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Abstract

Subsidies and taxes are commonly used tools in labor markets to influence em-
ployment outcomes. This paper examines job matching within a Kelso-Crawford
framework to assess the effects of these transfers on workers’ welfare. We show that
affirmative action policies, while well-intentioned, may inadvertently reduce the wel-
fare of minority workers. To mitigate this, we identify transfer policies that do not
negatively impact a group. A transfer negatively impacts a group if it reduces the
utility of at least one member after implementation. Furthermore, we explore various
objectives of affirmative action policies, such as increasing minority representation
in firms, raising wages, and reducing unemployment among minority workers. For
each objective, we propose transfer policies that do not negatively impact minority

workers.

JEL Classification: C78; D47; D50; J20; J30
Keywords: Job matching; Salary; Transfer policy; Market equilibrium; Subsidy;

Taxation; Affirmative action

1 Introduction

Subsidies and taxes are widely used policy instruments in labor markets to promote

employment and reduce inequalities. In the United States, companies receive tax abate-

ments for employing a minimum number of minority workers (Byrnes et al.|[1999, [Slattery|

2020). In the United Kingdom, minimum wage laws aim to reduce wage dispar-
ities across the population (Living Wage Laws, Neumark et al.| 2007, Derenoncourt and|
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Montialoux |2021)). In several OECD countries, subsidies are introduced to promote the
employment of the unemployed (Snower|[1994). These policies are designed to enhance
worker welfare and reduce segregation among different groups. Inspired by a classical
framework for studying job markets (Kelso and Crawford||1982), this paper investigates

the impact of transfer policies on worker welfare, considering both assignment and salary.

While affirmative action policies are intended to improve outcomes for minority work-
ers, they can have complex economic effects on firms’ hiring decisions and wage offers.
Subsidies, for example, might increase a worker’s desirability, leading firms to adjust
salaries to attract these workers within a competitive equilibrium (Shapley and Shubik
1971}, [Kelso and Crawford|[1982, |Gul and Stacchetti[1999, Hatfield et al. [2019, Kojima
et al. 2020, [2024). Although both assignment and salary are crucial for worker welfare,
existing literature predominantly focuses on the former, leaving the latter underexplored.
This paper addresses this gap by demonstrating that certain affirmative action policies,
such as subsidizing minority workers or taxing majority workers, may paradoxically re-

duce minority workers’ WelfareE

To investigate these effects, we develop a model that captures the impact of affirma-
tive action policies on worker welfare in competitive equilibria, where utility is a function
of both assignment and salary. In our model, each firm is endowed with a revenue func-
tion mapping a set of workers it employs to a real number, and a capacity representing
the maximum number of workers the firm can employ. Transfer policies are modeled
through a matrix associating each worker-firm pair with a real number, indicating the
subsidy or tax the firm receives for employing that worker. Firms maximize their profit,
defined as the sum of their revenue and transfers minus total salaries. A firm’s demand
correspondence, a function of its revenue, transfers, and capacity, corresponds to its
profit-maximizing set of workers. In such environments, the gross substitutes condition
is sufficient for the existence of competitive equilibria (Kelso and Crawford|1982, |Gul and
Stacchetti 1999)E| This condition also ensures that the set of equilibria forms a lattice,
with the firm-optimal stable allocation and worker-optimal stable allocation representing
the extremities where firms maximize profits and workers maximize utility, respectively.
We consider two mechanisms: one leading to the firm-optimal stable allocation and the

other to the worker-optimal stable allocation.

'Kojima| (2012) shows that affirmative action policies harm minority students in a model without
transfers for any stable mechanisms.

2The gross substitutes condition roughly requires that a set of demanded workers remains demanded
after an increase in other workers’ salaries.



This paper first examines which transfer policies do not negatively impact minority
workers at a given mechanism. A transfer may negatively impact minority workers if the
utility of all minority workers is no lower with the transfer than without it. We establish
that only uniform transfers—where the transfer amount is the same for each member
of the group (minority or majority)—never negatively impact minority workers. When
transfers are not uniform, there can exist a market where the transfer reduces minority
workers’ welfare. The intuition is that when a larger subsidy is given to one worker over
another, that worker becomes more appealing to firms, which may then lower wages or
lay off other minority employees to maximize profits. Consequently, subsidies aimed at
promoting the employment of unemployed minority workers could inadvertently harm
minority workers. A similar issue arises when subsidies are unevenly distributed across
different sectors, which is often the case. Thus, targeting subsidies to specific sectors (or

a set of firms) may negatively impact minority workers.

Furthermore, we establish the complementarity between uniform taxes and subsidies:
if a transfer uniformly subsidizes minority workers, then taxing majority workers by the
same amount results in identical worker utility. This equivalence allows for the combina-
tion of tax and subsidy policies. For example, if a transfer uniformly subsidizes minority
workers by ¢ and uniformly taxes majority workers by t’, the resulting worker utility
is equivalent to a transfer that subsidizes minority workers or taxes majority workers
by t 4 |t/|. This result is practically significant, as it suggests cost-effective strategies
for affirmative action policies while maintaining their intended effects. Uniform trans-
fers are recommended when the policymaker lacks detailed market information, such
as firms’ revenue functions or whether the market equilibrium is the worker-optimal or

firm-optimal stable allocation.

When more information is available, we examine three common objectives of affir-
mative action policies and the transfers that do not negatively impact minority workers.
The first objective is to increase minority workers’ salaries, applicable in minimum wage
policies. The second is to increase minority representation in firms, reducing group seg-
regation. The third is to favor employment for unemployed minority workers. For each
objective, we analyze the impact on the market, including the evolution of firm profits

and the welfare of majority workers.

In practice, groups are formed based on various criteria, such as gender, location, or



ethnicity. Since different minority groups may be considered, affirmative action policies
may not benefit them uniformly. We show that this situation is similar to implementing
a non-uniform transfer, which could negatively impact a minority group. In this context,
a uniform tax on majority workers (those not belonging to any minority group) emerges

as the only approach ensuring no negative impact on minority workers.

We also explore quota policies as another form of affirmative action. Two types of
quotas are typically implemented: the floor constraint, which requires firms to employ
at least a certain number of minority workers, and the ceiling constraint, which limits
the number of majority workers firms can employ. Similarly to transfers, we show that
quotas may negatively impact minority workers. We identify specific quotas that never
impact minority workers, ensuring that, based on firm capacities, firms can employ at

least as many minority workers as in the allocation without quotas.

Related Literature

Affirmative action policies have been a subject of extensive debate across disciplines—philosophy,
law, and economics—since their inception. This paper sheds new light on their impact
on minority populations (Sowell|2004). Historically, these policies were designed to en-
hance diversity within educational institutions and firms by setting targets for minority
representation. Since the institutions failed to reach these targets, sanctions and quo-
tas were introduced for firms and schools (Jencks [1992). Existing literature primarily
focuses on feasibility constraints that reflect quota implementations and identifies condi-
tions under which market equilibria can exist (Ehlers et al.|2014; Kominers and Sonmez
2016; Sonmez et al. |2019; Kamada and Kojima, 2024). Our contribution builds upon
the literature examining affirmative action policies in markets where transfers between
agents are possible (Gul et al. 2019, |[Kojima et al. {2020, 2024, Echenique et al.| 2021)).
While these studies ensure minority representation in firms, they often overlook how
these policies affect the welfare of minority workers. In contrast, our paper investigates
the impact of affirmative action policies on minority workers’ welfare. In addition, we
show that, without imposing quotas, it is possible to incentivize firms to achieve targeted

minority representation through the use of taxes and subsidies.

In recent years, new objectives for affirmative action policies have emerged, such as
reducing unemployment among minority workers (Snower| |1994) and ensuring a mini-

mum wage (Neumark et al.| 2007). Surprisingly, these objectives have received limited



attention in the market design literature. We address this gap by exploring how subsidies
can be designed to reduce unemployment and increase the wages of minority workers.
Snower| (1994) emphasizes the importance of subsidies to foster the integration of mi-
nority workers into firms, suggesting that firms could receive a portion of unemployment
benefits in exchange for providing training to enhance workers’ skillsﬂ Our model as-
sumes the presence of unemployed workers who are less productive relative to others.
We then analyze the necessary subsidies required to ensure these workers are employed

in a competitive equilibrium.

Our results also highlight the differences in the impact of affirmative action policies
in markets with transfers compared to those without. While Ehlers et al.| (2014)) show
that the set of equilibria (or stable matchings) may be empty when floor constraints are
imposed, Kojima et al.| (2020]) show that if the imposed feasibility constraints are defined
by a generalizd interval constraint, the substitutes condition is preserved, resulting in a
non-empty set of market equilibria.

Similarly, Kojima/ (2012) states the impossibility of ensuring that affirmative action
policies do not harm minority students under any stable mechanism in a framework
without transfer. Kojima, (2012) studies two types of affirmative action policies in edu-
cation: implementing quotas and increasing school priorities. For the former, we identify
quotas that never reduce the welfare of minority workers. For the latter, we show that
uniform transfers within groups never negatively impact minority workersﬁ Therefore,
we demonstrate that the limitations identified in frameworks without transfer are over-
come when transfers are feasible. To our knowledge, this paper is the first to show that
affirmative action policies can adversely affect minority workers in a transferable setting
and propose solutions to meet various objectives.

Bleemer| (2022) provides empirical evidence suggesting that affirmative action policies
in education may lead to lower wages for minorities. Our contribution extends this line
of inquiry by analyzing the effects of employment policies, minimum wage regulations,
and initiatives aimed at reducing segregation among minority workers.

Leonard| (1990) and Coate and Loury| (1993) examine the impact of policies on minor-

ity representation in firms, highlighting that firms often fail to comply with affirmative

3Snower| (1994) identifies two significant consequences of unemployment for workers. Psychologi-
cally, unemployment causes a growing sense of estrangement from society that intensifies over time.
Additionally, it results in a decline in skills, which further diminishes workers’ employability.

4Since a firm’s profit is determined by the sum of its revenue function and the transfer, subsidizing
a worker effectively equates to increasing the firm’s revenue. Thus, we draw a parallel to increasing
priority.



action constraints, leaving minority workers disadvantaged in employment opportuni-
ties. In our approach, we propose the implementation of taxes and subsidies to adjust
the competitive market equilibrium, ensuring the recruitment of minority workers when

firms operate under profit-maximizing behavior.

This paper proceeds as follows. Section 2 introduces the model and provides a leading
example. Section 3 examines how subsidies can negatively impact minority workers and
proposes a uniform subsidy as a solution. Section 4 explores the relationship between
taxes and subsidies, emphasizing the complementarity of uniform subsidies and taxes.
Section 5 discusses the application of affirmative action policies. Section 6 highlights the
significance of uniform taxes when multiple minority groups are present in the popula-
tion. Section 7 introduces quota policies and details the design that quotas must have
to ensure they do not reduce the welfare of minority workers. Appendix A details the

mechanisms discussed. The proofs are collected in Appendix B.

2 Model, Definitions, and Transfers

2.1 The Model

There are finite sets W = {wy, w2, ...,w, } and F = {f1, fa, ..., fm} of workers and firms.
Each worker can be employed by at most one firm. Each firm f € F' is associated with
a capacity gy € N, and we denote the vector of capacities as q = (qf) fer, which assigns

each firm its respective capacity. Firms can hire workers up to their capacity. We assume
that [W|> ¥ ep qrf]

Agents on both sides of the market derive value from being matched to agents on
the other side. Let o, y € R denote the value that worker w obtains when employed by
firm f. For each firm f € F, we define a revenue function Ry : 2" 5 R, which maps a
subset of workers to the revenue of firm f if it hires them. We assume that for each firm
f, Ry is additively separable, meaning that for any subset of workers W/ C W, Ry(W') =
Ywewr Ry(w). We refer to Ry(w) as the productivity of w at firm f. We assume that
for each worker w and firm f, Rf(w) + oy f > OH

Without loss of generality, we normalize the value of agents that are unassigned to

zero, 0,9 = 0 and Ry(0) = 0, where () denotes the null firm to which the corresponding

This assumption ensures the existence of unemployed workers.
5This restriction, ensuring that workers’ marginal product is non-negative, is natural and is discussed
by [Kelso and Crawford| (1982).



agent is assigned. The capacity of the null firm is the number of workers, ¢y = |W],
implying that all workers have the option of remaining unemployed. We also assume
that for any subset W/ C W, Ry(W’) = 0.

A policymaker regulates the market using transfers, referred to as subsidies or tazes.
A transfer is a matrix T = (t, ¢)wew,fer, where each element t,, f € R represents the
transfer for worker w when employed by firm f. The transfer ¢,, s is added to the pro-
ductivity Rf(w)ﬂ We denote the productivity with transfer T for worker w at firm f
by R?(w) = Ry(w) + ty,f. If tyr <0, we say that T tazes worker w at f by t,, s, and
if t,,,y > 0 we say that T subsidizes worker w at f by ¢, . We extend the definition
to subsets of workers. Specifically, transfer T subsidizes the workers W' C W at f by
t if for each w € W', T subsidizes worker w at f by t. Similarly, the transfer T tares
the workers W' C W at f by t if for each w € W/, T taxes worker w at f by t. A null
transfer is denoted by Ty such that for each worker w and each firm f, ¢,y = 0. Let T

be the set of all possible transfers.

In this market, we allow for utility transfers between firms and workers, which we
refer to as salaries. Let s,y € R denote the salary received by worker w € W when
working for firm f € FU {@}ﬁ We denote s as a vector of salaries. We assume that
workers are indifferent about which other workers firms hire, and that s,, 3 = 0.

Each worker’s utility function is assumed to be strictly increasing and continuous in
the salaries. Let u,(f, sw,f) € R be the utility function of worker w when working for
firm f at salary s, ¢, such that w,(f, sy ) = 0w ¢+ Sw,f. Consequently, w, (f, 0y ) =0

and —o,, r is the lowest salary at which worker w would consider working for firm f.

If a firm f hires a subset of workers W/ C W while facing a vector of salaries s, a

transfer T, a capacity ¢y, and a revenue function Ry, its profit is given by

Vi(W'ss, Ry, T) = RF(W') = > sy,
weW’

that is, the firm’s revenue with transfers minus salaries of workers it hires. We define
the mazimal profit function as I1¢(-; Ry, T,q) and the demand by Dy(-; Ry, T, q) such

"Subsidies and taxes are typically determined based on the firm’s workforce. By adding the transfer
to the worker’s productivity, we assume the transfer is an additively separable function. |[Kojima et al.
(2024)) provides further discussion on transfers that preserve the substitutability condition.

®Note that we allow salaries to be negative.



that for each vector of salaries s,

Is(s; Ry, T,q) = max{Vy(W';s, Ry, T) : W C W,|[W'| < qr};
Dy(s; Ry, T,q) = {W' Cc W : [W'| <qy and Vy(W';s, Ry, T) =1Is(s; R, T,q)}.

Each element of D(s; R¢, T, q) is referred to as a demand set.

The gross substitutes condition, introduced by Kelso and Crawford ((1982), requires that
for any given demand set, if the salary of a worker increases, there exists a new demand
set, with a corresponding new vector of salaries, that includes workers from the original

demand set whose salaries remain unchanged.

Definition 1. (Gross Substitutes). A demand Dy(-; Ry, T,q) satisfies the gross sub-
stitutes condition if, for any two vectors of salaries s,s’ if s’ > s and s,, = s, then
w € D¢(s; Ry, T,q) implies that w € D¢(s’; Ry, T, q).

2.2 Assignment Game

A market with salaries is a 6-tuple G = (W, F, R, T, q,s). Let G be the set of all possible
markets. Since W, F, R are fixed throughout this paper, and s depends on R, we simplify
the notation to G = (T, q).

An assignment is a mapping (or correspondence) p: W x F = W U {0} x F U {0}
satisfying:

o ulw) € FU {0},

o For any w € W and f € F, we have pu(w) = f if and only if w € u(f),

o u(f) €W U0} and [u(f)| < qf.
We use the notation u(w) = @ to indicate that worker w is unemployed at u. Given an
assignment p and a vector of salaries s we define an allocation as a pair (u,s).
An allocation (y, s) is individually rational for firms if for each firm f € F, Vy(u(f);s, Rf, T) >
0. With a slight abuse of notation, we note u, (i, s) for w, (p(w), sy y(w))- An allocation
(u,s) is individually rational for workers if for each worker w € W, w,, (1, 8) > 0.
We now introduce the definition of stability, which corresponds to the concept of a strict

core allocation, as considered by Kelso and Crawford| (1982).

Definition 2. (Stable Allocation). An allocation (u,s) is stable if it is individually
rational for both workers and firms, and there is no firm-worker set W’ U {f}, with
W' C W, |[W'| < gy, and vector of salaries s', that block (u,s) such that:

o uy(f, sy, 1) > uw(p,s), for each w € W’, and

° Vf(Wla Slv Rf? T) > Vf(M(f)7 S, Rfa T)



with strict inequality holding for at least one member of W/ U {f}.

We introduce the notion of stable allocation optimality. When firms’ demands satisfy
the gross substitutes condition, the set of stable allocations forms a lattice with a stable
allocation unanimously preferred by firms and a stable allocation unanimously preferred
by workers (Roth) 1984)). In this paper, we consider the introduction of transfers. Thus,
for a market without transfers (i.e., (T, q)), we denote the worker-optimal stable alloca-
tion by (uw,sw) and the firm-optimal stable allocation by (ur, SF)H When a non-null
transfer T is introduced, we denote the worker-optimal stable allocation with transfer by
(usr,st,) and the firm-optimal stable allocation with transfer by (uk,sk).

Given a market (T, q), the highest utility that workers can achieve at a stable alloca-
tion is the utility they receive in (uif, s,) while the lowest utility they can achieve is in
(M%:, s}:) Symmetrically, the highest profit that firms can achieve at a stable allocation is

the profit they receive in (uF, s¥) while the lowest profit they can achieve is in (13, sii,).

A mechanism ¢ associates an allocation to each market G € G. We denote the
allocation under mechanism ¢ for the market G = (T,q) as ¢(T,q). In this paper,
we focus on two mechanisms. The worker-optimal stable mechanism ¢y associates to
each market G € G its corresponding worker-optimal stable allocation (i.e., for any
(T,q) € G,ow(T,q) = (uf,s8)). The mechanism is described in Appendix
and corresponds to the descending salary adjustment process. The firm-optimal stable
mechanism @ associates to each market G € G its corresponding firm-optimal stable
allocation (i.e., for any (T,q) € G, ¢r(T,q) = (u%,s%)). The mechanism is described

in Appendix [A72] and corresponds to the ascending salary adjustment process.

2.3 Groups of Workers and Transfer

In this paper, we study the impact of affirmative action on groups of the population. A
group of workers may be defined based on factors such as gender, ethnicity, qualifications,
location, educational background, or any other combination of individual characteristics.
Mathematically, we fix a partition of W, denoted by P c 2W \ {(}}, such that UP =
UpepP = W, and for any P, P’ € P with P # P’ it holds that PN P’ = (). Each element

of P is referred to as a group.

9The existence of these allocations in the context of job markets has been extensively studied by
Kelso and Crawford)| (1982)), Roth| (1984), Roth| (1985)), Demange and Gale| (1985) among others.



2.4 Illustrative Example

We illustrate our results and reasoning using an example throughout the paper.

Example 1. Consider a market with two firms, F' = {f1, fo} and five workers, W =
{wy, we, w3, wy, ws}. Suppose each firm can employ at most two workers, i.e., q = (2, 2),

and for each worker w € W, 0y, y = 0. Productivities are given as follows:

Firms w1 w9 w3 W4 wWs
fl Rf1 (wl) =38 Rf1 (wQ) =7 Rfl (QU3) =5 Rfl (’LU4) =4 Rf1 (’LU5) =3
f2 Rf2(w1) =3 RfQ (wQ) =0 Rf2(w3) =38 sz(w4) =9 Rf2 (11)5) =4

Table 1: Workers’ productivities.

The stable optimal allocations for this market are given by:

’ fi \ f2 | ’ h \ f2
wy, w2 w3, Wy w1, W2 w3, Wy
Sy = 0,8 =1 | 83 = 0,84, =0 Swy = 0,8y, =4 | Suy =4,8y, =1

Table 2: Firm-optimal and worker-optimal stable allocations.

3 Subsidy

In this section, we examine the impact of subsidies on workers. Throughout this paper,
we restrict the partition P to two groups: m, representing minority workers, and M,
representing majority workers. These groups are formed arbitrarily. This restriction
does not affect the generality of our results, and we relax this assumption in Section [6]
As discussed in the introduction, affirmative action policies are designed to favor certain
groups within the population. A natural requirement is that when a subsidy is intro-
duced, it should not reduce the welfare of minority workers. We say that a transfer T
does not negatively impact minority workers under ¢ if, for the market G = (To,q),
where ¢(To,q) = (1,5) and (T, q) = (1, sT)
o uy(pT,8T) > uy(p,8).
A transfer T may negatively impact minority workers under ¢ if the condition is not
satisfied.

, we have, for each w € m:

10



3.1 Targeted Subsidy for Minority Workers

Our first analysis focuses on targeted subsidies, which are often used to reduce unem-
ployment among minority workers. Consider Example[l} and suppose that the partition
of workers P is defined as m = {w;, w2, w5} and M = {ws,ws}. Worker ws is an unem-
ployed minority worker, and a policymaker introduces a subsidy of 2 for worker ws at
firm fo, meaning t,,; r, = 2, with other elements of T set to OF_O-I The new productivities

with the transfer are:

Firms w1 wo w3 Wy Ws
f2 R}g(wl) =3 R};(’wg) =6 Rﬁ(w:;) =38 R};(w@ =5 R%(’LU5) =6

Table 3: Workers’ Productivities at fs.

The stable optimal allocations for this market are given by:

’ fi \ f2 \ ] fi \ f2
wi, w2 w3, Ws w1, w2 w3, Ws
S, = 0,84, =0 | Sy = 0,54, =0 Swy =4, 85, =3 | Sy = 3,85 =1

Table 4: Firm-optimal stable allocation and worker-optimal stable allocation with a
subsidy of 2 for ws at fs.

The salary reduction of wy and wsq results from increased competition with w4. With-
out affirmative action policy, worker ws remains unemployed. Worker ws would accept
employment at any firm f € F for a salary of —o,, r yielding a profit of R¢(ws) + 0ys,f
for the firm. With the subsidy, worker ws gains employment, but worker w, becomes
unemployed. Because w4 has higher productivity without the subsidy, other workers
face greater competition and are forced to accept lower wages to retain their jobs.

This example illustrates that when a subsidy targets only certain minority workers,

it can lead to negative impacts on the same group.

Proposition 1. Suppose T subsidizes the workers m’ C m at some f € F. Then for

some market G = (Ty,q), T may negatively impact minority workers under ¢y and

YF.

We now examine the implementation of a broader policy transfer designed to sub-

sidize all minority workers at a specific firm. Using Example [I] suppose a policymaker

0This type of subsidy is commonly used to promote the employment of minority workers.

11



introduces a subsidy of 2 for each minority worker for the firm f». Formally, for each

w € M, ty, 1, = 2 and 0 for other elements of T. The resulting productivities are:

Firms w1 wo w3 Wy Ws
f2 RJ'];;(wl) =95 R};(wQ) =38 Rﬁ(wg) =38 R};(w4) =5 R};(’LU5) =6

Table 5: Workers’ productivities at fs.

The stable optimal allocations for this market are given by:

| N1 \ f2 | | N1 \ f2
w1, w2 w3, Ws w1, W2 w3, Ws
Sw, = 0,805, =2 | Sy = 0,545 =0 Sw, =4, 80w, =3 | Sz = 3,80 =1

Table 6: Firm-optimal and worker-optimal stable allocations with a subsidy of 2 for m
at f2.

The reasoning parallels the case where the transfer only subsidizes worker ws at firm
f2, leading to a reduction in the salaries of wq and ws in the allocation (,u%}, sg‘v) There-
fore, when a transfer is directed toward subsidizing minority workers across a subset of
firms, it may have adverse effects on minority workers in the worker-optimal stable allo-
cation. Such transfers can be implemented by policymakers to support specific market
sectors with the aim of increasing minority worker representation. This example illus-
trates the critical importance of carefully designing transfer mechanisms in affirmative
action policies. By contrast, no decrease in the salaries of minority workers occurs under

the firm-optimal stable allocation.

Proposition 2. Suppose T subsidizes the workers m C W at some F’ C F by t. Then
for some market G = (T, q), T may negatively impact minority workers under ¢y and

does not negatively impact minority workers under @p.

Proof. See Section [

3.2 Uniform Subsidy

The negative results highlighted in the previous section prompt a natural question:
Is it possible to design a transfer that subsidizes minority workers without adversely
affecting their welfare? Our first main theorem establishes that when a transfer uniformly

subsidizes minority workers, it ensures that no minority worker experiences a welfare

12



reduction under either ¢y or ¢r. We say that a transfer T uniformly subsidizes minority
workers if there exists ¢ > 0 such that for each w € m and each f € F', t,, y =t and for
each w' € M, f € F ity ;=0.

In Example [1} suppose the transfer T uniformly subsidizes minority workers by 2.

The stable optimal allocations for this market are given by:

’ f1 \ f2 | ’ f1 \ f2
w1, W2 w3, Wy w1, w2 w3, Ws
Sy, = 0,8 =2 | Sy = 0,84, =0 Sy, = 06,80, =5 | Sy = 3,8y =1

Table 7: Firm-optimal and worker-optimal stable allocations with a uniform subsidy of
2.

Worker ws is now employed by firm fo. Moreover, The salary of all minority workers
has increased strictly at the worker-optimal stable allocation, and weakly for w; at the

firm-optimal stable allocation. This observation can be generalized to any market.

Theorem 1. If a transfer T uniformly subsidizes minority workers, then T does not

negatively impact minority workers under ¢y and ¢p.
Proof. See Section [B.3] [ |

Theorem [I]is relevant to various practical issues: subsidies introduced for unemployed
minority workers or specific market sectors may inadvertently harm employed minority
workers. To prevent such negative effects, the subsidy amount must be identical for all

minority workers, regardless of their employment status.

4 Relation Between Subsidy and Tax

Another common instrument in affirmative action policies is the imposition of taxes.
These taxes are designed to penalize firms that fail to meet government-imposed repre-
sentation requirements. As mentioned in the introduction, firms may receive tax abate-
ments for employing a minimum number of minority workers. In this context, imposing
a tax is analogous to reducing the abatement. The key distinction between taxes and
subsidies lies in the range of possible amounts. While there may be no mathematical
distinction, from an economic perspective, it is important to limit the amount of the
tax. If a tax exceeds a worker’s productivity, the firm will never employ that worker.
Therefore, throughout this paper, we assume that for each worker w and each firm f,
we have Ry(w) + oy, f + tw,r > 0.

13



4.1 Targeted Tax

This section highlights the difference between taxes and subsidies. When a subsidy
targets a subset of workers or firms, it may negatively impact minority workers under
the mechanisms gy and ¢r. However, when a tax targets a subset of majority workers

or firms, minority workers may still be negatively impacted under y, but not under ¢p.

For instance, in Example|l} suppose a transfer T is introduced such that t,,, r, = —2,
with all other elements of T set to zero. The stable optimal allocations for this market

are given by:

| N \ f2 | | N \ f2
wy, W2 w3, Ws w1, w2 w3, Ws
Sw, = 0,8y, =2 | Sy = 0,84, =0 Swy =4, 80, =3 | Swy = 0,85 =1

Table 8: Firm-optimal and worker-optimal stable allocations with a tax of 2 for wy at

fa.

As with the targeted subsidy, w; and ws receive lower wages at the worker-optimal
stable allocation, while ws is now employed. In contrast, majority worker ws faces less
competition at firm fo and may thus enjoy a higher wage. The reasoning behind the

salary reduction for w; and we follows the same logic as with the subsidy.

The difference emerges when we consider the firm-optimal stable allocation. The
salary of wso increased. Since firms compete for higher profits in the firm-optimal al-
location, the introduction of a tax makes worker w, less attractive to firm fo. Thus,
with a productivity of R}; (we) = 6, we is more productive than both w4 and ws (with
R}; (wg) = 4 and R}[; (ws) = 4). As a result, firm f; must offer a salary of 2 to wa to
retain her, preventing her from joining fs. Hence, when a tax is introduced, it does not
reduce minority workers’ welfare at the firm-optimal stable allocation, even if the tax

does not apply to all majority workers.

In Example [1} suppose now that a transfer T introduces a tax of 2 for each majority
worker at firm f5, i.e., for each w € M, t,, 5, = —2, with all other elements of T set to
zero. A similar analysis applies here. Worker ws’s salary decreases at the worker-optimal
stable allocation due to the tax. The stable optimal allocations for this market are given
by:

14



’ S ‘ f2 \ ’ f1 \ fo

wi, W2 w3, Ws wi, w2 w3, Ws
Sy = 0,8y =2 | Sy = 0,845 =0 Suwy =4, 8wy =3 | Swy = 3,8y =1

Table 9: Firm-optimal and worker-optimal stable allocations with a tax of 2 for M at

fo.

Proposition 3. Suppose
o T taxes the workers M’ C M at some f € F, or
o T taxes the workers M C W at some F’ C F by t.
Then for some market G = (Tp,q), T may negatively impact minority workers under

pw and does not negatively impact minority workers under ¢r.
Proof. See Section [

Interestingly, when the firm-optimal stable allocation is considered, taxing majority
workers does not negatively impact minority workers. This is because, at the firm-
optimal allocation, workers’ salaries are influenced by the revenue generated by other
workers at competing firms (see Lemma . Thus, while subsidies make some workers
relatively less productive, leading to a salary decline, taxes do not increase productivity
and, in some cases, reduce it, resulting in higher salaries. Despite these differences, both

subsidies and taxes can have negative effects on minority workers under oy .

4.2 Uniform Tax Equivalence

Given that targeted taxes may adversely affect minority workers, we now turn our at-
tention to uniform taxes. A transfer T uniformly taxes majority workers if there exists
a t < 0 such that for each w € M and each f € F, we have t,,; = t and for each
w em, f e Ftyys=0.

Consider Example |1} where a transfer T is introduced that uniformly taxes majority
workers by 2. The stable optimal allocations under this tax are presented in Table
Despite the differences between a targeted subsidy and a targeted tax, when applying a
uniform tax, the transfer does not negatively impact minority workers under either

and @p.

Theorem 2. If a transfer T uniformly taxes majority workers, then T does not nega-

tively impact minority workers under ¢y and ¢pp.
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Proof. See Section [B.5 |

4.3 Uniform Tax and Uniform Subsidy Combination

In practice, subsidies and taxes are often implemented simultaneously in a market. Based
on our previous results, it follows directly that introducing a targeted subsidy alongside
a tax may negatively impact minority workers under both ¢y and ¢pr. However, if a
transfer uniformly subsidizes minority workers and uniformly taxes majority workers,
there is no negative impact on minority workers under either oy and ¢p. A transfer
T uniformly subsidizes minority workers and uniformly taxes majority workers if there
exist ¢t > 0 and ¢ < 0 such that for each firm f € F, R}‘(w) = Ry(w)+t for each w € m,
and R?(w) = R¢(w) 4+ t’ and for each v’ € M.

Corollary 1. If a transfer T uniformly subsidizes minority workers and uniformly taxes

majority workers, then T does not negatively impact minority workers under py, and

PYF-

As seen in the illustrative example, when a uniform tax of 2 is imposed on majority
workers, the optimal stable allocations mirror those obtained when a uniform subsidy of
2 is applied to minority workers. Beyond the absence of a negative impact on minority
workers, the effects of a uniform subsidy and a uniform tax are equivalent when their
magnitudes are identical. Theorem [3] states that if a transfer uniformly taxes majority
workers by ¢, then the allocations under oy and pp are identical to those produced

when minority workers are uniformly subsidized by tE

Theorem 3. Consider two transfers T and T’, where T uniformly subsidizes minority
workers by ¢ and T’ uniformly taxes majority workers by #'. For any market G = (T, q)
if t = |t/|, there exist worker-optimal and firm-optimal stable allocations such that

(13> siy) = (niy - sy) and (4, sF) = (4 ,SE ).

Proof. See Section [B.6 |

Given this equivalence, uniform taxes and uniform subsidies may serve as comple-
ments. In Example[l| consider a transfer T where each minority worker w € m receives

a subsidy of 1 at each f € F (ie., t, s = 1), and each majority worker w’ € M is

HSotomayor] (1999) shows that for a given market, multiple worker-optimal and firm-optimal stable
allocations can exist (Theorem 1 of [Sotomayor|[1999)). We, therefore, consider that there can be several
optimal allocations. However, when there are multiple worker-optimal stable allocations, worker utility
is the same for all these allocations. Similarly, when there are multiple firm-optimal stable allocations,
worker utility is the same for all of them (Theorem 1 of [Sotomayor|[1999).
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taxed by 1 at each f € F (i.e., t,7 y = —1). The resulting stable optimal allocations are
displayed in Table[7] Corollary [2] states that if a uniform subsidy of ¢ and a uniform tax
of t' are introduced, then under mechanisms ¢y and ¢p, the resulting allocations are

the same as those produced if a uniform subsidy or tax of ¢ + [¢/| had been introduced.

Corollary 2. Suppose there exist three transfer T, T’, T” and ¢t > 0, < 0 such that:
e T uniformly subsidizes minority workers by ¢ and uniformly taxes majority workers
by t'.
o T’ uniformly subsidizes minority workers by ¢ + |¢/|.
o T uniformly taxes majority workers by ¢ + |t/|.

Then, for any market G € G, there exist worker-optimal and firm-optimal stable al-

locations such that (u5,s%) = (u3,s5) = (5 s5) and (uF,sF) = (uF,sT) =
(LEsE)

The main implication of Theorem [3| and Corollary [2| is that a uniform subsidy has
the same impact as a uniform tax. To reduce the cost of the policy, a policymaker may
favor the use of a uniform tax. If the policymaker does not have information such as
firm revenues for each worker, or the mechanism used in the market, then only the use
of a uniform transfer guarantees that the transfer does not negatively impact minority
workers. However, if the policymaker has information on revenue functions, we can

consider non-uniform transfers to achieve different objectives.

5 Affirmative Action Policies with Transfer

In this section, we analyze three key objectives that can be pursued through transfers:
increasing the salaries of minority workers, increasing the representation of minority
workers in a firm, and reducing unemployment among minority workers. To determine
which transfers do not negatively impact minority workers under ¢y and ¢ g, we reduce
the dimension by fixing the sets of employed minority workers and unemployed minority
workers. Given a market G € G and an allocation (uw,sw), let mp = {w : w €
m and pw (w) # 0} represent the set of employed minority workers and my = {w :
w € m and py (w) = 0} the set of unemployed minority workersH Similarly, we define
Wg={w:we W and uw (w) # 0} as the set of employed workers, and Wy = {w : w €

12Considering (uw,sw) is equivalent to consider (ur,sr). Theorem 5 of [Sotomayor| (1999)) states
that the assignment remains unchanged between pw and pr; only salaries differ. The intuition is
that workers are assigned to the firm where they generate the highest surplus, subject to the firm’s
capacity constraints. The difference between firm-optimal and worker-optimal stable allocations lies in
the distribution of surplus. We adapt Theorem 5 from [Sotomayor| (1999) to our model in Lemma
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W and pw (w) = 0} as the set of unemployed workers. When a transfer T is introduced,
we define mE = {w : w € m and uf, (w) # 0} as the set of employed minority workers
with transfer T and mF = {w : w € m and pii,(w) = 0} as the set of unemployed
minority workers with transfer T. Similarly, we define WE = {w : w € W and pi, (w) #
0} as the set of employed workers with transfer T, and W = {w : w € W and pf, (w) =

0} as the set of unemployed workers with transfer T.

5.1 Increasing Salaries of Minority Workers

A common goal of affirmative action policies is to raise the salaries of minority workers.
In this section, we focus on transfers that are not uniform across workers within the
same group. To ensure that the salaries of minority workers increase, it is crucial to
design transfers that do not negatively affect them. As illustrated in Table [§ when a
(non-unifrom) tax is implemented, the effects cannot be targetedm Therefore, in this

section, we consider subsidies to guarantee that the transfers benefit minority workers.

The distinction between employed and unemployed minority workers is critical. As
illustrated with the targeted subsidy in Table [ subsidizing ws, an unemployed worker,
intensifies market competition among workers. Theorem [4] establishes that when subsi-
dies are allocated exclusively to employed minority workers, and the highest subsidy for
each worker is provided to the firm employing them, their salaries will increase by the
value of the subsidy in the worker-optimal stable allocation. If subsidies are provided to
unemployed minority workers, then employed minority workers must receive an equiv-

alent or larger subsidy to ensure that their salaries are not negatively impacted under

Pw-

Theorem 4. Consider a market G € G. Let T be a transfer such that for each t,, y > 0,
we have w € m, and there is no ¢,y y < 0 with w’ € W.

(i) If for each w € mp,t = maxfep(ty ¢) and for each w' € my, f € F ity ¢ =

w,pw (W)
0, then T does not negatively impact minority workers under ¢y . Futhermore,

T _
wpT (w) = Swpw (w) T buw vy (w) -

(ii) If foreach w € mp,ty, yuy (w)y = MaxX e (tw,f), A0d Ly (w) = MAXy/emy, frer (T, 1),

then T does not negatively impact minority workers under ¢y .

pw = ,u;fv and for each w € W, s

Proof. See Section [B.7] [ |

3Considering the worker-optimal stable allocation, the salary of ws, a majority worker, increases,
while those of w; and ws decrease.
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The intuition behind Theorem ] (i) is that if a higher subsidy is provided to workers
at a different firm, some employees may be incentivized to switch firms in order to in-
crease their utility. This shift in firm creates competition, which can result in a decline
in the utility of other workers. To isolate the impact on workers’ wages, we impose that
unemployed individuals do not receive subsidies. However, we relax this assumption in
part (ii). When subsidies are extended to unemployed workers, the salaries of employed
minority workers may decrease. To counteract this, if employed workers receive a sub-
sidy of at least the same amount, the reduction in wages caused by subsidies for the

unemployed is neutralized, preventing any decrease in their salaries@

Note that subsidies for employed minority workers can vary across firms and indi-
vidual workers. This allows for the possibility of designing policies that target wage
increases for specific workers in certain sectors, while not affecting others. The practical
implication of Theorem [4]is that if the policymaker’s goal is to raise the wages of minor-
ity workers in a particular sector, subsidies should be applied exclusively to workers in
that sectorﬁ Moreover, this approach mitigates the negative impact on majority work-
ers. In fact, under the worker-optimal stable allocation, and considering the transfer
mechanism described in Theorem 4| (i), no worker in the market experiences a decline in

utility following the introduction of the subsidy.

However, Theorem 4 holds only under the mechanism ¢y, and the transfers described

may negatively impact minority workers under mechanism pp.

Proposition 4. Consider a market G € G. Let T be a transfer such that for each
tw,r > 0, we have w € m, and there is no t,y y < 0 with w’ € W.

(i) If for each w € mg,t = max(t,, ) and for each w’ € my, f € F,ty § =0,

w,pw (w)
then T may negatively impact minority workers under pp.
(ii) If for each w € mpg, tw,uw(w) = maXf(tw,f), and tw,uw(w) > maxw’EmU,f’eF(tw’,f’)y

then, T may negatively impact minority workers under ¢p.

Proof. Consider Example (1, a partition such that m = {wsg, w4, w5} and suppose a
transfer T is introduced with ¢, s, = 1. The salary of ws is reduced to zero at (uE,sE).
|

Y Theorem under a uniform subsidy, this condition is trivially met. Theoremextends Theorem
[[]by demonstrating that a larger subsidy for employed minority workers will result in an increase in their

salaries.
5Imposing a sector-specific minimum wage is a direct application of Theorem
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Proposition [ illustrates the distinction between worker-optimal and firm-optimal
stable allocations. Subsidizing specific workers at the firms to which they are matched
increases the surplus they generate, which, in turn, diminishes the attractiveness of
other workers. As the perceived value of workers not employed by the firm declines,
firms can reduce the wages of these workers. Proposition [ highlights the importance
of the mechanism used in the market when designing policy interventions. Hence, the
policymaker’s knowledge of the market mechanism is crucial for the effective design of

transfer policies.

5.2 Increasing the Representation of Minority Workers in a Firm

As discussed in the introduction, the primary historical goal of affirmative action poli-
cies has been to reduce segregation within firms and sectors. In this section, we ex-
plore transfers that can increase the representation of minority workers in a firm. A
transfer T increases the representation of minority workers in firm f under ¢ if, for
a market G = (Ty,q), we have p(To,q) = (i,s) and ¢(T,q) = (uT,sT), such that
qr > |pT(f)nm| > |u(f) Nm| and (u(f) Nm) C (uT(f) N'm). We impose that the
minority workers employed by firm f under assignment p remain employed under pu7T,
and that at least one additional minority worker is hiredE By construction, this im-
plies that some majority workers currently employed by f will be replaced by minority

workers following the introduction of the transfer.

For simplicity, without loss of generality, let us consider the case in which a single
additional minority worker is hired by firm f. In this instance, only one majority worker
needs to be replaced. We denote these workers as w,, and wys, where pw (wn,) # f
and puw(war) = f. For the worker w,, to be employed by firm f instead of wys, wy,
must generate a higher profit at f than the profit generated by wjs. In a worker-optimal
stable allocation, all workers within the firm generate the same profit (see Lemma [J),
which leads us to focus on the firm-optimal stable allocation. Consequently, the worker
wps who will be replaced by w,, is the majority worker employed by firm f under the

allocation (pup,sg) who produces the lowest profit.

Let t 5 = ming,, cpp(nnm (B (War) = Swyr 1) — (R (Wim) + 0w, ) + Rypp(wpn) (W) +

Owom s pop (W) maxw/e(WUU{wM})\{wm}(Rup(wm)(w/) + Ow! (W) — uw’(qusF)) be the

16WWe consider the capacity of firm f to ensure that there are majority workers employed by f under
assignment pu.
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subsidy required for w,, to be hired by f E The amount of the subsidy depends on both
the productivity of the minority worker w,, at firm f and the productivity of w,, at the
current firm, pur(wy,). The more productive wy, is at ur(wy,), the greater the subsidy
required to incentivize the move to firm f. The underlying intuition is that if the subsidy
is insufficient, firm pp(wy,) will offer a higher salary to retain w,,. Therefore, firm f
must offer w,, a sufficiently high wage to ensure that pp(wy,) has no incentive to retain

w,, and instead finds a more attractive alternative.

Example 2. Consider Example|l] a partition such that m = {wy, w4} and the objective
of the policymaker is for w4 to be employed by fi. Thus, the subsidy is calculated as
follows: t_, 5, = Ry (w2) — Suy,f; — Ry (wa) + Ry, (wa) — Oy o — (Rpp(W2) — Oupy fp —
Uy, (p,8p) =7—1—44+5—(6—1) = 2. Thus, by subsidizing w4 by 2 at fi1, w4 replaces
wg and T increases the representation of minority workers in firm f under ¢pr. Suppose
a transfer T such that t,, r = 2, with all other elements of T set to zero, is introduced.

The stable optimal allocations for this market are given by:

| f1 \ f2 \ | N \ f2
Wi, Wy w2, W3 w1, Wyq w2, W3
Sy, = 0,84, =0 | Sy = 1,84, =0 Sy =3, 8w, =1 | Sy = 2,8y, =4

Table 10: Firm-optimal worker-optimal stable allocations with a subsidy of 2 for w4 at

fi.

Table [10] illustrates that minority workers in f; can be negatively impacted by this
transfer, as the salary of w; at the worker-optimal stable allocation is 3. Our next result
states that if this subsidy is introduced for all employed minority workers at firm fi,

then the transfer does not negatively impact minority workers under ¢y and pp.

Theorem 5. Consider a market G € G. Suppose that T is a transfer such that for f € F,
for each w € mN (up(f)U{wn}), we have t,, y > t_,¢; for each w’ € mp\ (ur(f)U{wm}),
we have t,s 5 < t_; for each w’ € W\ mg,t, s = 0; and for each f' € F\ {f},w €
Wity ;o = 0. Then, T does not negatively impact minority workers under ¢w and

increases the representation of minority workers in firm f under pw and ¢f.

Proof. See Section [B.§ [ |

"We demonstrate in Claim that t_ s allows wp, to generate (weakly) more profit than wys at firm
f. In certain markets, this subsidy can be reduced by considering workers employed at other firms rather
than only those in Wy U was. However, t_.; applies across all markets.
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In contrast to the salary increases discussed in Section [5.1] modifying the assignment
of minority workers requires that the transfer be non-uniform and specifically target f.
Theorem [5] asserts that minority workers employed by f and w,, must receive a subsidy
of at least t_,y to not be negatively impacted by the transfer under pw . Conversely,
other minority workers employed must receive subsidies of at most t_, ¢ at f. The reason
for this is that w,, is chosen from among the minority workers who are not employed
by f. Therefore, some minority workers may require a subsidy lower than t_,; to be
employed by f. If they are subsidized by t_ ¢, they will be hired by f, increasing the
representation of minority workers, although w,, will not be hired by f. By imposing
that minority workers employed by f be subsidized by at least t_,;, we prevent any
decrease in their welfare[l¥ This argument is used in the proof of Theorem

The proof of Theorem [5] proceeds as follows: we begin by decomposing the transfer
T, into a sum of transfer matrices (utilizing Lemma . First, we focus on the subsidy
for minority workers employed at f. By Theorem [4] we know that their salary increases
by 2., under oy . Next we consider a transfer that subsidizes w,, by t_,y. By Lemma
we know that the salaries of all workers decrease by at most t_, ;. Since their salaries
have increased by more than ¢_,; we can conclude that the salaries of minority workers
at f are not reduced.

The remaining subsidy for w,, at f is then introduced, allowing w,, to be recruited
by f and being subsidized by t,,,  — t—. This, according to Theorem {4, results in
an equivalent increase in w;,’s salary, without affecting the salaries of other workers.
Finally, we consider the transfer that subsidizes other minority workers employed else-
where, capped at t_, ;. Consequently, the impact on their salaries is limited to at most

t_ s, ensuring that the salaries of minority workers at f remain unaffected.

Similar to the policy of increasing salaries, the transfers described in Theorem [5| may
negatively impact minority workers under ¢p. In Example [T} consider a partition such
that m = {w1, w2, w3} and suppose a transfer T is introduced such that ¢, ¢, = 7 and
)

0 for other elements. The salary of ws is 0 under (ur,s

Proposition [5] complements Theorem [f] by establishing transfers that increase the

representation of minority workers at f, without imposing any conditions on the welfare

!81f a minority worker, other than w.,, is employed by f and is subsidized by less than ¢_, ;, the salary
of the minority workers employed by f is reduced by less than ¢, . Thus the subsidy ensures that their
salary does not decrease.
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of minority workers. Consequently, some minority workers employed by f may experience

salary reductions following the introduction of T.

Proposition 5. Consider a market G € G and (up,sr). Suppose that T is a transfer
such that for f € F', for each w € mNpp(f), tw,f > max(0, Rf(war) — Swy,,r — (Ry(w) —
(maxflep\{f} (Rf/ (w) + Ow,f! — manlewUU{wM}(Rf/ (w’) + O’w/7f/))))); for each w' € W\
(mN(pr(f)U{wm})), tw r = 0; for each f' € F\{f},w € Wty p =0; and t,,, f > t_¢.

Then, T increases the representation of minority workers in firm f under pw and ¢r.
Proof. See Section [B.9 [ ]

To maintain their positions at f, minority workers employed by f must generate a
profit that is higher than that of wj;. Thus, the transfer described subsidizes a minority
worker by at least 0 if the profit they generate at f is already greater than that generated
by wys, and by the difference otherwise. Using the same reasoning as we did for ¢_,,
the subsidy must be sufficiently high because the worker wj; can accept a lower salary

and maintain her position at f.

5.3 Reducing Unemployment Among Minority Workers

In this section, we consider a policy aimed at reducing unemployment among minority
workers. As illustrated in Table [l subsidizing certain unemployed workers enhances
market competitiveness, which can lead to reduced salaries.

A transfer T favors the employment of minority workers under ¢ if, for a market
G = (Ty,q), we have ¢(To,q) = (i,s) and (T, q) = (uT,s?), such that |mE| > |mg|
with mg C m'g We impose that employed minority workers do not lose their jobs and
that some unemployed minority workers gain employment as a result of the transfer.
By definition, it follows that if a transfer T favors the employment of minority workers,
then there exists f € F such that T increases the representation of minority workers
in firm f. However, there are two major distinctions to note. First, minority workers
who are already employed may change firms, provided they remain employed after the
transfer. Second, unemployed minority workers must secure employment with a firm,

without specification regarding which firm that may be.
Similar to the policy aimed at increasing minority worker representation in a firm,

for simplicity, we focus on a single unemployed minority worker who replaces a majority

worker. The unemployed minority worker considered is the one requiring the lowest
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subsidy to gain employment. We denote these workers as w,, and wj; for these work-

ers, respectively, with uy (wys) representing the firm. The subsidy required is at least

by — = (Ruw(wM)(wM) + UZUM#W(wM)) - (RuW(WM)(wm) + me,uW(WM))H

Theorem 6. Consider a market G € G. Suppose that T is a transfer such that for
each w € Mg, ty yy (w) = MaxXfer(tw,f) > tmy—; for each w’ € W\ mp U {wy,} for each
f € F, tw’,f = 0;, and twmy#W(wM)
workers under @y and favors the employment of minority workers under ¢y and ¢p.

> tmy—- Then T does not negatively impact minority

Proof. See Section [B.10] [ ]

Theorem [0] states that transfers in which each minority worker employed receives the
highest subsidy in their respective firm, exceeding t¢,,,—, while w,, is subsidized by at
least tp,— at uw(war) and all other transfers are set to 0, do not negatively impact
minority workers under ¢y and favor the employment of minority workers under g
and @w.

One might argue that the worker w,, receiving a subsidy of ¢,,,— will have a utility
of 0 in all competitive equilibria with the transfer. Nevertheless, according to Theorem
[, once employed, it is possible to increase wy,’s salary without diminishing the welfare
of other workers. Therefore, it is feasible to promote employment while also establishing
a minimum wage for worker w;,.

For employed minority workers, the argument that the subsidy is highest in the firm
where they work follows the same rationale as in Theorem [@ this does not exacerbate
competition among workers. By decomposing the transfer, the proof is analogous to that
of Theorem The salaries of employed minority workers decrease by at most t,,,;
thus, by subsidizing them by a larger amount, the transfer does not negatively impact
minority workers. While in Theorem [5] the subsidy pertains only to one firm, in Theorem
[6] it encompasses all firms employing minority workers. This distinction also illustrates
that a uniform subsidy can achieve the desired objective. Indeed, if a transfer T that
uniformly subsidizes minority workers by ¢,,,,— is introduced, then T does not negatively

impact minority workers and favors the employment of minority workers under ¢y, and

YF.

The policymaker’s objective may be to reduce unemployment without considering

changes in the salaries of employed minority workers. However, it is essential to maintain

9The intuition is that the surplus generated by wy, is at least equal to the surplus generated by ways.
Therefore, even with a salary of 0, uw (war) is indifferent between wy,, and war. We prove that ting — 18
sufficient to guarantee that w,, is employed in the proof of Proposition @
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the employment of minority workers. From Table[d] it is evident that policies subsidizing
unemployed minority workers may lead to job losses among other minority Workersm
Proposition [6] provides the necessary transfer to ensure the continued employment of
minority workers while allowing for at least one unemployed minority worker to be hired

by a firm.

Proposition 6. Consider a market G € G. Suppose that T is a transfer such that for
each w € mp \ {pw (pw (War)) }s tw py (w) = MaXper (tw,f) > max(0, tmy— — (Sw uy (w) +
aw#w(w))); for each w € mEﬁ{MW(MW(U)M))}atw7uw(wM) = max fep(tw,r) > max(0, RMW(wM)(wM)—i-
Twong s (war) — By (wag) (W) =y (wy) )i for each w' € W\(mpU{wn}), f € F ity ;=0;
and for each f € F\ {uw(wnm)}, tw,, r = 0 and Earg v (

the employment of minority workers under ¢y and ¢p.

war) = tmy—- Then, T favors

Proof. See Section [B.11] |

Proposition [f] distinguishes between two cases for minority workers: those employed
by uw (wys) and those employed by other firms. For workers not employed by pyw (way),
it suffices that their utilities exceed t,,,,—,. The surplus generated by a worker at a firm
translates into their utility, which corresponds to a share of this surplus. Thus, while
subsidizing w,, may reduce workers’ utility, it must remain positive. Consequently, to
maintain employment, the utility must decrease by t,,,—. For the minority workers
employed by upw (war), it is also essential to ensure that their positions are secure by
generating a profit greater than that generated by wjys;. The reasoning mirrors that in
Theorem [Bl

5.4 Sharing the Subsidy

In this section, we investigate how the subsidy is distributed between firms and minority
workers. Given a market G = (T, q), we define the cost of a transfer T under ¢,
such that o(T,q) = (uT,sT), by Co(T) = X pem twuT(w)- The cost of a transfer that
subsidizes minority workers is the sum of the subsidies granted to the firms employing
these workers. We define the share of the cost of the transfer accruing to minority
workers as CJ'(T) =32 e, Uy (137, ST ) — U (w7, SW ).

Considering Theorem [4] (i), it is direct that the transfer described assigns the entire
cost of the transfer to the minority workers. The reasoning is that the salary of all

employed minority workers increases by the amount of the subsidy granted to the firm

20This is exemplified by considering that w, is a minority worker in Table

25



employing them. Thus, given the optimality of the allocation (uw, sy ) and the condi-
tions of the competitive equilibrium, no firm realizes an increase in profit following the

introduction of the transfer.

Corollary 3. Consider a market G € G. Suppose that T is a transfer such that for each
wopw (w) = MaxXgep(ty,r) > 0, and for each w' € W\ {mg}, f € F,ty ;= 0.
Then, Cy,, (T) = C7, (T) and for each f € F, Vy(uw;sw, Ry, To) = Vf(u"];v; st Ry, T).

w € mg,t

The crucial aspect in the proof of Theorem {4 is that the workers remain employed
by the same firms they were associated with prior to the introduction of the transfer.
However, in the other objectives studied, namely increasing the representation of minor-
ity workers in a firm and reducing unemployment among minority workers, some firms
experience a different workforce composition. Proposition [7] states that this difference
results in firms absorbing part of the subsidy, thereby increasing their profits at the

worker-optimal stable allocation.

Proposition 7. Consider a market G € G. Suppose that T subsidizes the workers
m’ C m, and does not taxes any worker. If there exists f € F such that for each
worker-optimal stable allocation |ufy (f) N'm| > |uw (f) N'm|, then Cy, (T) > CZ (T)
and Vf(ugv;sgv,Rf,T) > Vi(pwisw, Ry, To).

Proof. See Section |

By subsidizing certain workers, competition within the market is enhanced. Some
workers may accept lower wages to retain their jobs, resulting in increased profits for
firms. Since the composition of the workforce changes following the introduction of the
transfer, it is evident that negotiations between workers and firms lead to an uptick in
profits. Thus, if a transfer T subsidizes minority workers and increases their representa-
tion in a firm or supports their employment, then a portion of the subsidy will contribute

to the profits of certain firms.

6 Affirmative Action with more than two Groups

In this section, we relax the restrictions on the number of groups. In practice, populations
may comprise more than two groups. Multiple groups can be classified as minority
groups. Our approach in the previous sections involved considering the union of all
minority groups alongside the union of all non-minority groups. While we analyze a

policy applicable to all minority groups, it is natural to implement a specific policy for
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each individual group. Therefore, we study the impact of transfer policies on various

groups.

A transfer T does not negatively impact group P under ¢ if for market G = (To, q), we

have (To,q) = (4,s) and (T, q) = (uT,s™)
o uw(pT,8™) > uy(p,s).

We say that the transfer T may negatively impact group P under ¢ if the condition is

, such that for each w € m:

not satisfied. A transfer T uniformly subsidizes (tazes) group P if there exists a t > 0
(t < 0) such that, for each w € P and each f € F, we have ¢, ; = t, and for each
w eWw \ P,tw/,f =0.

Our previous results highlight the importance of implementing the same subsidy (or
tax) for all minority (or majority) workers to avoid a reduction in welfare. Thus, it is
clear that if a transfer does not uniformly subsidize all minority groups by the same

amount, then it may negatively impact some groups under ¢y and ¢p.

Corollary 4. Given a market G(Ty, q, s), a transfer T that uniformly subsidizes group
P may negatively impact group P’ under gy and pp with P’ € P\ {P}.

Introducing a uniform transfer for one group can still adversely affect other minority
groups. Corollary [4 and Theorem [I] illustrate that minority groups must be subsidized
by the same amount to prevent a reduction in welfare. Therefore, careful design of

transfers is essential when considering multiple groups.

In contrast, if a transfer T uniformly taxes a group, then all other groups are not

negatively impacted by T.

Corollary 5. If a transfer T uniformly taxes group P, then T does not negatively

impact group P’ under pw and ¢p with P’ € P\ {P}.

The implication of Corollary [5|is that when considering multiple groups of minority
workers, the implementation of a uniform tax should be favored. The distinction be-
tween a tax and a subsidy lies in the productivity implications for unemployed workers.
With a subsidy, the productivity of unemployed workers increases, thereby intensifying
competition in the market. As noted in Theorem [ if a subsidy targets unemployed
workers, it may negatively affect the welfare of other workers. Conversely, a tax de-
creases the productivity of certain workers without adversely impacting others, making
those not taxed uniformly more attractive to firms.

However, as discussed in Section [5| a significant limitation of the tax is its inability to
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target effects accurately. Example [3| illustrates how a tax may inadvertently benefit a

group that is not classified as a minority.

Example 3. Consider Example [l]and a partition such that m; = {w1},mo = {ws},p =
{we, w3} and M = {wy4}. In this partition, groups m; and mg correspond to minority
groups, group M comprises majority workers, and group p includes workers who are
neither minority nor majority. Suppose a transfer T is introduced that uniformly taxes
group M: for each f € F', we have t,, y = —1 and 0 for all other elements. The stable

optimal allocations for this market are given by:

’ fi \ f2 | ’ N \ f2
wi, w2 w3, Wy wi, w2 w3, Wy
Sy = 0,8y =2 | Sy = 0,84, =0 Sy = 0,8y =4 | Sy =4,54, =0

Table 11: Firm-optimal and worker-optimal stable allocations with a uniform tax of 1
for wy.

The positive impact of the tax on other workers is limited to group p, which is
not classified as a minority group. The salary of worker wsy is strictly higher when
considering the firm-optimal stable allocation, while the salaries of minority workers, w;

and ws, remain unchanged.

Combining a tax and a subsidy, as presented in Section [4.3] may also lead to a welfare
reduction for minority workers. Suppose a transfer T is introduced such that for each
w € My, by, = 0.5, for each w € M, t,, y = —0.5, and 0 for all other elements of T. The

stable optimal allocations for this market are given by:

f1 \ fo | | f1 fo ‘

w1, W2 w3, Ws w1, W2 w3, Ws
Swy = 0,84, = 0.5 | Sy = 0,84, =0 Sy, = 4.9, 8y = 3.5 | Sy = 3.5,8y =1

Table 12: Firm-optimal and worker-optimal stable allocations with a subsidy of 0.5 for
mo and a tax of 0.5 for M.

The salary of w1, who is a minority worker, is reduced at the worker-optimal stable

allocation.
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7 Job Matching under Group-Specific Constraints

In this section, we investigate the implementation of other common affirmative action
policies, namely group-specific constraints. These policies typically impose ceiling con-
straints on firms, limiting the number of workers from specific groups that a firm can
employ. |[Kojima et al. (2020)) demonstrate that the gross substitutes condition is pre-
served for all group-separable revenue functions if and only if the feasibility collection
is defined by a generalized polyhedral constraint. For the purposes of this analysis, we
focus on ceiling constraints and introduce quotas, which represent the maximum number
of majority workers a firm can employ.

A quota is a vector g™, such that g™ = (qjc\/[)fep, with qj\/[ € N, representing the
maximum number of majority workers that firm f can employ. We assume for any g™,
it holds that ¢ > q}w for each f € F. A quota q™ imposes a ceiling constraint on
magority workers at firm f if gp > q}\/l. A null quota is defined as a quota qé” such that
for each firm f € F, qj\/[ = qy.

A market with salaries and quotas is a 6-tuple G = (W, F,R,qM,q,s). Since W,
F, and R remain fixed throughout this section, and s depends on R, we simplify the
notation to G = (q™,q). To study the impact of quota implementation, we compare
optimal stable allocations both with and without quotas. For a market G = (qé‘/f , ),
with a null quota, we denote (up,sr) and (uw,sw) the firm-optimal stable allocation
and the worker-optimal stable allocation, respectively. When a non null-quota g™ is in-

troduced into market G, this creates a new market denoted as (g™, q). We then denote

M M
the worker-optimal stable allocation with quota g™ as (u“}, 753[/ ) and the firm-optimal

M M
stable allocation with quota qM as (u$ ,s% ).

If a firm f hires W/ C W while facing a vector of salaries s, quotas qM, capacity
qs, and a revenue function Ry, its profit with quotas is Vi(W';s, Ry, qM) = Ry(W') —
Y wew’ Sw,f that is, its revenue with transfers minus salaries of workers it hires. We
define the mazimal profit function with quotas by I1¢(-; Ry, q™,q) and the demand with
quotas by Dy(-; Ry, q', q) such that for each vector of salaries s,

s (s; Ry, q", q) = max{V;(W';s, Ry, q™) : W C W, W' N M| < g} and [W'| < g5 };
Dy(s; Ry, q™,q) ={W' c W [W' n M| < ¢}, |W'| < gy and Vs (W';s, Rr,q™) = T (s; Ry, q™, q)}.

Each element of Dy (s; Ry, g, q) is referred to as a demand set with quotas.
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Definition 3. (Gross Substitutes). A demand Dy(-, Ry, g, q) satisfies the gross sub-
stitutes condition if, for any two vectors of salaries s,s’ if s’ > s and s,, = s/, then
w E Df(s,Rf,qM,q) implies that w € Df(s’,Rf,qM,q).

Roughly speaking, the gross substitutes condition with quotas rules out comple-
mentarity between workers within a firm. Definition [1] introduces the gross substitutes

condition without quotas, indicating that only the demand form changes.

We say that a quota q™ does not negatively impact minority workers under ¢ if, for
market G = (qd!,q), we have p(q)’,q) = (u,s) and p(q™,q) = (qu,qu), such that
for each w € m:

. Uw(NqM»SqM) 2 Uw(lt, ).

A quota g™ may negatively impact minority workers under ¢ if the condition is not
satisfied. We now demonstrate that implementing quotas, which preserve the gross

substitute condition, may negatively impact minority workers under oy .

Example 4. Consider Example (1| and a partition such that m = {w;,we, w5} and
M = {ws,wy}. Suppose that each firm can employ at most one worker from the majority,

meaning that g™ = (1,1). The stable optimal allocations for this market are given by:

| fi \ f2 | | fi \ f2
wi, w2 w3, Ws w1, w2 w3, Ws
Sw, = 0,805, =2 | Sy = 0,845 =0 Swy =4, 8wy =3 | Swy = 3,8y =1

Table 13: Firm-optimal and worker-optimal stable allocations with a quota of 1.

The worker ws is now employed by the firm fs5, achieving representation of minority
workers within the firms. However, minority workers wq and w9 experience a reduction in
welfare. This decline in salaries for the minority workers arises due to the unemployment
of wy. Since firm f; has not reached its quota, it can recruit wy while still adhering to the
ceiling constraints. Thus, implementing quotas may inadvertently heighten competition

in the market by altering the assignment of workers.

Proposition 8. Given a market G = (g}, q), and a quota g™ that imposes a ceiling
constraint on majority workers for firms, g™ may negatively impact minority workers

under @y .

In Example {4l if firm f; reached its quota, it is clear that w4 could not be recruited,

and workers would be immune to the increased competition in the market. Our main
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result for this section is as follows: when a quota is implemented that allows a firm to
recruit at least as many minority workers as in the market without a quota, then the

quota does not negatively impact minority workers under the mechanisms ¢y and ¢p.

Theorem 7. Consider a market G = (q)!,q) and a quota q such that for each
f € Fq— q}w > |pw (f) N'm| then g™ does not negatively impact minority workers
under o and @f.

Proof. See Section ]

The incentive for firms when floor quotas and ceiling quotas are imposed is not the
same. By imposing a floor quota, the firm is forced to respect it. As a result, it is willing
to employ minority workers, even if the profit generated is negative. This maintains the
legal feasibility of the allocation. In contrast, when a ceiling quota is imposed, the firm
prefers to have vacant positions if a worker generates a negative profit. With transfers,
it is possible to guarantee the representation of minority workers, and a minimum salary,
which is not possible with quotas. However, we identify transfers and quotas that achieve

an objective without reducing the well-being of minority workers.

8 Conclusion

This paper examines the impact of transfer policies on workers’ well-being within markets
for indivisible resources. Focusing on various population groups affected by affirmative
action policies, we show that subsidies targeting minority workers can unintentionally
reduce their well-being. This is particularly true for policies that subsidize unemployed
minority workers or specific market sectors. In contrast, we find that uniform subsidies
help mitigate this negative effect. Furthermore, our analysis of taxes on majority work-
ers reveals a relationship and complementarity between these two forms of transfers.
Overall, our findings identify transfer policies that preserve the well-being of minor-
ity workers while still achieving the primary objectives of affirmative action initiatives.
However, we stress that the competitive equilibrium of the market must be known by pol-
icymakers before implementing any transfer. Furthermore, when more than two groups
are present in the population, the implementation of subsidies can reduce the well-being
of one or more groups. In such cases, it is advisable to treat all minority groups uni-
formly or to impose a uniform tax on non-minority groups.

Echenique (2012)) shows that the matching-with-contracts model proposed by [Hatfield
and Milgrom| (2005), which encompasses various nontransferable utility matching frame-

works, can be integrated into the job matching model introduced by |Kelso and Crawford
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(1982). However, Kojima| (2012) shows the impossibility of considering affirmative pol-
icy measures that do not negatively impact student welfare within a nontransferable
utility framework. Our results suggest that if the set of available contracts is not finite,
wage continuity may help overcome this impossibility within the matching-with-contracts
model.

We conclude by raising two open questions: First, what types of transfers that tax ma-
jority workers can effectively achieve the common goals of affirmative action policies?
Second, which transfers can minimize the negative impacts on majority workers while

enhancing the positive effects on minority workers?

A Mechanisms

This section introduces the two mechanisms used in this article. For simplicity and
clarity, we present the mechanisms such that the expected utility decreases by 1 at each
step, while the proposed wage increases by 1 at each step. This formulation follows the
approach used by [Kelso and Crawford, (1982).

A.1 Descending Salary Adjustment Processes

This subsection introduces the Descending Salary Adjustment Processes with capacity.

Step 0. For each worker w € W, consider an initial vector of expected utility u,,(0) =

(Rf(w) 4 0w, f) fer. Each worker selects a firm f such that

u, (0)(f) = max u,,(0)(f) = 0,

i.e., the firm that offers the highest expected utility. If there is a tie between firms, a
tie-breaking rule is imposed. Each worker w then proposes a salary of u,(0)(f) — ow,f
to that firm.

Step t > 1. If a firm f receives more proposals than its capacity gy, it rejects all
proposals. For each firm f € F that rejects all its proposals, all workers w € W reduce

their expected utility at that firm by 1, i.e.,

uy (1) (f) = et — 1)(f) — 1.
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Each worker then selects a firm f such that

uy, (1) (f) = maxu,(t)(f) = 0.

fer

If there is a tie between firms, a tie-breaking rule is imposed. Each worker w proposes
a salary of u,(t)(f) — ow,s to that firm.

If no such firm exists, the mechanism terminates.

The mechanism continues while at least one proposal is rejected. Since the number of
workers and firms is finite, and utility cannot become negative, the mechanism terminates
in a finite number of steps. Firms that have not rejected the salary offers accept them
and employ the workers who proposed them. The final outcome is the worker-optimal

stable allocation.

A.2 Ascending Salary Adjustment Processes

This section introduces the Ascending Salary Adjustment Processes with capacity (Kelso
and Crawford, 1982).

Step 0. For each firm f € F', consider an initial vector of salaries s;(0) = (0w, f)wew,
and let W;(0) C W be the subset of workers such that W}(0) € Dy(sf(0); Ry, -, qy), i.e.,
the subset that maximizes the profit of firm f under the current vector of salaries and
capacity constraint q;. If there is a tie between workers, a tie-breaking rule is imposed.
For each worker w € W;(0), firm f offers the salary s¢(0)(w) to each worker w € W'(t)
(i.e., o, f)-

Step t > 1. If a worker receives more than one offer, she rejects all offers except her
most preferred one, which she tentatively accepts. In case of a tie, a tie-breaking rule is
imposed. For each firm f, if a worker w rejects the offer, the salary for w is increased
by 1, i.e.,

s7()(w) = s(t — 1)(w) + 1.

Next, consider the updated vector of salaries s¢(t), and let W'(t) C W be the subset
of workers such that W'(t) € Dy(sf(t); Ry,-,qy), i-e., the subset that maximizes the
profit of firm f at step ¢, given the current vector of salaries and capacity constraint q;.
If there is a tie, a tie-breaking rule is imposed. Firm f then offers the updated salary
s¢(t)(w) to each worker w € W'(t).

The mechanism terminates if no worker rejects an offer.
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The process continues until at least one offer is rejected. Since the number of firms
is finite and each firm’s profit cannot be negative, the mechanism terminates in a finite
number of steps. Workers who have not rejected the salary offers accept them and are
employed by the firms making the offers. The final outcome is the firm-optimal stable

allocation.

B Proofs

B.1 Technical Results

Lemma [l provides a decomposition of the effects of transfers on the utility and profit of
agents in the market. The intuition is that for a given market, G = (Ty, q) and a transfer
T, the transfer can be decomposed into several matrices such that their sum equals T.
We have shown that certain transfers do not negatively impact minority workers. This

allows us to implement transfers in the market and analyze their effects on agents.

Lemma 1. For any market G = (Ty,q), and any T € T, suppose T C T such that
T =3 1,er Ti. Then, there exist worker-optimal and firm-optimal stable allocations in
the markets (T, q) and (3, Ti,q) such that:

Z . s T Z ) s Ty
(wssw) = (" sy )

and

T, T;
T) (MFZTiET’ g SETZ-ET’ g

, )-

For convenience, we denote by (Ty,q) N (T, q) the implementation of the transfer

(WF.s

T in a market (Ty, q), with (T, q) as the resulting market. By decomposing T, we have
T" C T such that T = > g, o T;, and

(T()aq)g(Tlaq)g((Tl"i_TQ):q)E3 Z Ti7qas
T, €T’

This decomposition primarily facilitates the analysis of the impact of transfers on work-
ers. For instance, if T = T1+T3, and both T and Ty do not negatively impact minority
workers, then T does not negatively impact minority workers either. Similarly, it follows

that Lemma [2| can capture the maximum impact of each transfer.

Lemma 2. For any vector T, the following holds:
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o If max(T) > 0 and min(T) < 0, then for each w € W, we have

ta(pew s 5w) — 0 (4l ST)| < max(T) — min(T),

e, 5) — 1 (1E, SB)] < max(T) — min(T).
o If max(T) > 0 and min(T) > 0, then for each w € W, we have

‘uw(,uW7 SW) - uw(:u“%‘/v S%‘/)‘ < maX(T)7

|ww(pr.5F) — ww(k, s§)| < max(T).

o If max(T) <0 and min(T) < 0, then for each w € W, we have

[ (1w, 1) — s (i, 83y )| < — min(T),

ta(pi,$7) = i (1E, ST < — min(T).

Proof. We start with the firm-optimal stable allocation in markets (T, q) and (T, q).
From Lemma [5], we know that for each w € W,

(Rf(w) + oy, f) — min (Ry(w') — sw/7f)]> )

U ,sp) =max (0
wlitr, sr) < w'epr(f)

, max
fer\{pur(w)}

Let f = argmax sep\ (. (w)} [(Rf(w) + O, ) — Minyy e, ) (Rp(w') — swr,f)} and w’
arg minwleuF(f)(Rf(w’) - Sw/7f).

It is clear that the utility of worker w increases when Ry(w) increases and Rjy(w')
decreases, and decreases when Rf(w) decreases and Ry(w’) increases. Note that as
R¢(w') increases, the worker who generates the lowest profit at f may changeﬂ Also,
when Ry(w) decreases, the maximizing firm f may change, reducing w’s utility but to
a lesser extent.

Following this reasoning, the utility of w decreases the most when the firm f and the
worker w’ remain unchanged. We fix f and w’ throughout the analysis:

o If max(T) > 0 and min(T) < 0, suppose that ¢,, y = min(T) and ¢,/ f = max(T).

Then, we have

| max(0, [(Ry(w) + ow,f) — (Ry(w') = sur f)])—
max (0, [(Ry(w) + tw,f + 0w,f) = (Rp(w') +twr g — sw f)])| < twr f — tw,s-

21f the worker w' is subsidized at f, R #(w") increases, and there may be another worker who is not
subsidized and generates the lowest profit at f, thus reducing the decrease in w’s utility.
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o If max(T) > 0 and min(T) > 0, suppose that t,, y = max(T). We know that
tw f = tw,f > 0. Then, we have

| max(0, [(Rf(w) + ow,r) = (Ry(w') = sur,p)])—
maX(07 [(Rf(w) + tw,f + Uw,f) - (Rf(w/) + tw’,f - Sw’,f)])’ < tw’,f_tw,f < tw’,f-

o If max(T) < 0 and min(T) < 0, suppose that ¢, ; = min(T). We know that
tw,f <ty < 0. Then, we have

| max (0, [(Rp(w) + ow,f) = (Ry(w') = sur,f)])—
maX(Ov [(Rf(w) + tw,f + Uw,f) - (Rf(w/) +lw f — 3w’,f)})| < tw f—tw,f < —lw,f-

The symmetrical case, where ¢,/ s = min(T) and ¢,y = max(T), which maximizes the

increase in w’s utility, is omitted.

We now consider the worker-optimal stable allocation in markets (To,q) and (T, q).
First, suppose that max(T) > 0 and min(T) > 0 (i.e., T subsidizes some workers).
Without loss of generality, and using Lemma (I} we consider T; such that for w € {w €
W | 3f € F,tyy = max(T)}, we have for each f € F, t1, , = t, s and 0 for the other
elements.

From Theorern (i), we know that if bl oy () = max(T), then

(w)

U (fiyt s SH) = (o, sw) + SO

w = max(T), and the utility of other workers

is unchanged for each w’ € W such that for each f € F, By, = 0. Otherwise, if

Thus, the impact on w is at most #; o

o () 7 Max(T), we consider two cases:
o Case 1: If puy(w) = ,u%}l (w). By the optimality and stability of (uw,sw), we
know that for each w € W and each f € F|,

U (pw,sw) > Ry(w) + 0w p — (Rp(w') — sur 7)),

for any w’ € puw (f )H Furthermore, from Lemma we know that for each w,w’ €
mw (’LU),

Ry (w) (W) = Sy (w) = By (w) (W) = Sut puyy (w) -

2Ry (w) + 0w,y is the surplus generated by w at f, and Ry(w’) — s, is the profit obtained by f for
each worker it employs.
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Using this reasoning, and since py (w) = u%;} (w), it follows that

uw (ot St ) = Rp(w) + t1, , + 0wy — (Ry(w) + t1y = Sw'.f)s

for any w' € /ﬂV;} (f). By construction of Ty, it is direct that

< Uy (o, sw) + max(T).

Uw(ﬂrl}l‘/lvsg/‘l) = UW(MW7 SW) + tlwvuw(w) -

Case 2: If puw (w) # u"],?[} (w). Since we know that for each w € W and each f € F,

U (w, sw) = Rp(w) + ow,p — (Rp(w') = surz),
for any w' € pw (f), it follows that

R T, +o0o

[T (w) (w) + tl

T —
w,,ugvl (w) wv/J'VVl (w) Hyy

for any w’ € py? (f). It follows directly that

s (g 51) — s (2 51| < max(T).

It remains to show that for each worker w’ € W \ {w}, the impact is at most
max(T). Since for each w’ € W and f € F, Ry(w')+ 0y 5 > 0, we know that there
exists w' € W such that py (w') = pipt (w) and pi! (w') # pit (w). Therefore, for
each £ € F\ {u} (w)},

U’ (ﬂ%‘/l7s’i§/1) 2 Rf(w/) +t, ; +ow = (Rf(w”) 1, — Sw’ f);

with w” € ur‘fVl (f). By construction of Ty, we know that ¢ , == 0. Now, consider
piw (W), U (i, sw), and w (pgst , sit). Tt follows that

Wt (135 s S3) 2 Ry 00y (1) F 0t i () = (R (o) (0) F 81, = 8-

We now show that
|t (Jow 5 SW) — ey (Na/‘las;lv‘l)’ < max(T).
Using the optimality and stability of (uw,sw ), we have:

RMW(w’)(w) + 1 st >R

!
w0 Swany ) = By (w) (W) = S gy (-

37



Therefore, since ¢ < max(T), it follows directly that

w (w’)
[ (g Sw7) — e (g}, syt )| < max(T).
It follows that for each w € W,
[ (s $w) — o (gt st )| < max(T).

The reasoning is repeated for each w € W, and we consider T9 such that for w € {w €
W | 3f € Fity,y = max(T — T1)}, we have for each f € F,ta, , =ty 5 and 0 for other
elements. Since max(T) > max(T — Ty), we have
T, +T T +T
[t sw) = (g, s T < max(T).

The set W is finite, and there is a decomposition into |W| transfer matrices such that
w
T =T.

Suppose now that max(T) < 0 and min(T) < 0. Without loss of generality, and
using Lemma (1, we consider a matrix Ty such that for each w € {w € W | 3f €
F,ty s =min(T)}, we have t1,, , = t,, ¢ for each f € F, and 0 for all other elements. We

now consider two cases:

w,f

o Case 1: If pw(w) = ,ug‘vl (w). By the optimality and stability of (uw,sw), we
know that for each w € W and each f € F,

U (i, sw) = Ry(w) 4 0w p — (Rp(w') = swr ),

for any w’ € pw (f). Using this reasoning, and since pw (w) = /ﬂvf}

that

(w), it follows

uw(MgV‘l,SgV‘l) > Rf(w) +ti,; +Ows— (Rf(w’) + tlw’,f — Sw’,f),

for any w' € ur]v?[} (f). By construction of T, we know that

T T1

U (fyy > Syt ) = ww (pw s sw) + 1 > Uy (pw, sw) + min(T).

w,ppy (w) —

o Case 2: If puy (w) # u;};} (w). Since we know that for each w € W and each f € F,

U (pw,sw) > Ry(w) + 0w p — (Rp(w') — sur 1),
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for any w' € pw (f), it follows that

uw(“a/l7srl}i/‘1) Z RUW(w) (w) + tlw,uw(w) + O-wuu'W(w) - (RMW(w) (w/) + S;:Ell,uw(’w))'

Hence, we have
o (i, W) — o (it sy )| < — min(T).

Now, it remains to show that for each worker w’ € W\ {w}, the impact is at most
— min(T). Since for each w’ € W and f € F, we know that Ry(w') 4ty f+0u 5 >
0, it follows that there exists a worker w’ € W such that py (w') = pg! (w) and
pt (w') # gt (w). Therefore, for each f € F'\ {up} (w')}, we have

uw/(urlv;},s"f[}) 2 Rf(’w/) + tlw’,f + Uw’,f — (Rf(w//) + tlw”,f — Sw”,f)a

with w” € ur‘fVl (f). By construction of Ty, we know that ¢, , == 0. Now, consider

piw (W), U (e, sw), and wy (pgst, sit). Tt follows that

(135 s S3) 2 Ry 00y (1) F 0t g () = (R (o) (0) F 81, = 8-

We now show that
U (o, SW) — uw’(ﬂ;}/‘%sg{/})‘ < —min(T).

Indeed, using the optimality and stability of (uw,sw), we have:

T /
RMW(w/)(w) + tlw,uw(w’) o Sw,l,uw(w’) = RMW(w,) (w ) = Sw! pw (w')-
Therefore, since 1 oy 2 min(T), it is direct that

tar (v Sw7) — 1 (5, SB2)| < — min(T).

Thus, for each w € W, we have:

|ww (pw, sw) — uw(ﬂ’l;vl?SrI}V‘l” < —min(T).

The reasoning can be repeated for each w € W. Next, we consider T4 such that for each
we{weW |3f € Fityy=min(T — T1)}, we have ty, , =ty for each f € F'and 0
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for the other elements. Since max(T) > max(T — T), we have:

(s sw) = (i sy )| < —min(T).

Since the set W is finite, there is a decomposition into |IW| transfer matrices such that
w
sVt =T

We omit the proof for the case when max(T) > 0 and min(T) < 0, as it follows
directly from the cases where max(T) > 0, min(T) > 0, and max(T) < 0, min(T) < 0.
|

Lemma 3. Consider a market G € G. There exists a worker-optimal stable allocation

(w,sw) if and only if there exists a firm-optimal stable allocation (ug, sy ) such that

pw = piF.
Proof. Theorem 5 of Sotomayor| (1999)). |

Lemma 4. Consider a market G € G. For each worker w € W, such that uy (w) # 0,
we have the following:

(i) For any two workers w,w’ € pw (pw(w)), it holds that:

Ry () (W) = S iy (w) = Ry () (W) = St gy () -

(ii) The following equality holds:

J— / — ’ - /

Proof. (i) If w = w’, the statement holds trivially. Now suppose w # w'. For contradic-

tion, assume that:

Ry () (@) = S pay () 7 By () (W) = S0y (-
Without loss of generality, assume that:

Rty () (W) = S0y () > Ry () (W) = Sy (w)-

Since (puw,sw) is a stable allocation in which workers have the highest possible utility,
we know that no worker w” ¢ pw (f) and salary s’ can block the allocation (uw,sw ).

In particular, firm pup (w) hires the most productive workers available to it.
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If Ry ) (W) = S vy () > By (w) (W) =S iy (w), Worker w could potentially receive

a higher salary offer, say s”

wpy (w) > Sw, () which would increase the utility of w.

Thus, we would have:

Uy (o, 8") > (i, 8),
contradicting that (uw,sw) is the worker-optimal stable allocation. A similar contra-
diction arises if we assume R, () (W) — Sy (w) < By () (W) = 8wt gy (w)- Hence, we
have:

/
Ryuyy () (W) = Sy () = By () (W) = Sty )
(ii) By construction, let us define s, oy (w) = U (W, SW)— 0

w’ such that py (w') # pw(w).

w (w), for any worker

Claim 1. For any w’, it holds that w, (uw,sw) = ey (pw (w), Sjv/,uw(w))'

Proof. By definition of utility, we know that:

U (W, SW) = Ot gy (w') + Suf gy (w')

and:
Uy (B (W), S s (w0)) = Tt vy (w) + Sty ()

Substituting the expression for s, (w)> WE get:

sSHW
Uy (1w (W), Syt iy () = T oy (w) + (uw’ (w,sw) — O-w’,,uw(w)> :

which simplifies to:

(3w (), 85011 ) = Ut (11w, S)-

It follows that

/
w/GW\{l;J,Il‘/\a/IELW(w))} (RNW(IU) (’LU ) - (uw’ (.LLW, SW) - O-w',uw(w))) ,

represents the highest profit that firm py (w) can obtain from hiring another worker w’,

*

offering a salary s, s (w)

of stability.

that provides the same utility, as required by the definition
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If we assume:

R

w)— (R (') = (war (1w, 5) = Gy ) )

y Sup s () > max
i () ( W) 7 WA L (e ()}

then, by the same reasoning as in part (i), there would exist a new vector of salaries
that would increase the utility of worker w, contradicting the optimality of (uw,sw).

Conversely, if we assume:

R

w) — (Ruw(w) (w/) - (uw’(:u'Wv sw) — O—wlvu‘W(w))) )

i () (W) = S gy (w) <

max
w' €W\{pw (nw (w))}

then there exists some worker w’ € W such that a salary s’ can be offered to w’, and it
holds that:

Uy (o (W), Siu’,uw (w)) > Uy (pw, 8),

and firm pp (w) would earn a higher total profit:

v

pw (w) (W/; S,a R

) T) = Vi () (0w (pw (W) sws By () T,

pw (w

contradicting the stability of (uw,sw).

These two contradictions conclude the proof of part (ii). |

Lemma 5. Consider a market G € G. For each worker w € W, the utility w, (up,sr)

is given by:

[(Rf(w) + O'w7f) — min (Rf(w/) — Sw/’f)]> .

Uy ,sp) =max [ 0
(r,8r) < wepr(f)

, max
fer\{pr(w)}
Proof. By definition, (up,sp) is the stable allocation in which firms have the highest
profit. min, e, (s)(Rs(w') — sy f) represents the lowest profit per worker employed by
firm f under the allocation (pup,sp). Ry(w)+ o0y, f represents the total surplus generated
by worker w if w is employed by firm f, which constitutes the maximum possible profit
that f could earn from hiring w.
Now, consider the firm f € F'\ {up(w)} that maximizes the expression (Rs(w) +
Ow,f) — My, (p) (Rp(w') — sy f). We examine two cases:
o Case 1: If (Ry(w) + ow,f) < minyrey,p)(Rp(w') — sy f), the surplus generated
by w at firm f is less than or equal to the minimum profit generated by any worker
w’ € pp(f). Since f is the firm that maximizes the expression (Ry(w) + oy, ) —

Min,e,,,(f)(By(w') — sy f), no other firm can offer a higher salary for w. Hence,
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there is no competition among firms to hire w, and:

(Rf(w) + oy f) — min (Ry(w') — sy ) <0,
w'epr(f)
which implies that w,(pr,sr) = 0.

o Case 2: If (Rp(w) + ow,y) > mingycy, 5 (Ry(w') — sy ), then firm f has an
incentive to hire w over one of its current workers, say worker w’ € pp(f) for
which (Ryp(w') — sy ) = minyrey,(p) (Rp(w') — sy p). Firm f can offer w a salary
of at most:

(Rf(w) + 0w, f) — min (Re(w') — Sur f)-
w'epr(f)

However, due to the stability of the allocation (up,sp), we know that up(w) # f,
meaning that w has no incentive to deviate to f, and there is no allocation that

blocks (up,sg). Therefore:

Uy (UF,SF) >

— 1 / — Vi .
2 K [(Rf(w)+0w,f) min_ (Ry(w') — sy ,f)]

w'epr(f)
By the optimality of (up,sp) for firms, and using the same reasoning as in the
proof of Lemma [ we conclude that this inequality holds with equality.

Thus, we have:

Uy ,S8Fp) =max | 0, max Ri(w)+ 0y ) — min (Re(w') — sy ,
(1F,sF) < P l( F(w) ) w,ew(f)( F(w’) ,f)D

which completes the proof. |

B.2 Proof of Proposition

Proof. Consider (up,sr) and (4%, sT), where T subsidizes the minority workers at some

F' C F by t. We proceed by contradiction: suppose there exists a worker w € m such

that w,(pur, sp) > uy(uy,sg). From Lemma we know that

Uy ,sp) =max | 0, max Ri(w)+0p¢)— min (Rp(w') — sy .
(kF,sF) < P [( F(w) f) w,emf)( F(w') ,f)D

We consider two cases:

o Case 1: If uy(up,sp) = 0, then, since (u%, s%) is individually rational for workers,

we have u, (X, sT) > 0. Consequently, u,(uE,sT) > uy(ur,sk).
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o Case 2: If uy(pup,sp) > 0, then we have the following inequality:

>

max
FeF\{pr(w)} w'epr(f)

[(Rf(w) + Uw,f) — min (Rf(w’) — Sw/’f)

max [ 0, max RT(w) 4+ 04 ) — min (RT(w') — sk )])
( fER\{WT (w)} [( () + o) wen(y) 7 o/

This implies

>

max
feF\{pr(w)} w'epr(f)

l(Rf(w) + 0y,f) — min (Rf(w/) — Swl.f)

max (R (w) + 0w ys) — min (RT(w') — sy, )] .
FEF\{WE ()} [ / P ez ! A

Let f = argmax fepm {up(w)} [(Rf(w) + 0w, f) — MiNye, 0 (f) (Rf(w') — swfyf)] and
fr = argmax ¢ p (7 () [(R}(w) + 0w, f) — minw/EMg(f)(R}‘(w’) - ‘95’,1‘)]' Also,
let w' = argming () (Rf(w') — sy 5) and wip = arg M T () (RTT (w') — S;E/JT).
Now we distinguish two subcases:
— Case 2.1: If f = fp. If f € F’', then R}?(w) = Ry(w) +t. If w' = wi, and
w’ € m, then R}‘(w’) = Ry(w') +t. Thus,

(s SF) = R(w) +t + 0y p — Rp(w') =t + 53, .
Since (pup,sr) and (uF,sE) are firm-optimal stable allocations, it follows that
Ri(w) +t+oys— Re(w') —t+ S;E/J > Ry(w) + oy, f — Rp(w') + sy .
Hence, uy(pE, %) > wy(pr,sp). Similarly, if w’ ¢ m, we directly obtain
Ry(w) +t+ oy s — Re(w') + s;f/J > Re(w) + oy, f — Ry(w') + sy,

which leads to the same conclusion. If w’ # wf,, implying wf. € M and

w’ € m, from the construction of u (up,sr), we know that

Re(w') +t — sy 5 > Ry(wyp) — Swlp,f 2 Re(w') — S -
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It follows that
Ry(w) 4+t + oy s — Rp(wh) + SEE'va > Rp(w) + 0w — R (W) + sy 5.
Therefore, we conclude that
U (FySF) = o (1F, SF).

— Case 2.2: If f # fp. In this case, we know that

RT (w) + oy —  min RT (w' —35/ >

( fT( ) 7fT) MIE/L}:(]“T)( fT( ) 7fT)
RT(w)+o0u ) — min (RT(w' —sg/ .
(Ry (w) ) w’euF(f)( 7 ( ) ,f)

From Case 2.1, we already know that

T _ : T/ n __ T
Ry (w) + 0w,y w/él,lll,lpll(f) (Rf (w) sw,’f) > Uy (U, SF),
thus leading to the conclusion that w,(uT, s%) > Uy (ur, SF).

Hence, w, (1E,$T) > wy (i, sp). m

B.3 Proof of Theorem [1l

Proof. Let (uw,sw) and (up,sr) be the worker-optimal and firm-optimal stable allo-
cations without transfer T, and let (uf,,s¥,) and (uF,sE) be the worker-optimal and
firm-optimal stable allocations with transfer T. We have to show that for each w € m,
we have wuy(ud,st) > wy(uw,sw) and uy(puE,sE) > wy(ur,sp), provided that T
uniformly subsidizes minority workers.

From Proposition [2, we know that a transfer T’ that subsidizes minority workers at
some F' C F by t does not negatively impact minority workers under the firm-optimal
stable allocation ¢r. The proof of Proposition [2 holds directly if F/ = F', implying that
a transfer T that uniformly subsidizes minority does not negatively impact minority
workers under ¢p.

From Theorem [4| (i), we know that a transfer T” that subsidizes minority workers,
such that for each w € mg, ty, uy (w) = MaxXper (tw,f) and ty, 1, (w) = MaXy emy, feF (T, f),
does not negatively impact minority workers under ¢y. Since T uniformly subsi-
dizes minority workers, for each w € mpg, we have t, ., (») = maxfer(ty,f) and

by (w) = MaXyremy, feF (twr f). Therefore, the transfer T does not negatively impact
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minority workers under .
Thus, the uniform subsidy T ensures that w,, (1}, S§) > e (Lw, sw) and wy, (pF, sF) >
Uy (pp,sp) for all w € m. [ |

B.4 Proof of Proposition

Proof. Consider the allocations (ug,sr), (u%,sx), and the transfer T. We proceed by
contradiction: suppose there exists a worker w € m such that w, (g, sg) > wy(uk, sF)

From Lemma [5, we know that

U ,sp) =max [0, max Re(w)+o — min (Rp(w') — sy .
w(pr, SF) < e [( (W) + 0w, f) w,ew(f)( ') = sy ,f)D
We consider two cases:
o Case 1: u,(pp,sp) = 0. Since (uF,st) is individually rational for workers, we
know that w,(uE,sT) > 0. Therefore, uy (ur,sE) > ww(pr, SF).
o Case 2: uy(pup,sp) > 0. This implies that

max Re(w)+4+ 0y, ¢)— min (R W) — S S
FEF\{up(w)} [( 7(w) 1) w,eMF(f)( r(w’) )
max | 0, max RY(w + 04, ) — min RT (W) — 5’11;' ]) ‘
( feR\{uF(w)} [( f( ) 1) w’EHE(f)( f( ) ,f)

We use the same notations as in the proof of Proposition [2, namely f, fr, w’, and
wfp. Now we distinguish two subcases:

— Case 2.1: If f = fr. Since w € m, we know that R?(w) = Ry(w). If

/

w' = wl, we know that R}F(w’) R¢(w') since T taxes some majority

<
workers. Since both (up,sr) and (uF,sT) are firm-optimal stable allocations,

it follows that
/ T/ 1 T
Rf(w) + O-wvf — Rf(w ) + Sw’,f — (Rf(w) + O'w,f — Rf (U) ) -+ S’w’,f) > 0.

Therefore,
R}F(w') — s:l,;,,f — Rf(w') + Sy, p > 0,

and
Rf(w/) + tw’,f — SE/J — Rf(w/) + Sw/ f > 0,

consequently ¢, r — sg,,f + Swr,f > 0.
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Claim 2. 85’,]‘ 2 Sw! f T+ tw f-

Proof. By the optimality of (up,sp) and (uF,sr), we know that w' is the
worker employed by f who generates the lowest profit for the firm (i.e., w’ =
argmin (Ry(w) — sy,f)), and that there is no s, ; < s,y such that w’ would
751”06&%% )to work for f. Similarly, there is no SZ]/, 5 < 85/7 7 such that w’' would
accept to work for f. Since T taxes some majority workers, the surplus
generated by all workers at all firms is weakly lower. It follows that for each
w € W, we have s;{)‘,J > S f + tw g [
By Claim [2| we know that s;]j,J > Sw,f + tur,f, and therefore £,  — 35,7]( +
sw,f < 0, which is a contradiction. Hence, U (UF, SE) > Uy (F, SF).

If w’ # wip, two cases arise: either w' € uk(f) or w' ¢ pE(f). Let us show
that both cases lead to the same conclusion. If w’ ¢ puL(f), it is direct that
w' € M and is taxed by T. Since for each w € W, Ry(w) + ty s + 0w s > 0,
there exists a worker w” such that up(w”) # f and pE(w”) = f (i.e., w” has
replaced w’ at firm f). As (up,sp) is the firm-optimal stable allocation, w”

does not generate a greater profit than w’ at firm f. Formally,
Rf(w’) — Sw!,f = Rf(w”) + owr f — Uy (U, SF).

Since T does not subsidize any worker and pXf(w”) = f, it follows that
Rf(w’) — Sul.f > R}‘(w”) — SE”,f’ Hence, Uw(H%‘vS%) > Uw(MF,SF)-

If w' € pE(f), we know that R}(w’) - 332,’f > R}‘(wlr) — sg/T’f. It directly
follows that

Ry(w) + ow,s — Rf (wp) + 54y > Rp(w) + 0u,p — Rp(w') + sur .

and thus w, (UL, sE) > uy(pr, sr).

Case 2.2: If f # fp. Then, we know that

(RF.(w) 4+ 0w pp) — min_ (RE (W) = sy pn) =

(R?(w) + O'w7f) - wlelzl;l(lf)T(R?(w/) — 5517}0)-

In Case 2.1, we showed that

R}F(w) + 0w, — min T(R]rjc?(w’) — 35,7]0) > Uy (uF, SF).
w'epr(f)
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Hence, (1, $T) > wy (up,sr).

This concludes the proof. Note that the proof is the same if all majority workers are

taxed by t at some firms. [ |

B.5 Proof of Theorem 2

Proof. Let (uw,sw) and (up,sr) be the worker-optimal and firm-optimal stable allo-
cations without the transfer T, and let (u,,s{,) and (uE,sT) be the worker-optimal
and firm-optimal stable allocations with the transfer T. We have to show that for each
w € m, we have w,(uh,,sE) > wy(uw,sw) and uy,(uF,sE) > uy(ur,sp), provided
that T uniformly taxes majority workers.

Suppose that the transfer T uniformly taxes majority workers by ¢, where ¢t < 0.
From Theorem we can instead consider a transfer T' which uniformly subsidizes
minority workers by |¢|. It follows that there exist worker-optimal and firm-optimal
stable allocations with respect to T’ such that:

T _T ™ T T .T ™ T
(s sw) = (pw,sw) and  (up,sp) = (pF ,sp )

From Theorem |1, we know that the transfer T’ does not negatively impact minority
workers under both ¢y and pp. Specifically, this implies that the utility of each minority
worker w € m weakly increases with the transfer T’, i.e., for each w € m, we have:

oo (115 8Ty ) = o (o, sw)  and  ug(UF ,SE ) > uw(pr, sr).

Since the allocations with the transfer T and the transfer T/ are equivalent, it follows
that the transfer T does not negatively impact minority workers either under ¢y or
under .

Therefore, for each w € m, we have:

Uw(#%/FV»S;/rV) > uw(MW7SW) and uw(u%‘7sg) > uw(qusF)’

which concludes the proof. [ |

B.6 Proof of Theorem [3

Proof. Suppose T uniformly subsidizes minority workers by ¢, and T’ uniformly taxes

majority workers by ¢’, such that ¢ = |t/|.
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We first consider the firm-optimal stable allocation. We use the construction of the
ascending salary adjustment process (Appendix |A.2]).

Claim 3. For markets (T, q) and (T’, q), for each step t of ¢ and for each firm f € F,
W (t) coincides. In addition, for each w € Wi(t), s¢(t)(w) coincides.

Proof. We implicitly assume that the same tie-breaking rules are used in the mechanism.
For each firm f € F, it is clear that s¢(0) is the same in both markets. We now show
that the set of workers W}(O) selected by the firm is the same in both markets. Recall
that for each f € F, R]r];(w) = Ry(w) +t if w € m, and R}‘(w) = Ry(w) if w € M.
Similarly, R}ﬁ (w) = Ry(w) if w € m, and RJT/ (w) = Re(w) +t' if we M.

By contradiction, suppose w € W;(0) for market (T,q) and w ¢ W}(0) for market
(T',q), while w’ ¢ W(0) for market (T,q) and w’ € W(0) for market (T’, q). Tt follows
that in the market (T, q):

Ry(w) +t —s7(0)(w) > Rp(w') + — s¢(0)(w'),
and, in the market (T’, q):
Ry(w') +# —sp(0)(w') > Ry(w) +¢ — s7(0)(w).
It follows that
Ry(w) +t - s(0) (w) + Ry(w) + ¢ — s;(0)(w') >
Rp(w') +t = sp(0)(w) + Rp(w) + ' — s¢(0)(w).
Since s¢(0) and R¢(w), R¢(w') are the same in both markets, we get:

t+t >t+t,

which is a contradiction, as t = —t'.

Therefore, the set of workers WJQ (0) is the same at step 0. Since the offers received
by workers are the same, workers reject the same proposals. The vector of salaries sf(0)
then coincides. By induction, and applying the same reasoning to subsequent steps, it

follows that the mechanism proceeds identically for both markets. |

Hence, we conclude that (uF,sE) = (uF ,sT).
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Now, we consider the worker-optimal stable allocation. From Lemmal 3] we know that
u% = ME,FV. Since ,u% = u}?l, we know that ,u;'/FV = ,u%;//. It remains to show that S%‘V = SIF'/FV/.
Using the construction of the descending salary adjustment process (Appendix ,
we know that ¢y stops at step ¢ > 0, where for each w € Wy and each firm f € F|
wu()(f) = 0.

Thus, we know that there are max,,cy,, W, (0)(f) steps in which firm f has rejected
all the offers it has received. Thus, for all workers w € W, uy(t)(f) = Rf(w) + ow,f —

manlewU (Rf(’w,) + O-w’,f)'

Claim 4. Forany f € F, let wa = arg maxyyewy, (Rp(w')+ty f+ou, ) in market (T, q),
and w}ﬁ = argmaxyewy, (Ry(w') + ), ; + 0w y) in market (T',q). Then, w} = w}‘/.

Proof. The proof is straightforward, considering that T uniformly subsidizes minority

workers by ¢ and T’ uniformly taxes majority workers by t', with t = |t/|. [ |

Hence, for each worker w € puf (f), we denote by w' = argmaxysecw, (Rf(w') +
tw.f + oy f) (i.e., the unemployed worker who has the highest expected utility at step
0 at f) for market (T, q). From Claim |4} it follows that for each worker w € ug, (f),

W (117, Sty) = W (8)(f) = Ryp(w) + tw,p + 0w p — (Rp(w') + twr § + 0w y)
for market (T, q), and

(ST = W) (F) = Ry (1) + g + 0y — (Ry () + thy s + 0 )
for market (T’,q). Since Ry(w), Rp(w'), oy, f, and o,y ¢ are the same in both markets,
we consider four cases:
« Case 1: If w € m and w’ € m, then t,f = tyy =t and t, , = t;v’,f = 0.
It follows that wu,(ud,,sk) = uw(u;,rvl,s%;,/). Since pd, = ,u;,rvl, we conclude that
T _ T
Sw,f = Fw,f
e Case 2: If w € m and w' € M, then fw,f = t, tyr =0, and /tgv’f =0, ty p =1
It follows that: wy,(ud,s8) = uw(pd,sl,). Since uf, = pf,, we conclude that
T _ T
Sw,f T Fw,f
« Case 3: If w € M and w’' € m, then tyy =0, ty y =t, and t;, , =1, t;, ; = 0.
It follows that: w,(uf,sk) = uw(ﬂ%,sg';,’). Since uf, = M%, we conclude that
T _ T
Sw,f T Fw,f
e Case 4: If w € M and v € M, then t, s = t, s = 0 and t;}’f = t;,ﬂ,f =t

It follows that: wu,(ud,sf,) = uw(u%,sg{,’). Since pf, = ,urfg//, we conclude that
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T _ T
Sw,f = Sw.f
Using this reasoning for each firm, it follows that s{i, = s&,. Therefore, we conclude that

(1> si) = (i, sy )-

B.7 Proof of Theorem {4

Proof. (i) Consider a market G € G, with the worker-optimal stable allocation (uw, sw)
and a transfer T such that for each ¢,y > 0, we have w € m, there is no ¢, y < 0 for
any w’ € W, for each w € mg, t
f € F, we have t,, ; = 0.

= max(ty, ) and for each w’ € W\ {mg} and

w,pw (w)

We know that for each w € W, the utility is higher than in any other stable allocation,
and that the maximum subsidy for each worker w is received at py (w). Hence, compe-
tition is not intensified among minority workers, and no subsidy is given to unemployed

minority workers.

Claim 5. Under any transfer T described in Theorem 4] (i), for each w € W, we have
pw (w) = pigyy (w).

Proof. The proof of Claim [5] proceeds through two claims:

Claim 6. For each w € Wy at (uw,sw), we have uik (w) = 0.

Proof. For each w € Wy at (uw,sw), we know that for any firm f € F, the minimum

profit for each firm is greater than the surplus generated by w, i.e.,

min (Rf(w') — Sw/,f) > Rf(w) + O, f-
w'epw (f)

Moreover, since there is no t < 0, for each w € Wy and for every f € F, we have

tw,f = 0. Therefore, the inequality remains true under transfer T:

min  (Re(w') — sy > RT (w + oy f-
w,euw(f)( £(w') 1) = By (w) N

This implies that no unemployed worker w € Wy is hired under the transfer T, so
iy (w) = 0. u

Claim 7. For each w € Wg at (uw,sw), we have pw (w) = ud, (w).

Proof. There are two cases to consider:
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o If w € mpg, then maxyep(tws) =1 and since there is no ¢,y < 0, we

w,pw (w)>
know that ¢y, (w) = 0. Since (uw,sw) is the worker-optimal stable allocation,
the firm at which w can achieve the highest utility is pw (w).

o If w ¢ mpg, then for each f € F, we have t,, y = 0. Again, since (uw,sw) is
the worker-optimal stable allocation, the firm at which w can achieve the highest
utility is pw (w).

|

For each firm f, the surplus generated by a worker w € puw (f) is given by Ry(w) +
Ow,f, and the profit is Ry(w) — s, 5. With the transfer T, the surplus generated by
w € uE (f) is given by R}F(w) + 0y, , and the profit is R}F(w) - Sg,f‘ By constructing
the allocation (,u%/, s%,), for each w € W, the highest possible utility at a stable allocation
is at pw (w). By Claim |5, we have puy = uil,.

Therefore, the profit generated by each worker w € up (f) for each firm f € F must
be at least Ry(w) — s, ¢ Since (ufy,sy) is the worker-optimal stable allocation with
transfer, it follows that:

B w) = 5T, = Ry(w) = suy.

For each w € puw (f), we have R}‘(w) + 0y, = Rp(w) + ty, f + 0y ¢. Therefore, for each

w € mg, we get:

T —
Sw,u"fv(w) = Sw,uw (w) + tw,,uW(w)'
For other workers w' € W\ {mg}, we have sz,wrv_pv () = S () by construction of

T.
(ii) We now decompose the transfer T into two transfers:
e T;: For each w € mg and f € F, we have t,; = twr and 0 for other elements.
We know that Ly ) = max e (tw,f)-
o T5: For each w’' € my and f € F, we have 2, = tuw,f and 0 for other elements.
() 2 max(Ts).

From Theorem W (i), we know that for each w € mg, we have:

We know that for each w € mg, we have tlw,uw

T

Sw,,u;,rv(w) = Sw,uw (w) + twuuw(w)'

From Lemma [2 we know that the impact of Ty is at most max(T3). Since, by Lemma
we have T = T 4+ To, it follows that T does not negatively impact minority workers
under @y . |
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B.8 Proof of Theorem [Bl

Proof. In this proof, we consider the firm-optimal stable allocations (yp,sr) and (u%, s%) E
First, we show that T and ?_,; affect the assignment of w,, or another minority worker.
Claim 8. T increases the representation of minority workers in firm f under ¢y and

PYF.

Proof. Recall that:

lyp= wMeI,f}lf}mM (Ry(war) = Swyy,f) — (Rp(Wim) + O )+ Ry ) (W) + T g (wm)

R Nt Oy — g (s s17) ) -
wfe(wmf?ﬁffn\{wm}( et (W) + O o) =t (p55))

By the construction of T, there may exist minority workers w € mg \ pr(f), with
W # Wy, such that to be employed by firm f, a subsidy lower than ¢_,; is required.
Since transfers as described in Theorem [5| only impose that ¢,y < t_, s, we first show
that if there is no such worker, then pp(w,,) = f.

We need to prove that under (up,sr) and (45, st), the following inequality holds:

Rf(wM) +isr— S;Em,f > Rf(wM) — Swp,f+
By stability, we know that:
Rp(wnm) = swyy,f 2 By(Wm) + 0w, f = Wy, (17, SF).-

Otherwise, firm f could offer a higher salary to w,,, contradicting the stability of

(up,sp). Hence, we get:

Rp(wnr) = swp,p — (Bp(Wm) + 0w, ) = =ty (L7, SF).

Next, consider the maximum utility w,, can obtain at firm upg(wy,). The surplus
generated by wy, at pr(wm) 18 Ry pw,) (Wm) + Owp g (wy)- We also consider the best

alternative for pp(wy,), i.e., the worker who generates the highest profit if w,, is replaced.

ZWe consider the firm-optimal stable allocation for two main reasons. First, under the worker-
optimal stable allocation, all workers employed by a firm generate the same profit (Lemma [4]), making
it impossible to distinguish between them. Second, under the firm-optimal stable allocation, each firm
achieves the highest possible profit in any stable allocation. Therefore, if a worker’s salary decreases
even slightly, the worker has a better outside option, either by being employed at another firm or by
remaining unemployed.
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Let us assume that this worker is either unemployed or wjy;. To attract this worker,
wr(wp,) must offer a salary compensating for the worker’s current utility. This is given
by:

R Nt Oy ot (i 5E) ) -
e (Bue o) (W) + 0t ) = s (a5 51))

Therefore, the highest utility that w,, can expect at pp(wy,) is:

RMF(wm)(wm)+‘7wm,uF(wm)_ (RMF(wm)(w/) T 0w g (wr) — V! (er, SF)) .

max
w' e(WyU{wn H)\{wm}

Thus, we have:

RNF(wm)(wm)+me7ﬂF(wm)_ wm)(w/) + Ow! i (wp) — Uw’ (MF, SF)) >

ma R
W (W Ulwar D\ {twm} (B

U, (P07, SF) > — (Rp(war) = Swyp,p) + (Rp(wm) + 0wy, p) -

It follows that with the subsidy ¢_, ¢, firm f is indifferent between w,, and wjs, and the

utility of wy, is weakly higher. By the optimality of (4%, sT.), we have ud, (wm,) = f.

Next, consider the possibility that there are other workers employed by firms that
generate profits higher than those of w,, at pup(wy,). If this is the case for w” € W\
(Wy U{wps}), then:

RMF(wm)(wH) + 0w g (wm) — Uy (LF, SF) >

' o ‘
’LU/G(WUL?{I’l%]}Lj})\{wm} (R“F(wm)(w )+ Tw' s (win) — Y (e, SF))

/
—f

firms and be employed by f. This reduces the overall subsidy needed but does not affect

By construction, we have t_,y > t’, ,, where ', ; is the subsidy required for w” to switch

the underlying reasoning.

Finally, if there is a worker w € mg \ pp(f) such that:

bog =, i (Br(oan) = sunyp) = (Rp(0) £ 0wg) F+ Ry () (0) F () =

e (R (@) + 0wty = tr(58)) > g =t
then pL(w) = f. In both cases, there exists w € m such that up(w) # f and pF = f.
By Lemma we know that pw (w) # f and pg, = f. [ |
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It remains to show that minority workers in mg \ {w,,} are not negatively impacted
under ¢y and that (uge(f) Nm) C (WE(f) Nm).

Claim 9. T does not negatively impact minority workers under pyy.

Proof. We have to show that for each w € mp, uy (i, sk) > wy(uw,sw). We have
four cases:
« Case 1: uw(w) = f and pf (w) = f. By Lemma [1} we can decompose T into
three transfers:

— T, is such that for each w € mg N pup(f), 4 = tw,f, and 0 for other

elements. !
— T is such that for each w’' € mp\ (up(f)U{wmn}), ta, ;= tw fta,,  =tof
and 0 for other elements.
— T3 is such that Uy = b f — 124, and 0 for other elements.
From Theorem (i), it follows that sgff = Sw,f +t1,; = Sw,f+ 1ty Additionally,
by Lemma [2, we have |uy(uw,sw) — uw(u%,sl%ﬂ < t_,t. Since for each w €
mpg N pp(f), t1,, > ty, we consider that (T1,q) T3 ((T1 + T2),q), hence,
(T1 + T3) does not negatively impact minority workers under ¢y . According to
Claim [8] if there are no minority workers w’ € mpg \ (pr(f) U {wn,}) such that
pE (w') = f, then ugﬁn)(wm) = f. It remains to demonstrate that T3 does
not negatively impact minority workers under ¢yy. Considering ((T; + T2),q)
and introducing T3, since ug 1+TQ)(wm) = f, by Theorem (i), we conclude that
T3 does not negatively impact minority workers under . Consequently, since
T = T1+Ty+Ts, we conclude that T does not negatively impact minority workers
under .
Thus, the reduction in the welfare of worker w is at most ¢_,f, and the increase is
at least t_, . Therefore, uw(,u%‘v, sg‘v) > Uy (i, sw).

o+ Case 2: pw(w) # f and p (w) # f. From Lemma we know that

T

Sw,puw (w)

= R;TW(w) (’UJ)— gla . )(w/) - (uw’ (Mr‘};/v Sa/) - Uw’,,u%{,(w))) :

X R
w! €W Ly (o ()} ( Hw (w

Let w' = arg MaXy e W { uw (uw (w))} (Rl’fw(w) (w/) - (uw’(u%‘/v S%‘/) - Uw’,,u"l/;,(w)))'
By the construction of T, the only firm affected is f. Thus, RET (w) (w) = R () (w)
w

and R;TEV(IU) (w') = Ryw () (w'). As noted in Case 1, the utility of some work-
ers assigned to f has weakly increased. If uif(w') = f, then w, (uf,sk) >
Uy (1w, Sw); otherwise, we have w, (U, si,) = tw (uw,sw). Hence, T does not

negatively impact minority workers under ¢y .
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o Case 3: uw(w) # f and pf,(w) = f. By Claim [8 it follows directly that
Uy (Ui, SE7) > iy (pw, sw), and thus T does not negatively impact minority work-
ers under .

« Case 4: puw(w) = f and uf, (w) # f. From Claim [§} it follows that w ¢ m, and
thus T does not negatively impact minority workers under ¢y .

|

From Lemmawe know that there exist = and pf, such that % = uf,. From Claim
and Claimlgl, we know that | (f)Nm| > |uw (f)Nm| and (up(f)Nm) C (uE(f)Nm),
which completes the proof.

|

B.9 Proof of Proposition

Proof. In this proof, we consider the firm-optimal stable allocations (ur,sr) and (uX,sT).
From Claim we know there exists w € m such that up(w) # f and puF = f. It remains
to show that for each w € m N pp(f), it holds that uL(w) = f. Given that wys € M,
the demand of f, by the construction of T and the optimality of (ur,sr) and (ux,sk),

we have that for each worker w € m N ug(f), the condition puX(w) = f holds if

R}(w) - ng‘,f > Rf(wM) — Swp,f-

We analyze this condition through two cases for each worker w € m N pp(f):

o Case 1: If Ry(war) — Swy,,f > Rf(w) — s, f, we have

twr > R — —\ R — m Ry r— m Re(w ' .
By Lemma [5] we know that
T _ R /
= 1m / —|— /= 10 R / + ! fr
Sw,f fleF?\‘){(f} < f (w> Tw.f w’EWU%J)EwM} ( / (w ) Twhf )>

is the salary of w when employed by f. Consequently, the profit generated by w

at firm f can be expressed as:

Ry(w)

— max
f’EF\{f} w’EWUU{wM}

<Rf/(w) + Ow,f — max (Rf/(w’) + O'w/7f/)> .
Thus, we conclude that
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R}‘(w) - Sg,f > Rf(wM) — Uwpyy (#E,S;),
implying that pp(wyr) # f.
o Case 2: If Ry(w) — sy, f > Rf(wnr) — Uw,, (tF,SF), then we have t,, s = 0 and

RY (w) = sy 5 > Ry(wr) = wwy, (1 SE).

Therefore, for each w € m N ur(f), we conclude that px(w) = f.
From Lemma |3 we also know that there exists ,u;,rv such that pr = u"];;,, which
completes the proof for ¢y .
|

B.10 Proof of Theorem

Proof. From Lemma [l] we can we can decompose T such that:
e Ty is such that for each w € mp, we define for each f € F, 11, , = ty s, and 0

for other elements. Since for each w € mg, t1 = maXfep(tlw,f) > by -

w,ppy (w) T
1

by Theorem 4}, it follows that for each w € mpg, uw(ﬂa}?sw) = Uy (pw,sw) +
B gy

e T5 is such that 20w wny) = tmu— and 0 for other elements. By Claim it
follows that p? (wy) = pw(war). Additionally, from Lemma [2} for each w € my,

we have:

U (1w, SW) — Uw(ﬂ%{/??Sgl‘}” <ty

e T3 is such that tgwM and 0 for other elements.

o war) = mu i (War) T 2uy g (wnp)
Considering T3 alongside G = ((T1 + T2),q), by Theorem [4] (i), we know that T3
does not negatively impact minority workers under ¢y .

Hence, (Ty,q) T (T1,q) where T increases the salary of all minority workers by
twpp(w) = tmy—- Next, we have (T1,q) Ty ((T1 + T2),q) where T9 reduces the utility
of minority workers by at most ¢,,,—. Finally, ((T; + T2),q) I ((T1 + T2+ T3),q)
where T3 does not negatively impact minority workers under oy .

Thus, we conclude that T = T; + T9 + T3, does not negatively impact minority
workers under ¢y. Moreover, from Claim [I0] we establish that T favors the employment
of minority workers under both ¢y and ¢p. |
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B.11 Proof of Proposition [6]

Proof. In this proof, we consider the firm-optimal stable allocations (ur, sr) and ( ME, sg)

Let us consider the condition under which w,, is hired by pg(was). This condition is:

R#F(U)M)(wm) Ftwpp(war) T Owpp(wy) = R#F(wM)(wM) ~ Swpr,pp(wa)-

In this case, the profit of pp(was) can increase at the firm-optimal stable allocation, and
by stability, since w,, € my, wy, is hired by pp(wyr). Recall that wys is the majority
worker generating the lowest profit for firm pup(wps) under (up,sp). First, we prove
Claim which asserts that subsidizing wy, by t,,,— leads pp(was) to hire wy,, since
the profit generated by w,, exceeds the profit generated by wjs, and therefore exceeds

the lowest profit generated by any worker, whether majority or minority, at pg(way).
Claim 10. RHF(wM)(wm> + tmy— + Owy i (wig) > R#F(wM)(wM> = Swng e (war)-
Proof. Recall that t,,,—, = (RNF(U/]\/[)(wM)+JwM7NF(wA1))_(RMF('U)M)(wm)+0—wm7ﬂF(wl\l))'

Thus, we need to show that:

RNF(wM)(wM) + Cwpg e (war) 2 RMF(wM)(wM) ~ Swpp,pp(war)

Since Uy, (UF;SF) = Ty pp(war) T Swagum(wa) a0d (F,sF) is stable, we know that

Uy, (1F, 8F) > 0. Thus, it follows that o s and consequently:

wr,uF (War) e wr, e (War)»

R#F(wM)(wM) + Cwpr e (war) 2 RHF(wM)(wM) — Swp,pp(war)
[ |

We now turn to proving that, given the transfer T, each worker w € mpg remains

employed, i.e., w € mg
Claim 11. wuy,,, (ur,sF) < tmy—-

Proof. From Lemma [5] we know that for each w € W,

Uy ,sr) = max(0, max Re(w) 4+ 0y ) — min (Re(w') — sy .
(ur.56) = max(0, e ((Ry(w) + ) = min (Ry(u) = su0,))

From Claim |10} we know that with a subsidy of t,,,,,—, wy, is employed by pr(wps). Since
we consider the firm-optimal stable allocation, it follows that the utility distributed by

pr(war) to wyr is weakly lower than ¢, . [ ]
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To demonstrate that workers remain employed by the same firm as under (up,sg), we
examine the firm’s profit and the surplus generated, namely R¢(w) 4+ oy, r. We consider
two cases for each w € mg:

o Case 1: If pup(w) # pp(wyr): By stability, each worker is assigned to the firm
where she generates the highest surplus, subject to firm capacity constraints. Since
we are considering the firm-optimal stable allocation, firms achieve the highest
profit. From Claim we know that t,,,— > Uy, (tr,sF). There is no firm
f € F such that wp; can increase the profit of f and obtain utility greater than
U, (1r,sr). We then differentiate between two sub-cases:

— Case 1.1: If uy(pp,sp) — tmy— > 0. In this case, the subsidy ¢y, reduces
w’s utility, but it remains non-negative (from Lemma . Consequently, w
continues to be employed by a firm, either by her original firm pp(w) or, if
her reduced utility makes another firm more attractive, by another firm i.e.,
uE(w) # 0, and uy (uF, sT) > 0.

— Case 1.2: If uy(up, sp) — tmy— < 0. The subsidy for w is given by t,,,— —
(Sw,pp(w) T Tw,pup(w))- By Lemma [5 and using the reasoning of Case 1.1, w is
employed i.e., u%(w) # 0, and u,(uE,sT) > 0.

o Case 2: If up(w) = pp(wyr): For w to remain employed, the surplus she generates

must exceed that of wys. That is:

RMF('LUAJ)(w) + twvl'LF (war) T Tw,pp(war) > RMF (wM)(wM) t Owprur (war)-

All minority workers employed by pp(wps) who generate a surplus higher than
wps remain employed. For those generating lower surplus, the surplus must be
increased to retain them. Additionally, each worker’s utility must be positive. We
again consider two sub-cases:
— Case 2.1: If Ry wy) (Wn) + Owyyip(war) 2 Bpup(wan) (W) + Twppe(wyy), the
subsidy for w is

tw,up(wM) > R/LF(’U)M)(wM) + Owprur(war) — (RMF(wM)(w) + O—w,up(wM))'

Therefore, REF(wM)(w) T 0w (war) 2 RMF(wM)(wM) T Owprup(way)- BY opti-
mality, w is employed i.e., u%(w) # 0, and u,(ur,sE) > 0.

— Case 2.2: If Rypw) (W) + Twpptwr) 2 Byup(wan) (WM) + Twyppup(wny)s the
subsidy for w is ty, ;. (wyy)

WE(w) # 0, and u, (uE,sT) > 0.

> 0. Again, by optimality, w is employed i.e.,
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From Lemma [3] we know that up = uw, completing the proof for @y . |

B.12 Proof of Proposition [7]

Proof. We know that (uw,sw) is a worker-optimal stable allocation, and that for all
w € W, no worker receives a negative transfer, i.e., t,, y > 0. Consider a firm f € F
such that |uf (f) Nm| > |pw (f) Nm|.

By Lemma [4] we know that for any pair of workers w,w’ € pw (f), Rf(w) — Sy.5 =
Ry(w') — sy ¢. Therefore, there exist a worker wy, ¢ uw (f) such that wy, € uf, (f),
and the following inequality holds:

Ry (wim) + Owp,f = U, (v, sw) < Rp(w) — 54,1,

where w,, is newly employed at f under the allocation ,u%,. With the transfer T, there

exists a worker w € pw (f) such that w ¢ u (), and we have:
R?(wm) - sgmdc > R}F(w) — Suw,f-

Since the transfer T subsidizes minority workers, it follows that R?(w) > R¢(w). By
Lemma W} for all workers w,w’ € ud (f), R}‘(w) - s£7f = R?(w’) — sg/’f. Thus, the
profit of firm f has increased due to the transfer T.

Now, consider the surplus generated by each worker w at firm f, with and without
the transfer T. The surplus is defined as Ry(w) + 04, 5 without the transfer, and as
R¢(w) + ty, f + 0w, s with the transfer. For each w € pw (f), the utility of w under the

original allocation is:
w(pw,sw) = Ry(w) + 0w,y — (Rp(w) = su,5),
and for each v’ € u;,f[,( f), the utility under the new allocation becomes:
wwr (1, 81) = R (W) + tur g + 0w, = (Rp(w') + s = sur ).
Since R?(w’) — S;E,J > R}‘(w) — Sw,f, it follows that:
W (113, S17) < U (B, Sw) + tur -

Thus, Cyy, (T) > CF (T).
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B.13 Proof of Theorem

Proof. We first consider the worker-optimal stable allocation. By contradiction, sup-
M
pose there exists a worker w € m such that w,(pw,sw) > ww(pj, .sp, ). Given

(uw,sw), we know that there is no w’ € W such that pw (w') # pw(w) and there
exists s’ with “w/(HW(w)vS;u',#W(w)) > Uy (pw s sw) and Vi, ooy ((pw (pw (w)) \ {w}) U
{w'}s s, Ry () a}!) > Vi (w) (v (pw () ); 8w, Ry () q}!), with strict inequality hold-
ing for at least one member of {w'} U {uw (w)}.

By introducing quotas, some majority workers can no longer be employed by a firm
under the worker-optimal stable allocation. This increases competition among majority

workers. However, since q,,,,, (u) )= |ew (pew (w))Nm|, it follows that each firm can

M
qMW(w M M
employ at least as many minority workers as before. Because (Ngv ,sgv ) is the worker-

M M
optimal stable allocation, we know that there is no w’ € W such that pj}, (w') # pji, (w)

and there exists s’ with w,y (,u%iw (w),s"  w )= uw/(ugvM, sgy) and

w,pugy, (w)

M

M
Vo (o (i @)\ {w}) U{w'};s', R 0 q") >
Hywy (w) Ky (w)

M M

M

M
alt ()

with strict inequality holding for at least one member of {w'} U {u“}VM (w)}.
Thus, given (uw,sw), it follows that uw(ugy, s ) > we(pw, sw).

Now we consider the firm-optimal stable allocation. By contradiction, suppose there

M M
exists a worker w € m such that w,(up,sp) > uy(pg ,sE ). Since w € m, and knowing
that q,,,, (w) — q%v(w) > |pw (pw (w)) Nm|, and as Ry, (w) (W) + Ty puyy (w) 18 the same in
both markets (qi!,q) and (g, q), it follows directly that uw(,u%M, S%M) > Uy (pp, Sp).
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