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The distribution of fiber diameters plays a crucial role in the transport and sound absorbing properties of a three-

dimensional random fibrous (3D-RF) medium. Conventionally, volume-weighted averaging of fiber diameters 
has been utilized as an appropriate microstructural descriptor to predict the static viscous permeability of 3D-RF 
media. However, the long wavelength acoustical properties of a 3D-RF medium are also sensitive to the smallest 
fibers, this is particularly true in the high-frequency regime. In our recent research, we demonstrated that an 
inverse volume-weighted averaging of fiber diameters can effectively serve as a complementary microstructural 
descriptor to capture the high-frequency behavior of polydisperse fibrous media. In the present work, we 
reexamine the identification of two representative volume elements (RVEs) which relies on the reconstruction 
of 3D-RF microstructures having volume-weighted and inverse-volume weighted averaged fiber diameters, 
respectively in the low-frequency and high frequency regimes. We investigate the implication of such a weighting 
procedure on the transport and sound absorbing properties of polydisperse fibrous media, highlighting their 
potential advantages. Furthermore, we discuss the challenges associated with this research field. Finally, we 
provide a brief perspective of the future directions and opportunities for advancing this area of study.
1. Introduction

Three-dimensional random fibrous (3D-RF) structures have become 
one of the most widespread technologies in large-scale manufacturing 
of sound-absorbing materials known as nonwovens or felts, employing 
various types of fibers to achieve their acoustical constraints. Some com-

monly used manufacturing processes include the airlay process [1,2]

and the carding, cross-lapping, and needing process [3,4]. Traditional 
thermobonded airlaid nonwoven typically incorporates a mixture of 
non-homogeneous shoddy fibers (75%) and bicomponent fibers (25%) 
in the airlay process. The bicomponent fibers have a core made from 
PET and a surface made from coPET. On the other hand, to facilitate 
recycling, needlefelt nonwoven use a mixture of PET fibers (60%) and bi-

component fibers (40%). In both cases, in post-processing, the nonwoven 
materials are reinforced by thermobonding (with a chosen compression 
ratio), where the bicomponent fibers have an adhesive effect. However, 

* Corresponding authors.

the use of non-homogeneous fibers in the manufacturing process comes 
with some drawbacks.

One of the disadvantages is that the transport mechanisms can be 
significantly impacted by the fiber size variations induced by the man-

ufacturing process. For example, shoddy fibers are obtained after the 
tearing of textile waste from a mixture of 55% cotton and 45% PET, and 
cotton fibers can introduce fiber dust particles, which affect the distribu-

tion of fiber diameters. The manufacturing process of nonwoven leads 
to a wide distribution of fiber diameters and fiber orientations, which 
affects the frequency-dependent response of the fluid within the corre-

sponding 3D-RF structure. Moreover, mixing fibers of different sizes is 
generally recommended. The largest fibers ensure the rigidity and me-

chanical stability of the nonwoven material, while the smallest fibers 
provide sound absorbing capabilities to the fibrous materials.

Therefore, an important research direction in this field is the study 
of various distributions of fiber diameters and orientations and the 
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development of models that account for the corresponding frequency-

dependent response functions. Several approaches have been explored 
to achieve this goal. Perhaps the most direct method is to conduct 
a series of laboratory measurements on samples of varying fiber size 
and orientation (semi-empirical models) [5–7]. Alternatively, in the 
quest for theoretical understanding, one may seek to better understand 
the mathematical (analytical derivations) [8–13] or physical (semi-

phenomenological description) [14–17] basis of the generalized (dy-

namic) Darcy-scaled equations for macroscopic transport. Lastly, one 
can consider studies based on numerical simulations [18–20]. Notably, 
Peyrega and Jeulin [21] used a volume-weighted average diameter 
𝐷𝑣 =

∑𝑁𝑓
𝑖=1 𝑉𝑖𝐷𝑖∕ 

∑𝑁𝑓
𝑖=1 𝑉𝑖 to successfully predict the static viscous per-

meability of heterogeneous fibrous materials and our group [22] has re-

cently demonstrated that an inverse volume weighted average diameter 
𝐷𝑖𝑣 =

∑𝑁𝑓
𝑖=1

𝐷𝑖

𝑉𝑖
∕ 
∑𝑁𝑓
𝑖=1

1
𝑉𝑖

can serve as a complementary microstructural 
descriptor to predict the characteristic lengths and tortuosity of these 
polydisperse 3D random fibrous materials. In the previous definitions, 
𝑉𝑖 represents the volume of fiber 𝑖 with diameter 𝐷𝑖 and 𝑁𝑓 the num-

ber of fibers introduced in the RVE. The non-weighted average diameter 
is given by 𝐷𝑚 = 1

𝑁𝑓

∑𝑁𝑓
𝑖=1𝐷𝑖.

In this paper, we aim to provide a comprehensive report of research 
advancements in employing 3D polydisperse RF microstructures, with 
a particular emphasis on using polydispersity as a new lever of opti-

mization [23–25]. Starting from existing specimens of nonwoven fibrous 
materials, we focus specifically on three different types of studies: (i) 
a parametric study, using the coefficient of variation 𝐶𝑉 defined as 
the ratio of the standard deviation to the mean of the fiber diameters 
and used to express the polydispersity degree 𝑃𝑑 of random fibrous me-

dia as input parameter; (ii) optimizing the sound absorption average 
at normal incidence over a wide frequency range of a given nonwo-

ven specimen by controlling the degree of polydispersity of the fiber 
diameters; (iii) achieving targets of industrial interest consisting of low-

ering the lower frequency from which the sound absorption in a diffuse 
field is greater than 80%. The paper is organized in the following se-

quences. In the first section, we delve into the fundamental transport 
properties of 3D-RF microstructures used as sound-absorbing materials 
that are characterized by a wide distribution of their fiber diameters. We 
discuss the unique transport properties and microstructural descriptors 
derived from the polydispersity of these materials, highlighting their po-

tential advantages over traditional fibrous materials. This section serves 
as a foundation for understanding the subsequent discussions. Building 
upon the understanding of 3D microstructure based RF materials, we 
dedicate the second section to exploring the advantages offered by em-

ploying specific polydispersity degree as a microstructural optimization 
lever. We discuss the benefits associated with tuning the polydispersity 
degree of 3D-RF microstructures in terms of their transport proper-

ties, sound absorption average at normal incidence, sound absorption 
targets in diffuse field. By doing so, we highlight our contribution to 
the field, showing the advancements that could be achieved by lever-

aging the polydisperse feature of the these materials to enhance their 
functional properties. Finally, we conclude the article with a brief per-

spective and outlook on current challenges and the future of research in 
this area. We discuss emerging challenges, potential directions for fur-

ther explorations, and the significance of continued investigations into 
3D-RF microstructured materials as a microstructural optimization lever 
of their physical properties. By summarizing the current state of the field 
and presenting potential avenues for future research, we aim to inspire 
and guide researchers in this exciting area of study.

2. Nonwoven fibrous media characterized by local heterogeneity

2.1. Predicting transport properties

Martys and Garboczi [19] demonstrated through numerical compu-
2

tations the important effect spatial randomness in the pore space has 
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on flow problems. In particular, they established a crucial distinction 
between the electric fields and the fluid-flow fields for a given pore struc-

ture. Leveraging this distinction, they identified that in a random pore 
structure with a distribution of pore sizes, the fluid-flow will tend to go 
more through the largest pore necks; while the electrical current-flow 
rate was comparatively more sensitive to the width of narrow necks. 
As a result, the fluid velocity fields and the electric fields can sam-

ple the pore space quite differently. Subsequently, Peyrega and Jeulin 
[21] made substantial advances in this area, particularly in identify-

ing the volume-weighted average diameter (𝐷𝑣 in our notations) as a 
key microstructural descriptor for the determination of the represen-

tative volume element (RVE) of a random fibrous medium. Moreover, 
Tran [22] and collaborators delved into the associated microscopic ba-

sis of macroscopic viscous permeability, shedding further light on how 
macroscopic viscous permeability depends on the largest pore sizes of 
a locally heterogeneous 3D-RF microstructure. The volume-weighed av-

erage diameter 𝐷𝑣 of a wide distribution of fiber diameters is larger 
than non-weighted average diameter 𝐷𝑚 , and the number of introduced 
fibers in a cubic box of normalized size 𝐿∕𝐷𝑚 is therefore lower in the 
volume-weighted average diameter case (𝐷𝑣) than in the non-weighted 
average diameter one (𝐷𝑚) – while the porosity 𝜙 is known and given by 
measurements in both cases. As a result, the reconstructed pore sizes of 
3D-RF structures having a volume-weighted average diameter 𝐷𝑣 match 
with the largest pore necks through which the viscous fluid-flow will 
tend to go in the corresponding nonwoven specimen. This reconstruc-

tion procedure enables the identification of a RVE having 𝐷𝑣 as the 
average diameter and the computed viscous permeability 𝑘0 to be con-

sistent with the measured values [𝐿∕𝐷𝑚 = 25(−), 𝐿 = 400 𝜇𝑚] in real 
samples whose sample diameters [𝑆𝐷 = 45 𝑚𝑚], are much larger than 
those of the RVE [22].

The combined presence of a wide distribution of fiber diameters and 
random microstructure promotes pore-size local heterogeneity, lead-

ing to the identification of the volume-weighted average diameter 𝐷𝑣 , 
as being an appropriate microstructural descriptor for the prediction 
of the static viscous permeability 𝑘0 . The use of the finite element 
method revealed that velocity fields are consistent with experimental 
measurements of viscous permeability using volume-weighted average 
diameter 𝐷𝑣, as shown in Figs. 1(a), 1(d) and 1(j). However, the elec-

tric current paths are clearly less concentrated and tortuous than do 
the fluid-flow paths, so there are significantly fewer stagnant areas for 
the electrical current flow than for the fluid flow. The viscous char-

acteristic length Λ is defined [26] by the following ratio of integrals: 
Λ = 2 ∫ ∣ E(r) ∣2 𝑑𝑉𝑝∕ ∫ ∣ E(r) ∣2 𝑑𝑆 , where E(r) is the magnitude of the 
electrical field in the pore space, 𝑑𝑉𝑝 is the volume element in the pore 
space, and 𝑑𝑆 is the surface element on the pore solid interface. There-

fore, Λ can be thought of as a dynamically weighted hydraulic radius 
[14], where the weighting procedure substantially favors the smaller 
pores because of current conservation. Fig. 1(c) shows a 3D-RF mi-

crostructure where inverse volume-weighted average diameter 𝐷𝑖𝑣 is 
used as the appropriate microstructural descriptor for the prediction 
of the viscous characteristic length Λ. The geometrical reconstruction 
method is given in a previous work [22]. The smaller pores of the non-

woven polydisperse fibrous materials were probed by measuring the 
experimental value of the Λ parameter, a value captured by using in-

verse volume-weighted average diameter 𝐷𝑖𝑣 during the reconstruction 
procedure, as shown in Figs. 1(i) and 1(k). The change in pore size re-

construction induced by fiber diameter polydispersity and volume-based 
fiber diameter weighting is shown in Fig. 1(a)-1(c). At the scale of the 
reconstructed unit-cell, the non-weighted average diameter 𝐷𝑚 was nei-

ther an appropriate microstructural descriptor for describing the largest 
pores connected with viscous fluid flow nor a correct one to identify the 
smallest dynamically connected pore sizes probed by electrical current 
flow; Fig. 1(b), 1(e) and 1(h). 𝐷𝑣 based and 𝐷𝑖𝑣 based RVEs predictions 
all showed excellent agreement respectively with static viscous perme-

ability 𝑘0 and viscous characteristic length Λ measurements over a large 

range of porosities 𝜙; Fig. 1(j) and 1(k).
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Fig. 1. Effect of polydispersity on the transport properties. (a)-(c) Three-dimensional random fibrous microstructures corresponding to the sample denoted F2 
using volume-weighted, non-weighted, inverse volume-weighted average diameters, respectively. (d)-(f) Velocity fields expressed as local permeability (𝑘0𝑧𝑧[𝑚2]) 
corresponding to Stokes flow in the 𝑧 direction with the RVE reconstructed using (a) volume weighted, (b) non-weighted and (c) inverse volume-weighted average 
diameter. (g)-(i) Scaled potential field (𝜑[𝑚] corresponding to potential flow in the 𝑧 direction [-] with the RVE reconstructed using (a) volume weighted, (b) non-

weighted and (c) inverse volume-weighted average diameter. (j) The static viscous permeability 𝑘0(𝑚2) of nonwoven fibrous materials (F1, F2, F3, F4) as a function 
of porosity 𝜙(-). (k) The viscous characteristic length Λ(𝜇𝑚) of nonwoven fibrous materials (F1, F2, F3, F4) as a function of porosity 𝜙(-).
2.2. Polydispersity effect on the transport properties of three-dimensional 
random fibrous microstructures

Polydispersity effect occurs when particles of varied sizes in the 
dispersed phase modifies the expected behavior of the corresponding 
system. The wide distribution of fiber diameters changes the transport 
parameters of a 3D-RF microstructure characterized by a sharply peaked 
distribution of fiber diameters, resulting is a non-conventional RVE. 
Previous works describe the Gamma-based distribution of fiber diam-

eter configuration and confirm this effect in glass wool, cotton felts and 
PET felts’ composites. [27,22] Fig. 2(a) illustrates the probability den-

sity function (PDF) of the Gamma distribution (Γ) of fiber diameters 
according to the equation

𝑓 (𝐷;𝑎, 𝑏) = 1
Γ(𝑎)𝑏𝑎

𝐷𝑎−1𝑒−
𝐷

𝑏 , (1)

where 𝐷 is the fiber diameter of the probability distribution function 
parameterized with the shape 𝑎 (𝑎 > 0) and scale 𝑏 (𝑏 > 0) parameters. 
Fig. 2(b) shows the geometry of 3D-RF structures with an increasing √
3

coefficient of variation 𝐶𝑉 = 1∕ 𝑎 used as a measure of dispersion; 
at 𝐶𝑉 = 20%, 𝐶𝑉 = 50%, and 𝐶𝑉 = 100%. The corresponding poros-

ity is equal to 𝜙 = 94.1% and the mean fiber diameter is given by 
𝐷𝑚 = 𝑎𝑏 = 14𝜇𝑚. The RVEs based on 𝐷𝑣 and based on 𝐷𝑖𝑣 are presented 
in Fig. 2(c) and 2(d), respectively. Coefficient of variation was around 
40% in the cotton felts case (F1-F4) and 30% in the PET felts one, and the 
orientation of fibers of the 3D-RF microstructures was parameterized as-

suming transverse isotropy according to an additionally needed factor, 
the angular orientation parameter Ω𝑧𝑧 (0 ≤Ω𝑧𝑧 ≤ 1) [28,29]. Therefore, 
assuming a Gamma-based distribution of fiber diameters, geometrical 
parameters of the model include porosity 𝜙, mean fiber diameter 𝐷𝑚, 
coefficient of variation of the fiber diameters 𝐶𝑉 and angular orienta-

tion of fibers Ω𝑧𝑧. There exist a strong analogy between the visco-inertial 
frequency-dependent response function of a Newtonian fluid-filled rigid 
porous medium [14], and its frequency-dependent thermal counterpart 
[30,15]. Therefore, the 𝐷𝑣-based cell was simultaneously utilized as the 
RVE to compute the static viscous permeability 𝑘0 and the static thermal 
permeability 𝑘′0. On the other hand, on the asymptotic high frequency 
range, the 𝐷𝑖𝑣-based cell was used as the RVE for the calculation of the 

viscous Λ and thermal Λ′ characteristic lengths together with the tor-
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Fig. 2. Polydispersity effect on the representative elementary volumes of three-dimensional random fibrous microstructures. (a) The probability distribution function 
of Gamma-based fiber diameters (𝐷𝑚 = 14𝜇𝑚) for increasing coefficients of variation 𝐶𝑉 of fiber diameters (𝐶𝑉 = 20%, 𝐶𝑉 = 50%, 𝐶𝑉 = 100%). (b) Geometric 
reconstruction of corresponding three-dimensional random fibrous microstructures (𝜙 = 94.1%). Geometric reconstructions of (c) 𝐷𝑣-based and (d) 𝐷𝑖𝑣-based repre-

sentative elementary volumes used to predict the viscous fluid flow and electrical current flow effective transport properties of polydisperse fibrous media.
tuosity 𝛼∞. The fiber diameters’ dispersion effects for the 𝐷𝑣-based cell 
and 𝐷𝑖𝑣-based cell is shown in Fig. 3. Fig. 3 demonstrates a significant 
increase of the volume-weighted average diameter, 𝐷𝑣 , with respect to 
the corresponding mean diameter 𝐷𝑚, for an increasing coefficient of 
variation 𝐶𝑉 of the Gamma-based law. This increase of 𝐷𝑣∕𝐷𝑚 can be 
characterized by a polynominal function of second order with respect 
to 𝐶𝑉 . Meanwhile, the inverse volume-weighted diameter 𝐷𝑖𝑣 under-

goes an exponential decrease as the coefficient of variation 𝐶𝑉 of the 
fiber diameters increases, due to the increasing amount of small fibers 
present in the probability distribution function for high levels of 𝐶𝑉
(Fig. 2a). This indicates that polydisperse 3D-RF microstructures hav-

ing 𝐷𝑣 and 𝐷𝑖𝑣 based cells as RVEs can introduce drastic contrasts in 
the local characteristic sizes (𝐷𝑣 ; 𝐷𝑖𝑣) and the corresponding asymp-

totic transport parameters (𝑘0, 𝑘′0; Λ, Λ′, 𝛼∞) owing to their strong and 
different sensitivities to the extreme values of the distribution. These 
findings suggest that the polydisperse-based RF microstructures effec-

tively exhibit a tuning effect for the design of sound absorbing fibrous 
materials.

2.3. Advantages

Replacing the monodisperse fiber diameters with polydisperse 3D 
materials can significantly enhance the viscous 𝑘0 and thermal 𝑘′0 static 
permeabilities. It can also reduce the viscous Λ and thermal Λ′ char-

acteristic lengths, increase the sound absorption average (SAA), and 
enhance the diffuse field sound absorption coefficient (𝑆𝐴𝐶𝐷𝐹 ).

2.3.1. Tuning transport parameters

In this study, we analyze the evolution of transport properties as 
a function of the coefficient of variation 𝐶𝑉 for two different fami-

lies of composite microstructures: composite felts (F1-F4) and PET felts 
(B1-B2). Fig. 4 illustrates the transport parameters of these 3D-RF mi-

crostructures when increasing the coefficient of variation 𝐶𝑉 of the 
fiber diameters (at unchanged porosities 𝜙 and orientation of fibers 
Ω𝑧𝑧). We observe a quadratic increase in the dimensionless static vis-
4

cous 𝑘0∕𝑟2𝑚 and thermal 𝑘′0∕𝑟
2
𝑚

permeabilities (with 𝑟𝑚 =𝐷𝑚∕2), while 
Fig. 3. Evolution of the volume-weighted average diameter 𝐷𝑣 and the inverse 
volume-weighted average diameter 𝐷𝑖𝑣 as a function of the polydispersity de-

gree 𝑃𝑑 of a fiber diameters’ distribution quantified through the coefficient of 
variation 𝐶𝑉 of a Gamma-based law at constant mean diameter 𝐷𝑚.

the dimensionless viscous Λ∕𝑟𝑚 and thermal Λ∕𝑟𝑚 characteristic lengths 
show an exponential decrease with 𝐶𝑉 , and both the ratio Λ′∕Λ and 
the tortuosity 𝛼∞ remain independent of the polydispersity (𝛼∞ is in-

dependent of the length scale of the microstructure). This suggests that 
controlling the polydispersity of fiber diameters through the coefficient 
of variation 𝐶𝑉 with the manufacturing process provides a new lever for 
optimizing sound-absorbing fibrous materials. The following two sec-

tions present examples of CV optimization to respectively improve the 
sound absorption average and the diffuse field sound absorption based 
on the optimization algorithm detailed in Appendix A.

2.3.2. Increasing sound absorption average

The sound absorption average at normal incidence (𝑆𝐴𝐴𝑁𝐼 ) of a 

material is computed with its sound absorption coefficients at normal 
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Fig. 4. Dimensionless transport parameters as a function of the coefficient of variation 𝐶𝑉 of fiber diameters for cotton felts (F1-F4) and PET felts (B1-B2). The 
porosities 𝜙 and orientation of fibers Ω𝑧𝑧 of each felt are unchanged with 𝐶𝑉 and taken from measurement. [22] The dots correspond to the experimentally 
determined values of 𝐶𝑉 in the initial state of polydispersity and are reported along with the corresponding error bars used to indicate the uncertainty determined 
in the experimental characterization with available samples. The envelope in the model originates from the uncertainty in the porosity determination.
incidence (𝑆𝐴𝐶𝑁𝐼 ) at 16 one-third octave bands 𝑓𝑖 from 125 to 4500 
𝐻𝑧 with

𝑆𝐴𝐴125−4000
𝑁𝐼

= 1
16

4500∑
𝑓𝑖=125

𝑆𝐴𝐶𝑁𝐼 (𝑓𝑖), (2)

Here, the 𝑆𝐴𝐶𝑁𝐼 is calculated with the material of thickness 𝐿𝑠 placed 
on a hard reflecting backing. Consequently, 𝑆𝐴𝐴𝑁𝐼 is a measure of the 
energy dissipated by visco-thermal losses in the material for a unit inci-

dent acoustic power. This single number rating is an important coeffi-

cient that can be used for characterizing the sound absorbing properties 
of porous materials in a large frequency range, including low frequen-

cies. We have previously shown that using polydispersity can signifi-

cantly modify the transport properties of 3D-RF microstructures at con-

stant porosity 𝜙 and angular orientation Ω𝑧𝑧 (Sec. 2.3.1). Fig. 5 shows 
how the sound absorption average at normal incidence 𝑆𝐴𝐴125−4000

𝑁𝐼
can 

be maximized by optimization of the 𝐶𝑉 from the initial set of studied 
materials (F1-F4; B1-B2). The increase in 𝑆𝐴𝐴125−4000

𝑁𝐼
in 3D-RF mi-

crostructures is due to a larger fiber diameter polydispersity (𝐶𝑉 ≃ 75%) 
that allows for a strong contrast between the largest fibers that domi-

nate transport phenomena in the low frequency regime (𝑘0 ; 𝑘′0) and the 
smallest fibers that govern transport phenomena in the high frequency 
5

regime (Λ, 𝛼∞; Λ′); see Table 1. The results show that the optimized 
3D-RF materials (controlled by polydispersity) exhibit lower viscous 𝑓𝑣
and thermal 𝑓𝑡 transition frequencies than the initial materials – which 
allowed visco-thermal dissipation mechanisms to occur in a lower fre-

quency range. Another striking result emerging from these simulations 
is to find that 𝑀 = 8𝑘0𝛼∞∕Λ2𝜙 ≫ 1 in the polydisperse cases. We re-

call that we used the volume-weighted fiber diameter 𝐷𝑣 to compute 
the low-frequency transport parameters of the polydisperse microstruc-

ture, and the inverse volume-weighted fiber diameter 𝐷𝑖𝑣 to obtain the 
high-frequency ones. It follows that the dimensionless shape factor 𝑀
introduced by Johnson et al. [14] is evaluated by combining transport 
parameters corresponding to different moments of the weighted fiber 
diameters distribution, and thus to different microstructural features of 
the same complex microgeometry. This approach suggests that a poly-

disperse 3D-RF medium is a heterogeneous material where coexist at a 
mesoscale fibers with different and contrasted characteristic sizes. Then 
the viscous transport will take place mostly along the “subnetwork” 
formed by the wider pores, while the electrical or inertial transport at 
high-frequencies will take place over the entire heterogeneous porous 
structure due to the absence of viscosity in the electric case, and will be 
able to probe the narrowest pores.

In the previous calculations, the sound absorbing coefficient at nor-

mal incidence, 𝑆𝐴𝐶𝑁𝐼 , derives from the knowledge of the intrinsic 

transport parameters of the 3D-RF materials (𝑘0 , 𝑘′0, Λ, Λ′, 𝛼∞). The 
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Fig. 5. The sound absorption coefficient at normal incidence, 𝑆𝐴𝐴𝑁𝐼 , as a function of frequency for the two families of felts studied in this work: Cotton felts (F1-F4) 
and PET felts (B1-B2). The 𝑆𝐴𝐴𝑁𝐼 responses obtained prior to modification of the polydispersity (coefficient of variation 𝐶𝑉 ) are shown with a blue line. The red 
line represents the 𝑆𝐴𝐴𝑁𝐼 obtained after optimization of the polydispersity by maximizing the 𝑆𝐴𝐴𝑁𝐼 between the third octave bands from 125 to 4500 𝐻𝑧. The 
two dotted lines correspond to the associated single number ratings before (blue) and after (red) optimization.
frequency-dependent response functions, 𝜌̃𝑒𝑞(𝜔) and 𝐾̃𝑒𝑞(𝜔) are de-

scribed as [14,30,15]

𝜌̃𝑒𝑞(𝜔) =

𝛼∞𝜌0
𝜙

⎡⎢⎢⎣1 +
𝜙𝜂

𝑖𝜔𝑘0𝛼∞𝜌0

√
1 + 𝑖

4𝛼2∞𝑘
2
0𝜌0𝜔

𝜂Λ2𝜙2

⎤⎥⎥⎦ ,
(3)

and

𝐾̃𝑒𝑞(𝜔) =
𝛾𝑃0∕𝜙

𝛾 − (𝛾 − 1)

[
1 − 𝑖 𝜙𝜅

𝑘′0𝐶𝑝𝜌0𝜔

√
1 + 𝑖

4𝑘′ 20 𝐶𝑝𝜌0𝜔
𝜅Λ′2𝜙2

]−1 , (4)

where 𝜌̃𝑒𝑞(𝜔) is the equivalent dynamic density, 𝐾̃𝑒𝑞(𝜔) is the equivalent 
bulk modulus, 𝜔 = 2𝜋𝑓 is the angular frequency, 𝑖 is the imaginary unit, 
𝜌0 is the mass density of air, 𝜂 is the dynamic viscosity of air, 𝑃0 is 
the atmosphere pressure, 𝛾 = 𝐶𝑝∕𝐶𝑣 is the ratio of heat capacities at 
constant pressure and volume, and 𝜅 is the heat conductivity of air.

By knowing the visco-inertial 𝜌̃𝑒𝑞(𝜔) and thermal 𝐾̃𝑒𝑞(𝜔) response 
functions of the equivalent fluid of the porous medium, one can deter-

mine the wave number 𝑞𝑒𝑞(𝜔) and the characteristic impedance 𝑍̃𝑒𝑞(𝜔)
of the material,

𝑞𝑒𝑞(𝜔) = 𝜔
√
𝜌̃𝑒𝑞(𝜔)∕𝐾̃𝑒𝑞(𝜔), (5)

𝑍̃𝑒𝑞(𝜔) =
√
𝜌̃𝑒𝑞(𝜔)𝐾̃𝑒𝑞(𝜔). (6)

At normal incidence, the surface impedance 𝑍̃𝑠(𝜔) and sound absorption 
coefficient 𝑆𝐴𝐶𝑁𝐼 (𝜔) of a porous material of thickness 𝐿𝑠, backed by 
a rigid and impervious wall, for any angular frequency 𝜔, are provided 
by
6

𝑍̃𝑠(𝜔) = −𝑖𝑍̃𝑒𝑞 cot (𝑞𝑒𝑞𝐿𝑠), (7)
𝑆𝐴𝐶𝑁𝐼 = 1 −
|||| 𝑍̃𝑠 −𝑍0

𝑍̃𝑠 +𝑍0

||||2, (8)

where 𝑍0 = 𝜌0𝑐0 is the impedance of the air and 𝑐0 is the sound speed 
in air.

In Fig. 5, it can be observed that there is a significant change in the 
wavelength-to-thickness ratio 𝜆0∕𝐿𝑠, where 𝜆0 = 𝜔0∕𝑐0, and 𝜔0 denotes 
the angular frequency at the first peak absorption. In fact, optimized 
polydispersed-based 3D-RF microstructures show ratios 𝐿𝑠∕𝜆0 that can 
achieve values lower than 1∕32 (F4 and B2) - note that the typical ratio 
for conventional porous materials is around 1∕4 (for low resistive ma-

terial, for which the sound speed is close to that observed in air). This 
result can be seen as the signature of a certain class of metamaterials 
called subwavelength material (or slow-sound material). [31] In fact, 
the optimized properties increase 𝜌̃𝑒𝑞 and decrease 𝐾̃𝑒𝑞 . Consequently, 
the sound speed in the equivalent medium is reduced. These results 
demonstrate that the use of controlled fiber diameter polydispersity, 
such as that provided with a gamma distribution shape and character-

ized with a 𝐶𝑉 ∼ 80%, has the potential to enhance the performance of 
sound-absorbing nonwoven materials.

2.3.3. Enhancing diffuse field sound absorption

Sound absorbing targets present in the industry for a porous ma-

terial generally corresponds to a diffuse field (DF) acoustical excita-

tion, satisfying 𝑆𝐴𝐴𝐷𝐹 ≥ 0.8, for 𝑓𝑖 ≥ 𝑓𝑡, where 𝑓𝑡 is a given one-

third octave band. Lowering 𝑓𝑡 can lead to various issues in designing 
sound absorbing materials, as absorbing low frequencies is a challenge 
that suggests targets of increasing difficulty: 𝑓𝑡 = 1600𝐻𝑧 (Target 1), 
𝑓𝑡 = 1250𝐻𝑧 (Target 2), 𝑓𝑡 = 1000𝐻𝑧 (Target 3), 𝑓𝑡 = 800𝐻𝑧 (Tar-

get 4) and 𝑓𝑡 = 630𝐻𝑧 (Target 5). These targets are defined without 
air gap behind the materials (hard-backed configuration), and the rec-

ommended or targeted thickness and mass are usually not mentioned, 
suggesting that the targets need to be reached with the lowest weight 
and cost. The sound absorption coefficient in diffuse field, 𝑆𝐴𝐶𝐷𝐹 , is 

described as:
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Table 1

Transport parameters evolution (𝜙, 𝑘0, 𝑘′0, Λ, Λ′, 𝛼∞) before (Init.) and after (Opt.) optimization of polydispersity (𝐶𝑉 ) in 
the three-dimensional random fibrous microstructures of cotton felts (F1-F4) and PET felts (B1-B2). 𝑓𝑣 and 𝑓𝑡 represent the 
visco-inertial and thermal transition frequencies which have been significantly reduced after optimization, which consists in 
maximizing the sound absorption average at normal incidence across the 16 one-third octave bands (𝑓𝑖) ranging from 125 to 
4500 𝐻𝑧, 𝑆𝐴𝐴125−4000

𝑁𝐼
[relative increase: F1(14%), F2(23%), F3(26%), F4(50%), B1(60%), B2(114%)].

𝐶𝑉 𝜙 𝑘0 𝑘′0 𝛼∞ Λ Λ′ 𝑓𝑣 𝑓𝑡 M 𝑆𝐴𝐴125−4500
𝑁𝐼

(%) (−) (×10−10𝑚2) (×10−10𝑚2) (−) (𝜇𝑚) (𝜇𝑚) (𝐻𝑧) (𝐻𝑧) (−) (%)

F1
Init. 40.3 0.948 4.5 12.1 1.022 48 84 4668 2557 1.7 42

Opt. 73.3 0.948 11.1 27.8 1.022 6.9 12 2018 1112 201 48

F2
Init. 39.8 0.941 3.9 9.9 1.026 42 74 5684 3103 1.9 35

Opt. 74.6 0.941 10.0 27.1 1.026 5.3 9.4 2213 1209 311 43

F3
Init. 41.9 0.914 2.1 5.1 1.042 25 47 10102 5850 3.1 27

Opt. 72.1 0.914 4.7 13.1 1.042 3.3 6.1 4533 2631 394 34

F4
Init. 38.9 0.856 0.7 1.6 1.077 15 28 25286 17463 3.1 14

Opt. 73.8 0.856 1.9 5.1 1.077 1.3 2.4 9998 7073 1132 21

B1
Init. 26.6 0.888 2.7 6.3 1.056 42 79 7215 4601 1.5 20

Opt. 75.5 0.888 9.6 23.1 1.056 3.3 6.1 2116 1356 839 32

B2
Init. 33.1 0.76 0.7 1.2 1.144 15 29 21495 21023 3.7 7

Opt. 77.6 0.76 2.4 4.3 1.144 0.8 1.6 6690 6518 4516 15
𝑆𝐴𝐶𝐷𝐹 =
∫ 𝜃𝑚𝑎𝑥
𝜃𝑚𝑖𝑛

𝑆𝐴𝐶(𝜔,𝜃) cos𝜃 sin𝜃𝑑𝜃

∫ 𝜃𝑚𝑎𝑥
𝜃𝑚𝑖𝑛

cos𝜃 sin𝜃𝑑𝜃
, (9)

where 𝜃𝑚𝑖𝑛 = 0𝑜 and 𝜃𝑚𝑎𝑥 = 90𝑜 are the selected diffuse field integration 
limits.

𝑆𝐴𝐶(𝜔, 𝜃) = 1 −
|||| 𝑍̃𝑠(𝜔,𝜃) cos𝜃−𝑍0
𝑍̃𝑠(𝜔,𝜃) cos𝜃+𝑍0

||||2 is the sound absorption coefficient 

at oblique incidence, 𝑍̃𝑠(𝜔, 𝜃) = −𝑖𝑍̃𝑒𝑞(𝑞𝑒𝑞∕𝑞𝑥) cot (𝑞𝑒𝑞𝐿𝑠) is the surface 

impedance at oblique incidence with 𝑞𝑥 =
√
𝑞2
𝑒𝑞
− 𝑞2
𝑡

the longitudinal 
wave number and 𝑞𝑡 = 𝑞0 sin𝜃 the transverse wave number.

Our simulations suggest that 3D-RF materials, specifically polydis-

perse with controlled 𝐶𝑉 ∼ 75% − 79% can serve as effective sound-

absorbing materials in diffuse field to achieve the required industrial 
targets. By simulating the 𝑆𝐴𝐶𝐷𝐹 from the initial felts (F1-F4; B1-B2), 
we identified the optimal coefficient of variation 𝐶𝑉 allowing to reach 
the targets of increasing level of difficulty with the minimal thickness. 
The results, shown in Fig. 6a for the case of cotton felt F1, revealed 
that none of the targets can be reached from the initial microstructure 
(𝐶𝑉 = 40.3%) and the thickness of the sample (𝐿𝑠 = 20 mm). Fig. 6b 
demonstrated an achievement of Target 1 by using a 𝐶𝑉 of 78% with 
a significant reduction of the sample thickness (𝐿𝑠 = 11 mm). We ob-

tained similar polydispersity results for the other targets of increasing 
difficulty (Target 2, 𝐶𝑉 = 79%, Fig. 6c; Target 3, 𝐶𝑉 = 78%, Fig. 6d; 
Target 4, 𝐶𝑉 = 77%, Fig. 6e; Target 5, 𝐶𝑉 = 75%, Fig. 6f). However, the 
sample thicknesses had to be increased (Target 2, 𝐿𝑠 = 13 mm, Fig. 6c; 
Target 3, 𝐿𝑠 = 16 mm, Fig. 6d; Target 4, 𝐿𝑠 = 20 mm, Fig. 6e; Tar-

get 5 𝐿𝑠 = 27 mm, Fig. 6f. To better appreciate the performance that 
has been obtained by increasing and controlling the degree of polydis-

persity 𝑃𝑑 through the coefficient of variation 𝐶𝑉 of the Gamma law, 
the results can be plotted in terms of the wavelength-to-thickness ratio, 
𝜆0∕𝐿𝑠. Using a controlled degree of polydispersity allowed us to reach a 
so-called sub-wavelength sound absorption in the diffuse field, by lower-

ing the maximum sound absorption peak below the quarter-wavelength 
resonance frequency (𝐿𝑠∕𝜆0 =

1
4 ), indicating a greater ability to absorb 

low-frequency sound. Therefore, using 3D-RF materials with controlled 
polydispersity to efficiently absorb low-frequency sound is an important 
approach as it a priori does not require substantial modifications of the 
7

manufacturing processes.
3. Outlook and perspective

In this section, we briefly discuss the challenges of this research area 
and a possible roadmap for a future work.

3.1. Challenges from the manufacturing process

3D-RF microstructures, including cotton felts and PET felts, are com-

monly manufactured by techniques coming from the textile industry. 
After their selection, the recycled (shoddy, PET) or noble (bicompo-

nent) fibers are provided within different fineness specified by the 𝑑𝑡𝑒𝑥
unit which enables a linear density estimates of fiber size, such that a 
corresponding fiber diameter can be determined. However, the model 
we developed from which we evidenced a strong potential of optimiza-

tion is not without drawbacks, as it relies on continuous distribution of 
fiber diameters. Fig. 7 provides the distribution of fiber diameters ob-

tained through SEM images that corresponds to the F1 cotton felt sample 
and compares this distribution with the one required to reach Target 4 
(𝐶𝑉 = 77%, same sample thickness). On the left side of the distribu-

tion, the fibrous material presents a relatively high number of very thin 
fibers. The same is also true for the right side of the distribution, where 
the fibrous material presents a significant amount of large fibers which 
were merely absent in the initial sample (2𝑟𝑓 > 30𝜇𝑚). The asymmetry 
of the probability distribution function suggests a mix of at least six ini-

tial families of fibers of different linear densities (𝑑𝑡𝑒𝑥) with lower 𝐶𝑉
(15%) to achieve the required distribution. However, the fiber distribu-

tion of the corresponding manufactured material may exhibit mismatch 
compared to the targeted Gamma law. This mismatch is not necessarily 
problematic if, as expected, the microstructural descriptors governing 
the physics of the transport parameters are 𝐷𝑣 and 𝐷𝑖𝑣. Also, the ex-

perimental validation of the model is still incomplete, since it relies on 
samples already manufactured which do not correspond to the expected 
optimal behavior (𝐶𝑉 ∼ 30% ≠ 𝐶𝑉 ∼ 77%).

3.2. Future roadmap

In order to address the challenges associated with manufacturing and 
validation of the model in highly polydispersed 3D-RF microstructures, 
a crucial aspect of our future roadmap involves the development of a 
manufacturing method that enables the precise and controlled elabo-

ration of a targeted distribution of polydisperse fiber diameters with 

𝐶𝑉 ∼ 77% from a chosen reduced set of fiber families with 𝐶𝑉 ∼ 15%.
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Fig. 6. Diffuse field sound absorption coefficient 𝑆𝐴𝐶𝐷𝐹 as a function of frequency for cotton felt F1: (a) initial configuration with 𝐶𝑉 = 40.3% and 𝐿𝑠 = 20𝑚𝑚. The 
next panels (b) to (f) represent the optimized configurations satisfying targets of increasing difficulty when the polydispersity degree (𝐶𝑉 ) is allowed to be increased 
as a microstructural optimization lever, for the targets listed in the legend.
Fig. 7. Comparison of the Gamma distribution of fiber diameters obtained 
through SEM images (𝐶𝑉 = 40.3%), cotton felt F1 and the Gamma distribu-

tion of fiber diameters required to reach Target 4 (𝐶𝑉 = 77%).

Here, we show that combining several fiber families with moder-

ate polydispersity degree (𝐶𝑉 ≈ 15%) and appropriate ratios (Table 2) 
can exhibit reconstructed fiber distributions of increasing polydisper-

sity degree (𝐶𝑉 = 30%, 𝐶𝑉 = 60%, 𝐶𝑉 = 75%) with an improved level 
of sound absorption (Class 3, Class 2, Class 1); Fig. 8. While the recon-

structed fiber distributions may not perfectly match the targeted ones 
due to a limited number of existing fiber families, the associated discrep-

ancies in sound absorption coefficients are minor. This reconstruction 
method offers a promising solution for achieving a highly polydisperse 
fiber distribution with controlled characteristics.

Another promising and complementary approach for achieving a 
controlled fiber diameter distribution with a high degree of polydisper-

sity is to consider emerging techniques for the fabrication of nanofibers 
[32,33]. In our forthcoming work, we aim to leverage nanofiber fabri-

cation techniques on a chosen basis of polydisperse fiber diameters in 
our experiments to achieve improved 3D-RF structures with controlled 
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distribution of fiber diameters.
Table 2

Fiber families with a moderate polydispersity degree (𝐶𝑉 ≈ 15%) and 
the corresponding ratios determined in order to reconstruct distribution 
of fiber diameters corresponding to classes of fibrous media with in-

creasing sound absorption and polydispersity degree (𝐶𝑉 ≈ 30%, Class 
3; 𝐶𝑉 ≈ 60%, Class 2; 𝐶𝑉 ≈ 75%, Class 1) at constant mean fiber diam-

eter 𝐷𝑚 and layer thickness (𝐿𝑠 = 20 𝑚𝑚).

Fiber Dimensionless diameter (𝐷𝑖∕𝐷𝑚) Class 3 Class 2 Class 1

1 0.28 - - 28%
2 0.34 - 20% -

3 0.64 - 25% 24%
4 0.72 24% - -

5 0.91 43% 18% 10%
6 1.30 33% 24% 21%
7 1.35 - - -

8 1.41 - - -

9 1.69 - - -

10 1.98 - 14% 15%
11 4.30 - - 3%

4. Summary

In summary, this article highlights the potential of using

three-dimensional random fibrous microstructures with various distri-

butions of fiber diameters as a way to control visco-thermal dissipation 
mechanisms in sound absorbing materials. This approach offers numer-

ous advantages including tuning transport parameters across a broad 
range of values, enhancing the sound absorption average and achiev-

ing targets of sound absorption in diffuse field with increasing levels of 
difficulty. However, challenges persist, such as manufacturing a wide 
distribution of fiber diameters with prescribed properties. To overcome 
this challenge, we suggest reconstructing the prescribed distribution 
with a limited set of six or more families of fibers carefully selected, 
and exploring the synthesis of nanofibers through emerging techniques 
such as the electro-spinning method. These perspectives offer promis-

ing avenues for further advancements in the field of utilizing 3D-RF 

microstructures for advanced sound absorbing materials.
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Fig. 8. Gamma distribution of fiber diameters at constant mean fiber diameter 𝐷𝑚 for an increasing polydispersity degree (𝐶𝑉 = 30%,𝐶𝑉 = 60%, 𝐶𝑉 = 75%); left 
panel. The dotted lines represent the distributions of each fibers population taken from an existing database (Table 2) from which a targeted degree of polydispersity 
(solid line) can be approximately reconstructed (dashed line). The sound absorbing coefficient at normal incidence (𝑆𝐴𝐶𝑁𝐼 ) as a function of frequency for each 
distribution of fiber diameters is plotted for a sample thickness 𝐿𝑠 of 20 𝑚𝑚 in the two cases listed in the legend; right panel.
9
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Table A.3

Key parameters of the differential evolution (DE) algorithm used in the optimization studies.

Section 2.3.2 Section 2.3.3

Fixed parameters 𝐿𝑠, 𝜙, 𝐷𝑚, 𝛽 𝜙, 𝐷𝑚, 𝛽, 𝑓𝑡
Optimized parameters 𝐶𝑉 𝐿𝑠, 𝐶𝑉

Constraints 10% ≤ 𝐶𝑉 ≤ 300% 1 𝑚𝑚 ≤𝐿𝑠 ≤ 100 𝑚𝑚
10% ≤ 𝐶𝑉 ≤ 300%

Fitness function (cost function)
Minimize: 1 −𝑆𝐴𝐴125−4500

𝑁𝐼
Minimize: 1 −𝑆𝐴𝐶𝐷𝐹

𝑆𝐴𝐴125−4500
𝑁𝐼

given in Eq. (2) with 𝑆𝐴𝐶𝐷𝐹 ≥ 0.8 for 𝑓𝑖 ≥ 𝑓𝑡
𝑆𝐴𝐶𝐷𝐹 given in Eq. (9)

Population size 10 10

Maximum number of generations 100 100

Mutation control parameter 0.5 0.5

Crossover control parameter 0.9 0.9

Mutation strategy DE/rand/1 DE/rand/1
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Appendix A. Key parameters of the differential evolution (DE) 
algorithm used in the optimization studies

The optimizations in Sec. 2.3.2 and Sec. 2.3.3 used a differential 
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evolution (DE) algorithm [34,35]. This evolutionary algorithm works 
by iteratively improving a population of potential solutions over mul-

tiple generations. Each solution is represented by a set of parameters. 
The algorithm uses mutation to create variations, crossover to combine 
features, and selection to choose the best individuals based on their 
performance in minimizing a fitness function. Based on Sec. 2.3.2 and 
Sec. 2.3.3, Table A.3 summarizes the key parameters used for both op-

timizations.
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