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NON-ARCHIMEDEAN TECHNIQUES AND DYNAMICAL
DEGENERATIONS

CHARLES FAVRE AND CHEN GONG

ABSTRACT. We develop non-Archimedean techniques to analyze the de-
generation of a sequence of rational maps of the complex projective line.
We provide an alternative to Luo’s method which was based on ultra-
limits of the hyperbolic 3-space. We build hybrid spaces using Berkovich
theory which enable us to prove the convergence of equilibrium mea-
sures, and to determine the asymptotics of Lyapunov exponents.
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INTRODUCTION

The main goal of this paper is to develop non-Archimedean techniques
to analyze the degeneration of a sequence of rational maps of the complex
projective line.

The moduli space of rational maps.

A complex rational map f: P<1C — P<1C of degree d > 2 is determined in
homogeneous coordinates by two homogeneous polynomials P, () of degree
d without common factors so that f[zo: z1] = [P(20,21): Q(20,21)]. The
condition on P and @ to have no non-trivial common zeroes can be expressed
as the non-vanishing of their homogeneous resultant Res(P, Q). It follows
that the space Raty of complex rational maps of degree d > 2 carries a
natural struture of algebraic variety, and is a Zariski open subset of P%dﬂ.

The automorphism group of the projective line PGLo acts by conjugacy
on Ratg, and Silverman [70] has proved the existence of an affine algebraic
variety raty whose complex points raty(C) coincide with the set of conjugacy
classes Raty(C)/PGL2(C). The canonical class map cl: Raty — raty is
open. It is customary to write [f] = cl(f) for a rational map f € Raty(C).

The moduli space raty has dimension 2d — 2 and is a rational variety by a
theorem of Levy [49]. Milnor has shown that rats is isomorphic to the affine
space A?. When d > 3, raty admits orbifold singularities by Miasnikov-
Stout-Williams [54].

Characteristics of holomorphic dynamical systems.

Any rational map f € Raty(C) defines a holomorphic map on the Rie-
mann sphere f: C — C whose dynamics is described by the Fatou-Julia
theory [56]. The sphere can be decomposed as the disjoint union of the Fa-
tou set, a totally invariant open set on which the dynamics of f is regular;
and the Julia set J¢, a compact totally invariant set on which the dynamics is
chaotic. By a theorem of Lyubich and Freire-Mané-Lopés, f admits a unique
probability measure of maximal entropy py called the equilibrium measure,
whose support is the Julia set, see, e.g., [6]. The Lyapunov exponent of f
with respect to g is defined by the integral

Xf= /10g!df!d/if,

where |df| is the norm of the derivative of f computed in terms of the spher-
ical metric on C. This integral converges, and we have co > xy > %log d>0
(see op.cit.) so that f is weakly expanding on Jy.

Presentation of the main problem.

The complex affine varieties Raty and raty defined above can be analytified
and give rise to complex analytic (Stein) varieties Rat{"(C) and rat3"(C).
Note that as sets Ratg"(C) and raty"(C) are canonically in bijection with
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Raty(C) and raty(C) respectively. In the sequel, we shall drop the exponent
an to keep the notations lighter.

We say that a sequence f,, € raty(C) is degenerating if f, leaves any fixed
compact subset of raty(C) for n large enough. Our main goal is to construct
limits of f,, which are dynamically meaningful in order to analyze how the
characteristics of the dynamics of f,, evolve as n — oo. More precisely, we
shall exhibit a sequence f,, € Raty(C) such that [f,] = f,, and suitable sub-
sequences of f,, converge in a natural way to a rational map defined over a
non-Archimedean metrized field. In the applications, it is essential to trans-
fer dynamical informations between the complex and the non-Archimedean
rational maps. This is in general a very delicate issue. We shall explain how
the complex equilibrium measures and the complex Lyapunov exponents
converge in a natural way to their non-archimedean counterparts.

Algebraic methods to understand degenerations.

Early tentatives to understand degenerations of complex dynamical sys-
tems relied on purely complex theoretic or algebraic techniques. Silver-
man [70] constructed a GIT (projective) compactification raty(C) of raty(C)
extending former works by Milnor [55] and Epstein [26] in the case d = 2.
Demarco [19] observed that the iteration maps I;: raty(C) — rat (C) do not
extend as regular maps to this compactification, and analyzed the indeter-
minacy locus of these maps. Her work was completed by Kiwi and Nie [47].
Demarco [18] also proposed a way to compactify raty(C) using limits of their
measures of maximal entropy. Among other things this technique enabled
her to prove that I,, was proper.

Meromorphic families define dynamics over the field of Laurent series.

The next step was undertaken by Kiwi in a series of influential works.
Pick any holomorphic family (f;)iep+ of rational maps parameterized by the
complex unit disk D* = {0 < |¢| < 1}, and suppose it extends meromorphi-
cally to the puncture. Such a family is determined by a pair of homogenous
polynomials Py, Q¢ having coefficients in the ring of holomorphic functions
on D* that are meromorphic at 0. Kiwi realized that one could interpret
P, Q; as polynomials with coefficients in the non-Archimedean metrized field
C((t)) of formal Laurent series, so that (f;) naturally defines a rational map
fra: ]P’(lC ) ~ ]P’(lC ()" This simple and fruitful idea was successfully applied
in the cubic polynomial case [44] and then in the quadratic rational case [45].
It then played a key role in the systematic study of rescaling limits [46], and
in the work of Demarco-Faber [15, 20] in which the limit in C of equilibirum
measures of (f;) was described as ¢t — 0. More recently Pilgrim and Nie [59]
used this idea to prove the boundedness of bicritical hyperbolic components
of disjoint type extending a theorem by Epstein [26].

Hybrid spaces.

Hybrid spaces are geometric objects mixing complex and non-Archimedean
varieties. The appearance of such spaces can be traced back to the construc-
tion of a compactification of the SLo-character variety by Morgan-Shalen [57].
Similar spaces appeared as compactifications of the space of polynomial maps
by Demarco-McMullen [22] using R-trees. Hybrid spaces were formalized by
Berkovich [5].
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To motivate their introduction, note that to fully exploit the connection
between the complex and non-Archimedean worlds, it is important to un-
derstand the Fatou-Julia of a rational map g defined on a non-Archimedean
field k. This theory has been extensively developed in the early 2000’s by
Rivera-Letelier and Benedetto (see [3] for a detailed account on this theory).
It turns out that the natural space over which the Fatou-Julia theory of g can
be carried over is the Berkovich analytification P,lg’an of the projective line.
One can for instance construct an equilibrium measure p, having support
Jg as in the complex case, and define its Lyapunov exponent x, (see [61]).
We refer to §I.2) for details of the construction of Pllg’an. Suffice it to say
that building blocks of Berkovich spaces are compact sets M(B) defined as
the set of multiplicative semi-norms on a suitable Banach ring B (the space
M(B) is called the Berkovich spectrum of B).

Varying the Banach ring allows for a lot of flexibility in the theory, and
lies at the root of the idea of hybrid spaces which originates in the paper
of Berkovich cited above. These spaces combine harmoniously complex va-
rieties and non-Archimedean analytic varieties, and are natural objects over
which one can make sense and study degenerations of measures. In holo-
morphic dynamics, they were introduced by the first author building on a
work by Boucksom-Jonsson [I1]. Namely, he showed in [27] the convergence
of the equilibrium measures jiy, of a meromorphic family (f;)iep+ to py,, in
a natural hybrid space, and proved that the asymptotics of the Lyapunov
exponents x, was governed by xy,, (an alternative proof of the latter fact
was given by Okuyama-Gauthier-Vigny in [33]). This method have been
applied since then to a variety of contextes including automorphisms of al-
gebraic varieties [37, [38], or SLa-character varieties [14, 25]. In a series of
recent works, Poineau [66] have extended the continuity of the equilibrium
measures to a quite large category of Berkovich spaces which encompasses
hybrid spaces.

To summarize the discussion of the latter two paragraphs, non-Archime-
dean degeneration techniques are now well-understood in the case of mero-
morphic families (f¢)ep+ and are systematically used in many works in arith-
metic dynamics [21, 28| 41, [67].

Degeneration of a sequence of rational maps and Luo’s construction.

Recently, Luo [51], 52] classified nested hyperbolic components and found
a way to analyze the degeneration of a sequence of rational maps, even when
they do not arise from a meromorphic family. As our paper aims to propose
an alternative method to his approach, let us spend some time discussing his
construction.

Pick any f € Raty(C). The first step is to measure in a dynamical way
the distance of [f] to the boundary of raty(C) in raty(C). Denote by (H?, di)
the hyperbolic 3-space, and pick any base point z, € H3. Recall that the
visual boundary of H? is the Riemann sphere C. Luo considers a natural
extension £(f): H3 — HB3 of f: C — C based on the notion of conformal
barycenter (see also [62]), and introduces the quantity

r(f) =  sup du(y,zs) € Ri
E(f)(y)=z«
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He proves that tp,(f) := infjs—;r(f) is a proper function raty(C), so that
the bigger tr,(f) is, the closer § is to the boundary raty(C) \ raty(C).

Now choose any degenerating sequence f, € raty(C), and set €, := rp,(f,) "
(so that €, — 0). Choose lifts f, € Raty(C) such that [f,] = f, and
r1,(fn) = tr(f) for all n. Then Luo considers the sequence of pointed met-
ric spaces (H?, z,, €,dy) and its ultra-limit H, in Gromov’s sense [43| §9].
This construction depends on the choice of a (non-principal) ultra-filter w
which is an element of the power set of N (see §3] for details). The defining
property of w ensures the existence of a limit (along w) of sequence of many
classes of objects (like bounded sequences in a locally compact metric space,
or pointed metric spaces as above). Using this tool, Luo proves that the
sequence &(f,) defines a self-map f, on H,, and the crucial fact that this
map is d-to-one, [51, Theorem 1.2]. He goes further by proving that H, nat-
urally embeds in the Berkovich analytification of IP’IQ;(Z ) for some complete
non-Archimedean metrized field .’ (w) and building on the fact that f, is
finite-to-one, he concludes that f,, extends as a rational map in Raty(.7# (w)).

Degeneration of a sequence of rational maps using Berkovich spaces.

Let us now explain our strategy. For any f € Raty(C) defined by homoge-
nous polynomials P,Q of degree d and normalized so that the maximum
of their coefficients equal 1, we set |Res(f)| := |Res(P,Q)|. The function
|Res |: Raty(C) — R is continuous, bounded from above, and proper. We
prove (Proposition 2.2)) that |res(f)| := supjs—; | Res(f)| defines a function
raty(C) — R% which is also proper, continuous and bounded from above.
Set Cq = € SUPyu4,(c) | res |-

Choose any degenerating sequence f,, € raty(C), and set this time €, :=
(—log | res(§,)|/Cq)~! (so that e, — 0). Pick any lift f,, € Raty(C) such that
[fn] = fn and |Res(fy)| = |res(f,)| for all n. We now consider the Banach
ring

(1) A€ = {z € CV | sup |z,|*" < o0} .
N

Our main observation is that the sequence f,, naturally defines a rational map
of degree d over the ring A¢. Considering the Berkovich analytification Pi{g "
of the projective line over A€, we get a hybrid space over which we can prove
the continuity of the equilibrium measures, of the Lyapunov exponents, and
recover Luo’s construction. The next theorem summarizes our main results.

Theorem 0.1. Let f,, be a degenerating sequence in raty(C). Set

en = (= log(|res(fn)l/Ca)) ™"

and choose f, € Ratq(C) such that [f,] = fn and | Res(f,)| = |res(fn)| for all

n. Let A€ be the Banach ring defined by ([{l). Then the following statements
hold true.

(1) The Berkovich analytification ]P’Z’Zm s a compact space, coming with

a canonical continuous map T : pPLen BN where BN is the Stone-

Cech compactification of the integers. For any integer n € N, the fiber

is homeomorphic to the Riemann sphere 7 (n) ~ C, and 7' (N) is

dense in PQS" For any w € BN\ N, the fiber 7~ (w) is isomorphic
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to the Berkovich analytification of the projective line over a non-
Archimedean field 7€ (w).

(2) There exists a rational map f € Ratq(A®) which induces a continuous
self-map f: Pi{gn — PQS" such that mo f = mw, and for any n € N,
we have fl—1(,) = fn under the above identification 7 1(n) ~ C.
When w € BN\N, the map fo, = flr-1(,) s a rational map of degree
d over J(w) which does not have potential good reduction.

(3) The family of equilibrium measures py, supported on w'(w) where
w ranges over BN forms a continuous family of probability measures
on PQS" Furthermore, the Lyapunov exponent

(2) Xw = /1( )IOg |df|wd:ufw,

1s continuous on BN.

As an application of our techniques, we provide a new proof of the proper-
ness of the iteration map, a result originally due to DeMarco, see [I8], Corol-
lary 0.3].

Corollary 0.2. The iteration map I;: raty(C) — raty(C) given by L;(f) =
f* is proper for any d > 2 and any l € N.

A few comments on our theorem are in order. The Stone-Cech com-
pactification of N is characterized by the universal property that any map
f: N = K to a compact space K extends continuously f: AN — K. It
can be defined as the set of all ultra-filters on N. The Banach ring A€ is a
product of countably many copies of C with the norm | - |, and Berkovich
proved that the spectrum M(A€) is isomorphic to SN, see [4, Proposition
1.2.3]. The map 7: ]P’Zf” — BN is the composition of the canonical map
T ]P’an — M(A) with the homeomorphism M (A€) ~ SN.

The field ##(w) is a complex Robinson field, and appears classically in
non-standard analysiﬂ. It turns out to be both spherically complete and
algebraically closed. A map g € Raty(s# (w)) has good reduction if its Julia
set Jy is reduced to a single point. By [32, Theorem C], it is equivalent to
say that g has zero entropy, or that it is defined by homogenous polynomials
P,, Q. normalized so that their coefficients have norm < 1, and their re-
ductions in the residue field of J#(w) defines a rational map of degree d. A
map has potential good reduction if it is conjugated to a map having good
reduction. The statement that f,, does not have potential good reduction
reflects the fact that the classes [f,] are degenerating in the moduli space
ratgy(C).

The continuity of Lyapunov exponents might be surprising as there exists
degenerating sequences of rational maps f, such that x;, — oo whereas the
Lyapunov exponent x,, appearing in (2]) is always finite. Choose any integer
n € N. In fact, we have the relation x, = €, X xy,, so that an alternative
way to express the continuity of Lyapunov exponent in the hybrid space is

1Ducros7 Hrushovski and Loeser [24] have recently studied non-archimedean integrals
as limits of complex ones. They also used a non-standard model of the field of com-
plex numbers endowed with both an archimedean and non-archimedean to analyze these,
although in a way different to us.
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to say that for any ultra-filter w € SN, the sequence ¢, X xy, converges to
the non-Archimedean Lyapunov exponent x;, along w.

Comparison with previous approaches. Suppose first that (f;)iep+ is a mero-
morphic family, and f,, € Rats(C((t))) does not have potential good re-
duction. Pick any sequence t, € D* tending to 0. Then it is not difficult to
show that
en = —log(|res(ft,)]/Ca) " = —log [ta] .

In this case, for any w € SN\ N the field J#(w) is a metrized field extension
of C((t)), and f,, is the base field extension of f,, to .7’ (w). The continuity
of the equilibrium measure and the Lyapunov exponents generalizes results
by Demarco-Faber and the first author mentioned above.

Let us now compare our approach with the ideas of Luo. We shall prove:

Theorem 0.3. There exists a constant C > 1 such that

1 itu()
G = Tlog(res(nl/C) = €

for all § € raty(C).

This statement says that our choice of normalization €, coincides with
Luo’s choice up to a bounded universal constant. We shall also prove (Theo-
rem [6.])) that Luo’s ultra-limits of f,, are identical to our f,, for any w € ON.
Since our techniques bypass the use of hyperbolic geometry, we expect it to
be amenable to various other contexts, such as in higher dimensions and over
different base fields.

Organization of the text. In[§I] we recall some basic notions on Berkovich
analytic spaces over a general Banach ring, and discuss in details the case
of the projective line. We then briefly describe potential theory on the
Berkovich projective line over a metrized field, with an emphasis on how
the Laplacian operator varies when we replace a norm on a field by a power
of it.

In we define the moduli space of rational maps, and discuss the func-
tion | res|, proving it is continuous using basic results in geometric invariant
theory. In the non-Archimedean case, this function is directly related to the
minimal resultant function introduced by Rumely [69]. We conclude this
section by recalling how to define the equilibrium measure of a rational map
defined over a metrized field.

The aim of [§3] is to prove the first two items of Theorem [I.Il We begin
with a discussion of the Stone-Cech compactification including the notion
of ultra-filters. We then discuss the structure of the Berkovich projective
line over a product Banach ring of the form A€ as above. We explain how to
choose the sequence ¢, from a given sequence f,, € raty(C) so that it naturally
induces an endomorphism of ]P’,l46, and prove the properness of the iteration
map (Corollary [0.2]). Note that our argument to show that f, cannot have
potential good reduction when f,, degenerates relies on the minimal resultant
function of Rumely.

The next section is technical in nature. It contains a discussion on
continuous families of measures on the hybrid space IP)}L"?" We introduce a
notion of model (and quasi-model) functions that play the role of smooth
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functions in complex manifolds and of model functions in Berkovich analytic
spaces (see, e.g., |9 §2.5]). Using Stone-Weierstrass theorem, we prove that
model functions forms a dense subset of the set of continuous functions on
Pi{g ". We then prove the continuity of the push-forward of a continuous
function by a rational map defined over A€ (Proposition 13]), a technical
yet crucial result to obtain the continuity of equilibrium measures.

In we analyze the convergence of measures in the hybrid space P}L{ﬁm,
and prove in particular the third item in Theorem [0l Our strategy follows
closely [27, [66]. First we consider a sequence of smooth volume form g, on
w_l(n) arising from metrics g, with constant positive curvature on the Rie-
mann sphere. In Theorem [5.2] we describe the possible limits of j, on the
non-Archimedean fibers 7—!(w) in terms of behaviour of the point z, € H3,
determined by g,. Using the continuity of the push-forward proved in the
previous section, and the convergence of potentials defining the equilibrium
measures, we prove the continuity of equilibrium measures of an endomor-
phism defined over A€, as well as the continuity of the Lyapunov exponents.

The last section is devoted to the proof of Theorem [I.3] and to the
comparison of our construction with that of Luo. We exploit Theorem
on the convergence of measures associated with metrics of constant curvature
to build a direct connection between the ultra-limit of H3, along a ultra-filter

w, and the Berkovich projective line IP);’;(Z ) (Theorem [6.T]).

Acknowledgements. We warmly thank Marco Maculan for discussions on
GIT on non-Archimedean fields; and to Mattias Jonsson for his insightful
comments.

Notations.

e B a Banach ring, B* its group of units, M(B) the Berkovich spec-
trum of B, see §L.1).

° P}éa" the Berkovich projective line over B, C the Riemann sphere,
see 1.2

e C. the complex field endowed with the norm |- |¢, where | - | is the
standard Euclidean norm on C; s. the canonical homeomorphism
from P(lc’ean to the Riemann sphere; s? the morphism between the

sheaf over the Riemann sphere and IP’(lc’:m, see §L.3.11

e H;. the hyperbolic space of Pllg’(m; dy, the hyperbolic distance on Hy;
dp1 (1) the spherical metric on PL(k), see §1.2.21 §1.2.31

e Raty the space of rational maps of degree d > 1; raty the moduli
space of degree d; |Res|: Raty" — Ry the resultant function of a
rational map; |res|: raty® — R, the minimal resultant function,
see §2.1] §2.21

® [i.an the canonical measure on P}g’an, i.e., the Haar measure on the
unit circle if k& is Archimedean, and the Dirac measure supported on
the Gauss point if £ is non-Archimedean; p ¢ the equilibrium measure
of a rational map f, see §2.3))

e AN the Stone-Cech compactification of N; A€ the product Banach
ring associated with a sequence € € (0, 1]V, see §3.11 §3.2
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e M* (P!, B) the space of continuous families of positive measures on
Pgan; D(P]_l;’an) the set of model functions on Pgan, see §4.11 §4.21

e H3 the upper-half space model of the hyperbolic space of dimension
3; H? the hyperbolic space along with its conformal boundary; dy
the hyperbolic distance on H?3; G(C) the space of conformal metrics
on the Riemann sphere that have constant curvature 47; D(x) the
projective disk on P!(C) induced by = € H?, see S5.11

e z, the point (0,1) € H3; pu(x) the probability measure on the Rie-
mann sphere which is fixed by any Mobius transformation fixing
x € H?; pps the Fubini-Study measure, see §5.11

e |df| the derivative of f with respect to the spherical metric on P!(k);
X ¢ the Lyapunov exponent of f, see §5.41

e 11, Luo’s degeneration map on Raty(C); vy, Luo’s degeneration map

on raty(C); £(f) the barycentric extension of f, see §6.21 §6.3

1. BERKOVICH SPACES

1.1. Analytic spaces over a Banach ring. A Banach ring (B, | -||) is
by convention a commutative ring with unity 1, endowed with a norm
|-|l: B — R4 which is complete, such that ||a + 0] < ||a|[+] ], and
|ab]| < K| al |[b] for some K > 0 and for all a,b € B, see |7, A.1.2.1].
We do not require the norm to be multiplicative.

A multiplicative semi-norm | - |: B — R4 on a Banach ring is bounded if
there exists C' > 0 such that for all b € B, we have |b] < C'||b]|. Observe
that if || -|| is power multiplicative, i.e., if [|b"] = || b]|" for all b € B and
n € N, then | - | is bounded if and only if |o] < || b|| for all b € B.

The Berkovich spectrum M (B) is the set of all bounded multiplicative
seminorms on B endowed with the weakest topology with respect to which all
real valued functions on M(B) of the form |-| — |f|, f € B, are continuous.
By [4, Theorem 1.2.1], it is a compact space. It also carries a structural sheaf
that we define in more generality below.

We now recall the notion of analytic spaces over B following [48]. We first
define the affine space A'5"" of dimension n over B. As a topological space, it
is the set of all multiplicative semi-norms on BT}, ..., T;,] whose restrictions
to B belongs to M(B). We endow A" with the weakest topology making
all real valued functions of the form: |-| — |P|, P € B[T1, ..., T,] continuous.

If v € A", P € B[T, ..., T,], then we usually denote by |P(z)| = |P|, €
R, the value of P at x. Consider the prime ideal

ker(z) = {P € B[T,...,T,],|P|. = 0}.

The complete residue field 7 (x) of x is defined as the completion of the
fraction field of B[T1, ..., T,]/ ker(z) with respect to the norm induced by .
We now define the structural sheaf on A%;*". For any open subset U C
A’Z™, let Sy be the elements in B[T1,...,T,] that do not vanish on U. We
set K(U) = S;;' B[, ..., T,] and define O(U) to be the set of applications

fU= || 2@

zelU
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such that for all z € U, f(z) € 7 (x) and there exists a neighbourhood V,,
such that f|y, is a uniform limit of elements in IC(V,). One can verify that
the map sending U to O(U) is a sheaf [4].

An analytic map f: U — V between two open sets of A" and A"
is a morphism of ringed spaces such that the induced residue field extension
7 A(f(x)) — H(x) is isometric for all 2 € U.

Lemanissier and Poineau [48, Chapitre 2| defined the category of B-
analytic spaces as follows. Local models (X,Ox) are determined by the
choice of an open subset U C A%, and a coherent subsheaf Z of the struc-
tural sheaf of U such that X is the support of the quotient sheaf Oy /Z, and
Ox = Oy /Z. Note that we have a canonical closed immersion X < U.

A B-atlas on a locally ringed space is an open cover U; where each U;
is isomorphic to a local model, and the patching maps are B-analytic. A
B-analytic space is then a locally ringed space with an equivalence class of
B-atlas.

Since we shall only use the projective line over B, we do not develop the
general theory of B-analytic spaces here, referring to op. cit.

Observe that any B-analytic space X is equipped with a canonical (con-
tinuous) structure map m: X — M(B). The map m: AZ"" — M(B) is
sending a semi-norm on B[T},--- ,T,] to its restriction on B. We extend it
to each local model U by composition with the immersion U C A’5"". These
maps patch together on a general B-analytic space.

The fiber 7! () in A’3*" is canonically isomorphic (as an analytic space)
to A%I&), so that the fiber 7=!(z) in a general B-analytic space X is a

Berkovich analytic space defined over the complete field 5 (z).

Remark 1.1. When B is a metrized field, then the category of B-analytic
spaces consists of k-analytic spaces without boundary in the sense of Ber-
kovich [4].

Remark 1.2. Under additional assumptions on the Banach ring, (for exam-
ple when B is either a metrized field, or a ring of integers of number field, or
a hybrid field, etc.), then the structure sheaf of any B-analytic space enjoy
many good properties: local rings are Henselian, Noetherian, and excellent by
[63, Corollary 2.5.2] and [65), Corollaries 8.19 and 9.3|; the structural sheaf is
coherent by [65], Corollary 10.10|; the affine spaces AE™ are locally arcwise
connected [48, Theorem 7.2.17].

A standard example for analytic spaces is the Berkovich analytification
of an algebraic variety X defined over a metrized field (k,| - |), see |4} §3.4,
3.5] for details. When X = Spec A is an affine variety, and A is a finitely
generated k-algebra, then X" is by definition the space of all multiplicative
semi-norms on A whose restriction to k is | - |.

1.2. The Berkovich projective line over a Banach ring. We define the
Berkovich projective line over a general Banach ring (B, || - ||) and discuss its
structure.

1.2.1. General construction of the Berkovich projective line. The projective
Berkovich line P}éan over B is the B-analytic space given by a B-atlas con-

taining two charts Xy and X7, each isomorphic to A}B’,an and patched along
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Ag’an \ {0} as follows. A point g € X \ {0} (resp. z1 € X; \ {0}) is a
semi-norm on B[zg] (resp. on B|z1]), and we identify them when

[P(1/T)|zo = [P(T)],
for all polynomial P € B[T]. This construction naturally gives homogeneous
. 1l.an . . . .
coordinates [z9: z1] on P5"". To simplify notation we usually write z = 2o,
0=1[0: 1] and oo = [1: 0] so that IP’E’“" = Ag‘m L {oo}.
Every homogeneous polynomial P(zg,z1) € B[z, 21] of degree d deter-
mines a function ¢p: Pgan — R:
|P(20,D)]=
|P (20, 21)] {maxﬂzog@}’ z € Xo

max{|20|?, 217} %, xr e X;.

Yp(z) =

Observe that ¢p is a continuous function vanishing exactly on {P = 0} and
that the topology on ]P’}B’,a" is the weakest topology such that all the functions

. 1 .
¢p are continuous. The space P5*" is compact.
The canonical continuous map

T P}B’an — M(B)

sending a point = € Pgan to its restriction to B is proper, and for all s €

M(B), the fiber 7~1(s) is canonically identified with IP’};;(T;).
For the record, recall that a point p € P!(B) is determined by a pair
20,21 € B? such that z0B + 21 B = B, and this pair is unique up to multi-

plication by a unit in B*.

1.2.2. Berkovich projective line over an algebraically closed metrized field k.
More details can be found in [42].

Supppose first that the field k is Archimedean. In this case, by Gelfand-
Mazur’s theorem and Ostrowski’s theorem, there exists 0 < ¢ < 1 such that
k is isometric to C, = (C,| - |°), where | - | is the standard Euclidean norm

on C. When € = 1, then IF’,lg"m is the Riemann sphere C; when € € (0,1)
then the map on X; sending a semi-norm | - |, on Clz] to | - |i/6 induces a
homeomorphism s.: P(lc’:m — C.

Assume now that the field &k is non-Archimedean. In that case, a point
T € P,lg’an = Ai’an L {oo} can be classified as follows. Note first that x is
either oo or a multiplicative semi-norm on k[z] whose restriction to k is the
standard norm.

e If the norm on k is trivial, that is, for any a € k*, |a| = 1, then z is
of the following form:
(T1) Either x = oo, or there exists a € k such that |P|, = |P(a)| for
all P € k[z];
(T2) =z is the trivial norm, that is, |P|, = 1 for any non-zero P € k[z];
(T3) there exists a € k and 0 < r < 1, such that

|P|, =1,

if P(z) = (z —a)™Q(z) with Q(a) # 0.
e If the norm is non-trivial, then z falls into one of the following four
categories:
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Type-1 : = oo or there exists a € k such that for any P € k[z],
[Pl = [P(a)l;
Type-2 : there exist a € k and r € |k*| such that

|Plz = max [P(2)] = max{|b|r'},
z€B(a,r)

where P(z) = bg(z —a)? + ...+ b1(z — a) + by, and B(a,r) is the
closed ball of radius r centered at a in k;

Type-3 : there exist a € k and r € Ry \ |k*| such that for all P € k[z],
|Ply = max,c g,y [P(2)] as in the previous case;

Type-4 : there exists a sequence of decreasing closed balls B, with
N By, = 0, such that |P|, = inf, max_ .5 |P(z)| for all P € k[2].

Usually, we write ((a,r) for the (Type-2 or-3) point associated with the ball
B(a,r), and denote the Gauss point by =, = ((0,1).
A Type-1 point is also referred to as a rigid point. Observe that the set

of Type-1 points can be identified with P!(k).

Remark 1.3. A field k is spherically complete if for any decreasing sequence
By, of closed disks, we have (| By, # 0. When k is spherically complete, there
is no Type-4 point on IF’,lﬁ"m.

The compact space P,lg’an has a structure of R-tree, in the sense that any
two points can be joined by a unique continuous injective map [0, 1] — IF’,lﬁ"m
up to reparameterization (see [60} §3] for a thorough discussion on R-trees).
In particular, it is homotopic to a point. A tree structure naturally induces
a topology (also called the observer’s topology) admitting as a basis of open
sets connected components of complements of finitely many points (see [29]

" coincides with the

§3.2]). Onme can verify that the tree topology on IF’,lg’a
topology as a Berkovich analytic space.

On a tree, one can naturally define the notion of endpoints, branched
points and regular points (see [29] §3.1.2]). In the trivially valued case,
IF’,lg"m is star-like: it contains a single branched point (the trivial norm);
endpoints are exactly of the form (T1); and we have a single branch joining
the trivial norm to an endpoint consisting of regular points of Type (T3).
In the non-trivially valued case, Type-1 and-4 points are endpoints; Type-2
(resp. Type-3) are branched (resp. regular) points.

In the remainder of this section, we assume that k is not trivially valued.
The hyperbolic space Hy is defined as the complement in Pi’an of Type-1
points. For any pair of Type-2 or-3 points z,y € Hjy defined by the closed
balls B(ai,r1) and B(asg,r2) respectively, we let

di(x,y) = 2logmax{ri,r2, a1 — az|} —logri — logra.

Proposition 1.4. The map di(-,-) extends continuously to Hy x Hy and
defines a complete distance on Hy. The group of projective linear transfor-
mations PGLa(k) acts by isometries on (Hg,dy) and transitively on Type-2
points.

We refer to [I, Proposition 2.29] for a proof.
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1.2.3. Berkovich projective line over a general complete metrized field. De-
note by ke the completion of the algebraic closure k* of k. This is an al-
gebraically closed complete field. Denote by Gal(k®/k) the absolute Galois
group of k. It acts by isometries on ke fixing k, hence continuously on IF’};"
and by isometries on H;, by the following formulas:

[baz? + oo + bolo@) = lo(ba)z" + .. + 7 (bo) |

where b; € k, z € A,lg"m and o € Gal(k®/k). This action also preserves the
type of points as discussed in the previous paragraph so that we may speak
of the type of points in P,lﬁ’an. Finally we have

P =P /Gal (K /F),
by [4, Proposition 1.3.5], so that Pi’an is still an R-tree.

We shall use at several places the spherical distance on P!(k). When
k = C. with € € (0,1] is Archimedean, it is defined by the formula:

|zow1 — z1wo
(J202/€ + |21[2/€) /2 (Jwo |>/€ 4 wy |?/€)e/2

This formula agrees with the standard spherical metric in the case € = 1,
and the exponents are chosen so that dc, = dg o s.
When k£ is non-Archimedean, then we set:

(3)  dprry([20: 21], [wo: wi]) =

’Zle - leo‘

4 dp1 20 %1, |[Wo: wi|) = .
( ) ]P’(lc)([ ] [ ]) max{]zol,\zll}max{]wo],\wll}

The diameter of P! (k) is equal to 1, and the topology induced by this distance
coincides with the Berkovich topology restricted to P!(k).

1.3. Potential theory on the Berkovich projective line over a field.
In this section, (k,|-|) is an algebraically closed and complete metrized field.
We briefly recall how to define a Laplace operator on ]P’li’an, and discuss what
happens when one replaces (k,| - |) by (k,| - |) for some € > 0.

1.3.1. The Archimedean case. Let C. be the metrized field (C,| - |) with
e € (0,1]. Recall that C = ]P’(lc’fm is the Riemann sphere, and that we have a

homeomorphism s, : P(lc’ean — C, sending a semi-norm | - | on C[2] to | - |'/°.

For any z € IF’(lc’:m, we have a canonical isometry 7,: 5 (z) ~ C.. Observe
that the identity map I.: C. — (C,|-|) is Holder-continuous (but is not an
isometry).

Pick any open subset U C C and any f € O(U) (by Mittag-Leffler’ theo-

1,an

rem O(U) is the space of holomorphic functions on U). For any x € Pg™,
set s? f(x) = 7, (I7N(f(sc(x)))) € #(x). We get an isomorphism of C-

algebras s : O(U) — O(s7}(U)) which satisfies
() |sEh(@)] = [hose()|,

for any z € s_1(U). In particular, we get Holder-continuous field isomor-
phisms sZ : S (sc(z)) — H(x) for all z € ]P’(lc’:m.
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1.3.1.1. Subharmonic functions. Pick any € € (0, 1], and any open subset U
of Paan The space of subharmonic functions SH(U) on U is defined as the
smallest class of upper-semicontinuous (usc) functions that contains log |h|
for any h € O(U) and is stable under multiplication by positive constants,
taking maxima, and decreasing limits. It follows from, e.g., [I7, Theorem
6.1], that in the case e = 1 these functions are exactly those usc functions
whose mean value on any round disk D C U centered at a point x exceeds

u(x). The latter definition being local, SH is in fact a sheaf on C, and by (G),
we have an isomorphism s : SH(U) — SH(s7(U)) so that SH is a sheaf on
PCE for any e.

1.3.1.2. Laplace operator. Let M (U) be the set of positive Borel measures
on some open set U C C. The Laplace operator on SH(U) can be de-
fined as the differential operator A = %85, or as the unique operator
A: SH(U) = M*(U) which is continuous under decreasing limits and such
that the Poincaré formula holds

Alog ‘h’ - Z mm,héar
zelU
for any h € O(U) having a discrete set of zeroes, where m,j; € N is the
multiplicity of = as a zero of h.
One can proceed in the same way on C,, and define a Laplace operator A
on SH(U) with U € P&*" with values in M*(U) which is continuous under
decreasing limits and such that

(6) Alog|hle =) " Mgy p6s

zeU
for any h € O(U). Comparing the latter equation with (&), and observ-
ing that zeroes of sf(h) are mapped by s. to zeroes of h preserving the

multiplicity, we obtain for any u € SH(U) with U c C the identity:

(7) (5 Ao 5) = %Au

1.3.1.3. Quasi-subharmonic functions. Since ]P’l"m is Compact, the maximum

an

principle implies that any subharmonic functlon on IP’ ™" is constant. We

thus define the class QSH(P 1an) of usc functions u: Pl " — [~00,+00)
such that locally near any pomt u is the sum of a smooth function and a
subharmonic function. Since A is a local differential operator, one can define
Au € M(Pl’an) as a signed measure. One can prove that fpl,an Au = 0 for

any u € QSH(P P an) Conversely, pick any Borel measure ,u € M(IP>1 :m) such
that p(P Py Cm) = 0, and decompose it as a difference y = u™ — = such that

ut € M*(IP’}C’?"), and ut L p~, [68, 6.14]. Then there exist u™ € QSH(IP’(lc’j")
such that A(u®™ —u~) = p. When g~ is a (smooth) volume form, then
ut — ™ is quasi-subharmonic, see, e.g., [23] Theorem 10].

1.3.2. The non-Archimedean case. To avoid trivialities, we shall assume that
(k,|-]) is not trivially valued. Potential theory on curves has been developed
in [29, [T}, I74).
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1.3.2.1. Subharmonic functions. Pick any connected open subset U C Pllg’an.
Since the projective line is an R-tree, U is also a tree, and Uy = U N Hy,
endowed with the metric dp, is a metric R-tree in the sense of [42] §2.2]. For
the sake of convenience, we defined a subgraph of U as a connected closed
subtree I" having finitely many endpoints lying in H. A function u: I' = R is
subharmonic if it is continuous, its restriction to any segment of I is convex,
and the sum of its derivatives at all outward directions at a branched point
is non-negative. A function u: U — [—00, 00) is subharmonic if and only if
it is usc, and its restriction to any subgraph is subharmonic.

As above, we denote by SH(U) the space of all subharmonic functions: it
is stable under multiplication by positive constants, under taking maxima
and by decreasing limits, and contains all functions log |h| for any analytic
functions h € O(U). Observe that SH defines a sheaf, and given any sub-
graph I’ and any v € SH(U), then worr € SH(U) where rp: U — T" denotes
the canonical retraction.

When U is an open ball, then a theorem of Stevenson [72] Example 4.8,
Theorem 4.9] states SH(U) is the smallest class of usc functions stable under
the preceding operations. The result is unclear in full generality.

1.3.2.2. Laplace operator. Pick any subgraph I' € U and any u: I' — R
subharmonic. Then Aru is defined as the unique positive measure whose
restriction on any segment e not containing a branched and end point is
equal to the second derivative (in the distributional sense) of the convex
function ul|e; and the mass at any branched or end point v is the sum of the
derivatives of u at all outward directions at v.

There exists a unique linear map A: SH(U) — M*(U) that is contin-
uous under decreasing limits and satisfies the following property. For any
subgraph I" of U and for any u € SH(U), then (rr).Au = Arulp.

With the same notation as in the previous section, Poincaré formula holds:

Alog |h| = Z My 10z
zeU

for any h € O(U) having a discrete set of zeroes.

1.3.2.3. Quasi-subharmonic functions. Smooth functions do not make sense
in non-Archimedean geometry. We say that u: IF’,lg"m — R is tropical if
and only if there exists a subgraph I' such that u|p is piecewise linear, and
U=uorp.

A function is said to be quasi-subharmonic if it can be written locally
as the sum of a subharmonic function and a tropical function. We let
QSH(IP’,lﬁ’an) be the space of all quasi-subharmonic functions. For any u €
QSH(IP’,IC’W), one can define Au as a signed Borel measure.

As in the Archimedean case, for any signed Borel measure p € M(IP’}C’“")
such that ,u(IP’,lﬁ’an) = 0, there exist u* € QSH(P}C’M) such that A(u™—u~) =
u, see [1].

For any x,y € P,lﬁ’an, denote by = Ay the unique point z such that [z, z]N
[zg,y] = [x,2]. When pu = p—J,, where p is a probability (positive) measure,
then

) == [ dlag, A y)dply) € QSH(EL™)
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and Ag, = p. We call the function g, the (global) potential of p.

2. RATIONAL MAPS ON THE PROJECTIVE LINE

2.1. The space of rational maps and the resultant. Let k£ be an al-
gebraically closed field. For each d € N*| a rational map f of degree d
with coefficients in k is represented by a pair of homogeneous polynomials
P(zp,21), Q(z0,21) € klz0,21] of degree d having no common factor, such
that the map

[20: z1] = [P(20,21): Q(20,21)]
represents the action of f on IP’}C. Such a pair is unique up to scaling, so
that f naturally defines a point in P24*1(k). The condition that P and Q

are coprime can be expressed as the non-vanishing of their homogeneous
resultant:

a 0 - 0 bo 0 . 0
ay ag . bo :
Res(P, Q) = det % ba-1 bo
Qaq al bd
0 0 ba—1
. B %] . bd bd,1
0O - 0 a 0 -+ 0 ba

when P(zp,21) = aozg + alzg_lzl + ...+ adzf, and Q(z0,21) = bozg +
blzgflzl + ..+ bdzf. Note that the resultant is homogeneous of degree
2d + 2 in the variables a;, b;.

It is thus natural to define the space Raty as the Zariski open subset of
[P: Q] € Pszrl satisfying Res(P, Q) # 0. Its set of k-points is precisely the
set of rational maps of degree d on IP’,lﬁ. Note that Rat; coincides with the
algebraic group PGLs.

Assume now that (k,| - |) is a complete metrized field. For any rational
map f € Raty(k), we set

| Res(P, Q)|
Res = e R}
R T e
with the same notation as above. Observe that this value is well-defined
because of the homogeneity properties of the resultant.

For convenience, we say that a pair of homogeneous polynomials P, ) of
degree d is a normalized representation of a rational map f: Pi, — IP’}g of
degree d, if f = [P: Q], and max{|a,|, |b;|} = 1 where P = 3. a;282{"" and
Q = 3., bizh2{7". Observe that |Res(f)| = |Res(P, Q)| for any normalized

representation of f.

Proposition 2.1. The function —log|Res|: Ratq(k) — R can be contin-
uwously extended to the Berkovich analytification of Raty. It is plurisubhar-
monic, proper and bounded from below.



NON-ARCHIMEDEAN TECHNIQUES AND DYNAMICAL DEGENERATIONS 17

In the Archimedean case, plurisubharmonic functions are defined as usc
function whose restriction to any analytic curve is subharmonic, see [16] for
basics on this class. In the non-Archimedean case, the general theory has
been developed by Ducros and Chambert-Loir in [12]. Suffice it to say that
the class of psh functions contains log |h| for any analytic map h, and is
stable under taking maxima.

Proof. Keeping the same notation as above, we first observe that
g2d+2 b?dH

¥ Re(PQ) " T Res(P.Q)

tj =

define regular functions on Ratg, and k[Raty] is a finite module over k[s;, t;].
It follows that —log| Res | = log max{|s;|, |t;|} extends canonically to Ratj"
as a continuous function, and is plurisubharmonic.

To see that —log|Res| is proper, we note that |Res| is in fact defined
and continuous on the compact space Pzdﬂ’an and Ratg = {|Res| > 0}. O

2.2. The moduli space and the minimal resultant. Let (k,|-|) be any
complete metrized field which is algebraically closed, and pick any integer
d>2.

The group PGLs has a natural left action on Raty by conjugacy: M - f =
Mo foM~'. In order to apply results from geometric invariant theory, it is
better to work with the action of the affine reductive group SLo (note that
the canonical morphism SLs — PGLs9 has finite kernel).

By Hilbert theorem, the ring of invariant regular functions

k[Ratg)>™ = {h € k[Ratg], h(M - f) = h(f) for all M, f}
is finitely generated. We may thus define the affine variety
ratq = Spec k[Rat,]>2.

Denote by m: Raty — raty the canonical map.

According to [70], all SLa-orbits are closed, and the stabilizer of any ele-
ment in Raty is finite, so that Rat, is included in the set of stable points for
the SLo-action. It follows that raty(k) is naturally in bijection with conju-
gacy classes of rational maps of degree d on IP’}C. It is customary to write [f]
for the class in raty(k) of a rational map f € Raty(k). In order to clarify the
difference between an actual rational map and a conjugacy class of rational
maps, we shall use gothic fonts like | to denote a point in ratg.

We refer to [49] for more details on the geometry of ratg.

Pick any f € raty(k), and choose f € Ratq(k) such that [f] = f. We define

—log | res(f)| = Megré£2(k) —log|Res(M - f)| € R.

This is well-defined because — log | Res| is bounded from below by Proposi-
tion 211

The next result follows quite directly from Kempf-Ness theory. We refer
to [53 Chapter 3| for general results on minimizing functions on orbits of
action of general affine reductive groups over arbitrary metrized fields.
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Proposition 2.2. The function —log|res|: raty(k) — R extends as a con-
tinuous function on the Berkovich analytification of raty. This extension is
proper and bounded from below.

Remark 2.3. Ezcept if d = 2 (see |54, [55L [70] ), the algebraic variety raty is
singular. One can still define a notion of psh function in this singular setting
(see [34] for the Archimedean case, and [12] for the non-Archimedean one).
It is not clear whether —log |res| is psh on ratg.

We shall need the following lemma.
Lemma 2.4. The map
V. SLy x Raty — Ratg x Raty
defined by W(M, f) = (M - f, f) is proper.
Note that since SLy — PGLo has finite kernel, the induced map
V: PGLs x Raty; — Raty x Raty
is also proper.

Proof. This is a general result from geometric invariant theory. All points
in Raty are SLy-stable hence Raty / SLg is a geometric quotient. It follows
from [58, Proposition 0.8] that the map

W: SLs x Raty — Raty X Raty
defined by (M, f) = (M - f, f) is proper. O

Proof in the Archimedean case. Suppose k = C. Since all points are sta-
ble, all orbits are Zariski closed hence closed for the euclidean topology on
Ratgy(C).

For a fixed f € Ratgy(C), the map SLy(C) — Raty(C) sending M to M - f
is proper by the previous lemma, hence the function M +— —log|Res(M - f)|
is also proper. It follows that —log|Res| attains its minimum on the orbit
of f.

Let us prove the properness of —log|res|. Choose any sequence f, €
raty(C) such that sup,, —log |res(f,)| is bounded. For each n, choose f, €
Rat(C) such that [f,] = fn, and —log|res(f,)] = —log|Res(fy)]. Since
—log | Res| is proper, f,, is bounded, hence f,, is also bounded.

To see the continuity of — log |res| we proceed in a similar way. Suppose
fn — § € raty(C). Choose elements f,, (resp. f) with [f,,] = . (vesp. [f] =)
minimizing — log | Res| on their respective orbits. Any cluster point of the
fn’s belongs to the orbit of f (a priori it might happen that there are none).
It follows that

—log | res(f)| = —log | Res(f)| < liminf log | res(f,)]

hence — log |res | is Isc.

Conversely, choose any sequence f; such that f, — f and [f]] = fn.
To see that such a sequence exists, consider the SLo(C)-invariant set A :=
U,, 7 (fa)- If A is not closed, it admits a cluster point g which necessarily
lies in the orbit of f, and the existence of f, follows. If A is closed, then 7(A)
is also closed in the euclidean topology by Kempf-Ness theorem (see, e.g., [53]
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Theorem 1.6 (3) Chapter 3|), which contradicts the fact that A = 7~ 1(7(A)).
Now we have

lim sup — log | res(f,)| < limsup — log | Res(f;)]|
n n

= —log |Res(f)| = —log | res(f)|

proving — log | res| is also usc. O

Proof in the non-Archimedean case. In this case, one has to be carefully with
the definition of orbits since points in Ratj"™ have different field of definitions.
We have the following maps between k-varieties

SLs x Raty —2— Raty

lpb

Raty

where pry denotes the projection onto the second factor, and w(M, f) =
M - f. This diagram is also valid in the analytic category. The orbit of a
point f € Rat?" is by definition the set SL$" -f = wpry ' (f) C Ratd™.
Choose f € RatJ", and denote by ¢ its complete residue field. Then
pry 1( f) is isomorphic to S 9, and we have a canonical map SL3", —
Raty" given by M — M - f = pr (V" (M, f)), where ¥ is the map from
Lemma whose image is the orbit of f. Since W is proper, its analytifi-
cation is also proper, hence M +— M - f is proper. As in the complex case,
it follows the function — log | Res | is proper hence admits a minimum in the
orbit of f. The properness of —log | res| follows as in the archimedean case.
We aim at proving that —log|res| is continuous. By Poineau [64], raty"
is Fréchet-Urysohn (meaning that for any subset A, and any point © € A
there exists a sequence =, € A such that z, — z). It follows that one
can show that —log|res| is continuous using sequences. Now all arguments
used in the Archimedean case works exactly the same way (including Kempf-
Ness theory as discussed by Maculan in [53]) and prove that —log|res| is
continuous. O

Rumely’s minimal resultant. Suppose now that k is an algebraically closed
non-Archimedean field. In that case, the previous function log|res| has
strong connections with the minimal resultant function ordResy introduced
by Rumely in [69], and further studied in [39] [73].

The basic observation (see |71, Exercice 2.12|) is that for any f € Raty(k),
and for any M € PGLy(k°), we have

[Res(f)| = [Res(M - f)].

Since PGLqy(k°) is precisely the subgroup of PGLy(k) fixing the Gauss point,
and PGLy(k) acts transitively on Type-2 points, we obtain a well-defined
function ordResy on the set of Type-2 points which sends the point M (z,)
to —log | Res(M - f)|.

A theorem of Rumely [69] states that ordRess can be canonically extended
as a function ordRess: Hj — [0,00] that is continuous with respect to the
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metric dy, and proper. Moreover, the locus where ordRes; attains its min-
imum is either a single Type-2 point or a segment containing at least one
Type-2 point.

Finally suppose that ordRes¢(z,) = 0, and choose a normalized represen-
tation f = [P: @]. Then the resultant of P and @ has norm 1, hence the
reduction map f = [P: Q] € Raty(k) has degree exactly d. In that case, we
say that f has good reduction.

Altogether we obtain the following statement due to Rumely:

Theorem 2.5. Let (k,|-|) be any algebraically closed non-Archimedean com-
plete field, and pick f € Raty(k).

Then —log|res([f])| = 0 if and only if f has potential good reduction,
i.e., 1s conjugated by a projective transformation to a rational map having
potential good reduction.

2.3. Rational map on P,lﬁ’“" and the equilibrium measure.

Let (k,|-|) be any complete and algebraically closed metrized field, and
pick any rational map f € Raty(k) of degree d > 2. This is an endomor-
phism of the projective variety IP)/,lg hence it induces a continuous map on
the analytification IF’,lg"m. In concrete terms, f = [P: Q] maps a rigid point
[20: 21] € PL(k) to [P(z0, 21): Q(20,21)]; and a point = € Hj having a trivial
kernel to f(x) so that |h(f(x))| = [(ho f)(z)| for any rational map h € k(z).

We aim at defining a canonical (equilibrium) measure which is invariant
by f. The construction proceeds as follows. The endomorphism f: Pi’an —
IF’,lg"m is continuous, finite, open and surjective, see, e.g., [42] Proposition 4.3].

It follows that one can define a local degree at any point = € P,lﬁ’an by setting

where O, is the local ring of analytic functions at x, m, its maximal ideal,

and x(x) = Oy/m, (observe that J(z) is the completion of k(x)).

Proposition 2.6. For every connected open set V and every connected com-
ponent U of f~1(V), the integer

> deg,(f)
fly)=z,yeU

1l,an

is independent of the point x € V. In particular, for every y € P, we

have
> deg,(f) =d.

zef~(y)

For any function ¢: ]P’]lg"m — R, define

(8) fep(z) = Y deg,(f)e(y).
yef~1(x)

The previous proposition implies that if ¢ is continuous, then fyp is con-
tinuous, and its sup-norm is bounded by d times the sup-norm of ¢, so that
for any Radon measure p € M(P,lﬁ’an), the pullback of p by f can be dually
defined by the identity (f*u, ) = (u, fsp) for any continuous function ¢
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(we use the notation (u,¢) = [ @du). We refer the readers to [1I, §9.4] for
more details.

Denote by fican € MT (]P’,lc"m) the Haar (probability) measure on {|z| = 1}
if (k,|-|) is Archimedean, or the Dirac mass at the Gauss point if it is
non-Archimedean.

By the discussion of §I.3] there exists a continuous function gy (which is
the difference of two functions in QSH(P}C’an)) such that

1 *
Ef Hcan — Hcan = Agf,(] .

In homogeneous coordinates, we have f = [P: @], and this function is ex-
plicitly given by
1

max{|P|,
grolzo: z1] = dlog {lPl, |Ql}

max{|zo|?, |21|7}

It follows that the sequence of probability measures din f™ lean converges,
1,an

and we denote by pp € M1 (P, *") its limit. It can be written as

(9) Hf = Hcan + Agf

where gr = > 1+ d_kgﬁo o f¥ is continuous. It also satisfies [y = dpy.
One can also show that s is mixing (hence ergodic), see, e.g., [6} 32].

By definition, the Julia set Jy of f is the support of jif, and the Fatou set
Fy is its complement. The Fatou set is open and the Julia set is compact.
Both are totally invariant.

One can show that the Fatou set is precisely the locus where the iterates
{f"} form a normal family (see [30, Theorem 5.4| in the non-Archimedean
setting).

In the Archimedean setting, J; is a perfect (uncountable) set. In the non-
Archimedean setting, either Jy is reduced to a singleton in which case f has
potential good reduction; or it is perfect and uncountable (see [3, Theorem

8.15(c)]).

3. SEQUENTIAL HYBRIDATION USING NON-STANDARD ANALYSIS

3.1. The Stone-Cech compactification of N. We start by discussing the
notion of ultrafilters on the set N of natural numbers. We refer to [13] for a
detailed treatment.

Definition 3.1. A subset w of the power set of N is called an ultrafilter, if
(1) 0 ¢ w;
(2) if E,F € w, then ENF € w;
(3) if E €w and E C F, then F is also in w;
(4) if E CN, either E or E“=N\ E is in w.

A set in w is called an w-big set. A set whose complement lies in w is said
to be w-thin. If a proposition is satified for a w—big set, we say that this
proposition is true w—almost surely.

An ultrafilter is said to be principal if there exists an integer n such that
this ultrafilter is exactly {F' C N,n € F'}, we denote such an ultrafilter by
W
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Proposition 3.2. For each infinite set EE C N, there exists a non-principal
ultrafilter w that contains E.

Proof. Consider the family of sets {E \ F'} with F finite. By [13, Theo-
rem 7.1], there exists a ultrafilter w containing all these sets (the existence
is a consequence of Zorn’s lemma). It cannot be principal, hence the propo-
sition. 0]

Definition 3.3. Let X be a Hausdorff topological space, w an ultrafilter and
Ty be a sequence on X. We define x to be an w-limit of x,, if, for all
neighbourhood V' of x, {n € N,xz,, € V'} is an w-big set.

We briefly summarize the properties of w-limits of a sequence here:

Proposition 3.4. Let x,, be a sequence on a Hausdorff space X, then:
(1) if X is compact, the w-limit of x,, exists and is unique;
(2) if x = limy, 00 Ty, in the usual sense, then x = lim,, x,, for any non-
principal ultrafilter w;
(3) if X is first countable, and v = lim,, x,,, then there exists a subse-
quence T, of x, such that
lim z,, = .
k—o0

Proof. 1f the first statement is not true, then for every x € X, there exists a
neighbourhood V. of x such that

N, ={neN,z, eV}

is not w-big. The entire space X is covered by a finite number of such V,’s.
Therefore, N is covered by a finite number of subsets, each of which is not big.
Since the intersection of two big sets is big, it follows that the intersection
of two sets, each of which is not w-big, is also not w-big. This leads to a
contradiction.

The second statement follows from a simple observation that a non-prin-
cipal ultrafilter w contains all cofinite sets. Otherwise, if {ny,--- ,ng} be-
longs to the ultrafilter at least one of the n; is in w. If not, N\ {n;} € w,
hence

k
N\ {n1,....,n5} = ﬂ N\ {n;} € w,

which contradicts the assumption. For the last statement, let U be a basis
of neigbourhood of z, take x,, € Uy, then limy_,c zp, = . O

Remark 3.5. Note that if w is a principal ultrafilter associated with the
integer m, then limy, x,, = .

Denote by SN the set of all ultrafilters on N. For each subset £ C N, define
Ugp = {w € BN, E € w}. Note that for all E,FF C N, Ug N Up = Ugnp.
Hence, the collection Ug forms a basis for a topology on SN, and the open
sets are unions of such Ugs. Also note that Ule Ug, = Uyt g,

We have a canonical injection N — SN, sending n to thé_principal ultra-
filter wy,. Pick any w € SN and any open neighborhood w of the form
Ug. Then for any n € E we have w, 3 E, hence N is dense in SN. Since
U, = {wn} is open, it follows that N (with its discrete topology) is also open

in SN.
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Theorem 3.6. The topological space BN is compact and totally disconnected,
and contains N (endowed with its discrete topology) as an open dense subset.

It satisfies the following universal property. Any map f: N — K with
K compact can be continuously extended to a map F: BN — K by setting

F(w) = lim,, f(n).
The space SN is referred to as the Stone-Cech compactification of N.

Proof. Let us show that AN is Hausdorff. Pick two ultra-filters w # w’. Then
there exists £ C N such that £ € w and E ¢ w’. Then w € Ug, ' € Uge
and we have Ugp N Uge = 0.

Suppose U; is an open cover of SN. We may suppose that U; = Up,
for some F; C N. If we cannot find any finite sub-cover, then the collection
{E¢} has the finite intersection property: any finite intersection of Ef is non-
empty. It follows from [I3], Theorem 2.2| that there exists some w containing
all £, a contradiction. It follows that SN is compact.

Pick any w # «’ € BN and E € w, E° € W' as above. It follows that
{Ug,Uge} is an open cover by disjoint open sets. Since w € Ug and w’ € Ugy,
hence SN is totally disconnected.

Finally given f: N — K, we define F': SN — K by setting F(w) =
lim,, f(n). We claim that this map is continuous. Let U be a neighbourhood
of F(w). There exists an w-big set E such that for all n € E, f(n) € V with
V open and V C U. Therefore, F(Ug) C U, and the proof is complete. [

3.2. Product Banach rings. In all this section we fix € = (€,,) any sequence
of positive real numbers in (0, 1].

3.2.1. The Berkovich spectrum and the Stone-Cech compactification. We de-
fine the product Banach ring associated with e as follows:

A= {(mn) € CY, |zp™ is bounded} ,

where | - | denotes the standard Euclidean norm on the field C of complex
numbers. We endow A€ with the norm || - || defined by:

(@) || = sup |n|™.
n

This definition makes A€ into a Banach ring whose norm is power multi-
plicative. Recall that its Berkovich spectrum M(A€) is the collection of
multiplicative seminorms |- | on A€ such that |(x,)| < sup,, |z, |

Be aware that A€ is a Banach C-algebra if and only if € = (1) because

e ()] = sup e
for all ¢ € C.

Remark 3.7. An element © = (x,,) is a unit in A if and only zf(i) € A
This proves that the set of all units (A)* is equal to those x for which there
exists M > 1 such that 3= < |z, | < M for all n.

Theorem 3.8. The map j7: SN — M(A®) sending a ultrafilter w to the
seminorm charaterized by

(@) n>1]5(w) = lim ||~
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s a homeomorphism.

The case of an arbitrary product of metrized fields is treated in [4, Propo-
sition 1.2.3].

Proof. The continuity of j is clear.

We first show that j is injective. Pick wy # wy € SN, and E C N such that
E € wy and E€ € wy. Let g € A€ be the sequence such that z,, = 0 on E
and 1 on E°. We have |2g|;,) =0 and |2g,.,) = 1 so that j(w1) # j(w2)

We claim that j is surjective. We shall use the fact that for any semi-norm
|b| = 0 implies |a + b| = |a| for any a.

Observe that for any y € M(A°), and for any £ C N we have |zg|, <
|ze| =1, and xgxpe = 0, g + g = 1. Since | - |, is a multiplicative
seminorm, by the trick above either |zgl|, or [xge|, equals 1 while the other
equals 0.

Let w = {E C N,|zg|, = 1}. We shall prove that w is an ultrafilter
and that y = j(w). By the preceding argument, for any subset £ C N,
either F or E° belongs to w. Let E, F € w, then |vpnrly = |TElylzrly = 1,
thus F N F also belongs to w. Additionally, if £ € w and F C F, then
|zpzgl, = |vply = 1. Consequently, we have |zp|, = 1, implying F' € w.
Therefore, w is an ultra-filter.

Pick z = (z,,) € A€, and set a = lim,, |x,,|**. To conclude the proof it is
sufficient to show that |z|, = . For any n > 0, there exists E € w such that
foralln € F,

a—n<|z," <a+n.
Define
;) T, iftne E
~ Jale,  otherwise.

Then |(z7)ly = |(zn)ze + (27,) 7]y = |(Tn)zEly = [(20)]y-
Since y is a bounded seminorm, we have

() ]y < suplay, | <+

(a) 7| <sup|(zp)H < (a—m)7h

y
Thus a —n < |[(z),)|y = |(n)|y < a+n. We conclude by letting n — 0. O

3.2.2. Complete residue fields. Let w be an ultrafilter, which we identify with
its image in M (A€). Recall that the complete residue field 7 (w) is obtained
as the completion of the quotient ring A€/ ker(w) where

ker(w) = {(wn) e CN lim |z, | = O} .

Observe that ker(w) is a maximal ideal of A¢. Indeed, pick y ¢ ker(w). Then
lim,, |y,|* > 0. The set of integers E such that |y,|** < 27! min {|y|., 1}
is w-thin, hence xp € ker(w), and y + zg is invertible by Remark B.7 It
follows that A€/ ker(w) is a field. Since w is bounded, ker(w) is closed hence
A€/ ker(w) is complete for the residue norm, and it follows that J(w) =

A€/ ker(w).
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Proposition 3.9. For any w € BN, the complete residue fields H(w) is
algebraically closed and spherically complete, and |7 (w)| = Ry.
(1) If e = limy, €, > 0, then J(w) is isometric to (C,| - |) hence is an
Archimedean metrized field.
(2) If limy €, = 0, then 5 (w) is a non-Archimedean metrized field, and
the image of A€ is 7 (w) is dense.

Remark 3.10. When lim, €, = 0, 7 (w) is a complexified Robinson field.
We refer to [50] for a detailed treatment of such fields.

Proof. Suppose e = lim, €, > 0. Pick x € A°. Then |z|, = lim, |z,|*,
hence |z,| is bounded from above. It follows that x,, = lim,, x,, exists in C.
The map = +— z,, is a morphism A¢ — C which factors through ker(w) hence
induces an isometric field morphism .7 (w) = A€/ ker(w) — (C, |- |°).

Suppose now that lim,, €, = 0. Then |(2)|,, = lim,, |2|* = 1 so that ¢ (w)
is a non-Archimedean field. Observe that ker(w) = {(a,) € A, lim,, |a, | =
0}. We already observed that A¢/ker(w) is a field. This implies that the
image of A€ is equal to J#(w).

We now prove that 7 (w) is spherically complete. We may suppose that
lim, e, = 0. Let B; = B (i, ;) be any decreasing sequence of closed balls,
with r; > 0 and o; = (i n)n € A so that |a; — o, < r; for all j > 4.

We define a strictly decreasing sequence of w-big sets N = Ny O Ni D
N1 such that for any ¢ < j < k and I € Ny, we have |a;; — ;% < 7.

Suppose Ng, -+ , N have been constructed. Since for any ¢ < k + 1, we
have |a; — ag11]w < 7, one can find an w-big set N such that for all [ € N,
we have

|laig — agy10] < i
We set Npy1 = (N N Nk) \ {mme}

Set by, = aj, » with j, = min N, and let § = (b,). Choose any integer i.

For any n > ¢, we have

€ €
in — = |Qin — Qj,m| " =T
@i — bp| ™ = | a | <

It follows that |a; — 8] < ry, hence 8 € B;, thus (2, B; is not empty.
Finally we prove that 7 (w) is algebraically closed. Again, it is sufficient

to treat the case lim, €, = 0, so that ' (w) is non-Archimedean. Pick any

polynomial P, € 5 (w)[z]. Then we can find a sequence of polynomials

P,(z) = ao,nzd + almzd_l + ...+ aqn € Clz]

such that a; = (a;n) € A%, ap € (A9)*, and the image of P = 3 a;2 in
€ (w) is equal to P,,. We may factorize each polynomial P,(2) = aq, H‘ij:l (z—
@;n). Since ag is invertible in A€, the sequence o; = (o) belongs to A€
since

i] < max { 2lainl Jaoal) /", i =1, d}.

It is moreover a zero of P, and its image in J#(w) is a zero of P, which
concludes the proof. O

The last argument relates the sequence of zeroes of P, to the zeroes of
P,,. The following converse holds.
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Proposition 3.11. Pick any polynomial P(z) € A¢[z] of degree d > 1,
determined by a sequence P, € Clz].

For any w € PN, and for any zero a € 5 (w) of multiplicity m of P,,
there exist sequences o € C, 1 <1 < m such that 11" | (2 — a; ,) is a factor
of P, for each n, and (04 ,) = a in A (w) for each i.

Proof. Without loss of generality, we may suppose that a = 0, so that
P,(z) = 2™Q,(z) with Q,, € J(w)[z], and Q,(0) # 0. Pick any polynomial
Q € A¢[z] projecting to Q. We can then write P(z) = 2" Q(z)+H (z), where
H is determined by a sequence of complex polynomials H,,(z) = Z?:o hi 2t
such that (h;,) € A€ for each 4, and lim,, |h; ,|* = 0.

Also, @ is determined by a sequence of polynomials @, (z) = Zg:o Qin?' €
Clz], such that |g; | < MY for some M > 1, and all i,n, and |go | > 2p
for some p > 0 on a w-big set E, since @, (0) # 0.

Pick any r € (0,1) such that Mdr < p, and n > 0 so that n < r™ x p.
On the circle |z| = 71/ we have |H,(z)| < n'/¢ for all n in an w-big set
E' C E. On the other hand, for all |z| = r/¢ we have |Q,(z)| > p'/ for
all n € E'. We get [27Qn(2)| > p/r™/ e > |H(2)| on |z| = r/e for all
n e FE.

By Rouché’s theorem, for all n € E’ the polynomial P,(z) = 2"Qn(z) +

H,(z) admits exactly m zeros oy p,- - , Q. in the disk |z| < rl/en,
By letting r — 0, we obtain lim, |o; | = 0 for all j which concludes the
proof. O

3.2.3. The projective line over A°. The analytification of the projective line
over A€ admits a canonical continuous proper map 7 : ]P’Z’Zm — M(A*) ~ BN.
When ' (w) = C. is Archimedean, then there is a canonical isomorphism
Se: ™ Hw) — C (see §13). When #(w) is non-Archimedean, then it 7~ (w)
contains only Type-1 and Type-2 points by Proposition 3.9l

Pick any sequence of point p, € C. Then we may write in homogeneous
coordinates p, = [20,n: 21,5 With max{|z |, |21,n|} =1, so that z; = (2;,,) €
A€, Note that 29 A€+ 21 A€ = A€ so that p = [29: 21| defines a point in P!(A€),
and observe it does not depend on the choice of z; .

Conversely pick any point p = [2: z1] € P'(A¢). By construction, we
have zpA® + 21 A = A°. The pair (zp, 21) is unique up to multiplication by
a unit in (A°)*. Write z; = (z;,) and set X = (max{|z9 |, |21,n|}). Observe
that the condition zgA® + 21 A° = A€ implies A € (A°)*. Replacing z; by
A1z we may suppose that max{|zon|,|21.,]} = 1. We have proved

Lemma 3.12. The map defined above o: CN — PL(A€) is a bijection.

Pick any w € BN, and suppose that #(w) is non-Archimedean. Let

#(w) be the residue field of the complete metrized field 77 (w). We claim

that there is a canonical map

(10) 0,: P (A (w)) = C

defined as follows. ~
Pick a point p = [Z: Z1] € P}(#(w)); choose some lifts zg, 21 € (w)
with max{|z0|u,|21|w} = 1. Since A¢/ker(w) is dense in ' (w) we may
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suppose that zg, 21 € A°. Replacing by 2g, 21, by 1 on an w-thin set, we
may suppose that zgA® + 21 A° = A°. We let 0,,(p) = limy,[20,n: 21.n] € C.

This map is well-defined because if [2): 2{] € P!(A€) defines the same
point p, then in the spherical distance (see §1.2.3]), we have

lig}ndﬂml(jf(w))([zoz Zl]’ [Zé]: Zi]) <1

which implies lim,,[2g 5, 21,,] = lim,, [z(’)m: zin] in C.
Observe that 6, is surjective, and the following diagram is commutative.

CN 2 Pl(AY) 0 PYA(w) —— P (w))

0
lime, l ©

P'(C)
FiGURE 1. Relating projective lines

Finally, we discuss the spherical distance on P'(A¢), see (@) and (@) for
the definition. We use the above lemma to identify points in P!(A€) and
sequences of points in C.

Lemma 3.13. For any points x,y € PY(A€), and for any w € BN, we have

hur)n dﬂn((c) (xm yn)en = liuI}n d]P’l((Cen)(s;nlxm S;Llyn) = dﬂl’l(%(w))(xw7 yw) :

Proof. Write z = (z,,) € CN, and y = (yn) € CY. We may suppose that
neither z nor y are equal to [1: 0], and up to replace z,, and y,, in an w-thin
set, we have x, = [z,: 1], and y,, = [wy: 1] with (z,), (w,) € A°. In the
standard euclidean norm |- | on C, we have

|zn, — wp |
|Zn|2+1)en/2(|wn|2+1)en/2 .

dp1(c) (T, yn) ™ = dpi(c,, ) (52, Ty 50 yn) = (

When lim, €, > 0, the result is clear. When lim,, €, = 0, since lim,, |z, | =
|2, we have

lim (|2 |? + 1)/? = max{|2,|, 1}
w
and the result follows. O

3.2.4. Product Banach rings with different characteristic exponents. We dis-
cuss the relationship between A¢ and A€ and their Berkovich spectra for
two different sequences ¢, €. To simplify notation, given any two sequences
of positive real numbers €, ¢ we write € < € iff ¢, < Cée,, for some C > 0;
and € < ¢ if and only if € < € and € <.

Proposition 3.14. Let € = (€) be another sequence with 0 < €, < 1.
Then, A€ C A€ if and only if € < e.

In particular, A€ = A€ if and only if € < €.
Remark 3.15. In general, we may have A° = A€ but the norm on A€ is
not necessarily equivalent to that of A€ .
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Proof. Suppose €, < Ce,, and pick x = (x,) € A°. Then
|| < max{1, |z, ]} < max{1, |z, |}9 < max{1,|z].}¢ < o0,

so that = € A¢.
/ .
Conversely, assume A¢ C A€ and write €, = ay€, for some a;, > 0. The

1 /
sequence x, = 2, belongs to A C A¢. Thus there exists M > 0 such that
sup |z, = sup 2%" < M.
n n

log M
log 2

Therefore, we have 0 < a,, < < 0o, which proves ¢ < e. O

Pick €,¢ € (0,1], and write € = ae. Recall that C, = (C,| - |). Recall

. . l,an l,an
from §L.3] that we have a canonical homeomorphism o,: P — P

sending a semi-norm |- | on C.[z] to | -|%. This map induces field continuous
isomorphisms o7 : J(0a(x)) — H(z) for all x € IF’}c’jn (which are isometric
if and only if a = 1).

Proposition 3.16. Suppose €',¢ € (0,1]N satisfy € =< €, and write o, =

€l /€n. The locally ringed space isomorphisms o, : Péj: — Pé’%n extend to

n

an isomorphism of locally ringed spaces o: ]P’an — ]P’Zf," over BN .

Proof. Since ay, is bounded from above, it admits a unique extension to SN
by setting o, = lim, ;. Since «, is bounded away from zero, we have
a, € (0,1] for all w € BN.

For any w € BN, set €, = lim,, €,, and €, = lim, €, and define

. ml,an l,an
0o ]P’%;(Ew) — ]P’%;(e‘/d)

by sending the semi-norm |-| on (e, )[z] to |-|*. This is a homeomorphism.
Recall that we denote by 7: PL*" — M(A€) ~ BN the canonical projection.

l,an

Then for any polynomial P € A¢[z] and for any x € P, we have
(11) [P(o(x))] = |P(z)]*==

Since x — a(y) is continuous, it follows that the map o Pi{g " PZZ" given

by o(z) = 04, (%) is a homeomorphism.

Since analytic functions on an open subset U C Pl’f,n
cally uniform limits of rational functions having poles outside U, the equal-
ity () induces isomorphisms o : O(U) — O(¢~!(U)), and continuous field
isomorphisms o7 : 7 (o (z)) — 4 (z) for any = € ]P’Z’f". This concludes the
proof. O

are obtained as lo-

3.3. Sequential hybridation. Recall from §3.2] that we have a canonical
identification M(A€) ~ GN.

If B is any ring, a rational map f: IP% — IP% defined over B is given
in homogeneous coordinates by a pair of homogeneous polynomials P,(Q
of degree d whose resultant is a unit in B. When B is a Banach ring,
then f induces a continuous map f: ]P’}B’,'m — IP’E’“" over M(B), and for any
b € M(B), we denote by f;, the restriction of f on the fiber 7=1(b) where
T P}B’an — M(B) is the canonical morphism. It is a rational map of degree

d defined over J7(b).
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Recall that raty is an affine variety. We fix raty any projective variety
containing raty as a Zariski open dense subset (for instance the one described
by Silverman [70] using geometric invariant theory).

Let Cyq = eSupyue,(c) [ res |-

Theorem 3.17. Let f,, be any sequence in raty(C). Set

€n, = (—log(| res(fn)\/Cd))_l )

and choose f, € Ratq(C) such that [f,] = fn and |Res(fn)| = |res(fn)| for
all n. Let A€ be the Banach ring defined by ().

(1) There exists a rational map f € Ratq(A€) which induces a continuous
self-map f: IP’IIL"?" — P}Liﬁm such that mo f = mw, and for any n € N,
we have f| -1,y = fn under the above identification 7 1(n) ~C.

(2) If 7 (w) is non-Archimedean, then f, does not have potential good
reduction.

(3) The field 7 (w) is non-Archimedean if and only if lim,, f,, € raty"
raty".

Remark 3.18. This theorem implies a slightly more general version of Theo-
rem[01l (2). Indeed we assumed in the introduction that the sequence f,, is de-
generating, in which case # (w) is non-archimedean if and only if w € SN\N.
Observe that Theorem [0l (1) is a consequence of the discussion of §3.2.3.

Remark 3.19. The sequence f, is not uniquely defined, and we actually
have quite a lot of flexibility. It follows from Proposition[3.14, that for any
sequence g, € Raty(C) such that |Res(fn)| < |Res(gn)|, then we get a
rational map g € Ratd(Ael) and a homeomorphism IP)}L‘E — Pza conjugating f

to g. We refer to any sequence € € (0,1]N and any rational map f € Ratg(A€)
satisfying Properties (1) — (3) of the theorem to a sequential hybridation of

fr-

Remark 3.20. By [32, Theorem E|, the topological entropy hiop(f) of a
rational map f defined over a complete metrized field (k,|-|) of degree d > 2
is equal to 0 if and only if the norm on k is non-Archimedean and f has
potential good reduction. In other words, property (2) of the previous theorem
can be alternatively formulated by saying that hiop(f,) > 0 for any w € BN.

Proof. For each n, pick any rational map f,, € Raty(C) representing the class
fn such that |res(f,)| = |Res(fn)|, see §2.2 Observe that by construction
en = (—log(|res(fn)|/Cyq))~" € (0,1]. In homogeneous coordinates, we may
write f, = [P,: @], and normalize the coefficients of P, and @, so that the
maximum of their moduli is equal to 1. It follows that by construction we
have

| Res(Py, Qn)|™ = |Res(fn)|*™ = exp <— log ’R%(dfn)v clet,Cy .

It follows that P = (P,) and @ = (Q,) are homogeneous polynomials with
coefficients in A€ and Res(P, Q) is a unit. Consequently, f = (f,,) defines an
endomorphism of degree d of P}L‘E. By construction, (1) holds.

Suppose that #(w) is non-Archimedean. By Proposition 3.9 w is a non-
principal ultra-filter and lim, e, = 0. It follows that |Res(P,,@n)| — 0.
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Since
|res(f,)| < |Res(fu)| = lim |res(fy,)|™ = lim|Res(Py,, @Qn)|™ = e <,

the rational map f,, does not have potential good reduction by Theorem

Let us prove (3). Suppose that .#’(w) is non-Archimedean. We have
already seen that w is non-principal and lim,, €, = 0. Suppose by contradic-
tion that lim,,[f,] is the conjugacy class of a rational map g € Raty(C). By
Proposition 2.2 lim,, |res(f,)| = |res(g)| which implies lim,, €, > 0, impos-
sible.

Conversely suppose # (w) is Archimedean. By Proposition B.9] we have
lim, €, > 0 hence —log|res(f,)| is bounded from above on a w-big set.
Since — log | res| is proper on raty(C) by Proposition 22 we conclude that
lim,, f,, € ratd"™. O

An application of the previous techniques is a new proof of a result by
DeMarco, see [I8, Corollary 0.3], see Corollary from the introduction.

Corollary 3.21. The iteration map I;: raty(C) — raty(C) given by I;(f) =
ft is proper for any d > 2 and any l € N.

Remark 3.22. The iteration map is also proper as a scheme morphism. It
follows that Ij: raty(k) — ratu (k) is proper for any field of characteristic 0.
Our techniques being characteristic free, it is likely that I; is proper for any

field k.

Remark 3.23. Our proof is based on the characterization of properness on
locally compact metric spaces in terms of sequences. This is not essential,
and we could have used the hybridation of families of holomorphic maps.

Proof. Suppose by contradiction that I; is not proper. Then we can find a
degenerating sequence f, € ratq such that f — g € rat; (C).

Set €, = —(log | res(f,)|/Cq) !, and pick any endomorphism f € Ratq(A€)
satisfying the conclusion of Theorem B.I7l Since f,, is degenerating, €, — 0,
and we have [f,| = fn.

Choose any g € Raty(C) such that [g] = g. By assumption, we can find
gn — goo € Ratyi(C), and M,, € PGLy(C) such that M, - g, = f. for all n.

Pick any non principal ultra-filter w. Since €, — 0, J#(w) is a non-
Archimedean metrized field, and f,, € Raty(7#(w)) does not have potential
good reduction by Theorem BIT (2). By [3, Corollary 8.14], it follows that
fL does not have potential good reduction either.

Pick any normalized representations

m:<?3»$mmmme%mmmw:L
n n

Lemma 3.24. We have €, < —log | det(M,,)|!.

It follows in particular that M = (M,,) is an element of PGLa(A°).

We shall now prove that g, = M- f} has good reduction, which gives
a contradiction.

Choose normalized representations g, = [P,: @], and observe that the
pair of homogeneous polynomials P,, (resp. Q) determined by the sequence
P, (resp. @) forms a normalized representation g, = [P, : Q,]. Reducing
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P, and @, in fg(w), we obtain a rational map g, on Plﬁ?(w) of degree < d',
and we have equality if and only if g, has good reduction, see [71] § 2.5]).

Recall from (I0) that we have a canonical map 6,,: /7 (w) — C, and the
image of P, and @, under this map gives a rational map gc on P!(C) of
degree < deg(g,,). It follows by construction that gc = goo so that deg(g,) =
d" hence g, has good reduction.

The figure below explains how all maps gn, 9, 9w, Jw, goo fit into one com-
mutative diagram. O

() )
o (7 PHON — P(4°)

\—) P“
lim,,
]Pﬂ ((C) :) goo

F1GURE 2. Infering good reduction

5
g
X
S
2
X
B

Proof of Lemma[3.2]. The variety Rat, is a Zariski open subset of Raty =

(SIS

P24+l and ¥ extends as a rational map
\If: %1 X %d -2 ﬂd de
Recall that PGL2(C) and Rat4(C) the complex analytification of the respec-
tive C-affine schemes, and keep V¥ for the holomorphic map induced by the
morphism above on PGLy(C) x Raty(C). We write | det | for the restriction
of |Res| to Rat;(C) = PGL2(C) as
lad — be| . b
| Res(M)| = it M = .
max{Jal, ], Il [4]}2 d

Now, the meromorphic map

VU: Rat;(C) x Ratyg(C) --» Raty(C) x Raty(C)
is holomorphic on X = Rat;(C) x Raty(C) and its restriction to X is proper
by Lemma 2.4l and GAGA. Denote by A and A’ the boundary divisors:

A = ml(C) X %d(C) \Ratl((C) X Ratd((C),

A= md(C) X md(C) \Ratd((C) X Ratd((C) .
Locally near any point p € A’; there exists a polynomial P such that {P = 0}
cuts out the divisor A’, and |P| < min{|Res(f1)|,|Res(f2)|}. In a similar
way, for any point ¢ € A with for any polynomial ) cutting out the boundary
divisor A, we have |Q| < min{| det(M)|, | Res(f)|}. Since V¥ is proper, Po ¥
cuts out A, and by Lojasiewicz’ inequalities, we may thus find some positive
real numbers C, a > 1 such that
(12) Cmin{|det(M)|,| Res(f)[}*/* > min{| Res(M - f)[,| Res(f)[}
> C™ min{| det(M)], | Res(f)[}*
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Returning to our original lemma. We have a sequence g, € Rat (C)
converging to goo € Raty(C) so that |Res(gy)| is bounded away from 0
and oo, and M, € PGLy(C). It follows from (I2)) (applied to M = M,
and f = g,), that —log|det(M,)| < —log|Res(M,, - g )| which implies the
result. O

4. FAMILY OF MEASURES OVER A BANACH RING

Let (B,||-]|) be any Banach ring. In this short section, we discuss the
general notion of families of probability measures on ]P’}B’,a".

4.1. Continuous family of Radon measures. Recall that P}éan is a com-
pact space, and we have a canonical projection map 7: Pgan — M(B), such
that for any b € M(B), 7~1(b) is isomorphic to IP’};;(TIL)) in a canonical way.

A positive Radon measure p on a compact space K is a positive linear
functional p: CO(K) — R, i.e., a linear map such that u(¢) > 0 when
¢ > 0. A probability measure is a positive Radon measure with u(K) = 1.
We endow the set of positive (resp. probability) measures M (K) (resp.
M!(K)) on K with the weakest topology such that the function u — [ ¢du
is continuous for any ¢ € C°(K).

A linear functional

L: CO(PE™™) — C*(M(B))
is said to be positive if it maps positive functions to positive functions.

Definition 4.1. A continuous family of positive measures on Pgan s a
positive linear functional L: CO(P}B’M) — CY(M(B)) such that for all ¢ €
CO(M(B)) we have L(pon) = ¢ x (L1).

We denote by M+ (P!, B) the collection of all continuous families of pos-
itive measures on P}éan. We endow it with the weakest topology for which
all evaluation maps are continuous.

We introduce the set Fp of families of positive measures {fi}perq(p) Such
that pp is supported on 7= 1(b) for all b € M(B), and the map b > p is

continuous for the weak-* topology on M(B).

Theorem 4.2. For any family pn = (up)pepm(p) € FB, we set

(13) Lu(0)(b) = / ey iy

for any ¢ € CO(PE™), and any b € M(B).
Then L, defines a continuous family of positive measures, and the map
p— Ly, establishes a bijection between Fp and MT (P!, B).

Remark 4.3. The map L is a homeomorphism when Mt (P!, B) is endowed
with the weak-+ topology, and Fp with the compact open topology.

Remark 4.4. The space MT (P!, B) is not compact, but for each M > 0,
the subset of continuous families of measures with uniformly bounded mass
< M 1is compact.



NON-ARCHIMEDEAN TECHNIQUES AND DYNAMICAL DEGENERATIONS 33

Suppose B = A€, for some ¢ € (0,1]", so that M(B) ~ BN by Theo-
rem [3.8 Recall that N with its discrete topology is a open dense subset of
BN.

Since 771(n) is open in Pi{f " the extension by 0 of a continuous function

1,an

on 7 !(n) remains continuous on P,¢". It follows that an operator L €

M+ (P!, A¢) defines by restriction a sequence of positive measures on P(lc’an,

n

hence a sequence of positive measures u, on C. Also L1 is continuous hence
bounded so that the mass of u,, is uniformly bounded.

Conversely, let u, be any sequence of positive measures of bounded mass
on PL. For any ¢ € CO(PIIL"?"), the function N — R sending n to [ ¢ s} dun
is bounded hence we can define

Lplw) =l [ o5, di

for any w € BN. It is continuous by the universal property Proposition [3.6]
and L is bounded since the mass of u, are uniformly bounded.
We have thus obtained

Corollary 4.5. Pick any sequence € € (0, 1]N. Any sequence of positive
measures fi, € MT(C) of uniformly bounded mass determines a unique con-
tinuous family of positive measures on PL™ such that

Lep(w) = lim / p e, din

for all o € CO(PL™) and all w € M(A%) ~ AN,
Any continuous family of positive measures on P
way.

1 . . . .
Afm is obtained in this

Proof of Theorem [£.2. Let = (pp)pepm(py be any weakly continuous fam-
ily of positive measures on Pgan such that the support of py is included
in 77(b), and define L,p(b) = [@du, for any ¢ € CO(IP’};"). Since the
family is continuous, L, is continuous. The operator is positive, and if
¢ € COM(B)) we have L,(p om)(b) = ¢(b) x Mass(up) so that L defines a
continous family of positive measures as in Definition E.11

Let us prove that pu — L, is injective. If ' = (u)perq(p)y # i, then
we can find b € M(B) such that p; # 1, hence a continuous function
@0 € CO(m1(b)) such that [ poduj, # [ odus. By Tietze-Urysohn’s theorem
applied on the compact space ]P’]lé'm, there exists a continuous function ¢ on
P}éan whose restriction to 71 (b) is equal to pg. We have L, o(b) # L, (D)
as required.

We now show that p — L, is surjective. Let L: CO(P}B’M) — CO(M(B))
be any positive linear functional satisfying (I3]). Choose any b € M(B), and
pick any continuous function f € C%(m~1(b)). Recall that Tietze-Urysohn’s
theorem implies the existence of ¢ € CO(P}B’M) such that sup|@| < sup |p|
and @[ -1) = . We set

Lyp = Lp(b) -
Let us prove that this does not depend on the choice of extension ¢. For
this, it is sufficient to prove that if g € CO(]P’}E;G") is such that g[,-1) =0,
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then Lg(b) = 0. Writing ¢ = max{g,0} — max{—g,0}, we may suppose
that g > 0. Observe that ¥ ~— Sg(b') = sup,-1¢yyg is continuous, and
0 < g < Sgom. By the positivity of L, we obtain

0 < L(g)(b) < Sg(b) x L1(b) = 0 .

This proves Ly is a positive linear functional, hence defines a positive measure
p supported on the fiber 7=1(b). The fact that b — p; is weakly continuous
follows immediately from the fact that Ly is continuous when ¢ is. O

4.2. Model functions. In order to study the convergence of measures on
P}éan, it is important to work with a suitable class of functions of geometric
origin that we now introduce. We refer to [35] 8l [10} 27, 66] for a study of

this class when B is a field, and P! is replaced by any projective variety.

Recall that for each | € N the space of global sections of the line bundle
o) — IP% can be identified with the space of homogeneous polynomials
P € Bjzp, z1] of degree [. Recall that we set log ¢¥p (29, 21) = log | P(z0, 21)| —
og max{ 2], |21/}

For any finite collection of sections o C H(PL, O(1)) we set

¢y = log max ¥p, -
Note that ¢, : P}éan — [—00,4+00) is continuous. Such functions are called
quasi-model functions.

The following observation is immediate from the local form of a quasi-
model function.

Lemma 4.6. Let ¢ = @, be any quasi-model function associated with a
finite set of sections o C HY(P, O(1)). Then for any b € M(B), Ap|,—14)
1s a well-defined signed Borel measure whose variation has total mass < 21.

Proof. Observe that Ap|—14)+fcan is locally equal to A maxlog | P;|, hence
is a positive measure. It follows that we can write Ap[, 1) = (Apz-10) +
lttcan) — Utcan, hence the claim. O

Remark 4.7. It is actually true that Ago|7r_1(b) forms a continuous family
of (signed) measures. We shall neither prove nor use this fact.

A model function is a quasi-model function associated with a finite family
of sections P; having no zeroes in common (this is equivalent to say that
the linear system induced by these sections has no base point). Any model
function is a continuous function Pgan — R. Let D(Pgan) denote the Q-

vector subspace of CO(IP)]IE;M) generated by all model functions.

When [ = 0, global sections of the trivial line bundle are exactly B. A
finite subset (b;) C B does not vanish simultaneously on P} if and only if (b;)
is not included in any proper ideal of B. The latter condition is equivalent
to say 3b;B = B. Therefore, maxlog |b;| is a model function if and only if
Y¥b;B = B. In particular, log |b| is a model function if and only if b is a unit
in B.

Let D(B) be the Q-vector subspace in C°(M(B)) generated by all func-
tions of the form maxlog|b;| with ¥b;B = B. We say that B satisfies
property (N) if there exists ¢ € D(B) such that sup ¢ < 0.
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Recall that the spectral norm on B is defined as p(b) = lim,, || " ||/ =
sup r(py |b|- Observe that property (N) is implied the next condition:

e there exist by, -+ , b, such that > b;B = B and p(b;) < 1 for all 7.

We discuss some examples of Banach rings at the end of this section.
Theorem 4.8. When B has property (N), then D(P}B’(m) is dense in CO(IP’};"),

Lemma 4.9. The space D(Pgan) is stable under mazimum, and contains all
functions of the form ¢ o with ¢ € D(B).

Proof. Let o be any finite family of sections (F;)i<i<m of O(d) having no

zeroes in common. For any [ € N, define o' to be the set of sections

[ s, P Py Then @ =1 X .
If 7 is a family of sections (@Q;) of O(m), then the family o ® 7 = (P;,Q;)
of sections of O(l + m) satisfies

Poxr = Yo + Pr

1 .

Suppose now that ¢ = Zle 4iPo; — 22:1 pror, € D(PZ™), with ¢;,p €

Q™. Then for some sufficiently divisible m € N, mg;, mp; are all integers and
we have

mSO = @@Zo;mql - @@]T;TLPJ

This proves that any element in D(IP’E’“") is the difference of two functions
associated with a finite collection of sections having no common zeroes.

Let us now check that D(P}B’an) is stable under taking maxima. Since
max{a — b,c} = max{a,c + b} — b, the preceding fact implies that it is
sufficient to treat the case max{y,,, ¥y, } for two finite collections of sections
o1 C HY(O(ly)), and o9 € HO(O(ly)) with I} < lo. Let 7 = (2§27,
Then we have max{p,,, Yo, } = @, With o = (01 ® 7) U g C H°(O(l3)).

Finally suppose b; € B satisfy Y ;B = B, and let ¢ = maxlog |b;| €
Co(M(B)). Then we have p o™ = ¢, with o = {b;20,b;z1}; C H°(O(1))

which implies the last claim. O

Proof of the Theorem [{.8 We apply the Stone-Weierstrass theorem for lat-
tices, see, e.g., [36, Theorem 7.28|.

It suffices to show that D(PE*") separates points. Choose x # y € P3™".
Translating by 1 if necessary, we may assume that the two points are in the
same affine chart {[z: 1]} C Agan, then we can find a polynomial Py € B|z]
of degree d such that |Py(z)| # |Po(y)|, and the homogeneous polynomial
P(z0,21) = 2{P(20/=1) satisfies ¢p(x) # ¢p(y).

Pick any integer n € N. By assumption, there exists a model function
¢ € D(B) such that supy < 0. Multiplying this function by a suitable
integer, we may find ¢, such that ¢, < —n, and ¢, = ¥} — 1, where
Y = log max \bfcn\ where 3, b B = B. Define

i 71,n

+ _ + d-7,J
o, = {P(zo,zl),bi’nzl 2

27.]

We have ¢n, = ¢+ — ¢ - = max{¢p,pp o7} € D(P}B’an) and ¢, — ¥p as
n — 00, hence for any n large enough ¢,, separates x and y as desired. [
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Corollary 4.10. For any sequence ¢ € (0,1]N, the set of model functions
D(Pi{fm) is dense in the set of continuous functions CO(P}L‘fm).

This follows immediately from the previous theorem by considering the
unit b = (271" € (A)* which satisfies p(b) = 1/2 so that log |b| < —log 2.

We conclude this section by discussing some examples of Banach rings
satisfying or not property (N).

e A complete metrized field (k, |- |) has the property (N) if and only if
the norm is non-trivial (even though in all cases M(k) is reduced to
a single point).

e If the complete residue field of some b € M(B) is trivially valued,
then B cannot have property (N). This is the case when B is a field
k endowed with the hybrid norm |- |py, = max{| - |o,|-|}.

e Suppose (k, |-|) is a non-Archimedean complete metrized field. Then
the ring (k°,| - |) has never property (N).

e For any non-trivially valued complete metrized field (k,| - |), any
Banach k-algebra (for which || b|| = |b| for all b € k) satisfies (N).

e If all complete residue fields are isometric to (C, |- |), then B can be
canonically embedded into C°(K, C) where K (= M(B)) is a compact
space, and it satisfies property (N).

Remark 4.11. Let B be any Banach ring (with unity). If D(B) separates
points in M(B), then it is dense in C°(B). In that case, B has property (N)
and D(P}B’an) is also dense in CO(IP’};"), It is however unclear whether D(B)
separates points if and only if B has property (N).

Remark 4.12. Let B be any Banach ring. Then the Q-vector space gener-
ated by the constant function 1 and all model functions is dense in CO(IP’E’G").

4.3. Push-forward of continuous functions. In the remaining two sub-
sections, we work in the ring A°. Let f € Ratg(A°).

The pushforward of a function on the Berkovich projective line over a
metrized field is defined in §2.3] see (§). We define the pushforward of a
function ¢: ]P’Z’Zm — R by f € Raty(A°) as follows:

(14) fep(x) = (fw)splr—1() (), for all x € 7 Hw), and w € BN.

Proposition 4.13. For any continuous function ¢ € CO(IPZ?"), the function
f«tp is also continuous.

We rely on the following characterization of continuity in terms of ultra-
filters.

Lemma 4.14. A function @: Pi"fm — R is continuous if and only if for all

w € PN, the restriction g, = ¢|r-1(. s continuous and for any sequence
T, € 7 1(n), we have lim,, ¢(x,) = p(lim,, z,).

Recall that in the situation above, lim, x, is always a Type-1 point in

17
IP’j;(’;).

Proof. The direct implication is immediate. We proceed by contradiction
for the converse implication. Suppose that ¢ is not continuous. Then there
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exists x € IP)zfm and 7 > 0, such that for all neighbourhood U 3 z in Pi;:m,
there exists zyy € U such that |p(xy) — p(x)| > n. Set w = w(x).

We claim that for any point y € 77!(w), and for any open neighborhood
V 3 yin 771 (w), there exists a sequence y,, € 71 (n) such that lim,, y, € V.
We only need to consider the case J#(w) is non-Archimedean. We are also
reduced to the case y is a Type-1 point because these points are dense. Then
Y = [20w: 21, for a pair z;,, € H(w), and we may find [2: 2]] € P}(A°)
such that the point y' = [z, 21 ,] belongs to V. This implies the claim in
this case since limy,[z(,,: 21 ,] = ¢

From this claim and the assumption lim,, p(x,) = ¢(lim, x,), it follows
that we may (and shall) assume that xy; € 7~1(N).

Since ¢,, is continuous, there exists a compact neighborhood W of x in
7~ H(w) such that supy |@ — ¢(z)| < /2. We may suppose that W is of
the form W = ﬂle{m < tp,, < s} where r; < s5; € R, and P, are
homogeneous polynomials with coefficients in .7 (w). Since A¢/ker(w) is
equal to ' (w), we may even suppose that each P,; can be lifted to a
polynomial P; with coefficients in A¢. Write W/ = ﬂle{ri < p < s} C
Pi{f". Observe that W' is an open neighborhood of z such that W’Nr—!(w)
w.

Consider the set E of integers n € N for which there exists z,, € 771(n) N
W' such that |¢o(zy,) — ¢(x)| > n. If E is w-thin, then its complement E° is
w-big, and U = 7~ {E° € w'} is an open neighborhood of 2. The point
projects to B¢ and satisfies |p(zy) — ¢(z)| > 7, a contradiction.

We conclude that E is w-big, and we get a sequence z,, € 7~ (n) N W’
such that |p(x,) — ¢(x)| > 1. The limit 2/ = lim,, x,, belongs to W, and
p(x) = limy, o(x,) so that |@(xy) — ¢(x)| > n. This is impossible, hence ¢
is continuous. (]

Proof of Proposition [{.153 By the previous lemma, it suffices to show for any
continuous function ¢ and any ultrafilter w € SN, and any sequence of points
r, € 7 1(n), we have

hUEH fep(@n) = fep(2w),

where z,, = lim, z,, € P}(J#(w)). We may suppose that we are in a fixed
affine chart so that x, = [2,: 1] and x,, = [z, 1], and assume that f~1(z,,)
does not contain the point [1: 0].

Let y,, be any preimage by f,, of z, with local degree m > 1. We claim
that there exist distinct points y, ; € f, ! (z,,) such that y, = (y, ;) in 5(w)
for all j, and }; deg, (fn) =m.

To see this, pick any representation f, = [P,: @], and consider the
polynomial H,(z) = P,(z,1) — 2,Qn(z,1) which defines a polynomial of
degree d in A€ (since y,, # [1: 0] by assumption). Since H, has a zero of
multiplicity m at y,,, Proposition B.I1] implies the existence of m sequences
(possibly with repetitions) y;, ;, 1 < j < m, such that (y,, ;) =y, € H#(w),
and that [[;(z —y;, ;) is a factor of degree m of Hy. Set yn1 =y, and
by induction y, ; = y,; where [ is the minimal integer for which (y;, ;) ¢
{(Wn,1, , (Yn,j—1)} to avoid repetition. This implies the claim.
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Write f51(zw) = {¥b, -, 95}, m! = deg,;i (fw), and choose sequences
yfw» € fY(zn) such that (yf”) = (%) in s#(w) for all integers 4,5, and

Note that on an w—big set, the points y,, ; are distinct, so that Yomi=d
implies f,!(z,) = {y;, ;} on that set. We thus get

lim fop(2n) = lim ) <degy;,j fn) (Yn,;) =lim D > <degy;ﬂ_ fn) £ (Yn.5)
i J
=D _mip(yl) = fup(zw),

and the proof is complete. O

By the previous proposition, we can define the pull-back of a Radon

measure j € M(IP’Z’? ") on ]P’an by duality. For every continuous function

@€ CO(IP’Z’?"), we set
/wdf*u= /f*tpdu-

The operator f*: M(P}L"fn) — M(Pi{gn) is continuous.

4.4. Push-forward of quasi-model functions. Let f € Raty(A¢), as in
the previous section, and pick a representation f = [P: Q] where P,Q €
A€[zg, z1] are homogeneous polynomials of degree d determined by a sequence
of complex polynomials P, = Zaj,nzngfj, Qn = ijmzézf*j such that
C~ ! < |Res(P,, Q)| < C for some constant C > 1.

Recall the norm || z || = sup,, |z,|* on A°. If R = chzézlfj € Az0, 21]
is a homogeneous polynomial of degree [, then we let || R| = max||¢; ||.
Define

FiR(z0,71) = I1 R(wo, wy)

F(wo ,wl):(zo ,Zl)

where F' = (P, Q). This map is defined on pairs (zq,21) € (A¢)? such that
20A° + 21 A€ = A°, and (204, 21.n) € C?\ {(0,0)} is not in the critical set of
F,, (which is a union of at most 2d — 2 lines).

Lemma 4.15. The function FyR is a homogeneous polynomial of degree dl
with coefficients in A€, and

I ER| <Cl R
for some constant C > 0 independent on R.
Proof. We claim that there exists a constant C' > 1 such that
O awo, wr) [ < || Flwg, wn) | < C (awo, wr) |1

for all wp,w; € (A€)2. The upper bound is trivial. For the lower bound,
by [71, Theorem 2.13] applied to P and @ on the ring A¢[z, z1], we get
homogeneous polynomials U;, V; € A[zp, z1] of degree d — 1 such that

PUy + QVy = Res(P, Q)22 and PU; + QV; = Res(P, Q)23%!
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and the claim follows from || PU; + QV; || < 2max{|| P | || U; |, | QI || Vi ll}-
In particular we get ||(z0, 21) || = C~1 || (wo, w1) || when F(wy,w;) = (20, 21)
hence

(15) I FeR(z0,21) || < C| R [I(20,20) |

whenever it is defined. It follows that for each n, F,.R, is a well-defined
holomorphic function on the complement of finitely many lines which hence
extends to C2. It is also homogeneous of degree dl, hence F,, R, is a homo-
geneous polynomial. We conclude that ([H) holds for any (zg,21) € (A€)?,
and this implies the lemma. O

The previous construction gives a way to define a linear map o — fyo from
HO(PL.,0(1)) to H(PY.,O(dl)). Note that we slightly abuse notation, since
this map depends on the choice of a lift F'.

Proposition 4.16. Let o0 € H(PL.,0(1)). The difference ¢y.o — dfspo is

) 1
continuous on P;¢".

Remark 4.17. Since the mazximum of a sum is not necessarily the sum of
maxima, it is a priori unclear whether f, preserves the sets of quasi-model
and model functions.

Proof. The difference ¢y, , — dfips is equal to

dl Z degfyy . wy) (f) log max{|wo|, [wi |} — dl log max{|zol, |21}

F(wo,w1)=(20,21)
which is the same as [ f,(dlog max{|zo|, 21|} — logmax{|P|,|Q|}). This
function is continuous by Proposition T3l O

1,an

5. CONVERGENCE OF MEASURES ON PA€

5.1. Basics in hyperbolic geometry. A basic reference for this section
is [2, §4].

We fix an affine coordinate z on the Riemann sphere C, and work with the
Poincaré model of the hyperbolic 3-space H?. The latter is the Riemannian
threefold whose underlying space is

H? = {(z,h) € C x R, },

endowed with the metric gg = h~2(d|z|? + dh?) (of constant sectional curva-
ture —1), where |- | denotes the standard Euclidean norm on C. The induced
distance is given by

|21 — 22|% + |h1 — ha|?
2h1ho ’

(16) COShdH((Zl,hl),(ZQ,hz)) =1+

The group of direct isometries of H? is the group of Mdbius transformations

PGL2(C). When M(z) = Zjig, then we have

(az + b)(cz + d) + ach? lad — be| h )

Mz h) =
(2,7) ( lcz + d? + [c2h2 ez + d|? + |cPh2
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In particular M(z,h) = (az + b, |a|h) when M(z) = az + b with a € C* and
b e C, and

z h
M(z. h) =
(2,h) <|z|2+h2’|z|2+h2>

for the inversion M(z) = z~!. The stabilizer G of the point x, = (0,1) is
the compact group

G= {( i _(_f >, with |a|? + |¢]* = 1} ~ SO(3)

so that H? can be identified by the map M — M - z, with the homoge-
neous space PGLy(C)/G. Observe also that PGLy(C) acts naturally and
continuously on H® = H? L (C U {o0}) = H3 LI C.

Let now G(C) be the space of conformal metrics on the Riemann sphere
that have constant curvature 4m. Define the Fubini-Study metric as

_Ard|z]?
T APy
Then PGLy(C) acts also on G(C A) and the isotropy group of grg is again

equal to G. Tt follows that the map u: H?> — G(C) given by u(M - x,) =
M, grs is well-defined, and p is a homeomorphism.

Finally pick any € H? different from x,, and consider the set
When x = (0,¢) with 0 < ¢ < 1, we have H(x) = {(2,h) € C x R* ,|2]? <
t—h?} which is a half-sphere orthogonal to the plane C x {0}, and its closure
in H? intersects C along the euclidean disk D(z) = {|z| < v/t}.

Recall that the spherical distance on C is defined by

|zow1 — z1wo|

V2ol + 1212/ [wol? + Jwi]?
Spherical disks are preserved by Mobius transformations, and the group G
preserves also their radii. We have thus proved

dpl (C)([Z(]Z Zl], [w(]: wl]) ==

Lemma 5.1. For any x # x, € H?, the intersection D(x) of the closure of
H(z) in W3 with C is a closed disk of radius v/t with

coshdg(z,z,) = 1+ (t — 1) /2t
for the spherical metric on the Riemann sphere.

It is convenient to call D(z) C C the associated disk with .

1,an

5.2. Convergence of metrics of constant curvature on P,.". Fix e =
(€n) € (0,1)N, and recall that the Banach ring A€ is defined as

A€ = {(an) ecCN, sup\an\e" < oo}
equipped with the norm ||(ay) || = sup, |a,|*. Recall also the canonical

homeomorphism s, : P¢ Lan s € from §I.2 for any e € (0, 1].
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Recall from §3:2.3 that a sequence p € (C)N defines a point a(p) € P*(A°).
Given w € BN, we shall write p,, for the point defined by a(p) in the fiber
771 (w). Observe that p,, is always of Type-1.

Fix a sequence of conformal metrics p, € G (C) of constant curvature 47
on the Riemann sphere. We identify such a metric hy,(2)d|z|? € G(C) with
the smooth positive (1,1)-form A, = hy,(2)idz A dz. By Gauss-Bonnet,
this volume form has total mass 1 so that p, € M*(@) in the notation of
§4.11 By Corollary 5] let p, = (s, )*An, we obtain a continuous family
of probability measures (fi)wepn, and our aim is to describe g, for any
non-principal ultra-filter w.

Recall that the Fubini-Study metric is equal to p(z,) with z, = (0,1) €
H?3; and from Table [ that a point p = (p,) € (C)N can be identified with a
point in P'(A¢) hence defines a point in p,, € P'(#(w)) for all w.

Theorem 5.2. Pick any sequence of points Tpn € H3, and consider the prob-
ability measures pn, = p(r,) € MT(C). Choose any sequence € = (e,) €
(0, 1), and any w € BN,

(1) Suppose that e = lim,, €, > 0, so that 7 (w) ~ C. is Archimedean.
(a) If lim, dg(z,,24) < 00, then x, = lim, x, belongs to H>, and
(Se)stiw = (W) 8 a conformal metric with constant sectional
curvature.
(b) If lim, dg(zy, z4) = 00, then x, = lim, x, belongs to C and
(Se)x i 8 the Dirac mass at the point x,,.
(2) Suppose that lim,, €, = 0, so that 7 (w) is non-Archimedean.
(a) If limy, €,dp(zy, z4) = 0, then p, is a Dirac mass at the Gauss
point.
(b) If limy, €pdm(xn,zs) € R, py is a Dirac mass at a point of
Type-2 x,, € ]P’;;gu )-
(c) if limy, €,du(zy, x) = 00, then p, is a Dirac mass at a point
T, € PLO (7 (w)) of Type-1. Moreover, for any sequence y, €
D(zy,), we have y, = Ty,
(3) Pick any other sequence y, € H> such that lim,, €,dy(xn, yn) = 0,
and let v, = pu(yn). Then for any non-principal ultrafilter w, the two
limiting measures coincide vy, = [i,.

Remark 5.3. It is possible to interpret geometrically the Type-2 point x,,
which appears in Case (2b). Indeed the image of the set

{(yn) € (©)", yn € D(xn)}

in PL(#(w)) is a closed projective disk defining x.,.
Recall that the canonical measure e, is defined as the Dirac mass at the
Gauss point in the non-Archimedean case, and as the Haar measure on the

unit circle {|z| = 1} in the Archimedean case.

Corollary 5.4. The family of measures {fican|z—1(w)} 5 continuous.
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Proof. 1t follows from (7)) that for any integer n, we have pican|x—1(n) —prsn =
Ag, with

masx{l o/ 212/}
(o7 + Jea PTen) 7

gn = log

Observe that the sequence {g,, } defines a continuous function on PL" whose
restriction to 771 (w) is equal to 0 when J#(w) is non-Archimedean.

When lim,, €, = 0, then lim,, sup|g,| = 0. For any model function ¢, we
have fgod,ucan|7r_1(n) — [wdppsn = [ gnQe, and lim, [ g,A¢ = 0. Since
lim,, Fsn = pean by Theorem[5.2](2a) we conclude that lim, [ go,ucan|ﬂ71(n) =
¢(wy) for all model function ¢, hence limy, fican|x~1(n) = fcan|r—1(.) by den-
sity.

In the case limy €, > 0, then we can argue directly observing that the
measure lim,, ,ucan|7r_1(n) is then a probability measure invariant by rotation
hence equal t0 fican|r—1(w)- O

The rest of the section is devoted to the proof of Theorem

Step 1. We suppose that x,, = x4 for all n, and compute u,, in this case.

Write pups = p(zy) € MT(C). Pick any model function of the form ¢,
where ¢ = {P;} is a finite subset of sections of H%(O(d)) having no base

points. Write P; = Zajzngfj with a; = (a;,) € A°. By assumption, we
have

max; { ‘Z ajn7 ( }
/cpad,uw = lim/cpa(sgn)*d,ups = lim/ €n log y dups .
w w Je max{|zo|, [21]}

Suppose first that ¢ = lim, €, > 0 so that J#(w) is Archimedean. Then
ajn is bounded and aj;, = lim,a;, € C so that we can define P;, =

Z aj,wz(%zf_j S (C[Zo, 21]. We then have

max; {[Pjw[}
18 / du, = / elo g g, diips
( ) SOO' /’LUJ (f: gmaX{|ZO|,|Zl|}d /’LF

which implies (S¢)«ftw = pFs.

Suppose now that lim, €, = 0 so that J#(w) is non-Archimedean. We
l,an

claim that the support of u, is the Gauss point in P H(w)? which implies
How = 619-

Since jupg is invariant under z — z~1, the support of j,, is also invariant
under this inversion. Choose any ¢ € 7 (w) such that |c¢| < 1, and any r < 1.
It is sufficient to prove that p,(B(c,7)) = 0. Since the image of A equals
A (w) by Proposition B.9] (2), we may find (¢,) € A° whose image [¢,] = ¢
in 7 (w).

Consider the set of homogeneous polynomials L = zg — (¢,,)21, and Lg =
20 — (cn +7/7) 2. Note that the collection o = {L;, Lo} of sections of O(1)
has no base point.

In the chart z = [2: 1] with (z,) € A€, the model function ¢, can be
computed explicitely, and we obtain

goo(x)|Aé,an = e logmax{|z, — cpl, |20 — cn 4+ |} — €, log max{|z,|, 1}
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and taking the limit along w, we get
=-r, |lz—c <nr;
,an < y < — < 1,
wg(x)\A}%(W) <0 r<l|z—¢ <
=0, J|z—¢>1
Observe that we only need to prove that [ ¢,du, = 0. But

— — l/ﬁn
/(Padlu'w = hmen/ log (max{,z cn‘7 ’Z Co £ 7 ’}> dMFS(Z)
w Cc

max{|z|, 1}

In order to estimate the right hand side, we use basic ideas from potential
theory. We leave it to the reader to use a more direct geometric approach.

Recall pican be the Haar measure on the unit circle {|z| =1} C C. Recall
that piean = prs + Ag for some continuous quasi-subharmonic function g,
see §L3 Write ¢, = logmax{|z — ¢y, |z — ¢, + (r'/)|} — log max{|z|, 1},
and observe that this defines a continuous function on C. We have

/ Ondpps = / Ondpican — / onAg
C C C

By Jensen’s formula [40], we have

In = / ndpican = / logmaX{|z —cnly |z —cn + (Tl/en)|} dfican
C C

> max {/ log |z — cn|d,ucan,/ log |z — ¢, + (r1/€")|d,ucan}
C C

> max{log™ |en],1og ™ |en — ()|} > 0.
On the other hand, by Lemma we get

|

and using lim,, €, = 0, we conclude that

/good,uw = lim en/ ondups > lime, (I, — J,) >0
w C w

This implies [ ¢,du, = 0 and concludes the proof. (]

g = < sup|g| x Mass(|Ag,]) < 2suplg| .

Step 2. We suppose now lim,, €,dg(z,, z,) < oo and determine . In other
words, we prove (la) and the fact that pu,, is a Dirac mass at a Type-2 point
when lim, ¢, = 0.

Choose any sequence of affine maps M, (z) = anz + b, such that =, =
M, (z,) € H3.

Lemma 5.5. Pickw € BN, and e € (0,1]N. Let M,,(2) = anz+by be any se-
quence of complex affine Mdbius transformations, and write x, = My (z4) €
H?.

Then we have limy, €,dg(zy, x+) < oo if and only if imy, |b,|** < oo and
lim,, |a, | < .

By this lemma, there exists an w-big set E such that

sup max{|b, |, |a,| T} < oc.
nek



NON-ARCHIMEDEAN TECHNIQUES AND DYNAMICAL DEGENERATIONS 44

We replace (ay, by,) for all n ¢ E by the constant sequence (1,0). This implies
(bn) € A€, and (ay) € (A°)* and does not change limy, jt,,. In particular, the
sequence (an,z + by,) induces an affine automorphism M(z) = az + b of the
affine line over A°€.

Let ¢, be any model function associated with a finite family o = {F;}
of sections P; € O(d) over PL*". Observe that M*o = {P; o M} is again
a family of sections over the same space, and ¢, 0 M = @+, is a model
function. We have:

/ Podpt, = lim / Po(Sen) dpin

max; {‘P]” o M, }
=lim | €,lo d
w /@ " gmax{\anzo + bpz1|, |21] 4 prs
If e = limy €, > 0, then 7 (w) is Archimedean, supg dg(z,,zs) < oo on

some w-big set E, and lim, z, = x, € H3. Since z, = M,(z,), we have
x, = My (x,), and the preceding step implies

max; {|Pj . o M|}
-d :/610 J A, diups
/SD P ¢ gmax{|awzo+bwzl|,|z1|}d H

which proves (1a).

Suppose now that lim, €, = 0. Then .#’(w) is non-Archimedean, and by
the preceding step we have

mas, {|Pul)
g :/ lo L L M)z,
/SD a e ()] gmax{|Z0|’|Z1|}d( ) !

hence p,, is a Dirac mass at the Type-2 point

1,an
(19) Ty, = My(z4) € P )

This ends Step 2. U
Proof of Lemma 2. By (I8), we have

[bn]* + (Jan] = 1)
2|an|

(20) cosh dy (M, (zy),2,) =1+

Observe that %et < cosht < ¢ for all t > 0. Write © = limy, €,dg (7, T4)
and suppose that © < co. Then

lim |y, [T < lim max{2, |a, |1} < max{2,8¢°} < oo
w w
since max{¢,t~'} < 4(t — 1)2/t for all t > 2; and
lim [b,, %" < lim(2]a, ) x e® < oo .
w w
Conversely, suppose lim,, |a, | < oo and lim,, |b, | < co. Then
e® < li£n (6 max{1, |bn|2|an|_1, (lan| — 1)2|an|_1})6n < 00

which concludes the proof. O
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Step 3. We finally treat the case lim, €,dg (2, ) = 00.

By Lemma [5.1] the projective disk D(x,) C C has a radius v/, € (0,1]
and coshdy(xn,zs) = 1+ (t, — 1)?/2t,. Since lim, dg(z,, ) = oo in all
cases, we get lim,, t, = 0, and dy(z,,x,) = logt, ! + o(1) on an w-big set.

Recall that x,, € H? can be mapped to the point (0,t,) with t, € (0,1)
as above by an element g of the maximal compact subgroup G of PGLy(C)
fixing z,. The next lemma thus implies

(21) hur)nﬂn((@ \ ]D(xn)) =0.

Lemma 5.6. There exists a constant C' > 0 such that for any t € (0,1), we
have

p(a) (C\Dlwy)) < Ct
where z; = (0,t) € H3.

Suppose that lim,, €, > 0. Then we can consider the limit along w of x,
in HB3: this is a point z,, € C = H3 \ H3, and it follows from (2I)) that u,, is
supported on x,,.

Suppose now that lim, €, = 0. Pick any two sequences y,, %, € D(z,) C
C. Since dy(xn, x,) = logt, ' + o(1), we get in the spherical distance

lim dp1 () (yn, 4) ™ < Him 2(v/8) ™ =

and y, = y., € PL(#(w)) by Lemma BI3l We denote by =, € P1(J#(w))
the point determined by any sequence ¥y, € D(z,).

To conclude, we need to prove that p, is supported at z,. Pick any
positive continuous function ¢ on ]P’Z’Zm which is vanishing at z,. Write

©n = (s¢,)sp: C — R,. Then we have

0< [ udis =tim [ =tim [ i
w w D($n)

We also have lim,, SUPD(z,,) Pn = 0, since if SUPD(z,,) Pn = ©n(yn) for some
Yn € D(x,), then y, = x, by our previous considerations. It follows that
f Ywdpt, = 0 hence p,, is supported at z,,.

This ends the proof of Step 3. U

Proof of Lemma[5248. The point (0,t) is the image by the Mobius map z — tz

of z, so that we have u(x) = %. It follows
= t2d|z|? 1 © rdr
(0, ¢ <<C Do,t):/ _AEL Wt/ e
OOCNPOD) = | s T@+ PP N
hence the result. O

End of the proof of Theorem [5.2. It remains to prove (3). Pick any sequence
Yn € H3 such that lim, e,du(z,,y,) = 0, and let v, € M+((@) be the se-
quence of conformal measures associated with y,,.

When lim,, €, > 0 and lim, dg(z,, 2,) < 0o, then lim,, p,, is the conformal
measure associated with the point zoo = lim, x, € H? by Step 2. Our
assumption implies lim,, y, = z, € H3, and Step 2 applied to ¥, implies
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v, is also the conformal measure associated with x,. The same argument
applies using Step 3 in the case lim,, dy(zy,, x,) = 0.

Suppose that lim, €, = 0. When lim, €,dg(z,,z+) < oo then we also
have lim,, €,dg(yn, z+) < 00, and the result follows from the next lemma.

Lemma 5.7. Suppose limy, e, = 0, and (z,) is a sequence of points in H>
such that lim,, €, dg(zy,, z+) < 0o. Then we have

(22) Ay () (Tw, Tg) = liur}n €ndm(Tn, Ty)

Moreover, for any other sequence (y,) such that limy, €, dp(n,yn) = 0, we
have y, = x,.

When lim, €,dg (2, x«) = 00, then Step 3 implies p,, is supported on
a Type-1 point z,,. If y, € H? satisfies lim,, endm(Tn,yn) = 0, then by
the triangle inequality we obtain lim,, €,dg(2«, yn) = oo, and for n in an
w-big set then dg(y,,x,) is much smaller than dyg(xy,z,). This implies
yn € H(xy,) (see (IT)), and since H(x,) and H(y,) are convex it follows
that D(z,) N D(y,) # 0. Choose any sequence of points z, € C in this
intersection. It follows from Step 3 that z, = x, = Yy, which concludes the
proof of the theorem. O

Proof of Lemmal2 Write x,, = My(z,) with M,(z) = a,z + b,. By (10,
we have
[bnl? + (|lan| — 1)?

(23)  cosh du(zp,x«) = cosh dg(Mp(zy), xs) = 1+ 2]
Qn,

Observe that x,, is the image of the Gauss point under the affine map a,,z+b,,
so that d () (7y, Tg) = 2log max{|ay/, [by|, 1} — log |ay|.
If lim,, dy (7, 74) < 0o, then a;-! and b,, are w-bounded, and |a,,| = 1 and
|bw| < 1 which implies d (. (7w, z4) = 0. The result follows since we have
lim,, €,dg (2, z4) = 0.

Suppose lim,, dg(zy,, x,) = co. Then

b 2 _1)\2

ol Gl 2 )
|an|

\bny2+yany2+1>

|an|

L = lim e, dy(zy, z4) = lime, log <

= lim ¢, log <
w

Observe that

€n logmax{]bn\z, ]an\z, 1} < e, log(]bn\2 + \an\z + 1)
< €, logmax{3|b,|%, 3|an|?, 3}

Hence limy, €, log(|bn |* + |an|?* + 1) = 2log max{1, |ay|, |b,|}. It follows that
L= d,%"(w)(xw,xg)'

Pick another sequence y, € H? such that lim,, e,du(z,,y,) = 0. Write
yn = M) (z4), with M) (z) = al,z 4+ b),. Since Mobius transformations are
isometries for dy, we have lim,, e,dy (74, M, *(y,)) = 0. By what precedes,
we get z, = M 'y,,. Since we proved z, = M, (z,), we have y, = z,. O
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5.3. Convergence of equilibrium measures on the hybrid space.
Note that every quasi-model function is integrable with respect to the equi-
librium measure g, of f,, since the potentials are continuous, see, e.g., [31]
Lemmes 2.3 et 4.2]).

Theorem 5.8. Pick e € (0,1]Y, and let f € Ratg(A€) for some d > 2. For
each w € BN ~ M(A?), denote by g, the equilibrum measure of f,.

Then (11, )wepn defines a continuous family of positive measures on Pi{?”.
Moreover, for any quasi-model function p: Pi{fn — [—00,00),
(24) L) = [, edue

T (w)
is finite for any w € BN, and the function w — I (w) is continuous.

Recall the definition of the pushforward of a continuous function from (I4)).
The rest of this section is devoted to the proof of Theorem B.8l

Proof of Theorem [2.8 Since model functions are dense in the space of con-
tinuous functions, (24) implies the family of measures pif, to be continuous.

Let us prove (24). By Theorem 3.6 the function I,: SN — R is continuous
if and only if lim,, I,(n) = I,(w) for any non-principal ultra-filter w. For
any integers n and m, write

‘/@dﬂfn—/sﬁdﬂfw‘ <h+L+I3

where

L
Il = u d_mfran M?an)‘

fn ™
1
d

J#(
m* n 1 mx, w
¥ _mfn lu’can_d_mfw Hecan
I« = _i mk W
3 = P\ Mt qm’e Hecan

Here p? . (resp. pu%,,) denotes the canonical measure jican on 7 (n) (resp.
7 1(w)). Pick n > 0. Write f = [P: Q] with Res(P, Q) € (A°)*, so that the

function 1 {P] QI
max{|P|, |Q
z)==1o :
g7.0(2) d gmaX{|ZO|,|Zl|}d

I, =

. . 1,an
is continuous on P Ae -

Observe that o, —d ™™ ;™ ity = Agnm With gnm = g d " gr00 f1.
Choose m large enough such that sup |g, | < n for all n. It follows that

/@Agn,m' = /gn,mASD

for some C' > 0 by Lemma The same argument gives I3 < Cn as well.

It remains to check that I — 0 as n tends to oo along w. Suppose first that
 is a model function. Then it is continuous, hence f"¢ is also continuous on
Pi{f " by Proposition I3l Since p,, — p&,,, by Corollary 5.4l we conclude
that lim, I = 0. This proves (24 in the case ¢ is a model function. In
particular, we have lim,, f™ uc,, = f™ u.,.

I = <1 x Mass(Ap|-1(,)) < Cn,
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We next treat the case ¢ = ¢p is a quasi-model function associated with
a single section P € H(PY.,O(l)). By Proposition E.16, we are reduced to
the case m = 0. We assume that P[1: 0] # 0, and work in the affine chart
[z: 1]. Jensen’s formula (over C) yields

/_1( )¢Pd,ufcan = En/(clog |Pn(Za 1)|dﬂcan = en(log |an| + ZlOng |Zi,n|)

where P, (2,1) = a, [[(# — #in). The result follows since Jensen’s formula is
also valid over 77 (w).

We now suppose ¢ = max 1p, is an arbitrary quasi-model function, where
P; € Az, z1] are homogeneous polynomials of degree [. First observe that
for any large A > 0, the function max{¢, —A} is continuous hence

fim / max{% _A}fm*ugan - /max{% _A}fm*lu'ém ?

and the monotone convergence theorem implies

(25) lim / @ ™ Han < / P S b
To prove the converse inequality, we fix § > 0. Let wy,--- ,w;, € P1((w))

be the base points of o, i.e., the common zeroes of F;,. Write F;,, = pri,w
such that P;, have no common factors, and Q,'(0) = {wy,--- ,wg}. It
follows from Proposition B.IT] that we have a decomposition P;, = Qi,nfjim
where (Q;.,) (resp. (P,)) represents Q, (resp. Pi,,) for all i.
Choose any finite open cover Uy, --- , U, of PL*" satisfying the following

properties for each i € {1,--- ,k}:

(1) U; contains no zeroes of Pjﬂ for all j and all n;

(2) UinQyH(0) = {wi}; ) )

(3) there exists j(i) such that |P;;| > (1 — ) max; [F5] on U;.
Pick any partition of unity associated with this cover, i.e., continuous func-
tions p;: IP’IIL"?" — [0,1] supported in U; and such that >, p; = +1. We
further assume that p; = 1 in a neighborhood of w; for all j.

Observe that the upper bound (25 is still valid for the function p;jip, for
any ¢ and j. It follows from the previous step that

p
/ U, ™ tenn > Zligl / PP f™ Hean
j=1

= huf)n/l/fP, fm*:u?an = /wpifm*/j/?an

so that lim,, [ pjvp, [ uln = [ pjtop, ™ pe,, for all 4, 5.
Now fix any j € {1,--- ,k}. From Property (3) of the open cover, we have

lim / Py ™ an = lim / PP ™ Wéan
w w
= /ﬂj¢pi(j)fm*,u§an > /,ojgpfm*uifan +log(1 — )

Letting § — 0, we get limy, [ pjof ™ tigan > [ 050 f ™ Hipn-
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Now, the function ¢(1 — Zle p;) is continuous in 71 (E) for some w-big
set F/, and we have lim,, f™* ul, = f™ us,,, hence

k k
ligl/sofm*/t?an =1i£n/s0(1 —z;pj)fm*ﬂﬁan+1i£nz;/pjs0fm*u‘§an
J= J=

> / @™ Hean
which concludes the proof. O
5.4. Convergence of Lyapunov exponents. Let (k,| - |) be an alge-

braically closed complete metric field of characteristic 0. Recall from §1.2.3]
that we defined the projective distance dp1 gy on P! (k).
For any rational map f = [P: Q] € Raty(k), and any z € P*(k) define

df|(2) = tim PR FE)

w—z d(w, z)

A direct computation shows

1]0P9Q _ 9P 0Q | max{lzol*/ +|z[P/e4¢ Lpp o
0zp 0z1 0z1 0z0 max{‘PIQ/e_j’_IQIQ/e}e ) = Ly

OP O OP O max{|z0|2,|z1]% . . .
B—Z()a—g — 8—%8—3) m, if k& is non-Archimedean,

—

|df |[20: 21] =

Ul Ql

which proves that |df| extends continuously function to P,lg’an. Observe that
|df ()| = 0 if and only if z € P!(k) is a critical point in the sense that
deg,(f) > 2. By the Riemann-Hurwitz formula, there are exactly 2d — 2
such points (counted with multiplicity). Finally, log |df| is the difference of
a quasi-model function and a model function in the terminology of §4.2

Recall the definition of the equilibrium measure p¢ from §2.31 Since this
measure integrates any quasi-model functions by §5.3] we can define the
Lyapunov component of f as follows:

Xf = /10g!df!duf :
and Theorem [5.8 immediately implies

Corollary 5.9. For any e € (0,1)Y, and for any rational map f € Ratg(A€)
the function w — x ¢, is continuous on M(A®) ~ BN.

Remark 5.10. The proof of Theorem[U 1 (3) is now complete: the continuity
of equilibrium measures follows from Theorem [1.8, and the continuity of the
Lyapunov exponents from the previous corollary.

6. LUO’S APPROACH TO DEGENERATION

In this section, we compare the sequential hybridation of §3.3] with the
degeneration constructed by Luo in [52], and prove in particular Theorem [0.3]
from the introduction.
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6.1. The asymptotic cone. We recall the construction of the asymptotic
cone in the context of the hyperbolic 3-space, see, e.g., [43] §9| for a general
reference on this construction. Recall from §5.1]that we let =, = (0,1) € H3.
Let r,, € R% be a sequence of positive real numbers such that r, — oo
and let w € SN\ N be a non-principal ultrafilter.
Let X (w) C (H*)N be the subset of all sequences x in H? such that

1
lim —dpg (x4, z,) < 00
w /rn

The asymptotic cone H? of the sequence of pointed metric spaces
(H3, T, r,jldH)

is by definition the quotient of X (w) by the equivalence relation (z,,) ~ (yy)
if and only if lim,, dy(zy, y,) = 0.
We endow H3 with the distance

(o). [gn)) = i - sz )

for which it is complete. Also since H? is log 2-hyperbolic in the sense of
Gromov, the metric space (H?, 7, 'dy) is log2/r,-hyperbolic, therefore H?,
is 0-hyperbolic. In other words, H? is a complete metric R-tree.

Set €, = % Recall that ' (w) is the residue field of w viewed as a point
in M(A¢) ~ BN .

Choose any sequence of points z,, € X (w). By Theorem [5.2] (2a) and (2b),
the sequence of conformal measures (s, )«pu(zy,) converges to a Dirac mass
at a Type-2 point ¥(z) € H ().

Moreover, if y € X (w) is another sequence, then ¥ (y) = ¢ (x) by Theo-
rem [5.2] (3) so that we have a well-defined map : H3 — H H(w)-

Theorem 6.1. The map ¢: H2 — Hpw) ts a bijective isometry.

Proof. The fact that 1 is an isometry follows from Lemma £.7 Pick = €
H (- By [3, Remark 7.11], the group PGL2(7(w)) acts transitively on
Type-2 points. By Proposition B9, % (w) is spherically complete, and its
value group is Ry hence x is a Type-2 point. It follows that we can find a
Mobius transformation M,, € PGLy(4#(w)) such that x = M, (z4). Recall
from the discussion in §8:22that .7’ (w) = A€/ ker(w), hence we may suppose
that M, is determined by some M € PGL2y(A€). By Step 1 of Theorem [5.2]
Y(ps) = bs,, where p, = (z,) € (H*)N. Since M is defined over A€, the
sequence ¥y, := M, (z,) belongs to X (w) C (H*)N.

Now observe that M induces a homeomorphism me — me commuting

l,an

with the canonical morphism P ;" — M(A€). It follows that
lim pu(yp) = Tim o (My (24)) =l My p(24) = (M) 0z, = 0z,
so that ¥ (y,) = x. This proves 1 is surjective. O

6.2. Barycentric extension of a rational map. Luo’s work is based on
the notion of barycenter of a probability measure p on C which is a point
in H3. We follow the approach of [62] for its definition which uses the unit
ball model B? = {z € R? | |z| < 1} of the hyperbolic space where | - | is the
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standard Euclidean norm on R3®. Recall that the Riemannian metric dp is

induced by ds? = %. The map ¢ defined by oo + (0,1), and

( h)—>< 2z |22 +h% -1
Z’ Y

212+ (h+1)%" 22 + (A + 1)
is homeomorphism from H? onto B? which restrict to an isometry (H?, dy) —

(B3, dg) and a biholomorphism C — $2 where S? is endowed with the unique
structure of Riemann surface for which ds? is conformal.
For each w € B3, define

(1 — |w]?) + w(l + |z|* + 2(w, z))
1+ Jwl?|z|? 4+ 2{w, =) ’

>6(C><R:R3

guw(x) =

where (-, ) denotes the standard scalar product. Then g, is an isometry of
(B3, dg).
Let u be any probability measure on S? having no atoms. Introduce the
vector field on B3:
1w

Vuw) = 5 [ gu(@)in(o)

According to [62, Proposition 1 and 2|, V,,(w) has a unique zero, and this
point is called the barycenter of . One can transport this definition using ¢.
Any probability measure p on C having no atoms thus admits a barycenter
B(u) € H? which is the image by ¢! of the unique zero of ¢,u. For
any isometry M of (B3, dg), we have Vi, (M (w)) = Dy M (V,(w)), so that
B(M.u) = M(B(u)) for all M € PGLy(C).

It is not difficult to see that the map pu — B(p) is continuous in the weak-x
topology of measures since V,, depends continuously on .

Recall from §5.1]that we can attach to any point € H? a unique probabil-
ity measure u(x) associated with a Riemannian metric of constant curvature
and invariant by the (compact) subgroup G of PGLy(C) fixing the point z.
The barycentric extension of f € Ratq(C) is then defined as follows:

) f=) if zeC
E()@) = {B(f*u(x)) if x € H3.

The next theorem is a combination of [62] and [51, Theorem 1.1, Proposition
5.7].

Theorem 6.2. For any f € Raty(C) and for any My, My € PGL2(C) we
have

(26) E(Mio foMy)= M;o&(f)oMs,.

Moreover, the barycentric extension & (f) is proper, surjective and continuous
on H3. It is real analytic and Lipschitz on (H3,dy), with Lipschitz bounded
by C deg(f) where C is a universal constant.

6.3. Asymptotic cone and Luo’s degeneration map. For any f €
Ratg(C), we set

w(f)= sup du(z,0) €R, |
E(f)(z)=0
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It follows from [51), Proposition 8.1] that rr,: Raty(C) — R is proper (i.e.,
r,(fn) = o0 as f, — oo in Ratgy(C)). It is not known whether ry, is continu-
ous (see [311 §8.6]). Write C = esupgay,(c) | Res|. Using Luo’s degeneration
techniques, we shall prove that

Theorem 6.3. There exists a constant C > 1 such that

1 14+rL(f)

@ ¢ = Tlog(Resnijcy) = ¢

for all f € Ratq(C).
For any f € Raty(C), we set

t = inf r.(M - f)= inf su du(x,y) .

VD= o M) = 8 e )
This defines a function vf,: raty(C) — Ry which is proper, and the previous
result implies Theorem [.3] from the introduction.

Proof of Theorem[6.3. It is sufficient to prove that for any sequence f,, €
Raty(C) and for any non principal ultra-filter w € SN there exists a constant
C > 1 such that

l < 1 +1(fn)
C ~ —log(|Res(fn)|/Ca)

for all integer n lying in an w-big set.

Indeed suppose (27)) is not true. Then we can find a sequence f,, € Raty(C)
such that the quantity 1+ rp(f,)/—log(|Res(fn)|/Cy4) either tends to 0 or
to oo which contradicts (28]).

So pick any degenerating sequence f, € Raty(C). We consider the ultra-
product of H? as defined in §6.1] using the sequence r1,(f,) — oo. Pick any
sequence of points (x,) € X(w) C (H3)N such that dg (2, z.) < Mrp(fn)
for some M < oo. By Theorem [6.2] there exists C' > 0 such that for all n

and the sequence (E(f,)(zy)) also belongs to X (w). The uniform Lipschitz
property on (H?, dy) also implies that if lim,, dg (2, ¥ )/ r1.(f5) = 0 for some
sequence (y,,) € (H?)Y, then

hUIJndH(g(fn)(mn)?g(fn)(yn))/rL(fn) =0

so that we get a natural map F': H3 — H2 defined by F(z,) = (£(fn)(zn)).

Set €, = r,(f,) !, and consider the Banach ring A€. For a given w € BN,
A (w) is the quotient of A€ by ker(w) = {(z,) € C | lim,, |z, | = 0}.

For each n, pick any normalized representation f, = [P,: Qn]. Write
P, (20,21) = Zg akmz(]]“zil_k and @, (20,21) = Zg bkngzf_k. Consider the
rational map f,: IP’}%g(w) — IP’}%g(w) so that in homogeneous coordinates we
have f, = [Puﬁ Qw] with Pw(ZOazl) = Zg ak,wz(l)czfika and Qn(ZOaZI) =
Zg bszng*k, where ay o, = (ak,n) and by = (byn) € H(w). Note that

deg(f,) € {0,--- ,d}.
A key result is the following lemma, see [52], 7.3].

(28) <C
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Lemma 6.4. The following diagram is commutative:

P
H —— Hp(w)

(29) JF lfu

v
H3 — Hop()-

By [51I, Lemma 8.8], one can find a point y € H,, which admits exactly
d preimages by F' (in fact it follows from Theorem 1.2 in op.cit that F is a
covering map of degree d on the real tree H2). From Lemma 6.4, we infer
that f, has degree at least d which implies deg(f,) = d. As a consequence
P, and @), have no common factor hence

lim | Res(P,, Q,)|*™ = |Res(P,,, Qu)| > 0,

and we conclude that —log | Res(P,,, Qn)|/rL(fn) is bounded from above and
from below for all n in an w-big set, proving (28)). O

Proof of Lemma[064 The proof is due to Luo and uses various results scat-
tered in two papers [51], [52]. We include a streamlined version of his argu-
ments for convenience of the reader. Observe first that the diagram is com-
mutative when f,, is a sequence of Mobius transformations since an element
of PGL2(C) preserves the space of conformal metrics of constant curvature.

Denote by p. the point in H? defined by (z,) € (H?)N. Suppose we know
that F'(ps) = p« if fu(2g) = x4. Then, pick any sequence z = (z,,) € X (w) C
H3 and choose a sequence y = (y,,) € X (w) such that f,(¥(z)) = ¥(y). We
want to show that F(x) = y.

Choose sequences M,,, L,, € PGLy(C) such that M, (x,) = =, and L, (y,) =
x, for all n. Then, ¢(xr) = My(xy) and Y(y) = Ly,(xzg). We obtain
Lt o f, 0 My(z,) = x4, hence G(z,) = z, where G is obtained as the
limit of £(L, o f,oM,) = L, 0&(f,) o M,. Therefore, F(z) =y, implying
that f,oY =1oF.

So, suppose that f,(z4) = x4. We will apply the following lemma.

Lemma 6.5. There exists a sequence M, € PGLa(C) such that the trans-
formation M,, € PGLy (I (w)) fizes x4 and deg(goo) > 1 where g, = Myo fy,
and goo is obtained by taking the w-limit of g, in Raty(C).

As observed by Luo [51} §5], it follows from the proof of [I8, Lemma 4.5
and 4.6] that deg(goo) > 1 if and only if lim,, gn«prs is a smooth measure.
Since deg(gso) > 1, the sequence of measures g,.upg converges to a smooth
measure on C hence £(g,)(2,) = B(gns/trs) converges to some point y € HO.
Since r1,(fn) — 00, it follows that lim,, di(E(gn)(Tx), T+)/ rL(fr) = 0 so that
G(px) = px. But since M, (z4) = x4 we have lim,, du(My(24), z4)/tL(fn) =
0 and

i ; T.), X im 1 1y T “L(x
lim rL(fn)dH(g(fn)( *),@x) <lir rL(fn)dH(Mn E(gn) (), My, " (24))
. 1 1 .
—}—hg}n rL(fn)dH(Mn (z4),24) =0

as required. O
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Proof of LemmalG. It remains to prove the claim. We may suppose that
foo =1[1:0]. Let I C {0,---,d} be the set of indices k such that lim,, ay, ,, #
0. Then P, = P;f + p, where P =37 ax nzé“zf and p,, is a sequence of
polynomials converging along w to 0. By assumption, @), is also converging

along w to 0. Set ¢, = maxy |by,| and let J be the set of indices j such
that limy, by /¢, # 0. Observe that lim, ¢, = 0 but |cy| = 1 (ie., that

limy, ¢y 1/ L(f2) > 0) since f, = [P,: Q] fixes the Gauss point.

Set Ln[zoz z1] = [20: cytz1). Then Ly(zy) = 24 and g, = Ly o fr, =
[P + pn: Q) + gn] where Q;f =3 blc“ "z(]]“zf * and ¢, is converging to 0
along w. If QL is not proportional to P%, then we are done. Otherwise,
we have I = J, and we set ¢, = ay, /b, for some fixed ky € I, and
Tnlzo: z1] = [20: 21 — tp2o]. Since limy, ¢, # 0, we have T,,(z4) = =4 and
Ty ogn = [P;r + Dn: (Q; _tnpyj)"i_(Qn_tnpn)]-

The polynomial

R, = (Qr—’z— - tnPrj_) + (Qn npn Z Vi nzo 21

tends to 0 along w, and the key observation is that its coefficient vy, , in

the monomial zj zf o is 0 for all n. We repeat the process as above.

Set dp, = maxy |gn|. Since f, has degree d, we again have d,, — 0 and
|d,| = 1. Introduce Dy[zo: 21] = [20: d;;'21], and let K = {k € {0,--- ,d} |
limy, V.n/dn # 0}. Then D, fixes x4, and we can write d'R, = Rt + 1,
where all coefficients of 7, tend to 0 along w, and R} = >, %—n"z(lfzf k
Since
hy=DpoTpoLyofn=I[Pf+p.: RE+1,],
we have ho, = [Pf: RL] which is a non-constant map since ko ¢ K so that
P} and R} cannot be proportional. O
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