Multi-mode masers of thermally polarized nuclear spins in solution NMR
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We present experimental single and multimode sustained 'H NMR masers in solution on ther-
mally polarized spins at room temperature and 9.4 T achieved through the electronic control of
radiation feedback (radiation damping). Our observations illustrate the breakdown of the usual
three-dimensional Maxwell-Bloch equations for radiation feedback and a simple toy model of few
coupled classical moments is used to interpret these experiments. This work represents a significant
step to bring the spontaneous radiation damping based NMR masers in various contexts to the next
stage of feedback-controlled and reproducible experiments.

Nonlinearities in nuclear magnetic resonance spectroscopy have attracted much attention in the past decades. Such
non conventional behaviours have their origins in cooperative phenomena that involve either the coupling of the spins
with the detection circuit - the resonating cavity- in the case of the so-called ”radiation damping”,[1] or distant dipolar
field effects involving the whole sample[2] - a nonlocal phenomenon -, or a combination of both. In high-resolution
solution NMR, radiation damping (RD) gives rise to maser induction signals[3, 4] and other unusual effects.[5-11]
Strategies have been developed to suppress RD by using field gradients, Q-switching or electronic feedback.[12-15]
Radiation feedback may be associated to distant dipolar field effects, leading to even higher complex phenomena[16].
Moreover, sustained NMR masers have also be observed in hyperpolarization experiments in solution, such as 2°Xe
spin exchange optical pumping experiments, SABRE and PHIP experiments in low and high fields[17, 18], as well
as in the context of solid-state dynamic nuclear polarization in liquid helium[19, 20] or in magic-angle spinning
experiments.[21] The interplay of radiation damping and the distant dipolar field have also been pinpointed in this
context.[22]

The existence of sustained maser pulses caused by radiation damping is quite remarkable and reflects the coexistence
of two antagonist phenomena that tend to drive the magnetization to opposite directions along the magnetic field. The
radiofrequency back action field from the cavity, slaved to the magnetization, brings the latter to the north pole of the
Bloch sphere.[3] To reestablish conditions for the next maser pulse, a second mechanism is therefore required. In low
temperature DNP experiments, this ingredient is provided by ongoing negative hyperpolarization of the nuclear spins,
opposite to the equilibrium direction.[19, 20] Such sustained masers provided line width reduction by two orders of
magnitude in a non rotating solid,[22] and these results also suggested that such an effect could be used to investigate
the mechanism of DNP itself.[20] In PHIP and SABRE experiments, spontaneous and efficient RD was shown to give
rise to a two-mode maser,[23] and was used to perform measurements of J coupling constants with unprecedented
accuracy.[17] In addition, this approach was able to achieve increased sensitivity in some MRI experiments.[24] It was
pointed out, however, that in order to achieve the experimental breakthroughs sought for, the proper control of the
circuit feedback field is critical to prepare the spins in a precise and reproducible way, i.e., in a state near to the
bifurcation state of the dynamical system, where masers are possible.[22]

In this letter, we report the observation of a multi-mode sustained maser in solution NMR at room temperature
and generated by an electronic manipulation of the cavity signal.[15] We show that for partially resolved lines, e.g.,
due to By inhomogeneities, sustained masers with unattenuated steady state are observed, which can be proven by a
mathematical analysis to be in contradiction with the usual Maxwell-Bloch equations. Instead, the collective effect of
several moments with different Larmor frequencies coupled to the probe, must be treated explicitly.[22, 25] Moreover,
a simple toy model of two moments undergoing the same common feedback field from the probe is shown to account
for our observations and illustrates the transition from the conventional Maxwell-Bloch behaviour to the actual limit
cycle steady state. This work provides better insight into this nonlinear phenomenon and opens new perspectives in
complex experimental spin manipulations.

Radiation damping (RD) results from the coupling between a large precessing magnetization and a resonant LC
circuit with a high quality factor (Q). The current induced in the detection coil results in a magnetization-dependent
feedback field perpendicular to the transverse component. The resulting dynamics is modeled by the well-known
Maxwell-Bloch equations,[1, 3, 26] where the magnetization m is acted upon by a radiation feedback field By =

Gm(t)e=™, where m(t) = (my) + i(m,) is the transverse magnetization. The gain G = “"Q"Q and phase ¢ = —m/2
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when the NMR detection circuit is tuned to the spins Larmor frequency. It is also possible to generate electronically
an "artificial” feedback field that modulates RD by controlling G' and .[15] In the presence of an applied rotating
radiofrequency field By = B;e!“!t%1) with angular frequency w, the Maxwell-Bloch equation in the rotating frame
can be written as:

Gm(t) = 9mi(1) x [0/} + By + By

— yem(t) =71 [m.(t) —m,| 2 (1)

where the offset dw = w, — w, 7 is the gyromagnetic ratio, y; and -5 are longitudinal and transverse relaxation
rates. The Maxwell-Bloch equations can be solved only in particular cases[3, 26, 27] but in general require numerical
investigations. They are nevertheless amenable to a qualitative analysis,[20, 25, 28] which predicts a sustained maser
evolution that eventually leads to a constant transverse amplitude of the magnetization, provided that mg x sin > 0.
In usual solution state NMR, where the spins relax to thermal equilibrium (mg > 0), the feedback field should therefore
drives the magnetization towards the —z direction (sin%) > 0). Alternatively, this necessary condition is also met
in hyperpolarization experiments with negative nuclear spins polarization (mg < 0), where radiation damping brings
the magnetization towards the +z direction (sint < 0). This is the case in low temperature DNP,[19, 20, 22] and
SABRE|23] experiments.

For several resolved resonance lines, the moments my are tuned to the coil and their contributions to By have
a common ¢, a mild assumption.[29] Therefore, they contribute to the total feedback field By = Ge™™ 3", my (1),
and the modified set of Bloch equations in the rotating frame write as:

Mgi = —Y2iMagi — OWiMy; + w1 SinYP1m; — YM,; By v
My = O0WiMg; — Y2iMy; — W1 COS Y1 Mz + VM2 Beg x
My = —wi(sinyy me; — cosPr my;) — y1i(Mzi — Mo;)
+ YMgiBes v — ’meiBFB X (2)

where Sz = > Mak, Sky = D Myk, Brs = G [cos ¢Sy, + sin Sy, cos Sk, — sin ¢Sy, O]T, and wy, and dwy, are the
Larmor frequency and offsets of the magnetization components my, in the rotating frame. Equations 2 are the basis
for the interpretation of our experimental observations.

The amplitude of the radiation damping field is proportional to the transverse magnetization, to which it lags by
90°. The induction signal can therefore be used to generate a radiation feedback with controlled phase and gain with
respect to the transverse magnetization to control the (nonlinear) dynamics of the spins. This was achieved through
an electronic feedback control unit (eFCU) that was inspired by a previous design.[15] To this aim, a fraction of
the induction signal is picked up through a directional coupler, demodulated using a 400 MHz local oscillator (LO)
reference frequency generated from the 'H power amplifier of the spectrometer, filtered and fed back into the probe
with adequate phase and gain corrections. Details are given in the Supplemental Material.[30] In particular, this
setup is able to invert radiation damping and to drive the magnetization towards the south pole of the Bloch sphere
to achieve a solution state NMR maser, in the presence of longitudinal relaxation.

As a first implementation of the device, experiments were performed on a sample containing a 1:1 mixture of
methanol and water (225 uL each, 50 uL of deuterated DMSO). Moreover, 20 uL of a 200 mM CuSO, solution were
added to increase transverse relaxation. As a consequence, the CHs and OH resonance multiplets were unresolved
on the one-dimensional spectrum (see reference spectrum in Supplemental Material). The LO frequency that serves
for the quadrature modulation and demodulation in the eFCU was set roughly halfway between the CHz and OH 'H
resonances (-298.3 Hz and 295.4 Hz from CHj3 and OH, respectively), and the gain and phase of the feedback device
were set to rotate the magnetization towards —z. In these conditions the signal exhibited initially a few maser bursts
of decaying intensities followed by a series of regularly spaced, unattenuated , maser pulses (Fig. 1(a)). This could
typically be observed for tens of seconds, and maintained ”indefinitely” without damping of the pulse envelope. In
this experiment, no pulse was applied to initiate the maser sequence, so that the train of maser pulses occurs after a
delay of several tens of ms. This suggests that the sequence is triggered by the circuit noise,[31] since the equilibrium
direction is unstable for this set up, or less likely by the weak rf field (4 Hz in this case) leaking from the eFCU device
(see SM). The spectrum contains a component at the CHj frequency, but also an image resonance line generated by
the demodulation/remodulation stages of the eFCU (see SM). The induction signal of the methyl protons is therefore
extracted from the spectrum by selecting the resonance line of interest and filtering out the image peak and the rest
of the spectrum. An inverse Fourier transform then leads to the pure CH3 maser induction signal, shown as the
orange trace in Fig.1(a). Note that in these experiments, no maser was associated with the OH resonance, which
was ascribed to the presence of chemical exchange with water protons.[32, 33]. In this case, spin jumps between
sites induce a loss of transverse coherence in a time shorter than the characteristic radiation feedback time, thereby



limiting its efficiency. The absence of an OH signal was confirmed by repeating the same experiment with slightly
shifted LO frequencies. Changes of the LO frequency shifted the CHg signal image accordingly whilst no additional
line at the OH frequency, nor image thereof, were observed (see Fig. SM-3 in the SM). The CHj3 spectrum, shown in
Fig.1(c), is composed of lines with alternating intensities and separated by the frequency 1/T', as expected from the
Fourier transform of a periodic signal of period T'. It is simply interpreted by remarking that in the case at hand,
the NMR signal can be decomposed into two nearly identical waveforms of the same period and shifted in time (see
also Eqs.SM-20-SM-22 of the Supplemental Material). The steady-state periodic evolution of the signal is a striking
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FIG. 1. Sustained maser obtained with the eFCU-controlled radiation feedback. 1(a): 'H signal obtained from a pure
methanol sample (blue). The Fourier transform of the induction signal is filtered around the methyl 'H frequency and then
back transformed to yield the pure CH; *Hmaser (orange). 1(b): envelope of the CHz Hmaser of the last 25 s of the signal
in 1(a). T is the limit cycle period 7. The CHs 'H line of methanol has a complex pattern resulting from the periodic nature
of the NMR signal with an ensemble of spectral lines separated by 1/T (1(c)). Experiments were performed on a 400 MHz
Bruker spectrometer equipped with triple resonance 5 mm (TXI) probe. Gain and phase were 40 dB and 65.5 deg

feature of this experiment. Indeed, instead of the expected decay of the amplitude of the transverse magnetization
towards a stationary value predicted by the Maxwell-Bloch equations, and observed experimentally,[17, 19-21, 23] the
envelope of the transverse magnetization oscillates indefinitely, This asymptotic behaviour is the signature of a limit
cycle of the dynamical system|[34] and implies the existence of a non hyperbolic fixed point of the three-dimensional
Maxwell-Bloch equations (i.e., with pure imaginary eigenvalue). However, this is possible only if v; = 0, in which case
the exact analytical solution shows that the magnetization simply evolves towards the z axis,[3] without the possibility
of multiple masers. Further details are given in the Supplemental Material. Thus, our observations are at odds with
the predictions of the usual three-dimensional Maxwell-Bloch equations. Therefore, a more complex description is
necessary to account for the observed non linear dynamics (the “Maxwell” part) of the magnetization.

Experiments were also performed on a sample of pure ethanol (450 uL of ethanol + 50 uL of deuterated DMSO).
As in the previous case, the phase and gain of the device were set for radiation feedback inversion and to drive the
magnetization towards the —z direction. The local oscillator frequency was set to the center of the CHs multiplet. The
resulting train of maser pulses, shown in Fig. 2, was Fourier transformed (Fig. 2(b)). The spectrum exhibits resonance
lines corresponding to the OH, CHy, and CH3z 'H resonances of ethanol (labelled 1, 2, 3). Peaks labelled 4 and 5 are the
respective mirror images of the CHy and OH signals and are due to the demodulation and re-modulation stages with
the reference LO frequency. The latter being set on the CHg frequency, no such mirror peak exists for this resonance
line. Again, the raw induction signal shows a superposition of regularly spaced and unattenuated maser bursts. This
limit cycle kind of behaviour further illustrates the breakdown of the Maxwell-Bloch equations. Disentangling the
specific contributions of the different spins from the total signal was simply achieved by back-calculating the time
domain signals relative to each resonance line through selective inverse Fourier transform restricted to the spectral
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FIG. 2. Sustained multimode maser of ethanol generated by the eFCU. A 30 s multiple maser signal is shown in 2(a). The
associated spectrum is shown in 2(b), where peaks 1-3 correspond to OH, CHz, CHs. The mirror peaks of 1 and 2 due to
quadrature demodulation and re-modulation are labelled 5 and 4 (see text). The 1D spectrum of ethanol obtained in the
absence of eFCU is depicted in orange (see also Fig. SM-1 in SM). In 2(c)-2(e), the inverse Fourier transform of the regions
corresponding to the CHs, CHz and OH resonance lines of the full spectrum are shown in orange, superimposed with the total
induction signal. The gain and phase of the feedback loop were respectively 35 dB and 84.8 deg

region of interest. Each selectively reconstructed induction signal exhibits a series of sustained maser pulses, showing
that this experiment produces a three-mode maser built on the radiation feedback of three resolved lines. Moreover,
each signal, depicted in Figure 2, evolves toward a periodic steady state maser, meaning that each spin moiety
obviously undergoes a stationary limit cycle, as in the case of methanol.

A time-frequency analysis of the induction decays reveals the composite structure of the maser pulses that results
from the different magnetization components of the multiplets. In the case of the CHy mode, the maser pulses contain
contributions at several frequencies that appear shifted in time. In contrast, for the OH maser mode a single frequency
is identified, and the shape of the signal is reminiscent of the methanol case, with maser bursts alternatively larger and
smaller (see Fig. SM-5 in the Supplemental Material). Besides, the Fourier transform of a single maser burst shows
that frequencies tend to cluster in a narrow region of the spectrum that does not reflect the actual multiplet structure
and width observed on a simple 1D spectrum (see Fig. 5 in Appendix B). This spectral clustering is a consequence of
the nonlocality of the feedback field in the frequency domain expressed by Eq. 2, and can be qualitatively understood



by realizing that when the feedback field dominates the frequency spread of the multiplet, the difference of offset
becomes negligible, and the moments tend to undergo the same effective field. These effects are qualitatively well
reproduced by simulations (see Fig. SM-6 in the Supplemental Material). In order to understand the inadequacy
of the Maxwell-Bloch model for a single moment, we investigated the simplest version of Eqgs. 2 consisting of two
moments m; o subject to radiation feedback. Simulations of this toy model were performed for identical moments myg
such that Gmg = 7.0 Hz, relaxation rates y; = 0.2 s~ and 72 = 5 s~1, and an initial magnetization flip angle = 10°.
The phase of the feedback field was set to ¥ = +m/2.

Results clearly show the transition from the Maxwell-Bloch regime, where the magnetization undergoes a series of
monotonously decaying maser bursts and |m(t)| tends to a constant value, to a limit cycle behaviour for (|m(¢)[, m,(t)),
where the stationary maser envelope evolves periodically, a situation that cannot be explained by Eqs. SM-1. Strik-
ingly, this transition occurs even for only a slight offset difference between the moments, whilst both lines remain
unresolved (Aw/27m = 1 Hz and 1.3 Hz in the simulations - Figs 3(c¢)-3(d) and 3(e)-3(f)). As expected, the associated
spectrum consists of a Dirac comb with lines separated by 1/T, the period of the maser pulses, and the envelope has
the shape of a maser burst. Note that for Aw/2m = 1.3 Hz the observed pattern reproduces well the experiment of
Fig. 1, and the structure of its Fourier spectrum is the sum of two Dirac combs with a relative phase modulation (for
mathematical arguments, see Eqs. SM-20 and SM-22 in the Supplementary Material).

This toy model therefore points to the fact that a structurally different kind of dynamics is expected even in the
presence of unresolved, or partially resolved, multiplets. Besides, the qualitative agreement between the methanol
maser experiments (Figs. 1(b) -1(c)) and the simulations reported in Figs. 3(e) and 3(f) is noteworthy. The case
of methanol, where the CHj resonance was completely unresolved is particularly interesting, as in a conventional
treatment of NMR radiation feedback, it would be considered as a single magnetization characterized by an effective
inhomogeneous transverse relaxation time 75 . However, this fails to account for the observed signal, which shows that
beyond a mere broadening, field inhomogeneity introduces structural complexity and requires to consider explicitly the
effect of several magnetic moments coupled together through a common interaction with the detecting circuit.[25, 35]
Consistent with our observations, our simulations show that this phenomenon is essentially contained in a simplistic
toy model that is able to account for a dynamics incompatible with the usual Maxwell-Bloch equations. Finally, we
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FIG. 3. Amplitude of m(¢) and Fourier spectrum of sustained masers for a nonlinear feedback model with two moments. In
3(a) (Aw/2m = 0.5 Hz) the magnetization dynamics is analogous to the one predicted by the Maxwell-Bloch equations. In
3(c) (Aw/2m = 1.0 Hz) and 3(e) (Aw/27w = 1.3 Hz), the stationary evolution is periodic, attesting for the breakdown of the
three-dimensional Maxwell-Bloch model. Simulation parameters: wgs = Gmo = 7.0 Hz. The maser is triggered by a 10° initial
flip angle.

discuss two limiting cases of the multiple component model that lead to approximate Maxwell-Bloch dynamics. For
moments my (¢) with identical Larmor frequencies dwy, = 6@ and relaxation rates 1,2, Eq. 2 (and Eq. SM-8) reduces
to the simple Maxwell-Bloch equations where the total feedback field is the sum of identical individual fields and acts
on a degenerate line. Alternatively, when all resonance frequency differences |dw; — dwy| are large, sin(¢;(t) — o (t) — 1)
and cos(¢;(t) — ¢r(t) — 1) are fast varying functions of the time as compared to ay(t)and m,(t) for all k # i. Hence,



for At >> min(2m/|0w; — dwg|), the averages @; = 73 ttOoJrAt a(t)dr, ete, obey the following relations:
a;i(t) = —vy2ia; — yGm;(t)a,(t)
mzi(t) = —71i(Mzi — maoi) +7GaF(t) cos()
bi(t) = dw; + yGmi(t)sin, (3)

which shows that in the case of large offset separations, the moving average for individual magnetizations m;(t) also
obeys Maxwell-Bloch equations, and each m;(t) is decoupled from all other my(¢). Thus, in contrast to the former
case, the set of moments m; behaves as a multimode maser formed by the superposition of single mode masers obeying
“averaged” independent sets of Maxwell-Bloch equations. Details of the dynamics for these extreme and intermediate
situations are given in the Appendix A

The experiments and discussions presented here provide insight into the manipulation of multimode maser through
a controlled radiation feedback field. In order to achieve far reaching - actual [17, 23] and suggested[20] - new
applications, it is essential to set the system near to the maser threshold, i.e., near the bifurcation point of the
system, in a reproducible manner. In this way, distinct maser modes may remain uncoupled, and additional complex
features due to non linearity, including chaotic dynamics, can be avoided. Therefore understanding the details of this
Maxwell-Bloch dynamical system with a controllable back action field is of paramount importance to design reliable
and reproducible experiments, which are hardly achievable by spontaneous masers. This work represents a significant
step in this direction.
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END MATTER

A.

These limiting cases can be reproduced with numerical simulations for two moments with varying offset separations
Aw. For a small Aw and unresolved lines, the total transverse magnetization m(t) indeed exhibits the usual series
of maser pulses with monotonous amplitude decay with an envelope decays to a constant value, in line with the
usual Maxwell-Bloch equations. A similar behaviour is observed for large offset difference, where both moments reach
similar steady state amplitudes, with an amplitude decay akin to the usual Maxwel-Bloch predictions. However, in
the steady state, the amplitudes are not constant and are modulated at a frequency close to the offset difference,
larger at small Aw, and hardly visible for large Aw.
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FIG. 4. Departure from the Maxwell-Bloch equations for the two-moment toy model of radiation feedback. Simulations are
performed for moments with dw; /27 = 10 Hz and dws /27 = 10.5 (a),15 (b), and 200 Hz. Only the traces corresponding to the
moment at dwi /27 = 10 Hz is shown. The transverse component m1, is depicted in brown. The red trace shows the envelope
obtained from the back calculated transverse magnetization from the filtered Fourier spectrum. In (c), the dark and light blue
traces correspond to the amplitude a;(t) for dws /27 = 15 Hz and dw2 /27 = 200 Hz.

This is illustrated in Fig. 4. Limiting cases of Eq.2 are illustrated in Fig. 4 for two moments with different
offset separations Aw. For a small Aw/27m = 0.5 Hz (Figure 4(a)), therefore unresolved lines, the total transverse
magnetization m(t) exhibits the usual series of maser pulses with monotonous amplitude decay (brown trace) while its
envelope (dark blue) decays to a stationary value, in line with the usual Maxwell-Bloch equations. When Aw/27 =5
Hz (Figure 4(b)), my(t) still exhibits a series of decaying maser bursts (brown). However, the number of these
decreases before a steady state is reached, which is associated to a steady state oscillation of the total transverse
magnetization m(t) (dark blue). Finally, the comparison of the decay profiles of the maser bursts for large and small
offset differences in Figure 4(c) (Aw/27 = 190 Hz and Aw/27w = 5 Hz), shows that the amplitudes of |mj;(¢)| are
similar in both cases. However, both traces show different steady state modulation of the amplitude a4 (¢) that is much
slower and much larger for small Aw, where it closely matches the offset difference. In contrast, for large Aw, this
modulation is fast and hardly visible, thereby illustrating the Maxwell-Bloch behaviour of the average magnetization
expected from Eqs. 3. Interestingly, these oscillations are absent in the analysis of our experiments, as the strategy
allowing to identify the distinct masers is based on the filtering of the spectrum around individual resonances followed
by an inverse Fourier transform. This amounts to a convolution of the time signal with a time windowing function
that averages out the fast variations due to the phase difference between the moments, which is similar in nature to
the moving average process described in Eq. 3. As a result, the time domain signal m(t) actually reaches a constant
value, rather than an oscillating steady state.
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FIG. 5. Spectral clustering in the three-mode ethanol maser. The Fourier transform of a single maser pulse (5(a)-5(b)) exhibits
narrower spectral clustering motif for OH (14.46 Hz) than for CH, (29.81 Hz). The magnitude spectra are shown in orange,
and superimposed to the 1D spectra (in blue).



