N

HAL

open science

BLOWING-UPS OF PRIMITIVE MULTIPLE SCHEMES

Jean-Marc Drézet

» To cite this version:

‘ Jean-Marc Drézet. BLOWING-UPS OF PRIMITIVE MULTIPLE SCHEMES. 2024. <hal-04750558)

HAL Id: hal-04750558
https://hal.science/hal-04750558v1

Preprint submitted on 23 Oct 2024

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documents may come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaire HAL, est des-
tinée au dépot et a la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
francais ou étrangers, des laboratoires publics ou
privés.

Auto':izition
HAL Authorization


https://hal.science/hal-04750558v1
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr

BLOWING-UPS OF PRIMITIVE MULTIPLE SCHEMES

JEAN-MARC DREZET

RESUME. A primitive multiple scheme is a Cohen-Macaulay scheme X such that the associated
reduced scheme X = X,.q is smooth, irreducible, and that X can be locally embedded in a
smooth variety of dimension dim(X)+ 1. If Jx is the ideal sheaf of X, L =Jx/J% is a line
bundle on X, called the associated line bundle of X. The simplest example is the trivial primitive
multiple scheme of multiplicity n associated to a line bundle L on X: it is the n-th infinitesimal
neighborhood of X, embedded in the line bundle L* by the zero section.

A subscheme Z of X is called good if Z,.q4 is smooth and connected, and if d = codim(Z2)
and Jz x is the ideal sheaf of Z, then for every closed point z € Z, Jz x . can be generated by
d elements.

Two kinds of subschemes Z of X will be considered: the closed smooth subschemes of X,
seen as subschemes of X, and the good subschemes. In the two cases, the blowing-up Bz x of
X along Z is a primitive multiple scheme of multiplicity n, and its underlying smooth scheme
is the blowing-up Bz, _, x of X along Z,.q. Additional results are obtained in the case of
hypersurfaces or points of X. N

We treat the case of X =Py, with Z a single point P. Let 7 :P; — Py be the blowing-up
of Py along P. We find all primitive double schemes X, Y, with Y,.q = Ps, X,.cq = P2, such
that there is a morphism Y — X inducing 7 and an isomorphism Y\n~!}(P) — X\{P}. We
obtain in this way the list of all K3-carpets with underlying smooth variety P,.
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— X,cq = X is a smooth connected variety,
— for every closed point z € X, there exists a neighborhood U of x in X, and a smooth
variety S of dimension dim(X) + 1 such that U is isomorphic to a closed subscheme of

S.

We call X the support of X. It may happen that X is quasi-projective, and in this case it is
projective if X is.

For every closed subscheme Z C X, let I (or Jzx) denote the ideal sheaf of Z in X. For every
positive integer 4, let X; be the closed subscheme of X corresponding to the ideal sheaf J.
The smallest integer n such that X, =X is called the multiplicity of Y. For 1 <i <n, X; is
a primitive multiple scheme of multiplicity i, L = Jx/Jx, is a line bundle on X, and we have
Jx,/Ix,,, = L'. We call L the line bundle on X associated to X. If n = 2, X is called a primitive
double scheme.

For any L € Pic(X), the trivial primitive scheme of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

The primitive multiple curves where defined in [14], [2]. Primitive double schemes were param-
eterized and studied in [3] and [I3]. More results on primitive multiple curves can be found in
7, I8, [9, [, [19], [20], [21]. Some primitive double schemes are studied in [1], [15] and [16].
The case of varieties of any dimension, and higher multiplicity, is studied in [I0], where the
following subjects were treated:

— construction and parametrization of primitive multiple schemes,

— obstructions to the extension of a vector bundle on X,, to X,,.1,

— obstructions to the extension of a primitive multiple scheme of multiplicity n to one of
multiplicity n + 1.

In [I1], the construction and properties of fine moduli spaces of vector bundles on primitive
multiple schemes are described. In [I2] other types of sheaves are studied.

Let Y be a noetherian scheme. If Z CY is a closed subscheme, let 77y :Bzy —Y be the
blowing-up of Y along ~Z.

Let X be a smooth irreducible variety, n > 2 be an integer and X a primitive multiple scheme
of multiplicity n such that X,.; = X and with associated line bundle L € Pic(X).

1.1. THE CASE OF SUBSCHEMES OF X

Let Y C X a nonempty closed irreducible smooth subvariety, such that Y # X. Let
Vo= mh(Y), Y= apk(Y).
We will prove (cf.

1.1.1. Theorem: By is a primitive multiple scheme of multiplicity n, (Byx)rea = By.x,
its associated line bundle is

OBY,x (Yn)\BY,X ® 7T-T/,X(L) - OBY,X (Y> ® 7Tl*/,X(L) ’
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The exceptional divisor XN/n 1 a trivial primitive multiple scheme of multiplicity n, such that
(Yo)rea =Y, and with associated line bundle (Op, (Y) @ w5 (L))

v

The proof follows the construction of blowing-ups given in [17], II-2. If Y is a hypersurface, we
give another proof, inspired by [3] and [§], using the fact that By x = X.

1.1.2. The case of double schemes — Suppose that X is of multiplicity 2. Let X' another
double primitive scheme such that X, = X, not isomorphic to X. We will prove that if
codim(Y, X)) > 2, then Byx and By are not isomorphic (proposition {4.1.3)).

Suppose that Y is a hypersurface. To X one can associate o € H'(X,Tx ® L), such that C.o
characterizes X (cf. [3.2). We have a canonical map

¢y : H(X,Tx @ L) — HY(X,Tx ® L ® Ox(Y")) . Using the second proof the preceding the-
orem for hypersurfaces, we prove that the element of H'(X,Txy ® L ® Ox(Y)) associated to
Byx is ¢y (o).

1.2. THE CASE OF GOOD SUBSCHEMES OF X

Suppose that X is of multiplicity n. Let Z C X be a good subscheme of dimension d. Let
Y =7, and Z, = WE,IX(Z). We will prove (cf.

1.2.1. Theorem: By is a primitive multiple scheme of multiplicity n, (Bzx)reda = By.x,
and its associated line bundle is my x(L).
The exceptional divisor ZL s a primitive multiple scheme of multiplicity n,

(Zp)reda = Y = 7T}_/,1X(Y), and its associated line bundle is 7T§k/7X(L)|?.

The proof is very similar to that of theorem [£.1.1] The two cases are related: the blowing-up
of Bz along Y = 7r§3X(Y) C By x is Byx (proposition (4.3.1]).

Zero-dimensional good subschemes — Suppose that X is of multiplicity 2. Let P € X. Let I'p
be the set of good subschemes Z C X such that Z,.q = {P}. Then I'p has a natural structure
of affine space, with associated vector space (Tx ® L)p. Hence, given Z, 7’ € T'p, we can define
the “difference” Z — 272" € (Tx ® L)p.

Let evy:Ox ® HY (X, Tx ® L) — Tx ® L be the evaluation morphism, and

HL’p = im(evL,p) C (TX X L)P

In we determine when Bz y and By are isomorphic. When X is not trivial, it is the case
if and only if Z — 2’ € Hy, p (theorem [5.2.2)).

1.3. DOUBLE STRUCTURES ON Py

Let PeP, Let 7:Py =P, be the blowing-up of Py along P, and P= 71 (P) the
exceptional divisor.
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According to [I0], there exists only one non trivial primitive double scheme X such that
X,ed = Py, and its associated line bundle is Op,(—3).

Let Y be a primitive double scheme such that Y,.;=P,, and with associated line bundle

Op,(m). We will give the list of all primitive double schemes Y such that

- §Ted = ]?)2 )
— there exists a morphism 75 :Y — Y inducing wpp, : P, — Ps, and such that its
restriction Y\P — Y\{P} is an isomorphism.

In this case, if L. is the line bundle on EDQ associated to §(, there is an integer p such that
L = 7pp,(0p,(m)) ® Op, (pP) . We will prove

1.3.1. Theorem: We have p > 0.

1 - Ifp=0, the schemes Y are the blowing-ups of Y along the good subschemes Z such that
Zrea = {P}. If m > —1, all these schemes are isomorphic. If m < —2 they are all distinct.

2 — Ifp=1, these schemes form a family (YN{'LQ)QE(C, §1,0 being the blowing-up of the schemes
of 1 along P, and also the blowing-up of Y along P. If Y =X, these schemes are all distinct.
If Y s trivial, Y1 is trivial, and all the Y, o, a # 0 are isomorphic and non trivial.

3 — Ifp>2, there is only one such scheme Y If p=2, Y 1s the blowing-up of the schemes
of 2 along P. Ifp> 2, Y 1s the blowing-up of Yp 1 along P.

K3-carpets — We consider the schemes Xl a» @ € C, of theorem 1.3.1, 2 (when Y is the non
trivial double scheme X). The line bundle associated to Xy 4 is T, (Op,(=3)) ® O, (P P) = W, -

It follows that X, o is a K3-carpet (cf. [11], [15]).

1.3.2. Theorem: 1 - X; o U8 quasi-projective if and only o € Q and o > 0.
2- Ifa¢Q, Pic(Xia) = {0g, }.
3 - IfaeQ, Pic(Xy,) ~ Z.

If instead of X we take for Y the trivial double scheme with associated line bundle O]p2( 3), we
obtain two K3-carpets, the trivial scheme Y: o (the blowing-up of Y along P), and Y1,a, a # 0.
We have PIC(YLQ) Z, generated by an extension of 7*(Op, (1)) to Ylya

1.4. OUTLINE OF THE PAPER
In Chapter 2, we give several preliminary definitions and technical results that will be used in
the next chapters.

In Chapter 3 we recall the definitions and properties of primitive multiple schemes and of good
subschemes. We show also how to define morphisms between primitive double schemes.
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In Chapter 4, the blowing-ups are described, and theorems [1.1.1| and [1.2.1] are proved.

In Chapter 5, we give supplementary results on blowing-ups of X along zero-dimensional good
subschemes, when X is of multiplicity 2.

In Chapter 6, we give another proof of theorem [I.1.T| when Y is an hypersurface.
In Chapter 7, we treat the case of X = Py, and prove the results of [.3]

Terminology: A scheme is a noetherian separated scheme over C.

2. PRELIMINARIES
2.1. CANONICAL CLASS OF A VECTOR BUNDLE

2.1.1. Definition — Let Z be a scheme over C and L a line bundle on Z. To L one associates
an element V(L) of H'(Z,Qz), called the canonical class of L. If Z is smooth and projective,
and L = Oz(Y'), where Y C Z is a smooth hypersurface, then V(L) is the cohomology class
of Y.

Let (Z;)ier be an open cover of Z such that L is defined by a cocycle (6;5), 6;; € Oz(Z;;)*. Then
db;;
(%

) is a cocycle which represents V(L).
ij

2.2. CECH COHOMOLOGY AND TRIVIALIZATIONS

Let X be a scheme over C and E a vector bundle on X, r = rk(E). Let (U;);c; be an open
cover of X such that we have trivializations:

Q; - E|Ui — Oy, ® C".

Let
Q;j = ;0 ozj_l : Oy, @ C" — Oy, ® C7,

so that we have the relation «;ja, = iy

2.2.1. Let n be a positive integer, and for every sequence (ig, ..., 1%,) of distinct elements of I,
Oig-vin € HO(UiO---in; OX (24 (CT) Let
9i0...7;n = Oé;(]lO'iO...in € H0<Uio---in; E) .

The family (0;,...,) represents an element of H"(X, E) if the cocycle relations are satisfied: for
every sequence (i, ..., 4,4+1) of distinct elements of I,

n

Z(_l)kei()...f...inﬂ =0,

k=0
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which is equivalent to
n+1

OéiOilo-il"‘in+1 + Z<_1)k0—10{1\c7,n+1 = 0.
k=1
For n = 1, this gives that elements of H'(X, E) are represented by families (o;;),
05 € HO(UZ‘J‘, Ox ® (CT), such that
OéijO'jk + O'ij — Ok — 0.

In Cech cohomology, it is generally assumed that 6;; = —6;;. This implies that o, = —a;;04;.

2.2.2. Let F be a vector bundle on X. Similarly, an element of H"(X, F'® E) is represented
by a family (py...i,, ), With piy.., € H*(Uy,...,,, F @ CT), satisfying the relations
n+1

k=1
The corresponding element of H(U;,..;., E Q@ F)is 0;,..;, = (Ir @ ) iy, )-
For n = 1, this gives that elements of H'(X, F ® E) are represented by families (;;),
0 € H(Uy;, F @ C"), such that

(Ir @ vij)ojk + 045 —ow = 0.
If £ is a line bundle, then «;; € C*, and the cocycle relation is oo, + 0i5 — o, = 0.

The family (o;;) represents 0 if and only if there exists, for every i € I, p; € H*(U;, F ® C"),
such that Oij = Pi — (IF X Oém‘)(ﬂj).

2.2.3. Let D be a line bundle on X, and s € H°(X,D). Let he H(X,E®F), repre-
sented (according to [2.2.2) by a family (hy;), hi; € H(X,F ® C"), satisfying the relations
a;ihik + hij — hip = 0. The section s induces a map

s : H(X,E®F) — H(X,E® F® D).
Let p; : Dy, — Oy, be trivializations, and s; = p;s € C. Then (p;;c;) is a cocycle that defines

the vector bundle £ ® D. We have s;h;; € H°(X, F ® C"), and using the method of [2.2.2| (with
E replaced with E'® D), ¢5(h) is represented by the family (s;h;;).

3. PRIMITIVE MULTIPLE SCHEMES

3.1. DEFINITION AND CONSTRUCTION

Let X be a smooth connected variety, and d = dim(X). A multiple scheme with support X is
a Cohen-Macaulay scheme X such that X,.; = X. If X is quasi-projective we say that it is a
multiple variety with support X . In this case X is projective if X is.

Let n be the smallest integer such that X = X ™1 X*=1 heing the k-th infinitesimal neigh-
borhood of X, ie. Jyx-1 = J’}} . We have a filtration X =X; C Xo C--- C X,, =X where
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X; is the biggest Cohen-Macaulay subscheme contained in X N XY, We call n the multiplicity
of Y.

We say that X is primitive if, for every closed point x of X, there exists a smooth variety S of
dimension d + 1, containing a neighborhood of z in X as a locally closed subscheme. In this
case, L =Jx/Jx, is a line bundle on X, X; is a primitive multiple scheme of multiplicity 7 and
we have Jx, = Ty, fJXj/fJXj+1 =I7 for 1 <j<n. We call L the line bundle on X associated
to X. The ideal sheaf Jx x can be viewed as a line bundle on X,,_;.

Let P € X. Then there exist elements yy, ..., yq4, t of mg p whose images in mg p/ mg p form a
basis, and such that for 1 <i < n we have Jx, p = (¢*). In this case the images of yi,...,y4 in
mx,p/m% p form a basis of this vector space.

Even if X is projective, we do not assume that X is projective.

The simplest case is when X is contained in a smooth variety S of dimension d + 1. Suppose
that X has multiplicity n. Let P € X and f € Ogp a local equation of X. Then we have
Ix,p=(f") for 1 <j<mnin S, in particular Jx p = (f"), and L = Ox(—X) .

For any L € Pic(X), the trivial primitive variety of multiplicity n, with induced smooth variety
X and associated line bundle L on X is the n-th infinitesimal neighborhood of X, embedded
by the zero section in the dual bundle L*, seen as a smooth variety.

If U C X is open, we note U™ the corresponding open subscheme of X,,.

3.1.1. Construction of primitive multiple schemes — Let X be a primitive multiple scheme of
multiplicity n, X = X,eq. Let Z, = spec(CJ[t]/(t")). Then for every closed point P € X, there
exists an open neighborhood U of P in X such that

— There exists a section Ox(U) — Ox(U™) of the restriction map Ox(U™) — Ox(U),
— Lyy is trivial.

Then there exists a commutative diagram

/U \

um = U x Zy,
i.e. X is locally trivial ([8], théoréme 5.2.1, corollaire 5.2.2).

It follows that we can construct a primitive multiple scheme of multiplicity n by taking an
open cover (U;);er of X and gluing the varieties U; x Z,, (with automorphisms of the U;; x Z,
leaving U;; invariant).

Let (U;)ier be an affine open cover of X such that we have trivializations
8 U™ == U, x Zy,

and 9; : Oy,xz, — OU@) the corresponding isomorphism. Let

5ij:5j5;1:UinZn_:>UinZn-
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Then 6} =6;7'07 is an automorphism of Oy,yz, = Ox(Uy)[t]/(t"), such that for every
¢ € Ox(U;;), seen as a polynomial in ¢ with coefficients in Ox(U;;), the term of degree zero of
6;;(¢) is the same as the term of degree zero of ¢.

3.1.2. The ideal sheaf of X — There exists ay € Ox(Uy;)[t]/(t"™") such that 075;(t) = aujt.

Let ozgjo-) = ayx € Ox(U;). For every i € I, 0;(t) is a generator of Jy . So we have local
trivializations
AioJ y —=0

X,f)C|Ui("71 Ui(nfl)

oty ———1
Hence Aj = AA;": OU}J@‘” — OU;;_U is the multiplication by 07 (av;). It follows that (05 (cv;))

(resp. (045?))) is a cocycle representing the line bundle Jx « (resp. L) on X,,_; (resp. X).

3.2. THE CASE OF DOUBLE SCHEMES

We suppose that n = 2. Let «;: Ly, = Oy, be isomorphisms such that «;; = ;0 aj_l on

Uij. Then we have the following description of 47;:

— there is a derivation D;; of Ox(Uj;) such that 6;(8) =8+ Dij(B)t for every
B e Ox(Us).
- (S;;(t) = Oéijt .
The relation 5;}5;‘,{ = 0}, is equivalent to D;; + a;;Djr = Dy, i.e. (D;;) is a cocyle in the sense
of . We can view Dj; as section of Tx|y,;, the family (o l® D;;) represents an element
A of HY(X,Tx ® L), and C\ is independent of the choice of the o7; and «;. We will note
C\= U(XQ) S ]P)(HI(X, Tx ® L)) U {0}

Let X, X' primitive double schemes, ¢ : X,oq — X, ¢' : X _; — X isomorphisms. We say that
X, X' are are isomorphic if there is an isomorphism @ : X — X' such that ¢ = ®,.q0¢". In
this case the associated line bundles on X of X, X' are isomorphic. Let DS(X, L) be the set of
isomorphism classes of primitive double schemes X such that X,.; ~ X and with associated

line bundle L.

According to [10] and [3], two primitive double schemes X5, X’ with underlying smooth variety
X and associated line bundle L are isomorphic (over X) if and only if 0(X3) = 0(X}). So there
is a canonical bijection DS(X, L) ~P(H (X, Tx ® L)) U {0}.

Another family (Dj;) of derivations defines (with (a;;)) the same double scheme as (D)
if and only if there exist 7 € C*, and for every i a derivation 7; of Ox(U;) such that
ng = TDZ‘j -+ ﬂ — ozz-jTj.

3.2.1. Change of trivialization — Let iy € I and 6 and automorphism of U;, X Z,, defined by
a derivation D of Ox (U, ), i.e 0*(u) =u+ D(u)t for every u € Ox(U;,), and 6*(t) = t. Now
let w;=0; if i €1,i# 1, and p, =000;,. We have 3 =04 if j,kel, jk#ip, and
e = 07108 1 1k, = 05,0, With these new trivializations, X is defined by the same cocycle

(Oéij), and the famlly Eij of derivations, with E]’k = Djk if j, ke I, j, k 7é io,
Eiok = Diok — D s Ejio = Djio + ajioD .
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3.3. EXTENSION OF LINE BUNDLES IN HIGHER MULTIPLICITY

Suppose that X,, can be extended to a primitive multiple scheme X, ; of multiplicity n + 1.
We have an exact sequence of coherent sheaves on X,

0— L" — Qx — Qx, — 0,

n+1|Xn
corresponding to o, € Extéxn (Qx,,L™). Let F be a line bundle on X,,. Let
Vo(F) € Hy, (Xn,Qx,) be the canonical class of F (cf. 2.1.1)). Then we have

0. Vo(F) € Exty, (F,F® L") = H*(X,L").
From [10], theorem 7.1.2, F can be extended to a line bundle on X, if and only if o,V (F) = 0.

3.4. GOOD SUBSCHEMES

Let Z a subscheme of X = X,,. We say that Z is good if Z,.4 is smooth and connected, and if
d = codim(Z) and Jzx is the ideal sheaf of Z, then for every closed point z € Z, Iz« . can be
generated by d elements.

3.4.1. Proposition: Let Z be a subscheme of X such that if Z,.q is smooth and connected of
dimension d. Then Z is good if and only if, for every closed point z € Z, there exists an open
neighborhood U C X of z such that there is a trivialization p: U™ — U x Z,,, and generators
Y1, Ya of Iz, x(U), which are also generators of the ideal sheaf of p(Z N U™).

Proof. If the condition is satisfied, then Z is good. Conversely, suppose that Z is good. There
exists an affine neighborhood U C X of z such that

— Jzx(U) is generated by d elements z1, ..., z4.
— The restriction of the tangent bundle of X on U is free.
— There exists a trivialization 6 : U™ — U x Z,,.

We can write, for 1 <i<d, 0" (z) =y +a;t, with y; €Tz _ x(U) a; € Ox(U)[t]/(t").
Then y1,...,yq generate Iz . x(U), and for every 2z’ € Z,.qNU, the images of yi,...,ys in
mx,. /Mm%, ., are linearly independent (where my . C Ox . is the maximal ideal). According
to [10], 5, there exists an automorphism ¢ of U x Z, leaving U invariant and such that
¢*(y;) = yi + a;t for 1 <i < d. We can then take p = 6o ¢. O

Remarks: 1 — It is necessary to consider only smooth subvarieties Z,..q C X in propo-
sition [3.4.1} suppose that X = C x Zy = spec(C[Xy]) X Z,, and let fecC C[Xy] be a
non zero polynomial multiple of X2. Let Z C X be the subscheme defined by the ideal
(f +1) C C[X,][t]/(t*). Let U C C be a neighborhood of 0 and p an automorphism of U x Z
leaving U invariant. Then, according to[3.2] there exists a derivation D of Oc(U) such that, for
every o € O¢(U) we have p*(a) = a+ D(«a)t. Hence p*(f) = f + D(f)t. Since D(f) vanishes
at 0, it is impossible to obtain p*(f) = f + t. Hence proposition is false for Z,.4 C C.

2 - If d=dim(X)—1, Z is a Cartier divisor, and Jz« is a locally free sheaf. If X is the non
projective double scheme with smooth underlying variety Py, such varieties Z of dimension 1
do not exist, since Oy is the only line bundle on X.
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3.5. MORPHISMS OF PRIMITIVE DOUBLE SCHEMES

3.5.1. Deriwvations — Let A, B be commutative C-algebras, and f: A — B a morphism. A
map 6: A — B is called a f-deriwation if

— For every € € C, 6(¢) = 0.
— For every a,a’ € A, (a+d') =0(a) +0(d’) .
— For every a,d’ € A, 0(a.d') = f(a)f(a’) + f(a')0(a) .

3.5.2. Morphisms of primitive double rings — Let A, B be commutative C-algebras, and
A2] = A[t]/(#*), B[2] = BJt]/(t*). Let ¢:A— B, ®: A[2] — B[2] be morphisms of C-
algebras such that ®((¢)) C (¢) and ¢ is induced by ®. We have
O(a) = ¢(a)+vy(a)t forevery a€ A,
O(t) = .,
where v: A — B is a ¢-derivation and 7 € B.

3.5.3. Morphisms of primitive double schemes — Let X, Y be smooth varieties, Xy, X; (resp.
Yo, Y1) open subsets of X (resp. Y) such that X = XoUX; (resp. Y =Y,UY]). Let X,
Y be primitive double schemes such that X,., =X and Y,.q=Y. Assume that we have
trivializations

N XP s Xy xZy, oYY S Yix Zy,
for i = 1,2, i.e. isomorphisms
A Ox(X)[E/ (%) — O0x(Xi) . pi: Oy (YD)[t]/(£) — Ox(Y)) .

Let
A=At Xot X Zo — Xoy X Zo , A= NI Ox (Xo))[H]/ (1) — Ox(Xo)[t]/ () ,
p= gyt Yor x Zy = You x Zo .y = gty s Oy (Yo [E]/(#2) — O (Yoo)[1]/(#7)
We have
A (a) = a+ Dx(a)t foreverya€ Ox(Xo1), A(t)=at,
p*(b) = b+ Dy(b)t forevery b€ Oy(Yo1), p*(t)=pt,
where Dx (resp. Dy) is a derivation of Ox(Xp1) (resp. Oy (Yo1)), a € Ox(Xg) and
B e O)f( *)

Let ¢:Y — X be amorphism such that ¢(Yy) C Xy and ¢(Y;) C X;. Let A;: Y ) X( )
be a morphism inducing ¢. Let

i = NAi; Yy x Zy — Xy X Zy
Then we have
©i(a) = ¢*(a)+vi(a)t forevery a € Ox(X;), ©Oi(t)=m7.t,
where v; : Ox(X;) — Oy(Y;) is a ¢*-derivation and 7; € Oy (Y;)* .
We have Ay = A; on Yo(f) it and only if O{\* = p*O] on Xy X Zy. This is equivalent to
Y% + 709" Dx = Dy¢" + By on Xop and ¢" ()10 = f71 .
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Hence it is equivalent to find an extension Y — X of ¢, and to find ¢*-derivations vy, 71,
7, € Oy (Y;)* satisfying the preceding equations. The first equation concerns ¢*-derivations on
Xo1, one has to verify that 7; sends Ox(X;) to Oy (Y;).

Suppose now that Xo = Yj, ¢y, = Iy, and Ay = We have then 79 =0 and 7y = 1. The

Y-
preceding equations become

(1) By1 = Dx—Dy on Xg and a = f17 .

4. BLOWING-UP OF SUBSCHEMES OF PRIMITIVE MULTIPLE SCHEMES

(cf. |I7], 11-2)
Let X be a smooth irreducible variety, n > 2 be an integer and X,, a primitive multiple scheme
of multiplicity n such that (X,),.s = X and with associated line bundle L € Pic(X).

If Z C X, isa closed subscheme, let 7 x, :Bzx, — X, be the blowing-up of X,, along Z,
and Z, =m,'x (Z).

4.1. BLOWING-UPS OF REDUCED SUBSCHEMES

Let Y C X be a smooth closed subvariety. Let 7y x :Byx — X be the blowing-up of X
along ¥ and Y = W;’ﬁ( (Y). We can view Y as a closed subscheme of X,,. So we have also

Ty.x, : By.x, — Xpn, the blowing-up of X,, along Y, and Y, = w;&n(Y). We will prove

4.1.1. Theorem: By x, is a primitive multiple scheme of multiplicity n,
(By x,, )rea = By .x, its associated line bundle is

OBY,Xn (Yn)|BY,X ® W;ﬁX(L) = OBY,X (Y) ® W;X(L) )

The exceptional divisor }7” 1s a primitive multiple scheme of multiplicity n, such that

(Yo)rea =Y, and with associated line bundle (Op, (Y) ® 7r§37X(L))|l~,.

Proof. Let U = spec(A) be an affine irreducible smooth variety, V' C U a closed subvariety and
Jy = Jyy its ideal sheaf. Let U, =U x Z,. We have V C U C U,, and Oy, (U) = A[t]/(t").
We will first prove the theorem when X =U,Y =V and X, =U,, i.e.: Byy, is the trivial
primitive multiple scheme of multiplicity n such that (Byvy,)rea = By, and with associated

line bundle O, (V)By.x-

Step 1 — Description of Byy — We have By = Proj(S), where S = S(V,U) is the graduate
ring
S = Py,
p=>0
The ideal sheaf Jyy, of U in U, is generated by ¢, and we have

o, = Jv+Jvw, -
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We have By, = Proj(S,), where S, =S,(V,U) is the graduate ring
Sw = P U,
p>0

and
Jyu, (U = b o

max(p—n,0)<k<p

Let feJy(U), f #0. Let Sy be the corresponding localized ring, and S(y) C Sy the subring
of elements of degree 0. Then D7 (f) = {p € Proj(S); f € p} is an affine open subset of By,
and DY (f) ~ spec(Sy)). We have

. oF
Sty = D Spe- with Sy, = {f—i Upeﬂv(U)p}.

p=>0

The ideal Iy, C Sy of V. N DI (f) is

- i
Ty = Y Sy, with S, = {f—z iy € (O]

p=>0
We have an isomorphism S(s) — Iyy , which sends o to fa. Let fi,..., f, be generators of
Jv(U). Then (D% (fi))i1<i<p is an open cover of By, and with respect to this cover, (%) is a

cocycle that defines the line bundle Og,,, (—‘7)

Step 2 — Description of By,y, — Similarly, we have f € Iy, (U), and we can define the affine
open subset Di"( f) of Bv u,. Let S, ; be the corresponding localized ring, and S, sy C S, s
the subring of elements of degree 0. Then Di” (f) ~ spec(Sy,(f)). We have

. 0
Suin = D Supe. With Sy, = {f—f, GpeJV,Un(U)p}.
p=>0
It follows that t
Sy = Splzl/(z"), with z = 7

We can do the same if f € Iy (W), where W C U is an open subset. We obtain an isomorphism
DS (f) ~ DS(f) x Z, inducing the identity on D (f).

Step 3 — The primitive multiple scheme structure on Byy, — Let fi,..., f, be generators of
Jv(U). Then (Df_(fi))lgigp (resp. (Din(fi))lgigp) is an open cover of By (resp. By, ). We
define the primitive scheme structure of By, by taking the isomorphisms

5(f;) : D3 (f)) — DE(fi) x Zn
such that 0(f;)" : S(p)[2]/(2") — S s 6(fi)" (@) = a forevery a € S,y and 6(f;)*(2) = fi
It follows that, if d;; = d(f;) 0 d(fi)~!, we have §;;(a) =a for every o € Sy N Sy,), anld

05(2) = 212 Tt is easily verified that 0;0%, = 03, This proves that By, is a trivial primitive

J
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multiple scheme of multiplicity n such that (By.,)rea = Bv,y. Moreover we have a canonical
obvious commutative square

vV,U

BV,U Ur
TV, Up,

Bvy, U,

Step 4 - The ideal sheaf Jg,,,, of Byy in Byy, - On Di”(f), according to step 1, we have
ij,X = ZjZI ]j7 with
to; i
[j = {f—]] ; 0 ij(U)J l} .

t .
It follows that we have a well defined isomorphism O - (,I] )

+ fj+1
for 1 <7 <p. It follows

(f)
—Jg

. 0
— ij,x\Di”(f)’ sending F to

i) v.x DS (f)

that the automorphism «;; of O (f;) N Di"’l (f;)) is the multiplication by % According
_Ji
to step 1, it follows that the line bundle on By, associated to By, is Op,,, (V).

In particular, we have trivializations «; : O Dot
+

Step 5 — Automorphisms — Let ® be an automorphism of U x Z, leaving U invariant. Then
there exists o« € A[t]/(t"™1), invertible, such that ®*(¢) = at. Let ® (resp. ®,,) be the auto-
morphism of By (resp. By, ) induced by ®. Then ®*(Jy(U)) C Iy (U), and ®*(f) €S, ¢
is an invertible element of degree 1.

We have EIVD(Df_(f)) = D} (f) and EI;n(Di”(f)) = D5 (f). Let ®/ (resp. <i>£) be the corre-
sponding automorphism of D (f) (resp. D5"(f)).
Ip

Let Fr

€ Sy (). We have

and ®/*(t) = at.

Step 6 — The primitive multiple scheme structure on By x, — Let (U;);er be a finite open affine

cover of X such that for every ¢ € I there is an isomorphism J; : UZ-(”) — U; X Z,, leaving U;
invariant. We have then A} (t) = at, where ay, € Ox(Uy)[t]/(t"™1) is invertible. The line
bundle L € Pic(X) associated to X, is defined by the cocycle (avirjv,, )-

Let )A\; :B y = Byru,,vixz, be the induced isomorphism. We have

YU, U™

Ty v = TYOULUix 2 © )Tz Then from step 2

- BYnU,-,U.(") is a primitive multiple scheme of multiplicity n, with associated smooth
scheme lByﬂUi,Ui.

— We have Byny, v, = W?&(Ul) and Ty, p, is the restriction of mx . We have a similar

statement for BYHU“UZ@)-
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Hence By x, is a primitive multiple scheme of multiplicity n, and (By.x,, )rea = By x-

The open cover — More precisely, for every i € I, let S; =S(Y NU;,U;), ¥, =S, (Y NU,;,Uj)
and (f;;);es, a finite sequence of generators of Jyqy, v, (U;). Let

T; = D¥(f;) C Bynvw,, Ty = DY(fy) C Bynuuixz,

and Z;; = X;l(Tij) C Byx,. We have (Tyj)rea = (Zij)rea = Ti; , and (T3;)ier jes; is an open
cover of By x.

The trivializations — We have seen in step 3 that
3(fi;) : Ty — T3y x Zy,
is an isomorphism. Then N
pij = 0(fi5) o\ Zy; — Ty X 7,
is an isomorphism. To summarize, (T};)icr jes, (resp. (Zij)ierjes;) is an affine open cover of
By x (resp. By x,), and the p;; are the trivializations that define the primitive multiple scheme
structure on By x,. The restriction of p;;,

15 Ai[Z,n0(Xa\Y)-
Let i,k €I, j € J; and [ € J. Let
Wijm = DY (f;) N DY*(£1) C Byruivixz, -
Then
~1 ~ 1
N Wisw) = M Wiig) = Zij N Zw = Ziju »
and pj; = pfj_l,o};l is an automorphism of O,  (Tijr)[t]/(t").

The associated line bundle — We have pj;,,(t) = at, and

Loty £,
pz’j,kl<f_kl> = azkwg
Al (fkl)
By x associated to By x, is

f..
restricted to Tij i is auu, Y Tt follows that the line bundle on

The coefficient oy, WE
kl

OBY,Xn (Yn>|BY,X ® 7T;,X<L) = OBY,X (Y> ® 7T;</,X<L) .

The last statement, about the primitive multiple structure of }7”, is an easy consequence of the
previous description of By x,,. O

4.1.2. The case of double schemes — We suppose that n = 2 and keep the notations of the proof

of theorem[d.1.1] Let i,k € I. From[3.2} A}, is an automorphism of Ox (Uy)[t]/(¢?), and there ex-
ists a derivation Dy, of Ox(Uy) such that, for every u € Ox (Usx) we have A (u) = u + Dy (u)t.



BLOWING-UPS 15

Let j € Ji, I € Ji. Then pj; ,; is an automorphism of O, , (Ti;x)[2]/(2?), and there is a deriva-
tion E;ju of O, (Tijm) such that, for every v € O,  (Tij ), we have

p:j,kl(v) =0+ Ejju(v)z.

Let ¥ = {f77fi; ; m,n > 0}. It is a multiplicative system. Let Ryu = S(Uix,V)s, and Rju)
the ring of elements of degree zero in R;; ;. We have

R(ij’kl) - Z Im'ﬂ ) with Imn — { Timn y Om+n S :]V(Uzk)m—HL} R

™m

and
Tijw = spec(Rjry) -

t

We have then Ej; i = f;;D;), (the factor f;; comes from the fact that z = 3 by step 2).
]

In this way one obtains a linear map

&t HY(X,Tx ® L) — H'(By,x, Tny « @ 1y x(L) ® Op, (V) ,

that sends the element of H'(X,Tx ® L) represented by (D;;) to the element of
H'(By,x, TBy.x ® 1y x(L) ® O, (Y)) represented by (Ejjx). This map induces the one

DS(X> L) — DS(BKXa 71—;F/,X(L) ® OBY,X (Y))
which sends X, to By x,.

4.1.3. Proposition: Suppose that codim(Y, X) > 2. Then &y is injective.

Proof. Suppose that (E;; ) represents 0. Then for every ¢ € I, j € J;, there exists a derivation
Fj of Oy, 0, (D% (£;;)) such that

f;

Eiju = Fij— aikf_ijl ;
kl
. 1 1 . . . 1 1 .
ie. Dy, = f_Fij — aikf—Fkl. In particular, if £ =i we have f—Fij = f—Fu for every 7,1 € J,.
y 1 i il
1
Hence there exits a derivation G; of Og,., , (Bynu, ;) such that f_Fij = G'|Dsi(f~) for
v ij Uy Ly

every j € J;. We have U;\Y C Byny, u,, hence G; induces a derivation of Ox (U;\Y), and since
codim(Y, X) > 2, it is also a derivation of Ox(U;). We have Dy, = G; — a;Gy.. It follows that
(D) represents 0 in H' (X, Tx ® L). O

4.2. BLOWING-UP OF GOOD SUBSCHEMES

Let Z C X,, be a good subscheme (cf. of dimension d. Let Y = Z,.4 and Zn = WE}X”(Z).

4.2.1. Theorem: By x, is a primitive multiple scheme of multiplicity n, (Bz x,, )rea = By x,
and its associated line bundle is my y(L).

The exceptional divisor ZL 1s a primitive multiple scheme of multiplicity n,
(Zp)rea =Y = 7T)_/,IX(Y), and its associated line bundle is w5, x (L)
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Proof. Tt is very similar to that of theorem [£.1.1 We will only give indications. We use the
notations of the proof of this theorem.

From proposition [3.4.1] there is an open affine cover (U;);c; of X such that, for every i € I,
there is a trivialization 9; : Ui(n) — Ui X Ly Yir, .-, Yia € Iyx(U;) that generate Iy, p, and
jéi(ZﬂUi(n)),UiXZn'

Let U C X be a smooth open subset, and V C U a closed smooth connected subvariety of
codimension d, such that there exist generators y;,...,yq of Jyy. Let U, =U xZ,. We
have U, = spec(Ox(U)[t]/(t")). Let Z C U, be the subscheme corresponding to the ideal

(Y1, - ya) C Ox(U)[E]/ ().
We have By, = Proj(B,), where B, =B, (Z,U) is the graduate ring
Bn = @UZ,UH(Uy)?
p=0
and
ijUn(U)p = <y17 cee 7yd>p :
As in step 2 of the proof of theorem 4.1.1} if f € Iz, (U), we can define the affine open subset
DE"(f) of Bzy,. Let B, ; be the localized ring, and B, sy C B, ; the subring of elements of
degree 0. Then DY (f) ~ spec(B,, ;). We have
. 0
Buis) = Y Buinp, with By, = {f—’; ; Op € I7,0,(U )”} :

p>0
It follows that B, () = S(p)[t]/(t"). We obtain an isomorphism D" (f) ~ DS (f) x Z,, induc-
ing the identity on D?(f).
Using the open cover (D" (y;))icr, it is easy to see that we have a canonical isomorphism

Bzu, ~Byy x Z,. It is now straightforward to follow the same way as in steps 5,6 of the
proof of theorem [4.1.1] and finish the proof of theorem [4.2.1] O

4.3. SUCCESSIVE BLOWING-UPS

Let Z C X,, be a good subscheme (cf. . Let Y = Z,.4, and Y = 7r§’1X(Y) C Byx. Then Y
is a Cartier divisor of By, x. Hence B?,Byx =By x.

The following result is an easy consequence of the descriptions of the blowing-ups in theorems

4.1.1l and 4.2.1]

4.3.1. Proposition: The blowing-up of Bz x, along Y s canonically isomorphic to By x,,,
1.€. Bi}vBZ,Xn >~ BKXn‘
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5. BLOWING-UP OF GOOD ZERO-DIMENSIONAL SUBSCHEMES OF PRIMITIVE DOUBLE
SCHEMES

We use the notations of[ff We suppose that d = dim(X) > 2, that Y is a single point: Y = {P},
and that n = 2. There exists a finite open affine cover (U;);cr of X such that

— There is a unique iy € I such that P € U;,, and U,er,iz,U; = X\{P}.

= Jipyu,, 18 generated by d elements yy, ..., yq, and Qxjp, by dyi, ..., dya.

— L is defined by a cocycle («y;), with a;; € Ox(Uy;)*.

— For every i € I, there is an isomorphism 0; : Ui(Q) — U; X Zy (where UZ-(Q) is the open
subscheme of Xy corresponding to U;), inducing the identity on U;. There is a deriva-
tion D;; of Ox(Uj;) such that, for every u € Ox(Uij), 0j;(u) = u+ Djj(u)t. We have

We consider the open affine cover of Bpy which consists of the U;, i€ I, and the
DP(ye) CBpy,,, 1<k <d. Let J=IU{iy,... i}, Vi=U; ifieland V; = DP(y).
The line bundle 75 (L) on Bpx is defined by the cocycle (8j)ijes, Bij € O, (Vij)*, with
Bij = auj it 4,5 €1, Bri, = Qigs Bini, =1 itk €L, 1<m,n<d.

We will study the blowing-ups of X» along good subschemes Z such that Z,.; = {P}. From
theorem [4.2.1} By x, is a primitive multiple scheme of multiplicity 2, (Bz x,)red = Bpx, and its
associated line bundle is 75 (L). The exceptional divisor P = 7T];71X(P) is a projective space of
dimension d — 1. Let P, = WE}XQ(P). It is the trivial primitive multiple scheme of multiplicity
2, such that (ﬁg)red = ﬁ, and with associated line bundle Oz.

5.1. PARAMETRIZATION OF GOOD ZERO-DIMENSIONAL SUBSCHEMES

We will prove

5.1.1. Proposition: Let I'p be the set of good subschemes Z C Xy such that Z,.q = {P}.
Then T'p has a natural structure of affine space, with associated vector space (Tx @ L)p.

Let mp be the maximal ideal of Ox p. Let a4,...,as € Ox p,

I(ay,...,aq) = (y1 + tag, ..., yq + tay), and Zy(ay,...,aq) the corresponding subscheme of
Ui, X Zs. The good subschemes Z C U;, X Zs such that Z..,={P} are precisely the
Z()((ll, s ,CLd).

Let Z(ay,...,aq) = (5;01(20((11, ...,aq)) C Xo. It is the subscheme defined by the ideal sheaf
07 (I(ay,...,aq)). The good subschemes Z C X, such that Z,.q = {P} arethe Z(ay,...,aq).

5.1.2. Lemma: Let ay,d),...,aq4,a, € Oxp. Then I(ay,...,aq) >~ I1(a},...,a,) if and only
if a;—a,emp forl <i<d.
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Proof. Suppose that I(ai,...,aq) ~ I(a},...,a)). Then there exists an invertible (d x d)-
matrix M = (6;;) of elements of Oy, xz, p such that

U1 + ta'l Y1 + t(ll
= M.
yd-+-ta& Yq + tag
We can write 0;; = \;; + tp;5, with A\, ;5 € Ox p. We have then

d d d
Yi = Z)‘ijyj ; a; = ZAz‘jaijZNijyj .
j=1 j=1 j=1

The Koszul relations imply that we have \; =1, and that \;; € mp if ¢ # j. It follows that
a; — a; € mp.

d
Conversely, if a; —a, € mp for 1 <i <d, we can write a; =a; + Zp@'jy]’, pij € Oxp. We
j=1
have then J
vitta = yit+ta+ > tpi(y; +tag)
j=1
hence I(ay,...,aq) ~I(a,..., a}). O

It follows from lemma that the map
c? T'p
(Clv"'acd)’_>Z(C17'--7§d)

is a bijection.
Let U C X be an open affine neighborhood of P, and D a derivation of Ox(U), that we can

view as a section of T'xjy. Let Dp € Txp its value at P. Let ay,...,a5 € Oxp. Then
D(ay,...,aq) = i aig is a derivation of Ox(U), where U is a suitable neighborhood of P.
We have - Z . )

D(ay,...,a0)p = ;ai(P)(ay)P .

According to lemma [5.1.2) Z(ay,...,aq) = Z(d},...,a);) if and only if
D(ay,...,aq)p = D(d},...,a,)p.
If Zelp,and Z = Z(ay,...,aq), let

Ap(Z, (yi)i<i<a, 0iy) = D(ar,...,a0)p @0, (1)(P) € (Tx®L)p .

5.1.3. Lemma: Ap(Z, (y;:)1<i<d, 0i,) does not depend on (y;)1<i<d-
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Proof. Let zi,...,zq be generators of mp. We have (y1,...,yq) = (21,...,24)M, where
M = (pij)1<ij<a is an invertible (d x d)-matrix of elements of Oy p. We have
d
Oy i
8zk Hi + Z 0 I
7j=1
hence

((%)P’H" (%)P) B ((%)P"”’ <%>P>'tM(P) '
Let (by,...,bq) = (ay,...,aq)M(P)~'. Then
(y1 +ait,. .. ya+aqt) = (21 4+ bit, ..., 24+ bat)

in Ox p[t]/(t?). We have

b
Az Ghscdn) = (=), (Ge),) | | 2onom)
ba
— ((%)P,...,(aiyd)P).tM(P).tM(P)—l | ®8,0(P)
Qq

= A(Z, (yi)1<i<d; 9iy) -
[l

So we will omit the parameter (y;)1<;<a, and note A(Z, (yi)1<i<d, %i,) = A(Z, 6;,). The following
lemma ends the proof of proposition [5.1.1]

5.1.4. Lemma Let Z, 7' € T'p and ¢ : Ui(f) — Ui, X Zy an isomorphism leaving U;, invariant.
Then we have

Ap(Z',6i,) — Ap(Z,6i) = Ap(Z',¢) — Ap(Z,9) .
Proof. Let 6 = ¢ o4, ! which is an automorphism of U;, x Z,. We have
0 Hy) =y +et for 1<i<d, 0*Ht) = at,
with ¢ € Ox(Uy,), a € Ox(U;,)*. Suppose that Z = Z(ay,...,a4). Then
Z = 0, (Z(a,...,aq)) = ¢ (0(Z(an,...,aq))) ,

and 0(Z(ay, . ..,aq)) is the subscheme whose ideal is generated by 6* 7' (y; + €;t), 1 <1 < t. We
have

0 Yy +ait) = y;i + (& +aa;)t, hence 0 (yi +ait) = o™ (yi + (& + aay)t)

and ¢*(t) = 8% (0%(t)) = éa;; (t). Tt follows that

Ap(Z,0) = (i@(mm(maiw))( ),) (sto®)

=1
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We have a similar formula for Z' = Z(a},...,a}), and the result follows easily. O

From proposition |5.1.1f and the preceding lemmas, we have Z = Z’ if and only if
Ap(Z,6;) = Ap(Z',0;,)-

5.1.5. The case of a trivial primitive double scheme — If X, is trivial, we can choose the
trivializations such that D;; =0 for every ¢,j € I. We obtain a canonical identification
I'p=(Tx ® L)p.

In this case X is the second infinitesimal neighborhood of X in the line bundle L* (viewed as a
smooth variety, and X C X, defined by the zero section of L*). We have a canonical projection
p: XQ — X.

Let Zy C X5 be the good subscheme corresponding to 0 € (Tx ® L)p, it is p~'(P). Then

Bz, x, is the trivial primitive scheme with associated smooth variety Bp x and associated line
bundle 75 (L).

5.2. BLOWING-UPS

5.2.1. Lemma: Let E be a derivation of Ui, \{P}. Then U can be extended uniquely to a
derwation of U,. It can be extended to a deriwvation of 7r1§71BZ x2(Ui0> if and only if Ep = 0.

Proof. Since dim(X) > 2, E can be extended to U;,. It can be extended to WIS}BZ . (U;,) if and
only, for 1 <1 < d, if it be extended to DI_B{;" (y;). For every o € Ipus,, we have

E<0> _ Elo)yi — E(yi)o

Yi vi
Hence E can extended to DE"(y;) if and only if E(o)y; — E(yi)o € j?D;Ui()’ for every o € Jpy, .
It is easy to see that this happens if and only if EFp = 0. O

Let evy:Ox @ HY (X, Tx ® L) — Tx ® L be the evaluation morphism, and
Hpp=im(evpp) C (Tx ® L)p. Let Uy p:Tx, ® L — (I'xp ® L)/HL p be the quotient map.

Let Z,Z' € T'p. Then By x, and By x, are primitive double schemes with associated smooth
variety Bp x. We say that they are isomorphic if there exists an isomorphism By x, ~ Bz x,
inducing the identity on Bp x.

5.2.2. Theorem: If Xy is trivial, we choose the trivializations such that D;; =0 for every
i,jel. Let Z,Z' € T'p.

1 — If Xy is not trivial, Bz x, and By x, are isomorphic if and only if
AP(Z7 510) — AP(Z/, 510) € HLyp.

2 — If Xy is trivial, Bz x, and By x, are isomorphic if and only if
CVULp(Ap(Z',06;)) = CV L p(Ap(Z,64)).
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Proof. According to .2 the double structures on Bz x, and By x, are defined by families
(Eij)ijes, (Eij)ijes, where Ey; and Ej; are derivations of Ox(V;;). These families define the
elements hz, hz of H'(X, I8,y ® L) associated to Bz x, and Bz x, respectively.

Suppose that Z = Z(ay,...,aq), Z' = Z(d},...,d);). Let D = D(aq,...,aq),

D" = D(ay,...,al;). Suppose that Z # Z’. Then Dp # D'’». We can assume that D% # 0. By

adding to D a suitable derivation F' such that Fp = 0, we can assume that, for every \ € C,
we have D # \D'.

Let 6 be the automorphism of U;, x Zy defined by the derivation D, i.e. 0*(u) =u+ D(u)t
for every u € Ox (U, ), and 6*(t) = t. We have 0*(y;) = y; + a;t for 1 <i < d. Hence 6 0 ;,(2)
is the subscheme defined by the ideal (y,...,yq4). If instead of 9;, we take the trivialization
6 0 §;,, and do a similar change for Z’, we obtain by and the proof of theorem that
Ekz'm = Dkio + akioD s E;ﬂ»m = Dkio + OlkioD, if ]{? - I\{io}, 1 S m S d .
From Bz x, and By x, are isomorphic if and only if there exists A € C* such that
hz = Ahz, i.e. if and only if there exist, for every j € J, a derivation G; of Op,,  (V;) such that
Ei; = /\Egj +G; — Bi;G; on Vi, for all 4,5 € J. These relations are equivalent to G;,, =G
onV; ;. for every i,j € I\{ip}

in

(2) (1 — /\)DU = GZ — OéijGj on Uij ,
and for k € I\{ip}, 1 <m <d,
(3) (1 — )\)Dkio = Oy ()\D/ — D) + Gk — OékioGim on Vkim .

The derivations G;,, do not depend on m, and can be extended to a derivation © on U, as
well as on mp % (Ui, ), and by lemma |5.2.1{ we have ©p = 0.

Suppose that A= 1. Then from , and the fact that U,erz,U; = X\{P}, there exists
® € H'(X,Tx ® L) such that G; ® ;' = @y, for every i € I\{ip}. From , we have

D’—D—@—i—@@aio :0,
which implies that Ap(Z,6;,) — Ap(Z',0,) € Hy p.

Suppose that A # 1. Let G;, =© + D — AD’, and for every i € I, F; = %Gi. Then we
have, for every i,j € I\{io}
Di; = F, —a;;F; on Uij ,
and, for every k € I\{ip}, 1 <m <d
Dyiy = Fi —awipl,  on Vi, .

Hence Dy, = Fy, — oy Fi, on Uy;,. It follows that X, is trivial. But in this case we have
assumed that D,;; = 0 for every 7,7 € I. Hence there exists ® € H°(X,Tx ® L) such that
G; ® a;l = ®y,qr for every i € I, and we have

AD'—D-0+d®a, =0,
which implies that (C.‘I/L,p(AP(Z’, 52'0)) = C.\PLP(AP(Z, 510)).

The converse is immediate. O
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6. BLOWING-UP OF AN HYPERSURFACE

6.1. PRIMITIVE MULTIPLE RINGS

Let R be an entire noetherian ring and K its fraction field.

Let n be a positive integer and R[n] = RJ[t]/(t"), which we call the primitive multiple ring of
multiplicity n associated to R.

An element u of R[n| can be written in an unique way as

n—1

i

U = E wu;t"
i=0

with u; € R for 0 < i <n. Then u is a zero divisor if and only if uy = 0, i.e. if u is a multiple
of t, and it is invertible if and only if ug is invertible.

Let S, be the multiplicative system of non zero divisors of R[n], i.e. S, = {u € R[n];ug # 0}.
It is easy to see that S, 'R[n] = K|[t]/(t") = K[n] (the primitive multiple ring of multiplicity
n associated to K).

Suppose that n > 1. Let

ol Rln] —= Rn—1] , pE: Rn] ——=R
n—2 UH—>Ug .
U — Zuiti
i=0

which are morphisms of rings.

Let T',,(R) be the set of morphisms R — R[n] such that pffo ¢ = Ig, i.e. such that ¢(a)y=a
for every a € R, and X,(R) the set of endomorphisms © of R[n] such that pffo© = pZ.

Let € € Rn — 1], ¢ € I',(R), and
©;i(¢,€) : Rln]

n—1 n—1
u = Z utt —— Z B(u;)ett .
i=0 i=0

RIn]

6.1.1. Proposition: 1 — OZ(¢,¢) is an endomorphism.

2 — For every © € X,(R), there exist a unique ¢ € I',(R) and a unique € € R[n — 1] such that
O = 6;/(¢,€).

3 — O(¢,¢) is injective if and only €y # 0.

4 — OF(¢,¢) is surjective if and only it is an isomorphism, if and only if €, is invertible.

Proof. 1 is immediate.

Now we prove 2. We have O(t)" = O(t") = 0, hence ©(t) is a multiple ot t: O(t) = et, for a
unique € € Rln — 1]. If we take ¢ = O, it is immediate that © = ©%(¢,e) and that ¢ is
unique.
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Suppose that ¢g =0, i.e. € is a multiple of . Then ©F(¢,¢)(t" ') =0, hence OF(¢,¢)
is not injective. Conversely, suppose that ¢y # 0. We will prove that ©Z(¢,¢) is injec-
tive by induction on n. It is obvious for n =1. Suppose that it is true for n —1 > 1.
Let © =08p,¢), © =08 (c20¢,0f(c)) €3, 1(R). Then © is injective, and we
have O =pfoOp,_1. Let u€ Rn], u=v+u,_1t"", veRn—1. Suppose that
O(u) =0. Then O(v)= —u, 1" 't""1 hence ©'(v)=0, and v=0. So we have
O(u) = up_1e" 1" 1 =0. Since € #0, u,_1 =0 and u=0. Hence O is injective. This
proves 3. The proof of 4 is similar. O

Let ¢ € T',,(R) (resp. © € 3,(R)). Then ¢ naturally induces ¢ € I',,(K) (resp. © € ,(K))

such that ¢ = ¢ (resp. @(n [n]) C R[n] and ©gp = O). Let € € R[n]. We have
0, (¢,¢) = Ofi(¢,¢) ,

and it is an isomorphism if and only if ¢, # 0.
n—1

n—1
For every A=Y Mt € Rln] and a € R[n], let Aat] = Y Na't'. If ¢ € T,,(R), let
=0 =0

dlat] - R R[n]
a——=¢(a)lat]
which also belongs to I',,(R).
Let y € R,y #0. Let ig: R — R[n] be the inclusion, and
Xy = O(ir,y) -
We have E = Xf.

6.1.2. Proposition: Let z € R such that x # 0, and o € R[n]. Let © = Of(¢,¢) € B,(R)
and
U = xh,000xl, € Lu(K).

Let ¢(x) = o+ pt, with p € Rin — 1]. Then we have ¥V = O(¢',€), with
aelaat]

4 I = t =

) o = dast], ¢ = 0t

Moreover, if © is an isomorphism and « is invertible, then ©(¢', €') is also an isomorphism.

Proof. Let a € R. We have

U(a) = xh, 0 O(a) = x5, (¢(a)) = ¢lalaxt] € Rln],
and

ok =1\ k€ _ elaxt]ox
U(t) = XaxO@<;t> = Xax<mt> = Wt.
We have ¢(z)]azt] = x + plaxt]axt = (1 + apf[axt]t). Hence
) elazt]ax _ aelat]
o()|art] 1+ aulaxt]t

€ R[n] .
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We have ¢, = aep, hence by proposition [6.1.1] if © is an isomorphism and « is invertible, € is
invertible and so is €, so O(¢’, ¢') is an isomorphism. O

Remark: suppose that R is a C-algebra. All the rings considered in are also C-algebras,
and we can restrict ourselves to morphisms of C-algebras, and obtains the same results.

6.2. BLOWING-UP OF HYPERSURFACES

Let X be a smooth, projective and irreducible variety. Let X be a primitive multiple scheme
of multiplicity n > 2, with underlying smooth variety X, and associated line bundle L on X.
Let (U;);er be an affine open cover of X such that we have trivializations

52' . Ul(n) — Uz X Zn,

(cf. B1). Let
5ij :5]'5;1 . Uij X Zn—:>UZ] X Zn .

Then &7 =06;"'07 is an automorphism of Op,xz, = Ox(Uy;)[t]/(t"), such that for every
¢ € Ox(U;;)[t]/(t"), seen as a polynomial in ¢ with coefficients in Ox(U;;), the term of de-
gree zero of 07;(¢) is the same as the term of degree zero of ¢.

Let H C X be a hypersurface (i.e. a closed subscheme such that its ideal sheaf Iy = Iy« is
invertible). We can choose the open cover (U;);e; such that, for every i € I, Iyqy, is generated
by xz; € Ox(U;). We have By x = X, and By x is a primitive multiple scheme with underlying
smooth variety X and associated line bundle L ® Ox(H).
We now use with R =0x(Uj;). Ifi,j € 1,1 # j, let

Oij = X 0050 X1s, -
On U;; we can write z; = (;;.x;, with §;; € Ox(U;;) invertible. The family (5;;) is a cocycle
defining the line bundle Ox (H). By proposition [6.1.2) we have §;; =7, where 7 is an automor-
phism of Ox (Uy)[t]/(t"). We can write 7 =1}, where ;5 is an automorphism of Uy X Z,,.
The family (v;;) satisfies the cocycle relations YiiVik = Vik> and defines a primitive multiple
scheme X' such that X/, = X. By formula (4)), L(H) is the line bundle on X associated to
X',
We have commutative diagrams

Ox (U 1)/ (#7) —— 0 (U [1)/(t")

LXZJ‘ Lxmi
V;‘j n
Ox (Us)[t]/(t") Ox (Us)[t]/(¢")
which define a morphism 7 : X’ — X which the identity on X, and such that its restriction

to the open subset of X corresponding to X\ H is an isomorphism to the similar open subset
of X'.
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6.2.1. Proposition: The morphism 7 : X' — X is the blowing-up of X along H.

Proof. We must prove that 7 satisfies the following universal property: let Y be a scheme and
f:Y =X a morphism such that J= f~'(Igx).Oy is an invertible sheaf of ideals on Y.

Then there exists a unique morphism f:Y — X' such that 7o f = f.

Let y € Y be a closed point in the support of J and suppose that f(y) € U;. Let U € Y be an
affine open neighborhood of y such that f(U) C U; and that J); is generated by z € J(U). It

suffices to prove the claim for fj;;, since by unicity, all the obtained morphisms U — X' can be
glued to define f. So we can assume that f is a morphism U — U; X Z,.

The morphism 7*: Ox(U;)[t]/(t") — Ox(U;)[t]/(t") is defined by: for every

a € Ox(U;), m(a) = a, and 7*(t) = x;t. We have Iy y,«z, = (x;,t). Now consider

15 0x(U)[E]/(t") — Oy (U). We can write f*(x;) = az, f*(t) = Bz, with a, 5 € Oy (U).

We will show that « is invertible. We have f*(t") =0 = g"z", hence [" =0. If a is not
invertible, he ideal («) can be included in a maximal ideal m # Oy (U) of Oy (U). Since m is
prime and " = 0, we have 5 € m. By the definition of J, there exist A, u € Oy (U) such that
Af*(z;) + pf*(t) = 2z, i.e. Aa+ pf =1¢€ m. This is impossible, so « is invertible.

It follows that there one and only one possible definition for 1 0x(U)[E/(t") = Oy (U) :
f*(a) = f*(a) for every a € Ox(U;), and f*(t) = Ba~'t. O

6.3. THE CASE OF DOUBLE SCHEMES

We suppose that n = 2 and keep the notations of the proof of theorem 4.1.1] Let 7,5 € I. From
, Aj; and ~;; are automorphisms of Ox (Uy;)[t]/(t%), and there exists derivations D;;, E;; of
Ox (U;;) such that, for every u € Ox(U;;) we have

According to , the family (D;;) (resp. (E;;)) represents A€ H'(X,Tx ® L) (resp.
Ae HY(X, Tx ® L® Ox(H))), and C.A (resp. C.A) is the element of DS(X, L) (resp.
DS(X,L ® Ox(H))) corresponding to X (resp X' = By x).

Let ¢p: H(X,Tx ® L) — HY (X, Tx ® L ® Ox(H)) be the canonical map.

6.3.1. Proposition: We have A = ¢y(A).

Proof. This follows easily from and proposition [6.1.2] U
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7. PRIMITIVE DOUBLE STRUCTURES ON P,

7.1. THE MAIN RESULT
Let PP, Let 7:Py— P, be the blowing-up of Py along P, and P= 71 (P) the
exceptional divisor.

According to [I0], there exists only one non trivial primitive double scheme X such that
X,ea = Py, and its associated line bundle is Op,(—3).

Let Y be a primitive double scheme such that Y,.; = P>, gnd with associated line bundle
Op,(m). We will give the list of all primitive double schemes Y such that

- §red = ]?DQ ) » »

— there exists a morphism 75 :Y — Y inducing wpp, : P, — Ps, and such that its

restriction Y\P — Y\{P} is an isomorphism.

In this case, if L is the line bundle on ]@32 associated to ?, there is an integer p such that
L = 7pp,(Op,(m)) ® Op, (pP) . We will prove

7.1.1. Theorem: We have p > 0.

1— Ifp=0, the schemes Y are the blowing-ups of Y along the good subschemes Z such that
Zrea = {P}. If m > —1, all these schemes are isomorphic. If m < —2 they are all distinct.

2 — Ifp=1, these schemes form a family (§{1,a)ae<c; @1,0 being the blowing-up of the schemes
of 1 along P, and also the blowing-up of Y along P. If Y =X, these schemes are all distinct.
IfY s trivial, Y1 is trivial, and all the Y, o, a # 0 are isomorphic and non trivial.

3 — Ifp>2, there is only one such scheme ?Z,. If p=2, il?p is the blowing-up of the schemes
of 2 along P. If p > 2, Y, is the blowing-up of Y,_1 along P.

According to , if m < —2, the set of schemes Y such that p = 0 has a natural structure of
affine space with associated vector space Tp, p ® Op,(m)p.

We will give the proof only for X, the non trivial double scheme. The other cases are similar
and simpler.

7.2. DEFINITION AND PROPERTIES OF THE NON PROJECTIVE DOUBLE PLANE X

Let V' be a complex vector space of dimension 3, P, = P(V) and Pj =P(V*). Let Q be the
universal quotient bundle on P5. We have an exact sequence

We fix a basis of V', so that we can define points of V' or P, using 3 coordinates. For 0 < i < 2, let
Ui = {(xg,x1,22) € Py ; ; # 0}. We will take the indices in Z/3Z, so that x5 = xg, x4 = 21, - -
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7.2.1. The double projective plane X (cf. [10],8) — We use the notations of [7.3] and [3.1] For
0 <1 <2, Qp,(U;) is generated by d(xiﬂ), d(xHQ). The corresponding dual basis of Tp, (U;)

X

(2

. 0 9, ) . . I .
is , . Then X is constructed as in [3.1.1, |3.2, using the open cover
(3($i+1/$z‘) O(wiya/xi) I g P
(Ui)ngSQ' We take
T; \3 T 0
Qi = . Dy = .
o <=’17i+1> i Tiv1 O(Tiya/ ;)

So we have isomorphisms ¢; : UZ-(Q) — U; X Zy (where Ui(Q) is the open subscheme of X corre-
sponding to U;). Let N
5ij:6j5i_1:UinZQ ;)UinZQ,
and 67, = 6;7'67 is the corresponding automorphism of Op, (U;)[t]/(£?).
The line bundle on Py associated to X is Op,(—3).

7.3. THE BLOWING-UP OF A POINT OF PPy
Let P =(0,0,1) € Py and U =P,\{P}. Let 7:Py — P, be the blowing-up of P, along P.
Let P C P5 be the line whose points are the lines of P, that contain P. We have

Py, = {(E,Q ePxPy; Qe E},

and T =Tpp, : I?DQ — P, is the second projection. Let W : I?Dg — P be the first one. It is a
projective bundle: P, = P(Qj;). Let Og,(1) be the corresponding line bundle, and P = 7 1(P)
the exceptional line. We have (cf. [17], V, 2)

05, (P) = W(Os(~1) ©0,(1) , 7 (On,(1)) = 05,(1) .

2

7.3.1. An open cover — We have an isomorphism D : P; — P that associates to (ag, ;) € Py
the line of equation apzg — ayzy = 0. For i = 0,1, let V; = {(ap, 1) € P; o # 0}. We have

Y7 (Vo) = {(D(L,A), Awy,21,2)) € Py A€C, (21,22) €Py} = Cx Py,
v (Vo) NU = Uy, and a similar description of ¥~1(V}). Let Wy = Uy, Wy = Uy,
Wy = {(E, (z0,21,79)) € ¥~ (Vo) ; 22 # 0}
= {(DL,A), M, 1)) ;A p € C} = C?,
Wy = {(B.(@o,a1,22)) € 07 (Vi) : 2 # 0}
= {(Dm, 1), (v,v,1)) sn,v € C} ~ C*.
We have Wy U W, U W, U Ws =Py, and
Woe = Uz , Wog = U, Wig =Uia, Wiz =Upa, Wog ~C x C* |
W012 - W013 - W023 - W123 - U012 .
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x x
We will use the variables A\ = —0, W= =L
I T2

With the notations of we have ig =2, y1 = i, Yo = v = A, Wo = DEBf_Q (y1) and
W3 = DIAB? (y2)-

7.3.2. Line bundles — With respect to the open cover (W;)o<i<3, the line bundle
7 (Op,(m)) @ O, (pP) is represented by the cocycle (8;;)o<i<j<s, With

. —-m.m __ -m —p—m_m+p __ —p—m
Bor = xp"xy" = AT, P2 = @0 pr
—m _.—p, m+p —-m,, —p—m —-pr,.p __ -p
Boz = o "w Ty = A" ) 523—1'01'1—)‘ )
—p—m_m+p __ y—p—m,6 —p—m _ —-m,m+p __ —p,,—p—m
Bos = Lo =A H A = Au .

7.4. MORPHISMS TO X

We use here the results of 3.0l

7.4.1. Rings and derivations — Let C()\ ) be the field of rational functions in the variables A,
p(of[73.0). Ifaq, ..., a, € C(\, ), let A(ay,...,a,) be the sub-C-algebra of C(), u) generated
by ai,...,0,. We have

1
Op(U2) = Alu, M), O5,(W2) = ClApl, Op,(Ws) = A, M),
1 1 1 1
0@2(WI2) :A(/\“U/,;)), 0@2(W23) = A<>\7X7/'L>7 Oﬁ2<WO3) - A(XJ)\MvA_Iu)7

1 1
Op,(Uo12) = Op,(Woi2) = A()VXJ:U’a;)‘

We will write the derivations D of O (W;) (or Og, (Wi;), O, (Woia)) as
0 0
D= ULV
oo

where U,V € Oz, (Wo12). There will be conditions on U and V', depending on the open subset

where they are defined. For example suppose that we consider derivations of O@(Wm)- Then

1 : o : :
Op,(W1a) = A\, u, ;) So D is a derivation of O (Wi2) if and only if D(A), D(u) € Op,(Wi2),

i.e. UV € Op,(Wi2). No verification is required for Wy, and W3, since Wy = Wiz = Upya.

7.4.2. Construction of double structures — We want to define primitive double schemes Y, such
that Y,.q = ]Pg, and such that there exists a morphism ¢ : Y — X with ¢,eq = 7 : IP’Q — Py, and
such that ¢ induces an isomorphism between the open subschemes of Y, X over U = P,\{P}.

The associated line bundle will be of the form L = 7*(Op,(-3)) ® Op, (pP), with associated
cocycle (B;;) as in[7.3.2) with m = —3.

We will use the open cover (W;)o<i<3 of P, to build them as in . For this we need to define
a derivation E;; of O@Q(I/Vij), for 0 <i < j <3, such that (8, ® Ej;)o<i<j<3 represents the

associated element of H 1(IAP/’2, T3, ® L). In particular we have the relations Ej, = E;j + 03;;Ej.
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So we have, as in for X, for 0 < ¢ < 3, isomorphisms p; : WZ@) — W; X Zsy, with py = o,
p1 = 01.

We have Ey = Dy = —/\2,u2§. We will take
1

0 0 0 0
E12 - Aa—i_B%a E13 Cﬁﬁ‘l)@
Hence we have
0 0
Eys = fn(Eis— E) = p"*((C - A)a + (D — B>8,u)
Ev = Eon+ b = A?’ca Fep - 2
03 01 0113 6’)\ o

The fact that Ej; is a derivation of Og, (W;;) will impose conditions on A, B, C' and D, necessary
and sufficient to define Y. The existence on ¢ will also impose other conditions.

7.4.3. Morphisms Y — X — We have
T(Wo) = Uy, w(Wy) = U, 7(Wa) CUy, w(W3) C Us,

and 7 :W; — U; is the identity for ¢ = 0,1. Let

Ag: WP — U, AW — Ul
be the identities. We will define

Ay WP —UP Ay — Ul
(inducing 7), such that A; and Ay (resp. A; and Aj) coincide on Wg) (resp. W1(32)) It is easy
to see that this describes completely a morphism ¢ : Y — X.
With the notations of [3.5.3 -, we have

No=06 U2 =5 U xZy, M=6:U2 =5 UyxZy,
and \* = \"'A\7 = 6}, is an automorphism of Op,(Us2)[t]/(t?). We have
A (a) = a+ Dx(a)t for every a € Op,(Ura) ,

0
Where Dy = g (with respect to the variables @, @) and A*(t) = at, with
X i) 8(1’0/1'1) T T
0
o= :1:1 = 113, With respect to the variables A, i we have Dy = /La.
3

We have similarly, with o = p1, 1 = p2, * = pis,
p () = b+ Dy(b)t for every b€ Op (Wia) ,
where Dy is the derivation F)y of the definition on Y, and u*(t) = ft, with 3 = B0 = P13,
Let Ay = M Aguyt = 620951 - Wy X Zg — Uy x Zy. We have
Al(a) = 7 (a) + 1a(a)t
for every a € Ox(Uz), where o : Op,(Uz) — O, (W) is a 7*-derivation, and A5(t) = 7.1,
with 7 € O, (W2).
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From we have 5 = u?. It follows that p > 0. From also we have
0 0
= w3 ((p—A)=~ - B=) .
2 = W= A)gr - Bg)
We have Op (Ws) =C[A\,u] and Op,(Uz) = A(Ag,p). So the fact that v, has values in
Oz, (W2) is equivalent to ~2(u),v2(Aw) € C[A, ). These conditions imply also that Eip is a
derivation of Og (Wi2).
We obtain similar results for As. We have
Ai(a) = 7*(a) + (@)t
for every a € Ox(Uz), where ~3: Op,(Uz2) — Og,(W3) is a w*-derivation, and Aj(t) = 73.¢,
with 73 € O (W3). From (1)) we have 75 = Au”. From we have
0 0

_ )b, p3 _ —_ _ D
= N (= C)gr =Dy -

7.4.4. Conditions on A, B, C, D and consequences — We will study the conditions imposed
on A, B, C and D by the facts that +;(Op,(Uz)) C O, (W;) for i = 2,3, and that the E;; are
derivations of O (Wj;).

7.4.5. Lemma: We can suppose that B = = PT3 By, where By is any element of C[\, p], and
that A is of the form A= p— p P R(\), where R is a polynomial.

Proof. We have i € Op,(Us) and 7,(p) = —p?~>B € Op (W2), hence we can write
0
B = u7P"3B,, where B; € O@Q(Wg). But Bla_ is a derivation of OﬁQ(Wg) and 19 = puP*3,
1
0
hence by we can replace Ep with FEyp — pu P (B — BO)8_ , l.e. we can assume that
1

B :M_p+ Bo.

We have (M) = pP~2(u — A), hence we can write pP~2(u— A) = P(A\, i), where P is a
polynomial, i.e. A=p—pu PP\ pu). By , we can replace A with A+ p PHQ(\, p),

where () is a polynomial. The result for A follows immediately. 0
0 0 _ . S
7.4.6. Lemma: Let D= Ua + Va—, with U,V € C(A\, ). Then D is a derivation of
1

1
Oz, (W3) if and only there are e, 7 € O (W3) such that U = Ae, V = T ALLE.

Proof. This follows easily from the fact that D is a derivation of Og (W3) if and only if
D(1/3), D(\) € Oz, (1Wa). s

7.4.7. Lemma: We can suppose that
1
C = u+ >\7PM7P+2( — Co)\ + S(X)) y D = )\ﬁnluiergCo s

where cg € C and S is a polynomial.
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Proof. We have ~3(p) = =\ uP=2D € Op (W3) and
Y3(Ap) = NP3 (u(p — C)) = AD) € O, (Ws). Hence

. A 1
C = p— A"’u‘p“( — E%(u) + ;73(Au)> , D o= = ATPu ()
1
By , we can replace C' with C + AXPu P A2 and D with D + AP P" <XT — Aue),
with €, 7 € O (W3). We get
A 1 1
C = p+ A‘pu"’”’(AZe o) - ;73@#)) , D = A"’u‘p”’( — () + 57 = Aue) :

1 1
X,)\p), we can take 7, € such that —~3(u) + i e =cy € C. We

1
have then D = APy~ P*3¢;. We can still replace € with €+ —0 and 7 with 7+ A\uf, with

Since O, (W3) = A(

A
0 € Op,(W3). We have
A 1 A 1
Ne + ;73(#) - ;73()%) = _ECO + ;(A/ﬁ + 7= y3(An)) -
1
We can then choose 6 such that Auf + 7 — v3(Ap) is a polynomial in Y O

1
Let Ry (resp. Sp) be the constant term of the polynomial R(\) (resp. S <X)) Recall that we
have p > 0.

7.4.8. Lemma: 1— Ifp>2then R=S5=c¢c =0.
2— Ifp=1, then S =0 and R = c.
3— Ifp=0, then R= Ry + co\, S =5y and Ry = —9.

1
Proof. We have Ey3(A) = piP7%(C' — A) € O (Was) = A(), X,u). The result follows immedi-
ately that, from lemmas [7.4.5] and [7.4.7, we have

WO — A) = %( — AP )\‘pSG) + R(A)) .

The fact that Eys is a derivation of Oﬁ2(W03) does not bring other conditions.
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7.5. PROOF OF THEOREM [7.1.1]

Suppose that p = 0. Then we have, according to lemma

0 0
Ep = *(—coA — Ry)) =< + pPco—
12 (1 + p™(—co 0)>8)\+M608u’
and the same formula for Fy3. With the notations and context of 5.2 we have ig = 2, y1 = u,
Yo = )\,U7 J = {07 1,i1,i2}, (%7 ‘/17 V;p iz) = (U07 Ul? W27 W3) It Z= Z(a17a2)’ and (E£j>irj€‘]
is the family of derivations that define Bz x, we have

/

0
B = bay + 1’ D(ar, az) .

Using the preceding formulas, we have

0 0 0 0
3D — 3 — 20 A 3 )
p?D(ay, as) L (a1_8y1 + a2_8y2) pw(—ai\ + a2)—a/\ + C“_au
Hence we have Ejy = El, if a1 = ¢y as = —Ry. With simpler other checks, we see easily that

the primitive double schemes of lemma [7.4.8] 3, are the By x.

The other cases (p =1,2) are similar. The scheme §{1704 of theorem ,2, corresponds to
co = « in lemma [7.4.8]

7.6. THE DOUBLE SCHEMES il,a

We will study the schemes Xl,a, a € C, of theorem , 2 (when Y is the non trivial double

scheme X). The line bundle associated to Xy, is 7pp,(Op,(—3)) ® Op (P) = wg,. It follows
that X; , is a K8-carpet (cf. [11], [15]).

7.6.1. Theorem: 1 — §§1,a is quasi-projective if and only o € Q and o > 0.

2 - IfadQ, Pic(Xiq) = {0g, .}

3-IfacQ, Pic(X,,) ~ Z.

We will first describe H!(P, Q5,) with usual Cech cohomology, using the open cover (W;)o<i<s.

We have H'(Py, Q5.) ~ C?, and it is generated by Vo(m*(Op,(1))) and
VO(OE)(—ﬁ) (cf. . With respect to (W;)o<i<s,

— Vo(7*(O0p,(1))) is represented by the cocycle (u;;), with

X dji
Yot = T, 2 = T Uz = 0.
- VO(O@Q(—ﬁ)) is represented by the cocycle (v;;), with
du dA
vor = 0, w2 = —, w3 = —|—.

A
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For the canonical product H'(Ps, Qg,) x H'(P,, Q) — H2(P,, wp,) =~ C , we have
Vo(m*(05,(1)))* = 1, Vo(05,(=P))* = =1, Vo(r*(0s,(1))).Vo(05,(~P)) = 0.

From , the scheme Xl,a is defined, with respect to (W;)o<i<3, by the family (E;;) of deriva-
tions, with
0 0 a 0
Ey = —Np°— By = pl—a)7, FEp = ———.
01 H ETR 12 1( Oé)a)\ 23 N Op
This family defines also o, € H*(P,, Q3,) (which defines X, o according to , in the sense of
22

7.6.2. Lemma: We have o, = Vo(m*(Op,(1))) + aVo(0g,(=P)) .

Proof. On the open subsets W, we have the following trivializations «; : Wi, Ow, of fbg :
Qp : d(ﬁ> /\d(ﬂ> =1, ap: d(ﬁ)/\d<ﬁ> — 1, ay:dA\Ndp—1, az:dvAdn—1,
Zo Xo xy x
and, using the variables A, u:
1
A3 112
In usual Cech cohomology, 0, is defined by FEj; = a; 1Eij :

1 1
agti e — dANdp aflzlw—ﬁdk/\du, ayt il dAAdu, a;ltlH—XdA/\d/L.

) 1 0
ho= — : N T Eiy, = ——.d\Ad 1 —a)=
Eo, Agﬂszdue@( A“a,ﬂ’ 12 " Adp® p(l = a)me,

o 0
Ey = dAAd ——=).
23 :u®( )\aﬂ)

Now we apply the canonical isomorphism wg @ Tp =~ (5 and we get

1 —1
Ey =—~d\, B = Y2 du, Ey = 24\,
A A
The result follows from the preceding description of Vo(7*(Op,(1))) and VO(O@Q)(—]B). O

Now we prove theorem [7.6.1. A line bundle F on 321@ is ample if and only if IF@Z is ample (by

[18], proposition 4.2). Hence Xl,a is quasi-projective if and only if some ample line bundle on
P, can be extended to a line bundle to X ,.

Let F' be a line bundle on P,. According to , F can be extended to a line bundle on
Xiq if and only if 0,.Vo(F)=0. Let Fy,=7"(0p,(m))® Op,(—nP). Then we have
0a0-Vo(Fn) = m — na.

The ample line bundles on ]E are the F),, such that m,n > 0. It follows that §§1,a is quasi-

projective if and only if there exist positive integers m, n such that m — na = 0. This proves
1.



34

JEAN-MARC DREZET

According to [11], theorem 1.2.1, if F,F’ are line bundles on Xy o, then F o~ F" if and only if

F=

P2 —

~ IF@ In other words, two extensions to Xl .o of a line bundle on IP’Q are isomorphic. This

implies 2 and 3.
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