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Abstract

We show that for any pair of long enough parallel geodesics in a random group

Gℓ(m,d) with m generators at density d < 1/6, there is a van Kampen diagram

having only one layer of faces. Using this result, we give an upper bound, de-

pending only on d, of the number of pairwise parallel geodesics in Gℓ(m,d) when

d < 1/6. As an application, we show that the minimal stable length of Gℓ(m, d)
at d < 1/6 is exactly 1.
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1 Introduction

Random groups. A random group Gℓ(m, d) with m ≥ 2 generators at density

d ∈ [0, 1], as defined by Gromov in [Gro93], is given by the presentation

G = 〈x1, . . . , xm|Rℓ〉,

where Rℓ is a set of (2m − 1)dℓ relators, randomly chosen from the set of cyclically

reduced words on {x±
1 , . . . , x

±
m} of length at most ℓ.

We say that Gℓ(m, d) satisfies some group property asymptotically almost surely

(denoted a.a.s.) if the probability that the property holds converges to 1 as the relator

length ℓ goes to infinity. The first result in the theory of random groups is a phase

transition ([Gro93]): at d > 1/2, a.a.s. Gℓ(m, d) is a trivial group; whereas at d < 1/2,

a.a.s. Gℓ(m, d) is a non-elementary hyperbolic group.

Parallel geodesics. Two geodesics in (the Cayley graph of) a δ-hyperbolic group

are called parallel if they do not intersect and their end points are respectively 10δ-

close. By convention, if the mentioned geodesics are bi-infinite, they share the same

boundary points.

In this article, we study van Kampen diagrams between parallel geodesics, referred

to as band diagrams (Definition-Lemma 4.2). A 1-layer face in a band diagram is a

face that touches both geodesics. We first discover that 1-layer faces appear in band

diagrams of random groups at density d < 1/4.

Theorem (Theorem 4.3). If d < 1/4, then a.a.s. for any pair of parallel geodesics γ1,

γ2 of Gℓ(m, d) of lengths at least 1200
1−4d ℓ and any band diagram D between them, there

is a face of D that intersects the two boundary geodesics.

We then show that at d < 1/6, which corresponds to C′(1/3) in random groups,

band diagrams already have only one layer of faces.

Theorem (Theorem 4.6). Let L ≥ 10000ℓ. If d < 1/6, then a.a.s. for any pair of

parallel geodesics γ1, γ2 ofGℓ(m, d) of lengths at least L, there exists a pair of parallel

sub-geodesics γ′
1, γ

′
2 of lengths at least L− 7200ℓ having a 1-layer band diagram.

To prove this result, we introduce a new small cancellation condition, called the

C̃(p) condition (Definition 3.3), which is a strong version of the C(p) condition. We

then established phase transitions for the C̃(p) conditions in random groups (Lemma

3.4 and Lemma 3.5).

Canonical representatives. The notion of canonical representatives was intro-

duced by Rips and Sela in [RS95] to solve equations over hyperbolic groups. They

then asked whether every Gromov hyperbolic group admits globally stabled canonical

representatives. A recent work by Lazarovich and Sageev [LS24] shows that hyper-

bolic cubulated groups admit such representatives, and it is known from Olivier and

Wise [OW11] that random groups at density d < 1/6 are cubulable, and hence admit

globally stabled canonical representatives.

In Appendix of [RS95], Rips and Sela remarked that van Kampen diagrams be-

tween geodesics of a C′(1/8) group are 1-layer diagrams. Using this structure, they

constructed globally stabled canonical representatives for C′(1/8) groups. Together

with their construction, our Theorem 4.6 provides an alternative method for showing

that random groups at density d < 1/6 have globally stabled canonical representatives.
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Number of parallel geodesics. It is known that the number of pairwise parallel bi-

infinite geodesics in a hyperbolic group is bounded above by a large number ([Gro87],

[Del96, Proposition 3.1]). In [GM21], Gruber and Mackay showed that for a random

triangular group at density d ∈]1/3, dcrit[, there exists a large n0 = n0(d) such that,

for any n ≥ n0, the n-periodic Burnside quotient is infinite. A key ingredient in their

proof is providing a much sharper bound on the number of parallel geodesics.

In this article, we provide a sharp upper bound on the number of parallel geodesics

in Gℓ(m, d) at density d < 1/6:

Theorem (Theorem 5.1). Let k ≥ 1 be an integer. Let Gℓ(m, d) be a random group at

density d < 1/6. There exists a number C = C(d) such that, if γ1, . . . , γk is a set of k
parallel geodesics of length at least Cℓ, then a.a.s.

k ≤ 2 +
4d

1− 6d
.

Let R,L,N > 0. A hyperbolic group G = 〈X |R〉 (acting on itself) is (R,L,N)-
acylindrical if, for every x, y ∈ Cay(X,R) with |x− y| ≥ L, the number of elements

g ∈ G satisfying simultaneously |gx−x| ≤ R and |gy−y| ≤ R is at most N ([Cou18,

Definition 5.5]). Following Gruber and Mackay’s acylindricity result for random trian-

gular groups [GM21, Proof of Theorem 1.5 by Proposition 1.3], we have a version for

random groups at density d < 1/6.

Corollary. If d < 1/6, then for any a > 0, a.a.s. Gℓ(m, d) is

(aℓ, Cℓ+ aℓ, k(Cℓ+ 2aℓ)2)

-acylidrical where k and C are from Theorem 5.1.

Despite this result, it is not known whether there exists a uniform n0 = n0(m, d)
such that for n ≥ n0, the n-periodic Burnside quotient of Gℓ(m, d) with d < 1/6 is in-

finite. The main difficulty lies in the fact that the hyperbolicity constant of Gℓ(m, d) is

linear in ℓ (see [Gro93], [Oll07] and Theorem 2.5), whereas the hyperbolicity constant

of a random triangular group depends solely on its density.

Minimal stable length. The minimal stable length of a hyperbolic group G is the

infimum of the stable lengths [u]∞ among the loxodromic elements u ∈ G. According

to [Del96, Proposition 3.1], if G is a hyperbolic group with at most k parallel geodesics,

then the stable length [u]∞ of a loxodromic element u ∈ G is at least [u]/k where [u]
is the translation length of u.

As an application of Theorem 5.1, we show that, in a random group Gℓ(m, d) at

density d < 1/6, a.a.s. if [u] < 1−3d−3ε
2k ℓ then [u]∞ = [u] (Remark 6.4). This leads to

the following result:

Theorem (Theorem 6.3). If d < 1/6, then a.a.s. the minimal stable length of Gℓ(m, d)
is 1.

Acknowledgements. I would like thank my thesis advisor, Thomas Delzant, for

inspiring the idea of parallel geodesics in random groups during my time in Strasbourg.

I am also very thankful to Rémi Coulon for inviting me to Dijon and for the valuable

discussions we had on this subject.
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2 Preliminary: van Kampen diagrams and random groups

Van Kampen diagrams. We consider edge-oriented combinatorial 2-complexes

as described in [LS77, §III.2]. A vertex is also called a point or a 0-cell; a face is called

a 2-cell. Every edge e has a starting point, an ending point and an inverse edge e−1. A

pair of inverse edges {e, e−1} is called an undirected edge or a 1-cell. For a 2-complex

Y , denote by Y (i) the set of i-cells of Y (for i = 0, 1, 2) and |Y | = |Y (2)| the number

of faces of Y . For simplicity, if e is an (oriented) edge of Y , we also write e ∈ Y (1);

similarly, if f is a face of Y , we write f ∈ Y .

A path is a sequence of edges p = e1 . . . en such that the ending point of ei is the

starting point of ei+1 for each i. A path is called reduced if it has no subpath of type

ee−1. A loop is a path that ends at its starting point. A loop is cyclically reduced if it

is a reduced loop with the additional requirement that en 6= e−1
1 . A path (or a loop) is

called simple if it does not cross itself.

In this article, we introduce an additional structure on 2-complexes for convenience:

every face f is assigned a starting point and an orientation on its boundary, referred to

as the boundary loop and denoted by ∂f .

Let G = 〈X |R〉 be a finite group presentation where every relator r ∈ R is

cyclically reduced. The Cayley complex Cay(X,R) of 〈X |R〉 is the 2-complex con-

structed from its Cayley graph by attaching a face on each relator loop. Every edge of

Cay(X,R) is labeled by the generator it represents, and every face is naturally labeled

by the relator read on its boundary loop.

Definition 2.1. A diagram with respect to the group presentation 〈X |R〉 is a finite

connected 2-complex Y with labels on edges by generators and labels on faces by

relators such that:

• If an edge e is labeled by x ∈ X , then its inverse e−1 is labeled by x−1.

• If a face f is labeled by r ∈ R, then its boundary loop is labeled by the word r.

Since the relators are cyclically reduced, every boundary loop of is a reduced loop.

For every diagram Y , we associate a 2-complex morphism ϕY : Y → Cay(X,R) that

maps i-cells to i-cells (for i = 0, 1, 2) and preserves the labels on edges and faces. The

map ϕY is unique up to label-preserving isometries on Cay(X,R).

A pair of faces in a diagram is called reducible if they are labeled by the same

relator and their boundary loops share a common edge at the same respective position

with the same orientation (Figure 1; the two faces share their fourth edge with the

same orientation). A diagram is called reduced if it contains no reducible pair of faces.

Equivalently, a diagram is reduced if the map ϕY is locally injective on Y \ Y (0).

rr

Figure 1: A reducible pair of faces.

The reduction degree of Y is the total number of edges causing reducible pairs of

faces, counted with multiplicity: for any edge e ∈ Y (1), any relator r ∈ R, and any
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integer j, we count the number of faces f ∈ Y labeled by r that have e as the j-th

boundary edge. If this number is t, we add (t − 1)+ to the reduction degree, where

(·)+ denotes the positive part function. Here is a formal definition.

Definition 2.2 (Reduction degree, [GM21, Definition 2.5]). Let Y be a diagram of a

group presentation G = 〈X |R〉. Denote by ϕ2 : Y (2) → R the labeling function on

faces. Let ℓ be the maximal boundary length of faces of Y .

The reduction degree of Y is defined as

Red(Y ) :=
∑

e∈Y (1)

∑

r∈R

∑

1≤j≤ℓ

(∣∣{f ∈ Y |ϕ2(f) = r, e is the j-th edge of ∂f}
∣∣− 1

)+

.

Note that Y is reduced if and only if Red(Y ) = 0.

A van Kampen diagram D is a simply connected diagram that is embedded in

the Euclidean plane. Up to cyclic permutations and inversion, the boundary loop of

D (which may not be reduced) is denoted by ∂D. A disk diagram is a van Kampen

diagram that is homeomorphic to a disk. In this case, the boundary loop is simple. Here

are two useful results on van Kampen diagrams.

Theorem 2.3 (Van Kampen’s lemma [vKam33]). Let G = 〈X |R〉 be a finitely pre-

sented group. A word w of X± is trivial in G if and only if there exists a reduced van

Kampen diagram D such that a chosen boundary loop ∂D is labeled by the word w.

Theorem 2.4 ([Gro87]). A finitely presented group G = 〈X |R〉 is Gromov hyperbolic

if and only if there exists a numberC > 0 such that every reduced van Kampen diagram

of G satisfies the isoperimetric inequality

|∂D| ≤ C|D|.

Random groups. Fix an alphabet X = {x1, . . . , xm} with m ≥ 2. For ℓ ≥ 1,

let Bℓ be the set of cyclically reduced words on X± of length at most ℓ. A sequence

of random groups (Gℓ(m, d))ℓ∈N with m generators at density d ∈ {−∞} ∪ [0, 1] is

defined by

Gℓ(m, d) = 〈X |Rℓ〉

where Rℓ is a random subset of Bℓ, uniformly distributed among all subsets of Bℓ of

cardinality ⌊|Bℓ|
d⌋.

Let (Qℓ) be a sequence of group presentation properties. We say that Gℓ(m, d) sat-

isfies Qℓ asymptotically almost surely (denoted a.a.s.) if the probability that Gℓ(m, d)
satisfies Qℓ converges to 1 when ℓ goes to infinity.

Recall that ([Gro93]) for any m ≥ 2, if d > 1/2 then a.a.s. Gℓ(m, d) is a trivial

group; if d < 1/2 then a.a.s. Gℓ(m, d) is a hyperbolic group. More precisely:

Theorem 2.5 ([Gro93], [Oll07]). If d < 1/2, then for any ε > 0, a.a.s. every reduced

van Kampen diagram D of Gℓ(m, d) satisfies the isoperimetric inequality

|∂D| ≥ (1− 2d− ε)|D|ℓ.

In addition, a.a.s. Gℓ(m, d) is torsion free and δ-hyperbolic with

δ =
4ℓ

1− 2d
.
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The isoperimetric inequality for reduced van Kampen diagrams in random groups

was first proved with the additional condition that the diagrams have a bounded num-

ber of faces (i.e., |D| < K with some arbitrary K > 0 before a.a.s.). A version of the

inequality for non-reduced 2-complex diagrams was established in [Tsa22] (see also

[GM21]), with the additional condition that the 2-complexes have "bounded complex-

ity."

A vertex in a 2-complex is called non-singular if it is a degree 2 vertex that is not

the starting point of a boundary loop. Other vertices are called singular. A maximal

arc in a 2-complex is a reduced path that passes only through non-singular vertices and

has singular vertices as its endpoints. Given any finite 2-complex, its 1-skeleton can be

partitioned into maximal arcs. The complexity of a 2-complex encodes the number of

maximal arcs along with the number of faces:

Definition 2.6 (Complexity of a 2-complex). Let Y be a finite connected 2-complex.

Let K > 0. We say that Y has complexity K if |Y | ≤ K and if for any face f of Y , the

boundary loop ∂f is divided into at most K maximal arcs.

If D is a planar and simply connected 2-complex with |D| ≤ K , then the com-

plexity of D is 6K . Here is the non-reduced 2-complex version of the isoperimetric

inequality.

Theorem 2.7 ([Tsa22]). Let d < 1/2. For any (small) ε > 0 and any (large) K > 0,

a.a.s. every diagram Y of complexity K of Gℓ(m, d) satisfies the inequality

|Y (1)|+Red(Y ) ≥ (1− d− ε)|Y |ℓ.

The cancellation of a 2-complexY is the number of cancelled edges when attaching

faces. It is defined by

Cancel(Y ) :=
∑

e∈Y (1)

(deg(e)− 1)+

where deg(e) is the number of faces attached on the edge e. For any 2-complex Y with

face boundary length at most ℓ, we have

|Y (1)|+Cancel(Y ) =
∑

f∈Y

|∂f | ≤ |Y |ℓ.

So Theorem 2.7 can be rephrased as

Cancel(Y )− Red(Y ) ≤ (d+ ε)|Y |ℓ. (1)

If D is a reduced van Kampen diagram, we have simply Cancel(D) ≤ (d+ε)|D|ℓ.
Together with the isoperimetric inequality (Theorem 2.5), we get

Cancel(D) ≤
d+ ε

1− 2d− ε
|∂D|. (2)
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3 Small cancellations in random groups

Throughout this article, in the figures containing diagrams, we will use light gray re-

gions to indicate faces and dark gray regions to indicate subdiagrams. The following

lemma will be useful to prove phase transition results in random groups.

Lemma 3.1 ([Tsa22, Corollary 1.7]). Let ε > 0 and K > 0. Let (Dℓ) be a sequence

of finite planar simply connected 2-complexes of the same geometric form ([Tsa22]

Definition 3.1) such that every face boundary length of Dℓ is exactly ℓ. If every sub-2-

complex D′
ℓ of Dℓ satisfies

|∂D′
ℓ| ≥ (1− 2d+ ε)|D′

ℓ|ℓ,

then a.a.s. there exists a reduced van Kampen diagram of Gℓ(m, d) whose underlying

2-complex is Dℓ.

Recall that a group presentation satisfies the C(p) small cancellation condition if

any face of a reduced van Kampen diagram is surrounded by at least p faces [LS77].

For random groups, there is a phase transition at density 1/p (see [OW11], [Tsa22]).

Lemma 3.2 ([Tsa22, Proposition 4.2]). Let p ≥ 2 be an integer.

(i) If d < 1/p, then a.a.s. Gℓ(m, d) satisfies C(p).

(ii) If d > 1/p, then a.a.s. Gℓ(m, d) does not satisfy C(p).

We introduce here a stronger condition, denoted C̃(p).

Definition 3.3. Let p ≥ 2 be an integer. A group presentation satisfies the C̃(p)
small cancellation condition if, for every reduced van Kampen diagram, any simply

connected subdiagram is surrounded by at least p faces.

It is clear that C̃(p) implies C(p) for any p ≥ 2. The condition C̃(2) is equivalent

to the property that every face in a reduced van Kampen diagram has a simple boundary

loop. In [LS77, Ch.V, Lemma 4.1], it was shown that this property holds for C(6) −
T (3) groups, C(4) − T (4) groups, and C(3)− T (6) groups. In random groups, there

is a phase transition at density 2/5.

Lemma 3.4. Let Gℓ(m, d) be a random group at density d.

(i) If d < 2/5, then a.a.s. Gℓ(m, d) satisfies C̃(2).

(ii) If d > 2/5, then a.a.s. Gℓ(m, d) does not satisfy C̃(2).

Proof.

(i) Notice that d < 2/5 < 1/2 so the group is C(2). We refer to the proof of Lemma

3.5 (i) with p = 2 and without the inequality 2/(p + 3) ≥ 1/p (which is the

reason that we need to separate the case p = 2).

(ii) By Lemma 3.1 with some ε < d − 2/5, there exists a reduced diagram of the

following form (Figure 2), which denies the C̃(2) condition.
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0.8ℓ

0.2ℓ

0.2ℓ

0.6ℓ

Figure 2: A van Kampen diagram that is not C̃(2).

There is also a phase transition of C̃(p), at density 1/p, for any p ≥ 3.

Lemma 3.5. Let Gℓ(m, d) be a random group at density d. Let p ≥ 3 be an integer.

(i) If d < 1/p, then a.a.s. Gℓ(m, d) satisfies C̃(p).

(ii) If d > 1/p, then a.a.s. Gℓ(m, d) does not satisfy C̃(p).

Proof.

(i) Assume that at density d < 1/p, a.a.s. there were a reduced diagram D with a

simply connected subdiagram D′ that is surrounded by p− 1 faces f1, . . . , fp−1.

f1

f2

f3

f4

f5D′

D

Figure 3: A van Kampen diagram that is not C̃(6)

Apply the isoperimetric inequality (Theorem 2.5) on D′ and D with some ε > 0
to be determined, we have

|∂D′| ≥ (1− 2d− ε)|D′|ℓ,

|∂D| ≥ (1− 2d− ε)(|D′|+ p− 1)ℓ.

On the other hand,

|∂D|+ |∂D′| ≤

p−1∑

i=1

|∂fi| ≤ (p− 1)ℓ.

So (p− 1)ℓ ≥ (1− 2d− ε)(2|D′|+ p− 1)ℓ, or

d ≥
|D′|

2|D′|+ p− 1
− ε/2.
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At d < 1/p the group satisfies C(p) (Lemma3.2 (i)), so |D′| ≥ 2. Together with

p ≥ 3, we have
|D′|

2|D′|+p−1 ≥ 2
3+p

≥ 1
p

. Now we choose ε = 1/p− d > 0, which

leads to a contradiction.

(ii) By Lemma 3.2 (ii) and the fact that C̃(p) implies C(p).

Lemma 3.6. If d < 1/4, then a.a.s. any reduced van Kampen diagram D of

Gℓ(m, d) satisfies the following property:

If γ is a sub-path of the boundary loop ∂D whose image is a geodesic in the group,

then for any face f of D, the intersection ∂f ∩ γ is connected.

Proof. Suppose that there were a face f ofD such that ∂f∩γ has at least two connected

components. Let v1 be one of the components and v2 a component next to it. Let p be

the segment on γ between v1 and v2. The face f together with the segment p bounds

a disk subdiagram D′ of D, in which the path v1pv2 is a geodesic. In D′, let q be the

interior segment of ∂f and r be the exterior segment of ∂f excluding v1 and v2 (Figure

4). The path r may intersect γ but it does not matter.

D′

f

v1 v2

q

r

p
γ

Figure 4: A face having two connected components on a geodesic.

Note that q does not intersect γ, so the two paths p and q bounds a subdiagram, and

|D′| ≥ 2. Since γ is a geodesic, we have |p| ≤ |q|, so

|∂D′| = |r| + |v1|+ |p|+ |v2| ≤ |r|+ |v1|+ |q|+ |v2| = |∂f | ≤ ℓ.

Apply the isoperimetric inequality on D′ with d < 1/4 and some small ε, we get

|∂D′| ≥ (1− 2d− ε)|D′|ℓ >
1

2
|D′|ℓ.

The above two inequalities give |D′| < 2, which is impossible.

4 Diagrams between parallel geodesics (Band diagrams)

Let x and y be vertices in a 2-complexY . A geodesic from x to y, denote by [x, y] ⊂ Y ,

is a path γ : [0, t] → Y such that γ(0) = x, γ(t) = y and no other path can be shorter.

Denote by |x − y| the distance between x and y, which is the length of any geodesic

path joining x and y.

A bi-infinite geodesic is a bi-infinite path such that every sub-path is a geodesic. If

x and y are already on some given geodesic γ, then [x, y] refers to the sub-geodesic of

γ joining x and y, unless otherwise specified.

Definition 4.1. Let G = 〈X |R〉 be a δ-hyperbolic group. Two geodesics γ1 : [0, t1] →
Cay(X,R) and γ2 : [0, t2] → Cay(X,R) are called parallel if they do not intersect

and their endpoints are respectively 10δ-close. That is, |γ1(0) − γ2(0)| ≤ 10δ and

|γ1(t1)− γ2(t2)| ≤ 10δ.
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By convention, two bi-infinite geodesics are parallel if they do not intersect and

they have the same pair of boundary points on ∂ Cay(X,R) (refer [CDP90]).

Definition-Lemma 4.2 (Band diagrams). Let G = 〈X |R〉 be a δ-hyperbolic space.

Let γ1 : [0, t1] → Cay(X,R) and γ2 : [0, t2] → Cay(X,R) be two parallel geodesics

of lengths at least 20δ in G. There exists a reduced disk diagram D together with an

associated map ϕ : D → Cay(G,X) such that:

• There are four distinguished vertices x1, y1, y2, x2 on ∂D that divide ∂D into

four paths x1y1, y1y2, y2x2 and x2x1,

• ϕ(xiyi) is a sub-geodesic of γi for i = 1, 2,

• ϕ(x1x2) is a sub-geodesic of some [γ1(0), γ2(0)] and y1y2 is a sub-geodesic of

some [γ1(t1), γ2(t2)].

The diagram D (together with the map ϕ) constructed above is called a band diagram

between the two geodesics γ1 and γ2. The vertices x1, x2, y1, y2 on ∂D are called the

corners of D.

ϕ(D)

γ2

γ1
ϕ(x1) ϕ(y1)

ϕ(x2) ϕ(y2)

Figure 5: A band diagram.

Proof. Choose geodesics [γ1(0), γ2(0)] and [γ1(t1), γ2(t2)] such that they intersect γ1
and γ2, respectively, with only one connected component.

Let [x′
1, x

′
2] be the sub-geodesic of [γ1(0), γ2(0)] that intersect γ1 and γ2 respec-

tively on one single vertex. Similarly, obtain [y′1, y
′
2] ⊂ [γ1(t1), γ2(t2)]. Since the

lengths of γ1 and γ2 are at least 20δ, the geodesics [x′
1, x

′
2] and [y′1, y

′
2] do not inter-

sect, and the loop p = [x′
1, y

′
1] ∪ [y′1, y

′
2] ∪ [y′2, x

′
2] ∪ [x′

2, x
′
1] has no proper subloop.

By van Kampen’s lemma, there exists a reduced van Kampen diagram D bounded

by the labeling word of p, and a natural map ϕ : D → Cay(X,R) that maps ∂D
isomorphically on the loop. Since the word of p has no proper subword that is trivial in

G, D is homeomorphic to a disk. The four distinguished vertices x1, x2, y1, y2 on ∂D
are the pre-images of x′

1, x
′
2, y

′
1, y

′
2.

Theorem 4.3. If d < 1/4, then a.a.s. for any pair of parallel geodesics γ1, γ2 in

Gℓ(m, d) of lengths at least 1200
1−4dℓ and any band diagram D between them, there is a

face of D that intersects the two boundary geodesics.

Proof. Recall that a.a.s. Gℓ(m, d) is δ-hyperbolic with δ = 4ℓ
1−2d (Theorem 2.5). At

d < 1/4, assume simply δ ≤ 10ℓ.
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Since 1200
1−4dℓ ≥ 200ℓ ≥ 20δ, there is a band diagram D between γ1, γ2. Let L be

the length of γ1. As the length of γ2 is at most L+ 20δ, we have

|∂D| ≤ 2L+ 400ℓ.

Let x1, x2, y1, y2 be the corners of D. Let ki be the number of maximal arcs on the

boundary geodesic [xi, yi] for i = 1, 2. Suppose, by contradiction, that there were no

face of D that intersects [x1, y1] and [x2, y2] simultaneously. Given that every face can

intersect a boundary geodesic at most once (Lemma 3.6), every face of D contributes

at most one maximal arc on the two geodesics. Thus, we have k1 + k2 ≤ |D|.

D

x1 y1

x2 y2

k1 maximal arcs

k2 maximal arcs

Figure 6: A diagram with ki maximal arcs in [xi, yi].

On the other hand, for i = 1, 2, since [xi, yi] is a geodesic word, any of its maximal

arcs cannot be longer than ℓ/2, which gives ki×
ℓ
2 ≥ |[xi, yi]| ≥ L− 200ℓ. Therefore,

we get

|D| ≥ k1 + k2 ≥
4L

ℓ
− 800.

Apply the isoperimetric inequality |∂D| ≥ (1−2d−ε)ℓ|D| (Theorem 2.5), we get

2L+ 400ℓ ≥ (1 − 2d− ε)(4L− 800ℓ),

or

L ≤
200(3− 4d− 2ε)ℓ

1− 4d− 2ε
.

With ε = (1 − 4d)/4, we obtain L < 1200
1−4d ℓ, which leads to a contradiction.

A face in a band diagram D that intersects the two boundary geodesics is called a

1-layer face. If D has only 1-layer faces, it is called a 1-layer band diagram.

Lemma 4.4. Let Gℓ(m, d) be a random group at density d < 1/6. If D be a band

diagram of Gℓ(m, d) consisting of at least two 1-layer faces, then every face of D
between these two faces is a 1-layer face.

Proof. Suppose, by contradiction, that there were 1-layer faces f1, f2 of D that bound

a non-empty subdiagram Dint having no 1-layer faces. Denote by Dext the union of

Dint with f1 and f2. There are three cases:

Case 1. f1 and f2 intersect at the two boundary geodesics.

By Lemma 3.5, at density d < 1/3 the group satisfies the C̃(3) condition, but

the subdiagram Dint is surrounded by 2 faces. Contradiction.
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f1 f2

Dext

Dint

Figure 7: Case 1 of Dint

f1 f2
u1 u2

v

s

Dint

Dext

Figure 8: Case 2 of Dint

Case 2. f1 and f2 intersect at one of the two boundary geodesics. Other intersections

would lead to Case 1.

Let ui be the intersection path of f1 and Dint for i = 1, 2, s be the remaining

path on ∂Dint and v be the intersection path of f1, f2 (which may be empty).

Let us estimate the boundary length of Dext. First, |∂Dext| = |∂f1|+ |∂f2|+
|s|− |u1|− |u2|−2|v|. Since s is a geodesic path, it is shorter than |v1|+ |v2|.
We have

|∂Dext| ≤ |∂f1|+ |∂f2| ≤ 2ℓ.

Together with the isoperimetric inequality

|∂Dext| ≥ (1 − 2d− ε)|Dext|ℓ,

we get

d ≥
|Dext| − 2

2|Dext|
− ε/2.

As |Dext| ≥ 3, we have d ≥ 1/6− ε/2, contradiction with any ε < 1/6− d.

Case 3. f1 and f2 do not intersect at boundary geodesics. Other intersections would

lead to Case 2.

f1 f2u1 u2

s1

s2

Dint

Dext

Figure 9: Case 3 of Dint

Let ui be the intersection path of fi and Dint for i = 1, 2, and let si be the

intersection path of γi and Dint for i = 1, 2.
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By Lemma 3.6, if a face f in Dint intersects s1, then the intersection is a

connected maximal arc, and we have |∂f ∩ s1| ≤
1
2 |∂f |. So

|s1| ≤
∑

f∈Dint,f∩s1 6=Ø

|∂f ∩ s1| ≤
1

2

∑

f∈Dint,f∩s1 6=Ø

|∂f |.

By the same inequality on s2 and the hypothesis that Dint has no 1-layer face,

we get

|s1|+ |s2| ≤
1

2

∑

f∈Dint

|∂f | ≤
1

2
|Dint|ℓ.

So

|∂Dint|+ |∂Dext| = |∂f1|+ |∂f2|+ 2|s1|+ 2|s2| ≤ 2ℓ+ |Dint|ℓ.

Together with the isoperimetric inequalities on Dint and on Dext:

(1 − 2d− ε)|Dint|ℓ ≤ |∂Dint|,

(1− 2d− ε)|Dext|ℓ ≤ |∂Dext|;

we get

(1− 2d− ε)(|Dint|+ |Dext|)ℓ ≤ 2ℓ+ |Dint|ℓ.

With the fact that |Dext| = |Dint|+ 2, we obtain

d ≥
|Dint|

|Dint|+ 4
− ε/2.

Since |Dint| ≥ 2, we have d ≥ 1/6−ε/2, contradiction with any ε < 1/6−d.

Remark 4.5. The estimations in Case 2 and Case 3 hold for any density d < 1/4. We

actually have an upper bound on the number of faces |Dint| between two 1-layer faces

that depends only on the density d. In Case 2 we have |Dint| <
4d

1−2d ; and in Case 3

we have |Dint| <
4d

1−4d .

Theorem 4.6. Let L ≥ 10000ℓ. If d < 1/6, then a.a.s. for any pair of parallel

geodesics γ1, γ2 of Gℓ(m, d) of lengths at least L, there exists a pair of parallel sub-

geodesics γ′
1, γ

′
2 of lengths at least L− 7200ℓ having a 1-layer band diagram.

In addition, the endpoints of γ′
i are 3600ℓ-close to the endpoints of γi for i = 1, 2;

and any pair of parallel sub-geodesics γ′′
1 , γ

′′
2 of γ′

1, γ
′
2 has a 1-layer band diagram by

restricting a 1-layer band diagram of γ′
1, γ

′
2.

Proof. Let D be a band diagram between γ1, γ2 with associated map ϕ : D →
Cay(G,X). By Theorem 4.3, there are 1-layer faces in D.

Note that when d < 1/6, we have 1200
1−4dℓ ≤ 3600ℓ. Let fx be the 1-layer face of

D such that ϕ(fx) is closest to γ1(0). The face ϕ(fx) must be 3600ℓ-close to γ1(0).
Otherwise, since |∂fx| ≤ ℓ ≤ 20δ, the connected component of D\fx at the side of

γ1(0) is a subdiagram of D that can be identified, via a restriction of ϕ, as a band

diagram between some sub-geodesics of γ1, γ2 of length at least 1200
1−4d ℓ that has no 1-

layer faces, contradicting Theorem 4.3. Let fy be the 1-layer face of D such that ϕ(fy)
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is closest to γ1(t1). By the same arguments ϕ(fy) is 3600ℓ-close to γ1(t1). Since

L ≥ 10000ℓ, the two faces fx and fy are different.

Let D′ be the subdiagram of D consisting of fx, fy and the faces between them.

According to Lemma 4.4, D′ is a one layer diagram. Now let γ′
1 = ϕ(D′) ∩ γ1 and

γ′
2 = ϕ(D′) ∩ γ2. It is a pair of parallel geodesics of lengths at least L − 7200ℓ. We

then identify D′, via a restriction of ϕ, as a one layer band diagram between γ′
1 and γ′

2.

ϕ(D′)ϕ(fx) ϕ(fy)

γ2

γ1

Figure 10: The 1-layer faces fx and fy in the diagram D.

5 Number of parallel geodesics

Theorem 5.1. Let k ≥ 1 be an integer. Let Gℓ(m, d) be a random group at density

d < 1/6. There exists C = C(d, k) such that, if γ1, . . . , γk is a set of k parallel

geodesics of lengths at least Cℓ, then a.a.s.

k ≤ 2 +
4d

1− 6d
.

In particular, if d < 1/10, then a.a.s. k ≤ 2.

Recall, from Theorem 2.5, that a.a.s. Gℓ(m, d) is δ-hyperbolic with δ = 4ℓ
1−2d . At

d < 1/4, we assume simply δ ≤ 10ℓ. We shall construction a 2-complex diagram

based on the k parallel geodesics γ1, . . . , γk of Gℓ(m, d), similar to [GM21]. Every

statement in this section is considered under the assumption that it holds asymptotically

almost surely (a.a.s.) as ℓ → ∞.

Suppose that C ≥ 10000. By Theorem 4.6, there are parallel sub-geodesics

γ′
1, . . . , γ

′
k of lengths at least Cℓ − 7200ℓ such that, for any i < j there is a one

layer band diagram Dij between γ′
i and γ′

j . Denote by ϕij : Dij → Cay(X,Rℓ) the

associated map of Dij . If i > j, then Dij refers to the diagram Dji. Recall that

|∂Dij | ≤ 2Cℓ+ 200ℓ.

By the construction of a band diagram (Definition-Lemma 4.2), the restriction of

ϕij to the boundary ∂Dij is injective. Let Y be the diagram obtained by attaching the

boundaries of the
(
k
2

)
reduced disk diagrams (Dij)1≤i<j≤k along the k geodesics via

their associated maps. By the isoperimetric inequality (Theorem 2.5),

|Dij | ≤
|∂Dij |

(1− 2d− ε)ℓ
≤

2C + 200

1− 2d− ε
.

Thus,

|Y | =
∑

1≤i<j≤k

|Dij | ≤

(
k

2

)
2C + 200

1− 2d− ε
. (3)
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With a simple estimation of the number of maximal arcs in Y , the complexity of Y
is at most

6

(
k

2

)
2C + 200

1− 2d− ε
.

Hence, with Theorem 2.7, we can apply Inequality (1):

Cancel(Y )− Red(Y ) ≤ (d+ ε)|Y |ℓ. (1)

Lemma 5.2.

Cancel(Y ) ≥
∑

1≤i<j≤k

Cancel(Dij) + k(k − 2)(C − 8000)ℓ.

Proof. The cancellation of Y is the sum of the cancellations of the
(
k
2

)
sub-diagrams

(Dij)1≤i≤j plus the cancellations on the k geodesics (γ′
i)1≤i≤k.

Recall that the length of γ′
j is at least Cℓ − 7200ℓ. For any i, the corner of Dij on

γ′
j at the side of γ′

j(0) is 100ℓ-close to γ′
j(0). Thus, for any distinct i, i′, j, there are at

least Cℓ − 8000ℓ cancellations when attaching Dij and Di′j . Consequently, there are

at least (k − 2)(C − 8000)ℓ cancellations on the geodesic γj . Hence the result.

Now we need an estimation on the reduction degree Red(Y ). Since every Dij is

reduced, the reductions in Y may only happen on the k geodesics.

For any face f of Dij , denote by Int(f) the set of intermediate edges of f , which

are the edges of ∂f that do not intersect the two boundary geodesics. Note that |∂f | =
|∂f ∩ γi|+ |∂f ∩ γj |+ | Int(f)|.

Definition 5.3. An edge e on ∂Dij ∩ γi is said to be "close to the other side" in Dij if

1. The face f of Dij containing e intersects γj , and

2. | Int(f)| ≤ |∂f ∩ γj |.

Otherwise, e is said to be "far from the other side".

Lemma 5.4. Let Eij be the set of edges on ∂Dij that are far from the other side in

Dij . We have

|Eij | ≤ 4Cancel(Dij) + 400ℓ.

Proof. Let f be a face of Dij . If f does not intersect the two boundary geodesics, or it

intersects but only on edges that are close to the other side, it does not contribute to the

number |Eij |.
Suppose that f intersects γi and the edges of ∂f ∩ γi are far from the other side.

There are three cases.

Case 1. ∂f ∩ γj has no edges.

Since γi is a geodesic path, |∂f ∩ γi| ≤ | Int(f)|. So f contributes at most

| Int(f)| edges to |Eij |.
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Case 2. ∂f ∩ γj contains edges, but these edges are close to the other side.

By definition, |∂f ∩ γj | < | Int(f)|. Since γi is a geodesic path, |∂f ∩ γi| ≤
| Int(f)| + |∂f ∩ γj | < 2| Int(f)|. So f contributes at most 2| Int(f)| edges

to |Eij |.

Case 3. ∂f ∩ γj contains edges, and these edges are far from the other side.

|∂f∩γj | < | Int f | and |∂f∩γi| < | Int f |. So f contributes at most 2| Int(f)|
edges to |Eij |.

By summing the contributions of all faces f ∈ Dij , we get

|Eij | ≤
∑

f∈Dij

2| Int(f)|.

Recall that the number of edges on ∂Dij that are not on the two boundary geodesics

is at most 200ℓ. Therefore, we have

∑

f∈Dij

| Int(f)| = 2Cancel(Dij) + |∂Dij \ (γi ∪ γj)| ≤ 2Cancel(Dij) + 200ℓ.

Hence the result.

Lemma 5.5. Let (f, f ′) be a reducible pair of faces of Y , and let e be a common edge of

f, f ′ that contributes to the reduction degreeRed(Y ). Then e cannot be simultaneously

close to the other side in the two diagrams containing f and f ′ respectively.

Proof. Suppose that e ∈ γ1, f ∈ D12, f ′ ∈ D13 and e is close to the other side both in

D12 and in D13. Since f and f ′ form a reducible pair, their images under the associated

map Y → Cay(X,Rℓ) must coincide. Because the three geodesics γ1, γ2 and γ3 do

not intersect, the image of f ∩ γ2 does not intersect the images of f ′ ∩ γ1 and f ′ ∩ γ3,

which gives |f ∩ γ2| < | Int(f ′)|. For the same reason, |f ′ ∩ γ3| < | Int(f)|.
However, since e is close to the other side in both diagrams, by definition, | Int(f)| ≤

|∂f ∩ γ2| and | Int(f ′)| ≤ |∂f ′ ∩ γ3|. This results in a contradiction when comparing

| Int(f)| and | Int(f ′)|.

Lemma 5.6.

Red(Y ) ≤ 4
∑

1≤i<j≤k

Cancel(Dij) +

(
k

2

)
400ℓ.

Proof. Recall that the reduction degree of Y is

Red(Y ) =
∑

e∈Y (1)

∑

r∈R

∑

1≤j≤ℓ

(∣∣{f ∈ Y |ϕ2(f) = r, e is the j-th edge of ∂f}
∣∣− 1

)+

.

Let e be an edge of Y , and let f1, . . . , ft be a set of t ≥ 2 faces such that each pair

fi, fj is reducible, with the reduction happening at e. Since every sub-diagram Dij ,

1 ≤ i < j ≤ k, is reduced, e is on one of the geodesics, and each face fs, 1 ≤ s ≤ t,
lies on a different sub-diagram.

By Lemma 5.5, if e is close to the other side in the sub-diagram containing f1, then

it must be far from the other side in the other t−1 sub-diagrams containing respectively
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f2, . . . , ft. This means that every time we add t − 1 to the reduction degree Red(Y ),

we also add at least t− 1 to the sum
∑

1≤i<j≤k

|Eij |. Thus, we have

Red(Y ) ≤
∑

1≤i<j≤k

|Eij |.

The result follows from Lemma 5.4.

Proof of Theorem 5.1.

Combining Lemma 5.2, Lemma 5.6 and Inequality (3), Inequality (1) becomes

k(k−2)(C−8000)ℓ−3
∑

1≤i<j≤k

Cancel(Dij)−

(
k

2

)
400ℓ ≤ (d+ε)

(
k

2

)
2C + 800

1− 2d− ε
ℓ.

Recall that |∂Dij | ≤ 2Cℓ+ 800ℓ, so by Inequality (2),

Cancel(Dij) ≤
d+ ε

1− 2d− ε
|∂Dij | ≤

2C + 800

1− 2d− ε
(d+ ε)ℓ.

Thus, we get

k(k − 2)(C − 8000)ℓ ≤ 4

(
k

2

)
d+ ε

1− 2d− ε
(2C + 800)ℓ+

(
k

2

)
400ℓ,

or

k(k−2)−8

(
k

2

)
d

1− 2d
≤ 8

(
k

2

)
d+ ε

1− 2d− ε

C + 400

C − 8000
+

(
k

2

)
400

C − 8000
−8

(
k

2

)
d

1− 2d
.

Remind that for any large C and any small ε, the above inequality holds (a.a.s. as

ℓ → ∞) in Gℓ(m, d). Note that the right hand side of the inequality converges to 0
as C → ∞ and ε → 0. If the left hand side were strictly positive, we could find a

small enough ε = ε(d) and a large enough C = C(d, k) that contradict the inequality.

Therefore,

k(k − 2) ≤ 8

(
k

2

)
d

1− 2d
.

Since k ≥ 1 and 1− 2d > 0, we have

(1 − 2d)(k − 2) ≤ 4d(k − 1),

or

k(1− 6d) ≤ 2− 8d.

As d < 1/6, we obtain

k ≤ 2 +
4d

1− 6d
.
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6 Minimal stable length at density d<1/6

Let G = 〈X |R〉 be a hyperbolic group. The translation length of an element u ∈ G
(acting on Cay(X,R)) is defined by

[u] := inf
x∈G

|ux− x|,

and the stable length is

[u]∞ := lim
n→∞

|unx− x|

n
.

According to [CDP90, Ch.10 §6], such limit exists and does not depend on the

choice of x. Recall that [u] ≥ [u]∞ ≥ [u]− 16δ. Recall also that [u]∞ > 0 if and only

if u is loxodromic. The minimal stable length of the group G = 〈X |R〉 is then defined

by

inf {[u]∞ | u ∈ G, u is loxodromic} .

We will need the following two lemmas.

Lemma 6.1. If u ∈ G fixes a geodesic γ and x ∈ γ, then [u]∞ = [u] = |ux− x|.

Proof. Assume that there were some y 6∈ γ such that |uy− y| ≤ |ux−x|− 1 for some

x ∈ γ. For any integer n ∈ N, we have

|un − y| ≤ n|uy − y| ≤ n|ux− x| − n.

On the other hand, by the triangular inequality,

|uy − y| ≥ |unx− x| − |unx− uny| − |x− y| = n|ux− x| − 2|x− y|.

So for any n ∈ N, 2|x− y| ≥ n, which leads to a contradiction. Hence [u] = |ux− x|.
Since |unx− x| = n|ux− x| for any n, we have [u]∞ = [u].

Lemma 6.2 ([Del96, Proposition 3.1]). Let u ∈ G be a loxodromic element. Let u∞

and u−∞ be two points on the boundary of G that are the limit points of un and u−n

as n → ∞. Then there exists a finite set of parallel geodesics connecting u∞ and u−∞

that are permuted by u.

Theorem 6.3. If d < 1/6, then a.a.s. the minimal stable length of Gℓ(m, d) is 1.

Proof. Recall that for any d < 1/2, a.a.s. Gℓ(m, d) is hyperbolic and torsion free,

so any non-trivial element is loxodromic. At d < 1/6, the hyperbolicity constant is

δ ≤ 10ℓ. We shall prove that for any u ∈ Gℓ(m, d) with u 6= 1, we have [u]∞ ≥ 1.

Since [u]∞ is invariant by conjugations, we can replace u within its conjugates so

that [u] = |u|. If [u] ≥ 20δ, then [u]∞ ≥ [u]− 16δ ≥ 1. Suppose in the following that

|u| = [u] ≤ 20δ ≤ 200ℓ.
Consider a finite set of parallel geodesics connecting u∞ and u−∞ that are per-

muted by u (Lemma 6.2). Let γ be one such geodesic, there is a positive integer k such

that ukγ = γ. So γ, uγ, . . . , uk−1γ is a set of parallel geodesics permuted by u, each

fixed by uk. By Theorem 5.1, when d < 1/6, we have k ≤ 2 + 4d
1−6d . In the case

k = 1, we have [u]∞ = [u] ≥ 1 by Lemma 6.1.
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Suppose that k ≥ 2. Let x, y be vertices on γ with |x − y| = Cℓ where C =
C(m, d) is a large number to be determined. Choose geodesics [x, ux] and [y, uy] so

that their intersections with γ and with uγ are connected. Let D be the van Kampen

diagram bounded by the geodesics [x, y], [y, uy], [uy, ux] and [ux, x], with the asso-

ciated map ϕ : D → Cay(Gℓ(m, d)). It is a disk diagram with eventually 4 spurs.

Denote by D̊ the disk part of D. We have 2Cℓ− 2|u| ≤ |∂D̊| ≤ 2|u|+2Cℓ, so |D| ≥
|∂D̊|/ℓ ≥ 2C−800. Together with the isoperimetric inequality ∂D̊ ≤ (1−2d−ε)|D|ℓ
with d < 1/6 and some small enough ε, we get

2C − 800 ≤ |D| ≤ 4C + 800.

Let D′ be the copy of D that is bounded by the geodesics uk[x, y], uk[y, uy],
uk[uy, ux] and uk[ux, x], with the associated map ϕ′ : D′ → Cay(Gℓ(m, d)), so

that ϕ′(D′) = ukϕ(D). For any face f ∈ D, there is a corresponding face f ′ ∈ D′

such that ϕ′(f ′) = ukϕ(f). Since uk fixes γ and uγ, D′ is also bounded by γ and uγ.

D D′Y
uγ

γ
x ukyukx y

ux uk+1yuk+1x uy

Figure 11: The diagram Y obtained by attaching D and D′ along γ and uγ.

We choose C ≥ 200k, so that |x − y| ≥ 200kℓ ≥ |uk|, and that ukx lie between

x and y. Let Y be the diagram obtained by attaching D and D′ by their associated

maps, along the two geodesics γ and uγ. The 2-complex Y is a annular diagram with

|Y | = 2|D| ≥ 4C− 1600 and |∂Y | ≤ 4|u|+4|uk| ≤ 800(k+1)ℓ. If Y were reduced,

then by the isoperimetric inequality,

800(k + 1)ℓ ≥ (1 − 2d− ε)(4C − 1600)ℓ.

We choose C ≥ 1000k
1−2d so that this inequality does not hold, so Y must be non-

reduced. Since D and D′ are reduced, the reductions of Y must happen on the two

geodesics γ and uγ.

Let f ∈ D, g′ ∈ D′ be a reducible pair of faces in Y , we have ϕ(f) = ϕ′(g′) in

the Cayley complex. Let g be the face in D that corresponds to g′ in D′, which gives

ukϕ(g) = ϕ′(g′) = ϕ(f). Since Gℓ(m, d) is torsion free, the faces f and g must be

different in D.

ϕ(D)ϕ(g)
ϕ(f)

= ukϕ(g)
uγ

γ
s s′ uks uks′

Figure 12: The image of the diagram D.

By Lemma 4.6, as d < 1/6, D has only one layer of faces. Apply the isoperimetric

inequality on the subdiagram of D containing g and its two neighbouring faces, we

have | Int(g)| ≤ 3(d + ε)ℓ. So either |ϕ(g) ∩ γ| = |g ∩ γ| ≥ (1 − 3d − 3ε)ℓ/2, or

|g ∩ uγ| = |ϕ(g) ∩ uγ| ≥ (1 − 3d− 3ε)ℓ/2. Suppose that we are in the first case.

Denote the segment ϕ(g) ∩ γ by [s, s′]. Since uk fixes γ and ukϕ(g) = ϕ(f), we

haveϕ(f)∩γ = [uks, uks′]. Because f 6= g, these two sub-geodesics have no common
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edges. So |s− uks| ≥ |s− s′| ≥ (1− 3d− 3ε)ℓ/2. Hence [uk] ≥ (1 − 3d− 3ε)ℓ/2.

In addition, as uk fixes γ, for any i ≥ 1, [uik] = i[uk] ≥ (1−3d−3ε)i
2 ℓ. So we have

[u]∞ ≥ 1−3d−3ε
2k ℓ, which is a lot bigger than 1 when ℓ is large enough.

Remark 6.4. According to the proof above, at d < 1/6, any loxodromic element u of

Gℓ(m, d) with [u] < 1−3d−3ε
2k ℓ fixes a geodesic connecting u∞ and u−∞. Therefore,

by Lemma 6.1, we have [u] = [u]∞.

We do not have [u] = [u]∞ for long enough elements. For instance, at d < 1/4,

we can construct an element u with |u| = ℓ
2 and [u]∞ ≤ (1/2 − d + ε)ℓ: By the

intersection formula, a.a.s. there is a relation r of Gℓ(m, d) written as r = svsw where

|s| = (d − ε)ℓ and |v| = |w| = (1/2− d − ε)ℓ. Since d < 1/4, every trivial word of

Gℓ(m, d) has length at least ℓ. So u = sv is a geodesic word of length ℓ/2.

Construct a reduced van Kampen diagram with 2 faces, both labeled by r and share

a common segment of word u (but at different positions). This proves that [u2] ≤
|v|+ |w| ≤ (1 − 2d+ 2ε)ℓ, which gives [u]∞ ≤ (1/2− d+ ε)ℓ.

r rs s s

w

v

v

w

Figure 13: An element u = sv with [u]∞ < [u].
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