb* = by (Z0")ds + 04(Z5%)dB,, t<s<T, (30)
with Zf’w = 2. Moreover, ¢ is the mild solution of (27) in the sense of Definition 5.5.

Theorem 3.6 is proved in Section 5.2.
Remark 3.7. If one wants to apply Theorem 3.6 with ¢ (x) = 5 (7i;, ) in order to describe

the measure fij 1| obtained by Theorem 2.13, with a function ¥ that satisfies (B.3), then
S
e

ow
op

(fi;, ) must grow at
most linearly in z. In the case of a linear constraint, where W(u) = (u, 1) for some function
¢ : RY — R, this implies that ¢ must grow at most linearly in z. In this case, and if
1 is continuous, then (B.3) is satisfied already for p = 1. Therefore, there is no need to
require (C.1) to hold with some p > 1 in the statement of (C.2).

the global Lipschitz assumption made on ; in (C.2) implies that

3.4 Gaussian examples with inequality constraint on the expecta-
tion

In this section, we provide examples of one-dimensional diffusion processes X|o 1}, for which
the results of Theorems 2.7 and 2.13 hold, with the linear inequality constraint W(sujo 7)) =
(1t, 1), where we fix ¢(z) = x. In other words, we consider cases where the conditional

distribution of X% given the event

[0,7]
| X
i,N
vt e [0,7], N;Xt <0
converges as N — +oo towards the measure 7ijy 7y with density w.r.t. to vjo 1) := L(X[o,1])
given by
dfigo, 1

—/[Oﬂ xt)\(dt)l ,

for some Lagrange multiplier X € M ([0,7]). Then by Theorem 3.6, fijo 7| is the law of

1
X = =€
dV[o,T] [o,T]) 7 Xp

a corrected diffusion process Y[O,T] with modified drift and tilted initial condition. On our
examples, we are able to give explicit formulas for these corrections, as well as for \.

3.4.1 Time-inhomogeneous drifted Brownian motion

Let m : [0,7] — R be a C? function such that m(0) = 0, ri > 0 and 7i» < 0, where 71 := $:m.
Let vg, 7] be the path-law of the Gaussian process given by

dX; = m(t)dt +dB;, Xo~ N(xo,0?).
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To avoid situations in which v 7} already satisfies the constraints, we assume that zo +
m(T) > 0 and ¢ > 0. The corrected process given by Theorems 2.13-3.6 shall be the
solution to

AdX, = m(t)dt — Vo (X)dt + dB;, Xo ~ Z7 e 9@ yy(da), (31)

where ¢ solves the HIB equation (27). In the current simple case, we can look for solutions
of (27) with V¢, independent of z. Several options appear, depending on the function

m ot = 2o+ m(t) — [0 + t]n(t).
Our assumptions on m make m non-decreasing.

1. If m(T) < 0: we can verify that

- xo +m(T)

xo +m(T
X(dt) = T zo +m(T)

or(dt), Vei(z) = T

satisfy the HJB equation (27), and that the process X o 7 given by (31) satisfies X ~
N(%(mo —o?m(T)),0?), E[X;] <0 for t € [0,T), and E[X7] = 0. From Theorem
3.6 and the sufficient condition given by Theorem 2.17, this shows that C(Y[O,T]) is
indeed the corrected law 7ijg 7. Both the velocity and the initial condition are tilted
by the effect of the multiplier at the final time.

2. If m(0) <0 <m(T): let T be the first time at which 7@ vanishes. We similarly obtain
a solution of (27) by considering

Ndt) = —Lr yrin()dt + i(T)or(dt),  Vigy(x) = {’T‘(T)’ T
m(t), ift>T.
The related process X o 7] satisfies Xo ~ N (2o — o?ri(7),0?), E[X,] < 0 for t € [0,7),
and E[X,] = 0 for ¢ € [7,T]. As previously, this shows that £(Xo 1)) = Fjo,r)- Both
the velocity and the initial condition are tilted. The continuous part of the multiplier
activates at the first time where E[X] vanishes. Its effect is to decrease the correction
V() of the velocity, which is generated by the atom at the terminal time. The
process is corrected at the second order in time (the acceleration is modified), as it is
customary in control theory.

3. If m(0) > 0: similarly, we verify that the corrected process is given by (31) with

- _ xo — o?1mn(0) . . )%, att=0,
Xat) = 2= 2O s ar) st + (T (@), V() = {m@, A

together with Xy ~ N(0,02). The corrected process now satisfies E[X;] = 0 at each
time. The atom at time 0 generates a discontinuity that pushes the initial law on the
constraint before starting the dynamics.

The transition between the different cases is continuous. Interestingly, A having a density on
(0,T) is directly related to the (second order) regularity of the input. If we decrease the C?
regularity of m, other atoms may appear within .

3.4.2 Ornstein-Uhlenbeck process

We now assume that v 7} is the path-law of the Gaussian process given by

dX; = (1 - X,)dt +dB;, Xo ~ N (zo,07).
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To avoid situations in which v}y 1) already satisfies the constraints, we assume that 14 (zo —
e=T > 0 and o > 0. The corrected process shall still be the solution of (31) with ¢ solving
the HJB equation (27). In this simple case, we can still look for affine solutions of (27) with
Vi, independent of x. As in Section 3.4.1, several options appear, now depending on the
functions

myx it €Rso 1+ (19— 1—0*Xe T)e™ " — Ae " sinh(t),

for 7 > 0 and A € [0,1]. Since e*'m;1(t) is a second-order polynomial in e’, we easily get
that zo < o? implies the existence of a unique 7 > 0 such that m=1(7) = 0. Using that
cosh(7) > 0, this implies that zp — 1 — o?e™" < 0. We can then check that ¢ — mz1(t) is
increasing on [0, 7].

L. Ifzg<o?and T <7: from m+=1(7) = 0, we get m=1(T) < 0. Since T < 7, this
implies that my 1(T) < 0. Since we assumed that mqo(T) > 0, there exists a unique
Ar € (0,1) such that mp .. (T) = 0. Since e'mr . (t) is a second-order polynomial in
e!, we easily deduce that myp . (t) < 0 for every t € [0,T). At this stage, we can verify
that

Adt) = Apor(dt), Vei(z) = Apet™T,

satisfy the HIB equation (27). The process Y[O)T] given by (31) then satisfies X ~
N(zo — Apo?eT,0?), and E[X] = mq () for every t € [0,T]. From Theorem 3.6
and the sufficient condition given by Theorem 2.17, this shows that £(X|o 7]) is indeed
the corrected law fig 7. This situation is similar to the first case in Section 3.4.1.

2. 29 < 02 and 7 < T: we obtain a solution of (27) by considering

B etf'r, ift <,
)\(dt) = ltG[T,T]dt + 6T(dt)7 V(Pt(ﬂ?) = {1 otherwise.

The related process X o] satisfies Xo ~ N(zg — 0%e™7,0?%), E[X;] = mz1(t) for
t €[0,7], and E[X] = 0 for ¢ € [7,T]. As previously, this shows that L(X0 7)) = F 17-
The continuous part of the multiplier activates at the first time where E[X] vanishes.
Its effect is to decrease the correction Vi;(x) of the velocity, which is generated by the

atom at the terminal time.

3. If 2y > o2: similarly, we verify that the corrected process is given by (31) with

2
- o — O
A(dt) = =

So(dt) — dt 4 67(dt), Ve;=1fort >0, Xg~ N(zp,0?).

As previously, the atom at time 0 generates a discontinuity that pushes the initial law
on the constraint before starting the dynamics. Then, the correction compensates the

+1 component of the velocity, so that E[X;] = 0 for every t € [0, T].

The transition between the different cases is continuous. Past the first vanishing of E[X],
the corrected process corresponds to a shifted Ornstein-Uhlenbeck process, whose new sta-
tionary distribution is N(0,02). Interestingly, Sections 3.4.1-3.4.2 show that quite different
behaviours can happen with specific transitions.

4 Proofs of the results of Section 2

4.1 Proofs of the results of Section 2.2

The proof of Theorem 2.7 relies on the following preliminary lemma.

Lemma 4.1 (Continuity sets). Under the assumptions of Theorem 2.7, for any open set U
m 7)¢(E),

inf 7 = inf Z(p).
= (1) oot (1)
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Proof. Since U N Aq, C UN Ay, it is sufficient to show that the L.h.s. is lower than the r.h.s.
Let us fix g in U N Ayg. There is no loss of generality in assuming that p € Dz. Let i be
given by the constraint qualification (A.5), and let u. := (1 — €)u + efi. From (A.5)-(i),

VieT, \Ift(,ug) <0,

for every small enough ¢ > 0. By (A.4), the mapping p € Py(E) — sup,eq Pe(p) is
continuous and p. belongs to the pre-image of the open set (—00,0), which is contained
in Ay. Therefore, for every € small enough, yu. € Ay. Since p. converges towards p as
€ — 0 and U is open, we eventually get that p. belongs to U N Ay for every small enough
€. Moreover, by convexity of H,

I(pe) = H(pelv) + Fpe) < (1= e)H(ulv) + eH(lv) + F(pe),
and (A.5)-(ii) implies that
limsup H (p1e |[v) + F(ue) < H(plv) + F(u) = Z(p),

=0
completing the proof. [
We may now present the proof of Theorem 2.7.
Proof of Theorem 2.7. For any measurable subset A of Py(E),
log TV (A Ay) = log IV (AN Ay) — log TV (Ayg).
If A is closed, we write
log TV (Al Ayg) < logTTV (AN Ayg) — log TN (Ay).
Since, by Lemma 2.6, A N Ay is closed and Ay is open, we get that

limsup N ' log IV (A|Ay) < — inf  Z(p) + inf Z(p),
N—+o0 neEANAy peAy

using the LDP satisfied by (IIV)n>1. Similarly, if A is open,
log ITV (A] Ag) > log ITN (AN Ayg) — logITN (Ay),
and the LDP satisfied by (I"V) y>1 yields

liminf N~'log TV (A]Ay) > — inf = Z(u) +Ty.
N—+o00 ;LGAﬁ.Aﬂ\p

We get the desired large deviation upper bound by using Lemma 4.1 with U = P,(E), and
the lower bound using Lemma 4.1 with U = A. O

We now turn to the proof of Proposition 2.8. We start with an elementary measure
theoretical result.

Lemma 4.2. Let (ur)k>1 be a sequence that weakly converges towards p in P(E). Let
(fF)teT, k>1 be an equi-continuous family in C(E,R), such that

VIL’EE, Sup‘ftk(x)fft(x”‘—‘_)()a
teT k=400

for some (necessarily equi-continuous) family (fi)ier in C(E,R). If the following uniform
integrability criterion holds

su 1 d —|—/ FIL) o dpp ———0,
teTﬁZl /E|ft| | fel>M A E|ft| 1> pr Gk

then

— 0.
k—+o00

sup‘ / fEdp — / fedps
teT | JE E
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Proof. Since FE is separable, the Skorokhod representation theorem provides a probability
space (€, F,PP) together with a sequence (Xj)g>1 of random variables on it with Xz ~
that P-a.s. converges towards some X ~ p. As a consequence:

sup
teT

[ stam— [ ftdu] < E[suplfH(X*) - (X)]]. (32)
E E teT
Writing
supl f (X*) — fo(X)] < sup| ff(X*) — f£(X)] +sup| £ (X) — fu(X)],
teT teT teT
we have by equi-continuity that, a.s.,

sup| ff(X*) — fE(X)| < sup  [fF(XF) = I (X)) —— 0,
teT teT k' >1

k— o0
while by assumption, a.s.,
k——+oo

sup| f(X) = fu(X)] ——— 0.
teT
As a consequence, defining
My, == sup) ff (X")| V [f(X)],
teT
we get, by dominated convergence, for any M > 0,

E[sup| fF(X*) = fi(X)|Lag, <] — 0.
teT

k— 400
On the other hand, the uniform integrability assumption implies that

sup E[ sup| £ (X") = fu(X)|Tarom] ———0,
P>1 T M—+oc0

concluding the proof. O
We may now prove Proposition 2.8.

Proof of Proposition 2.8. Let (ur)r>1 be a sequence that weakly converges towards p in
Py(E). The condition (i) in Proposition 2.8 allows us to apply Lemma A.4 to get, for any
teT:

1
o
) = 00 = [ (o= = o ar = [ gfam - [ fa
0 K E E
with
Lrow ]

Fai= [ |5t = et ) = (o G0t )

oY, 0w,

) i= S ) = (10 S0}
We shall check that the functions fF and f; satisfy the assumptions of Lemma 4.2, which

thus yields

—0
k—+oo

sup “I/t(uk) = Wy(p)
teT

and completes the proof. We first show that the family (fF);e7 x>1 is equi-continuous. Let
(x1)1>1 be a sequence of elements of E converging to some x € E. For any t € T and k > 1,

0w,

1
) - st = [ [M«lrmwk,xl)‘}‘ff«lmwmk,x)]dr

i
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so that, setting K = Ug>1{(1 —r)u + rug, r € [0, 1]} which is easily seen to be compact,

sup | ff(z) — fF(x)] < sup

‘wt 5
teT k>1 teT,peK

t
E(pa I’l) - ﬁ(pa l’) ? 07

l—+oc0

thanks to the condition (i) in Proposition 2.8. Let us now show that fF(z) — fi(x),
uniformly in ¢ € 7. For any x € E, we have

1
sup | £ (z) — ful)| < / (06 () + (11 05,0,
teT 0

with U U
0ir() = sup ]5;«1 s ) = 5 ).

The condition (iii) in Proposition 2.8 implies that, for any r € [0,1] and = € E,

— 0.
Qk’r(aj) k—+oco

Since, in addition, the condition (i) in Proposition 2.8 yields gy .(z) < 2D¥[1 + ¢(z)] with
the same compact set K as above, we deduce from the dominated convergence theorem that

/0 [0k, () + (1, Ok r)|dr ——— 0.

k—-+o00

It remains to check the uniform integrability condition of Lemma 4.2. The latter easily
follows from the condition (i) in Proposition 2.8 and the fact that, from [BR07, Theorem
4.5.6], the weak convergence of iy in Py(E) implies that

su 1 dpy, ——— 0,
kg/Eqﬁ o> M it

so the proof is completed. O

4.2 Proofs of the results of Section 2.3

As a preliminary step for the proof of Theorem 2.13, we first show that any minimiser for (8)
is also a minimiser for a linearised version of this problem.

Lemma 4.3 (Linearisation of F and U;). Let T be a minimiser for (8) at which the regularity
condition (A.G) and the constraint qualification (A.7) hold. Let & > 0 be given by (A.7)-(v).

1. For any p € Dz N A that satisfies

Ve T, Wim+ 5<u _z, “’t<m> <0, (33)

op
(n

2. The measure [ is a minimiser for

we have

di
log had ’> < +o0.
dv

di  oF
nf lop I OF
JEDZNAS 5.t (33) holds </l7 T S (u)>’

and the minimum value is H(G|v).
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Proof. Let £ be given by (A.7)-(v). Let u be any measure in Dz N .AS that satisfies (33) with
a strict inequality, namely

VteT, \Ift(u)+€<uu,(i;1:(u)> <0. (34)

For ¢ in (0,€], we define the probability measure G, := (1 — &)@ + eu, which belongs to
Dz N AS by (A.6). By Remark 2.12 and the choice of u, we have

1= sup {\I’t(u) + €<u — I, (i;\l:(u)>} <0.

Moreover, by (A.7)-(ii), we have, for every small enough ¢ and every t € T,

U, (1) < Wo(f) + <<u i, 65% (u)> + 21)

€ _ - 0w, n En

v Ty « 2

é< t(M)+6<u Ay —— 5 (u)>+2) < -5

where we have used the fact that ¢ < & and ¥4(fr) < 0, for any ¢t € T, at the second line.
This shows that fi, € Ay for every small enough €.

IN

Step 1. Linearisation. For small enough ¢, i, is admissible for (8), hence
H(plv) + F(p) < H(p.|v) + F(@.) < 400,
by optimality of i. We then divide by ¢ and we send it to 0. Using (A.6),

OF
—1 —\ . e —
e [Fr) - F@] — <u o (u)>,
and we deduce from Lemma A.5 that
di _ _0F _
< —_ — — —
0_/Elog 3, H(uIV)+<u s (u)>,

the integral belonging to RU{—oo}. However H (f1|v) < 400, hence the sign condition gives
the finiteness of the integral: we have proved that the first part of Lemma 4.3 holds under
the condition (34). Moreover, recalling that (f, ‘;—i(ﬁ)) = 0, we conclude that

dp = OF
nf log — + —
(M‘ ) neDrNAS lst (34) holds< g + ( )>

Step 2. Closure. Let now p be any measure in Dz N.A¢ which satisfies (33). Let i be given
by (A.7)-(v). For € in (0,1], pe := (1 — &) + ef belongs to Dz N A¢ from (A.6), and since,
forany t € T,

() + (e 7 )

=0 (w4 2(n-m ) ) e (i + 2w 5@ ).

then p. satisfies (34). Since fi also satisfies (34), we deduce from Step 1. that (u, |log %D <
400, which is the first part of Lemma 4.3. Moreover, using the conclusion of Step 1. applied
to pe, we get

HG) < (petos L+ 2 )

— - 9(mlog L+ ) + (o L + S,
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Sending ¢ to 0 eventually yields
dz  oF dag  o0F
o,log—+ — () ) =H(n 1 —
<u, %%, t 5 (u)> (Alv) < <u, %5, t 5 (u)>,
which completes the proof of the second part of Lemma 4.3. O

We may now present the proof of Theorem 2.13.

Proof of Theorem 2.13. Since, by definition, = € Dz, I is absolutely continuous w.r.t. v.

We fix a (measurable) density j—’; and define
— di
S = E, — 0
{x €E, © (z) > }

which by construction is measurable and satisfies 71(S) = 1.

Step 1. Absolute continuity. Let p be any measure in Dz N AS. From Remark 2.12,
t—= W(m) + E(u — @, ‘55‘1: (7)) is continuous on the compact set 7, hence bounded. As a
consequence, fi. := (1 — &)1 + ep satisfies (34) for € > 0 small enough, where i is given
by the constraint qualification (A.7)-(v). Lemma 4.3-1 applied to fi. then implies that
fE log d” djic > —o0, hence d is ji.-a.s. positive and then p-a.s. positive. Any pu € Dz N .AS
is thus absolutely Contlnuous w.r.t. 7, or equivalently u(S) = 1, proving Theorem 2.13-1.
This holds in particular for fi.

Step 2. Computation of the density. Let us consider the map

. E—R
o dog (@) + 5 x) — H(Elw)

which belongs to L'(E,djz). We notice that ® is finite on S. From Lemma 4.3-1, ® also
belongs to L'(E,dji). We define Cy as the convex cone generated by the set

{igs,seS}u{—\Ift(u) 55—( ), teT}

i.e. the elements of Cy are the (finite) linear combinations with non-negative coefficients
of elements from the above set. We then set Cg = Cyz + Cy(E,R;). Let us show that ®
belongs to the closure of Cg in LY(E,dg) N LY(E,df). If it were not the case, using the
geometric Hahn-Banach theorem [BP12, Corollary 4.5], ® could be strictly separated from
the closure of Cg , which is a closed convex set, by an affine hyperplane. Since L'(E,dpu) N
LY(E,df) is dense in L'(E,dp) and L' (E, dj), the topological dual of L (E,dm)N LY (E, df)
is L*(E,dm) + L>*(FE,dj) from [BL12, Theorem 2.7.1]. The strict separation thus provides
(h1,ha) € L (E,dn) x L>®(E,df) such that

EC,

/@]’Ll dﬂ—f—/ (I)hgd,u< inf /(phldﬁ—F/ (phgd/]. (35)
E E

The infimum on the r.h.s. is non-positive because the function ¢ = 0 belongs to C; . If this

infimum were negative, it would be —oo because, for every ¢ € C; , o € C; for every a > 0.
Since the Lh.s. of (35) is finite, the infimum on the r.h.s. thus equals 0.
From Step 1., fi is absolutely continuous w.r.t. 7z, so that we can define

4
hi=hy + hy -t € LMNE, dp).
dz
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Since C; contains Cp(E,R,) and the r.h.s. of (35) is non-negative (it equals 0), h is -a.s.
non-negative. Up to modifying the bounded functions h; and hs, we can then assume that
hi and hs are f-a.s. non-negative. Similarly, (35) can be divided by any positive constant;
hence we can assume that || gphdp=1.

Let p, denote the measure with density A w.r.t. 7z. les h en idnices ici Let u} (resp. p?)
denote the probability measure with density w.r.t. @ (resp. fi) proportional to hy (resp. hs).
From the definition of h, py, is a convex combination of x} and p?. Since ), (resp. p4) has a
bounded density w.r.t. to @ (resp. i) and H(@|v) (resp. H(f|v)) is finite, this implies that
H (pp|v) is finite. Using the same argument and (A.6)-(A.8), we further get that u; belongs
to Dz. For every s € S, we now use that the r.h.s. of (35) is non-negative when considering
the test functions ¢ = (, and ¢ = —(,, which belong to Cg. This shows that (up,(s) = 0

for every s € S, so that juy, € AS. We can thus apply Lemma 4.3-2 to s, yielding
du a
0< [ log—d — () ) —H(mlv) = | hoda.
< [ o L aun+ (o)) ~ () = [ nevam

Since the r.h.s. of (35) is 0, this gives the desired contradiction.

Step 3. Lagrange multiplier. From Step 2., there exists a sequence ((fx, gx))k>1 in Cz X
Cy(E,Ry) such that
LY(@)NnL* (i
fr+ 9k LRt R, g

k——+oo

By definition of Cg, [, fr dfi > 0 because [z € AS,. Since J ®dm =0, this yields

lgxllzr @) = /Egk dni P 0,

so that @ belongs to the closure of C; in L'(E,dpn). By definition of Cz, each f; can be
decomposed as

ok 00y,
fo= =& =D Nk |V, (1) + £ S (R, (36)
i=1

where &, € Span((s, s € S), {tix,1 < i < ng} is a finite subset of T and the \;; are
non-negative real numbers. We then define

M= Xikbi,, € M(T).

i=1
By Remark 2.12, we have

—ni=sup {wni) + (- 54 ) | <o

teT

Hence, integrating (36) against fi and using that g, > 0,

s+ onldii= | grdii— | W (m) + E( i — i, = (7) YAk (dt) > nAk(T).
i Jymai= [ w27 Gm)

Since [, [fx + gx] dii converges, this shows that (Ax(7))x>1 is bounded. Up to extracting
a sub-sequence, we can assume that (M\z(7))s>1 converges towards some A(7) > 0. If
5\(7') = 0, we set A= 0. Otherwise, (%)%N is a sequence of probability measures
over the compact set T; hence, it is relatively compact by the Prokhorov theorem [Bill3,
Theorem 5.1]. Consequently, we can always assume that (Ag)xen weakly converges towards
some A € M, (T) with mass A(T). Thus, for any « € E, by the continuity assumptions (A.7)-

(i),

S Né@t — o ~6wt S ~
[ [+ 5 |ty o [ [+ 5 ) |,
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and by the domination (A.7)-(iv), this convergence holds in L'(E, df). Since fj converges
in LY(E,dn), (36) now shows that &, converges in Ll@, dfi) towards some ( in the closure
of Span((s, s € S). As a consequence, we may choose ¢ such that, for all x € S,

éuoz—fw»—ﬁ[wmn+é§fwﬂ»imw (37)

Since & € Span((s, s € S) and 1 € A, we have [, & dn = O hence we get fEZdﬁ =0, by
LY(E, dp)-convergence of & to ¢. Moreover, [, ®dn = [, %= 5. () dfi = 0 and fE 5 (1) At =
0, so that integrating (37) against 7z yields

/%@XM:
A

Since W, (1) < 0 for every t € T, we get U (7i) = 0 for A-a.e. t € T. Setting X := &\, this
proves Theorem 2.13-3. We now take the exponential of (37) to obtain that

< dB .\ H@Ew) LOF 7/5‘1’1&
v, Lo = e | - S @) - T

[t

while () = 0 for z ¢ S. Since fE Ldy = 1, we get that

dv
_ oF = 0w < —H(g|v
Z:/E]ls(x)exp[éu(u,x)qx)/T (m( )A(dt)}y(dx)e HEY) € (0, 00).

This implies that 7 is the Gibbs measure (13), completing the proof of Theorem 2.13-2. O
Remark 4.4 (Bound on the Lagrange multiplier). The computations in Step 3. show that

_ /. do = OF o
< 1 dapu oS a1
AT) <én <Ma10g 1 + 5 (,U)> én~ H(glv),

(71))]. This gives a bound on the mass of .

where 1 := — supyer (W (1) + £(ji — 1, 5%

4.3 Proofs of the results of Section 2.4

Proof of Theorem 2.17. Let p € DIHA\CI,. Since H(u|v) < oo and v(S) = 1, [Nut21, Lemma
1.4-(b)] ensures that the identity

() = 1) = [ | =107 - o) -3 - [ 5 roi¥an)|aute)

holds in [~o0, +00). The differentiability assumption (i) on F and Wy, together with domi-
nation (ii) and the assumption (iv) on ¢ imply that

<u,‘g(u)’> <oo,  {mC]) < oo, /T<u

which shows that H(u|f) < oo and that

() = HGu) = 107~ (5 @0 ) = [ (5t 0 ) A,

since (i,¢) = 0 from (iv). On the other hand, using that 7 is a Gibbs measure from (iii),

(i) = ~10e 7~ (1. 5-0) — [ (%) YA
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We deduce that

() = i)+ 11 + (- 0 5@ )+ [ (= S0 ) M

By the convexity assumption (A.9), the differentiability (i) of F and ¥; at &, and (51),

Flu) > F(@) + <u . Z<m> L W) > W)+ <u . ?:(u)> .

Since p is admissible and the slackness condition (15) holds, we have

<u - I, (S\Ijt(u)> < Wy (u) — Vy(m) <0, for A(dt)-ae. t €T,

op
ﬂr <“ s (S(;\I:(M)>>\(dt) <0

H(plv) + F(p) = H(plp) + H(zlv) + F(m),
which concludes because H (u[@) > 0. O

so that

and therefore

Proof of Proposition 2.19. For any € > 0, the minimisation problem (16) is the same as (8),
with U, replaced by ¥y —e. Therefore, since F is bounded from below, Lemmata 2.4 and 2.6
for (16) show that this problem admits a minimiser 7i_, which is unique by convexity of F
and ¥, —e. Since A\CI,’6 C Afl,’a* for € € [0,e,], the regularity assumptions (A.6), (A.7)-
(i,i1,iii,iv) and (A.8) are satisfied at fi. for ¥; — e. Last, Lemma 2.18 trivially implies that
the qualification condition (A.7)-(v) holds for ¥, — ¢, therefore Theorem 2.13 applies to i..
This proves Theorem 2.17-1.
For ¢ € [0,e,] and (u, \) € AS x M (T), we define

LG N) = T() + /T (1) — e]A(de).

By the convexity assumption (A.9) and (51), for any (u, \) € AS x M (T),
_ _ 0y
(0 2 W) + (- S )
and by the domination assumption (A.7)-(iv) for fi., there is DY € [0, 00) such that

[ (= k) | xan < A0 1+,
We deduce that
£5(u, ) > H(ulv) +inf F + /T [W(7.) — IA(dE) = N(T)D¥ (1,1 + 6).

By the continuity assumption (A.7)-(i) for T, the integral on the r.h.s. is finite, and by
the dual representation for entropy (4), H(u|v) — A(T)D¥ {u, 1+ ¢) is bounded from below,
uniformly in p € Py(E). We conclude that, for any A € M, (T),

inf L£°(p,\) > —oo.

nf (1, A) > —o0
Moreover, it follows from the semi-continuity assumption (A.3), the convexity (A.9), (51)

and Fatou’s lemma that pu — [ [W;(p) — €]A(dt) is lower semi-continuous on Pg(E). There-
fore, since F is bounded from below, by Lemma 2.4, the level sets of p +— L5(u, \) are
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compact in Py(E). Since A°S is closed by Lemma 2.6, we deduce that there is a minimiser for
inf,c 4¢ £5(, A), and this minimiser does not depend on ¢ because of the shape £°. More-
over, € + inf ¢ 4c £L5(p, A) is continuously differentiable with constant derivative —A(7).

The assumptions on (., and S. now allow us to use the same arguments as in the proof
of Theorem 2.17 to get that

inf L%(p, Ae) = L5(I., Ac),

HEAS
which then yields that sup, inf, £5(u, A) is reached at A. and takes the value £°(fi,, A.) =
fé,ﬁ. The envelope theorem [MS02, Theorem 2| now states that ¢ — ffl,’a is absolutely

continuous with derivative a.e. equal to —X" (7).
~€
To show that A" (7) is bounded from above uniformly in €, we recall that, using Lemma 2.18
and Remark 4.4,

- di.  oF
< -1/ ~ £ oY =
A(T) < <u710g AT (ua)>,

).

By convexity of ¥, the bound still holds with 7 := —sup,cs V(jt), which is positive from
(A.7)-(i) and does not depend on €. Since H(fi|v) is finite, [Nut21, Lemma 1.4-(b)] yields

where

1= —sup U;(7) + </1 T
teT

.
<ﬂ,1og d‘;8> < H(ilv) < +oo,

while using the convexity (A.9) and (51),

_OF _ _ .
<u, w(ug)> < (i) — F() < F(i) — inf F < 4o,
We therefore deduce that there exists Csgan € [0,00) such that for any e € [0,e.], A(T) <

Cstap- This yields the upper bound in (17), while the lower bound simply follows from the
fact that Ay C Ag . O

Remark 4.5 (Towards improved bounds on A®). The mass of X" should be very small in
regions where U (fi.) = € and ¥;(f,) < 0, because the e-relaxed problem should not correct
much when the non-relaxed problem needs no correction. This can been seen by writing the
Lagrangian duality: we have shown in the proof of Proposition 2.19 that 7, is a minimiser
for

inf Z(u) + [ [Wi(s) X" (@)

HEAS T
Let us use fiy as a competitor for this problem: using the complementary slackness (15) for
I, we get

- [r W, ()X (A1) < T(g) — T(E.) — X (T),

d

and the r.h.s. is negligible in front of € because -Z(fi.) = —X"(T). However, deducing local

<€ . .
bounds on A~ from this seems non-obvious.

Proof of Lemma 2.21. From (A.10)-(vii), there exists i € Dz such that sup,c+ ¥¢(f2) < 0.
For M > 1, let us define the probability measure i’ by

dg‘j/[ (z) := % [dﬂ(x) /\M], where Zy ::/E {dﬂ(ﬂ?) /\M} dv(z) € (0, 00).

dv dv
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By dominated convergence, i converges towards fi in Py(E) as M — +oo. Using the

continuity assumption (A.10)-(vi), this implies that sup,cs (™) < 0, for every large

enough M. For every small enough ¢ > 0, the Lusin theorem for Borel measures (see
~ M

e.g. [BRO7, Theorem 7.1.13]) provides a closed set Cyps . such that dé‘y |y, s continuous

and v(E \ Cp.e) < €. The Tietze-Urysohn extension theorem [Munl8, Theorem 35.1] then

~M
provides a continuous pase : E — [0, M/Z)] that coincides with dd“—y on Cpy .. In particular,

~M
PM,e converges to dgy , v-a.e., as € — 0. We then define the probability measure ¢ by

dﬂM’E
dv

(z) :

= ZM’E [6 + /)M@(x)}, where ZM75 = /E[e’;‘ -+ p]\/LE(x)]dy(x) c (O’ +OO)

By dominated convergence, ji*¢ converges to i in P4(E), as e — 0. Using (A.10)-(vi)
again, we deduce that sup,c+ U, (i*5) < 0, for every small enough e. From now on, we fix
(M, ¢) such that this property holds. Let fi* denote the related measure ¢, and let o*
denote its density w.r.t. v, which is positive, continuous and bounded.
For any k£ > 1, we define the probability measure ji; by

diin = Lg*(:L’), where Zj ::/ o*(x)dvg(x) € (0, +00).

dvgy — Zy E
Since vy, converges to v in Py(E) from (A.10)-(iv), and ¢* is continuous and bounded, fi, con-
verges to ji* in Py (E). Similarly, H(fix|vy) converges towards H(fi*|v); hence (H (fik|vk))k>1
is bounded. Since ¢* is bounded, (A.10)-(iii) gives that iy € Dz,. We now write

S W 70) < s W) — sup o )| -+ 509 W14 7).
teT teT teT teT

From (A.10)-(vi), the first term on the r.h.s. vanishes as k — +o0o0. From (A.10)-(v), the

limsup of the second term is lower than sup,c; W.(f1*). Since this last quantity is negative

by construction of *, this completes the proof. O

Proof of Theorem 2.22-1. From (A.10), Lemma 2.21 and the regularity assumptions (A.11)-
(i,ii), @, satisfies the assumptions of Theorem 2.13, for every large enough k. As a conse-
quence, Ji;, has the Gibbs form (13)-(15) for some Ay € M (7). It remains to show that
(Xk)k21 is weakly pre-compact. Using the Prokhorov theorem as in the proof of Theorem
2.13, it is sufficient to show that (Ax(7))g>1 is bounded. Let (fix)k>k, be given by Lemma
2.21. Using Remark 4.4,

- /. di,  6F.
Me(T) < it <uk,logu’“ + k(/‘k)>7

dvy op
where n = —sup,cr Vir(Br) + (e — Ty, Cs‘gﬁ"c(ﬁk)). By convexity of ¥, ; and (51), the
bound still holds with 7 := —supys, sup,e7 Ve x(fir) instead of 7, which is positive by

Lemma 2.21 and independent of k. By optimality of fij, [Nut21, Lemma 1.4-(b)] gives the
estimate

. ag, )
log— )Y < H
<,U/k:a 0og dl/k> = (//Lk|Vk),

and (H (fik|vk))k>k, is bounded from Lemma 2.21. The bound on (H (fig|vk))k>k, together
with the dual representation for entropy (4), the domination (A.11 %%k
k)

(i) on 3Z%(r,), and
the exponential integrability (A.10)-(iv) then give that (f, %(ﬁ ) is bounded uniformly
in k. This shows that (Ax(7))k>1 is indeed bounded. O
Proof of Theorem 2.22-2. For k > 1, we set
0F v - _
Pi(z) = exp | — = (i, v) */ M(ukax)Ak(dt)]a 2k 1:/ Prpdvy,
op T Op E
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so that %}’: = Z, ' Py. Using the domination (A.11)-(iii) and the bound on (A (7)1 given
by Theorem 2.22-1, there exist D, 3 > 0 such that

Vo € E, Vk > 1, (DP) "L exp[—B¢(x)] < Pr(z) < DT exp[Bo(x)]. (38)

Since (v),>1 weakly converges to v, the lower bound in (38) shows that (7;1);@21 is bounded.
Since (vg)k>1 converges in Py(E), it is a tight sequence. Using the upper bound in (38) and
the exponential integrability (A.10)-(iv), we deduce that (fi;)xr>1 is also tight, and thus
pre-compact in P(E). The same argument yields

lim sup/ ¢dp, =0,
M—00 |o>1 6>M
which eventually gives that (f))r>1 is pre-compact in Py(E). Up to re-indexing, we can as-
sume that (&, )r>1 converges towards some fi, in Py(E), and that (Ag)r>1 weakly converges

towards some Ao, € M (7). From (A.11)-(iv), fi, € Dz.
We now show that, for all z € E, Py(z) converges towards

Prle) = 030 | = 5 (oes) ~ [ et

f 5]:’“ L (T, ) to %(ﬁm, x) is given by (A.11)-(iv). Besides, for every x € F,

The convergence o

% v
‘/ tk /”'lm /\k(dt) 5 t(/’[’ooa )Aoo(dt)’

- ov 6 0w
< RelTysup| S ) = S )| | [ S Ba(a) = R (]
teT | O
and the second term goes to 0 using the weak convergence of (A\;)g>1, because ¢t — ‘N’t (,uoo, )

is continuous using (A.11)-(iv). Since (Ax(7))x>1 is bounded, the point-wise convergence to
0 of the first term (along the considered sub-sequence) then follows from (A.11)-(iv).
Let us show that for any bounded continuous ¢ : £ — R,

/kade —)/ @Psdv. (39)
E k——+o0 E

To do so, we set f* := @P,. The upper bound in (38) and the equi-continuity assumption
(A.11)-(iv) w.r.t.  give that (f¥)g>1 is equi-continuous. Moreover, the upper bound in (38)
and the integrability assumption (A.10)-(iv) ensure that

su 1 dy, —— 0.
Ic>Il)/E o>z | fre|dvg Y

Lemma 4.2 (with no dependence on t) then provides (39). Taking ¢ = 1 further shows that
Z}, converges t0 Zog 1= [ Psodr.
We now write

sup Wy (o) = [sup Wy (foe) — sup Wy (72,)] + sup Uk (7,)-

teT teT teT teT
By (A.11)-(iv), the first term on the r.h.s. vanishes as k — 4oo. By definition of iy,
the second term is non-positive. Therefore, sup,c ¥¢(fi,,) < 0. Using (A.11)-(iv) and the
bound on (Ak(T))kZh

0= / Uy () M) ——— [ (i R (D),
T T

k—+4oc0

where we also used that ¢t — U.(fi.,) is continuous from (A.11)-(iv). This shows that
(Foos Aoo) satisfies (13)-(15). Since fi,, € Dz from (A.11)-(iv), Theorem 2.17 now proves
that i, is the unique minimiser &7 of Z in Dz N Ag. In particular, 7z satisfies (13)-(15) for
any limit point A, of (Ax)k>1. Since Ji,, was any limit point of (fi;)x>1, this finally proves
the convergence of the full sequence (fi;,)r>1 towards 7. O
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5 Proofs of the results of Section 3

5.1 Proof of Theorem 3.3

With the family of functions ((s)ses introduced after the statement of Theorem 3.3, the min-
imisation problem (21) is exactly (8) in the setting of the condition (B.1). As a consequence,
the first part of Theorem 3.3 is straightforward.

Let us now fix a minimiser 7z, 7 for (21), at which (B.3) holds. Let ¢, A and S be given
by Theorem 2.13. To complete the proof of the second part of Theorem 3.3, we need to prove
the following two statements.

Lemma 5.1 (Completion of the proof of Theorem 3.3).

(i) vio,r(S) =1;
(ii) there exist (Cy,Cp) € LY (R, dp™) x LY (R?, dpfi) such that {(zjo,7)) = (o(20)+(r(21),
for viory-a.e. xpo 1)

Proof. To prove the first claim, we consider the static Schrodinger problem

inf H(plvo,r).

HEP, (R xRY)

p=p™, po=pfi
The above infimum is finite, because the law of (Xo,Xr) when Xjo ) ~ fijo 7] has finite
entropy w.r.t. vor, using the additivity property of entropy [DZ09, Theorem D.13|. Since
vo,r ~ pint @ pfin [Nut21, Theorem 2.1] provides an optimal measure 7* ~ vy for this
static problem. From e.g. [DZ09, Theorem D.3], the disintegration 1/[%’)3{[] of vy 1) given
(X0, X7) = (2,y) is well-defined. The path-measure u[wo(j&ff (dzp,ry)7* (dzo, dwr) is then an
admissible measure for (21) that is equivalent to vfg 7). From Theorem 2.7-1, this shows that
Hjo,) is equivalent to vp 7}, and thus that vjo 7 (S)=1.

We now prove the existence of ({o,(r). Let (£¥)r>1 be a sequence in Span((¢f)g>1 U
(¢F)k>1) that converges in L'(C([0,T],R?),dfzjy 1)) towards . Up to extracting a sub-
sequence, we can assume that this convergence holds 7 p-a.s. Since fijg 1) ~ Vo), this
convergence also holds vjy rj-a.s. By definition, ¢* only depends on (Xg,Xr); hence, the
convergence holds vy 7-a.s. Since vy ~ ™ @ pfin the convergence eventually holds ;™ ®
pin-as. As a consequence, [Nut21, Corollary 2.12] gives that { = (, + (7 as desired,

completing the proof. O

5.2 Proof of Theorem 3.6

The main obstacle in the proof of Theorem 3.6 being the time-regularity of the coefficients,
we are going to smooth them to produce solutions (¢*)>1 of approximated equations. For
every t € [0,7T], we will then show local compactness estimates for (Vip§)g>1 in C1(RY,R9).
To identify the limit as a function of ¢, the representation formula (29) will be needed. We
first prove a general stability result.

Proposition 5.2 (Limit HIB equation). Under (C.2)-(i), let (b¥)g>1, (0%)i>1, (F)p>1,
(¥F)k>1 be measurable functions [0,T] x R? — R%, [0,7] x RY — R4 [0, T] x R? — R,
[0, T]xR? — R, and (\*)r>1 be a sequence in M ([0,T)), satisfying the following conditions.

(i) t = bF(0), t — aF(0), t = cF(0), t = ¥F(0) are bounded uniformly in k > 1.
(i) bk, oF ck @k satisfy (C.1)-(i,ii) and (C.2)-(ii) uniformly in k > 1.
(iii) For Lebesgue-a.e. t € [0,T)], for every x € RY, (bf(z),0F (), cF(x)) converges towards
(be(x), o¢(x), ce(x)) as k — +oo.

(iv) (Y*)g>1 converges towards 1 uniformly on every compact set of [0,T] x R<.
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(v) (A\¥)k>1 weakly converges towards X in M ([0,T]).
Let ©* be given by

T
¢F (z) :== —log Eexp { / K (ZL=F)ds + YE(ZERNF(ds) |, (40)
t [t’T]

where (Z%%) <5<t is the path-wise unique solution to
dZimh = b(ZLmM)ds + ok (Z0M)dB,, t<s<T,  Z{"" =

For every k > 1, we assume that ©* is the mild solution of

T
1 1
meb [ (08 vk - lo VAR + ST TV kst [ ubatas) =0,
t (t,7]
(41)
in the sense of Definition 3.5, and that (V¢")>1 is uniformly bounded. For everyt € [0,T]
and every compact set K C R, we assume that (VF)k>1 is pre-compact in C(K,R%). Then,

fort =0 and every t € (0,T) with A\({t}) = 0, (¢F)k>1 point-wise converges towards ¢; given
by (29), and ¢ is the solution of (27) in the sense of Definition 3.5.

Proof. Using (i,ii), the coefficients have linear growth uniformly in k, and (0*);>1 is uni-
formly bounded. For every (t,x) € [0,T] x R?, this implies that

Ya > 0, sup E exp {a sup |Z§””k|] < +00.
k>1 t<s<T

Theorem 5.2]) implies that

E[ sup |Z§wk - Z§$|] — 0,
t<s<T k—+o00

where (Z5%) <5< is given by (30). Let us fix ¢ = 0 or any ¢ € (0,77 that is not an atom of
A. Since the number of atom is always countable, this includes Lebesgue a.e. t € [0,T]. For
such a ¢, (v) and [Bill3, Theorem 2.7] imply that

Yo € C([0,T],R), (5)A\*(ds) — B(s)A(ds).
[t.T] —too Jit 1)

As a consequence, using (ii,iii,iv) and the continuity (C.2)-(i) of 1, (40) shows that (¢F)g>1
point-wise converges towards ¢; given by (29). The pre-compactness of (z — VoF(z))r>1
on every compact set further shows that ¢; is C1. We then deduce that (V¢F),>1 converges
towards V., uniformly on every compact set. The uniform bound on Vy is inherited from
the one on (VlF)is1.

From Definition 3.5, for Lebesgue-a.e. t € [0,T],

T
1
et [ S Ve gl TV st [
t t,

Sk [N (ds) =0, (42)
]
The Feynman-Kac representation formula (see e.g. [Fri75, Chapter 6.5]) yields
VreRY SE[6)(@) = Ele(& M),

for every continuous ¢ : R? — R with linear growth, where %% is the solution of d¢t®* =
ok (e kydB,, €4°F = &, As for Z8™F | we get that

E[ sup [€7F —€07|] —— 0,
t<s<T k—+o00
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where the definition of £%% involves o instead of o*. Setting ¢¥ := b¥-V* —L|(c*)TVk |+
¥, the pre-compactness assumption, the bound on (V¢*)i>; and (i) show that (z —
" (x)) k>1 is equi-continuous. By dominated convergence, this provides the point-wise con-
vergence of Sf [¢F] as k — +00, and then of the middle term in (42). Similarly, we split

SF, [6] ()X (ds) / S04 [t6s] (@)A(ds) =
[t,T]

/ E[pb (€574 — oy (€57)] A (ds) + / E[ (€17)] [ — Al(ds).
[t,T]

[t,T]

[t,T]

Since (A\*([0,T]))x>1 is bounded, the first term on the r.h.s. goes to 0 using the path-wise
convergence of £&4%¥ and the uniform convergence (iv) of ¥* on compact sets. From the
continuity (C.2)-(i) of ¢ and the weak convergence of (A¥);>1, the second term goes to 0 too
as k — +oo. Taking the limit in (42) now shows that ¢ is the solution of (27) in the sense
of Definition 3.5. O

Lemma 5.3. Under (C.2)-(i) and (i,ii,iii,iv,v) in Proposition 5.2, let us assume that t —
bE(x), oF(x), ci(x), vF(x) are O, and that \*(dt) = A\Fdt + Apé7(dt) for some t — AF in
CH([0,T],Ry). Then, the function ©* given by (40) belongs to C([0,T] x RY) N CY2((0,T) x
RY) and is the solution of (41) in the sense of Definition 3.5. If (Vof)k>1 is furthermore
pre-compact in C(K,R%), for every compact K C R% and t € [0,T)], then the conclusion of
Theorem 5.6 holds.

Proof. From [Cha23, Theorem 2.2], the Hamilton-Jacobi-Bellman (HJB) equation

1 1 —
Ovug + b - Vug + S Trlay V] = S|(0f)  Vuil® = —cf = \vr,  up =gy, (43)

2
where af := oF(oF)T, has a unique solution u* in C([0,T] x R%) N CH2((0,T) x R?), and

sup  |Vuy(z)| < C,
(t,)€[0,T] x R4

for a constant C that does not depend on k, because (A\*([0,7]))x>1 is bounded. Using the

Cole-Hopf transform v* := e‘“k, vF is a C'1? solution of the linear parabolic equation

1
vl + bk Vol 4 §Tr[afV2vf] = ol + AFykok.
From the Feynman-Kac representation formula [Fri75, Chapter 6.5], for (¢,x) € [0,T] x R,
T
obe) = Bowp [Sroh(Z) + [ b2 Lotz
t

From (40), this yields u* = ¢*. Classically, the solution u* of (43) is the mild solution of
(41) in the sense of Definition 3.5. Under the pre-compactness assumption, (@k)kzl thus
satisfies the assumptions of Proposition 5.2, yielding that ¢ given by (29) is the solution of
(27) in the sense of Definition 3.5. Let us now finish the proof of Theorem 3.6 by identifying
the process with law 71y 7;.

On the canonical space 2 = C([0, 7], R?), the canonical process satisfies
dXt == bt (Xt)dt + oy (Xt)dBt, V[O)T]—a.s.

where (By)o<¢< is a Brownian motion under vjo 71. Let fijo 7 be the measure over C([0,T],R?)
defined by

dfijo, ]
dV[oyT]

T T
Xjo,7)) = exp[—/o v%(xt).at(xt)dst—%/o lo) (Xe)Veor (Xe)[2dt|.  (45)
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The bounds on o and Vi, inherited from the one (V¢*);>1, guarantee that the Novikov
condition holds

1 T
Evr) XP [2/0 lo] (Xe) Ve (Xe)|2dt | < 400,

so that the Girsanov transform (see e.g. [Léol2, Theorem 2.3]) tells us that fijo 7 is a
probability measure such that

Xy = by (Xe)dt — ag(Xe) Vepu (Xe)dt + o (X )dB,, Hio,T]-2-S.,
the process (Et)ogth being a Brownian motion under fijg ;. Moreover, uniqueness in law
holds for the above SDE.
Under vjg 77, let now X k denote the strong solution of the SDE
AdXF = bF(XF)dt + o (XF)dB;,  XE = Xo.

Using (43), Ito’s formula applied to p* = u* yields
T —
A X8) = [ O + wE RN - Kok (XF) =
T 1 /7
- [ vt ot xiae, — 5 [T vkt

As previously, we can show that E[supgc,<r |XF — X¢[] = 0. We then take the k — +o00
limit (in probability) in the above equality, as we did in the proof of Proposition 5.2, to get

dji T
T o) = exp fsalke) — [ ekt~ [ wxoaa].
dvyo,m) 0 [0,7]
Noticing that 7i(dzjo,7]) = Zile*‘fof’(”’)ﬁ(dx[oj]), this concludes. O

To complete the proof of Theorem 3.6, it remains to build approximations of the coeffi-
cients that are C' in time and satisfy the assumptions of Lemma 5.3.

Lemma 5.4. By convolution with a non-negative approzimation of unity with compact sup-
port, let (\¥)x>1 be a sequence of functions in C1([0,T],R,) that weakly converges towards .
Similarly, let t — cy(x), t = by(x), t = V() be regularisations by convolution of t — ck(x),
t — b (x), t — YF(x), which are now C* in time. Then (i,ii,iii,iv,v) in Proposition 5.2 are
satisfied.

Proof. The convolution in time does not change the x-dependence: x ~ cf(z), z +— bf(x) and
x + ¥ (x) are globally Lipschitz uniformly in (k,t). From (C.1)-(C.2), the coefficients were
locally bounded; hence, for every € R?, for Lebesgue-a.e. t € [0,T], (bF(z), 0k (), cf(z))
converges to (bs(x), o¢(x), c;(x)). Using the uniform Lipschitz regularity, this implies that for
Lebesgue-a.e. t € [0, T] and every = € R?, (b¥(x), oF (z), cf (z)) converges to (b (), o¢(x), ci()),
giving (iii) in Proposition 5.2. From (C.2)-(i), (¢,2) + ¢¢(x) is uniformly continuous and

bounded on every compact set; hence, ¥ converges towards 7 uniformly on every compact

set. The uniform bounds on oF are similarly obtained. We thus verified items (ii,iii,iv,v) in
Proposition 5.2. Item (i) further holds because the coefficients are locally bounded. O

To conclude the proof of Theorem 3.6 using Lemma 5.3, it remains to show pre-compactness.

Lemma 5.5 (Equi-continuity for the gradients). Under (C.2), for every t in [0,T] and any
compact K C R%, (z — V§(x))r>1 is pre-compact in C(K,R), where ©* is defined by (40).
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Proof. From the proof of Lemma 5.3, (V¢F)g>1 is uniformly bounded. From the Arzela-
Ascoli theorem, pre-compactness will follow if we show that (z +— V¢F(x))r>1 is equi-
continuous.

Let us fix € R% From (C.2)-(iii), the coefficients b* and ¢* have derivatives w.r.t. z,
which are equi-continuous w.r.t. k. From [Fri75, Chapter 5, Theorem 5.3], z +— ZL%* is a.s.
differentiable and the gradient process VZ*%* is the solution of the linear SDE

46
Zp"F =1d. (46)

{d(VZj'”:’k) = Vbt (ZLek\VZbekds + Vok(Z6wF) )V ZEekd B,
We now fix (¢,z) in [0,7] x R%. From the Lipschitz assumptions, the derivatives of the
coefficients are globally bounded. We then define

T
(@) = / [h(Z07K) 4+ Abgh(Z004)]ds,
t

whose gradient w.r.t. = writes
T
VxF(z) = / [VZLoRN el (Z05F) + Nev Zbmhpk (Z8%F) ] ds.
t

Setting v := ]E[eXf(f”)], we can write that

vk (z exi (@) k(x
R o

To prove the equi-continuity of V¥ at z, let us consider a sequence (x1)1>1 that converges
in R? towards z as | — +o0o. We want to show that V¥ (x;) converges towards VF(z)
uniformly in k. From (44), we obtain as previously that (v (0))g>1 converges towards a
positive number, so that (¢f(0))g>1 is bounded; the uniform bound on V¥ then gives that
©F has linear growth uniformly in k. As a consequence, vF(x;) is bounded from above,
and bounded from below by a positive constant, uniformly in (k,1). Similarly, VoF(z;) is
uniformly bounded, and vf(x;) converges towards v¥(x) uniformly in k. The convergence of
VuvF(z;) remains to be studied. First,

k k k
|Vl (a7) — Vol ()] = [E[(e ) — X @Yy (a) + X @ (VxF (2;) — Vb (x)]
< E[max(eX %0 X5 @)y F () — 3 ()| |Vxb ()]
FE[|VXF (1) — V()| ext @],

)

We now show how to control the second term on the r.h.s., the first one being similar (and
even easier because it does not involve Vx¥(x;)). Since (2;);>1, V¥, VoF and o* are bounded
uniformly in k, it is standard from (46) that for any o > 0 and ¢ > 1,

E sup |VZ§:$L,/€|‘1:| and Eexp |:04 sup |Z§¢m,k|:|
t<ssT {<s<T

are bounded uniformly in (k,!). From the linear growth of c¥ and ¢* (uniformly in k)
together with the uniform bound on [[A*|[11(0,7), we deduce analogous uniform bounds on

E[|Vx¥(z;)]?] and E[e“‘X?(“”]. For M > 0, we then write

t,xy,k

Lk k
[V (@) = Vi (@)|eXt ] = B[V (m) = Vi (@)X O e e ]

+ ]E“fo(xl) - fo(x”exf(arz)m

SUPyc < |27 |4 20 F > M
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The moment bounds ensure that the second term can be made arbitrarily small by choosing
a large enough M, uniformly in (k,[). Moreover,

V(@) = VXS (@) ST sup [VZE7RVE(Z0010) = VZEh k(2000
t<s<T
N oy sup [VZESRTYE(ZERR) - V2L
t<s<T

When M is fixed, the conditioning ensures that Z!®"*¥ remain in a compact set K that
does not depend on (k,). Since convolution in time does not affect the space regularity,
the continuous functions = +— Vc¥(z) and z — Vy¥(x) are uniformly continuous on K,
uniformly in (s, k,1). From [Fri75, Chapter 5, Lemma 3.3],

E{ sup |Zbek — Zﬁ’“"*k|2] 0, (48)
t<s<T l—+o0

and this holds uniformly in &, because the Lipschitz constant of b* and ¢* are independent
of k. Using the Cauchy-Schwarz inequality, we can now conclude if we prove that

2
E| sup |[VZL"F —vZL"FT| ——0,
t<s<T l—+o0

uniformly in k. Following [Fri75, Chapter 5, Theorem 5.2] for this proof, we use (46) to write
that for every t < s < T,
vzt vzt < gk s [z vzt - vz
t

+ / Vok(zbokvzbeok v zbMdB,, (49)
t

where .
e [V ) - Dz ez ar,
t

5ot = / (Vo (ZpF) = Vo (Zp" ")V 2" B, .
t

We recall that Vb* and Vo* are bounded uniformly in k. We now take the square of (49),
and we use the Jensen and the Burkholder-Davis-Gundy (BDG) inequalities to get that for
every t < s < T,

E| sup |vzﬁ=zl’k—vzﬁvz’kyz] §4IE[ sup |y&o)? + 5,’f~z'r|2}
t<r<s t<r<T

<
+C/ IE[ sup yvzivfl’k—vzﬁazvk\z} du, (50)
t

t<r<u

for a constant C' > 0 that does not depend on (k,l). Using Gronwall’s lemma, we can
conclude if we show that the first term on the r.h.s. of (50) goes to 0 as [ — 400, uniformly
in k. As previously, we write that

k|2 k,xy |2
E[ sup |7, I]—E{ sup |y, "'["1 |+Z§*””€+|VZ$’”””“I<JVI]

t,xy,k
t<r<T t<r<T supy< <t | Zs
]E su k;vl 21 ok
+ t<,,£)T | SUpy< < 1287V 4| 20T R | v ZET R > M|
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and the second term can be made arbitrarily small by choosing a large enough M, uniformly
in (k,1). For the first term, when M is fixed, ZL®k | ZL#:k and VZ5H0F remain in a compact
set K that does not depend on (k,1), and x + Vb¥(x) is uniformly continuous on K, uni-
formly in (s, k,1). The uniform vanishing of E[sup, .7 [7%%|?] then results from (48). Using
the BDG inequality, the same reasoning gives the uniform vanishing of E[sup, ., <1 |65%t|?],
completing the proof. o O

Iterating the method of the above proof for differentiating = — VZ%%* within (44), we
get the following corollary.

Corollary 5.6. In the setting of Lemma 5.3, if the coefficients b*, o*, ¢* and ¥* are C>
in x with bounded derivatives, then ©* is C™ in x.

A Linear functional derivative

This appendix gathers some useful tools for differentiating functions on measures. Let E be
a complete metric space, endowed with its Borel o-algebra.

Definition A.1 (Linear functional derivative). Let C be a convex subset of P(E) and let
w€C. Amap F :C — R is differentiable at p w.r.t. to the set of directions C if there exists

a measurable map
5F( ) E — R,
—(p) :
op x %(u,x),

such that for every y’ in C, ‘;—i(u) is p/-integrable and satisfies

P = ek = F)) o (= )

To alleviate notations, the dependence on C is not emphasised in the notation %(u).
The map f;—};(u) being defined up to an additive constant, we adopt the usual convention
that (u, %(u)) = 0. This map is called the linear functional derivative of F' at p (w.r.t. the

set of directions C). We notice that this definition does not depend on the behaviour of F
outside of an arbitrary small neighbourhood of .

Ezample A.2 (Linear case). In the particular case F'(u) = (u, f) for some measurable f :
E — R that is p-integrable for every p in C, we have %(u,x) = f(x) — (u, ).

Remark A.3 (Convex case). If F'is convex on C and differentiable at € C w.r.t. C, Definition

A.1 implies that

Vil e, F(u)z F(u)+ <u’ - ff;<m> | (51)

Lemma A.4 (Integration). Let u,p’ € C. Assume that for any r € [0,1], F is differentiable
at (1 —r)p' 4+ rp w.r.t. the set of directions C, and that

1
J
oF

Fu) - F) = | 1 (=t G (= )Y

Notably, the relative entropy does not fit in the setting of Definition A.1, because the
directional derivative may be —oo. However, the following classical result still holds, whose
proof traces back to [Csi75, Lemma 2.1].

oF
<u S+ w)>‘ dr < oo,

Then
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Lemma A.5 (Derivative of H). Let u and p/ be measures in P(E) with H(u|v), H(u'|v) <
+00. Fore € [0,1], we define . := (1 —e)u+ep’. Then,

4
de e=0

d
H(ely) = [ 1og L~ H(ul),
E vV

the integral on the r.h.s. being in R U {—o0}.

B A variant of Theorem 2.13 for linear constraints

In this section we only work with linear inequality constraints as in Remarks 2.5-2.15. We
present a set of relaxed assumptions on the family (¢;):c7 which ensures that the conclusion
of Theorem 2.13 remains in force, in the absence of equality constraints (S = ).

Proposition B.1 (Lagrange multiplier for linear constraints). Let us consider v in P(E),
a continuous ¢ : E — R, and a measurable F : Py(E) — R. Let ()ie7 be a family of
measurable functions £ — R. We assume that there exists Cy, > 0 such that,

Ve e B, infun(e) > ~Cyll +6(a)) (52)

Then the Uy : Py(E) — (—o0,+00], = U, (u) are measurable functions. Let the set Ay be
defined accordingly. We further assume that for v-a.e. x in E, the map t € T — 1y (x) is
continuous, and that there exist i € Py(E) and n > 0 such that

VteT, (i) <-n. (53)

In this setting, let 1 € Ag be a minimiser for (8) (with S = 0). We assume that F is
differentiable at @ w.r.t. the set of directions Py(E) in the sense of Definition A.1, and that
Cr € R exists such that for v-a.e. x in E,

OF

S ma) = ~Cr 1+ 0(a)].

We eventually assume that B
(v,e%) < +o0, (54)
for some @ € R with Cr + CyC(v, F,n, i, i) < @, where

Ct Fonium) =7 og (vewp | = S2 | )+ 1 + (15|

Then, there exists a positive Radon measure X\ on T such that

P )=Zlexp{— (@ /zbt } (55)

where Z € (0,400) is a normalising constant. Moreover, N(T) < C(v, F,n, ji,71) and the
complementary slackness condition is satisfied:

(i, ) =0  for \-a.e. t€T. (56)

Notice that, contrarily to the remainder of this work, here the functions W¥; are not
required to be Ls.c. on Py (E), but under (52) they are so if the ¢, are L.s.c. on E; furthermore,
they are allowed to take the value +oco on Py(E). The main strength of Proposition B.1
is to remove the upper bound condition in Remark 2.15. Only lower bounds are required,
as in [LW20, Assumption (A1)]. Another advantage of Proposition B.1 is that its proof is
elementary, in the sense that it does not rely on the use of the Hahn-Banach theorem.
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Proof of Proposition B.1. Since F is not assumed to be convex, r may not be unique.

Step 1. Linearisation. Let us consider p in Ay. Then F(u) is finite by assumption. We
first assume that H(u|v) < +oo. For € € (0,1], we set i, := (1 — &) + ep. Since Py(E) is
convex, we write for any € € (0,1],

H(plv) + F(i) < H(felv) + F(Be) < (1= e)H(@lv) + eH(plv) + F(7e),
where we used the convexity of H in the second inequality. This rewrites
H(filv) — H(plv) < e [F(7.) - F(@)],

which yields, thanks to Definition A.1,
IF OF
H(@ o,—(@) ) < H —(@) ).
)+ (5o ) < HGa) + ()
This inequality still holds if H(u|v) = +00. We thus proved that 7 is a minimiser for
OF
inf H — () ).
nf 1) + (5o 57)

By strict convexity of H, fi is the unique minimiser for (57).

Step 2. Dual problem. For any X in M (T) with Cr + Cy\(T) < @, we define the Gibbs
free energy

G()) = —log < exp [—‘fgm - wmw] >

together with the Gibbs measure p) such that

%x—e(ex —6‘—7:*33— T
4o @) = exp - S o)~ [ woncan].

From (54), uy is well-defined and satisfies H (5 |v) < 400; thus, puy belongs to Py (E) thanks
to Lemma 2.2. For every p in Py(E), we get as in the proof of Theorem 2.17 that

Huly) + <u, ‘;ff<u>> n /T (1 b)) = H(ulpn) + GV

this equality being in R U {4+o00}. Since H(|py) > 0, this proves that

G = inf H<u|u>+<u,§’:<u>>+ [ e, (58)

[A€P¢(E)
the unique minimiser being py. We now study the Lagrange dual problem

sup G(N). (59)
AEML(T)
Cr+CyXT)<a

The following weak duality relation is verified

0OF
sup G\ < inf H V—|-</J,,>7 60
oGS it ) + (5 (60)
Cr+Cy\T)<a

guarantying the finiteness of the supremum (59).
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Step 3. Eristence for X. Let (\x)ren be a maximising sequence for (59). Noticing that

1)
w60 2 6(0) = - log (veewp | - 5] ).
AEM L (T) o
Cr+CyXNT)<a

we get that for every € > 0, G(\;) > G(0) — ne for k large enough. Using (58),

GO < H(7w) + (. 5 ) + [ (v,

with (i, ¢;) < —n, hence
Ae(T) < e+ Cv, Fom, i 1) (61)

Using the Prokhorov theorem as in the proof of Theorem 2.13, the bound on (Ax(7))k>1
implies that (Ag)g>1 is relatively compact for the weak convergence of measures. Up to
re-indexing, we can thus assume that (\;)zen weakly converges towards some A € M, (7).
By assumption, t — () is v-a.e. continuous, and v-a.e. bounded because T is compact.
As a consequence,

/1/Jt ) Ak (dt) —> Ye(x)N(dt) for v-a.e. x € E.
‘oo JT

Fatou’s lemma then yields

<1/ exp {— / G(dt D < 11m1nf<1/ exp [— / b (dt ]>

proving that \ realises the supremum (59). Since (61) was true for every € > 0 provided that
k was large enough, we get that \(7) < C(v, F,n, fi,f1). In particular, Cr + Cu\(T) < @
from our assumption on @.

Step 4. Admissibility for the Gibbs measure 5. Let € > 0 be such that Cr+Cy[N(T)+] <
@. Given any (tg,e) in T x (0,€], the perturbation A + &6, is admissible for (59), &;, being
the Dirac mass at tg. The optimality of X yields

log { v, exp —5— ¢t (dt)| ) <log( v,exp wt [A(dt) + £64, (d2)]
Sp

so that subtracting the r.h.s., and dividing by ¢,
e N px, 1 —e ¥ <0,

that we rewrite as
571<:“X7 1— e*€‘¢t0|+> < 671<MX’ Sl l— 1> (62)

By the mean value theorem,
Ve € (0,5], e eVl — 1] < [y |—eflProl- < Cefluol-,

for some constant C' > 0 that does not depend on e. The integrability condition (54) and
our choice of & guarantee that el¥wl- is tx-integrable, so that

571</”LX7 €5|¢t0‘* — ]_> <,Uz)\» |wto| >

e—0

To send ¢ to 0 in the Lh.s. of (62) which is non-negative, we apply Fatou’s lemma. At the
end of the day, gathering everything,

<MX7 1piﬁo> < 0
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Since the above inequality holds for every tq in 7, ux belongs to Ay.

Step 5. Complementary slackness condition. For any ¢ in (0,1), the perturbation A — e is
admissible for (59). As above, the optimality of A implies

(meown|e [ wixtan| ~1) =0

Dividing by e and sending € to 0, the same splitting and domination arguments as above
provide that

[ s 2o,

-

From the previous step, (jy,:) is always non-positive. This proves that (uy, 1) = 0 for
A-a.e. tin 7.

Step 6. Conclusion. Since yiy is the unique minimiser for (58), (60) and the previous step
show that p is a minimiser for (57). From the uniqueness proved in Step 1., we eventually
get that px = 1. O

The same method could be adapted when the ¥, are non-linear convex functions.
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