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Abstract. We consider some algebraic aspects of the dynamics of an automorphism on a family of polarized
abelian varieties parameterized by the complex unit disk. When the action on the cohomology of the generic

fiber has no cyclotomic factor, we prove that such a map can be made regular only if the family of abelian
varieties does not degenerate. As a contrast, we show that families of translations are always regularizable.

We further describe the closure of the orbits of such maps, inspired by results of Cantat and Amerik-

Verbitsky.
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1. Introduction

Regularizable mappings. Let f : X 99K X be any birational self-map of a smooth complex projective
variety of dimension N ≥ 1. Denote by Ind(f) its indeterminacy locus, and by E(f) its exceptional locus
consisting of the union of all the contracted hypersurfaces by f .

When Ind(f) = Ind(f−1) = ∅, then f is an (biregular) automorphism, and its action by pull-back on the
cohomology of X commutes with iteration. Powerful complex analytic techniques based on pluripotential
theory have been developed and under suitable assumptions on the spectral properties of f∗, they allow
us to understand the ergodic properties of the dynamical system induced by f , see [DS10]. When E(f) =
E(f−1) = ∅, then f is a pseudo-automorphism. Since f induces an isomorphism in codimension 1, its action
on H2(X,Q) is still functorial, but its action on the full cohomology ring H∗(X,Q) remains a mystery.
Furthermore pluripotential techniques can only work when Ind(f) and Ind(f−1) are dynamically unrelated,
see [BD05, DS05a, DTV10, Vig14]. This motivates the question to measure how far a pseudo-automorphism
is from being an automorphism.

We say that a birational self-map f : X 99K X is regularizable if there exists a birational map φ : Y 99K X
from a projective variety Y such that fY := φ−1 ◦ f ◦ φ is an automorphism1. The existence of a functorial
resolution of singularities (see, e.g., [Kol07]) implies that one can always assume Y to be smooth. We shall
also see that f is regularizable if and only if fn is regularizable for some n ∈ N∗ (Proposition 2.12). Similarly,
we say that f is pseudo-regularizable when fY is a pseudo-automorphism on some projective model Y . Our
principal aim is to explore when a pseudo-regularizable birational map may be regularizable.

Various geometric assumptions on X force the regularizability of its whole group of birational transforma-
tions. This happens for instance when X does not carry any rational curve (since the total image of any point
in Ind(f) is covered by rational curves); when X is of general type (by Kobayashi-Ochiai theorem); or if X is
a degree n ≥ 4 smooth hypersurface of PnC (by birational super-rigidity, see, e.g., [Che05]). We shall focus our
attention on dynamical properties of f that ensure or forbid regularizability. A first set of constraints arises
by looking at the growth of degrees of the iterates of f . These degrees are defined as follows. For any ample
line bundle L→ X, set degL(f) := f∗c1(L) · c1(L)N−1. Then the sequence {degL(fn)} is sub-multiplicative
up to a bounded constant by [DS04, Tru20, Dan20], and we can therefore define the first dynamical degree
of f by setting λ1(f) := limn degL(fn)1/n. By Weil’s regularization lemma (see, e.g., [CDX21, §1.1.1] and
the references therein) it follows that if degL(fn) is bounded, then f is regularizable.

One can similarly define higher degrees and dynamical degrees degL,j(f) := f∗c1(L)j · c1(L)N−j and

λj(f) := limn degL,j(f
n)1/n for any j ∈ {0, · · · , N}. It is a fact that for any birational map φ : Y 99K X as

above, and for any ample line bundle LY → Y , we have degL,j(f
n) � degLY ,j(f

n
Y ). This observation leads

to the following series of results.

(1) If f is regularizable and λ1(f) = 1, then degL(fn) � n2(k−1) with k ∈ {1, · · · , N}, by [DLOZ22] (the
case N = 3 was previously treated in [LB19]).

(2) When N = 2 and λ1(f) = 1, then degL(fn) � nk with k ∈ {0, 1, 2}; and f is regularizable if and
only if k ∈ {0, 2}, by [Giz80, DF01].

(3) If f is regularizable, then λ1(f) is a unit of the ring of integers of some number field (since it is the
spectral radius of f∗ : H2(X,Q) → H2(X,Q) which fixes the lattice H2(X,Z)). In particular, for
any birational map f of PNC of degree ≥ 2 with N ≥ 2, and for a generic A ∈ PGL(N + 1,C), then
A ◦ f is not regularizable by a theorem by Vigny [Vig14] (see also [CDX21]). Also maps for which
λ1(f) is transcendental cannot be regularizable (examples of such maps are given in [BDJK24]).

(4) When N = 2 and λ1(f) > 1, then all Galois conjugates of λ1(f) have (complex) norm ≤ 1 by [DF01].
Moreover, if f is regularizable, then either λ1(f) is a quadratic unit or a Salem number. Conversely,
if λ1(f) is a Salem number, then f is regularizable by [BC16].

(5) When N ≥ 3 and λ1(f)2 > λ2(f), then again all Galois conjugates of λ1(f) have (complex) norm
≤ 1 by [Tru14]. LoBianco [LB19] proved that the modulus of the Galois conjugates of λ1 := λ1(f)

of a regularizable map belongs to the set {λ1, λ
−1
2 , λ−1

1 λ2, λ
−1/2
1 , λ

1/2
2 , λ

1/2
1 λ

−1/2
2 } when N = 3. No

general results are known in higher dimension.

Let us now discuss how to produce (non-regular) examples of pseudo-automorphisms. First ifX has torsion
canonical bundle, then E(f) and E(f−1) are automatically empty, hence f is a pseudo-automorphism. More

1we insist on Y to be projective hence proper contrary to some other authors, see, e.g., [LU21].
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generally if π : X → B is a family of polarized manifolds with trivial canonical bundle over a 1-dimensional
base and π ◦ f = π, then one can find a birational model of X for which the relative canonical bundle KX/B

is trivial, see [LM22], hence again f is pseudo-regularizable.
In dimension 2 (where the notion of pseudo-automorphism and automorphism coincide), many construc-

tions of regularizable birational maps of P2
C with λ1(f) > 1 have been described, see [McM07, BK10, BK11,

Dil11, BK12, CD12, Ueh16] (the list is not exhaustive). Generalizations of these constructions to higher di-
mension N ≥ 3 lead to pseudo-regularizable birational maps, see [Bla13, BK14, BDK15]. To the knowledge
of the authors, there is only one example by Oguiso and Truong [OT15] of a regularizable birational map f
of PNC with λ1(f) > 1 which admits a Zariski dense orbit (see also [OP11] for product examples having Siegel
disks). Even though pseudo-automorphisms are expected to be non regularizable in general, it remains a
very challenging task to actually prove it. Examples of birational maps of P3

C have been treated by Bedford,
Cantat and Kim [BCK14]. The second author [Kuz23] has also proved that a generic element of a family of
pseudo-automorphisms introduced by Blanc is not regularizable.

In this paper, we shall discuss the regularizability of a given bimeromorphic map f on a 1-parameter
family of polarized abelian varieties X = (Xt)t∈D. Note that by our previous discussion, f is automatically
pseudo-regularizable. Although we do not solve our problem in full generality, we give a necessary and
sufficient condition when the action of f on H1(Xt,Z) has no cyclotomic factors (Theorem A). We also
exhibit necessary conditions in the case λ1(f) = 1 (Theorem C). We then turn to families of translations,
and prove two theorems concerning this class of maps. First we show that families of translations are always
regularizable (Theorem E). Second, we describe the closure of the orbits of a generic point (Theorem F),
inspired by a recent work of Amerik and Verbitsky [AV23].

Regularizability of bimeromorphic maps on families of abelian varieties. Before stating our main
results, let us describe the set-up in more details. A family of polarized abelian varieties of dimension g
over the complex unit disk is a proper holomorphic map π : X → D = {|t| < 1} which is a submersion over
D∗ = {0 < |t| < 1}, such that Xt = π−1(t) is a smooth abelian variety of dimension g for each t 6= 0. We
shall also fix a relatively ample line bundle L → X , and assume that X is smooth.

The family is smooth when π is a submersion over D. In that case, X0 is a smooth abelian variety. A
base change of order n for the family π : X → D is a family of polarized abelian varieties πn : Xn → D with
a meromorphic map ϕ : Xn 99K X making the following diagram commutative:

Xn X

D D

ϕ

ππn

t→tn

A family of polarized abelian varieties π′ : X ′ → D is bimeromorphically equivalent to π : X → D if there
exists a bimeromorphic map ϕ : X ′ 99K X which is a biregular isomorphism over X ∗ = π−1(D∗) and satisfies
π ◦ ϕ = π′.

We shall say that a proper family of polarized abelian varieties π′ : X ′ → D is not degenerating if it admits
a base change which is a smooth family. In other words, the induced projective variety X defined over the
field C((t)) admits a smooth model over Spec C[[t]] (possibly after a finite extension of the base field). It is
also equivalent to say that the canonical holomorphic map sending t ∈ D∗ to the isomorphism class2 of the
polarized abelian variety [Xt] extends holomorphically through 0 after possibly precomposing with t 7→ tn.

Consider f : X 99K X a bimeromorphic map satisfying π ◦ f = π. Note that the indeterminacy locus of
f satisfies Ind(f) ⊂ X0, since an abelian variety does not contain any rational curve. In this context, we
say that f is regularizable (resp. pseudo-regularizable) iff there exists a proper family of polarized abelian
varieties π′ : X ′ → D bimeromorphically equivalent to π : X → D through a bimeromorphic map ϕ : X ′ 99K X ,
such that fX ′ := ϕ−1 ◦f ◦ϕ is a regular automorphism (resp. regular automorphism from X1 onto X2 where
X \Xi are analytic subsets of codimension ≥ 2). We insist here on the condition that X ′ should be proper.
As we shall see below, any map is regularizable on its Néron model, but the central fiber of the latter is in
general non-compact. As above, f is always pseudo-regularizable.

2the space of such isomorphism classes is a quasi-projective variety, see [BL04, chapter 8].
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For each t 6= 0, the map f induces a biregular automorphism ft : Xt → Xt, hence a group isomorphism
f∗t : H1(Xt,Z) → H1(Xt,Z). Since all fibers Xt are smoothly diffeomorphic, any continuous path joining t
to t′ induces an isomorphism H1(Xt,Z)→ H1(Xt′ ,Z) conjugating f∗t to f∗t′ .

Theorem A. Let π : X → D be a family of polarized abelian varieties of dimension g, and let f : X 99K X
be any bimeromorphic map.

(1) If the family is not degenerating, then f is regularizable.
(2) Suppose f is regularizable. If no root of unity is an eigenvalue of f∗t : H1(Xt,Z)→ H1(Xt,Z), then

the family is not degenerating.

The first statement is easy to prove. The main content lies in the second statement. Observe that if Xt

is a simple abelian variety for some t 6= 0, then the condition appearing in (2) is equivalent to λ1(ft) > 1.
Note also that our theorem is local over the base hence implies the next result.

Corollary B. Suppose X is a projective variety endowed with a fibration over a projective curve π : X → B
whose general fiber Xb = π−1(b) is an abelian variety. Suppose f : X 99K X is a birational map preserving
π. If f∗b : H1(Xb,Z) → H1(Xb,Z) has no eigenvalue equal to a root of unity for a general b, then f is
regularizable iff there exists a commutative diagram

X ′ X

B′ B
ϕ

ππ′

where ϕ′ : B′ → B is a finite ramified cover, and π′ : X ′ → B′ is a smooth family.

Smooth non-isotrivial families of abelian varieties with automorphisms satisfying λ1(f) > 1 and parame-
terized by a projective curve exist for any g ≥ 2. This follows from the fact that Hilbert-Blumenthal varieties
can be compactified by adding finitely many points, see §5.4 for details.

Let us explain our strategy for the proof of (2). We use the notion of Néron model, see, e.g., [BLR90].
This is a (not necessarily proper) birational model N → D that satisfies a suitable universal property so
that f induces a regular automorphism fN : N → N , and the bimeromorphic map φN : X 99K N is regular
on the open subset Xsm ⊂ X over which π is a local submersion. By Grothendieck’s semi-stable reduction
theorem, after base change, the central fiber is a finite union of semi-abelian varieties, that is extension of an
abelian variety by a multiplicative torus. Further, the semi-stable reduction theorem ([KKMSD73]), again
after base change, we may suppose that X \ Xsm has codimension ≥ 2 in X . To simplify the argument
assume that g = 2 and λ1(ft) > 1, and that Xt is simple for some t. First we pick an irreducible component
E of X0 that is f -invariant and satisfies λ1(f |E) = λ1(ft) (Proposition 2.3). Then we look at its image
Z := φN (E) ⊂ N inside the central fiber of the Néron model. When dim(Z) ≤ 1, we observe that E is the
exceptional divisor of the blow-up of a fixed point or a fixed curve in a neighborhood of which f is a local
isomorphism, which implies the dynamical degree of fN |Z to be equal to 1 < λ1(ft), a contradiction (see
Proposition 2.6). It follows that Z has dimension 2, and is an extension of a multiplicative torus Gkm by an
abelian variety A of dimension 2− k. When k = 0, the family is not degenerating. The proof is complete if
we prove that λ1(fN |Z) < λ1(ft) when k ∈ {1, 2}. Roughly the reason is that given a matrix M ∈ SL(g,Z)
whose spectral radius is equal to ρ > 1, then the dynamical degree of the induced map on the product Eg

for any elliptic curve E is equal to ρ2; whereas the dynamical degree of the map induced by M on Ggm is
equal to ρ (Theorem 3.6).

The same line of arguments can be used in the case λ1(ft) = 1 if one replaces the computation of dynamical
degrees by the finer invariant given by the growth rate of the sequence of degrees. Recall an automorphism
ft of an abelian variety Xt with λ1(ft) = 1 always satisfies deg1(fn) � n2k for some k ∈ {0, · · · , g − 1}.
When the degrees are bounded (i.e., k = 0), then an iterate of ft is a translation. At the other side of the
spectrum, when deg1(fn) � n2(g−1), then Xt is isogenous to Egt for some elliptic curve Et.

However, during the proof of Theorem A we used the product formula of Dinh-Nguyen [DN11, Theo-
rem 1.1] that allows to compute exactly the dynamical degrees of a map preserving a fibration in terms of
the dynamical degrees in the fiber and on the base. We were only able to extend this formula to the degree
growth in codimension 1 with linear losses, so that we couldn’t fully characterize regularizable mappings.
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To state our next result, we define the following invariant. Let r(X ) ∈ {0, · · · , g} be the dimension of
the maximal multiplicative torus of N0 when it is semi-abelian (this does not depend on the base change).
Observe that r(X ) = 0 if and only if X is not degenerating; and r(X ) = g if and only if X has maximal
degeneration (in the sense that all components of the central fiber are multiplicative tori).

Theorem C. Let π : X → D be a family of polarized abelian varieties of dimension g, and let f : X 99K X
be any bimeromorphic map such that λ1(ft) = 1. Write deg1(fnt ) � n2k with k ∈ {0, · · · , g − 1}.

If f is regularizable, then we have

2k ≤ max{r(X ), 2g − 2r(X )− 1} .

In particular, if f is regularizable and k = g − 1 ≥ 2, then r(X ) = 0 and the family is not degenerating.

For abelian surfaces (g = 2), the following table summarizes our results:

k r(X ) Is f regularizable?
0 yes (Theorem E)
1 0 yes
1 1 no (Theorem C)
1 2 no (Proposition 4.11)

Table 1. Regularizability of automorphisms with λ1 = 1 on families of surfaces

Observe also that in any dimension, if the degeneration is maximal and f is regularizable, then our
theorem says k ≤ bg/2c. We suspect that if λ1(ft) = 1, f is regularizable and r(X ) ≤ 2k − 1, then there
exists an f -invariant subfamily Y ⊂ X of polarized abelian varieties of dimension ≤ g − r(X ) which is not
degenerating and such that deg1(fn|Y) � deg1(fn). We propose the following more ambitious conjecture.

Conjecture D. Let f : X 99K X be any bimeromorphic map of a family of polarized abelian varieties that
fixes the 0-section.

Then f is regularizable if and only if the following holds. Possibly after base change, there is a f -invariant
splitting such that X = Y × Y ′ where Y is a non-degenerating family of polarized automorphisms of abelian
varieties; Y ′ is a family of polarized abelian varieties, and f |Y′ is a family of automorphisms such that
f∗t |Y′ : H1(Y ′t ,Z)→ H1(Y ′t ,Z) has finite order.

The previous table implies the conjecture to hold true when g = 2 (observe the splitting is trivial in this
case).

Dynamics of families of translations. A translation on an abelian variety X is an automorphism
f : X → X acting as the identity on H1(X,Z). Note that this is the same as asking f to belong to the
connected component of the identity in Aut(X). Let f : X 99K X be a bimeromorphic map on a family of
polarized abelian varieties. If ft is a translation for some t, then ft is a translation for all t 6= 0.

Theorem E. Let π : X → D be a family of polarized abelian varieties, and let f : X 99K X be a bimeromorphic
map. If f∗t : H1(Xt,Z) → H1(Xt,Z) has finite order, then f is regularizable. In particular, any family of
translations is regularizable.

The proof we give relies on the description by Nakamura [Nak77] of a compactification of the Néron
model in terms of toroidal data, following ideas developed by Mumford (see the appendix of [FC90]). In a
nutshell, one represents Xt as a quotient of Ggm by a co-compact action of Zg, and one obtains the suitable
compactification by building a suitable toric modification of Ggm×D along the central fiber so that the action
of Zg extends and remains co-compact (on each fiber including the central one). It is then not difficult to
check that any family of translations extends to this model.

Remark 1.1. We use in an essential way the fact that the base is one-dimensional. We suspect that
there exist families of elliptic curves defined over a surface that carry families of translations which are not
regularizable.
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Our next result is inspired by a recent theorem of Amerik and Verbitsky [AV23, Theorem 3.11], who
generalized to hyperkähler manifolds a former result of Cantat [Can01, Proposition 2.2] on the density of
generic orbits of translations on families of elliptic curves covering a K3 surface.

Let f : X 99K X be a family of translations as in the previous theorem. Note that for any given point in
Xt, the closure (for the euclidean topology) of the orbit of ft is a finite union of real tori of (real) dimension
ranging from 0 to 2g, and that this dimension does not depend on the choice of point on Xt. When t changes
however, this dimension might jump.

Theorem F. Let f : X 99K X be any family of translations on a polarized family of abelian varieties
π : X → D. Then there exist families of polarized abelian varieties Y → D, Y ′ → D; families of translations
fY : Y → Y, and fY′ : Y ′ → Y ′; and a meromorphic map φ : Y × Y ′ 99K X such that

(1) φ(fY,t, fY′,t) = ft ◦ φ for all t ∈ D;
(2) φt : Yt × Y ′t → Xt is an isogeny for all t 6= 0;
(3) for all t in a dense set of full measure, the closure of the orbit of any point p ∈ Yt under fY,t is

dense in Yt for the euclidean topology;
(4) there exists a sequence of families of translations of finite order gn on Y ′ such that gn → fY locally

uniformly on Y ′.

In rough terms, up to isogeny, we can split X into a product family Y ×Y ′ so that orbits are dense in Yt
for t generic, and the family of translations on Y ′ is uniformly approximated by finite order automorphisms
gn. Note that for each n and for a generic t ∈ D∗, the closure of the orbit of a point in Xt under (fY , gn) is
a finite union of translates of Yt.

Let us state the following direct consequence of the previous result.

Corollary G. Suppose f : X 99K X is a family of translations on a family of polarized abelian varieties
π : X → B where B is a projective curve. If Xt is simple for some t and deg(fn) → ∞, then the orbit of
any point in a generic fiber Xt is dense for the euclidean topology.

Any automorphism f : X → X on a projective surface with deg(fn) � n2 is a family of translations on a
family of elliptic curves, by Gizatullin’s theorem, see [Giz80, DF01, BK14, Gri16]. The previous result says
that the orbit of f on a generic fiber is dense, extending [Can01, Proposition 2.2] to any projective surface.

Our strategy for the proof of Theorem F can be described as follows. The euclidean closure of the orbit
of a point in the fiber Xt under a translation is a real torus that contains a translate of a subabelian variety
of maximal dimension At. For t generic, the dimension of At remains the same and At forms a family of
subabelian varieties. By Poincaré’s irreducibility theorem, up to isogeny, we can split X as a product of
two families of abelian varieties. On one factor, the orbits are dense for the euclidean topology. On the
other factor, the closure of the orbits are totally real. Exploiting the fact that holomorphic maps taking
values in totally real submanifolds are necessarily constant, we show that in this situation translations can
be approximated uniformly over the base by translations of finite order.

Further remarks. Various generalizations of Theorem A can be investigated. First we may consider
bimeromorphic maps on X such that the action on the base has infinite order. Note that in that case, the
family of abelian varieties needs to be isotrivial. We may also replace D by a higher dimensional base Dk,
k ≥ 2 and ask whether regularizability along any germ of analytic disk implies regularization over Dk.

Finally we may consider algebraic versions of our results. Let R be a discrete valuation ring, and denote
by K its fraction field. Let A be an abelian variety over K, and f : A→ A be any automorphism. Observe
that Néron models exist in this degree of generality by [BLR90]. We may thus ask the following question.
Suppose that the action of f on the first étale cohomology group of A has no eigenvalue equal to a root of
unity. Is it true that the Néron model of A is proper if and only if there exists a proper model of A over
SpecR to which f extends as an automorphism?

Plan of the paper. In §2, we briefly review the basic properties of dynamical degrees, and prove Proposi-
tions 2.3, 2.6 and 2.10 which are the keys to the proof of Theorem A. We conclude this part by discussing
general properties of regularizable maps.

We discuss in §3 the geometry of semi-abelian varieties and generalize the computation of dynamical
degrees of morphisms on toric varieties done in [FW12, Lin12] to semi-abelian varieties.
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We briefly recapitulate in §4 the notion of Néron model, and then give the proof of our characterizations
of regularizable maps on families of abelian varieties (Theorems A and C).

Section 5 can be read independently from the rest of the paper. It aims at describing interesting examples
of families of automorphisms on polarized abelian varieties, and to classify (up to isogeny and base change)
such families in dimension ≤ 5. The material is standard here, and goes back to the work of Shimura [Shi63].

Finally, we devote Section 6 to families of translations of abelian varieties, proving Theorems E and F.
The crucial ingredient is the construction (due to Mumford) of an adequate compactification of the Néron
model, that we recall in §6.1 following closely [Nak77].

2. Growth of degrees of algebraic maps on quasi-projective varieties

In this section, we extend the notion of dynamical degrees to any rational self-map of a quasi-projective
variety, and collect a couple of results on the behaviour of dynamical degrees under restriction.

Given any two sequences of positive real numbers un, vn, we write un � vn (resp. un . vn) if and only if
there exists a constant C > 1 such that C−1vn ≤ un ≤ Cvn (resp. vn ≤ Cun).

2.1. Dynamical degrees. Let X be a (possibly singular) quasi-projective complex variety of dimension N ,
and f : X 99K X be any dominant rational self-map.

Let X be any projective variety containing X as a Zariski dense subset. Fix any ample line bundle
L→ X. Denote by f̄ the unique dominant rational self-map of X̄ whose restriction to X equals f . This map
is determined by its graph Γ ⊂ X̄ ×X̄ which is an irreducible variety such that the first projection π1 : Γ→ X̄
is a birational morphism, and the second projection π2 : Γ→ X̄ is surjective, and f(x) = π2(π−1

1 (x)) for any
x off the image under π1 of its exceptional locus. For any i ∈ {0, · · · , N}, we set

degL,i(f̄) = π∗2(c1(L))i ∧ π∗1(c1(L))N−i ∈ N∗.

It was proven by Dinh and Sibony [DS05b] (see also [Tru20] for an argument working in arbitrary charac-
teristic, and [Dan20] for an estimate on the optimal constants), that given any birational map ϕ : X1 99K X̄
between projective varieties, and for any ample line bundle L1 → X̄1 there exists a constant C > 1 (depending
only on ϕ,L and L1) such that

(2.1) C−1 degL1,i(f1) ≤ degL,i(f̄) ≤ C degL1,i(f1)

where f1 := ϕ−1 ◦ f̄ ◦ ϕ. In particular, the growth rate of the sequence {degL,i(f̄
n)}n∈N depends neither on

the compactification of X, nor on the choice of L. To simplify notation, we shall thus write degi(f
n) instead

of degL,i(f̄
n). Beware that this sequence is only defined up to bounded uniform constants.

Dinh and Sibony further proved the existence of a positive constant C > 0 such that C degi(f
n) is

submultiplicative. We may thus define the i-th dynamical degree by setting:

λi(f) := lim
n→∞

degi(f
n)1/n ∈ [1,+∞[ .

By (2.1), λi(f) is invariant under birational conjugacy. Note that when f is a birational automorphism, then
λ0(f) = λN (f) = 1. In general, Khovanskii-Teissier’s inequalities imply λi−1(f)λi+1(f) ≥ λi(f)2 so that the
dynamical degrees are log-concave. It follows that λi(f) = 1 for all i if and only if λ1(f) = 1 (in which case
f is necessarily birational).

Suppose now that X is smooth, and take X̄ a smooth projective variety as above, together with an ample
line bundle L → X̄. We may endow L with a positive hermitian form so that its curvature form ω is a
Kähler form on X̄. If f is moreover regular, then we may compute the degrees as an integral:

degi(f) =

∫
X

f∗(ωi) ∧ ωN−i .

One can also compute the degrees directly by looking at the induced linear action on Dolbeault cohomology
f∗i : Hi,i(X̄)→ Hi,i(X̄). For any given norm on Hi,i(X̄), there exists a positive constant C > 1 such that

(2.2) C−1 ‖f∗i ‖ ≤ degi(f) ≤ C ‖f∗i ‖ .

One can alternatively work on the real subspace Ni
R(X̄) of Hi,i(X̄) spanned by fundamental classes of

subvarieties of codimension i. Again, we have C−1 ‖f∗i |N
i
R(X̄)‖ ≤ degi(f) ≤ C ‖f∗i |N

i
R(X̄)‖ for uniform

bounded constant. When f is a regular map, this implies λi(f) = ρ(f∗i ) = ρ(f∗i |N
i
R(X̄)) where ρ(u) denotes

the spectral radius of a linear map u.
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We refer to [DF21] for an interpretation of dynamical degrees in terms of spectral radii of bounded
operators on suitable Banach spaces.

2.2. Degree growth and restrictions. In this section, we prove three results that allow one to compare
the dynamical degrees of an automorphism with the dynamical degrees of its restriction to a subvariety.
These results play a key role in the proof of Theorem A.

Proposition 2.3. Let π : X → D be a flat projective morphism of relative dimension N , such that Xt =
π−1(t) is connected for t 6= 0. Suppose that f : X → X is a biholomorphism, for which π ◦ f = π and
f(E) = E for any irreducible components E of X0.

Then for any 0 6 i 6 N ,

degi(f
n|Xt) � max

E
degi(f

n|E) ,

where E ranges over all irreducible components E of X0.

Remark 2.4. It is crucial for f to be holomorphic on X . Examples of a bimeromorphic map f : X 99K X
such that π : X → D is a smooth family of K3 surfaces and Ind(f) ⊂ X0 such that λ1(f0) < λ1(ft) for all
t 6= 0 is given in [RR17].

Proof. Let L → X be any relatively ample line bundle. We have degi(f
n|Xt) = (fn∗c1(L))i · c1(L)N−i · [Xt].

As [Xt] is cohomologous to the divisor π−1(0) =
∑
bE [E], we get

(2.5) degi(f
n|Xt) =

∑
E

bE degi(f
n|E) .

Since f : Xt → Xt is regular, by (2.2) there exists an integer δ such that degi(f
n|Xt) � nδλi(f |Xt)n. Similarly,

for each irreducible component E of X0, we may find an integer δE such that degi(f
n|E) � nδEλi(f |E)n.

The result follows from (2.5). �

Suppose f : X 99K Y is a birational map between smooth projective varieties. Recall that Ind(f) denotes
the indeterminacy locus of f , and is a subvariety of codimension at least 2. The set of points p /∈ Ind(f)
at which f is not a local biholomorphism is a divisor by the jacobian criterion which coincides with the
exceptional locus defined in the introduction and denoted by Exc(f).

We define the proper transform of an irreducible subvariety Z ⊂ X such that Z 6⊂ Ind(f) by setting

f∨(Z) := f(Z \ Ind(f)). It is also an irreducible subvariety, of the same dimension as Z when Z 6⊂ Exc(f).
The total transform of a closed analytic subset Z ⊂ X is defined as f(Z) := π2(π−1

1 (Z)) where π1 : Γ→ X
and π2 : Γ→ Y are the canonical projections of the graph of f onto X and Y respectively. In general f(Z)
strictly contains Z, and p ∈ Ind(f) if and only if f(p) has positive dimension.

Proposition 2.6. Let X,Y be smooth projective varieties and α : Y 99K X be a birational map. Let f : X 99K
X be a birational self-map and E ⊂ Y be an irreducible hypersurface such that:

(1) f∨Y (E) = E, where fY = α−1 ◦ f ◦ α ∈ Bir(Y );
(2) and Z = α∨(E) is not included in Ind(f−1).

Then Z is not included in Ind(f), f∨(Z) = Z, and we have:

(2.7) λi(fY |E) = max
max{0,i−c+1}6j6min{i,N−c}

λj(f |Z) ,

where N = dim(X) and c = codim(Z).
Moreover there exists a positive constant C > 1 such that

(2.8) C−1 deg1(fn|Z) ≤ deg1(fnY |E) ≤ Cn× deg1(fn|Z)

Observe that (1) requires in particular that E is not a component of Exc(fY ). Note also that the result
follows from the invariance of dynamical degrees under birational conjugacy when E is not included in
Exc(α).

Example 2.9. Consider the map f(x, y, z) = (x, zy, z) in C3. It defines a birational self-map of Y := (P1
C)3

which fixes pointwise the rational curve Z = {x = y = 0} so that deg1(fn|Z) = 1 for all n.
Let µ : X → Y be the blow-up along Z. Then E = µ−1(Z) is isomorphic to (P1

C)2, and in the coordinates
x, z the lift of f to E can be written as follows f(x, z) = (x/z, z) so that deg1(fn|E) � n.
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Proof. We prove first that Z 6⊂ Ind(f). Since f∨Y (E) = E is a divisor, we may find a point p ∈ E \ Ind(α) ∪
Ind(fY ) ∪ Exc(fY ) such that fY (p) /∈ Ind(α) ∪ Ind(fY ) ∪ Exc(fY ). The total image of α(p) under f is
included in α(fY (p)) which has dimension 0. Hence α(p) /∈ Ind(f), and f(α(p)) = α(fY (p)). It follows that
f∨(Z) ⊂ Z. Since E is irreducible, Z is irreducible too, and f∨Y (E) = E implies f∨(Z) = Z.

Next we prove (2.7). Recall that dynamical degrees are invariant under birational conjugacy. By Hironaka
resolution of singularities, we may thus suppose that Z is smooth, α is a regular map for which the sheaf of
ideals defining Z lifts to a locally principal ideal sheaf. By the universal property of blow-ups, we may thus
write α = blZ ◦β, where blZ : Y ′ → X is the blow-up of Z with exceptional locus EZ , and β : Y → Y ′ is a
birational map such that β(Excβ) does not contain EZ . Note that λi(f |E) = λi(fY ′ |EZ) where fY ′ : Y

′ → Y ′

is the lift of f to Y ′.
We abuse notation and write blZ : EZ → Z for the restriction of blZ to EZ . The morphism blZ : EZ → Z

is then the projectivization of the normal bundle NZ/Y → Z. The relative dimension of blZ is equal to c−1,
and the dynamical degrees can be computed using the product formula of Dinh-Nguyen [DN11, Theorem 1.1]:

λi(fY ′ |EZ ) = max
max{0,i−c+1}6j6min{i,N−c}

λj(f |Z)λi−j(fY ′ |blZ) ,

where

λj(fY ′ |blZ) = lim
n→∞

(
fn∗Y ′ c1(L)j · c1(L)N−c+1−j · [bl−1

Z (t)]
)1/n

,

for a generic t ∈ Z (here we abuse notation and choose an arbitrary ample line bundle L→ Y ). The existence
of the limit is justified in op. cit. (see also [Dan20]).

We claim that λj(fY ′ |blZ) = 1 for all j. Grant this claim. Then, we have

λi(fY ′ |EZ ) = max
max{0,i−c+1}6j6min{i,N−c}

λj(f |Z) ,

and the formula (2.7) follows.
It remains to prove the claim. We argue using complex analytic arguments. Note that since f∨Y (E) = E,

fY is a local biholomorphism at a generic point in E. It follows that f is also a local biholomorphism at a
generic point p ∈ Z. The map fY ′ : EZ 99K EZ hence maps the fiber bl−1

Z (p) ' Pc−1
C to bl−1

Z (fY (p)) and
has degree 1. This implies

fn∗Y ′ c1(L)j · c1(L)N−c+1−j · [bl−1
Z (t)] = c1(L)N−c+1 · [bl−1

Z (t)]

concluding the proof that λj(fY ′ |β) = 1.

We finally prove (2.8). To that end, it suffices to show

C−1 deg1(fnY |Z) ≤ deg1(fnY ′ |EZ ) ≤ Cn× deg1(fnY |Z)

for some constant C > 1. Observe that the Néron-Severi space N1
R(EZ) equals the direct sum bl∗Z N1

R(Z)⊕Rξ
where ξ is the first Chern class of the tautological line bundle (whose restriction to each fiber of blZ is O(1)).
Note that we have the following commutative diagram:

EZ EZ

Z Z

fY ′

blZblZ

fY

No hypersurface in EZ is contracted by blZ into the indeterminacy locus of fY since blZ is a fibration
and codim(Ind(fY )) ≥ 2. It follows that for any class ω ∈ N1

R(Z) we have (fY ◦ blZ)∗ω = bl∗Z(f∗Y (ω)),
see, e.g., [Kuz23, Lemma 2.3]. In a similar way, blZ is regular hence (blZ ◦fY ′)∗ω = f∗Y ′(bl∗Z(ω)), and we

conclude that f∗Y ′(bl∗Z(ω)) = bl∗Z(f∗Y (ω)) for any ω ∈ N1
R(Z). Note that this already implies:

deg1(fnY ′) � ρ
(
fn∗Y ′ : N1

R(EZ)→ N1
R(EZ)

)
≥ ρ

(
fn∗Y : N1

R(Z)→ N1
R(Z)

)
� deg1(fnl ).

Suppose first fY |Z is algebraically stable (in the sense that no hypersurface is contracted by fY |Z to a
subvariety that is eventually mapped to Ind(fY |Z)). Write f∗Y ′ξ = ξ + bl∗Z(ω?) for some ω? ∈ NSR(Z). A
repeated use of [Kuz23, Lemma 2.3] implies that for each integer n, we have fn∗Y ω = (f∗Y )nω. Note that

fY ′ |EZ is then also algebraically stable, hence for any class ω ∈ N1
R(Z), and for any t ∈ R, we have

fn∗Y ′ (bl∗Z ω + tξ) = (f∗Y ′)
n(bl∗Z ω + tξ) = bl∗Z(f∗Y )nω + tξ +

n−1∑
j=0

bl∗Z(f∗Y )jω?
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and we conclude that ‖fn∗Y ′ (bl∗Z ω + tξ)‖ ≤ Cn× ρ
(
fn∗Y : N1

R(Z)→ N1
R(Z)

)
.

In the general case, we proceed as follows. We first choose a sequence of proper birational morphisms
µn : Z(n) → Z such that the birational maps

µ−1
n ◦ µn+1 : Z(n+1) → Z(n) and F

(n+1)
Y := µ−1

n ◦ fY ◦ µn+1 : Z(n+1) → Z(n)

are both regular. To simplify notation, we write fnY = F
(1)
Y ◦ · · · ◦ F (n−1)

Y , and Mn := µ1 ◦ · · · ◦ µn−1. Pick
any ample class ω ∈ NSR(Z). Then deg1(fnY ) = Fn∗Y ω ·M∗n(ωN−c−1). Since blZ is the projectivization of a
vector bundle V , we have a commutative square:

E
(n)
Z E

(n−1)
Z

Z(n) Z(n−1)

µ̂n

bl(n−1)bl(n)

µn

where µ̂n is also birational and bl(n) is the projectivization of M∗nV . Write M̂n := µ̂n−1 ◦ · · · ◦ µ̂1. Observe
that the following diagram is commutative:

E
(n)
Z

Z(n) E
(n−1)
Z E

(n−1)
Z

Z(n−1) Z(n−1)

µn

bl(n)

bl(n−1)bl(n−1)

µ̂n
F

(n)

Y ′

F
(n)
Y

Pick any small t such that the class ω+ = bl∗Z(ω) + tξ is ample. We have

deg1(fnY ′) = Fn∗Y ′ ω+ · M̂∗n(ωN−1
+ )

= Fn∗Y ′ bl∗Z(ω) · M̂∗n(ωN−1
+ ) + tFn∗Y ′ ξ · M̂∗n(ωN−1

+ )

= (bl(n))∗Fn∗Y (ω) · M̂∗n(ωN−1
+ ) + tFn∗Y ′ ξ · M̂∗n(ωN−1

+ ) ≤ deg1(fnl ) + tFn∗Y ′ ξ · M̂∗n(ωN−1
+ )

The fact that the restriction of f to the generic fiber of blZ has degree 1 implies that we may write F ∗Y ′ξ =

µ̂∗1ξ + bl(1)∗(β?) for some β? ∈ N1
R(Z(1)). And we obtain:

Fn∗Y ′ ξ = M̂∗nξ +

n−1∑
j=0

bl(n−j)∗(µ∗n · · ·µ∗j+1)F
(j)∗
Y β?

Since |F (j)∗
Y β? ·M∗j ωN−1| is bounded by deg1(fn) up to a uniform constant, we obtain Fn∗Y ′ ξ · M̂∗n(ωN−1

+ ) =
O(n deg1(fn)) as required. �

Proposition 2.10. Let X be a smooth projective variety and let f : X 99K X be a birational map. If Z ⊂ X
is a codimension c subvariety such that Z 6⊂ Ind(f) and f∨(Z) = Z then for all 0 6 k 6 dim(Z), there exists
a constant C > 1 such that degk(fn|Z) 6 C min{degk(fn),degk+c(f

n)}. In particular, we have

λk(f |Z) 6 min{λk(f), λk+c(f)}.

Proof. By Hironaka’s resolution of singularities and birational invariance of degrees up to uniform constants,
we may suppose that Z is smooth. Fix an ample line bundle L→ X.

Recall the definition of basepoint free numerical classes from Fulger and Lehmann [FL17, §5]. Suffice it to
say that any basepoint free class in Ni

R(X) is both pseudo-effective and nef, and that the cone of basepoint
free classes has non-empty interior. Moreover, for any basepoint free class Ω ∈ Ni

R(X), there exists a constant
C > 0 such that Ω ≤ Cc1(L)i.

It follows that the fundamental class [Z] can be written as a difference of two basepoint free classes
[Z] = Ω1 − Ω2 with Ω1,Ω2 ∈ Nc

R(X), and we have

degk(fn|Z) = fn∗c1(L)k · c1(L)N−c · [Z]

= fn∗c1(L)k · c1(L)N−c · Ω1 − fn∗c1(L)k · c1(L)N−c · Ω2
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Beware that the class fn∗c1(L)k is only pseudoeffective and not nef in general. To get around that difficulty,
we consider for each n a resolution of the graph Γn of fn with projection maps π1,n, π2,n : Γ → X so that

fn = π2,n ◦ π−1
1,n. Then for ε ∈ {1, 2}, we get

fn∗c1(L)k · c1(L)N−c−k · Ωε = π∗2,nc1(L)k · π∗1c1(L)N−c−k · π∗1Ωε ≤ C
(
π∗2,nc1(L)k · π∗1c1(L)N−k

)
and degk(fn|Z) ≤ C degk(fn).

Denote by Γn,Z the closure of the graph of fn|Z\Ind(f) in Γn. LetW be any complete intersection subvariety

of codimension k in Z whose fundamental class is equal to c1(L|Z)k. Since f∨(Z) = Z, and f is birational,
we may choose W so that it intersects properly each component of the locus Vl := {p ∈ X,dimπ−1

2,n(p) ≥ l}
for all l ≥ 1 and all n ≥ 0. Note that W defines two fundamental classes: [W ]Z = c1(L|Z)k ∈ Nk(Z), and

[W ]X = c1(L)k · [Z] ∈ Nk+c(X).
By [Tru20, Lemma 4.2], the proper transform (π−1

2,n)∨(W ) (resp. (π−1
2,n)∨(W )∩Γn,Z) represents π∗2,n[W ]X

(resp. π∗2,n[W ]Z). In particular, the class π∗2,n[W ]X − π∗2,n[W ]Z is represented by an effective cycle. We now
compute

degk(fn|Z) = [(π−1
2,n)∨(W ) ∩ Γn,Z ] · π∗1,nc1(L)N−c−k

≤ [(π−1
2,n)∨(W )] · π∗1,nc1(L)N−c−k

= fn∗[W ] · c1(L)N−c−k = degk+c(f
n)

This concludes the proof. �

2.3. Regularization of bimeromorphic mappings. A bimeromorphic self-map f : X 99K X of a normal
complex manifold is said to be regularizable iff there exists a proper bimeromophic map ϕ : X 99K Y such
that π ◦ f ◦ π−1 : Y → Y is a biholomorphism.

We collect here two observations on this notion.

Proposition 2.11. Suppose the bimeromorphic self-map f : X 99K X is regularizable. Then there exist
a smooth manifold Y and a proper bimeromophic map ϕ : X 99K Y such that π ◦ f ◦ π−1 : Y → Y is a
biholomorphism.

Proof. This is a consequence of the existence of a functorial resolution of singularities in the category of
analytic spaces, see [W lo09, Theorem 2.0.1]. �

Proposition 2.12. Let f : X 99K X be any bimeromorphic self-map of a normal complex variety. If fn is
regularizable for some n ∈ N∗, then f is also regularizable.

Proof. Let U be an open (for the analytic Zariski topology) dense subset in X such that the restrictions of
f, · · · , fn−1 are all regular on U . Define Γ to be the closure (for the euclidean topology) of the set of points
{(x, f(x), · · · , fn−1(x)), x ∈ U} ⊂ Xn. The first projection π1 : Γ→ X is a proper bimeromorphic map. On
Xn, consider the biholomorphism F (x0, · · ·xn−2, xn−1) = (x1, · · · , xn−1, f

n(x0)). This map preserves Γ and
π1 ◦ F = f ◦ π1. This completes the proof. �

3. Semi-abelian varieties

In this section we recall some basic facts on the geometry of semi-abelian varieties and compute the degree
growth of their automorphisms.

3.1. Geometry of semi-abelian varieties. Our reference for this section is [NW14, Chapter 5].
A semi-abelian variety G is a connected commutative complex algebraic group fitting into an exact se-

quence of algebraic groups:

(3.1) 1→ T → G→ A→ 1,

where T ∼= Grm is a split algebraic torus and A is an abelian variety. Observe that G is projective if and only
if it is abelian, and G is affine if and only if it is an affine torus.

By Chevalley’s structure theorem, the torus T is uniquely determined so that the sequence (3.1) is unique
(there might be other exact sequences 1 → T → G → A′ → 1 with A′ abelian in category of complex Lie
groups, see [NW14, §5.1.5]).
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Write r = dim(T ) and g = dim(A). Since T , G and A are abelian, the exponential maps exp: Lie(T )→ T ,
exp: Lie(G)→ G, and exp: Lie(A)→ A have discrete kernels, and they all fit into the following commutative
diagram in which both lines are exact:

0 Lie(T ) Lie(G) Lie(A) 0

1 T G A 1

expT expG expA

We write V := Lie(G) ' Cr+g, and Λ := ker(expG). The latter is a discrete subgroup of rank r+2g. Observe
that W := Lie(T ) ' Cr is a subspace of V such that ΛW := Λ ∩W is a discrete subgroup of rank r that
generates W as a complex vector space. Write ΛR := Λ⊗Z R, and consider the complex vector space

U := ΛR ∩ iΛR ⊂ V.
Then U is a complex vector subspace of V , and a dimension argument implies V = W ⊕ U .

We have thus obtained:

Proposition 3.2. To any semi-abelian variety G is associated a complex vector space V of dimension r+g,
a discrete subgroup Λ of rank r + 2g, and a splitting V = W ⊕ U of complex vector spaces such that

• dim(W ) = r, dim(U) = g;
• ΛW := Λ ∩W has rank r and generates W as a complex vector space;
• U = ΛR ∩ iΛR;
• the image of Λ in V/W is a cocompact lattice Λ̄ and (V/W )/Λ̄ is an abelian variety of dimension g;
• the exact sequence 1→W/ΛW → G→ (V/W )/Λ̄ is the defining sequence (3.1) canonically attached

to G.

The quadruple (V,W,U,Λ) is unique up to isomorphism.

A quadruple (V,W,U,Λ) as above is called a presentation of the semi-abelian variety G.

Remark 3.3. The intersection Λ∩U is a discrete subgroup of U whose rank can be any integer from 0 and
2g. Observe that G is a product (as an algebraic group) if and only if this rank is equal to 2g.

3.2. Algebraic compactification of semi-abelian varieties. Let G be a semi-abelian variety. The exact
sequence (3.1) exhibits G as the total space of a principal T -bundle over A (in algebraic terms, G is a T -torsor
over A). In terms of a presentation (V,W,U,Λ) of G, this can be understood as follows.

The family of affine planes z + U projects to a smooth foliation on G that is transverse to the fibers of
the canonical projection π : G → A, and its holonomy gives rise to a monodromy representation given by a
morphism Λ̄ to the group of biholomorphisms of T .

In concrete terms, pick any λ̄ ∈ Λ̄ and lift it to λ ∈ Λ. Write λ = λW + λU with λW ∈ W and λU ∈ U .
Observe that in general λW /∈ ΛW . However since ΛR = ΛW,R ⊕ U , it follows that λW ∈ ΛW,R. The
monodromy associated λ̄ is thus the translation by −λW ∈ ΛW,R. In particular, the monodromy is given by
a morphism ρ : Λ̄→ K where K = ΛW,R/ΛW is the maximal compact (real) subgroup of T = W/ΛW .

Set X := V/ΛW : this is a principal T -bundle over V/W . Observe that the canonical splitting of V
descends to a biholomorphism ϕ : W/ΛW ⊕ U → X. One can then recover G as the quotient of X by the
action of Λ̄ given by λ̄ · ϕ(w, u) := ϕ(ρ(λ̄) · w, u+ λU ).

Choose any smooth projective toric variety M of dimension r. Then M is equipped with a T -action which
has a dense orbit, and this orbit is canonically identified with T . Then we define ḠM as the quotient of
M × U by the action of Λ̄ given by λ̄ · (w, u) = (ρ(λ̄) · w, u + λU ) for w ∈ M and u ∈ U . In this way we
obtain all smooth equivariant algebraic compactifications of G.

We shall only use the case M = (P1)r in the sequel, and thus write Ḡ := Ḡ(P1)r in order to simplify
notations.

The choice of a basis for ΛW gives canonical coordinates w1, . . . , wr on T = W/ΛW , hence on (P1)r. In
the same way, we choose a basis of V/W ∼= U which gives linear coordinates z1, . . . , zg on V/W . The positive
smooth (1, 1) form

(3.4) ω =
i

2

r∑
k=1

dwk ∧ dwk
(1 + wkwk)2

+
i

2

g∑
j=1

dzj ∧ dzj .
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on (P1)r × U then descends to a Kähler form on Ḡ since the monodromy representation takes its values in
K.

3.3. Automorphisms of semi-abelian varieties. Let G be a semi-abelian variety. We let Aut(G) be the
group of algebraic biholomorphisms3 of G. This group contains all translations z 7→ z + x for any x ∈ G.

Pick any element g ∈ Aut(G). Since any algebraic map from T to A is constant, any algebraic self-
map of G descends to A. In particular, for any g ∈ Aut(G) fixing the neutral point, the map ϕy(x) :=
g(x + y) − g(x) − g(y) descends to the zero map on A, and we have ϕy(T ) ⊂ T . Since ϕy is algebraic its
restriction to T is a morphism, hence ϕy ≡ 0. This proves any g ∈ G is the composition of a group morphism
and a translation, so that we have the following exact sequence

1→ G→ Aut(G)→ Aut•(G)→ 1 ,

where Aut•(G) is the subgroup of algebraic group isomorphisms.
Since any algebraic biholomorphism descends to A, the canonical exact sequence (3.1) also yields two

exact sequences

1→ HT → Aut(G)→ HA → 1, and 1→ HT,• → Aut(G•)→ HA,• → 1

where HT (resp. HA) is a subgroup of Aut(T ) (resp. Aut(A)); and HT,• (resp. HA,•) is a subgroup of
Aut•(T ) ' SL(r,Z) (resp. Aut•(A) which is a discrete subgroup of GL(g,C)).

Lemma 3.5. Let (V,W,U,Λ) be a presentation of G, and pr: V → G be the canonical morphism. Then for
any f ∈ Aut(G) there exist a point x ∈ G and linear endomorphisms uT (f) : W → W , uA(f) : U → U such
that f(pr(v)) = pr(u(f)(v)) + x for all v ∈ V , where u(f) is the endomorphism of V = W ⊕ U defined by
u(f) = uT (f)⊕ uA(f).

Proof. Replacing f by f − x with x = f(0) we may suppose f(0) = 0. By our previous arguments, f is then
a group morphism. It thus lifts to the universal cover V of G and defines an endomorphism u(f) : V → V
such that u(f)(Λ) = Λ. Since u(f) is C-linear, it preserves U = ΛR ∩ iΛR. On the other hand, we proved
that g must preserve T , hence u(f) fixes W too. We have thus proved that u(f) preserves each factor of the
splitting V = W ⊕ U as required. �

Recall that an isogeny f : G→ G′ between two semi-abelian varieties is a surjective group morphism with
finite kernel. This is equivalent to impose f to be finite and surjective.

We shall below consider the ring of group endomorphisms End(G) which is isomorphic to the set of
complex linear maps u : V → V such that u(Λ) ⊂ Λ.

3.4. Degree growth of automorphisms of semi-abelian varieties.

Theorem 3.6. Let G be any semi-abelian variety, and (V,W,U,Λ) be a presentation of G. Let π : G → A
be the canonical projection to an abelian variety such that ker(π) is a split torus T .

Pick any automorphism f ∈ Aut(G), and let x ∈ G, uA(f) ∈ End(U) and uT (f) ∈ End(W ) such that
f(π(v)) = π(u(f)(v)) + x for all v ∈ V with u(f) = uT (f)⊕ uA(f). Then, we have

degk(fn) � max
0≤j≤k

{
‖Λj,juA(f)n‖ × ‖Λk−juT (f)n‖

}
Let u : V → V be any endomorphism. Then for all j, we denote by Λju the induced endomorphism on

the vector space ΛjV ∗; and by Λj,ju the endomorphism on the space Λj,jV ∗ of 2j-forms to type (j, j).

Proof. We compute the degrees in the projective compactification Ḡ as in §3.2 with the Kähler form (3.4).
Observe that any translation on G extends to an automorphism on Ḡ, hence acts as the identity on the

cohomology of Ḡ. It follows that we may suppose that x = 0. It follows that f restricts to a morphism fT
on T , and also descends to a morphism fA : A→ A. Write

ωT :=
i

2

r∑
k=1

dwk ∧ dwk
(1 + wkwk)2

and ωA :=
i

2

g∑
j=1

dzj ∧ dzj .

3Observe that the group of all biholomorphisms of G might be larger than Aut(G).
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To simplify notation we identify ωA with its image in the quotient space A. Since λk(fA) equals the spectral
norm of the pull-back action of f on Hk,k(A), we have∫

A

fn∗A ωkA ∧ ω
g−k
A � ‖Λk,kuA(f)n‖ ;

and [FW12] or [Lin12] imply similarly:∫
PrC

fn∗T ωkT ∧ ωr−kT � ‖ΛkuT (f)n‖ .

Choose a fundamental domain Π(G) for the action of Λ̄ in X = V/ΛW . Recall that there is a canonical
projection X → U , and observe that we may choose Π(G) as the product of T with a fundamental domain
Π(A) in U for the action of Λ̄. Denote by fX : X → X the lift of f (or equivalently the map induced by
u(f) from V onto X). Note that by Lemma 3.5 fX is equal the product map (fT , uA(f)) in the coordinates
(wj), (zi) on T × U .

We then have the following series of equalities:

degk(fn) =

∫
Ḡ

fn∗ωk ∧ ωr+g−k =

∫
G

fn∗ωk ∧ ωr+g−k

=

∫
Π(G)

u(f)n∗(ωA + ωT )k ∧ (ωA + ωT )r+g−k

=
∑
j,l

(
k

j

) (
r + g − k

l

) ∫
Π(G)

uA(f)n∗ωjA ∧ fn∗T ωk−jT ∧ ωlA ∧ ω
r+g−l
T

=

k∑
j=0

(
k

j

) (
r + g − k
g − j

) ∫
Π(A)

uA(f)n∗ωjA ∧ ω
g−j
A

∫
T

fn∗T ωk−jT ∧ ωr−jT

� max
0≤j≤k

degj(f
n
A) degk−j(f

n
T )

which concludes the proof. �

Denote by τ1, . . . , τr the eigenvalues counted with multiplicities of uT (f) and by α1, . . . , αg the eigenvalues
of uA(f). Reorder them in the following way:

|τ1| > |τ2| > · · · > |τr|;
|α1| > |α2| > · · · > |αg|.

The previous theorem can be used to describe the degree growth in codimension 1.

Corollary 3.7. Let f : G→ G be an automorphism of a semi-abelian variety G. Then in the above notation
the first dynamical degree of f is equal to:

λ1(f) = max{|τ1|, |α1|2}.

Moreover, if λ1(f) = 1, then deg1(fn) � nd with d = max{jT − 1, 2(jA − 1)} where jT and jA denote the
unipotent index of uT (f) and uA(f) respectively.

Corollary 3.8. Let f : G → G be an automorphism of a semi-abelian variety G. In the above notation f
has the following dynamical degrees:

λj(f) = max
k+l=j,0≤k≤r,0≤l≤g

k∏
m=1

|τm| ×
l∏

n=1

|αn|2

In the previous formula, we adopt the convention that when k = 0 or l = 0 then the product is over the
emptyset, hence equals 1.

Remark 3.9. The computation of dynamical degrees of endomorphisms of semi-abelian surfaces was also
explored in Abboud’s thesis, see [Abb23, §4.3.3].
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3.5. Decomposition of automorphisms of abelian varieties. In this section, we suppose that G = V/Λ
is an abelian variety so that Λ generates the complex vector space V as a real vector space.

Recall that an abelian variety is simple when it does not contain any non-trivial abelian subvarieties.
Let L → G be any ample line bundle on G. The map sending a ∈ G to t∗aL ⊗ L−1 (where ta denotes the
translation by a) defines an isogeny φL : G → G∨ := Pic0(G) (see [Mum08, II.8 Theorem 1]). If H is an
abelian subvariety of G, and ı : H → G is the canonical embedding map, we may consider the fiber H ′

containing 0 of the map G→ H∨ given by ı∨ ◦φL. Then H ∩H ′ is finite, and the addition map H×H ′ → G
is an isogeny, see [BL04, p.127].

Theorem 3.10. Pick any algebraic group isomorphism f ∈ Aut•(G). Then there exist two canonically
defined f -invariant abelian subvarieties G0, G1 satisfying the following conditions:

(1) the addition map µ : G′ := G0 ×G1 → G is an isogeny;
(2) all eigenvalues of u(f |G0

) are roots of unity;
(3) no eigenvalue of u(f |G1) is a root of unity.

Remark 3.11. Note that λ1(f |G0) = 1, and for any f -invariant abelian subvariety H of G1 we have
λ1(f |H) > 1. Also when G is simple, then either G0 or G1 is reduced to a point.

Proof. Consider the complex linear map u(f) : V → V as above. Since u(f) preserves the lattice Λ, it also
induces a Q-linear map ur : ΛQ → ΛQ. Since Λ is co-compact in V , the embedding Λ ⊂ V induces an
isomorphism of real vector spaces φ : ΛR → V .

Let J(λ) := φ−1(iφ(λ)). It defines an endomorphism J : ΛR → ΛR such that J2 = − Id, and since u(f) is
C-linear, we have J ◦ ur = ur ◦ J .

Let χr ∈ Z[T ] be the characteristic polynomial of ur. Then χr is a polynomial of degree 2g, which can
be decomposed as a product χr = PQ where P ∈ Z[T ] is a product of cyclotomic factors, and Q ∈ Z[T ]
does not vanish at any root of unity. We obtain a splitting ΛQ = kerP (ur)⊕ kerQ(ur), and since ur and J
commute, the real spans of both kerP (ur) and kerQ(ur) in ΛR are J-invariant. Write V0 = φ(kerP (ur)) and
V1 = φ(kerQ(ur)). It follows that V0 and V1 are u(f)-invariant complex vectors spaces such that V = V0⊕V1

such that Λ ∩ Vi is a lattice in Vi for each i = 0, 1. The theorem follows with Gi = Vi/(Λi ∩ Vi). �

4. Families of abelian varieties and Néron models

In this section, we discuss Néron models in the context of degenerating families of complex abelian
varieties, and give a proof of Theorem A.

4.1. Néron models. In order to talk about Néron models, we have to make a slight twist in the terminology
used in the introduction.

A family (of polarized manifolds) over the complex unit disk is a smooth complex manifold X , with a
surjective holomorphic map π : X → D which is a proper submersion over D∗, and carrying a relatively ample
line bundle L → X .

When Xt = π−1(t) is an abelian variety for each (or some) t 6= 0, then we say that it is a family of
polarized abelian varieties. The family of neutral elements of Xt gives a canonical holomorphic section over
D∗, that we refer to the zero section.

We allow X0 to be non-compact. Observe that X0 is compact if and only if π is proper, in which case we
say the family is proper. We say that a polarized family is smooth when the map π is a submersion over
D. A proper smooth family of polarized abelian varieties is simply a deformation of abelian varieties defined
over D. We write X ∗ = X \X0 = π∗(D∗).

A model Y of X is a family of polarized manifolds $ : Y → D, and a meromorphic map φ : Y 99K X such
that π′ = π ◦ φ and φ is a biholomorphism from Y∗ onto X ∗.

Let R be the ring of germs of holomorphic functions at the origin 0 ∈ D. With the t-adic norm, |
∑
ant

n|t =
exp(−min{n, an 6= 0}), it becomes a discrete valued ring, whose completion is the ring of formal power series
(C[[t]], | · |t). The fraction field K of R is a valued field whose completion is (C((t)), | · |t).

If π : X → D is a family of polarized abelian varieties, there exists r > 0 and an embdedding ı : X ↪→
PNC × Dr such that pr2 ◦ı = π, where Dr := {|t| < r} and pr2 is the projection onto the second factor. It
follows that X is defined by a finite family of homogeneous polynomials with coefficients in R. This family
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defines a projective scheme flat over SpecR that we denote by XR. Its generic fiber XK is a smooth abelian
K-variety.

Theorem 4.1. Let XK be any abelian variety over K. There exists an R-scheme NR, flat over SpecR and
an isomorphism φ : NK → XK such that X satisfies the following property:

• for each smooth R-scheme Y and for any K-morphism f : YK → XK , there exists a unique R-
morphism ϕ : Y → NR which extends f , i.e., such that f = φK ◦ ϕK .

The property characterizing NR is called the Néron mapping property, and NR is then called a Néron
model. It implies the uniqueness (up to isomorphism) of the Néron model. We refer to [BLR90] for a proof
of this result. It is crucial to keep in mind that in general the special fiber Ns is not projective.

Corollary 4.2. Let π : X → D be a family of polarized abelian varieties. Then there exists a family of
polarized abelian varieties πN : N → D, and an isomorphism φN : N ∗ → X ∗ satisfying π = πN ◦ φN , such
that the following holds.

For any smooth polarized family $ : Y → Dr with 0 < r < 1, and for any holomorphic map f : Y∗ → X ∗
such that $ = f ◦ π, there exists a unique holomorphic map ϕ : Y → N such that f = φN ◦ ϕ.

Remark 4.3. We shall call N as in the previous corollary the analytic Néron model (or Néron model for
short). Observe that the extension property applied to the addition law on X ∗ × X ∗ implies that N is also
a commutative complex algebraic group.

The extension property also implies that any holomorphic section σ : D→ X of π (i.e., satisfying π◦σ(t) =
t) induces a holomorphic map σN : D→ N such that φN ◦ σN = σ.

When the Néron model N is relatively projective (i.e., N0 is projective), then we shall say that X is a
non-degenerating family.

Remark 4.4. When t varies in D∗, then (Xt,Lt) forms a holomorphic family of polarized abelian varieties
of a fixed type D so that we have a holomorphic map from D∗ to the moduli space of polarized abelian
varieties of type D (see, e.g., [BL04, p.219]). The family is non-degenerating if and only if this map extends
holomorphically through 0.

Remark 4.5. In the case g = 1 and X is a family of elliptic curves, then the Néron model can be obtained
as follows, see [Sil94]. First, after applying the minimal model program, we may suppose that X is relatively
minimal, i.e., X0 does not contain any smooth rational curve of self-intersection −1. The divisor π∗(0) is in
general not reduced, and can be written as a sum

∑
Ei+

∑
bjFj where Ei, Fj are the irreducible components

of X0 and bj ≥ 2 for all j. Then N can be taken as the smooth part of X \
⋃
Fj . We refer to [BHPVdV04,

§V.7] for the description by Kodaira of all possible divisors π∗(0) as above.

Proof of Corollary 4.2. Theorem 4.1 yields a polarized family of abelian varietiesN → Dr for some 0 < r < 1.
The isomorphism φ : NK → XK defines a biholomorphism ϕ : N ∗ → π−1{0 < |t| < r} (possibly after
reducing r), such that ϕ∗L is the polarization on N ∗.

Glue N and X ∗ along π−1{0 < |t| < r}, where we identify a point z ∈ N ∗ with ϕ(z) ∈ π−1{0 < |t| < r}.
The resulting space is a family of polarized abelian varieties defined over D. To simplify notation we shall
keep the same notation N for this family.

Suppose now that we are given a smooth polarized family $ : Y → Dr with 0 < r < 1, and a holomorphic
map f : Y∗ → X ∗ such that $ = f ◦ π. Since $ is smooth in the analytic category, the associated R-scheme
is smooth (in the algebraic sense, see [Bin76, Satz 3.1]). By Néron extension property, we can find ρ < r
and an analytic map ϕ : $−1{0 < |t| < ρ} → N such that f = φN ◦ ϕ. By analytic continuation, ϕ extends
to Y. �

Finally we shall need the following result. Suppose π : X → D is any proper family of polarized abelian
varieties, and pick any integer n ∈ N∗. A base change of order n is a proper family of polarized abelian
varieties πn : Xn → D, with a meromorphic map φ : Xn 99K X such that the following square is commutative:

Xn X

D D

φ

ππn

t7→tn
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Theorem 4.6. Let π : X → D be any proper polarized family of abelian varieties of dimension g. Then there
exists a finite base change π′ : X ′ → D of order n ∈ N∗ such that:

(1) The fiber X ′0 is reduced;
(2) the irreducible component G of the central fiber N ′0 of the Néron model of X ′ containing the neutral

element is a semi-abelian variety, and the quotient space N ′0/G is a finite group.

Moreover, the following property holds:

(3) the Néron model N ′ is proper if and only if G is an abelian variety.

Proof. The first two statements follows from the semi-stable reduction theorem of Grothendieck applied to
the R-scheme XR, see [BLR90, §7.4, Theorem 1]. The third statement is a consequence of [BLR90, §7.4,
Theorem 5]. �

Recall that it may be necessary to do a non-trivial base change for the central fiber of the Néron model
to be semi-abelian.

Example 4.7. Let A be an abelian variety of dimension g, f, σ ∈ Aut(A) two automorphisms such that
f(0) = σ(0) = 0, σN = Id for some N . Then f and σ lifts to linear maps on the Lie algebra of A hence
commute, and we can form the quotient space X = (A × D)/G where we identify (z, t) ∼ (σ(z), ζt) with
ζ a primitive N -th root of unity. Since f and σ commute, f descends to X and defines an automorphism
f̃ : X → X .

In general X0 is singular but is not birational to an abelian variety. Take for instance A = Eg with E an
elliptic curve, f any element in SL(g,Z) and σ = ζz where ζ = −1, or ζ is a primitive 3rd (resp. 4th)root
of unity when E = C/Z[j] (resp. E = C/Z[i]). When g = 2, the minimal resolution of singularities of the
quotient A/G is a K3 surface when ζ = −1. One can even obtain examples for which A/G is a (singular)
rational surface. The easiest example is to take the simple abelian variety obtained by quotienting by the ring
of integers of Q(ζ5) where ζ5 is a primitive 5-th root of unity admits two non conjugate complex embedding,
and the variety A := C2/Z[ζ5] is a simple abelian variety. The multiplication by ζ5 on Z[ζ5] induces an
automorphism g of order 5, and A/〈g〉 is rational. This variety also admits an automorphism with dynamical
degree > 1 since the group of units of Q[ζ5] has rank 1 by Dirichlet’s unit theorem. See [Yos80, Yos95] for
details.

4.2. Automorphisms of families of polarized abelian varieties. Let π : X → D be a family of polarized
abelian varieties, and f : X 99K X be any bimeromorphic map. By the properness of π, we necessarily have
π = π ◦ f . We denote by Bim(X ) the group of bimeromorphic self-maps of X , and by Aut(X ) its group of
biholomorphisms.

Since abelian varieties do not contain rational curves, it follows that Exc(f) and Ind(f) are both contained
in X0, and ft : Xt → Xt is an algebraic biholomorphism for all t 6= 0.

Recall that for each t 6= 0, ft lifts to the universal cover prt : Vt → Xt as an affine map z 7→ u(ft)(z) + xt
with xt ∈ Vt, and u(ft) ∈ End(Vt) so that u(ft) preserves the lattice Λt = pr−1

t (0).
Since Λt and u(ft) are varying continuously (in fact holomorphically) in t, choosing a path from t0 to

t1 determines a canonical isomorphism Vt0 → Vt1 sending Λt0 to Λt1 and conjugating u(ft0) to u(ft1). We
collect here the following two observations.

Proposition 4.8. Let f ∈ Bim(X ), and E be any irreducible component of the central fiber of the Néron
model of X . Suppose that the component of N0 containing 0 is semi-abelian, and that fN (E) = E.

Then the characteristic polynomial of u(ft) for t 6= 0 is identical to the one of u(f |E).

Proof. We may suppose X = N and write f = fN . Recall that N is a family of abelian complex algebraic
groups. Denote by E0 the connected component of N0 containing 0, and pick any point x ∈ E. Then E
is isomorphic to E − x ∼= E0, hence is a translate of a semi-abelian variety. By Lemma 3.5 any algebraic
automorphism h : E → E thus lifts to an affine map on its universal cover. We shall denote by u(h) its linear
part.

Choose any local holomorphic section x : Dr → X such that x(0) = x. Note that a priori x is only defined
in a neighborhood of 0 ∈ D (i.e., r < 1) in which case we replace X by π−1(Dr). To simplify notation we
shall assume r = 1 in the remaining of this proof.
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We introduce the following automorphism f̃ ∈ Aut(N ) by letting f̃t := ft − ft(x(t)) + x(t) so that

ft(x(t)) = x(t) for all t. Since f and f̃ are isotopic we have f̃(E) = E, u(f̃ |E) = u(f |E), and u(f̃t) = u(ft)
for all t 6= 0.

We now look at the differential df̃t(x(t)) ∈ End(Tx(t)Nt). We may trivialize Tx(t)Nt in a continuous

way and interpret df̃t(x(t)) as a continuous family of endomorphisms of the same complex vector space. In

particular, the characteristic polynomial of df̃0(x(0)) is equal to the one of df̃t(x(t)) for t 6= 0 (as the latter
is constant).

We conclude by observing that df̃t(x(t)) (resp. df̃0(x(0))) is conjugated to u(ft) (resp. to u(f |E)) since
ft (resp. f |E) lifts to a constant linear map on its universal cover by Proposition 3.5. �

Proposition 4.9. Let π : X → D be a polarized family of abelian varieties, and let φ : X ′ 99K X be any base
change. Then for any f ∈ Bim(X ), there exists f ′ ∈ Bim(X ′) such that φ ◦ f ′ = f ◦φ, and f is regularizable
if and only if f ′ is.

This proposition in fact holds on any family of projective varieties as the following proof shows.

Proof. We may suppose that X ′ is the fibered product over t 7→ tn for some n ∈ N∗, i.e., X ′ = {(x, t) ∈
X × D, π(x) = tn} (note that X ′ may acquire singularities along the central fiber). The automorphism
f ′(x, t) = (f(x), t) satisfies π′ ◦ f ′(x, t) = π′(x, t) := π(x) hence f ′ ∈ Bim(X ′). And since φ(x, t) = x, we
have φ ◦ f ′ = f ◦ φ by construction.

Observe also that if f is regularizable, then we may suppose that f : X → X is a regular map, and f ′ is
also regular on the fibered product.

Suppose conversely that f ′ is regularizable. We may thus find a model Y 99K X ′ such that the induced map
fY : Y → Y is regular. Observe that φ : X ′ → X is a cyclic cover: the Zn-action given by ζ · (x, t) = (x, ζ · t)
induces a biholomorphism X ′/Zn

∼→X . This action commutes with f ′, and by equivariant resolution of

singularities we may suppose that it lifts to a regular action on Y. Let Ỹ := Y/Zn. Then Ỹ is a model of

X , and fY descends to a regular automorphism Ỹ. This implies f to be regularizable. �

Proposition 4.10. Let π′ : X ′ → D and π : X → D be two families of polarized abelian varieties, and let
φ : X ′ 99K X be a meromorphic map such that π′ = π ◦ φ and φt : X

′
t → Xt is an isogeny for all t ∈ D∗.

Suppose f ∈ Bim(X ) and f ′ ∈ Bim(X ′) satisfy φ ◦ f ′ = f ◦ φ.
Then f is regularizable if and only if f ′ is.

Proof. By the resolution of singularities, we may suppose that φ : X ′ → X is regular. Suppose that f : X → X
is an automorphism. Let R be the ring of germs of holomorphic functions at 0 in the unit disk, and K be
its fraction field.

Consider the Stein factorization Y of X ′ → X , so that X ′ ϕ→Y ν→X with ν finite, and φ = ν ◦ ϕ. Let
Y ′ be the normalization of Y. Denote by f ′Y : Y ′ 99K Y ′ the map induced by f ′. Since f ◦ ν = ν ◦ f ′Y ,
f is an automorphism, ν is finite, it follows that f ′Y cannot have indeterminacy points, proving that f ′ is
regularizable since Y ′ is normal.

To prove the converse, recall that the dual variety X∨t of Xt is the quotient of the space of anti-linear 1-
forms Ω̄ by the dual lattice Λ∨t := {` ∈ Ω,=`(Λt) ⊂ Z}, see [BL04, Chapter 2, §4]. Since Xt is polarized, there
exists a continuous family of positive definite hermitian forms Ht : V × V → C such that =Ht(Λt,Λt) ⊂ Z.
These polarizations induces a canonical isogeny map φt : Xt → X∨t sending z to Ht(z, ·). Its degree is
determined by the type of the polarization by [BL04, Chapter 2, Proposition 4.9]. It follows that X∨t is also
polarized, and the family of abelian varieties X∨t varies holomorphically4. We briefly sketch how to see that
X∨ extends as a family over D.

After a base change, there exists a holomorphic map s 7→ Z(s) from the upper half-plane to the Siegel
domain (Z(s) is a symmetric g×g complex matrix such that =(Z(s) > 0), and such that Z(s+1) = Z(s)+DB
for some matrix B with integral coefficients (see §6.2 below for more details). And Xt is isomomorphic to Cg

quotiented out by the lattice generated by the vectors d1e1, · · · , dgeg and the columns of Z(e2iπs). It follows
from [BL04, Chapter 8.1, (1)] that X∨t is then isomorphic to Cg quotiented out by the lattice generated by
the vectors e1, · · · , eg and the columns of Z ′(s) := D−1Z(e2iπs). Observe that Z ′(s + 1) = Z ′(s) + B, and
Mumford’s construction (see again §6.2) based on toroidal geometry constructs a degeneration of the family
X∨t over D. We also have a canonical meromorphic map φ : X 99K X∨ (over D) restricting to φt for all t 6= 0.

4the polarization is principal iff X∨
t is isomorphic to Xt.
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We now observe that a bimeromorphism f : X 99K X canonically induces a bimeromorphism on the dual
family f∨ : X∨ 99K X∨ and that f∨ is regularizable iff f is. This follows from the previous argument and
the fact that (X∨)∨ is canonically isomorphic to X .

If f ′ is regularizable, then (f ′)∨ is also regularizable, hence f∨ since we have a map X∨ 99K (X ′)∨, and
we conclude that f is regularizable as required. �

4.3. Proof of Theorem A. Recall the set-up: π : X → D is a proper family of polarized abelian varieties
of dimension g, and f ∈ Bim(X ).

(1) We assume that X is a non-degenerating family, and want to show that f is regularizable. By definition,
this means that there exists a base change π′ : X ′ → D which defines a smooth family of abelian varieties.
The lift of f to X ′ is then automatically regular (since X ′0 does not contain any rational curve), and we
conclude that f is regularizable by Proposition 4.9.

(2) Suppose that f is regularizable, and no root of unity is an eigenvalue of u(ft) for some (hence all)
t 6= 0. Note that this implies λ1(ft) > 1. We may assume that f : X → X is a regular map. Replacing X by
a suitable base change, we may also suppose that the central fiber of X is reduced and the central fiber of
its Néron model N is an extension of a finite group by a semi-abelian variety (see Theorem 4.6).

Let X sm be the set of points in X at which π is a local submersion, i.e., X sm = X \ Sing(X0) ⊃ X ∗. The
Néron mapping property implies the existence of a canonical (holomorphic) map ψ : X sm → N that extends
the isomorphism X ∗ → N ∗.

Replacing f by an iterate, we may suppose that each irreducible component of N0 is fixed by fN . Fur-
thermore, each component E′ in N0 is a translate of the component containing the neutral point of N0 hence
is a translate of a semi-abelian variety G. The restriction map fN |E′ can be lifted to an affine map on the
universal cover of E′, the linear part of which we denote by u(f |E′). Let r′ be the dimension of the maximal
split subtorus T ⊂ G, so that A := G/T is an abelian variety of dimension g′ = g − r′. By Lemma 3.5,
u(f |E′) splits as a sum of two endomorphisms u(f |E′) = uT ⊕ uA.

Let τi and αj be the eigenvalues counted with multiplicity of uT and uA respectively so that

|τ1| > |τ2| > · · · > |τr′ |;
|α1| > |α2| > · · · > |αg′ |.

On the other hand, let µj be the eigenvalues of u(ft) ordered as follows |µ1| > · · · > |µg|. By assumption,
we have |µ1| > 1, and no µj is a root of unity. By Proposition 4.8, the collection {µj} is the union of τj and
αk.

We claim that if r′ > 0 then |τ1| > 1. Indeed we have |τ1| = λ1(f |T ), so that by the log-concavity of
dynamical degrees |τ1| = 1 implies λj(f |T ) = 1 for all j, hence |τj | = 1 for all j. Since τ1 is the root of the
characteristic polynomial of uT , it is an algebraic integer, and by Kronecker’s theorem we conclude that τ1
is a root of unity, which yields a contradiction.

Let us proceed now by contradiction and suppose the family is degenerating. This is equivalent to assume
that r′ ≥ 1. Let k be the least integer so that |τ1| > |αk|. If |τ1| ≤ |αg′ |, then we set k = g′ + 1.

As before, let E be an irreducible component of X0 such that λk(f |E) = λk(ft). By Propositions 2.6
and 2.10 we infer the existence of an irreducible component E′ of N0 such that λk(fN |E′) = λk(ft). But
Corollary 3.8 implies

λk(ft) =

k∏
j=1

|µj |2 =

k−1∏
j=1

|αj |2 × |τ1|2

whereas

λk(fN |E′) = max


k−1∏
j=1

|αj |2 × |τ1|,
k∏
j=1

|αj |2


proving λk(fN |E′) < λk(ft) since |τ1| > 1.

4.4. Proof of Theorem C. We suppose that f is an automorphism of X , and deg(fnt ) � n2k. Recall that
replacing f by an iterate, and after a suitable base change, we may assume the following. First u(ft) : V → V
is unipotent. Second the central fiber X0 is reduced. Let N be the Néron model of X . Third, the component
E0 of the central fiber of N containing 0 is a semi-abelian variety.
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We let T be the maximal multiplicative torus in E0, and denote by r its dimension, so that we have an
exact sequence 1→ T → E0 → A→ 1 where A is an abelian variety of dimension g′ := g − r.

As in the previous section, we set X sm = X \ Sing(X ), and denote by ψ : X sm → N the canonical
bimeromorphic morphism.

By Proposition 2.3, there exists an irreducible component E of X0 such that deg(fn|E) � deg(fnt ), and
Z := ψ(E ∩ X sm) is an irreducible subvariety of N0 which is fN -invariant. Since N0 is quasi-projective, it
admits a projective compactification by Nagata’s theorem, so that Proposition 2.6 applies to the morphism
ψ : X sm → N , and yields:

n2k−1 . deg1(fnN |Z) . n2k .

We may assume that the component ofN0 containing Z is E0. Proposition 2.10 implies n2k−1 . deg1(fnN |E0).
By Corollary 3.7, we have deg1(fnN |E0) � max{deg1(fnN |T ),deg1(fnN |A)}, therefore

n2k−1 . max{nr−1, n2(g′−1)} ,

which implies the required inequality 2k ≤ max{r, 2g − 2r − 1}.

We add a small comment on the regularizability on families of abelian surfaces: this allows one to complete
Table 1.

Proposition 4.11. Let π : X → D be a family of polarized abelian surfaces, and let f : X 99K X be any
bimeromorphic map such that deg1(fnt ) � n2.

If r(X ) = 2, then f is not regularizable.

Proof. Suppose that f is regularizable and r(X ) = 2. Pick any component E of the central fiber of the Néron
model. Since r(X ) = 2, it is a multiplicative torus, and replacing f by an iterate f |E is a monomial map.
By [BK14, Corollary 1.6], f |E is regularizable, hence the degree growth of its iterates is either bounded or
quadratic (see [DF01]). But the latter case cannot happen by [FW12] so that fn|E has bounded sequence
of degrees. By Proposition 2.6, it follows that the degree growth of fn is at most linear, and we cannot have
deg1(fnt ) � n2. �

5. Examples of automorphisms on families of abelian varieties

In this section, we produce examples of automorphisms on families of abelian varieties for which The-
orem A applies. Using the classification of the endomorphism rings of simple abelian varieties, we give a
classification up to isogenies of such families in dimension ≤ 5.

5.1. Decomposition of families of abelian varieties.

Proposition 5.1. Let π : X → D be a polarized family of abelian varieties of dimension g, and f : X 99K X
be a meromorphic map satisfying π ◦ f = π, and ft is an algebraic group morphism for all t ∈ D∗.

After a suitable finite base change, there exist two families πj : Xj → D, j = 0, 1, of polarized abelian
varieties, bimeromorphic maps fj ∈ Bim(Xj), and a meromorphic map ψ : X0 × X1 99K X over D such that
ψ(f0, f1) = f ◦ ψ and the following hold:

(1) the induced map X0,t ×X1,t → Xt is an isogeny for all t ∈ D∗;
(2) λ1(f0,t) = 1, and no eigenvalue of u(f1,t) is a root of unity.

In particular, we can apply Theorem A to the family f1 : X1 99K X1.

Proof. For each t 6= 0, we apply Theorem 3.10. We get two abelian subvarieties X0,t and X1,t that are both
ft-invariant. Denote by fi the restriction of f to Xi, i = 0, 1. Then λ1(f0,t) = 1 and none of the eigenvalues
of u(f1,t) is a root of unity.

Observe that X0,t and X1,t form holomorphic families of abelian varieties. Indeed, we may view Xt as a
quotient of a fixed complex vector space V of dimension g by a holomorphically varying cocompact lattice
Λt. Also, ft is induced by a holomorphic family of endomorphisms ut : V → V such that ut(Λt) = Λt.
We factor the characteristic polynomial of ut into a product of two polynomials P and Q where P−1(0)
consist of roots of unity, and Q−1(0) contains no root of unity. By the proof of Theorem 3.10, we have
X0,t = kerP (ut)/(kerP (ut)∩Λt) and X1,t = kerQ(ut)/(kerQ(ut)∩Λt) so that both families are holomorphic
over D∗.
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Note that both abelian varieties X0,t and X1,t are endowed with a polarization induced from the one on
Xt. We now explain briefly why these families extend over D. Fix any t0 6= 0, write Xt0 = V/Λt0 . The
polarization induces a hermitian form Ht0 on V such that =(Ht0) is a symplectic form which takes integral
values on Λt0 . Choose symplectic basis of P (ut0) ∩ Λt0 and Q(ut0) ∩ Λt0 respectively, and extend them as
a symplectic basis of a finite index subgroup of Λt0 . Let g0 (resp. g1) be the rank of P (ut0) ∩ Λt0 (resp. of
Q(ut0) ∩ Λt0).

The family X ′t = X0,t × X1,t over D∗ is a quotient of Xt by a finite group of translations which acts
meromorphically on X because any torsion section extends meromorphically over 0 (the group law inducing
a meromorphic map X × X 99K X ). It follows that X ′ forms a family of polarized abelian varieties over D.

As we have a symplectic basis of the lattice defining X ′t, after a finite base change, there exists a holomor-
phic map s 7→ Z ′(s), from the upper half-plane to the Siegel domain, an integral matrix B′ and a diagonal
integral matrix D′ such that: Z ′(s + 1) = Z ′(s) + D′B′; and X ′e2iπs is isomomorphic to Cg quotiented out
by the lattice DZg + Z ′(s)Zg. As our reference symplectic basis was a product of two symplectic basis of
P (ut0)∩Λt0 and Q(ut0)∩Λt0 , it follows that Z ′ can be written in block-diagonal form Z ′(s) = Z0(s)⊕Z1(s)
where s 7→ Zi(s), i = 1, 2 are holomorphic maps from the upper half-plane to the Siegel domains. The
monodromy information on Z ′ implies the existence of integral matrices Bi and diagonal integral matrices
Di such that: Zi(s+ 1) = Zi(s) +DiB for each i which implies that both families Xi,t extends over D (see
the proof of Proposition 4.10 and §6.2).

Let ψ : X ∗0 × X ∗1 → X ∗ be the addition map, and observe that by construction ψ induces an isogeny
X0,t ×X1,t → Xt for all t 6= 0. Since X0 is a subfamily of X , and f0 is the restriction of f to X0, the map f0

extends meromorphically to X0. The same argument proves f1 is meromorphic. �

5.2. Division algebras. We recall some general facts on division algebras that will be used in the next
section.

Let B be a division algebra which is finite dimensional over Q. Denote by K its center (this is a number
field), and write e = [K : Q]. Then by Artin-Wedderburn theorem, B ⊗K Kalg is isomorphic to Matd(K

alg)
hence dimK(B) = d2 for some integer d ≥ 1 called the index of B.

Pick any x ∈ B. The sub-algebra Z[x] is finitely generated hence x admits a minimal (possibly reducible)
polynomial Fx ∈ Q[x]. The K-linear map b 7→ bx is an endomorphism of B whose characteristic polynomial is
the d-th power of a monic polynomial Prdx ∈ K[T ] of degree ed called the reduced characteristic polynomial.
If K ′|K is a finite extension such that B⊗KK ′ ' Matd(K

′) then we have Prdx(T ) = det(T Id−φ(x⊗1)). The
reduced trace trdB/K : B → K is defined as the opposite of the coefficient of Prdx in T ed−1, and the reduced

norm NrdB/K : B → K is NrdB/K(x) = (−1)ed Prdx(0). We define trdB/Q(x) = trK/Q(trdB/K(x)) ∈ Q, and
NrdB/Q(x) = NmK/Q(NrdB/K(x)) ∈ Q where tr and Nm are the standard trace and norm attached to the
field extension K/Q. The reduced norm NrdB/Q : B → Q is the unique (up to a scalar factor) polynomial
function N : B → Q of degree ed on B such that N(ab) = N(a) ·N(b).

An order O in B is a finitely generated Z-submodule which is stable by multiplication (hence is a ring),
and such that O ⊗Z Q = B, see [Voi21, Chapter 10]. Any element in an order is integral, i.e., is annilihated
by a monic polynomial with integral coefficients. Conversely, any integral element is contained in some order
that one can choose to be maximal under inclusion (see [Rei03, Exercice 10.5]).

5.3. Automorphisms of simple abelian varieties. We refer to [Mum08, IV], or [BL04, §5.5] for details.
Let X = V/Λ be any abelian variety, End(X) be the ring (under addition and composition) of algebraic

group morphisms of X, and define EndQ(X) := End(X)⊗Z Q. Since End(X) can be identified to the set of
complex linear maps u : V → V such that u(Λ) ⊂ Λ, it is a ring (under the addition and composition laws),
and EndQ(X) is a finitely dimensional Q-algebra.

Suppose X is simple, i.e., contains no non-trivial abelian subvarieties. Then the kernel of any algebraic
group morphism u : X → X is finite, hence EndQ(X) has no divisor of zero and is a division algebra.
Since X is polarized, EndQ(X) admits a involution f 7→ f ′ (called the Rosati involution) which is an anti-
automorphism such that the quadratic form q(f) := tr(ff ′ : H1(X,Q) → H1(X,Q)) is positive definite.
It follows that B := EndQ(X) is a division ring which is finite dimensional over Q, admits an involutive
anti-automorphism b 7→ b′ such that trdB/Q(bb′) > 0. The classification of such algebras was obtained by
Albert.

Denote by K its center as above, so that B has dimension d2 over K. Consider also the field K0 ⊂ K of
elements fixed by the Rosati involution, and write [K : Q] = e, and [K0 : Q] = e0. The strong approximation
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theorem implies that K0 is a totally real number field, and K is a totally imaginary quadratic extension of
K0 or K = K0, see [BL04, V.5 (5.2) and (5.4)]. In particular, it is a CM field.

Further informations on the structure of B are obtained by considering its class in the Brauer group of
K. We refer to [Mum08, IV. Application I] for details.

The following table summarizes the informations we know about B,K and K0.

Table 2. Endomorphism algebras of simple abelian varieties

Albert type Center (number field K) B Index d B ⊗Q R restriction
I totally real B = K 1 Re e|g
II totally real Da,b 2 Mat2(R)e 2e|g
III totally real Da,b a and b� 0 2 He 2e|g
IV CM second kind d ≥ 1 Matd(C)e/2 1

2ed
2|g

To avoid confusion with the upper half plane H = {z ∈ C,=(z) > 0}, we let H = {α + βi + γj +
δ(ij), α, β, γ, δ ∈ R} be the Hamilton division algebra over R with i2 = j2 = −1 and ij = −ji. More generally
over a field K, we let D = Da,b := {α+βi+γj+δ(ij), α, β, γ, δ ∈ K} where a, b are given elements in K and
i2 = a, j2 = b and ij = −ji. Note that trdB/K(µ) = 2α ∈ OK , and NrdB/K(µ) = α2 − aβ2 − bγ2 + (ab)δ2,
and D−1,−1 = H.

Types I, II and III are referred to as being of the first kind: the restriction of the involution is then trivial
on K, i.e., K = K0. Division algebras arising in Type IV are called of the second kind.

In Type I, B = K is any totally real field.

In Type II, B is any quaternion algebra over a totally real field K such that for each embedding σi : K → R,
we have B⊗σi(K) R ' Mat2(R), so that B⊗Q R ' Mat2(R)e, and the reduced trace is given by

∑e
i=1 tr(Mi).

One says that B is totally indefinite. One can show that there exists an isomorphism B ⊗Q R ' Mat2(R)e

such that the anti-involution on B corresponds to (M1, · · · ,Me)→ (tM1, · · · , tMe).

In Type III, B is any quaternion algebra over a totally real field K such that for each embedding σi : K →
R, we have B ⊗σi(K) R ' H, so that B ⊗Q R ' He. One says that B is totally definite. Through this
isomorphism, the anti-involution on B corresponds to (b1, · · · , be) → (σH(b1), · · · , σH(be)), and the reduced
trace is given by

∑e
i=1 trdH(bi).

Type IV is harder to describe. Then B is any division algebra over a CM field K, such that the restriction
of the involution to K is the conjugation σ : K → K whose fixed point set is K0, and satisfying the following
conditions. For any finite place v fixed by σ, then [B]v = 0 in the Brauer group of Kv; and for any finite
place v fixed by σ, then [B]v + [B]σ(v) = 0. In that case there exists an isomorphism B ⊗Q R ' Matd(C)e

such that the involution on B corresponds to (M1, · · · ,Me)→ (tM̄1, · · · , tM̄e).

Suppose now that we are given f ∈ Aut•(X), which we identify with the morphism f∗ : H1(X,Z) →
H1(X,Z). Then there exists a polynomial with integer coefficients annilihating f and det(f) = 1. In other
words, f is integral viewed as an element in B and satisfies NrdB/Q(f) = ±1. In fact, by the uniqueness of
the existence of norms on division algebra, we have

χf (n) = NrdB/Q(n− f)
2g
de

for all n ∈ N, where χf (T ) = det(T Id−f) is the characteristic polynomial of f∗ : H1(X,Q) → H1(X,Q),
see [BL04, §13.1]. In particular, λ1(f) is a root of the reduced characteristic polynomial of f in B. This
relation is exploited in [DH22, Sug23] to construct many examples of automorphisms a simple abelian varieties
whose first dynamical degrees are Salem numbers.

The condition appearing in Theorem A that f∗ : H1(X,Q)→ H1(X,Q) has no eigenvalue equal to a root
of unity is thus equivalent to impose that the polynomial NrdB/Q(T − f) does not vanish at any root of
unity.

5.4. Automorphisms of families of abelian varieties having no cyclotomic factors. Let us explain
how to construct non-isotrivial families of polarized abelian varieties X , and families of algebraic group
isomorphisms ft ∈ Aut•(Xt) such that the characteristic polynomial of u(ft) has no cyclotomic factor, and
Xt is simple for some (hence for a generic) t ∈ D∗.
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We consider the moduli spaces of abelian varieties whose ring of endomorphisms contain a given division
algebra. The principle is to start with a division algebra B which is finite dimensional over Q, together
with a positive involutive anti-automorphism, and a representation ρ : B → Matg(C) such that there exists
θ : B → Mat2g(Q) for which θ⊗1C = ρ⊕ ρ̄ (see [BL04, Lemma 9.1.1] for an intrinsic characterization of such
representations). Note that all examples are described by Albert as above. Then we choose an order O ⊂ B
and an element f ∈ O such that NrdB/Q(f) = ±1.

As explained in [BL04, Chapter 9], each data (B,O, ρ) gives rise to a (several for type IV algebras)
complex variety H(B,O, ρ) parameterizing triples (X,H, ı) where X = Cg/Λ is an abelian variety, H is a
positive definite hermitian form on Cg corresponding to a polarization of X, and ı : O → End(X) ⊂ Matg(C)
is an embedding sending the Rosati involution to the involution in B such that ı and ρ are equivalent
representations. It turns out that H(B,O, ρ) is always a hermitian symmetric domain, see Table 3 below.
The moduli space M(B,O, ρ) of such triples up to natural isomorphism is a quotient of H(B,O, ρ) by a
discrete (arithmetic) subgroup, which admits a canonical structure of quasi-projective variety. Its Satake-

Baily-Borel compactification is a projective variety M(B,O, ρ).

Any holomorphic map D → M(B,O, ρ) and any choice of µ ∈ O with NrdB/Q(µ) = ±1 gives rise to a
family of polarized abelian varieties Xt with automorphisms ft : Xt → Xt over D.

In the next table, we set

Hg := {Z ∈ Matg×g(C)| tZ = Z and =(Z) > 0}
Hg := {Z ∈ Matg×g(C)| tZ = −Z and Id−tZ̄Z > 0}
Hr,s := {Z ∈ Matr×s(C)| Ids−tZ̄Z > 0}

Table 3. Moduli space of abelian varieties with endomorphism structure

Albert type dimension of the abelian variety symmetric domain dimension of the moduli space
I le (Hl)

e e
2 l(l + 1)

II 2le (Hl)
e e

2 l(l + 1)
III 2le (Hl)e e

2 l(l − 1)
IV d2el = 2d2e0l

∏
Hrj ,sj maxrj+sj=dl

∑e0
j=1 rjsj

Explaining in details all possible outcomes for all types of endomorphism algebras of simple abelian
varieties would be too lengthy. We discuss only those examples that arise in dimension ≤ 5 (up to isogenies).

Type I. [BL04, §9.2]. Let K be any totally real field of degree e ≥ 2 over Q with ring of integers OK . Write
g = l × e for some l ∈ N∗. Fix non-equivalent embeddings {ıj : K → R}1≤j≤e. Pick µ ∈ O∗K any unit which
is not a root of unity (it always exists by Dirichlet’s unit theorem if e ≥ 2).

For any Z ∈ (Hl)
e, introduce the lattice Λz given as the image of

λz : OlK ⊕OlK → Cg, λz(α, β) = (α1Z1 + β1, · · · , αeZe + βe) .

Here we have α = (α1, · · · , αl) ∈ OlK , β = (β1, · · · , βl) ∈ OlK , and we write αj = (ıj(α
1), · · · , ıj(αl)), and

βj = (ıj(β
1), · · · , ıj(βl)). Then Xz := Cg/Λz is an abelian variety with polarization

E(v, w) =

e∑
j=1

=(vj(=Zj)−1w̄j) ,

which is integral on Λz. The diagonal map (µ1 Idl, · · · , µe Idl) on Cg is an automorphism of Λz hence we get
an automorphism fz : Xz → Xz whose characteristic polynomial is irreducible and has no cyclotomic factor.
The first dynamical degree of fz equals max{|µj |2} by Corollary 3.7.

Remark 5.2. Observe that the subspace Rg ⊂ Cg intersects Λz in a lattice, and is invariant under the
diagonal map. It follows that fz admits an invariant totally real compact torus of dimension g.

The manifold H(K,OK , ρ) is isomorphic to (Hl)
e, has dimension e

2 l(l + 1), and M(K,OK , ρ) is obtained
by quotienting out of by an arithmetic subgroup of e copies of the symplectic group in dimension 2l. When
l = 1, we have e = g and M(K,OK , ρ) = Hg/PSL(2,OK) is a Hilbert-Blumenthal modular variety. We
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refer to [vdG88, Chapter 1] for the proof that it is a quasi-projective variety of dimension g that can be
projectively compactified by adding finitely many points.

Remark 5.3. There exist smooth families of polarized abelian varieties defined over a compact Riemann
surface X → B that admit a family of automorphisms with λ1 > 1. Indeed since the Hilbert-Blumenthal
variety is the complement of a finite set in a projective varieties, it contains many compact curves (of high
genus, see [RT18]).

Type II & III. The precise construction is given in [BL04, §9.3–5] or [Shi63].

Type IV. We refer to [BL04, §9.6] for details of the construction in this case. Observe that there is no
non-trivial family of such type in dimension ≤ 5.

5.5. Classification in low dimension. We list all up to isogeny by Proposition 5.1 positive dimensional
families of polarized abelian varieties which admit a family of automorphisms ft such that the characteristic
polynomial of f∗t : H1(Xt,Q)→ H1(Xt,Q) has no cyclotomic factors (in particular λ1(ft) > 1).

Any abelian variety X is isogenous to a direct product Xk1
1 ×· · ·×Xkm

m where X1, · · · , Xm are simple non
isogenous abelian varieties. The ring EndQ(X1× · · ·×Xm) is then isomorphic to MatQ(k1,End(X1))× · · ·×
MatQ(km,End(Xm)) where EndQ(Xi) is a division algebra of type I, II, III or IV. Thus, the classification of
families of automorphisms as in Theorem A is reduced to a combinatorial question.

To exclude certain families, we observe that an abelian variety X with EndQ(X) = Q does not carry any
automorphism with λ1 > 1. In particular, in the type I case, we can always suppose e > 1.

Also we shall use the work of Shimura, namely [Shi63, Theorem 5], to rule out some cases:

• Type III and g/2e = 1 then X is not simple;
• Type IV and

∑
rνsν = 0 then X is not simple;

• Type IV l = 2, d = 1, rν = sν = 1 for all ν then the endomorphism algebra is included in a type III
example;

• Type IV and l = 1, d = 2, rν = sν = 1 for all ν, then X is not simple.

In each case, we denote by m the maximal dimension of families of abelian varieties that one can obtain.
In the table below, by convention by a unit we mean a unit not lying in the group of roots of unity.

g = 2

2.1 generically non-simple: Xt = E2
t , dim(Et) = 1; f is determined by a unit in a totally real quadratic

field (i.e., a matrix in SL(2,Z)), m = 1;
2.2 generically simple with endomorphism algebra of type I, l = 1 , e = 2; f is determined by a unit in

a totally real quadratic field not in U∞, m = 2.

Remark 5.4. Abelian surfaces whose endomorphism algebra are of type II, III or IV are rigid (see Table 3).
A direct proof of these facts is given in [Res17].

g = 3

3.1 generically non-simple: Xt = E3
t , dim(Et) = 1; f is determined by a unit in a cubic field (i.e., a

matrix in SL(3,Z), m = 1;
3.2 generically simple with endomorphism algebra of type I, l = 1 , e = 3; f is determined by a unit in

a totally real cubic field, m = 3.

Remark 5.5. Simple abelian 3-folds whose endomorphism algebra is of type I and has invariants l = 3 and
e = 1 do not carry automorphisms with λ1 > 1. Types II, III, IV are not possible since g is odd. Also any
automorphism of the family Xt = Et × Yt where Yt is as in 2.2 preserves Et, thus, there is an eigenvalue of
f∗ which is a root of unity for any f ∈ End(Xt).

g = 4

4.1 generically non-simple: Xt = E4
t , dim(Et) = 1; f is determined by a unit in a quartic field (i.e., a

matrix in SL(4,Z)), m = 1;
4.2 generically non-simple: Xt = E2

t × At, dim(Et) = 1, dim(At) = 2 as in 2.2; f is determined by two
units in two real quadratic fields, m = 2;
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4.3 generically non-simple: Xt = A1
t × A2

t , dim(Ait) = 2 as in 2.2; f is determined by two units in two
real quadratic fields, m = 4;

4.4 generically non-simple: Xt = (At)
2, dim(At) = 2 as in 2.2; f is determined by a matrix in GL(2,OK)

for some real quadratic field K, m = 2;
4.5 generically simple with endomorphism algebra of type I, l = 1, e = 4; f is determined by a unit in a

totally real quartic field, m = 4;
4.6 generically simple with endomorphism algebra of type I, l = 2, e = 2, f is determined by a unit in a

real quadratic field, m = 6;
4.7 generically simple with endomorphism algebra of type II, e = 2, l = 1, f is determined by µ ∈ B a

totally indefinite quaternion algebra over a real quadratic field with NrdB/Q(µ) = ±1, m = 2;
4.8 generically simple with endomorphism algebra of type II, e = 1, l = 2, f is determined by µ ∈ B a

totally indefinite quaternion algebra over Q with NrdB/Q(µ) = ±1, m = 3;

Remark 5.6. Observe that in the last two cases 4.7 and 4.8, the existence of µ with reduced characteristic
polynomial having no cyclotomic factor puts some restriction on the algebra. In case 4.6, if B is given by
i2 = a and j2 = b, we need the existence of a solution of the quadratic equation x2 − ay2 − bz2 + (ab)t2 = ε,
with (x, y, z, t) ∈ Q, ε = ±1, and x /∈ {0,±1} if ε = 1 and x 6= 0 if ε = −1.

Remark 5.7. Simple abelian 4-folds whose endomorphism algebra is of type I (resp. type IV) and has
invariants l = 4 and e = 1 (resp. d = 1, (e0, l) = (1, 2)) do not carry automorphisms with λ1 > 1. Simple
abelian 4-folds whose endomorphism algebra is of type III with e = 2, l = 1 (resp. type IV with d = 1,
l = 1) are rigid. Finally for any totally definite quaternion algebra of type III with e = 1 defined over Q the
elements with NrdB/Q(µ) = ±1 form a finite group.

g = 5

5.1 generically non-simple: Xt = E5
t , dim(Et) = 1; f is determined by a unit in a quintic field (i.e., a

matrix in SL(5,Z)), m = 1;
5.2 generically non-simple: Xt = E2

t × Yt, dim(Et) = 1 as in 2.1, dim(Yt) = 3 as in 3.2; f is determined
by two units in the ring of integers of a totally real quadratic and cubic fields respectively, m = 4;

5.3 generically non-simple: Xt = At×E3
t , dim(At) = 2 as in 2.2, dim(Et) = 1 as in 3.1; f is determined

by two units in the ring of integers of a real quadratic and of a cubic field, m = 3;
5.4 generically non-simple: Xt = At × Yt, dim(At) = 2 as in 2.2, dim(Yt) = 3 as in 3.2; f is determined

by two units in the ring of integers of a totally real quadratic and cubic fields respectively, m = 5;
5.5 generically simple with endomorphism algebra of type I, l = 1, e = 5, f is determined by a unit in a

totally real quartic field, m = 5.

Remark 5.8. Simple abelian 5-folds whose endomorphism algebra is of type I and has invariants l = 5 and
e = 1 do not carry automorphisms with λ1 > 1.

6. Translations on families of abelian varieties

In this section, we focus our attention to families of translations, and prove Theorems E and F from the
introduction.

6.1. Relative toric manifolds over D. Following Mumford, we build a suitable compactification of de-
negeration of abelian varieties, by using special families of toric varieties.

Let R be the discrete valued ring of germs of holomorphic functions on D at 0, and let K be the fraction
field of R. We shall consider toric R-schemes (as defined in [KKMSD73, IV.3] or [BGPS14, Chapter 3.5])
which are smooth over R and whose generic fiber is equal to Ggm over K. Any such scheme gives rise to a
smooth complex manifold X containing D∗ × Ggm as an open dense subset such that:

• the projection map onto the first factor extends to a surjective holomorphic map π : X → D and
π−1(D∗) = D∗ × Ggm ;

• the action of Ggm by multiplication on the second factor of D∗ × Ggm extends holomorphically to X.

For convenience, we shall refer any such manifold to a relative toric manifold of dimension g over D. Let
us now describe the combinatorial data that encodes toric R-schemes satisfying the conditions above, and
explain how to build the relative toric manifold from these data.
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Let M be the lattice of characters of Ggm, so that an element m ∈M is a group morphism e(m) : Ggm → G1
m.

Define N = Hom(M,Z) its lattice of co-characters (a point n ∈ N corresponds to a one-parameter subgroup

of Ggm). Write M̃R := MR × R+ and ÑR := NR × R+.

An admissible5 fan ∆ is a (possibly infinite) collection of rational polyhedral cones in ÑR that is closed
under taking intersections and faces. We impose moreover the following conditions:

• no cone of ∆ contains a linear subspace of NR (i.e., σ is strongly convex);
• each cone σ ∈ ∆ is simplicial (but not necessarily regular6);
• no cone in contained in NR × {0}.

The last two conditions respectively correspond to the fact that we want the resulting toric variety X to
have quotient singularities, and the generic fiber over D to be the split torus.

A ray of ∆ is a one-dimensional cone.

For each cone σ, we define the semi-group Sσ = {m̃ ∈ M × Z, 〈m̃, ñ〉 ≥ 0 for all ñ ∈ σ}. Following,
e.g., [Oda88, §1.2], we associate to each cone σ the relative (affine) toric manifold of dimension g over D by
setting

Xσ = {x : Sσ → C, x(m̃1 + m̃2) = x(m̃1) · x(m̃2), x(0) = 1 and |x(0, 1)| < 1}
which we endowed with the topology of the pointwise convergence, and the unique structure of complex
manifold for which any m̃ ∈ Sσ induces a holomorphic function.

The manifold Xσ is equipped with a canonical holomorphic map πσ(x) := x(0, 1) ∈ D, and C[M̃ ] forms a
subalgebra of the field of meromorphic functions on Xσ that are regular on X∗σ = π−1

σ (D∗) (the point (0, 1)
corresponds to π∆).

Note that by construction an element in C[M̃ ] is holomorphic in Xσ if and only if it belongs to C[Sσ].
And this algebra generates the structure sheaf OXσ as a OXσ -module. It is customary to write e(m̃) for the
holomorphic function induced by m̃ ∈ Sσ on Xσ.

The torus Ggm acts on itself by multiplication, hence on the C-algebra C[M ] and the trivial extension to

C[M̃ ] (leaving the vector (0, 1) fixed) turns Xσ into a relative toric manifold over D.

Remark 6.1. When σ is regular, we may suppose that ẽ0 = (e0, 1), · · · , ẽk = (ek, 1) ∈ N × N such

that σ ∩ Ñ is generated by (ẽ0, · · · , ẽk). We may suppose e0 = 0 and complete the family of vectors
ei such that e1, · · · , eg form a basis of N . In the canonical basis (0, 1), (e∗i , 0) of M × Z, Sσ is equal to
{(a1, · · · , ag, b),∈ Zg+1, b ≥ 0, b + aj ≥ 0 for all j = 1, · · · , k} which is generated by (e∗i , 0), (−e∗i , 1) for
j = 1, · · · , k, and ±(e∗i , 0) for j = k + 1, · · · , g. Hence Xσ is biholomorphic to

{(z1, w1, · · · , zk, wk, yk+1, · · · , yg, t) ∈ (C∗)2k × Cg−k × D, z1w1 = t, · · · , zkwk = t} .

Any inclusion of cones σ ⊂ σ′ yields an inclusion Sσ ⊃ Sσ′ hence induces by restriction an embedding
Xσ ⊂ Xσ′ preserving the action by Ggm and the projection to D. We define X(∆) as the disjoint union of all
Xσ where σ ranges over all cones of the fan ∆, and Xσ and Xσ′ are patched along Xσ∩σ′ (interpreted as an
open subset of both).

Any relative toric manifold over D is isomorphic to X(∆) for some fan satisfying the conditions above.

We shall denote by π∆ : X(∆) → D the canonical projection map. As before, C[M̃ ] forms a subalgebra of
the field of meromorphic functions on X(∆) that are regular on X(∆)∗, and the action of Ggm on X(∆) is

the dual to its natural action on C[M̃ ].

Lemma 6.2. Let φ : D∗ → Ggm be any holomorphic map that is meromorphic at 0, and let nφ ∈ N be the
unique co-character satisfying

〈nφ,m〉 := ordt e(m)(φ(t)) for all m ∈M .

Then for any fan ∆, the map t 7→ (φ(t), t) extends as a holomorphic function D → X(∆) if and only if
R+ · (nφ, 1) belongs to a cone in ∆.

Proof. Let ∆ be any admissible fan. Then φ̃(t) := (φ(t), t) extends as a holomorphic function D→ X(∆) if

and only if there exists a cone σ ∈ ∆ such that φ̃ : D→ Xσ is holomorphic.

5this is a purely local terminology
6a simplicial cone σ of dimension k is regular if the semi-group σ ∩ Ñ is generated by k elements
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Since C[Sσ] generates the structure sheaf OXσ as a OXσ -module, φ̃ : D→ Xσ is holomorphic if and only if

e(m̃)(φ̃) is holomorphic at 0 for any m̃ ∈ Sσ. The latter is equivalent to the condition ordt(e(m̃)(φ̃(t))) ≥ 0
for all m̃ ∈ Sσ.

If (nφ, 1) does not belong to σ, then one can find m̃ = (m, k) ∈ Sσ ⊂ M × Z such that 〈(nφ, 1), m̃〉 < 0,
and

ordt(e(m̃)(φ̃(t))) = ordt(e(m, k)(φ̃(t)))

= ordt(e(m)(φ(t))) + k = 〈(nφ, 1), m̃〉 < 0

so that φ̃ does not extend holomorphically.
If (nφ, 1) belongs to σ, then the same computation shows that φ̃ extends holomorphically. �

6.2. Analytic Mumford’s construction following Nakamura. We describe in this section the con-
struction of a proper model of a family of polarized abelian varieties over an open disc as done in [Nak77].
Recall our notation for the upper half-plane H = {l ∈ C| =(l) > 0} and for the Siegel domain Hg = {M ∈
Matg×g(C)| tM = M and =(M) > 0} for any g ≥ 1.

Let π : X → D, L → X be any family of polarized abelian varieties. Fix any t? ∈ D∗, write X? = Xt? as
the quotient of some complex vector space V of dimension g by a co-compact lattice Λ?. The polarization
induces a positive-definite hermitian form H on V whose imaginary part E = =H takes integral values on
Λ? (note that H(v, w) = E(iv, w) + iE(v, w)). Since E is a skew-symmetric form on V , we may choose a
symplectic basis f1, · · · , fg, e1, · · · , eg of the lattice Λ? so that

E =

(
0 D
−D 0

)
for some diagonal integral matrix D = diag(d1, · · · , dg) with d1| · · · |dg. In the basis ẽi = 1

di
ei of V , the

lattice is generated by the vectors given by the columns of the following period matrix

Π? =


a11 . . . a1g d1 0 . . . 0
a21 . . . a2g 0 d2 . . . 0

. . .
. . .

ag1 . . . agg 0 0 . . . dg

 = (Z? D)

where Z? belongs to Hg. Now consider the universal covering map e : H → D∗ with e(s) = exp(2πis).
Identifying the universal cover of Xt with V so that the polarization Lt → Xt defines the same hermitian
form H for all t, we may locally follow holomorphically the lattices Λt = ker(V → Xt) such that e1, · · · , eg
belongs to Λt, and since H is simply connected, we get a holomorphic function s 7→ Z(s) = [aij(s)] ∈ Hg so
that Λe(s) is generated by the column of Π(s) = (Z(s) D). Here is a diagram summarizing the construction
to follow:

Ggm × D 	 Γ

Z? ∈ Hg X ⊃ X?

s ∈ H D 3 t

π

exp

Z

Z0

In the rest of the discussion, we shall replace our original family by the family X ′t := V/Λ′t where Λ′t :=
Λt + Zẽ1 + · · ·+ Zẽg is generated by the columns of Π′(s) = (Z(s) Idg). Then X ′ forms a family of abelian
varieties which is principally polarized (i.e., the canonical map X ′t → (X ′)∨t is an isomophism), and we thus
have a family of isogenies φt : Xt → X ′t.

Since (Z(s + 1) Idg) and (Z(s) Idg) define the same polarized abelian variety, there exists an element
M ∈ Sp(2g,Z) such that M · Z(s + 1) = Z(s) for all s, see [BL04, Proposition 8.1.3] (the action is by
generalized Möbius transformations). The matrix M encodes the monodromy action of π1(D∗) on H1(X?,Z)
which fixes ẽ1, · · · , ẽg, hence is upper block-triangular (in the usual writing of elements in Sp(2g,Z) as a
2 × 2 block-matrix). By the Griffiths-Landman-Grothendieck’s monodromy theorem (see, e.g., [CMSP17,
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Theorem 13.7.3]) M is moreover quasi-unipotent. Up to base change we may (and shall) suppose that M is
unipotent. This means that we can find an integral-valued matrix B ∈M(Z, g) such that Z(s+1) = Z(s)+B.

Lemma 6.3. [Nak77, Lemma 2.3] The matrix B is symmetric positive semi-definite, and there exists a
holomorphic map Z0 : D→ Hg such that Z(s) = Z0(e(s)) +Bs.

Denote by r′ the rank of the matrix B. After changing the basis ei, we may suppose that

B =

(
0 0
0 B′

)
; Z0(t) =

(
Z1(t) Z2(t)
tZ2(t) Z3(t)

)
,(6.4)

where B′ ∈ Mat(r′,Z) is a positive definite integral matrix of size r′, g′ := g − r′, and Z1 : D→ Sym(g′,C),
Z2 : D→ Mat(g′×r′,C), Z3 : D→ Sym(r′,C), are holomorphic. Here Sym(h,C) denotes the space of complex
symmetric square matrices of size h.

Remark 6.5. In order to be consistent with the notation of the rest of the paper, we insist on writing r′

for the rank of B. This is in conflict with the notation used by Nakamura who used g′ for this rank.

Remark 6.6. The number r′ equals the dimension of maximal torus in a semi-abelian component of the
Néron model of X in the case when X has semi-abelian reduction. In particular, r′ = 0 iff Xt is not
degenerating.

Let us explain now how to recover the family X ∗ from (6.4). Observe that for a fixed t ∈ D∗ with t = e(s),
then Xt is the quotient of V ' Cg by the lattice generated by the column of Π(s). Taking the quotient by
Ze1 ⊕ · · · ⊕ Zeg first, we get Xt = Ggm/Γ where Γ = Zg acts on the split torus by multiplication

(6.7) γ · (z′1, · · · , z′g) =

z′1 g∏
j=1

e(a1j(s)γj), · · · , z′g
g∏
j=1

e(agj(s)γj)

 .

The family X ∗ can be thus obtained as the quotient of Ggm×D∗ by an action of Γ which we now describe
in dual terms. Recall from the previous section that M is the set of characters of Ggm. The universal
covering map V → Ggm is given in the coordinates ei by the map v =

∑
viei 7→ (e(v1), · · · , e(vg)). To exploit

the block-diagonal form of B as in (6.4), we write the coordinates on Ggm as (z1, · · · , zg′ , w1, · · · , wr′) =

(e(v1), · · · , e(vg)). A character m ∈ M can thus be written as m = zpwq with p ∈ Zg
′

(resp. q ∈ Zr
′
) a

character of Gg
′

m (resp. of Gr
′

m).

The action of Γ can then be described on M × N as follows. For any γ = (α, β) ∈ Γ, where α ∈ Zg
′

and

β ∈ Zr
′

we have (with t = e(s)):

γ∗(zp) = e(α · Z1(t) · tp+ β · tZ2(t) · tp) zp;

γ∗(wqtl) = e(α · Z2(t) · tq + β · Z3(t) · tq) tl+β·B·
tqwq;

Note that this action induces a dual action of Γ on the lattice N × N so that (γ · ñ)(m̃) = n(γ∗m̃) for all

ñ ∈ N×N and m̃ ∈M×N. In the dual basis N = {(a, b) ∈ Zg
′×Zr

′} so that 〈(a, b), (p, q)〉 = (a · tp)+(b · tq),
we have (α, β) · (a, b, k)(p, q, l) = (a, b, k)(p, q, l + β ·B′ · tq), hence

(6.8) (α, β) · (a, b, k) = (a, b+ k β ·B′, k) .

It follows that Γ preserves the affine hyperplanes N ×{k} for all k, acts trivially on N ×{0}, and the action

of the subgroup {0} × Zg
′

is free on N × {k} for all k ∈ N∗.

Since Γ acts by multiplication on each element of M × N, for any γ ∈ Γ, the map (z′, t) 7→ γ · (z′, t) on
Ggm×D∗ extends as a holomorphic map from Xσ to Xγ·σ for any (rational polyhedral strongly convex) cone

σ (in ÑR).
It follows that the action of Γ extends to the relative toric variety X(∆) over D if and only if the fan ∆

is Γ-invariant.

Theorem 6.9. There exists a Γ-invariant fan ∆ such that the following holds:

(1) the set of rays of ∆ is exactly given by R+ · (n, 1) for all n ∈ N such that (n, 1) belongs to the span
of the Γ-orbit of (0, 1);

(2) the action of Γ on X(∆) is free and π∆-equivariant;
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(3) the restriction of the action of Γ to any fiber of π∆ is co-compact.

Remark 6.10. In order for the Γ-action to be co-compact it is necessary for the support of ∆ to intersect
N × {1} along an affine space. One can show that the Néron model is obtained by taking the subfan of ∆
having only one dimensional faces generated by the Γ-orbit of (0, 1). In general ∆ contains more rays. This
happens exactly when the central fiber of the Néron model is reducible.

Sketch of proof. The proof is given in [Nak77, Theorem 2.6]. Let Π be the real affine subspace generated by
the Γ-orbit of (0, 1). Observe that NΠ := N ×{1}∩Π is a co-compact lattice in Π. Let ∆0 be the fan whose
cones are (0) and the 1-dimensional cones R+(n, 1) with n ∈ Π ∩N × {1}.

Since Γ acts by translation on ÑR preserving N × N, we may find a scalar product (hence a metric d on

ÑR) which is Γ-invariant. Following [AN99, §1], we define a Delaunay cell σ to be the closed convex hull of all
elements ñ ∈ NΠ for which there exists α ∈ Π satisfying infNΠ d(α, ·) = d(α, ñ). If the metric is sufficiently
general, then we obtain a Γ-invariant cell-decomposition of Π by simplices whose vertices are all contained
in NΠ. Observe that this fan is not necessarily regular if g ≥ 5 (see [AN99, §1.14]).

We define ∆ to be the fan whose cones are generated by cells of this triangulation. The fact that Γ acts
co-compactly on X(∆) is proved in [Nak77] for any dimension g. �

A crucial observation is the following.

Proposition 6.11. Let π : X → D be any principally polarized family of abelian varieties. Then any holo-
morphic section over D∗ which is meromorphic at 0 extends holomorphically to D.

If moreover X = X(∆)/Γ for some discrete group Γ ' Zg acting on Ggm × D as in (6.7), then any

meromorphic section ψ : D∗ → X lifts to a holomorphic section ψ̃ : D→ X(∆) having the following property.

Since X(∆) ⊃ Ggm×D∗, post-composing ψ̃|D∗ with the first projection yields a meromorphic map φ : D∗ →
Ggm. Then (nφ, 1) as defined in Lemma 6.2 belongs to the linear span of Γ · (0, 1) ⊂ ÑR.

Note that Γ · (0, 1) is the translate by (0, 1) of a discrete group (i.e., {(0, β · B′), β ∈ Zr′}) whose rank
equals the one of B (i.e., r′), see (6.8).

Proof. We first claim that ψ extends holomorphically through 0. Since ψ is meromorphic, there exists a closed
analytic subset C of dimension 1 in D×X that contains {(t, ψ(t)), t ∈ D∗}. We observe that C is necessarily
analytically irreducible at the point p = C ∩X0, hence ψ extends continuously (hence holomorphically) at 0.

Choose coordinates z = (z1, · · · , zg) centered at p, and write π(z) =
∑
I aIz

I . Since π(ψ(t)) = t, we infer
that at least one ai 6= 0. It follows that π−1(0) is smooth and reduced at p.

Suppose now that X = X(∆)/Γ as given by the previous theorem. Then pick a point q ∈ X(∆) which is
mapped to p in X . Since Γ acts freely, the canonical map X(∆)→ X is a covering map, hence we can lift ψ

to a holomorphic map ψ̃ : D→ X (∆) such that φ̃(0) = q. The projection of ψ̃ to Ggm induces a holomorphic
map φ : D∗ → Ggm, which is meromorphic at 0, hence by Lemma 6.2 we deduce that R+ · (nφ, 1) forms a
one-dimensional cone of ∆. This condition is equivalent to say that (nφ, 1) belongs to the linear span of

Γ · (0, 1) ⊂ ÑR. �

Remark 6.12. The proof shows a weak version of the Néron property for X(∆)/Γ. In fact the Néron model
is given by the smooth locus of π : X(∆)/Γ→ D whose complement has codimension 2 in X(∆)/Γ.

6.3. Proof of Theorem E. Let f : X 99K X be a meromorphic map of a polarized family π : X → D of
g-dimensional abelian varieties satisfying π ◦ f = π such that for any t ∈ D∗, the map f∗t : H1(Xt,Z) →
H1(Xt,Z) has finite order.

Replacing f by a suitable iterate and applying Proposition 2.12, we may suppose that f∗t = Id for all t so
that the induced map ft : Xt → Xt is a translation of the abelian variety Xt.

By Proposition 4.10 and the discussion before Lemma 6.3, we may assume that Xt is principally polarized.
We may also replace the family X by any base change by Proposition 4.9, and by the discussion of the previous
section, we may suppose that X = X(∆)/Γ where Γ ' Zg acts on X(∆) ⊂ Ggm × D as in (6.7), and ∆ is a
Γ-invariant fan containing (0, 1).

Let φ(t) = ft(0). This is a holomorphic section over D∗ which is meromorphic at 0 since f is meromorphic.

It follows from Theorem 6.9 (1) and Proposition 6.11 that φ lifts to a section φ̃ : D → X(∆), hence (nφ, 1)
lies in the linear span of the Γ-orbit of (0, 1) and we can find an integer N such that (Nnφ, 1) = γ · (0, 1) for
some γ ∈ Γ.
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The map F (z, t) = (φ(t)·z, t) defines a meromorphic self-map of Ggm×D lifting f . Let ψ(t) = φ̃(t)N/ exp(γ)
Then the vector nψ defined in Lemma 6.2 equals 0. By Lemma 6.2, ψ extends as a holomorphic map
ψ : D → Ggm, and g defines an automorphism of X(∆) since any (relative) toric manifold carries an action
by multiplication by Ggm.

Since FN is the composition of g and the action of γ it also induces a biholomorphism on X(∆) which
commutes with the action of Γ. Therefore fN is a biholomorphism on X(∆)/Γ, hence f is regularizable by
Propositions 2.11 and 2.12.

6.4. Orbits of translations on families of abelian varieties. We now explore the closure of the orbit
of a general point under a family of translations on a family of abelian varieties. The setting is as follows:
f : X → X is an automorphism of a polarized family of abelian varieties L → X , π : X → D given by the
translation along a section α : D → X of π so that ft(z) = z + α(t) for all z ∈ Xt and all t ∈ D∗.

For each t, we denote by P̃ (t) := {n · α(t)}n∈Z ⊂ Xt the closure (for the euclidean topology) of the orbit
of 0, and by P (t) its connected component containing 0. Then P (t) is a closed connected abelian real-

subgroup of Xt isomorphic to (R/Z)h(t) for some h(t) ∈ {0, · · · , 2g}, and P̃ (t) is a finite union of translates
of P (t). The group P (t) also contains a maximal complex Lie group A(t) of (complex) dimension s(t). Write
r(t) := h(t)− 2s(t).

Recall that an Fσ-set is a countable union of closed subsets, and that any countable union of proper
analytic subsets is an Fσ-set having zero Lebesgue measure (hence has empty interior).

We start with the following observation.

Proposition 6.13. Let f : X 99K X be a family of translations. Set h(f) = maxt∈D∗ h(t).

(1) The set E0 := {t ∈ D∗, h(t) < h(f)} is included in a countable union of proper real-analytic subsets.
(2) There exists a real analytic family {P ′t}t∈D∗ of real subtori of Xt, such that P ′t ⊃ P (t) for all t and

P ′t = P (t) for all t /∈ E0.

(3) There exists a real analytic family {P̃ ′t}t∈D∗ of real closed subgroups of Xt, such that P̃ ′t ⊃ P̃ (t) for

all t and P̃ ′t = P̃ (t) for all t /∈ E0.
(4) There exists a countable union of proper analytic subsets E ⊃ E0 such that s(t) = s(f) ∈ {0, · · · , g}

for all t /∈ E.
(5) There exists a subfamily A′t of abelian subvarieties of Xt, such that A′t = A(t) for all t /∈ E.

Proof. We may argue locally near t0 ∈ D∗, and suppose that Xt = V/Λt where V ' Cg, and Λt is a family
of rank 2g sublattices of V moving holomorphically with t. Denote by πt : V → Xt the canonical projection.

Fix a lattice basis e1, · · · , e2g of Λt0 and denote by ei : D→ V the holomorphic map such that ei(t) ∈ Λt
for all t, and ei(t0) = ei. Let e∨i,t be the dual R-basis so that e∨i,t(ej(t)) = δij . Observe that e∨i,t is a real
linear form on V which varies real analytically in t (it does not vary holomorphically).

Consider the Q-vector space Lt = {q ∈ Q2g,
∑2g
j=1 qje

∨
j,t(α(t)) ∈ Q} so that

P (t) := πt

 ⋂
q∈Lt

v ∈ V,
2g∑
j=1

qje
∨
j,t(v) = 0




and h(t) = 2g−dimQ(Lt). For fixed q, q′ ∈ Q2g×Q, the set {t ∈ D∗,
∑2g
j=1 qje

∨
j,t(α(t)) = q′} is real-analytic.

It follows that Lt is fixed, say equal to L?, for all t outside a countable union of proper real-analytic
subsets E0. And L? ⊂ Lt for all t ∈ D∗ which proves h(t) ≤ h(f) for all t. This proves (1). Observe

also that P ′t = πt(
⋂
q∈L? {

∑2g
j=1 qje

∨
j,t = 0}) is a real-analytic family of real subtori for which (2) holds.

In the same way, L̃t = {(q, q′) ∈ Q2g+1,
∑2g
j=1 qje

∨
j,t(α(t)) = q′} is constant equal to L̃? off E0, hence

P̃ ′t = πt(
⋂

(q,q′)∈L̃? {
∑2g
j=1 qje

∨
j,t = q′}) is a real-analytic family of closed subgroups of Xt equal to P̃ (t) for

all t /∈ E0, proving (3).

To any R-linear form `q,t =
∑2g
j=1 qje

∨
j,t, we attach the C-linear form uq,t(v) = `q,t(v)− i`q,t(iv) ∈ V ∗ so

that ker(uq,t) is the complex linear hypersurface included in ker(`q,t), and

A(t) := πt

 ⋂
q∈Lt

ker(uq,t)

 .
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As uq,t varies analytically in t, it follows that t 7→ dimC

(⋂
q∈L? ker(uq,t)

)
is again constant off a countable

union of proper analytic subsets E1 (and is upper-semicontinuous). It follows that s(t) := dimC A(t) is
constant on E := E0 ∪ E1 equal to some constant s?, hence (4) holds.

We now prove that {A(t)}t/∈E glue to a holomorphic family over D. Suppose that t0 /∈ E , and pick
a basis of lattice points f1, · · · , f2s(f) in

⋂
q∈L? ker(uq,t). Then A(t) is the image under πt of the com-

plex vector space generated by the holomorphically varying points f1,t, · · · , f2s(f),t. It follows that A′t =
πt(Span{f1,t, · · · , f2s(f),t}) forms a family of subabelian varieties over D∗. Since the family Xt is polarized,
A′t is also polarized and extends through 0. This proves (5). �

In the remaining of the section, E will always denote the Fσ-set defined by the previous lemma. Our next
objective is the following decomposition result.

Proposition 6.14. Let f ∈ Aut(X ) be a family of translations on a family π : X → D of polarized abelian
varieties. Then there exist two families of sub-abelian varieties πA : A → D, πB : B → D of X , two families
of translations fA ∈ Aut(A), and fB ∈ Aut(B), and a meromorphic map Φ: A× B 99K X such that:

(1) Φ induces an isogeny At ×Bt → Xt for all t ∈ D∗;
(2) the orbit of 0 under fA,t is dense in At for all t /∈ E;
(3) the closure of the orbit of 0 under fB,t is totally real for all t /∈ E.

Proof. We let A be the family of subabelian varieties given by Proposition 6.13. Recall the definition of the
dual family X∨ and of the canonical meromorphic map φ : X 99K X∨ from the proof of Proposition 4.10.

Define a family of subabelian varieties Bt as the connected components containing 0 of the kernel of the
composition map Xt−→X∨t → A∨t −→At → Xt. We obtain a family of polarized subvarieties over D∗ hence
over D and the first property is clear, see [BL04, Chapter 5, §3].

Let us fix any parameter t ∈ D∗. We have a canonical splitting V = Et ⊕ Ft so that πt(Et) = At and
πt(Ft) = Bt and since At, Bt are varying holomorphically, the same holds for the vector spaces Et and Ft.
We may thus write α(t) = a(t) ⊕ b(t) with a, b holomorphic. Denote by fA,t the translation by a(t) on At
and by fB,t the translation by b(t) on Bt.

Suppose that t /∈ E . Replacing α(t) by a suitable multiple, we may suppose that the closure of the orbit

of 0 is a real torus so that P̃ (t) = P (t). Denote by Πt its lift to V , and pick α̃(t) (resp. ã(t)) a lift of α(t)
(resp. of a(t)) to V . Observe that Πt is the closure of Zα̃(t) + Λt, and that Πt ∩ Λt is a co-compact lattice
in Πt. Since At is the largest subabelian variety in P (t), we have Et = Πt ∩ iΠt, and Ft ∩Πt cannot contain
any complex linear subspace, hence is totally real.

The linear projection pE,t : V → Et parallel to Ft semi-conjugates the translation by α(t) and the
translation by a(t). In particular, the image of Zα̃(t) + Λt under pE,t equals Za(t) + pE,t(Λt), so that the
latter is dense in Et. Since the addition map At×Bt → Xt is an isogeny, the co-compact lattice Λt ∩Et has
finite index in pE,t(Λt), and we conclude that Zã(t) + (Λt ∩ Et) is dense in Et. This proves (2).

The proof of (3) is completely analogous, once one observes that the image of Πt under the projection
pF,t : V → Ft parallel to Et is totally real. �

The proof of Theorem F will be complete after we prove:

Proposition 6.15. Let π : X → D be a family of polarized abelian varieties. Let f ∈ Aut(X ) be a family of
translations such that the closure of the orbit of 0 under fX ,t is totally real for Lebesgue-almost every t.

Then the closure of the orbit of 0 under fX ,t is totally real for all t, and there exist a proper model X ′
and a sequence of automorphisms fn ∈ Aut(X ′) of finite order such that fn → f locally uniformly on X ′.
Proof. Replacing α by a suitable multiple, we may (and shall) assume that P̃ (t) = P (t) is connected.

We shall first argue locally near a fixed point t0 /∈ E , where E is the set defined in Proposition 6.13.
We use the same notation as in the proof of the previous proposition. Fix a basis ẽ1, · · · , ẽk for the lattice
Πt0∩Λt0 , and complete it as a maximal set of Z-independent elements ẽ1, · · · , ẽ2g in Λt0 . Observe that it may
happen that ẽ1, · · · , ẽ2g generate only a finite index subgroup of Λt0 . Observe also, that the holomorphically
varying vectors ẽ1,t, · · · , ẽk,t are C-linearly independent because Πt is totally real. We may thus suppose
that ẽ1, · · · , ẽg are C-linearly independent.

Since the closure of the orbit of 0 is connected, α̃(t) ∈ Πt for all t, and we may find αj(t) ∈ R such

that α̃(t) =
∑k
j=1 αj(t)ẽj,t. The map t 7→ α̃(t) is holomorphic map from D∗ to the dual space V ∗ hence

α1, · · · , αk are all constant.
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We now replace X by an isogenous family which is principally polarized, and choose the model X ′ =

X(∆)/Γ described in §6.2. Pick any β ∈ Rk, and set β(t) =
∑k
j=1 βj ẽj,t for t close to t0. We claim that β(t)

extends to a holomorphic section of X ′ → D over D.
To see this, write π : X(∆) → X ′ for the canonical projection. By analytic continuation, we may find a

lift s 7→ β̂(s) defined over s ∈ H such that π(β̂(s)) = β(e2iπs). We now write β̂ in terms of a holomorphic
varying symplectic basis e1, · · · , e2g as in §6.2: there exists some real numbers θ1, · · · , θg and b1, · · · , bg such
that

β̂(s) =

eiπθ1 g∏
j=1

e(a1j(s)bj), · · · , eiπθg
g∏
j=1

e(agj(s)bj)


(see (6.7)). Doing the same for α, we get some ϑj , aj ∈ R such that

α̂(s) =

eiπϑ1

g∏
j=1

e(a1j(s)aj), · · · , eiπϑg
g∏
j=1

e(agj(s)aj)


But α is a section over D so the vector Ba belongs to Zg.

Observe that the function v ∈ Rg/Zg 7→ Bv ∈ Rg/Zg is continuous, and vanishes at all vectors {na}n∈N.
Since P (t) = πt(Πt) is the closure of the orbit of 0 under the translation by α(t) we may find a sequence
q(n) ∈ N such that q(n)α(t)→ β(t) in a neighborhood of t0. This implies q(n)a→ b in Rg/Zg, hence Bb = 0
in Rg/Zg, and β defines a holomorphic section over D∗. By Lemma 6.3 this section is meromorphic at 0. By
Proposition 6.11 it extends to a holomorphic section over D.

Now choose any sequence β(n) ∈ Qk converging to (α1, · · · , αk). Then β(n)(t) =
∑k
j=1 β

(n)
j ej,t converges

locally uniformly to α(t) on D, and the translation fn by β(n)(t) has finite order, which concludes the
proof. �

Remark 6.16. The previous proof implies that the family of real subtori P ′t actually extends to a family
over D. Recall that the smooth locus of the central fiber X ′0 is a finite union of semi-abelian varieties which

are principal Gr
′

m-bundles over an abelian variety (where r′ is the rank of the monodromy, see the discussion
after Lemma 6.3).

One can also prove that P ′0 is transversal to the fibers of the Gr
′

m-fibration, hence s(f) ≤ r′.
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[BC16] Jérémy Blanc and Serge Cantat. Dynamical degrees of birational transformations of projective surfaces. J. Amer.
Math. Soc., 29(2):415–471, 2016.

[BCK14] Eric Bedford, Serge Cantat, and Kyounghee Kim. Pseudo-automorphisms with no invariant foliation. J. Mod.

Dyn., 8(2):221–250, 2014.
[BD05] Eric Bedford and Jeffrey Diller. Energy and invariant measures for birational surface maps. Duke Math. J.,

128(2):331–368, 2005.

[BDJK24] Jason P. Bell, Jeffrey Diller, Mattias Jonsson, and Holly Krieger. Birational maps with transcendental dynamical
degree. Proc. Lond. Math. Soc. (3), 128(1):47, 2024. Id/No e12573.

[BDK15] Eric Bedford, Jeffrey Diller, and Kyounghee Kim. Pseudoautomorphisms with invariant curves. In Complex

geometry and dynamics, volume 10 of Abel Symp., pages 1–27. Springer, Cham, 2015.
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