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BLOWING-UPS OF PRIMITIVE MULTIPLE SCHEMES

JEAN–MARC DRÉZET

Resume. A primitive multiple scheme is a Cohen-Macaulay scheme X such that the associated
reduced scheme X = Xred is smooth, irreducible, and that X can be locally embedded in a
smooth variety of dimension dim(X) + 1. If IX is the ideal sheaf of X, L = IX/I2X is a line
bundle on X, called the associated line bundle of X. The simplest example is the trivial primitive
multiple scheme of multiplicity n associated to a line bundle L on X: it is the n-th infinitesimal
neighborhood of X, embedded in the line bundle L∗ by the zero section.

A subscheme Z of X is called good if Zred is smooth and connected, and if d = codim(Z)
and IZ,X is the ideal sheaf of Z, then for every closed point z ∈ Z, IZ,X,z can be generated by
d elements.

Two kinds of subschemes Z of X will be considered: the closed smooth subschemes of X,
seen as subschemes of X, and the good subschemes. In the two cases, the blowing-up BZ,X of
X along Z is a primitive multiple scheme of multiplicity n, and its underlying smooth scheme
is the blowing-up BZred,X of X along Zred. Additional results are obtained in the case of
hypersurfaces or points of X.

We treat the case of X = P2, with Z a single point P . Let π : P̃2 → P2 be the blowing-up
of P2 along P . We find all primitive double schemes X, Y, with Yred = P̃2, Xred = P2, such
that there is a morphism Y → X inducing π and an isomorphism Y\π−1(P ) → X\{P}. We
obtain in this way the list of all K3-carpets with underlying smooth variety P̃2.
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1. Introduction

A primitive multiple scheme is a Cohen-Macaulay scheme X over C such that:
1
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– Xred = X is a smooth connected variety,
– for every closed point x ∈ X, there exists a neighborhood U of x in X, and a smooth

variety S of dimension dim(X) + 1 such that U is isomorphic to a closed subscheme of
S.

We call X the support of X. It may happen that X is quasi-projective, and in this case it is
projective if X is.

For every closed subscheme Z ⊂ X, let IZ (or IZ,X) denote the ideal sheaf of Z in X. For every
positive integer i, let Xi be the closed subscheme of X corresponding to the ideal sheaf IiX.
The smallest integer n such that Xn = X is called the multiplicity of Y . For 1 ≤ i ≤ n, Xi is
a primitive multiple scheme of multiplicity i, L = IX/IX2 is a line bundle on X, and we have
IXi

/IXi+1
= Li. We call L the line bundle on X associated to X. If n = 2, X is called a primitive

double scheme.

For any L ∈ Pic(X), the trivial primitive scheme of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L∗, seen as a smooth variety.

The primitive multiple curves where defined in [14], [2]. Primitive double schemes were param-
eterized and studied in [3] and [13]. More results on primitive multiple curves can be found in
[7], [8], [9], [4], [19], [20], [21]. Some primitive double schemes are studied in [1], [15] and [16].
The case of varieties of any dimension, and higher multiplicity, is studied in [10], where the
following subjects were treated:

– construction and parametrization of primitive multiple schemes,
– obstructions to the extension of a vector bundle on Xm to Xm+1,
– obstructions to the extension of a primitive multiple scheme of multiplicity n to one of

multiplicity n+ 1.

In [11], the construction and properties of fine moduli spaces of vector bundles on primitive
multiple schemes are described. In [12] other types of sheaves are studied.

Let Y be a noetherian scheme. If Z ⊂ Y is a closed subscheme, let πZ,Y : BZ,Y → Y be the
blowing-up of Y along Z.

Let X be a smooth irreducible variety, n ≥ 2 be an integer and X a primitive multiple scheme
of multiplicity n such that Xred = X and with associated line bundle L ∈ Pic(X).

1.1. The case of subschemes of X

Let Y ⊂ X a nonempty closed irreducible smooth subvariety, such that Y ̸= X. Let

Ỹ = π−1
Y,X(Y ) , Ỹn = π−1

Y,X(Y ) .

We will prove (cf. 4.1)

1.1.1. Theorem: BY,X is a primitive multiple scheme of multiplicity n, (BY,X)red = BY,X ,
its associated line bundle is

OBY,X
(Ỹn)|BY,X

⊗ π∗
Y,X(L) = OBY,X

(Ỹ )⊗ π∗
Y,X(L) ,
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The exceptional divisor Ỹn is a trivial primitive multiple scheme of multiplicity n, such that
(Ỹn)red = Ỹ , and with associated line bundle

(
OBY,X

(Ỹ )⊗ π∗
Y,X(L)

)
|Ỹ .

The proof follows the construction of blowing-ups given in [17], II-2. If Y is a hypersurface, we
give another proof, inspired by [3] and [8], using the fact that BY,X = X.

1.1.2. The case of double schemes – Suppose that X is of multiplicity 2. Let X′ another
double primitive scheme such that X′

red = X, not isomorphic to X. We will prove that if
codim(Y,X) ≥ 2, then BY,X and BY,X′ are not isomorphic (proposition 4.1.3).

Suppose that Y is a hypersurface. To X one can associate σ ∈ H1(X,TX ⊗ L), such that C.σ
characterizes X (cf. 3.2). We have a canonical map
ϕY : H1(X,TX ⊗ L) −→ H1(X,TX ⊗ L⊗ OX(Y )) . Using the second proof the preceding the-
orem for hypersurfaces, we prove that the element of H1(X,TX ⊗ L⊗ OX(Y )) associated to
BY,X is ϕY (σ).

1.2. The case of good subschemes of X

Suppose that X is of multiplicity n. Let Z ⊂ X be a good subscheme of dimension d. Let
Y = Zred and Z̃n = π−1

Z,X(Z). We will prove (cf. 4.2)

1.2.1. Theorem: BZ,X is a primitive multiple scheme of multiplicity n, (BZ,X)red = BY,X ,
and its associated line bundle is π∗

Y,X(L).

The exceptional divisor Z̃n is a primitive multiple scheme of multiplicity n,
(Z̃n)red = Ỹ = π−1

Y,X(Y ), and its associated line bundle is π∗
Y,X(L)|Ỹ .

The proof is very similar to that of theorem 4.1.1. The two cases are related: the blowing-up
of BZ,X along Ỹ = π−1

Y,X(Y ) ⊂ BY,X is BY,X (proposition 4.3.1).

Zero-dimensional good subschemes – Suppose that X is of multiplicity 2. Let P ∈ X. Let ΓP

be the set of good subschemes Z ⊂ X such that Zred = {P}. Then ΓP has a natural structure
of affine space, with associated vector space (TX ⊗ L)P . Hence, given Z,Z ′ ∈ ΓP , we can define
the “difference” Z − Z ′ ∈ (TX ⊗ L)P .

Let evL : OX ⊗H0(X,TX ⊗ L) → TX ⊗ L be the evaluation morphism, and
HL,P = im(evL,P ) ⊂ (TX ⊗ L)P .

In 5.2, we determine when BZ,X and BZ,X′ are isomorphic. When X is not trivial, it is the case
if and only if Z − Z ′ ∈ HL,P (theorem 5.2.2).

1.3. Double structures on P2

Let P ∈ P2. Let π : P̃2 → P2 be the blowing-up of P2 along P , and P̃ = π−1(P ) the
exceptional divisor.
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According to [10], there exists only one non trivial primitive double scheme X such that
Xred = P2, and its associated line bundle is OP2(−3).

Let Y be a primitive double scheme such that Yred = P2, and with associated line bundle
OP2(m). We will give the list of all primitive double schemes Ỹ such that

– Ỹred = P̃2 ,
– there exists a morphism πỸ : Ỹ → Y inducing πP,P2 : P̃2 → P2, and such that its

restriction Ỹ\P̃ → Y\{P} is an isomorphism.

In this case, if L is the line bundle on P̃2 associated to Ỹ, there is an integer p such that
L = π∗

P,P2
(OP2(m))⊗ OP̃2

(pP̃ ) . We will prove

1.3.1. Theorem: We have p ≥ 0.

1 – If p = 0, the schemes Ỹ are the blowing-ups of Y along the good subschemes Z such that
Zred = {P}. If m ≥ −1, all these schemes are isomorphic. If m ≤ −2 they are all distinct.

2 – If p = 1, these schemes form a family (Ỹ1,α)α∈C, Ỹ1,0 being the blowing-up of the schemes
of 1 along P̃ , and also the blowing-up of Y along P . If Y = X, these schemes are all distinct.
If Y is trivial, Ỹ1,0 is trivial, and all the Ỹ1,α, α ̸= 0 are isomorphic and non trivial.

3 – If p ≥ 2, there is only one such scheme Ỹp. If p = 2, Ỹp is the blowing-up of the schemes
of 2 along P̃ . If p > 2, Ỹp is the blowing-up of Ỹp−1 along P̃ .

K3-carpets – We consider the schemes X̃1,α, α ∈ C, of theorem 1.3.1, 2 (when Y is the non
trivial double scheme X). The line bundle associated to X̃1,α is π∗

P,P2
(OP2(−3))⊗ OP̃2

(P̃ ) = ωP̃2
.

It follows that X̃1,α is a K3-carpet (cf. [11], [15]).

1.3.2. Theorem: 1 – X̃1,α is quasi-projective if and only α ∈ Q and α > 0.

2 – If α ̸∈ Q, Pic(X̃1,α) = {OX̃1,α
}.

3 – If α ∈ Q, Pic(X̃1,α) ≃ Z.

If instead of X we take for Y the trivial double scheme with associated line bundle OP2(−3), we
obtain two K3-carpets, the trivial scheme Ỹ1,0 (the blowing-up of Y along P ), and Ỹ1,α, α ̸= 0.
We have Pic(Ỹ1,α) ≃ Z, generated by an extension of π∗(OP2(1)) to Ỹ1,α.

1.4. Outline of the paper

In Chapter 2, we give several preliminary definitions and technical results that will be used in
the next chapters.

In Chapter 3 we recall the definitions and properties of primitive multiple schemes and of good
subschemes. We show also how to define morphisms between primitive double schemes.
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In Chapter 4, the blowing-ups are described, and theorems 1.1.1 and 1.2.1 are proved.

In Chapter 5, we give supplementary results on blowing-ups of X along zero-dimensional good
subschemes, when X is of multiplicity 2.

In Chapter 6, we give another proof of theorem 1.1.1, when Y is an hypersurface.

In Chapter 7, we treat the case of X = P2, and prove the results of 1.3.

Terminology: A scheme is a noetherian separated scheme over C.

2. Preliminaries

2.1. Canonical class of a vector bundle

2.1.1. Definition – Let Z be a scheme over C and L a line bundle on Z. To L one associates
an element ∇0(L) of H1(Z,ΩZ), called the canonical class of L. If Z is smooth and projective,
and L = OZ(Y ), where Y ⊂ Z is a smooth hypersurface, then ∇0(L) is the cohomology class
of Y .

Let (Zi)i∈I be an open cover of Z such that L is defined by a cocycle (θij), θij ∈ OZ(Zij)
∗. Then(dθij

θij

)
is a cocycle which represents ∇0(L).

2.2. Čech cohomology and trivializations

Let X be a scheme over C and E a vector bundle on X, r = rk(E). Let (Ui)i∈I be an open
cover of X such that we have trivializations:

αi : E|Ui

≃ // OUi
⊗ Cr.

Let
αij = αi ◦ α−1

j : OUij
⊗ Cr ≃ // OUij

⊗ Cr,

so that we have the relation αijαjk = αik.

2.2.1. Let n be a positive integer, and for every sequence (i0, . . . , in) of distinct elements of I,
σi0···in ∈ H0(Ui0···in ,OX ⊗ Cr). Let

θi0···in = α−1
i0
σi0···in ∈ H0(Ui0···in , E) .

The family (θi0···in) represents an element of Hn(X,E) if the cocycle relations are satisfied: for
every sequence (i0, . . . , in+1) of distinct elements of I,

n∑
k=0

(−1)kθi0···îk···in+1
= 0 ,
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which is equivalent to

αi0i1σi1···in+1 +
n+1∑
k=1

(−1)kσi0···îk···in+1
= 0 .

For n = 1, this gives that elements of H1(X,E) are represented by families (σij),
σij ∈ H0(Uij,OX ⊗ Cr), such that

αijσjk + σij − σik = 0 .

In Čech cohomology, it is generally assumed that θji = −θij. This implies that σji = −αjiσij.

2.2.2. Let F be a vector bundle on X. Similarly, an element of Hn(X,F ⊗ E) is represented
by a family (µi0···in), with µi0···in ∈ H0(Ui0···in , F ⊗ Cr), satisfying the relations

(IF ⊗ αi0i1)(µi1···in+1) +
n+1∑
k=1

(−1)kµi0···îk···in+1
= 0 .

The corresponding element of H0(Ui0···in , E ⊗ F ) is θi0···in = (IF ⊗ αi0)
−1(µi0···in).

For n = 1, this gives that elements of H1(X,F ⊗ E) are represented by families (σij),
σij ∈ H0(Uij, F ⊗ Cr), such that

(IF ⊗ αij)σjk + σij − σik = 0 .

If E is a line bundle, then αij ∈ C∗, and the cocycle relation is αijσjk + σij − σik = 0.

The family (σij) represents 0 if and only if there exists, for every i ∈ I, ρi ∈ H0(Ui, F ⊗ Cr),
such that σij = ρi − (IF ⊗ αij)(ρj).

2.2.3. Let D be a line bundle on X, and s ∈ H0(X,D). Let h ∈ H1(X,E ⊗ F ), repre-
sented (according to 2.2.2) by a family (hij), hij ∈ H0(X,F ⊗ Cr), satisfying the relations
αijhjk + hij − hik = 0. The section s induces a map

ϕs : H
1(X,E ⊗ F ) −→ H1(X,E ⊗ F ⊗D).

Let ρi : D|Ui
→ OUi

be trivializations, and si = ρis ∈ C. Then (ρijαij) is a cocycle that defines
the vector bundle E ⊗D. We have sihij ∈ H0(X,F ⊗ Cr), and using the method of 2.2.2 (with
E replaced with E ⊗D), ϕs(h) is represented by the family (sihij).

3. Primitive multiple schemes

3.1. Definition and construction

Let X be a smooth connected variety, and d = dim(X). A multiple scheme with support X is
a Cohen-Macaulay scheme X such that Xred = X. If X is quasi-projective we say that it is a
multiple variety with support X. In this case X is projective if X is.

Let n be the smallest integer such that X = X(n−1), X(k−1) being the k-th infinitesimal neigh-
borhood of X, i.e. IX(k−1) = IkX . We have a filtration X = X1 ⊂ X2 ⊂ · · · ⊂ Xn = X where
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Xi is the biggest Cohen-Macaulay subscheme contained in X ∩X(i−1). We call n the multiplicity
of Y .

We say that X is primitive if, for every closed point x of X, there exists a smooth variety S of
dimension d+ 1, containing a neighborhood of x in X as a locally closed subscheme. In this
case, L = IX/IX2 is a line bundle on X, Xj is a primitive multiple scheme of multiplicity j and
we have IXj

= I
j
X , IXj

/IXj+1
= Lj for 1 ≤ j < n. We call L the line bundle on X associated

to X. The ideal sheaf IX,X can be viewed as a line bundle on Xn−1.

Let P ∈ X. Then there exist elements y1, . . . , yd, t of mS,P whose images in mS,P/m
2
S,P form a

basis, and such that for 1 ≤ i < n we have IXi,P = (ti). In this case the images of y1, . . . , yd in
mX,P/m

2
X,P form a basis of this vector space.

Even if X is projective, we do not assume that X is projective.

The simplest case is when X is contained in a smooth variety S of dimension d+ 1. Suppose
that X has multiplicity n. Let P ∈ X and f ∈ OS,P a local equation of X. Then we have
IXi,P = (f i) for 1 < j ≤ n in S, in particular IX,P = (fn), and L = OX(−X) .

For any L ∈ Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L∗, seen as a smooth variety.

If U ⊂ X is open, we note U (n) the corresponding open subscheme of Xn.

3.1.1. Construction of primitive multiple schemes – Let X be a primitive multiple scheme of
multiplicity n, X = Xred. Let Zn = spec(C[t]/(tn)). Then for every closed point P ∈ X, there
exists an open neighborhood U of P in X such that

– There exists a section OX(U) → OX(U
(n)) of the restriction map OX(U

(n)) → OX(U),
– L|U is trivial.

Then there exists a commutative diagram

UnN

}}

� q

##
U (n) ≃ // U × Zn

i.e. X is locally trivial ([8], théorème 5.2.1, corollaire 5.2.2).

It follows that we can construct a primitive multiple scheme of multiplicity n by taking an
open cover (Ui)i∈I of X and gluing the varieties Ui × Zn (with automorphisms of the Uij × Zn

leaving Uij invariant).

Let (Ui)i∈I be an affine open cover of X such that we have trivializations

δi : U
(n)
i

≃ // Ui × Zn,

and δ∗i : OUi×Zn → O
U

(n)
i

the corresponding isomorphism. Let

δij = δjδ
−1
i : Uij × Zn

≃ // Uij × Zn .
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Then δ∗ij = δ∗−1
i δ∗j is an automorphism of OUi×Zn = OX(Uij)[t]/(t

n), such that for every
ϕ ∈ OX(Uij), seen as a polynomial in t with coefficients in OX(Uij), the term of degree zero of
δ∗ij(ϕ) is the same as the term of degree zero of ϕ.

3.1.2. The ideal sheaf of X – There exists αij ∈ OX(Uij)[t]/(t
n−1) such that δ∗ij(t) = αijt.

Let α
(0)
ij = αij|X ∈ OX(Ui). For every i ∈ I, δ∗i (t) is a generator of IX,X|U(n) . So we have local

trivializations
λi : IX,X|U(n−1)

i

// O
U

(n−1)
i

δ∗i (t)
� // 1

Hence λij = λiλ
−1
j : O

U
(n−1)
ij

→ O
U

(n−1)
ij

is the multiplication by δ∗j (αij). It follows that (δ∗j (αij))

(resp. (α
(0)
ij )) is a cocycle representing the line bundle IX,X (resp. L) on Xn−1 (resp. X).

3.2. The case of double schemes

We suppose that n = 2. Let αi : L|Ui
→ OUi

be isomorphisms such that αij = αi ◦ α−1
j on

Uij. Then we have the following description of δ∗ij:

– there is a derivation Dij of OX(Uij) such that δ∗ij(β) = β +Dij(β)t for every
β ∈ OX(Uij).

– δ∗ij(t) = αijt .

The relation δ∗ijδ
∗
jk = δ∗ik is equivalent to Dij + αijDjk = Dik, i.e. (Dij) is a cocyle in the sense

of 2.2.2. We can view Dij as section of TX|Uij
, the family (α−1

i ⊗Dij) represents an element
λ of H1(X,TX ⊗ L), and Cλ is independent of the choice of the δ∗ij and αi. We will note
Cλ = σ(X2) ∈ P(H1(X,TX ⊗ L)) ∪ {0}.
Let X, X′ primitive double schemes, ϕ : Xred → X, ϕ′ : X′

red → X isomorphisms. We say that
X, X′ are are isomorphic if there is an isomorphism Φ : X → X′ such that ϕ = Φred ◦ ϕ′. In
this case the associated line bundles on X of X, X′ are isomorphic. Let DS(X,L) be the set of
isomorphism classes of primitive double schemes X such that Xred ≃ X and with associated
line bundle L.
According to [10] and [3], two primitive double schemes X2, X ′

2, with underlying smooth variety
X and associated line bundle L are isomorphic (over X) if and only if σ(X2) = σ(X ′

2). So there
is a canonical bijection DS(X,L) ≃ P(H1(X,TX ⊗ L)) ∪ {0}.
Another family (D′

ij) of derivations defines (with (αij)) the same double scheme as (Dij)
if and only if there exist τ ∈ C∗, and for every i a derivation Ti of OX(Ui) such that
D′

ij = τDij + Ti − αijTj.

3.2.1. Change of trivialization – Let i0 ∈ I and θ and automorphism of Ui0 × Z2, defined by
a derivation D of OX(Ui0), i.e θ∗(u) = u+D(u)t for every u ∈ OX(Ui0), and θ∗(t) = t. Now
let µi = δi if i ∈ I, i ̸= i0, and µi0 = θ ◦ δi0 . We have µ∗

jk = δ∗jk if j, k ∈ I, j, k ̸= i0, and
µ∗
i0k

= θ∗−1δ∗i0k, µ
∗
ji0

= δ∗ji0θ
∗. With these new trivializations, X2 is defined by the same cocycle

(αij), and the family Eij of derivations, with Ejk = Djk if j, k ∈ I, j, k ̸= i0,
Ei0k = Di0k −D , Eji0 = Dji0 + αji0D .
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3.3. Extension of line bundles in higher multiplicity

Suppose that Xn can be extended to a primitive multiple scheme Xn+1 of multiplicity n+ 1.
We have an exact sequence of coherent sheaves on Xn

0 −→ Ln −→ ΩXn+1|Xn
−→ ΩXn −→ 0 ,

corresponding to σn ∈ Ext1OXn
(ΩXn , L

n). Let F be a line bundle on Xn. Let
∇0(F) ∈ H1

OXn
(Xn,ΩXn) be the canonical class of F (cf. 2.1.1). Then we have

σn∇0(F) ∈ Ext2OXn
(F,F⊗ Ln) = H2(X,Ln) .

From [10], theorem 7.1.2, F can be extended to a line bundle onXn+1 if and only if σn∇0(F) = 0.

3.4. Good subschemes

Let Z a subscheme of X = Xn. We say that Z is good if Zred is smooth and connected, and if
d = codim(Z) and IZ,X is the ideal sheaf of Z, then for every closed point z ∈ Z, IZ,X,z can be
generated by d elements.

3.4.1. Proposition: Let Z be a subscheme of X such that if Zred is smooth and connected of
dimension d. Then Z is good if and only if, for every closed point z ∈ Z, there exists an open
neighborhood U ⊂ X of z such that there is a trivialization ρ : U (n) → U × Zn, and generators
y1, . . . , yd of IZred,X(U), which are also generators of the ideal sheaf of ρ(Z ∩ U (n)).

Proof. If the condition is satisfied, then Z is good. Conversely, suppose that Z is good. There
exists an affine neighborhood U ⊂ X of z such that

– IZ,X(U) is generated by d elements z1, . . . , zd.
– The restriction of the tangent bundle of X on U is free.
– There exists a trivialization θ : U (n) → U × Zn.

We can write, for 1 ≤ i ≤ d, θ∗−1(zi) = yi + ait, with yi ∈ IZred,X(U) ai ∈ OX(U)[t]/(t
n−1).

Then y1, . . . , yd generate IZred,X(U), and for every z′ ∈ Zred ∩ U , the images of y1, . . . , yd in
mX,z′/m

2
X,z′ are linearly independent (where mX,z′ ⊂ OX,z′ is the maximal ideal). According

to [10], 5, there exists an automorphism ϕ of U × Zn leaving U invariant and such that
ϕ∗(yi) = yi + ait for 1 ≤ i ≤ d. We can then take ρ = θ ◦ ϕ. □

Remarks: 1 – It is necessary to consider only smooth subvarieties Zred ⊂ X in propo-
sition 3.4.1: suppose that X = C× Z2 = spec(C[X0])× Z2, and let f ∈⊂ C[X0] be a
non zero polynomial multiple of X2

0 . Let Z ⊂ X be the subscheme defined by the ideal
(f + t) ⊂ C[X0][t]/(t

2). Let U ⊂ C be a neighborhood of 0 and ρ an automorphism of U × Z2

leaving U invariant. Then, according to 3.2, there exists a derivation D of OC(U) such that, for
every α ∈ OC(U) we have ρ∗(α) = α +D(α)t. Hence ρ∗(f) = f +D(f)t. Since D(f) vanishes
at 0, it is impossible to obtain ρ∗(f) = f + t. Hence proposition 3.4.1 is false for Zred ⊂ C.

2 – If d = dim(X)− 1, Z is a Cartier divisor, and IZ,X is a locally free sheaf. If X is the non
projective double scheme with smooth underlying variety P2, such varieties Z of dimension 1
do not exist, since OX is the only line bundle on X.
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3.5. Morphisms of primitive double schemes

3.5.1. Derivations – Let A, B be commutative C-algebras, and f : A→ B a morphism. A
map θ : A→ B is called a f -derivation if

– For every ϵ ∈ C, θ(ϵ) = 0.
– For every a, a′ ∈ A, θ(a+ a′) = θ(a) + θ(a′) .
– For every a, a′ ∈ A, θ(a.a′) = f(a)θ(a′) + f(a′)θ(a) .

3.5.2. Morphisms of primitive double rings – Let A, B be commutative C-algebras, and
A[2] = A[t]/(t2), B[2] = B[t]/(t2). Let ϕ : A→ B, Φ : A[2] → B[2] be morphisms of C-
algebras such that Φ((t)) ⊂ (t) and ϕ is induced by Φ. We have

Φ(α) = ϕ(α) + γ(α)t for every α ∈ A ,

Φ(t) = τ.t,

where γ : A→ B is a ϕ-derivation and τ ∈ B.

3.5.3. Morphisms of primitive double schemes – Let X, Y be smooth varieties, X0, X1 (resp.
Y0, Y1) open subsets of X (resp. Y ) such that X = X0 ∪X1 (resp. Y = Y0 ∪ Y1). Let X,
Y be primitive double schemes such that Xred = X and Yred = Y . Assume that we have
trivializations

λi : X
(2)
i −→ Xi × Z2 , µi : Y

(2)
i −→ Yi × Z2 ,

for i = 1, 2, i.e. isomorphisms
λ∗i : OX(Xi)[t]/(t

2) −→ OX(Xi) , µ∗
i : OY (Yi)[t]/(t

2) −→ OY(Yi) .

Let
λ = λ1λ

−1
0 : X01 × Z2 → X01 × Z2 , λ∗ = λ∗−1

0 λ∗1 : OX(X01)[t]/(t
2) → OX(X01)[t]/(t

2) ,

µ = µ1µ
−1
0 : Y01 × Z2 → Y01 × Z2 , µ∗ = µ∗−1

0 µ∗
1 : OY (Y01)[t]/(t

2) → OY (Y01)[t]/(t
2) ,

We have
λ∗(a) = a+DX(a)t for every a ∈ OX(X01) , λ∗(t) = αt ,

µ∗(b) = b+DY (b)t for every b ∈ OY (Y01) , µ∗(t) = βt ,

where DX (resp. DY ) is a derivation of OX(X01) (resp. OY (Y01)), α ∈ OX(X
∗
01) and

β ∈ OY (Y
∗
01).

Let ϕ : Y → X be a morphism such that ϕ(Y0) ⊂ X0 and ϕ(Y1) ⊂ X1. Let ∆i : Y
(2)
i → X

(2)
i

be a morphism inducing ϕ. Let
Θi = λi∆iµ

−1
i : Yi × Z2 −→ Xi × Z2 .

Then we have
Θ∗

i (a) = ϕ∗(a) + γi(a)t for every a ∈ OX(Xi) , Θ∗
i (t) = τi.t ,

where γi : OX(Xi) → OY (Yi) is a ϕ∗-derivation and τi ∈ OY (Yi)
∗ .

We have ∆0 = ∆1 on Y (2)
01 if and only if Θ∗

0λ
∗ = µ∗Θ∗

1 on X01 × Z2. This is equivalent to
γ0 + τ0ϕ

∗DX = DY ϕ
∗ + βγ1 on X01 and ϕ∗(α)τ0 = βτ1 .



BLOWING-UPS 11

Hence it is equivalent to find an extension Y → X of ϕ, and to find ϕ∗-derivations γ0, γ1,
τi ∈ OY (Yi)

∗ satisfying the preceding equations. The first equation concerns ϕ∗-derivations on
X01, one has to verify that γi sends OX(Xi) to OY (Yi).
Suppose now that X0 = Y0, ϕ|Y0 = IY0 and ∆0 = I

Y
(2)
0

. We have then γ0 = 0 and τ0 = 1. The
preceding equations become
(1) βγ1 = DX −DY on X01 and α = βτ1 .

4. Blowing-up of subschemes of primitive multiple schemes

(cf. [17], II-2)
Let X be a smooth irreducible variety, n ≥ 2 be an integer and Xn a primitive multiple scheme
of multiplicity n such that (Xn)red = X and with associated line bundle L ∈ Pic(X).
If Z ⊂ Xn is a closed subscheme, let πZ,Xn : BZ,Xn → Xn be the blowing-up of Xn along Z,
and Z̃n = π−1

Z,Xn
(Z).

4.1. Blowing-ups of reduced subschemes

Let Y ⊂ X be a smooth closed subvariety. Let πY,X : BY,X → X be the blowing-up of X
along Y and Ỹ = π−1

Y,X(Y ). We can view Y as a closed subscheme of Xn. So we have also
πY,Xn : BY,Xn → Xn, the blowing-up of Xn along Y , and Ỹn = π−1

Y,Xn
(Y ). We will prove

4.1.1. Theorem: BY,Xn is a primitive multiple scheme of multiplicity n,
(BY,Xn)red = BY,X , its associated line bundle is

OBY,Xn
(Ỹn)|BY,X

⊗ π∗
Y,X(L) = OBY,X

(Ỹ )⊗ π∗
Y,X(L) ,

The exceptional divisor Ỹn is a primitive multiple scheme of multiplicity n, such that
(Ỹn)red = Ỹ , and with associated line bundle

(
OBY,X

(Ỹ )⊗ π∗
Y,X(L)

)
|Ỹ .

Proof. Let U = spec(A) be an affine irreducible smooth variety, V ⊂ U a closed subvariety and
IV = IV,U its ideal sheaf. Let Un = U × Zn. We have V ⊂ U ⊂ Un and OUn(U) = A[t]/(tn).
We will first prove the theorem when X = U , Y = V and Xn = Un, i.e.: BV,Un is the trivial
primitive multiple scheme of multiplicity n such that (BV,Un)red = BV,U , and with associated
line bundle OBV,Un

(Ṽ )|BV,X
.

Step 1 – Description of BV,U – We have BV,U = Proj(S), where S = S(V, U) is the graduate
ring

S =
⊕
p≥0

IV (U)
p .

The ideal sheaf IU,Un of U in Un is generated by t, and we have
IV,Un = IV + IU,Un .
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We have BV,Un = Proj(Sn), where Sn = Sn(V, U) is the graduate ring

Sn =
⊕
p≥0

IV,Un(U)
p ,

and
IV,Un(U)

p =
⊕

max(p−n,0)≤k≤p

IV (U)
ktp−k .

Let f ∈ IV (U), f ̸= 0. Let Sf be the corresponding localized ring, and S(f) ⊂ Sf the subring
of elements of degree 0. Then DS

+(f) = {p ∈ Proj(S); f ̸∈ p} is an affine open subset of BV,U ,
and DS

+(f) ≃ spec(S(f)). We have

S(f) =
∑
p≥0

S(f),p , with S(f),p =
{σp
fp

; σp ∈ IV (U)
p
}
.

The ideal IV,p ⊂ S(f) of V ∩DS
+(f) is

IV,f =
∑
p≥0

S ′
(f),p , with S ′

(f),p =
{µp

fp
; µp ∈ IV (U)

p+1
}
.

We have an isomorphism S(f) → IV,f , which sends α to fα. Let f1, . . . , fp be generators of

IV (U). Then (DS
+(fi))1≤i≤p is an open cover of BV,U , and with respect to this cover,

(fj
fi

)
is a

cocycle that defines the line bundle OBV,U
(−Ṽ ).

Step 2 – Description of BV,Un – Similarly, we have f ∈ IV,Un(U), and we can define the affine
open subset DSn

+ (f) of BV,Un . Let Sn,f be the corresponding localized ring, and Sn,(f) ⊂ Sn,f

the subring of elements of degree 0. Then DSn
+ (f) ≃ spec(Sn,(f)). We have

Sn,(f) =
∑
p≥0

Sn,(f),p , with Sn,(f),p =
{ θp
fp

; θp ∈ IV,Un(U)
p
}
.

It follows that
Sn,(f) = S(f)[z]/(z

n) , with z =
t

f
.

We can do the same if f ∈ IV (W ), where W ⊂ U is an open subset. We obtain an isomorphism
DSn

+ (f) ≃ DS
+(f)× Zn inducing the identity on DS

+(f).

Step 3 – The primitive multiple scheme structure on BV,Un – Let f1, . . . , fp be generators of
IV (U). Then (DS

+(fi))1≤i≤p (resp. (DSn
+ (fi))1≤i≤p) is an open cover of BV,U (resp. BV,Un). We

define the primitive scheme structure of BV,Un by taking the isomorphisms

δ(fi) : D
Sn
+ (fi) −→ DS

+(fi)× Zn

such that δ(fi)∗ : S(fi)[z]/(z
n) −→ Sn,(fi) δ(fi)

∗(α) = α for every α ∈ S(fi) and δ(fi)
∗(z) =

t

fi
.

It follows that, if δij = δ(fj) ◦ δ(fi)−1, we have δ∗ij(α) = α for every α ∈ S(fi) ∩ S(fj), and

δ∗ij(z) =
fi
fj
z. It is easily verified that δ∗ijδ

∗
jk = δ∗ik. This proves that BV,Un is a trivial primitive
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multiple scheme of multiplicity n such that (BV,Un)red = BV,U . Moreover we have a canonical
obvious commutative square

BV,U� _

��

πV,U // U� _

��
BV,Un

πV,Un // Un

Step 4 – The ideal sheaf IBV,U
of BV,U in BV,Un – On DSn

+ (f), according to step 1, we have
IBV,X

=
∑

j≥1 Ij, with

Ij =
{tσj
f j

; σj ∈ IV (U)
j−1

}
.

It follows that we have a well defined isomorphism O
D

Sn−1
+ (f)

→ IBV,X |DSn
+ (f), sending

σj
f j

to
tσj
f j+1

.

In particular, we have trivializations αi : OD
Sn−1
+ (fi)

→ IBV,X |DSn
+ (fi)

for 1 ≤ i ≤ p. It follows

that the automorphism α∗
ij of O(DSn−1

+ (fi) ∩DSn−1

+ (fj)) is the multiplication by
fi
fj

. According

to step 1, it follows that the line bundle on BV,U associated to BV,Un is OBV,U
(Ṽ ).

Step 5 – Automorphisms – Let Φ be an automorphism of U × Zn leaving U invariant. Then
there exists α ∈ A[t]/(tn−1), invertible, such that Φ∗(t) = αt. Let Φ̃ (resp. Φ̃n) be the auto-
morphism of BV,U (resp. BV,Un) induced by Φ. Then Φ∗(IV (U)) ⊂ IV (U), and Φ∗(f) ∈ Sn,f

is an invertible element of degree 1.

We have Φ̃(DS
+(f)) = DS

+(f) and Φ̃n(D
Sn
+ (f)) = DSn

+ (f). Let Φ̃f (resp. Φ̃f
n) be the corre-

sponding automorphism of DS
+(f) (resp. DSn

+ (f)).

Let
σp
fp

∈ Sn,(f). We have

Φ̃f∗
n

(σp
fp

)
=

Φ∗(σp)

Φ∗(f)p

and Φ̃f∗
n (t) = αt.

Step 6 – The primitive multiple scheme structure on BY,Xn – Let (Ui)i∈I be a finite open affine
cover of X such that for every i ∈ I there is an isomorphism λi : U

(n)
i → Ui × Zn leaving Ui

invariant. We have then λ∗ik(t) = αikt, where αik ∈ OX(Uik)[t]/(t
n−1) is invertible. The line

bundle L ∈ Pic(X) associated to Xn is defined by the cocycle (αik|Uik
).

Let λ̃i : BY ∩Ui,U
(n)
i

→ BY ∩Ui,Ui×Zn be the induced isomorphism. We have

π
Y ∩Ui,U

(n)
i

= πY ∩Ui,Ui×Zn ◦ λ̃i. Then from step 2

– B
Y ∩Ui,U

(n)
i

is a primitive multiple scheme of multiplicity n, with associated smooth
scheme BY ∩Ui,Ui

.
– We have BY ∩Ui,Ui

= π−1
Y,X(Ui) and πY ∩Ui,Ui

is the restriction of πX,Y . We have a similar
statement for B

Y ∩Ui,U
(n)
i

.
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Hence BY,Xn is a primitive multiple scheme of multiplicity n, and (BY,Xn)red = BY,X .

The open cover – More precisely, for every i ∈ I, let Si = S(Y ∩ Ui, Ui), Σi = Sn(Y ∩ Ui, Ui)
and (fij)j∈Ji a finite sequence of generators of IY ∩Ui,Ui

(Ui). Let

Tij = DSi
+ (fij) ⊂ BY ∩Ui,Ui

, Tij = DΣi
+ (fij) ⊂ BY ∩Ui,Ui×Zn ,

and Zij = λ̃−1
i (Tij) ⊂ BY,Xn . We have (Tij)red = (Zij)red = Tij , and (Tij)i∈I,j∈Ji is an open

cover of BY,X .

The trivializations – We have seen in step 3 that
δ(fij) : Tij −→ Tij × Zn

is an isomorphism. Then
ρij = δ(fij) ◦ λ̃i : Zij −→ Tij × Zn

is an isomorphism. To summarize, (Tij)i∈I,j∈Ji (resp. (Zij)i∈I,j∈Ji) is an affine open cover of
BY,X (resp. BY,Xn), and the ρij are the trivializations that define the primitive multiple scheme
structure on BY,Xn . The restriction of ρij,

Zij ∩ (Xn\Y ) −→
(
Tij ∩ (X\Y )

)
× Zn ,

is λi|Zij∩(Xn\Y ).

Let i, k ∈ I, j ∈ Ji and l ∈ Jk. Let

Wij,kl = DΣi
+ (fi,j) ∩DΣk

+ (fk,l) ⊂ BY ∩Ui,Ui×Zn .

Then
λ̃i

−1
(Wij,kl) = λ̃k

−1
(Wkl,ij) = Zij ∩ Zkl = Zij,kl ,

and ρ∗ij,kl = ρ∗−1
ij ρ∗kl is an automorphism of OBY,X

(Tij,kl)[t]/(t
n).

The associated line bundle – We have ρ∗ij,kl(t) = αikt, and

ρ∗ij,kl

( t

fkl

)
= αik

fij

λ∗ik

(
fkl

) t

fij
.

The coefficient αik
fij

λ∗ik

(
fkl

) restricted to Tij,kl is αik|Uik

fij
fkl

. It follows that the line bundle on

BY,X associated to BY,Xn is

OBY,Xn
(Ỹn)|BY,X

⊗ π∗
Y,X(L) = OBY,X

(Ỹ )⊗ π∗
Y,X(L) .

The last statement, about the primitive multiple structure of Ỹn, is an easy consequence of the
previous description of BY,Xn . □

4.1.2. The case of double schemes – We suppose that n = 2 and keep the notations of the proof
of theorem 4.1.1. Let i, k ∈ I. From 3.2, λ∗ik is an automorphism of OX(Uik)[t]/(t

2), and there ex-
ists a derivation Dik of OX(Uik) such that, for every u ∈ OX(Uik) we have λ∗ik(u) = u+Dik(u)t.



BLOWING-UPS 15

Let j ∈ Ji, l ∈ Jk. Then ρ∗ij,kl is an automorphism of OBY,X
(Tij,kl)[z]/(z

2), and there is a deriva-
tion Eij,kl of OBY,X

(Tij,kl) such that, for every v ∈ OBY,X
(Tij,kl), we have

ρ∗ij,kl(v) = v + Eij,kl(v)z.

Let Σ = {fm
ij f

n
kl ; m,n ≥ 0}. It is a multiplicative system. Let Rij,kl = S(Uik, V )Σ, and R(ij,kl)

the ring of elements of degree zero in Rij,kl. We have

R(ij,kl) =
∑

m,n≥0

Imn , with Imn =
{ σm+n

fmij fkln
; σm+n ∈ IV (Uik)

m+n
}
,

and
Tij,kl = spec(R(ij,kl)) .

We have then Eij,kl = fijDik (the factor fij comes from the fact that z =
t

fij
by step 2).

In this way one obtains a linear map

ξY : H1(X,TX ⊗ L) −→ H1(BY,X , TBY,X
⊗ π∗

Y,X(L)⊗ OBY,X
(Ỹ )) ,

that sends the element of H1(X,TX ⊗ L) represented by (Dij) to the element of
H1(BY,X , TBY,X

⊗ π∗
Y,X(L)⊗ OBY,X

(Ỹ )) represented by (Eij,kl). This map induces the one

DS(X,L) −→ DS(BY,X , π
∗
Y,X(L)⊗ OBY,X

(Ỹ ))

which sends X2 to BY,X2 .

4.1.3. Proposition: Suppose that codim(Y,X) ≥ 2. Then ξY is injective.

Proof. Suppose that (Eij,kl) represents 0. Then for every i ∈ I, j ∈ Ji, there exists a derivation
Fij of OBY ∩Ui,Ui

(DSi
+ (fij)) such that

Eij,kl = Fij − αik
fij
fkl
Fkl ,

i.e. Dik =
1

fij
Fij − αik

1

fkl
Fkl. In particular, if k = i we have

1

fij
Fij =

1

fil
Fil for every j, l ∈ Ji.

Hence there exits a derivation Gi of OBY ∩Ui,Ui
(BY ∩Ui,Ui

) such that
1

fij
Fij = G

i|DSi
+ (fij)

for

every j ∈ Ji. We have Ui\Y ⊂ BY ∩Ui,Ui
, hence Gi induces a derivation of OX(Ui\Y ), and since

codim(Y,X) ≥ 2, it is also a derivation of OX(Ui). We have Dik = Gi − αikGk. It follows that
(Dik) represents 0 in H1(X,TX ⊗ L). □

4.2. Blowing-up of good subschemes

Let Z ⊂ Xn be a good subscheme (cf. 3.4) of dimension d. Let Y = Zred and Z̃n = π−1
Z,Xn

(Z).

4.2.1. Theorem: BZ,Xn is a primitive multiple scheme of multiplicity n, (BZ,Xn)red = BY,X ,
and its associated line bundle is π∗

Y,X(L).

The exceptional divisor Z̃n is a primitive multiple scheme of multiplicity n,
(Z̃n)red = Ỹ = π−1

Y,X(Y ), and its associated line bundle is π∗
Y,X(L)|Ỹ .
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Proof. It is very similar to that of theorem 4.1.1. We will only give indications. We use the
notations of the proof of this theorem.

From proposition 3.4.1, there is an open affine cover (Ui)i∈I of X such that, for every i ∈ I,
there is a trivialization δi : U

(n)
i → Ui × Zn, yi,1, . . . , yi,d ∈ IY,X(Ui) that generate IY ∩Ui,Ui

and
I
δi(Z∩U(n)

i ),Ui×Zn
.

Let U ⊂ X be a smooth open subset, and V ⊂ U a closed smooth connected subvariety of
codimension d, such that there exist generators y1, . . . , yd of IV,U . Let Un = U × Zn. We
have Un = spec(OX(U)[t]/(t

n)). Let Z ⊂ Un be the subscheme corresponding to the ideal
(y1, . . . , yd) ⊂ OX(U)[t]/(t

n).

We have BZ,Un = Proj(Bn), where Bn = Bn(Z,U) is the graduate ring

Bn =
⊕
p≥0

IZ,Un(U)
p ,

and
IZ,Un(U)

p = (y1, . . . , yd)
p .

As in step 2 of the proof of theorem 4.1.1, if f ∈ IZ,Un(U), we can define the affine open subset
DBn

+ (f) of BZ,Un . Let Bn,f be the localized ring, and Bn,(f) ⊂ Bn,f the subring of elements of
degree 0. Then DBn

+ (f) ≃ spec(Bn,(f)). We have

Bn,(f) =
∑
p≥0

Bn,(f),p , with Bn,(f),p =
{ θp
fp

; θp ∈ IZ,Un(U)
p
}
.

It follows that Bn,(f) = S(f)[t]/(t
n). We obtain an isomorphism DBn

+ (f) ≃ DS
+(f)× Zn induc-

ing the identity on DS
+(f).

Using the open cover (DBn
+ (yi))i∈I , it is easy to see that we have a canonical isomorphism

BZ,Un ≃ BY,U × Zn. It is now straightforward to follow the same way as in steps 5,6 of the
proof of theorem 4.1.1, and finish the proof of theorem 4.2.1. □

4.3. Successive blowing-ups

Let Z ⊂ Xn be a good subscheme (cf. 3.4). Let Y = Zred, and Ỹ = π−1
Y,X(Y ) ⊂ BY,X . Then Ỹ

is a Cartier divisor of BY,X . Hence BỸ ,BY,X
= BY,X .

The following result is an easy consequence of the descriptions of the blowing-ups in theorems
4.1.1 and 4.2.1.

4.3.1. Proposition: The blowing-up of BZ,Xn along Ỹ is canonically isomorphic to BY,Xn,
i.e. BỸ ,BZ,Xn

≃ BY,Xn.
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5. Blowing-up of good zero-dimensional subschemes of primitive double
schemes

We use the notations of 4. We suppose that d = dim(X) ≥ 2, that Y is a single point: Y = {P},
and that n = 2. There exists a finite open affine cover (Ui)i∈I of X such that

– There is a unique i0 ∈ I such that P ∈ Ui0 , and ∪i∈I,i ̸=i0Ui = X\{P}.
– I{P},Ui0

is generated by d elements y1, . . . , yd, and ΩX|Ui0
by dy1, . . . , dyd.

– L is defined by a cocycle (αij), with αij ∈ OX(Uij)
∗.

– For every i ∈ I, there is an isomorphism δi : U
(2)
i → Ui × Z2 (where U (2)

i is the open
subscheme of X2 corresponding to Ui), inducing the identity on Ui. There is a deriva-
tion Dij of OX(Uij) such that, for every u ∈ OX(Uij), δ∗ij(u) = u+Dij(u)t. We have
δ∗ij(t) = αijt.

We consider the open affine cover of BP,X which consists of the Ui, i ∈ I, and the
DB2

+ (yk) ⊂ BP,Ui0
, 1 ≤ k ≤ d. Let J = I ∪ {i1, . . . , id}, Vi = Ui if i ∈ I and Vik = DB2

+ (yk).
The line bundle π∗

P,X(L) on BP,X is defined by the cocycle (βij)i,j∈J , βij ∈ OBP,X
(Vij)

∗, with
βij = αij if i, j ∈ I, βkim = αki0 , βimin = 1 if k ∈ I, 1 ≤ m,n ≤ d.

We will study the blowing-ups of X2 along good subschemes Z such that Zred = {P}. From
theorem 4.2.1, BZ,X2 is a primitive multiple scheme of multiplicity 2, (BZ,X2)red = BP,X , and its
associated line bundle is π∗

P,X(L). The exceptional divisor P̃ = π−1
P,X(P ) is a projective space of

dimension d− 1. Let P̃2 = π−1
Z,X2

(P ). It is the trivial primitive multiple scheme of multiplicity
2, such that (P̃2)red = P̃ , and with associated line bundle OP̃ .

5.1. Parametrization of good zero-dimensional subschemes

We will prove

5.1.1. Proposition: Let ΓP be the set of good subschemes Z ⊂ X2 such that Zred = {P}.
Then ΓP has a natural structure of affine space, with associated vector space (TX ⊗ L)P .

Let mP be the maximal ideal of OX,P . Let a1, . . . , ad ∈ OX,P ,
I(a1, . . . , ad) = (y1 + ta1, . . . , yd + tad), and Z0(a1, . . . , ad) the corresponding subscheme of
Ui0 × Z2. The good subschemes Z ⊂ Ui0 × Z2 such that Zred = {P} are precisely the
Z0(a1, . . . , ad).

Let Z(a1, . . . , ad) = δ−1
i0
(Z0(a1, . . . , ad)) ⊂ X2. It is the subscheme defined by the ideal sheaf

δ∗i0(I(a1, . . . , ad)). The good subschemes Z ⊂ X2 such that Zred = {P} are the Z(a1, . . . , ad).

5.1.2. Lemma: Let a1, a′1, . . . , ad, a′d ∈ OX,P . Then I(a1, . . . , ad) ≃ I(a′1, . . . , a
′
d) if and only

if ai − a′i ∈ mP for 1 ≤ i ≤ d.
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Proof. Suppose that I(a1, . . . , ad) ≃ I(a′1, . . . , a
′
d). Then there exists an invertible (d× d)-

matrix M = (θij) of elements of OUi0
×Z2,P such that

y1 + ta′1
.
.

yd + ta′d

 =M.


y1 + ta1

.

.
yd + tad

 .

We can write θij = λij + tµij, with λij, µij ∈ OX,P . We have then

yi =
d∑

j=1

λijyj , a′i =
d∑

j=1

λijaj +
d∑

j=1

µijyj .

The Koszul relations imply that we have λii = 1, and that λij ∈ mP if i ̸= j. It follows that
ai − a′i ∈ mP .

Conversely, if ai − a′i ∈ mP for 1 ≤ i ≤ d, we can write a′i = ai +
d∑

j=1

ρijyj, ρij ∈ OX,P . We

have then

yi + ta′i = yi + tai +
d∑

j=1

tρij(yj + taj) ,

hence I(a1, . . . , ad) ≃ I(a′1, . . . , a
′
d). □

It follows from lemma 5.1.2 that the map

Cd // ΓP

(ζ1, . . . , ζd)
� // Z(ζ1, . . . , ζd)

is a bijection.

Let U ⊂ X be an open affine neighborhood of P , and D a derivation of OX(U), that we can
view as a section of TX|U . Let DP ∈ TX,P its value at P . Let a1, . . . , ad ∈ OX,P . Then

D(a1, . . . , ad) =
d∑

i=1

ai
∂

∂yi
is a derivation of OX(U), where U is a suitable neighborhood of P .

We have

D(a1, . . . , ad)P =
d∑

i=1

ai(P )
( ∂

∂yi

)
P
.

According to lemma 5.1.2, Z(a1, . . . , ad) = Z(a′1, . . . , a
′
d) if and only if

D(a1, . . . , ad)P = D(a′1, . . . , a
′
d)P .

If Z ∈ ΓP , and Z = Z(a1, . . . , ad), let
∆P (Z, (yi)1≤i≤d, δi0) = D(a1, . . . , ad)P ⊗ δ∗i0(t)(P ) ∈ (TX ⊗ L)P .

5.1.3. Lemma: ∆P (Z, (yi)1≤i≤d, δi0) does not depend on (yi)1≤i≤d.
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Proof. Let z1, . . . , zd be generators of mP . We have (y1, . . . , yd) = (z1, . . . , zd)M , where
M = (µij)1≤i,j≤d is an invertible (d× d)-matrix of elements of OX,P . We have

∂yi
∂zk

= µki +
d∑

j=1

∂µji

∂zk
zj ,

hence (( ∂

∂z1

)
P
, . . . ,

( ∂

∂zd

)
P

)
=

(( ∂

∂y1

)
P
, . . . ,

( ∂

∂yd

)
P

)
.tM(P ) .

Let (b1, . . . , bd) = (a1, . . . , ad)M(P )−1. Then
(y1 + a1t, . . . , yd + adt) = (z1 + b1t, . . . , zd + bdt)

in OX,P [t]/(t
2). We have

∆(Z, (zi)1≤i≤d, δi0) =
(( ∂

∂z1

)
P
, . . . ,

( ∂

∂zd

)
P

)
b1
.
.
bd

⊗ δ∗i0(t)(P )

=
(( ∂

∂y1

)
P
, . . . ,

( ∂

∂yd

)
P

)
.tM(P ).tM(P )−1


a1
.
.
ad

⊗ δ∗i0(t)(P )

= ∆(Z, (yi)1≤i≤d, δi0) .

□

So we will omit the parameter (yi)1≤i≤d, and note ∆(Z, (yi)1≤i≤d, δi0) = ∆(Z, δi0). The following
lemma ends the proof of proposition 5.1.1.

5.1.4. Lemma Let Z,Z ′ ∈ ΓP and ϕ : U
(2)
i0

→ Ui0 × Z2 an isomorphism leaving Ui0 invariant.
Then we have

∆P (Z
′, δi0)−∆P (Z, δi0) = ∆P (Z

′, ϕ)−∆P (Z, ϕ) .

Proof. Let θ = ϕ ◦ δ−1
i0

, which is an automorphism of Ui0 × Z2. We have

θ∗−1(yi) = y1 + ϵit for 1 ≤ i ≤ d , θ∗−1(t) = αt ,

with ϵi ∈ OX(Ui0), α ∈ OX(Ui0)
∗. Suppose that Z = Z(a1, . . . , ad). Then

Z = δ−1
i0
(Z(a1, . . . , ad)) = ϕ−1

(
θ(Z(a1, . . . , ad))

)
,

and θ(Z(a1, . . . , ad)) is the subscheme whose ideal is generated by θ∗−1(yi + ϵit), 1 ≤ i ≤ t. We
have

θ∗−1(yi + ait) = yi + (ϵi + αai)t , hence δ∗i0(yi + ait) = ϕ∗(yi + (ϵi + αai)t) ,

and ϕ∗(t) = δ∗i0(θ
∗(t)) =

1

α
δ∗i0(t). It follows that

∆P (Z, ϕ) =
( d∑

i=1

(ϵi(P ) + α(P )ai(P ))
( ∂

∂yi

)
P

)
⊗

( 1

α(P )
δ∗i0(t)(P )

)
.
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We have a similar formula for Z ′ = Z(a′1, . . . , a
′
d), and the result follows easily. □

From proposition 5.1.1 and the preceding lemmas, we have Z = Z ′ if and only if
∆P (Z, δi0) = ∆P (Z

′, δi0).

5.1.5. The case of a trivial primitive double scheme – If X2 is trivial, we can choose the
trivializations such that Dij = 0 for every i, j ∈ I. We obtain a canonical identification
ΓP = (TX ⊗ L)P .

In this case X2 is the second infinitesimal neighborhood of X in the line bundle L∗ (viewed as a
smooth variety, and X ⊂ X2 defined by the zero section of L∗). We have a canonical projection
p : X2 → X.

Let Z0 ⊂ X2 be the good subscheme corresponding to 0 ∈ (TX ⊗ L)P , it is p−1(P ). Then
BZ0,X2 is the trivial primitive scheme with associated smooth variety BP,X and associated line
bundle π∗

P,X(L).

5.2. Blowing-ups

5.2.1. Lemma: Let E be a derivation of Ui0\{P}. Then U can be extended uniquely to a
derivation of Ui0. It can be extended to a derivation of π−1

P,BZ,X2
(Ui0) if and only if EP = 0.

Proof. Since dim(X) ≥ 2, E can be extended to Ui0 . It can be extended to π−1
P,BZ,X2

(Ui0) if and
only, for 1 ≤ i ≤ d, if it be extended to DBn

+ (yi). For every σ ∈ IP,Ui0
, we have

E
( σ
yi

)
=

E(σ)yi − E(yi)σ

y2i
.

Hence E can extended to DBn
+ (yi) if and only if E(σ)yi − E(yi)σ ∈ I2P,Ui0

, for every σ ∈ IP,Ui0
.

It is easy to see that this happens if and only if EP = 0. □

Let evL : OX ⊗H0(X,TX ⊗ L) → TX ⊗ L be the evaluation morphism, and
HL,P = im(evL,P ) ⊂ (TX ⊗ L)P . Let ΨL,P : TXP

⊗ L→ (TX,P ⊗ L)/HL,P be the quotient map.

Let Z,Z ′ ∈ ΓP . Then BZ,X2 and BZ′,X2 are primitive double schemes with associated smooth
variety BP,X . We say that they are isomorphic if there exists an isomorphism BZ,X2 ≃ BZ′,X2

inducing the identity on BP,X .

5.2.2. Theorem: If X2 is trivial, we choose the trivializations such that Dij = 0 for every
i, j ∈ I. Let Z,Z ′ ∈ ΓP .

1 – If X2 is not trivial, BZ,X2 and BZ′,X2 are isomorphic if and only if
∆P (Z, δi0)−∆P (Z

′, δi0) ∈ HL,P .

2 – If X2 is trivial, BZ,X2 and BZ′,X2 are isomorphic if and only if
C.ΨL,P (∆P (Z

′, δi0)) = C.ΨL,P (∆P (Z, δi0)).
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Proof. According to 4.2, the double structures on BZ,X2 and BZ′,X2 are defined by families
(Eij)i,j∈J , (E ′

ij)i,j∈J , where Eij and E ′
ij are derivations of OX(Vij). These families define the

elements hZ , hZ′ of H1(X,TBP,X
⊗ L) associated to BZ,X2 and BZ′,X2 respectively.

Suppose that Z = Z(a0, . . . , ad), Z ′ = Z(a′1, . . . , a
′
d). Let D = D(a0, . . . , ad),

D′ = D(a′0, . . . , a
′
d). Suppose that Z ̸= Z ′. Then DP ̸= D′

P . We can assume that D′
P ̸= 0. By

adding to D a suitable derivation F such that FP = 0, we can assume that, for every λ ∈ C,
we have D ̸= λD′.

Let θ be the automorphism of Ui0 × Z2 defined by the derivation D, i.e. θ∗(u) = u+D(u)t
for every u ∈ OX(Ui0), and θ∗(t) = t. We have θ∗(yi) = yi + ait for 1 ≤ i ≤ d. Hence θ ◦ δi0(Z)
is the subscheme defined by the ideal (y1, . . . , yd). If instead of δi0 we take the trivialization
θ ◦ δi0 , and do a similar change for Z ′, we obtain by 3.2.1 and the proof of theorem 4.2.1 that

Eij = E ′
ij = Dij if i, j ∈ I\{i0} , Eimin = E ′

imin = 0 if 1 ≤ m,n ≤ d ,

Ekim = Dki0 + αki0D , E ′
kim = Dki0 + αki0D

′ if k ∈ I\{i0}, 1 ≤ m ≤ d .

From 3.2, BZ,X2 and BZ′,X2 are isomorphic if and only if there exists λ ∈ C∗ such that
hZ = λhZ′ , i.e. if and only if there exist, for every j ∈ J , a derivation Gj of OBP,X

(Vj) such that
Eij = λE ′

ij +Gi − βijGj on Vij, for all i, j ∈ J . These relations are equivalent to Gim = Gin

on Vimin , for every i, j ∈ I\{i0}
(2) (1− λ)Dij = Gi − αijGj on Uij ,

and for k ∈ I\{i0}, 1 ≤ m ≤ d,
(3) (1− λ)Dki0 = αki0(λD

′ −D) +Gk − αki0Gim on Vkim .

The derivations Gim do not depend on m, and can be extended to a derivation Θ on Ui0 , as
well as on π−1

P,BZ,X2
(Ui0), and by lemma 5.2.1 we have ΘP = 0.

Suppose that λ = 1. Then from (2), and the fact that ∪i∈I,i ̸=i0Ui = X\{P}, there exists
Φ ∈ H0(X,TX ⊗ L) such that Gi ⊗ α−1

i = Φ|Ui⊗L for every i ∈ I\{i0}. From (3), we have

D′ −D −Θ+ Φ⊗ αi0 = 0 ,

which implies that ∆P (Z, δi0)−∆P (Z
′, δi0) ∈ HL,P .

Suppose that λ ̸= 1. Let Gi0 = Θ+D − λD′, and for every i ∈ I, Fi =
1

1− λ
Gi. Then we

have, for every i, j ∈ I\{i0}
Dij = Fi − αijFj on Uij ,

and, for every k ∈ I\{i0}, 1 ≤ m ≤ d

Dki0 = Fk − αki0Fi0 on Vkim .

Hence Dki0 = Fk − αki0Fi0 on Uki0 . It follows that X2 is trivial. But in this case we have
assumed that Dij = 0 for every i, j ∈ I. Hence there exists Φ ∈ H0(X,TX ⊗ L) such that
Gi ⊗ α−1

i = Φ|Ui⊗L for every i ∈ I, and we have

λD′ −D −Θ+ Φ⊗ αi0 = 0 ,

which implies that C.ΨL,P (∆P (Z
′, δi0)) = C.ΨL,P (∆P (Z, δi0)).

The converse is immediate. □
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6. Blowing-up of an hypersurface

6.1. Primitive multiple rings

Let R be an entire noetherian ring and K its fraction field.

Let n be a positive integer and R[n] = R[t]/(tn), which we call the primitive multiple ring of
multiplicity n associated to R.

An element u of R[n] can be written in an unique way as

u =
n−1∑
i=0

uit
i ,

with ui ∈ R for 0 ≤ i ≤ n. Then u is a zero divisor if and only if u0 = 0, i.e. if u is a multiple
of t, and it is invertible if and only if u0 is invertible.

Let Sn be the multiplicative system of non zero divisors of R[n], i.e. Sn = {u ∈ R[n];u0 ̸= 0}.
It is easy to see that S−1

n R[n] = K[t]/(tn) = K[n] (the primitive multiple ring of multiplicity
n associated to K).

Suppose that n > 1. Let

σR
n : R[n] // R[n− 1]

u � //
n−2∑
i=0

uit
i

, ρRn : R[n] // R

u � // u0 .

which are morphisms of rings.

Let Γn(R) be the set of morphisms R → R[n] such that ρRn ◦ ϕ = IR, i.e. such that ϕ(a)0 = a
for every a ∈ R, and Σn(R) the set of endomorphisms Θ of R[n] such that ρRn ◦Θ = ρRn .

Let ϵ ∈ R[n− 1], ϕ ∈ Γn(R), and

ΘR
n (ϕ, ϵ) : R[n] // R[n]

u =
n−1∑
i=0

uit
i � //

n−1∑
i=0

ϕ(ui)ϵ
iti .

6.1.1. Proposition: 1 – ΘR
n (ϕ, ϵ) is an endomorphism.

2 – For every Θ ∈ Σn(R), there exist a unique ϕ ∈ Γn(R) and a unique ϵ ∈ R[n− 1] such that
Θ = ΘR

n (ϕ, ϵ).

3 – ΘR
n (ϕ, ϵ) is injective if and only ϵ0 ̸= 0.

4 – ΘR
n (ϕ, ϵ) is surjective if and only it is an isomorphism, if and only if ϵ0 is invertible.

Proof. 1 is immediate.

Now we prove 2. We have Θ(t)n = Θ(tn) = 0, hence Θ(t) is a multiple ot t: Θ(t) = ϵt, for a
unique ϵ ∈ R[n− 1]. If we take ϕ = Θ|R, it is immediate that Θ = ΘR

n (ϕ, ϵ) and that ϕ is
unique.
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Suppose that ϵ0 = 0, i.e. ϵ is a multiple of t. Then ΘR
n (ϕ, ϵ)(t

n−1) = 0, hence ΘR
n (ϕ, ϵ)

is not injective. Conversely, suppose that ϵ0 ̸= 0. We will prove that ΘR
n (ϕ, ϵ) is injec-

tive by induction on n. It is obvious for n = 1. Suppose that it is true for n− 1 ≥ 1.
Let Θ = ΘR

n (ϕ, ϵ), Θ′ = ΘR
n−1(σ

R
n ◦ ϕ, σR

n (ϵ)) ∈ Σn−1(R). Then Θ′ is injective, and we
have Θ′ = ρRn ◦Θ|R[n−1]. Let u ∈ R[n], u = v + un−1t

n−1, v ∈ R[n− 1]. Suppose that
Θ(u) = 0. Then Θ(v) = −un−1ϵ

n−1tn−1, hence Θ′(v) = 0, and v = 0. So we have
Θ(u) = un−1ϵ

n−1tn−1 = 0. Since ϵ0 ̸= 0, un−1 = 0 and u = 0. Hence Θ is injective. This
proves 3. The proof of 4 is similar. □

Let ϕ ∈ Γn(R) (resp. Θ ∈ Σn(R)). Then ϕ naturally induces ϕ ∈ Γn(K) (resp. Θ ∈ Σn(K))
such that ϕ|R = ϕ (resp. Θ(R[n]) ⊂ R[n] and Θ|R[n] = Θ). Let ϵ ∈ R[n]. We have

ΘK
n (ϕ, ϵ) = ΘR

n (ϕ, ϵ) ,

and it is an isomorphism if and only if ϵ0 ̸= 0.

For every λ =
n−1∑
i=0

λit
i ∈ R[n] and α ∈ R[n], let λ[αt] =

n−1∑
i=0

λiα
iti. If ϕ ∈ Γn(R), let

ϕ[αt] : R // R[n]

a � // ϕ(a)[αt] ,

which also belongs to Γn(R).

Let y ∈ R, y ̸= 0. Let iR : R → R[n] be the inclusion, and

χR
y = Θ(iR, y) .

We have χR
y = χK

y .

6.1.2. Proposition: Let x ∈ R such that x ̸= 0, and α ∈ R[n]. Let Θ = ΘR
n (ϕ, ϵ) ∈ Σn(R)

and
Ψ = χK

αx ◦Θ ◦ χK
1/x ∈ Σn(K) .

Let ϕ(x) = x+ µt, with µ ∈ R[n− 1]. Then we have Ψ = Θ(ϕ′, ϵ′), with

(4) ϕ′ = ϕ[αxt] , ϵ′ =
αϵ[αxt]

1 + αµ[αxt]t
.

Moreover, if Θ is an isomorphism and α is invertible, then Θ(ϕ′, ϵ′) is also an isomorphism.

Proof. Let a ∈ R. We have
Ψ(a) = χK

αx ◦Θ(a) = χK
αx(ϕ(a)) = ϕ[a][αxt] ∈ R[n] ,

and
Ψ(t) = χK

αx ◦Θ
(1
x
t
)

= χK
αx

( ϵ

ϕ(x)
t
)

=
ϵ[αxt]αx

ϕ(x)[αxt]
t .

We have ϕ(x)[αxt] = x+ µ[αxt]αxt = x(1 + αµ[αxt]t). Hence

ϵ′ =
ϵ[αxt]αx

ϕ(x)[αxt]
=

αϵ[αxt]

1 + αµ[αxt]t
∈ R[n] .
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We have ϵ′0 = αϵ0, hence by proposition 6.1.1, if Θ is an isomorphism and α is invertible, ϵ0 is
invertible and so is ϵ′0, so Θ(ϕ′, ϵ′) is an isomorphism. □

Remark: suppose that R is a C-algebra. All the rings considered in 6.1 are also C-algebras,
and we can restrict ourselves to morphisms of C-algebras, and obtains the same results.

6.2. Blowing-up of hypersurfaces

Let X be a smooth, projective and irreducible variety. Let X be a primitive multiple scheme
of multiplicity n ≥ 2, with underlying smooth variety X, and associated line bundle L on X.
Let (Ui)i∈I be an affine open cover of X such that we have trivializations

δi : U
(n)
i

≃ // Ui × Zn,

(cf. 3.1.1). Let
δij = δjδ

−1
i : Uij × Zn

≃ // Uij × Zn .

Then δ∗ij = δ∗−1
i δ∗j is an automorphism of OUi×Zn = OX(Uij)[t]/(t

n), such that for every
ϕ ∈ OX(Uij)[t]/(t

n), seen as a polynomial in t with coefficients in OX(Uij), the term of de-
gree zero of δ∗ij(ϕ) is the same as the term of degree zero of ϕ.

Let H ⊂ X be a hypersurface (i.e. a closed subscheme such that its ideal sheaf IH = IH,X is
invertible). We can choose the open cover (Ui)i∈I such that, for every i ∈ I, IH∩Ui

is generated
by xi ∈ OX(Ui). We have BH,X = X, and BH,X is a primitive multiple scheme with underlying
smooth variety X and associated line bundle L⊗ OX(H).

We now use 6.1, with R = OX(Uij). If i, j ∈ I, i ̸= j, let

θij = χK
xi
◦ δ∗ij ◦ χK

1/xj
.

On Uij we can write xi = βij.xj, with βij ∈ OX(Uij) invertible. The family (βij) is a cocycle
defining the line bundle OX(H). By proposition 6.1.2, we have θij = τ , where τ is an automor-
phism of OX(Uij)[t]/(t

n). We can write τ = γ∗ij, where γij is an automorphism of Uij × Zn.
The family (γ∗ij) satisfies the cocycle relations γ∗ijγ

∗
jk = γ∗ik, and defines a primitive multiple

scheme X′ such that X′
red = X. By formula (4), L(H) is the line bundle on X associated to

X′.

We have commutative diagrams

OX(Uij)[t]/(t
n)

δ∗ij //

χxj

��

OX(Uij)[t]/(t
n)

χxi

��
OX(Uij)[t]/(t

n)
γ∗
ij // OX(Uij)[t]/(t

n)

which define a morphism π : X′ → X which the identity on X, and such that its restriction
to the open subset of X corresponding to X\H is an isomorphism to the similar open subset
of X′.
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6.2.1. Proposition: The morphism π : X′ → X is the blowing-up of X along H.

Proof. We must prove that π satisfies the following universal property: let Y be a scheme and
f : Y → X a morphism such that I = f−1(IH,X).OY is an invertible sheaf of ideals on Y .
Then there exists a unique morphism f̃ : Y → X′ such that π ◦ f̃ = f .

Let y ∈ Y be a closed point in the support of I and suppose that f(y) ∈ Ui. Let U ∈ Y be an
affine open neighborhood of y such that f(U) ⊂ Ui and that I|U is generated by z ∈ I(U). It
suffices to prove the claim for f|U , since by unicity, all the obtained morphisms U → X′ can be
glued to define f̃ . So we can assume that f is a morphism U → Ui × Zn.

The morphism π∗ : OX(Ui)[t]/(t
n) → OX(Ui)[t]/(t

n) is defined by: for every
a ∈ OX(Ui), π∗(a) = a, and π∗(t) = xit. We have IH,Ui×Zn = (xi, t). Now consider
f ∗ : OX(Ui)[t]/(t

n) → OY (U). We can write f ∗(xi) = αz, f ∗(t) = βz, with α, β ∈ OY (U).

We will show that α is invertible. We have f ∗(tn) = 0 = βnzn, hence βn = 0. If α is not
invertible, he ideal (α) can be included in a maximal ideal m ̸= OY (U) of OY (U). Since m is
prime and βn = 0, we have β ∈ m. By the definition of I, there exist λ, µ ∈ OY (U) such that
λf ∗(xi) + µf ∗(t) = z, i.e. λα + µβ = 1 ∈ m. This is impossible, so α is invertible.

It follows that there one and only one possible definition for f̃ ∗ : OX(Ui)[t]/(t
n) → OY (U) :

f̃ ∗(a) = f ∗(a) for every a ∈ OX(Ui), and f̃ ∗(t) = βα−1t. □

6.3. The case of double schemes

We suppose that n = 2 and keep the notations of the proof of theorem 4.1.1. Let i, j ∈ I. From
3.2, λ∗ij and γ∗ij are automorphisms of OX(Uij)[t]/(t

2), and there exists derivations Dij, Eij of
OX(Uij) such that, for every u ∈ OX(Uij) we have

λ∗ij(u) = u+Dij(u)t , γ∗ij(u) = u+ Eij(u)t .

According to 3.2, the family (Dij) (resp. (Eij)) represents A ∈ H1(X,TX ⊗ L) (resp.
A ∈ H1(X,TX ⊗ L⊗ OX(H))), and C.A (resp. C.A) is the element of DS(X,L) (resp.
DS(X,L⊗ OX(H))) corresponding to X (resp X′ = BH,X).

Let ϕH : H1(X,TX ⊗ L) −→ H1(X,TX ⊗ L⊗ OX(H)) be the canonical map.

6.3.1. Proposition: We have A = ϕH(A).

Proof. This follows easily from 2.2.3 and proposition 6.1.2. □
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7. Primitive double structures on P̃2

7.1. The main result

Let P ∈ P2. Let π : P̃2 → P2 be the blowing-up of P2 along P , and P̃ = π−1(P ) the
exceptional divisor.

According to [10], there exists only one non trivial primitive double scheme X such that
Xred = P2, and its associated line bundle is OP2(−3).

Let Y be a primitive double scheme such that Yred = P2, and with associated line bundle
OP2(m). We will give the list of all primitive double schemes Ỹ such that

– Ỹred = P̃2 ,
– there exists a morphism πỸ : Ỹ → Y inducing πP,P2 : P̃2 → P2, and such that its

restriction Ỹ\P̃ → Y\{P} is an isomorphism.

In this case, if L is the line bundle on P̃2 associated to Ỹ, there is an integer p such that
L = π∗

P,P2
(OP2(m))⊗ OP̃2

(pP̃ ) . We will prove

7.1.1. Theorem: We have p ≥ 0.

1 – If p = 0, the schemes Ỹ are the blowing-ups of Y along the good subschemes Z such that
Zred = {P}. If m ≥ −1, all these schemes are isomorphic. If m ≤ −2 they are all distinct.

2 – If p = 1, these schemes form a family (Ỹ1,α)α∈C, Ỹ1,0 being the blowing-up of the schemes
of 1 along P̃ , and also the blowing-up of Y along P . If Y = X, these schemes are all distinct.
If Y is trivial, Ỹ1,0 is trivial, and all the Ỹ1,α, α ̸= 0 are isomorphic and non trivial.

3 – If p ≥ 2, there is only one such scheme Ỹp. If p = 2, Ỹp is the blowing-up of the schemes
of 2 along P̃ . If p > 2, Ỹp is the blowing-up of Ỹp−1 along P̃ .

According to 5, if m ≤ −2, the set of schemes Ỹ such that p = 0 has a natural structure of
affine space with associated vector space TP2,P ⊗ OP2(m)P .

We will give the proof only for X, the non trivial double scheme. The other cases are similar
and simpler.

7.2. Definition and properties of the non projective double plane X

Let V be a complex vector space of dimension 3, P2 = P(V ) and P∗
2 = P(V ∗). Let Q be the

universal quotient bundle on P∗
2. We have an exact sequence

0 −→ OP∗
2
(−1) −→ OP∗

2
⊗ V ∗ −→ Q −→ 0 .

We fix a basis of V , so that we can define points of V or P2 using 3 coordinates. For 0 ≤ i ≤ 2, let
Ui = {(x0, x1, x2) ∈ P2 ; xi ̸= 0}. We will take the indices in Z/3Z, so that x3 = x0, x4 = x1, · · · .
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7.2.1. The double projective plane X (cf. [10],8) – We use the notations of 7.3 and 3.1. For
0 ≤ i ≤ 2, ΩP2(Ui) is generated by d

(xi+1

xi

)
, d

(xi+2

xi

)
. The corresponding dual basis of TP2(Ui)

is
( ∂

∂(xi+1/xi)
,

∂

∂(xi+2/xi)

)
. Then X is constructed as in 3.1.1, 3.2, using the open cover

(Ui)0≤i≤2. We take

αi,i+1 =
( xi
xi+1

)3

, Di,i+1 =
xi
xi+1

∂

∂(xi+2/xi)
.

So we have isomorphisms δi : U
(2)
i −→ Ui × Z2 (where U (2)

i is the open subscheme of X corre-
sponding to Ui). Let

δij = δjδ
−1
i : Uij × Z2

≃−−−−→ Uij × Z2 ,

and δ∗ij = δ∗−1
i δ∗j is the corresponding automorphism of OP2(Ui)[t]/(t

2).

The line bundle on P2 associated to X is OP2(−3).

7.3. The blowing-up of a point of P2

Let P = (0, 0, 1) ∈ P2 and U = P2\{P}. Let π : P̃2 → P2 be the blowing-up of P2 along P .
Let P ⊂ P∗

2 be the line whose points are the lines of P2 that contain P . We have

P̃2 = {(E,Q) ∈ P× P2 ; Q ∈ E} ,

and π = πP,P2 : P̃2 → P2 is the second projection. Let Ψ : P̃2 → P be the first one. It is a
projective bundle: P̃2 = P(Q∗

|P). Let OP̃2
(1) be the corresponding line bundle, and P̃ = π−1(P )

the exceptional line. We have (cf. [17], V, 2)

OP̃2
(P̃ ) ≃ Ψ∗(OP(−1))⊗ OP̃2

(1) , π∗(OP2(1)) ≃ OP̃2
(1) .

7.3.1. An open cover – We have an isomorphism D : P1 → P that associates to (α0, α1) ∈ P1

the line of equation α0x0 − α1x1 = 0. For i = 0, 1, let Vi = {(α0, α1) ∈ P ; αi ̸= 0}. We have

ψ−1(V0) = {(D(1, λ), (λx1, x1, x2)) ∈ P̃2 ; λ ∈ C, (x1, x2) ∈ P1} ≃ C× P1 ,

ψ−1(V0) ∩ U = U1, and a similar description of ψ−1(V1). Let W0 = U0, W1 = U1,

W2 = {(E, (x0, x1, x2)) ∈ ψ−1(V0) ; x2 ̸= 0}
= {(D(1, λ), (λµ, µ, 1)) ;λ, µ ∈ C} ≃ C2 ,

W3 = {(E, (x0, x1, x2)) ∈ ψ−1(V1) ; x2 ̸= 0}
= {(D(η, 1), (ν, ην, 1)) ; η, ν ∈ C} ≃ C2 .

We have W0 ∪W1 ∪W2 ∪W3 = P̃2, and
W02 = U012 , W03 = U02 , W12 = U12 , W13 = U012 , W23 ≃ C× C∗ ,

W012 = W013 = W023 = W123 = U012 .
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We will use the variables λ =
x0
x1

, µ =
x1
x2

.

With the notations of 5, we have i0 = 2, y1 = µ, y2 = ν = λµ, W2 = DB2
+ (y1) and

W3 = DB2
+ (y2).

7.3.2. Line bundles – With respect to the open cover (Wi)0≤i≤3, the line bundle
π∗(OP2(m))⊗ OP̃2

(pP̃ ) is represented by the cocycle (βij)0≤i<j≤3, with

β01 = x−m
0 xm1 = λ−m , β12 = x−p−m

1 xm+p
2 = µ−p−m ,

β02 = x−m
0 x−p

1 xm+p
2 = λ−mµ−p−m , β23 = x−p

0 xp1 = λ−p ,

β03 = x−p−m
0 xm+p

2 = λ−p−mµ−p−m , β13 = x−p
0 x−m

1 xm+p
2 = λ−pµ−p−m .

7.4. Morphisms to X

We use here the results of 3.5.

7.4.1. Rings and derivations – Let C(λ, µ) be the field of rational functions in the variables λ,
µ (of 7.3.1). If a1, . . . , an ∈ C(λ, µ), let A(a1, . . . , an) be the sub-C-algebra of C(λ, µ) generated
by a1, . . . , an. We have

OP2(U2) = A(µ, λµ) , OP̃2
(W2) = C[λ, µ] , OP̃2

(W3) = A(
1

λ
, λµ) ,

OP̃2
(W12) = A(λ, µ,

1

µ
)) , OP̃2

(W23) = A(λ,
1

λ
, µ) , OP̃2

(W03) = A(
1

λ
, λµ,

1

λµ
) ,

OP2(U012) = OP̃2
(W012) = A(λ,

1

λ
, µ,

1

µ
) .

We will write the derivations D of OP̃2
(Wi) (or OP̃2

(Wij), OP̃2
(W012)) as

D = U.
∂

∂λ
+ V.

∂

∂µ
,

where U, V ∈ OP̃2
(W012). There will be conditions on U and V , depending on the open subset

where they are defined. For example suppose that we consider derivations of OP̃2
(W12). Then

OP2(W12) = A(λ, µ,
1

µ
). So D is a derivation of OP̃2

(W12) if and only if D(λ),D(µ) ∈ OP2(W12),

i.e. U, V ∈ OP2(W12). No verification is required for W02 and W13, since W02 = W13 = U012.

7.4.2. Construction of double structures – We want to define primitive double schemes Y, such
that Yred = P̃2, and such that there exists a morphism ϕ : Y → X with ϕred = π : P̃2 → P2, and
such that ϕ induces an isomorphism between the open subschemes of Y, X over U = P2\{P}.

The associated line bundle will be of the form L = π∗(OP2(−3))⊗ OP̃2
(pP̃ ), with associated

cocycle (βij) as in 7.3.2, with m = −3.

We will use the open cover (Wi)0≤i≤3 of P̃2 to build them as in 3. For this we need to define
a derivation Eij of OP̃2

(Wij), for 0 ≤ i < j ≤ 3, such that (β−1
i ⊗ Eij)0≤i<j≤3 represents the

associated element of H1(P̃2, TP̃2
⊗ L). In particular we have the relations Eik = Eij + βijEjk.
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So we have, as in 7.2 for X, for 0 ≤ i ≤ 3, isomorphisms ρi : W
(2)
i → Wi × Z2, with ρ0 = δ0,

ρ1 = δ1.

We have E01 = D01 = −λ2µ2 ∂

∂µ
. We will take

E12 = A
∂

∂λ
+B

∂

∂µ
, E13 = C

∂

∂λ
+D

∂

∂µ
.

Hence we have

E23 = β21(E13 − E12) = µp−3
(
(C − A)

∂

∂λ
+ (D −B)

∂

∂µ

)
,

E03 = E01 + β01E13 = λ3C
∂

∂λ
+ (λ3D − λ2µ2)

∂

∂µ
.

The fact that Eij is a derivation of OP̃2
(Wij) will impose conditions on A, B, C and D, necessary

and sufficient to define Y. The existence on ϕ will also impose other conditions.

7.4.3. Morphisms Y → X – We have
π(W0) = U0 , π(W1) = U1 , π(W2) ⊂ U2 , π(W3) ⊂ U2 ,

and π : Wi → Ui is the identity for i = 0, 1. Let

∆0 : W
(2)
0 −→ U

(2)
0 , ∆1 : W

(2)
1 −→ U

(2)
1

be the identities. We will define
∆2 : W

(2)
2 −→ U

(2)
2 , ∆3 : W

(2)
3 −→ U

(2)
2 ,

(inducing π), such that ∆1 and ∆2 (resp. ∆1 and ∆3) coincide on W (2)
12 (resp. W (2)

13 ). It is easy
to see that this describes completely a morphism ϕ : Y → X.

With the notations of 3.5.3, we have

λ0 = δ1 : U
(2)
1

≃−−−−→ U1 × Z2 , λ1 = δ2 : U
(2)
2

≃−−−−→ U2 × Z2 ,

and λ∗ = λ∗−1
0 λ∗1 = δ∗12 is an automorphism of OP2(U12)[t]/(t

2). We have
λ∗(a) = a+DX(a)t for every a ∈ OP2(U12) ,

Where DX =
x1
x2

∂

∂(x0/x1)
(with respect to the variables

x2
x1

,
x0
x1

) and λ∗(t) = αt, with

α =
x31
x32

= µ3. With respect to the variables λ, µ we have DX = µ
∂

∂λ
.

We have similarly, with µ0 = ρ1, µ1 = ρ2, µ∗ = ρ∗12,
µ∗(b) = b+DY (b)t for every b ∈ OP̃2

(W12) ,

where DY is the derivation E12 of the definition on Y, and µ∗(t) = βt, with β = β12 = µ−p+3.

Let A2 = λ1∆2µ
−1
1 = δ2∆2ρ

−1
2 : W2 × Z2 → U2 × Z2. We have

A∗
2(a) = π∗(a) + γ2(a)t

for every a ∈ OX(U2), where γ2 : OP2(U2) → OP̃2
(W2) is a π∗-derivation, and A∗

2(t) = τ2.t,
with τ2 ∈ OP̃2

(W2).
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From (1) we have τ2 = µp. It follows that p ≥ 0. From (1) also we have

γ2 = µp−3
(
(µ− A)

∂

∂λ
−B

∂

∂µ

)
.

We have OP̃2
(W2) = C[λ, µ] and OP2(U2) = A(λµ, µ). So the fact that γ2 has values in

OP̃2
(W2) is equivalent to γ2(µ), γ2(λµ) ∈ C[λ, µ]. These conditions imply also that E12 is a

derivation of OP̃2
(W12).

We obtain similar results for A3. We have
A∗

3(a) = π∗(a) + γ3(a)t

for every a ∈ OX(U2), where γ3 : OP2(U2) → OP̃2
(W3) is a π∗-derivation, and A∗

3(t) = τ3.t,
with τ3 ∈ OP̃2

(W3). From (1) we have τ3 = λpµp. From (1) we have

γ3 = λpµp−3
(
(µ− C)

∂

∂λ
−D

∂

∂µ

)
.

7.4.4. Conditions on A, B, C, D and consequences – We will study the conditions imposed
on A, B, C and D by the facts that γi(OP2(U2)) ⊂ OP̃2

(Wi) for i = 2, 3, and that the Eij are
derivations of OP̃2

(Wij).

7.4.5. Lemma: We can suppose that B = µ−p+3B0, where B0 is any element of C[λ, µ], and
that A is of the form A = µ− µ−p+2R(λ), where R is a polynomial.

Proof. We have µ ∈ OP2(U2) and γ2(µ) = −µp−3B ∈ OP̃2
(W2), hence we can write

B = µ−p+3B1, where B1 ∈ OP̃2
(W2). But B1

∂

∂µ
is a derivation of OP̃2

(W2) and β12 = µ−p+3,

hence by 3.2 we can replace E12 with E12 − µ−p+3(B1 −B0)
∂

∂µ
, i.e. we can assume that

B = µ−p+3B0.

We have γ2(λµ) = µp−2(µ− A), hence we can write µp−2(µ− A) = P (λ, µ), where P is a
polynomial, i.e. A = µ− µ−p+2P (λ, µ). By 3.2, we can replace A with A+ µ−p+3Q(λ, µ),
where Q is a polynomial. The result for A follows immediately. □

7.4.6. Lemma: Let D = U
∂

∂λ
+ V

∂

∂µ
, with U, V ∈ C(λ, µ). Then D is a derivation of

OP̃2
(W3) if and only there are ϵ, τ ∈ OP̃2

(W3) such that U = λ2ϵ, V =
1

λ
τ − λµϵ.

Proof. This follows easily from the fact that D is a derivation of OP̃2
(W3) if and only if

D(1/λ), D(λµ) ∈ OP̃2
(W3). □

7.4.7. Lemma: We can suppose that

C = µ+ λ−pµ−p+2
(
− c0λ+ S

(1
λ

))
, D = λ−pµ−p+3c0 ,

where c0 ∈ C and S is a polynomial.
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Proof. We have γ3(µ) = −λpµp−3D ∈ OP̃2
(W3) and

γ3(λµ) = λpµp−3(µ(µ− C))− λD) ∈ OP̃2
(W3). Hence

C = µ− λ−pµ−p+3
(
− λ

µ
γ3(µ) +

1

µ
γ3(λµ)

)
, D = −λ−pµ−p+3γ3(µ) .

By 3.2, we can replace C with C + λ−pµ−p+3.λ2ϵ and D with D + λ−pµ−p+3
(1
λ
τ − λµϵ

)
,

with ϵ, τ ∈ OP̃2
(W3). We get

C = µ+ λ−pµ−p+3
(
λ2ϵ+

λ

µ
γ3(µ)−

1

µ
γ3(λµ)

)
, D = λ−pµ−p+3

(
− γ3(µ) +

1

λ
τ − λµϵ

)
.

Since OP̃2
(W3) = A(

1

λ
, λµ), we can take τ , ϵ such that −γ3(µ) +

1

λ
τ − λµϵ = c0 ∈ C. We

have then D = λ−pµ−p+3c0. We can still replace ϵ with ϵ+
1

λ
θ and τ with τ + λµθ, with

θ ∈ OP̃2
(W3). We have

λ2ϵ+
λ

µ
γ3(µ)−

1

µ
γ3(λµ) = −λ

µ
c0 +

1

µ

(
λµθ + τ − γ3(λµ)

)
.

We can then choose θ such that λµθ + τ − γ3(λµ) is a polynomial in
1

λ
. □

Let R0 (resp. S0) be the constant term of the polynomial R(λ) (resp. S
(1
λ

)
). Recall that we

have p ≥ 0.

7.4.8. Lemma: 1 – If p ≥ 2 then R = S = c0 = 0.

2 – If p = 1, then S = 0 and R = c0.

3 – If p = 0, then R = R0 + c0λ, S = S0 and R0 = −S0.

Proof. We have E23(λ) = µp−3(C − A) ∈ OP̃2
(W23) = A(λ,

1

λ
, µ). The result follows immedi-

ately that, from lemmas 7.4.5 and 7.4.7, we have

µp−3(C − A) =
1

µ

(
− c0λ

−p+1 + λ−pS
(1
λ

)
+R(λ)

)
.

□

The fact that E03 is a derivation of OP̃2
(W03) does not bring other conditions.
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7.5. proof of theorem 7.1.1

Suppose that p = 0. Then we have, according to lemma 7.4.8,

E12 = (µ+ µ2(−c0λ−R0))
∂

∂λ
+ µ3c0

∂

∂µ
,

and the same formula for E13. With the notations and context of 5.2, we have i0 = 2, y1 = µ,
y2 = λµ, J = {0, 1, i1, i2}, (V0, V1, Vi1 , Vi2) = (U0, U1,W2,W3). If Z = Z(a1, a2), and (E ′

ij)i,j∈J
is the family of derivations that define BZ,X, we have

E ′
1,i1

= µ
∂

∂λ
+ µ3D(a1, a2) .

Using the preceding formulas, we have

µ3D(a1, a2) = µ3
(
a1

∂

∂y1
+ a2

∂

∂y2

)
= µ2(−a1λ+ a2)

∂

∂λ
+ µ3a1

∂

∂µ
.

Hence we have E12 = E ′
12 if a1 = c0 a2 = −R0. With simpler other checks, we see easily that

the primitive double schemes of lemma 7.4.8, 3, are the BZ,X.

The other cases (p = 1, 2) are similar. The scheme Ỹ1,α of theorem 7.1.1,2, corresponds to
c0 = α in lemma 7.4.8.

7.6. The double schemes X̃1,α

We will study the schemes X̃1,α, α ∈ C, of theorem 7.1.1, 2 (when Y is the non trivial double
scheme X). The line bundle associated to X̃1,α is π∗

P,P2
(OP2(−3))⊗ OP̃2

(P̃ ) = ωP̃2
. It follows

that X̃1,α is a K3-carpet (cf. [11], [15]).

7.6.1. Theorem: 1 – X̃1,α is quasi-projective if and only α ∈ Q and α > 0.

2 – If α ̸∈ Q, Pic(X̃1,α) = {OX̃1,α
}.

3 – If α ∈ Q, Pic(X̃1,α) ≃ Z.

We will first describe H1(P̃2,ΩP̃2
) with usual Čech cohomology, using the open cover (Wi)0≤i≤3.

We have H1(P̃2,ΩP̃2
) ≃ C2, and it is generated by ∇0(π

∗(OP2(1))) and
∇0(OP̃2)

(−P̃ ) (cf. 2.1). With respect to (Wi)0≤i≤3,

– ∇0(π
∗(OP2(1))) is represented by the cocycle (uij), with

u01 = −dλ
λ
, u12 = −dµ

µ
, u23 = 0 .

– ∇0(OP̃2
(−P̃ )) is represented by the cocycle (vij), with

v01 = 0 , v12 =
dµ

µ
, v23 =

dλ

λ
.
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For the canonical product H1(P̃2,ΩP̃2
)×H1(P̃2,ΩP̃2

) → H2(P̃2, ωP̃2
) ≃ C , we have

∇0(π
∗(OP2(1)))

2 = 1 , ∇0(OP̃2
(−P̃ ))2 = −1 , ∇0(π

∗(OP2(1))).∇0(OP̃2
(−P̃ )) = 0 .

From 7.4, the scheme X̃1,α is defined, with respect to (Wi)0≤i≤3, by the family (Eij) of deriva-
tions, with

E01 = −λ2µ2 ∂

∂µ
, E12 = µ(1− α)

∂

∂λ
, E23 = −α

λ

∂

∂µ
.

This family defines also σα ∈ H1(P̃2,ΩP̃2
) (which defines X̃1,α according to 3.2), in the sense of

2.2.

7.6.2. Lemma: We have σα = ∇0(π
∗(OP2(1))) + α∇0(OP̃2

(−P̃ )) .

Proof. On the open subsets Wi we have the following trivializations αi : ωP̃2|Wi
→ OWi

of P̃2 :

α0 : d
(x2
x0

)
∧d

(x1
x0

)
7→ 1 , α1 : d

(x0
x1

)
∧d

(x2
x1

)
7→ 1 , α2 : dλ∧dµ 7→ 1 , α3 : dν∧dη 7→ 1 ,

and, using the variables λ, µ:

α−1
0 : 1 7→ − 1

λ3µ2
dλ∧dµ , α−1

1 : 1 7→ − 1

µ2
dλ∧dµ , α−1

2 : 1 7→ dλ∧dµ , α−1
3 : 1 7→ −1

λ
dλ∧dµ .

In usual Čech cohomology, σα is defined by E ′
ij = α−1

i Eij :

E ′
01 = − 1

λ3µ2
.dλ ∧ dµ⊗ (−λ2µ2 ∂

∂µ
) , E12 = − 1

µ2
.dλ ∧ dµ⊗ µ(1− α)

∂

∂λ
,

E23 = dλ ∧ dµ⊗
(
− α

λ

∂

∂µ

)
.

Now we apply the canonical isomorphism ωP̃2
⊗ TP̃2

≃ ΩP̃2
and we get

E01 = −1

λ
.dλ , E12 =

α− 1

µ
.dµ , E23 =

α

λ
.dλ .

The result follows from the preceding description of ∇0(π
∗(OP2(1))) and ∇0(OP̃2)

(−P̃ ). □

Now we prove theorem 7.6.1. A line bundle F on X̃1,α is ample if and only if F|P̃2
is ample (by

[18], proposition 4.2). Hence X̃1,α is quasi-projective if and only if some ample line bundle on
P̃2 can be extended to a line bundle to X̃1,α.

Let F be a line bundle on P̃2. According to 3.3, F can be extended to a line bundle on
X̃1,α if and only if σα.∇0(F ) = 0. Let Fmn = π∗(OP2(m))⊗ OP̃2

(−nP̃ ). Then we have
σα.∇0(Fmn) = m− nα.

The ample line bundles on P̃2 are the Fmn such that m,n > 0. It follows that X̃1,α is quasi-
projective if and only if there exist positive integers m, n such that m− nα = 0. This proves
1.
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According to [11], theorem 1.2.1, if F,F′ are line bundles on X̃1,α, then F ≃ F′ if and only if
F|P̃2

≃ F′
|P̃2

. In other words, two extensions to X̃1,α of a line bundle on P̃2 are isomorphic. This
implies 2 and 3.
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