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Multi-Centric ATE Estimation beyond Meta-Analysis

Rémi Khellaf1, Aurélien Bellet1, Julie Josse1
1INRIA, Université de Montpellier, IDESP

Abstract

We study Federated Causal Inference, an approach to estimate treatment effects
from decentralized data across centers. We compare three classes of Average Treatment
Effect (ATE) estimators derived from the Plug-in G-Formula, ranging from simple
meta-analysis to one-shot and multi-shot federated learning, the latter leveraging the
full data to learn the outcome model (albeit requiring more communication). Focusing
on Randomized Controlled Trials (RCTs), we derive the asymptotic variance of these
estimators for linear models. Our results provide practical guidance on selecting the
appropriate estimator for various scenarios, including heterogeneity in sample sizes,
covariate distributions, treatment assignment schemes, and center effects. We validate
these findings with a simulation study.

1 INTRODUCTION

In modern evidence-based medicine, Randomized Controlled Trials (RCT) are considered the
gold standard for estimating the Average Treatment Effect (ATE) because they effectively
isolate the treatment effect from confounding factors (Guyatt et al., 2015). The most widely
used estimator of the ATE, when expressed as a risk difference, is the difference-in-means
(DM) estimator. Recently, however, the U.S. Food and Drug Administration (2023) has
recommended to adjust for covariates using linear models for the outcome, as this approach
consistently yields more precise ATE estimates than the DM estimator (European Medicines
Agency, 2024; Tsiatis et al., 2008; Benkeser et al., 2021) even when the assumption of linearity
does not hold (Lin, 2013; Wager, 2020; Lei and Ding, 2021; Van Lancker et al., 2024).

Nevertheless, concerns have been raised about the limited scope of RCTs, including their
stringent eligibility criteria, short timeframes, limited sample size, etc. Consequently, regu-
latory agencies tasked with making high-stakes decisions on drug approvals—decisions that
directly impact public health and for which the reimbursement of the drug is often tied to
its efficacy (French Health Authority, 2024)—frequently turn to meta-analysis to guide their
choices. Meta-analysis, which aggregates estimated effects from multiple studies conducted
across various centers (Hunter and Schmidt, 2004; Borenstein et al., 2021), represents the
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pinnacle of evidence in clinical research (Blunt, 2015). They can lead to increased statisti-
cal power and more precise estimates, while also offering valuable insights into rare adverse
events.

Despite extensive guidelines on conducting meta-analyses (Moher et al., 1999; Liberati
et al., 2009; Higgins et al., 2019), multi-centric approaches still face significant challenges.
These primarily arise from heterogeneity caused by imbalances in datasets, variations in pop-
ulations across studies, and center effects due to differing practices across institutions (Berlin
and Golub, 2014). Moreover, simply aggregating local estimates is not the only approach to
conducting meta-analyses. However, implementing “one-stage” meta-analyses (Morris et al.,
2018) that pool individual patient data from all centers is practically challenging due to data
silos and personal data regulations.

Federated causal inference, an emerging field combining federated learning (Kairouz et al.,
2021) and causal inference (Imbens and Rubin, 2015; Hernan, 2020) to estimate causal effects
from decentralized data sources, offers a compelling alternative to traditional meta-analysis.
Federated Learning (FL) enables multiple centers to collaboratively train a model without
sharing their raw data, instead exchanging only model updates that are iteratively aggregated
by an orchestrating server. This decentralized approach is especially valuable in fields like
medicine (Sheller et al., 2020; Che et al., 2022; Prosperi et al., 2020), where strong incentives
exist to keep data on-site—whether to comply with data protection regulations, maintain
ownership and control over the data, or avoid unwanted knowledge transfer. However, tra-
ditional FL algorithms are designed to learn predictive models (Kairouz et al., 2021), rather
than estimating causal effects.

Contributions. In this paper, we aim to estimate the ATE for a population represented
by multiple RCTs conducted across different centers, accounting for potential heterogeneity,
using a federated approach. We study and compare three classes of federated estimators of
the ATE: (i) meta-analysis estimators, which aggregate ATE estimates computed indepen-
dently at each center; (ii) one-shot federated estimators, where outcome model parameters
are estimated at each center, aggregated, and shared back for centers to compute and ag-
gregate ATE estimates; and (iii) gradient-based federated estimators, where outcome model
parameters are learned on joint data using federated gradient descent before each center
computes and aggregates its ATE estimate. These estimators entail different communication
costs, which often act as the bottleneck in real-world systems (Kairouz et al., 2021).

Our primary contribution is the derivation of asymptotic variances for these estimators
under a linear outcome model. This modeling choice is known to provide a variance reduction
compared to the classic DM estimator, even when the underlying model is not linear (Lin,
2013; Wager, 2020; Lei and Ding, 2021; Van Lancker et al., 2024), and aligns with recent
recommendations from regulatory agencies (U.S. Food and Drug Administration, 2023). We
specifically address scenarios involving heterogeneity, including distributional shifts (varying
covariate distributions across centers) and center effects on the outcome. Our results shed
light on the trade-offs between the statistical efficiency, communication costs, and underlying
modeling assumptions of the considered estimators. We find that, despite their simplicity,
low communication overhead and minimal assumptions, meta-analysis estimators can achieve
statistical efficiency comparable to pooled data analysis when sufficient data is available at
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each center, while naturally accommodating center effects. In contrast, when local datasets
are small, gradient-based federated estimators stand out as the only viable option. One-shot
estimators offer an interesting middle ground in some cases: they can recover the same ATE
estimate as pooled data analysis while being robust to distributional shifts in covariates and
differences in treatment assignments, but suffer from increased variance when center effects
are present. These conclusions are supported by a simulation study that illustrates the
behavior of the estimators under the different scenarios. Ultimately, our work provides clear
guidelines on selecting the most suitable estimator for different scenarios, as summarized by
a decision diagram designed for practitioners (Figure 6 in Appendix A).

Related work. The work closest to ours is Xiong et al. (2023), which adapts estimators
of the ATE through a one-shot federated estimation of the outcome/propensity score model
parameters. However, their work does not compare the efficiency of these one-shot federated
estimators with traditional meta-analysis and pooled dataset estimators, nor does it consider
gradient-based federated alternatives. Our results offer clear guidelines on when the One-Shot
estimators proposed by Xiong et al. (2023) should be preferred over other methods.

Other work on federated causal inference (see Brantner et al. (2023) and Edmondson et al.
(2023) for an overview) consider different settings and objectives than the ones considered
in our work. Vo et al. (2022b) employ a Bayesian framework using Gaussian processes to
estimate the ATE under uniform data distributions across centers. Terrail et al. (2023) focus
on federating an external control arm for time-to-event outcomes, adapting a gradient-based
algorithm for Cox hazard model parameters. While our work aims to estimate the causal
effect of treatment across the joint population of centers, other studies (Vo et al., 2022a; Han
et al., 2021, 2023; Makhija et al., 2024; Guo et al., 2024) aim at transferring causal estimates
from a source center to a target center.

The meta-analysis literature on combining estimates from multiple studies is extensive.
One can mention the work of Morris et al. (2018) who discuss the differences and advantages
of conducting meta-analysis with individual patient data on stratified (“two-stage”) versus
pooled data (“one-stage”). However, they require sharing raw data and do not explore any
federated strategy. Meta-analysis provides considerable flexibility in the choice of local models
(Seo et al., 2021; Tan et al., 2022), but also comes with many subtle statistical challenges.
These include the ecological fallacy bias Piantadosi et al. (1988), which occurs when incorrect
conclusions about individuals are drawn from subgroup characteristics, as well as situations
when ignoring center sizes can lead to biased ATE estimates (Kahan et al., 2023).

2 GENERAL FRAMEWORK

Notations. We consider a set of K centers, with H denoting the random variable with
values in {1, . . . , K} indicating membership to a center. Let Z = {Zi}ni=1 be a sample
of n independent and identically distributed (i.i.d.) realizations of the quadruplet Z =
(X,W, Y,H), whereX denotes a d-dimensional vector of covariates that belongs to a covariate
space X ⊂ Rd, W ∈ {0, 1} denote the binary treatment, and Y ∈ R is the observed outcome
of interest.
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We denote by Zk the local dataset of center k with nk =
∑n

i=1 1{Hi=k} observations, and

by Z(w)
k the n

(w)
k =

∑n
i=1 1{Hi=k,Wi=w} observations in center k under treatment arm w. We

further denote by X
(w)
k = {Xi | Wi = w,Hi = k}ni=1 ∈ Rn

(w)
k ×d (resp. Yk(w) = {Yi | Wi =

w,Hi = k}ni=1 ∈ Rn
(w)
k ) the design matrix of the covariates (resp. the outcome vector) for

treatment arm w in center k. Similarly, we denote by Z(w) the n(w) =
∑n

k=1 n
(w)
k observations

under treatment arm w in the pooled dataset Z, and by X(w) ∈ Rn(w)×d and Y (w) ∈ Rn(w)

the corresponding design matrix and outcome vector.

Average treatment effect in K RCTs.

We consider the setting of K Bernoulli RCT trials, where each participant i in center k has
a fixed probability P (Wi = 1 | Hi = k) = pk of being assigned to the treatment group, which
does not depend on X in this design. We denote ρk = P(Hi = k) the probability that an
observation belongs to center k (0 < ρk < 1). Note that the probability p of being treated
within the pooled dataset Z is then given by p =

∑K
k=1 ρkpk.

We consider the potential outcomes framework (Rubin, 1974) and we aim to estimate the
ATE τ ∈ R defined as the Risk Difference over the K centers as τ = E (E(Yi(1)− Yi(0)|Hi)),
where Y (w) is the outcome had the subject received treatment w. We denote the local ATE
in center k by τk = E(Yi(1)− Yi(0)|Hi = k).

We assume that the classical identifiability assumptions for a RCT design hold locally at
every center: (a) SUTVA (Stable Unit Treatment Value Assumption): Y = WY (1) + (1 −
W )Y (0), (b) Positivity : ∃η1 > 0 such that, almost surely, η1 ≤ P(W = 1 | H) ≤ 1 − η1
and (c) Ignorability : W ⊥⊥ (Y (0), Y (1)). Under these conditions, the ATE is identifiable
and the simple “Difference-in-Means” (Splawa-Neyman et al., 1990) estimator defined as

τ̂DM = 1
n(1)

∑n(1)

i=1 Yi Wi − 1
n(0)

∑n(0)

i=1 Yi (1−Wi) is an unbiased estimator of the ATE. However,
variance reduction can be obtained by adjusting from covariates and considering the “Plug-in
G-formula” or “outcome-based regression” estimator.

Definition 1 (Robins, 1986). The plug-in G-formula estimator is defined as τ̂ =
1
n

∑n
i=1 (µ̂1(Xi)− µ̂0(Xi)), where µ̂w(x) is an estimator of the surface response µw(x) =

E [Y |W = w,X = x].

Throughout the paper, we will consider two different regimes for the sample sizes.

Condition 1 (Local Full Rank). For all (k, w) ∈ J1, KK×{0, 1}, we have rank(X(w)
k

⊤
X

(w)
k ) =

d, which implies that ∀(k, w), n(w)
k ≥ d.

Condition 2 (Federated Full Rank). For all w ∈ {0, 1}, we have rank(X(w)⊤X(w)) = d,

which implies that ∀w,
∑K

k=1 n
(w)
k ≥ d.
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Figure 1: Graphical Model for Homogeneous Settings

3 HOMOGENEOUS POPULATION

In this section, we focus on estimating the ATE over K RCTs studying the same population.
We assume that the joint distribution of Z = (X,W, Y,H) decomposes as

P(Z) = P(H)P(W |H)P(X)P(Y |X,W ). (1)

This corresponds to the graphical model shown in Figure 1. We refer to this setting as
homogeneous because X and Y |X,W are independent of H: in other words, there is no
distributional shift for the covariates and the conditional outcomes across centers. Heteroge-
neous settings will be addressed in Section 4.

We consider a linear model for the potential outcomes

Yk,i(w) = c(w) +Xk,iβ
(w) + εk,i(w), (2)

with c(w) ∈ R the intercept, β(w) ∈ Rd the coefficients, E(εk,i(w) | Xk,i) = 0 and V(εk,i(w) |
Xk,i) = σ2.

Note that β(1) and β(0) can be different, so that the treatment effect can be heterogeneous
(i.e. depends on the covariates). We denote by θ(w) = (c(w), β(w)) ∈ Rd+1and X ′ = (1, X) ∈
Rn,d+1 the covariate matrix augmented with a column of ones. The model parameters θ(w)

are the same in every center, in accordance with the homogeneous setting defined by the
decomposition in Eq. 1. We assume that X has finite first two moments E(X) = µ and
V(X) = Σ = E(X⊤X).

Under the above model, the ATE can be written as

τ = E(X ′
i)(θ

(1) − θ(0)) (3)

and the ATEs per center τk = E(X ′
k,i)(θ

(1) − θ(0)) are homogeneous across centers, i.e.,
τ1 = · · · = τK = τ , as the covariate distribution is the same across centers.

The G-formula estimator on the pooled data Z can be used to estimate the ATE over
the K centers

τ̂pool =
1
n

∑n
i=1

(
X ′

i θ̂
(1)
pool −X ′

i θ̂
(0)
pool

)
, (4)

where θ̂
(1)
pool and θ̂

(0)
pool are the regression coefficients estimated by fitting two OLS regressions

over Z(1) and Z(0) respectively. This pooled estimator satisfies (see Appendix B.2.6 for a
proof extending the standard result in Wager (2020) to non-centered covariates)

√
n(τ̂pool − τ)

d−→ N (0, Vpool), (5)
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with Vpool =
σ2

p(1−p)
+ ∥β(1) − β(0)∥2Σ. However, computing τ̂pool requires access to the pooled

dataset Z, which is not accessible in the decentralized setting we consider. Under Condition 1,
each center in isolation can only estimate the ATE using its local dataset Zk

τ̂k =
1
nk

∑nk

i=1

(
X ′

k,iθ̂
(1)
k −X ′

k,iθ̂
(0)
k

)
, (6)

where θ̂
(w)
k = (X ′

k
(w)⊤X ′

k
(w))−1X ′

k
(w)⊤Y

(w)
k is the OLS estimator computed over Z(w)

k . To
improve upon this baseline, we now introduce several estimation strategies of the ATE over
the K centers, with the aim of obtaining estimates as if one had access to Z.

3.1 Definition of the Estimators

3.1.1 Meta-Analysis Estimators

A first strategy under Condition 1 is to aggregate the local ATE estimates τ̂k in Eq. 6. The
centers then send their local ATE estimates to the server, which aggregates them using non-
negative weights ωk that sum to 1 over the K centers to obtain a global ATE estimate. For
selecting the weights ωk, Hunter and Schmidt (2004) describes two common methods for
absolute measures like the risk difference: sample size weighting (SW) and inverse variance
weighting (IVW). These meta-analysis estimators involve a single round of communication:
each center k sends τ̂k to the server.

Definition 2 (Meta-Analysis - SW Aggregation).

τ̂Meta-SW =
∑K

k=1
nk

n
τ̂k. (7)

Definition 3 (Meta-Analysis - IVW Aggregation).

τ̂Meta-IVW =
∑K

k=1 V(τ̂k)−1τ̂k∑K
k=1 V(τ̂k)−1

. (8)

Proposition 1 (proof in Appendix B.1.2). τ̂Meta-IVW is the minimum-variance estimator of
τ among the class of aggregation-based estimators.

Remark 1. In practice, V(τ̂k) is often unknown and must be estimated, leading to an ap-
proximation of τ̂Meta-IVW. In contrast, τ̂Meta-SW only requires knowledge of the local sample
sizes.

3.1.2 One-Shot Federated Estimators

To go beyond the mere aggregation of local ATEs, we can follow Xiong et al. (2023) and
aggregate the local outcome model parameters using a single round of communication (hence
the term “one-shot” federated) to build better local ATE estimates, before aggregating them.

Step 1. Local estimation of outcome parameters: Under Condition 1, each center k
estimates θ̂

(w)
k locally with an OLS regression.

6



Step 2. One-shot federation of parameters: We perform a meta-analysis (local estima-

tion then weighted aggregation) of the local outcome model parameters θ̂
(w)
k . Specifically, the

centers send their local estimates to the server, which computes θ̂
(w)
1S =

∑K
k=1 ω

(θ)
k θ̂

(w)
k (where

“1S” stands for “one-shot”), with ω
(θ)
k some federation weights (summing to 1 over the K

centers) like SW or IVW. The server sends back the obtained θ̂
(w)
1S to all the centers.

Definition 4 (SW Federation of θ̂
(w)
k ).

θ̂
(w)
1S-SW =

∑K
k=1

n
(w)
k

n(w) θ̂
(w)
k . (9)

Definition 5 (IVW Federation of θ̂
(w)
k ).

θ̂
(w)
1S-IVW =

∑K
k=1

(
V(θ̂(w)

k )−1θ̂
(w)
k

)
∑K

k=1 V(θ̂
(w)
k )−1

. (10)

with V(θ̂(w)
k )−1 = 1

σ2X
′
k
(w)⊤X ′

k
(w).

Theorem 1 (proof in Appendix B.2.1). Under Condition 1, θ̂
(w)
1S-IVW = θ̂

(w)
pool.

Remarkably, Theorem 1 shows that one can obtain similar estimates as θ̂pool (which has
the lowest variance among the class of linear unbiased estimators (Giraud et al., 2012)) by
federating the local estimates with a one-shot IVW procedure, even in finite sample sizes,
whenever the local datasets are of full rank. This gives a very strong argument in favor of
this approach in comparison to the One-Shot SW which thus necessarily has higher variance
than θ̂1S-IVW and θ̂pool. However, note that the communication cost of computing θ̂

(w)
1S-IVW is

O(d) times larger than for θ̂
(w)
1S-SW, as each center must send to the server its (d+1)× (d+1)

local variance matrix X ′
k
(w)⊤X ′

k
(w).

Step 3. Aggregation of the ATEs: Each center estimates its local ATE using the
federated outcome model parameters:

τ̂ 1S−agg
k = 1

nk

∑nk

i=1(X
′
k,iθ̂

(1)
1S−agg −X ′

k,iθ̂
(0)
1S−agg) (11)

with agg ∈ {SW, IVW}. Finally, a second communication round is used where centers
each send their τ̂ 1S−agg

k to the server for aggregation with weights ω(τ):

τ̂1S−agg =
∑K

k=1 ω
(τ)
k τ̂ 1S−agg

k .

It turns out that using SW or IVW for ω(τ) is asymptotically equivalent (see Appendix B.2.6),
so in the following we focus on sample size aggregation weights.

Definition 6 (1S SW Federation - SW Aggregation).

τ̂1S-SW =
∑K

k=1
nk

n
τ̂ 1S-SWk (12)

Definition 7 (1S IVW Federation - SW Aggregation).

τ̂1S-IVW =
∑K

k=1
nk

n
τ̂ 1S-IVW
k (13)
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3.1.3 Gradient-based Federated Estimators

Neither the meta nor the one-shot estimators can be used when Condition 1 does not hold
(e.g., as soon as one center has its sample size n

(w)
k < d), since θ̂

(w)
k is not defined. In such

cases, we propose to leverage gradient-based federated estimators.

Step 1. Multi-shot federation of parameters: Centers jointly estimate θ̂
(w)
pool by solv-

ing the underlying OLS problem in a federated fashion. To the best of our knowledge,
we are the first to propose this approach to estimate the ATE in Federated Causal Infer-
ence. Finding θ̂

(w)
pool amounts to minimizing the Mean Squared Error loss function, defined

as ℓ(θ(w),
⋃K

k=1Z
(w)
k )= 1

n(w)

∑n(w)

i=1 (Y
(w)
i −X ′(w)

i θ(w))2. This optimization problem can be solved
by a federated gradient descent-based algorithm. We propose to use the FedAvg algorithm
(McMahan et al., 2017) for its intuitive simplicity and good performance on homogeneous
(Stich, 2019; Khaled et al., 2020) and even heterogeneous data (Wang et al., 2024). FedAvg
alternates for T rounds between performing E local gradient steps in each center and aggre-
gating the parameters at the server, see Appendix D for the detailed algorithm. The output
of this procedure is an estimate θ̂

(w)
GD (“GD” stands for Gradient Descent).

Note that under an appropriate choice of learning rate and setting T = 1, FedAvg con-
verges to the one-shot estimator θ̂

(w)
SW as E → ∞. On the other hand, under an appropriate

choice of learning rate and setting E = 1, FedAvg converges to the pooled model θ̂
(w)
pool as

T → ∞ (Kairouz et al., 2021; Wang et al., 2024). FedAvg thus allows to learn a better
estimate of the outcome model parameters than one-shot approaches (in particular when
Condition 1 does not hold) at the cost of more communication. In our homogeneous case, an

extremely accurate estimate of θ̂
(w)
pool can be obtained with a small number of communication

rounds T (see Appendix D). In the following, we consider that the parameters of FedAvg are

chosen such that θ̂
(w)
GD = θ̂

(w)
pool.

Step 2. Aggregation of the ATEs: Each center k then computes a local estimate of the
ATE using θ̂

(w)
GD

τ̂GD
k = 1

nk

∑nk

i=1

(
X ′

k,iθ̂
(1)
GD −X ′

k,iθ̂
(0)
GD

)
(14)

Finally, these estimates are aggregated in a last round of communication with sample weight-
ing (IVW is asymptotically equivalent, see Section 3.1.2), which yields the following GD
estimator of the global ATE.

Definition 8 (GD Federation - SW Aggregation).

τ̂GD =
∑K

k=1
nk

n
τ̂GD
k (15)

3.2 Comparison of the Federated Estimators

General case. Under the graphical model in Figure 1 and Condition 1, all ATE estimators
presented so far are unbiased (as proved in Appendix B.2.5).

For each estimator, we report in Table 1 its asymptotic variance V∞ (with proofs in
Appendix B.2.6), the sample size required (as per Condition 1 or the weaker Condition 2),
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Table 1: Properties of the (unbiased) estimators of the ATE in the homogeneous setting:
asymptotic variance, number of communication rounds and total communication cost (in
number of floats per center).

Estimator Notation Condition V∞ Com. rounds Com. cost

Local τ̂k (Eq. 6) Cond. 1 σ2

nk

1
pk(1−pk)

+ 1
nk
∥β(1) − β(0)∥2Σ 0 0

Meta-SW τ̂Meta-SW (Eq. 7) Cond. 1 σ2

n

K∑
k=1

ρk

pk(1 − pk)
+

1

n
∥β(1)−β

(0)∥2Σ 1 O(1)

Meta-IVW τ̂Meta-IVW (Eq. 8) Cond. 1
( K∑

k=1

(
σ
2 nρk

pk(1 − pk)
+

1

nk

∥β(1)−β
(0)∥2Σ

)−1
)−1 1 O(1)

1S-SW τ̂1S-SW (Eq. 12) Cond. 1 σ2

n
1

p(1−p) +
1
n∥β

(1) − β(0)∥2Σ 2 O(d)

1S-IVW τ̂1S-IVW (Eq. 13) Cond. 1 σ2

n
1

p(1−p) +
1
n∥β

(1) − β(0)∥2Σ 2 O(d2)

GD τ̂GD (Eq. 15) Cond. 2 σ2

n
1

p(1−p) +
1
n∥β

(1) − β(0)∥2Σ T + 1 O(Td)

Pool τ̂pool (Eq. 4) Cond. 2 σ2

n
1

p(1−p) +
1
n∥β

(1) − β(0)∥2Σ — —

the number of communication rounds needed between the centers and the server, and the
total communication cost per center (in number of floats). We observe that the one-shot and
gradient-based federated estimators achieve the same variance of the pooled-data estimator.
The differences lie in the sample size conditions and communication costs. While one-shot es-
timators require two communication rounds (and generally lower total communication costs),

they require that the local sample size n
(w)
k at each center k and arm w be larger than the

dimension d. In contrast, the GD estimator requires this only for the pooled sample size
n(w) =

∑K
k=1 n

(w)
k .

Theorem 2 (Proof in Appendix B.2.7). Under graphical model in Fig. 1, the estimators
compare as:

V∞(τ̂pool)=V∞(τ̂fed)≤V∞(τ̂Meta-IVW)≤V∞(τ̂Meta-SW)

where fed ∈ {GD, 1S-IVW, 1S-SW}. Theorem 2 shows that meta-analysis estimators
typically exhibit larger variance. This happens as soon as treatment probabilities are not
equal across centers, and the variance difference increases as the treatment probabilities {pk}k
become more distinct. Moreover, V∞(τ̂Meta-IVW) < V∞(τ̂Meta-SW) whenever {pk(1−pk)}k differ
across centers, and the difference increase as the difference between these quantities increase.
We provide examples in Appendix B.2.7.

Special case: one RCT conducted across K centers. Consider the special case where
W ⊥⊥ H, i.e., there is no edge from H to W in the graphical model of Figure 1. This
corresponds to a single Bernoulli RCT with treatment probability p implemented across
multiple centers. Then, under Condition 1, all estimators are asymptotically equivalent (see
Appendix B.2.8) and thus meta-analysis estimators should be used as they require a single
round of communication.
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Figure 2: Graphical Model in the Heterogeneous Distributions Setting.

4 HETEROGENEOUS SCENARIOS

4.1 Distributional Shifts in Covariates

In model (2), we do not assume H ⊥⊥ X and consider the graphical model in Figure 2,
depicting Heterogeneous Bernoulli Trials in the distribution of X|H.

Here, P(Z)=P(Y |X,W )P(X|H)P(W |H)P(H), hence the observations (Xk,i,Wk,i, Yk,i)i
are i.i.d. within center k but not necessarily across centers. We denote E(Xk,i) = µk and

V(Xk,i) = Σk and we have Σ = V(X) =
∑K

k=1 ρkΣk and µ = E(X) =
∑K

k=1 ρkµk. Further-
more, the local ATEs τk = E(Yk(1) − Yk(0)) = E(X ′

k)(θ
(1) − θ(0)) generally differ from each

other and from the population ATE τ = E(Y (1)− Y (0)) = E(X ′)(θ(1) − θ(0)).

Meta estimators. The ATE can be written as τ =
∑K

k=1 ρkτk, so the Meta-SW estimator
remains unbiased (as nk/n is an unbiased estimate of ρk) and has the same variance as
in Table 1 with Σ =

∑K
k=1 ρkΣk (proof in Appendix B.3.1). In contrast, the Meta-IVW

estimator becomes unsuitable under distributional shifts: IVW weights give biased estimates
of the ρk’s, leading to a biased estimate of τ .

Pool and GD estimators. The pooled and GD estimators are robust to covariate shifts,
leading them to be also unbiased with same variance as in Table 1 (as proved in Ap-
pendix B.3.1).

One-shot estimators. Although the One-Shot IVW outcome parameters estimator still
enjoys Theorem 1, the variance of the One-Shot SW one is impacted by the difference in
population means at each center.

Proposition 2 (Larger Variance of 1S-SW, proof in B.3.1). Under Condition 1, the one-shot
federated estimators are unbiased and

V(θ̂pool) = V(θ̂GD) = V(θ̂1S-IVW) ≤ V(θ̂1S-SW)

which yields

V∞(τ̂pool) = V∞(τ̂GD) = V∞(τ̂1S-IVW) ≤ V∞(τ̂1S-SW)

Theorem 3 (Comparison of asymptotic variances under distributional shift).

V∞(τ̂pool)=V∞(τ̂GD)=V∞(τ̂1S-IVW)≤V∞(τ̂Meta-SW)

Note that in this setting the DM estimators will no longer be unbiased as there is a path
between W and Y in Figure 2. Here, X is a sufficient adjustment set and adding H could
be harmful, particularly when the association between X and Y is weak and the association
between H and W is strong (Rotnitzky and Smucler, 2020, Lemma 2 therein).
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Figure 3: Graphical model for the heterogeneous center effects setting.

4.2 Center Effects

We now consider the graphical model shown in Figure 3, exhibiting an effect of
the center H onto the outcome Y . The distribution of Z decomposes as P(Z) =
P(Y |X,W,H)P(X|H)P(W |H)P(H). We modify model (2) to account for a constant cen-
ter effect on individual outcomes by adding a term hk ∈ R:

Yk,i(w) = c(w) + hk +Xk,iβ
(w) + εi(w) (16)

Model (16) accounts for the possibility that centers may have different baselines in individual
outcomes resulting from varying practices or organizational contexts. Here, τ and τk are still
defined as E(Y (1)−Y (0)) = c(1)−c(0)+E(X)(β(1)−β(0)) and E(Yk(1)−Yk(0)) = c(1)−c(0)+
E(Xk)(β

(1)−β(0)) respectively since the hk terms cancel out in the differences. In this setting,
aggregating multiple RCTs into the pooled data is not itself an RCT because H is now a
confounder, affecting both the outcome variable Yk,i(w) through hk and the treatment variable
Wk,i through the treatment probability pk, thereby violating the ignorability assumption (c).
Therefore, the (unadjusted) pooled OLS estimator (4) is biased (see proof in Appendix B.4.1).
An unbiased estimator can be obtained by adjusting the model to incorporate the center
effect.

Meta estimators. While most estimators need to be adjusted and thus require prior knowl-
edge on the underlying model, Meta-analysis estimators can be applied directly without such
modifications. We prove in Appendix B.4 that under Graphical Model 3 and model (16), the
Meta-IVW (which is relevant here as H ⊥⊥ X) and Meta-SW estimators remain unbiased,
with asymptotic variances as in Table 1.

Adjusted gradient-based estimator. We augment the design matrix X with K − 1
dummy variables H = {H2, . . . , HK} and note X̃ ′

k,i = (1, Xk,i, H2,i, . . . , HK,i). Then, the

method is the same as in Section 3.1.3: θ̂
(w)
GD◦=

(
ĉ(w), β̂(w), ĥ2, . . . , ĥK

)
∈ Rd+K is obtained

with FedAvg and used to compute the local ATEs before final aggregation.

Definition 9 (Adjusted GD estimator).

τ̂GD◦ =
1

n

K∑
k=1

nk∑
i=1

(
X̃ ′

k,i(θ̂
(1)
GD◦ − θ̂

(0)
GD◦)

)
This estimator is unbiased, and we do not pay a price in terms of asymptotic variance in

adjusting the variables H. Indeed, its asymptotic variance is equal to the unadjusted τ̂GD’s

11



one in Table 1 (proof in Appendix B.4.2) since hk is equal in both treatment arms and cancel
out in the difference of the true parameters.

Adjusted one-shot federated estimators. Like the vanilla pooled and GD estimators,
the one-shot estimators are biased in the presence of center effects. However, their adjustment
procedure is different because the one-shot procedure does not allow the inclusion of mem-
bership variables, as the variance matrices of the local dummy-augmented datasets are not
full rank, violating Condition 1. Instead, we compute the OLS θ̂k at each center, then share
and aggregate only the coefficients β̂

(w)
k , without federating the locally estimated intercepts

â
(w)
k = ĉ(w) + ĥk.

Definition 10 (Adjusted one-shot ATE estimators).

τ̂1S-SW◦ =
1

n

K∑
k=1

nk∑
i=1

(
â
(1)
k −â

(0)
k +Xk,i(β̂

(1)
SW◦−β̂

(0)
SW◦)

)
τ̂1S-IVW◦ =

1

n

K∑
k=1

nk∑
i=1

(
â
(1)
k −â

(0)
k +Xk,i(β̂

(1)
IVW◦−β̂

(0)
IVW◦)

)
with β̂

(w)
IVW◦=

∑K
k=1V(β̂

(w)
k )−1β̂

(w)
k∑K

l=1 V(β̂
(w)
l )−1

, β̂
(w)
SW◦=

∑K
k=1

n
(w)
k

n(w) β̂
(w)
k .

Note that, in general, β̂
(w)
IVW◦ ̸= β̂

(w)
IVW as the aggregation weights V(β̂(w)

k )−1 and V(θ̂(w)
k )−1

are different.

The variances of the adjusted one-shot estimators are affected by the lack of federation of
the local intercepts {â(w)

k }k, which converge at a rate of 1/n
(w)
k rather than 1/n(w). Addition-

ally, they estimate the center effects twice in each center on independent data, whereas GD◦
and pool◦ estimate them on n(w) observations. As a result, adjusted one-shot estimators
generally underperform compared to other methods (see simulations in Appendix C.2).

5 SIMULATIONS

We compare the following estimators: Meta-SW (Definition 2), Meta-IVW (Definition 3),
1S-SW (Definition 6), 1S-IVW (Definition 7) and GD (Definition 8), and the adjusted es-
timators GD◦ (Definition 9), 1S-SW◦ and 1S-IVW◦ (Definition 10). We also include the
pooled estimator (Pool, Eq. 4) as a baseline. For the Meta-IVW estimator, we use empirical
estimates of V∞(τ̂k)

−1 for the aggregation weights.

We generate data according to the graphical models in Figures (1) and (2), with K = 5
centers and d = 10 covariates. We consider two magnitudes of sample sizes, referred to as
Large (∀k, nk = 20∗d) and Small (∀k, nk = 6∗d) local sample sizes. We consider the following
treatment assignment probabilities for the Large setting: p1 = p2 = p3 = 0.9, p4 = p5 = 0.1.
In the Small regime we choose less extreme probabilities in order to guarantee Condition 1:
p1 = p2 = p3 = 0.65, p4 = p5 = 0.35. For each scenario considered, we perform 2000
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(b) Fully Heterogeneous Case (Figure 5): Large regime,
unadjusted (left); Large regime, adjusted (middle); Small

regime, adjusted (right)

Figure 4: Multicentric ATE Estimation under Homogeneous and Heterogeneity Scenarios

simulations and display the distribution of the global estimates of the ATE given by each
estimator. More details about the simulations can be found in Appendix C.1.

Homogeneous case. The results displayed in Figure 4a (left) are in agreement with
Theorem 2: the variance of the meta estimators are larger than the pooled, one-shot and
gradient-based estimators when the assignment probabilities pk differ from one center to
another, with the variance of the Meta-IVW being smaller than that of Meta-SW (Proposi-
tion 1). In the Small regime (Figure 4a, right), the variance of One-Shot SW is larger than
compared to One-Shot IVW and GD, but we still have V(τ̂pool) = V(τ̂GD) = V(τ̂1S-IVW), in
line with Theorem 1.

Heterogeneous case. We now consider a “fully heterogeneous” setting combining three
sources of heterogeneity (see graphical model in Figure 5): different covariate distributions
across centers, center effects, and different pk (see Appendix C.3 for the chosen values of
{(µk,Σk, hk, pk)}k). Figure 4b (left) shows that the pooled, one-shot and gradient-based
estimators are biased when we do not adjust for the center effects. Here, only the Meta SW
estimator is unbiased.

W

X

Y

H

Figure 5: Graphical model in fully heterogeneous case.

Figure 4b (middle, right) shows the results of adjusted estimators, as described in Sec-
tion 4.2. Adjusting removes their bias but comes at a cost for the one-shot estimators, whose
variances are impacted by center effects, unlike the meta and gradient-based estimators. In
the Small regime, the one-shot estimators further suffer from the combination of differences
in covariate means and unshared local intercepts, which inflate V∞(â

(w)
k ). On the other hand,

the variance of the Meta-SW estimator is nearly equal to that of the adjusted pooled and
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adjusted GD estimators.

6 CONCLUSION

After clearly defining the population and estimand of interest, our findings can be turned into
clear guidelines for practitioners that we summarize as a decision diagram (Figure 6 in Ap-
pendix A). We recommend the one-shot IVW estimator when each center can perform a local
OLS regression (Condition 1) and there are no center effects. However, this estimator requires
centers to share sample covariance matrices, which can be impractical in high-dimensional
settings or when privacy is a concern. On the other hand, meta estimators are preferable
when center effects are present or when there is limited prior knowledge about the underlying
model, provided Condition 1 holds. Caution is required with Meta-IVW, which has lower
variance than Meta-SW but is biased when centers analyze different populations. Finally,
our (adjusted) GD estimator allows us to estimate the ATE under the weaker Condition 2
with the same precision as if the data were pooled, regardless of the setting.

Several challenges remain for the deployment of these methods, particularly in medical
contexts. Future work includes addressing covariate mismatch, where some features are
missing in specific centers, estimating non-collapsible causal measures (e.g., odds ratio), and
extensions to observational studies. Finally, a key practical challenge in multi-centric studies
is to ensure consistent data encoding, especially for outcomes.
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APPENDIX

A DECISION DIAGRAM

Local Full Rank
(Condition 1)?

Federated Full Rank
(Condition 2)?

Centre
effects?

Use Adjusted GD
★

Use GD

Gather more data
or add centers

Same distribution
of X across centers?

Center
effects?

Use Adjusted
GD, or Meta-
IVW (Fig-
ure 13)★

Same
treatment

probabilities?
(H ⊥⊥ W )

Use 1S-IVW,
or Meta-IVW
(Figure 8)

Use 1S-IVW
(Figure 4a)

Center
effects?

Use 1S-IVW
(Figure 10)★

Use Adjusted
GD, or Meta-SW
(Figure 4b) ★

noyes

yes

yes
no

no

yes

yes no

no

no

yes

noyes

Figure 6: Decision Diagram for Practitionners. The sign ★ denotes scenarios where the DM
estimator is biased.

Our results yield clear guidelines for practitioners to select the most suitable estimator for
different scenarios, which we present as a decision diagram in Figure 6. Note that each time we
mention the use of a meta estimator in second position, it means that this meta estimator yields
a valid unbiased estimator, but with a higher variance than the estimator in first position.

It is also worth mentioning that the Difference-in-Means estimator on the pooled individual
data is biased whenever H acts as a confounder between W and Y , which happens when centers
have distinct treatment probabilities and center effects. The DM estimator is also biased in the
graphical model in Figure 2, although H is not technically a confounder in this setting.
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B PROOFS

B.1 Weighting methods

B.1.1 Probability of treatment in pooled dataset

We consider that a center is included in the study if its sample size is strictly larger than zero, i.e.
∀k, nk > 0. Since nk is a binomial random variable of parameters n and ρk, we have E(nk) = nρk
which yields ρk = E(nk

n
).

B.1.2 Meta-IVW has minimum variance among unbiased aggregation-based estima-
tors

Proof of Proposition 1: Let τ̂k ∼ N (τ,V(τ̂k)) and K independent centers. We denote as τ̂ =∑K
k=1 wk τ̂k∑K
k=1 wk

a w-weighted average of the local estimators of τ . We have:

V(τ̂) = V

(∑K
k=1 wkτ̂k∑K
k=1wk

)

=
1(∑K

k=1wk

)2 K∑
k=1

w2
kV (τ̂k)

=
K∑
k=1

(
wk∑K
k=1wk

)2

V (τ̂k)

=
K∑
k=1

u2
kV (τ̂k)

with uk =
wk∑K

k=1 wk
and

∑K
k=1 uk = 1

We want to minimize V(τ̂) under the constraint
∑K

k=1 uk = 1. We can use the Lagrange
multiplier method to find the minimum of V(τ̂) under this constraint. We define the Lagrangian
function:

L(u1, . . . , uK , λ) =
K∑
k=1

u2
kV (τ̂k) + λ

(
1−

K∑
k=1

uk

)
Then we have:

∂L
∂uk

= 2ukV (τ̂k)− λ

∂L
∂λ

= 1−
K∑
k=1

uk
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To cancel out the two derivatives above, we get that ∀k ∈ [1;K], uk = λ
2V(τ̂k)

. Then starting back
from the constraint we have:{∑K

k=1 uk = 1

uk =
λ

2V(τ̂k)
⇒
{
uk =

V(τ̂k)−1∑K
k=1 V(τ̂k)

−1

Injecting this result in V(τ̂), we get:

V(τ̂) =
K∑
k=1

u2
kV (τ̂k)

=
K∑
k=1

(
V (τ̂k)

−1∑K
k=1V (τ̂k)

−1

)2

V (τ̂k)

=
1∑K

k=1V (τ̂k)
−1

Finally, we get that ∀k ∈ [1;K], uk =
V(τ̂k)−1∑K

k=1 V(τ̂k)
−1 .

Therefore, τ̂Meta-IVW is the minimum-variance unbiased estimator of τ among the class of
aggregation-based estimators.

B.2 Homogeneous setting

We prove in this section the results in Section 3, assuming Condition 1 and the graphical model
in Figure 1.

B.2.1 Properties of federated outcome estimators

Proof of Theorem 1:

θ̂
(w)
IVW =

∑K
k=1V(θ̂

(w)
k )−1θ̂

(w)
k∑K

k=1V(θ̂
(w)
k )−1

=

∑K
k=1

(
1
σ2X

′(w)⊤

k X ′(w)
k

)(
X ′

k
(w)⊤X ′

k
(w)
)−1

X ′(w)⊤

k y
(w)
k∑K

k=1

(
1
σ2X ′(w)⊤

k X ′(w)
k

)
=

∑K
k=1X

′(w)⊤

k y
(w)
k∑K

k=1X
′(w)⊤

k X ′
k
(w)

=
X ′(w)⊤

pool y
(w)
pool

X ′(w)⊤

pool X
′(w)
pool

by sum of matrix product

= θ̂
(w)
pool
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B.2.2 Bias of the outcome model estimators

Unbiasedness of θ̂pool:

E
(
θ̂
(w)
pool

)
= E

((
X ′(w)⊤

X ′(w)
)−1

X ′(w)⊤
y

)
= E

(
E
((

X ′(w)⊤
X ′(w)

)−1

X ′(w)⊤
y | X ′(w)

))
= E

((
X ′(w)⊤

X ′(w)
)−1

X ′(w)⊤E
(
X ′(w)

θ + ε | X ′(w)
))

= E
((

X ′(w)⊤
X ′(w)

)−1

X ′(w)⊤
X ′(w)

θ + 0

)
= θ

Unbiasedness of θ̂GD: under convergence of Algorithm D, θ̂
(w)
GD = θ̂

(w)
pool which implies E

(
θ̂
(w)
GD

)
=

E
(
θ̂
(w)
pool

)
= θ.

Unbiasedness of θ̂1S-IVW:

E
(
θ̂
(w)
IVW

)
= E

(
θ̂
(w)
pool

)
using Theorem 1

= θ

Unbiasedness of θ̂1S-SW:
We condition on the realization of H to account for the variability in the {n(w)

k }k terms.

E
(
E
(
θ̂
(w)
1S-SW | H

))
= E

(
E
( K∑

k=1

n
(w)
k

n(w)
θ̂
(w)
k | H

))

= E

(
K∑
k=1

n
(w)
k

n(w)
E
(
θ̂
(w)
k | H

))

=
K∑
k=1

E(n(w)
k )

n(w)
θ

= θ
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B.2.3 (Non-asymptotic) variance comparison of the outcome model parameters

Variance of the local outcome model OLS estimators:

V
(
θ̂
(w)
k

)
= E

(
V
((

θ̂
(w)
k | X ′

k
(w)
)))

+ V
(
E
(
θ̂
(w)
k | X ′

k
(w)
))

= E
(
V
((

X ′(w)⊤
k X ′

k
(w)
)−1

X ′(w)⊤
k y

(w)
k | X ′

k
(w)

))
+ 0

= E
((

X ′(w)⊤
k X ′

k
(w)
)−1

X ′(w)⊤
k V

(
y
(w)
k | X ′

k
(w)
)
X ′

k
(w)
(
X ′(w)⊤

k X ′
k
(w)
)−1
)

= E
((

X ′(w)⊤
k X ′

k
(w)
)−1

X ′(w)⊤
k σ2IpX

′
k
(w)
(
X ′(w)⊤

k X ′
k
(w)
)−1
)

= σ2E
((

X ′(w)⊤
k X ′

k
(w)
)−1
)

Similarly we get V
(
θ̂
(w)
IVW

)
= V

(
θ̂
(w)
pool

)
= V

(
θ̂
(w)
GD

)
= σ2E

((
X ′(w)⊤X ′(w)

)−1
)
.

The variance of the One-Shot SW outcome model parameters estimator is obtained using the
law of total variance over H:

V
(
θ̂
(w)
SW

)
= E

(
V(θ̂(w)

SW | H)
)
+ V

(
E(θ̂(w)

SW | H)
)

=
K∑
k=1

E
(
n2
k

n2

)
V
(
θ̂
(w)
k

)
+ 0

= σ2

K∑
k=1

E(n2
k)

n2
E
(
X ′(w)⊤

k X ′
k
(w)−1

)
by independence of the centers for the last equality.

We now compare the variances above. First notice that:

E
((

X ′(w)⊤
pool X

(w)
pool

)−1
)

=
1

n
E

(
1

1
n
X ′(w)⊤

pool X
(w)
pool

)
=

1

n
E

 1∑K
k=1

E(nk)
n

(
1

E(nk)
X ′(w)⊤

k X
(w)
k

)


By applying Jensen’s inequality on the inverse function over the space of semi positive definite
matrices and with weights summing to 1 {E(nk)/n}k∈J1,KK:

E
((

X ′(w)⊤
pool X

(w)
pool

)−1
)
⪯ 1

n

K∑
k=1

E(nk)

n
E

((
1

E(nk)
X ′(w)⊤

k X
(w)
k

)−1
)

⪯
K∑
k=1

E(nk)
2

n2
E
((

X ′(w)⊤
k X ′

k
(w)
)−1
)

⪯
K∑
k=1

E(n2
k)

n2
E
((

X ′(w)⊤
k X ′

k
(w)
)−1
)

as E(nk)
2 ≤ E(n2

k)

which leads to the conclusion of Proposition 2: V(θ̂(w)
pool) = V(θ̂(w)

GD) = V(θ̂(w)
IVW) ⪯ V(θ̂(w)

SW).
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B.2.4 Asymptotic variances of the outcome model parameters

Asymptotically, we have

X ′
k
(w)⊤

X ′
k
(w)

=
1

n
(w)
k

n
(w)
k∑
i=1

X ′(w)⊤
k,i X ′(w)

k,i

n
(w)
k →∞
−−−−−→ Ak(

X ′
k
(w)⊤

X ′
k
(w)
)−1

→ A−1
k by continuous mapping

where Ak =


1 µk,1 . . . µk,p

µk,1
... Σk

µk,p

 and µk,j is the mean of the j-th covariate and Σk =

E
(
X

(w)
k

⊤
X

(w)
k

)
is the covariate matrix in center k.

Therefore we get the asymptotic variance of the local outcome model parameters:

V∞
(
θ̂
(w)
k

)
=

σ2

n
(w)
k

A−1
k

V∞
(
β̂
(w)
k

)
=

σ2

n
(w)
k

Σ−1
k

Under the graphical model in Figure 1, Σk = Σ and Ak = A which yields:
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Local OLS V∞
(
θ̂
(w)
k

)
= σ2

(
X ′

k
(w)⊤

X ′
k
(w)
)−1

=
σ2

n
(w)
k

A−1

Pool OLS V∞
(
θ̂
(w)
pool

)
= σ2

(
X ′(w)⊤X ′(w)

)−1

=
σ2

n(w)
A−1

GD V∞
(
θ̂
(w)
GD

)
= σ2

(
X ′(w)⊤

X ′(w)
)−1

=
σ2

n(w)
A−1

1S-SW V∞
(
θ̂
(w)
SW

)
= E

(
V∞

(
K∑
k=1

n
(w)
k

n(w)
θ̂
(w)
k | H

))
+ 0

= E

(
K∑
k=1

n
(w)
k

2

n(w)2
V∞

(
θ̂
(w)
k | H

))

= E

 K∑
k=1

(
n
(w)
k

n(w)

)2
σ2

n
(w)
k

A−1


=

σ2

n(w)2
A−1

K∑
k=1

E(n(w)
k )

=
σ2

n(w)
A−1

1S-IVW V∞
(
θ̂
(w)
IVW

)
= V∞

∑K
k=1

(
V∞(θ̂

(w)
k )−1θ̂

(w)
k

)
∑K

k=1 V∞(θ̂
(w)
k )−1


= V


∑K

k=1
1
σ2X

′
k
(w)⊤X ′

k
(w) ×

(
X ′

k
(w)⊤X ′

k
(w)
)−1

X ′
k
(w)⊤y

(w)
k∑K

k=1
1
σ2X ′

k
(w)⊤X ′

k
(w)


= V

( ∑K
k=1X

′
k
(w)⊤y

(w)
k∑K

k=1X
′
k
(w)⊤X ′

k
(w)

)

=

∑K
k=1X

′
k
(w)⊤V(y(w)

k )X ′
k
(w)(∑K

k=1X
′
k
(w)⊤X ′

k
(w)
)2

=
σ2∑K

k=1X
′
k
(w)⊤X ′

k
(w)

=
σ2

n(w)
A−1

So under this model, for w ∈ {0, 1}, V∞
(
θ̂
(w)
GD

)
= V∞

(
θ̂
(w)
SW

)
= V∞

(
θ̂
(w)
IVW

)
= σ2

n(w)A
−1. These

results, along with the associated communication costs, are summarized in Table 2.

B.2.5 Bias of the ATE estimators

We now prove that under the graphical model in Figure 1 all the estimators are unbiased.

27



Estimator Notation Condition V∞ Com. rounds Com. cost

Local θ̂
(w)
k Condition 1 σ2

n
(w)
k

A−1 0 0

One-Shot SW θ̂
(w)
1S-SW (Eq. 9) Condition 1 σ2

n(w)A
−1 1 O(d+ 1)

One-Shot IVW θ̂
(w)
1S-IVW (Eq. 10) Condition 1 σ2

n(w)A
−1 1 O(d2)

GD-Federated θ̂
(w)
GD (Alg. D) Condition 2 σ2

n(w)A
−1 T O(Td)

Pool θ̂
(w)
pool Condition 2 σ2

n(w)A
−1 — —

Table 2: Properties of the (unbiased) estimators of the outcome model parameters in the homo-
geneous setting: asymptotic variance, number of communication rounds and total communication
cost (in number of floats per center).

First, notice that for any random variable U ∈ Rn×d+1, w ∈ {0, 1},

E(Uθ̂(w)) = E
(
U(X ′(w)⊤

X ′(w)
)−1X ′(w)

Y (w)
)

= E
(
U(X ′(w)⊤

X ′(w)
)−1X ′(w)

(X ′(w)
θ(w) + ε)

)
= E(U)θ(w)

Then,

E(τ̂k) = E

(
1

nk

nk∑
i=1

(
X ′

k,iθ̂
(1)
k −X ′

k,iθ̂
(0)
k

))
Defined in (6)

=
1

nk

nk∑
i=1

(
E
(
X ′

k,iθ̂
(1)
k

)
− E

(
X ′

k,iθ̂
(0)
k

))
=

1

nk

nk∑
i=1

(
E
(
X ′

k,i

) (
θ(1) − θ(0)

))
= E (X ′

i)
(
θ(1) − θ(0)

)
= τ Defined in (3)

Similarly, conditioning on H to account for the variability in the nk random (binomial) terms:

E(τ̂pool | H) = E

(
1

n

n∑
i=1

(
X ′

i θ̂
(1)
pool −X ′

i θ̂pool

)
| H

)
Defined in (4)

=
1

n

n∑
i=1

(
E
(
X ′

i θ̂
(1)
pool | H

)
− E

(
X ′

i θ̂
(0)
pool | H

))
=

1

n

K∑
k=1

nk
1

nk

nk∑
i=1

(E(X ′
k,iθ̂

(1)
1S-IVW | H)− E(X ′

k,iθ̂
(0)
1S-IVW | H)) = E(τ̂1S-IVW | H) Definition 7 + Theorem 1

=
1

n

K∑
k=1

nk
1

nk

nk∑
i=1

(E(X ′
k,iθ̂

(1)
GD | H)− E(X ′

k,iθ̂
(0)
GD | H)) = E(τ̂GD | H) Definition 8

= E (X ′
i | H)

(
θ(1) − θ(0)

)
= τ
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And,

E(τ̂1S-SW | H) =
1

n

K∑
k=1

nk
1

nk

nk∑
i=1

(E(X ′
k,iθ̂

(1)
1S−SW)− E(X ′

k,iθ̂
(0)
1S−SW)) Definition 6

=
1

n

n∑
i=1

(
E

(
X ′

k,i

K∑
l=1

nl

n
θ̂
(1)
l

)
− E

(
X ′

k,i

K∑
l=1

nl

n
θ̂
(0)
l

))

=
1

n

n∑
i=1

(
K∑
l=1

nl

n
E
(
X ′

k,iθ̂
(1)
l | H

)
−

K∑
l=1

nl

n
E
(
X ′

k,iθ̂
(0)
l | H

))

=
1

n

n∑
i=1

(
K∑
l=1

nl

n
E
(
X ′

k,i | H
)
(θ(1) − θ(0)) | H

)
= E (X ′

i | H) (θ(1) − θ(0)) = τ

Noticing that none of the expectations above depend on the nk and that X ⊥⊥ H, we can remove
the conditioning over H, so E(τ̂pool) = E(τ̂GD) = E(τ̂1S-IVW) = E(τ̂1S-SW) = τ .

B.2.6 Asymptotic variances of the ATE estimators

We recall that ρk = P(Hi = k) = E
(
nk

n

)
and that p = P(Wi = 1) =

∑K
k=1 P(Hi = k)P(Wi =

1|Hi = k) =
∑K

k=1 ρkpk.

Proof of Section 3.1.2 : we prove that the SW (ωSW
k = nk∑K

k=1 nk
) and IVW (ωIVW

k =

V∞(τ̂ fedk )
−1∑K

k=1 V∞(τ̂ fedk )
−1 ) weights are asymptotically equivalent for federated local estimators (τ̂ 1S-SWk , τ̂ 1S-IVW

k

both defined in Eq. 11, and τ̂GD
k defined in Eq. 14). We denote by τ̂ fedk any of these estimators.

Then:

ωIVW
k =

(
σ2

nk

(
n

n(1) +
n

n(0)

)
+ 1

nk
∥β(1) − β(0)∥2Σ

)−1

∑K
k=1

(
σ2

nk

(
n

n(1) +
n

n(0)

)
+ 1

nk
∥β(1) − β(0)∥2Σ

)−1

=
nk

(
σ2
(

n
n(1) +

n
n(0)

)
+ ∥β(1) − β(0)∥2Σ

)−1∑K
k=1 nk

(
σ2
(

n
n(1) +

n
n(0)

)
+ ∥β(1) − β(0)∥2Σ

)−1

=
nk∑K
k=1 nk

= ωSW
k

Therefore, asymptotically, aggregating the local federated estimates of the ATE with SW or IVWis the same.

Asymptotic Variance of local ATE estimator.
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First, recall from Appendix B.2.4 that if E(X⊤ε | H) = 0 and Condition 1 holds, the OLS

estimator θ̂
(w)
k is consistent and asymptotically normal:

θ̂
(w)
k

P−→ θ
(w)
k√

n
(w)
k (θ̂

(w)
k − θ

(w)
k )

d−→ N (0, σ2A−1) (17)

which gives: √
n
(w)
k (ĉ

(w)
k − c

(w)
k )

d−→ N (0, σ2) (18)√
n
(w)
k (β̂

(w)
k − β

(w)
k )

d−→ N (0, σ2Σ−1
k ) (19)

In particular, we have that ĉ
(1)
k , ĉ

(0)
k , β̂

(1)
k , β̂

(0)
k , Xk =

1
nk

∑nk

i=1Xk,i are all asymptotically independent.

Then we have that:

τ̂k − τ = ĉ
(1)
k − c(1) − (ĉ

(0)
k − c(0)) +Xk(β̂

(1)
k − β̂(0))− E(Xk)(β

(1)
k − β(0))

= ĉ
(1)
k − c(1) − (ĉ

(0)
k − c(0)) +Xk

(
(β̂

(1)
k − β(1))− (β̂

(0)
k − β(0))

)
− E(Xk)(β

(1)
k − β(0))−Xk(β

(1)
k − β(0))

= ĉ
(1)
k − c(1)︸ ︷︷ ︸

A1

−(ĉ(0)k − c(0)︸ ︷︷ ︸
A0

) +Xk

(
(β̂

(1)
k − β(1))− (β̂

(0)
k − β(0))

)
︸ ︷︷ ︸

B

+ (Xk − E(Xk))(β
(1) − β(0))︸ ︷︷ ︸

C

(20)

• For w ∈ {0, 1}, Aw
d−→ N (0, σ2

n
(w)
k

) from Equation (18)

• Let M > 0 be a real number. Then,

P (|nkB| > M) = P
(
|
√
nk

(
Xk − E(Xk)

)︸ ︷︷ ︸
d−→N (0,Σk)

(
√
nk(β̂

(1)
k − β

(1)
k )︸ ︷︷ ︸

d−→N (0, σ2

n
(1)
k

)

−
√
nk(β̂

(0)
k + β(0))︸ ︷︷ ︸

d−→N (0, σ2

n
(0)
k

)

)| > M
)

nk→∞−−−−→ 0

so that P(
∣∣∣ B
1/nk
− 0
∣∣∣ > M) < ε, meaning that B = OP (1/nk) by definition.

• C: from the central limit theorem, we have that
√
nk

(
Xk − E(Xk)

) d−→ N (0,Σk) and β
(1)
k −

β
(0)
k is a constant vector. However, for any p-multivariate

√
nZ ∼ N (0,Σk) random variable

and D a constant vector of size p× 1, we have
√
nZD ∼ N (0, D⊤ΣD).

Therefore,
√
nkC

d−→ N (0, ∥β(1) − β(0)|2Σk
).

30



Finally, we have that:

V∞(τ̂k) =
1

nk

V∞(
√
nk(τ̂k − τ))

=
1

nk

(V∞(
√
nkA1) + V∞(

√
nkA0) + V∞(

√
nkB) + V∞(

√
nkC))

=
1

nk

(
nk

n
(1)
k

σ2 +
nk

n
(0)
k

σ2 + 0 + ∥β(1) − β(0)∥2Σk

)

= σ2

(
1

n
(1)
k

+
1

n
(0)
k

)
+

1

nk

∥β(1) − β(0)∥2Σk
(21)

=
σ2

nk

(
1

pk
+

1

1− pk

)
+

1

nk

∥β(1) − β(0)∥2Σk

with pk = P(Wi = 1|Hi = k).

Using Central Limit Theorem:

√
nk(τ̂k − τ)

d−→ N
(
0,

σ2

pk(1− pk)
+ ∥β(1) − β(0)∥2Σk

)
(22)

Proof of Table 1:

From Equation (22) we have that in a Bernoulli trial (and denoting [H = k] = {Hi = k}ni=1):

Local ATE aVar V∞ (τ̂k|H = k) =
σ2

nkpk(1− pk)
+

1

nk

∥β(1) − β(0)∥2Σk

Let’s apply this result to the pooled dataset Z and considering it a Bernoulli trial with treatment
probability p, and denoting H = {Hi}ni=1:

V∞ (τ̂pool|H) =
σ2

np(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

Finally, because H is not associated with the outcome, we have that V∞ (τ̂pool) = V∞ (τ̂pool|H),
which allows us to conclude:

Pooled ATE aVar V∞ (τ̂pool) =
σ2

np(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

which proves Eq. 5 (even in the non-centered covariates case).

To compute the asymptotic variance of the local federated outcome parameters ATE estimator,
we first compute the asymptotic variance of the federated-outcome model parameters estimated
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individual treatment effect τ̂ fedk,i = X ′
k,iθ̂

(1)
fed −X ′

k,iθ̂
(0)
fed. To do this, remark that:

V∞(τ̂pool) = V∞

(
1

n

K∑
k=1

nk∑
i=1

τ̂poolk,i

)

= V∞

(
1

n

K∑
k=1

nk∑
i=1

τ̂ fedk,i

)
since θ̂

(w)
fed → θ̂

(w)
pool

=
1

n2

K∑
k=1

nk∑
i=1

V∞(τ̂ fedk,i ) +
1

n2

K∑
k=1

K∑
l=1

nk∑
i=1

nl∑
j ̸=i

Cov∞
(
τ̂ fedk,i , τ̂

fed
l,j

)
Let us show that the Cov(τ̂ fedk,i , τ̂

fed
l,j ) are asymptotically null for all (k, i) ̸= (l, j). Denote by

Cov∞ (a, b) the asymptotic covariance of a and b random variables. We further write Ŷ
(w)
i = X ′

i θ̂
(w)
fed ,

and remark that asymptotically, Ŷ
(w)
i = X ′

i θ̂
(w)
pool, then:

Cov∞
(
τ̂ fedk,i , τ̂

fed
l,j

)
= Cov∞

(
X ′

k,i

(
θ̂
(1)
fed − θ̂

(0)
fed

)
, X ′

l,j

(
θ̂
(1)
fed − θ̂

(0)
fed

))
= Cov∞

(
Ŷk,i(1)− Ŷk,i(0), Ŷl,j(1)− Ŷl,j(0)

)
= Cov∞

(
Ŷk,i(1), Ŷl,j(1)

)
− Cov∞

(
Ŷk,i(1), Ŷl,j(0)

)
− Cov∞

(
Ŷk,i(0), Ŷl,j(1)

)
+ Cov∞

(
Ŷk,i(0), Ŷl,j(0)

)
Cov∞

(
Ŷ

(wa)
k,i , Ŷ

(wb)
l,j

)
= E

[(
Ŷ

(wa)
k,i − E(Ŷ (wa)

k,i )
)(

Ŷ
(wb)
l,j − E(Ŷ (wb)

l,j )
)]

∀wa, wb ∈ {0, 1}

= E
[(

Ŷ
(wa)
k,i − Y

(wa)
k,i

)(
Ŷ

(wb)
l,j − Y

(wb)
l,j

)]
unbiased estimators

= E
[
ε
(wa)
k,i ε

(wb)
l,j

]
residuals

= E
[
ε
(wa)
k,i

]
E
[
ε
(wb)
l,j

]
independent errors

= 0 centered noise

So that Cov∞
(
τ̂ fedi , τ̂ fedj |Hi, Hj

)
= 0, which yields that V∞(τ̂pool) =

1
n2

∑K
k=1

∑nk

i=1V∞(τ̂ fedk,i |Hi = k).
Finally, since the individuals follow the same distribution across centers within the graphical model
in Figure 1, the τ̂ fedk,i are i.i.d. across centers, so that their asymptotic variances are equal:

V∞(τ̂ fedk,i |Hi = k) = nV∞(τ̂pool) = σ2

(
1

p(1− p)

)
+ ∥β(1) − β(0)∥2Σ

Therefore,

Federated Local ATE V∞(τ̂ fedk |H = k) = V∞(
1

nk

nk∑
i=1

τ̂ fedk,i |H = k)

=
1

n2
k

nk∑
i=1

V∞(τ̂ fedk,i |H = k) +
1

n2
k

nk∑
i=1

∑
j ̸=i

Cov∞
(
τ̂ fedk,i , τ̂

fed
k,j |H = k

)︸ ︷︷ ︸
=0

=
n

nk

V∞(τ̂pool)

=
σ2

nk

(
1

p(1− p)

)
+

1

nk

∥β(1) − β(0)∥2Σ
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For the Meta estimators we use the law of total variance:

Meta-SW ATE V∞(τ̂Meta-SW) = V∞(
K∑
k=1

nk

n
τ̂k|H)

= E

(
K∑
k=1

(nk

n

)2
V∞(τ̂k|H)

)
+ V∞

(
E

(
K∑
k=1

nk

n
τ̂k|H

))

=
K∑
k=1

E
[(nk

n

)2( σ2

nkpk(1− pk)
+

1

nk

∥β(1) − β(0)∥2Σ
)]

+ 0

=
σ2

n

K∑
k=1

E
[nk

n

] 1

pk(1− pk)
+

1

n
∥β(1) − β(0)∥2Σ

=
σ2

n

K∑
k=1

ρk
pk(1− pk)

+
1

n
∥β(1) − β(0)∥2Σ

Meta-IVW ATE V∞(τ̂Meta-IVW) = E

(
V∞

(∑K
k=1 (V∞(τ̂k|H = k)−1τ̂k)∑K

k=1 V∞(τ̂k|H = k)−1
|H

))
+ 0

= E

∑K
k=1V∞(τ̂k|H = k)−2V∞(τ̂k|H = k)(∑K

k=1V∞(τ̂k|H = k)−1
)2

 τ̂k ⊥⊥ τ̂l

= E

( K∑
k=1

V∞(τ̂k|H = k)−1

)−1


= E

( K∑
k=1

(
σ2

nkpk(1− pk)
+

1

nk

∥β(1) − β(0)∥2Σ
)−1

)−1


= E

( K∑
k=1

nk

σ2

pk(1−pk)
+ ∥β(1) − β(0)∥2Σ

)−1


=
1

n

(
K∑
k=1

ρk
σ2

pk(1−pk)
+ ∥β(1) − β(0)∥2Σ

)−1

(LLN)

where (LLN) refers to the law of large numbers, stating that given nk ∼ Binomial(n, ρk) and

E[nk] = nρk, for large n, we have E
(

1
nk

)
≈ 1

E[nk]
= 1

nρk
.
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We denote by τ̂ fedSW =
∑K

k=1
nk

n
τ̂ fedk :

SS Weighted Fed. ATE V∞(τ̂ fedSW) = E

(
V∞

(
K∑
k=1

nk

n
τ̂ fedk | H

))
+ 0

= E

(
V∞

(
K∑
k=1

nk

n

1

nk

nk∑
i=1

(
X ′

k,iθ̂
(1)
fed −X ′

k,iθ̂
(0)
fed

)
| H

))

= E

(
V∞

(
1

n

n∑
i=1

(
X ′

i θ̂
(1)
fed −X ′

i θ̂
(0)
fed

)
| H

))

= E

(
V∞

(
1

n

n∑
i=1

(
X ′

i θ̂
(1)
pool −X ′

i θ̂
(0)
pool

)
| H

))
= E (V∞ (τ̂pool | H))

= V∞ (τ̂pool)

=
σ2

n

1

p(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

We denote by τ̂ fedIVW =
∑K

k=1(V∞(τ̂ fedk )−1τ̂ fedk )∑K
k=1 V∞(τ̂ fedk )−1

:

IV Weighted Fed. ATE V∞(τ̂IVW-agg) = E
(
V∞(∑K

k=1

(
V∞(τ̂ fedk )−1τ̂ fedk

)∑K
k=1V∞(τ̂ fedk )−1

))
= V∞(τ̂SW-agg) from Section 3.1.2

=
σ2

n

1

p(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

B.2.7 Comparison of asymptotic variances - General Case

Proof of Theorem 2: Under the graphical model in Figure 1:

• V∞(τ̂pool) = V∞(τ̂1S-SW) = V∞(τ̂1S-IVW) = V∞(τ̂GD) (Table 1)

• From Proposition 1 we have: V∞(τ̂meta-IVW) ≤ V∞(τ̂SW).

• Proving that V∞(τ̂pool) ≤ V∞(τ̂Meta-IVW) is equivalent to proving the following inequality:

1∑K
k=1

(
σ2

nkpk(1−pk)
+ 1

nk
∥β(1) − β(0)∥2Σ

)−1 ≥
σ2

np(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

⇐⇒ 1

D
≥ σ2

p(1− p)
+ a

with D =
∑K

k=1
nk

n
xk

σ2+xka
, xk = pk(1− pk) and a = ∥β(1) − β(0)∥2Σ.

x 7→ x
σ2+xa

is concave. Therefore, by Jensen’s inequality D ≤ x
σ2+xa

, with x =
∑K

k=1
nk

n
xk.

We then have:

1

D
≥ σ2 + xa

x
=

σ2

x
+ a =

σ2∑K
k=1

nk

n
pk(1− pk)

+ a

34



Since p 7→ p(1− p) is also concave, by Jensen’s inequality again we have:

K∑
k=1

nk

n
pk(1− pk) ≤

(
K∑
k=1

nk

n
pk

)(
K∑
k=1

nk

n
(1− pk)

)
= p(1− p)

So that 1
D
≥ σ2

p(1−p)
+ a, which ends the proof.

In conclusion,
V∞(τ̂pool) ≤ V∞(τ̂Meta-IVW)

which concludes into V∞(τ̂pool) = V∞(τ̂GD) = V∞(τ̂1S-SW) = V∞(τ̂1S-IVW) ≤ V∞(τ̂Meta-IVW) ≤
V∞(τ̂Meta-SW).

Illustrating examples of this property:

1. V∞(τ̂Meta-IVW) − V∞(τ̂pool) ≥ 0 increases as the treatment probabilities {pk}k become more
distinct. For example, with K = 2 centers with balanced datasets (n1 = n2 = n/2), having
p1 = 0.99 and p2 = 0.01 yields V∞(τ̂Meta-IVW) to be 8 times larger than V∞(τ̂pool) (where we
chose σ2 = 1 and ∥β(1) − β(0)∥2Σ = 10).

2. Similarly, V∞(τ̂Meta-SW)−V∞(τ̂Meta-IVW) ≥ 0 grows with the {pk(1− pk)}k terms being more
and more different from one another. For K = 2 and n1 = n2 = n/2, having p1 = 0.99 and
p2 = 0.5 gives a 2.5 larger asymptotic variance of the Meta-SW than that of the Meta-IVW
estimator.

B.2.8 Comparison of asymptotic variances - Special Case

Proof that the estimators of the ATE have equal asymptotic variances when one RCT
is conducted over K centers: Under this setting, we modify the graphical model in Figure 1
and remove the edge between H and W :

W

X

YH

Figure 7: Graphical Model of One RCT Conducted Over K Centers

Under this graphical model (Figure 7), using the variances in Table 1 and as ∀k, pk = p, we
have:

First, V∞(τ̂pool) = V∞(τ̂1S-SW) = V∞(τ̂1S-IVW) = V∞(τ̂GD).
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Then,

V∞(τ̂Meta-SW) =
σ2

n

K∑
k=1

E(nk)

n

1

pk(1− pk)
+

1

n

∥∥β(1) − β(0)
∥∥2
Σ

=
σ2

n

1

p(1− p)

K∑
k=1

E(nk)

n
+

1

n

∥∥β(1) − β(0)
∥∥2
Σ

=
σ2

n

1

p(1− p)
+

1

n

∥∥β(1) − β(0)
∥∥2
Σ

= V∞(τ̂pool)

And

V∞(τ̂Meta-IVW) =
1

n

(
K∑
k=1

ρk
σ2

pk(1−pk)
+ ∥β(1) − β(0)∥2Σ

)−1

=

(
K∑
k=1

(
σ2

E(nk)

1

pk(1− pk)
+

1

E(nk)

∥∥β(1) − β(0)
∥∥2
Σ

)−1
)−1

=

(
K∑
k=1

(
σ2

E(nk)

1

p(1− p)
+

1

E(nk)

∥∥β(1) − β(0)
∥∥2
Σ

)−1
)−1

=

(
K∑
k=1

(
1

E(nk)

(
σ2

p(1− p)
+
∥∥β(1) − β(0)

∥∥2
Σ

))−1
)−1

=
σ2

n

1

p(1− p)
+

1

n

∥∥β(1) − β(0)
∥∥2
Σ

= V∞(τ̂pool)

which gives V∞(τ̂pool) = V∞(τ̂GD) = V∞(τ̂1S−IVW) = V∞(τ̂1S−SW) = V∞(τ̂Meta−IVW) =
V∞(τ̂Meta−SW).

B.3 Heterogeneous Settings

B.3.1 Distributional Shift in Covariates

In this part, we consider the graphical model in Figure 2, and model 2.

Unbiasedness and asymptotic variance of Meta-SW under covariate heterogeneity:

E(τ̂Meta-SW) = EH

(
E

(
K∑
k=1

nk

n
τ̂k|H

))
=
∑
k

EH

(nk

n

)
E(τ̂k)

=
∑
k

ρkτk under Condition 1 and model (2)

= τ
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V∞(τ̂Meta-SW) = E (V∞ (τ̂Meta-SW)) + V∞ (E (τ̂Meta-SW))

=
∑
k

E
((nk

n

)2
V∞(τ̂k)

)

=
K∑
k=1

E(nk)

n2

(
σ2

pk(1− pk)
+ ∥β(1) − β(0)∥2Σk

)

=
1

n

K∑
k=1

ρk
σ2

pk(1− pk)
+

1

n

K∑
k=1

ρk
(
β(1) − β(0)

)⊤
Σk

(
β(1) − β(0)

)
=

1

n

K∑
k=1

ρk
σ2

pk(1− pk)
+

1

n

(
β(1) − β(0)

)⊤ K∑
k=1

ρkΣk

(
β(1) − β(0)

)
=

σ2

n

K∑
k=1

ρk
pk(1− pk)

+
1

n
∥β(1) − β(0)∥2Σ

Unbiasedness and asymptotic variance of GD under covariate heterogeneity: The
computation of the GD estimator’s bias and asymptotic variance are direct using exactly the same
proof as in Appendix B.2.6 since the assumptions over Xpool are still met in the distributional shift
setting.

Proof of Proposition 2:
We have ĉ

(w)
k = Ȳ

(w)
k − X̄

(w)
k β̂(w) so that:

V(ĉ(w)
k | X(w)

k ) = V(Ȳ (w)
k − X̄

(w)
k β̂(w) | X(w)

k )

= V(Ȳ (w)
k ) + V(X̄(w)

k β̂(w) | X(w)
k )− 2Cov

(
Ȳ

(w)
k | X(w)

k , X̄
(w)
k β̂(w) | X(w)

k

)
=

σ2

n
(w)
k

+
¯

X
(w)
k

⊤
V(β̂(w) | X(w)

k )X̄
(w)
k − 2Cov

(
Ȳ

(w)
k | X(w)

k , X̄
(w)
k β̂(w) | X(w)

k

)
Given X

(w)
k we have:

Cov
(
Ȳ

(w)
k , β̂k

)
= Cov

 1

n
(w)
k

n
(w)
k∑
i=1

Yk,i,

∑n
(w)
k

j=1 (X
(w)
k,j − X̄

(w)
k )Yk,j∑n

(w)
k

i=1 (Xk,i − X̄
(w)
k )2


=

1

n
(w)
k

∑n
(w)
k

i=1 (X
(w)
k,i − X̄

(w)
k )2

Cov

n
(w)
k∑
i=1

Yk,i,

n
(w)
k∑

j=1

(Xk,j − X̄
(w)
k )Yj


=

1

n
(w)
k

∑n
(w)
k

i=1 (Xk,i − X̄
(w)
k )2

n
(w)
k∑
i=1

n
(w)
k∑

j=1

(X
(w)
k,j − X̄

(w)
k )Cov (Yk,i, Yk,j)

=
1

n
(w)
k

∑n
(w)
k

i=1 (X
(w)
k,i − X̄

(w)
k )2

n
(w)
k∑

j=1

(X
(w)
k,j − X̄

(w)
k )σ2

= 0
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Therefore, V(ĉ(w)
k | X(w)

k ) = σ2

(
1

n
(w)
k

+ (X̄
(w)
k )⊤(X

(w)
k

⊤
X

(w)
k )−1X̄

(w)
k

)
, which yields in a random

design over the X
(w)
k :

V∞(ĉ
(w)
k ) = σ2

(
1

n
(w)
k

+ E
(
(X̄

(w)
k )⊤(X

(w)
k

⊤
X

(w)
k )−1X̄

(w)
k

))

where

E
(
(X̄

(w)
k )⊤(X

(w)
k

⊤
X

(w)
k )−1X̄

(w)
k

)
= µ⊤

k Σ
−1
k µk + E

(
1

n
(w)
k

(X̄
(w)
k − µk)

⊤Σ−1
k (X̄

(w)
k − µk)

)

= µ⊤
k Σ

−1
k µk +

1

n
(w)
k

Tr

Σ−1
k

n
(w)
k∑
i=1

E
(
(X

(w)
ki − µk)(X

(w)
ki − µk)

⊤
)

= µ⊤
k Σ

−1
k µk +

1

n
(w)
k

Tr

Σ−1
k

n
(w)
k∑
i=1

Σk


= µ⊤

k Σ
−1
k µk +

1

n
(w)
k

Tr
(
Σ−1

k

)
so that V∞(ĉ

(w)
k ) = σ2

(
1

n
(w)
k

+ µ⊤
k Σ

−1
k µk +

1

n
(w)
k

Tr
(
Σ−1

k

))
.

Then, we get V∞(ĉ
(w)
pool) = σ2

(
1

n(w) + µ⊤Σ−1µ+ 1
n(w)Tr (Σ

−1)
)
and

V∞(ĉ
(w)
1S-SW) = σ2

K∑
k=1

(
n
(w)
k

n(w)

)2(
1

n
(w)
k

+ µ⊤
k Σ

−1
k µk +

1

n
(w)
k

Tr
(
Σ−1

k

))

= σ2

 1

n(w)
+

K∑
k=1

(
n
(w)
k

n(w)

)2(
µ⊤
k Σ

−1
k µk +

1

n
(w)
k

Tr
(
Σ−1

k

))
Finally,

1

σ2

(
V∞(ĉ

(w)
pool)− V∞(ĉ

(w)
1S-SW)

)
= µ⊤Σ−1µ−

K∑
k=1

(
n
(w)
k

n(w)

)2

µ⊤
k Σ

−1
k µk

=

(
K∑
k=1

n
(w)
k

n(w)
µ⊤
k

)(
K∑
k=1

n
(w)
k

n(w)

(
Σk + (µk − µ)(µk − µ)⊤

))−1

×

(
K∑
k=1

n
(w)
k

n(w)
µk

)
−

K∑
k=1

(
n
(w)
k

n(w)

)2

µ⊤
k Σ

−1
k µk

With Jensen’s inequality applied to the convex function f(x) = x⊤Σ−1
k x for any positive definite

matrix Σk with positive and summing to 1 weights, we have:

38



(
K∑
k=1

n
(w)
k

n(w)
µk

)⊤( K∑
k=1

n
(w)
k

n(w)
Σk

)−1( K∑
k=1

n
(w)
k

n(w)
µk

)
≤

K∑
k=1

n
(w)
k

n(w)
µ⊤
k Σ

−1
k µk.

Therefore,

µ⊤Σ−1µ−
K∑
k=1

(
n
(w)
k

n(w)

)2

µ⊤
k Σ

−1
k µk ≤

K∑
k=1

n
(w)
k

n(w)

(
1− n

(w)
k

n(w)

)
µ⊤
k Σ

−1
k µk ≤ 0

After applying the law of total variance over H, we get V∞(ĉ
(w)
pool) ≤ V∞(ĉ

(w)
1S-SW), implying

V∞(τ̂pool) ≤ V∞(τ̂1S-SW).

In particular, notice that:

• If the centers have equal means (∀k, µk = µ), then V∞(ĉ
(w)
pool) = V∞(ĉ

(w)
1S-SW), even if the {Σk}k

are different.

• If a small number of centers have very distinct means from the rest of the centers, the
difference in variances between the Pool and 1S-SW estimators will be large.

B.4 Center Effects

In this part, we consider the graphical model in Figure 3 and model (16).

Proof of meta estimators’ unbiasedness and asymptotic variance (Section 4.2):
First, let us compute the intercepts for the treated and control groups in center k under model
(16).

First, a
(w)
k = c(w) + hk is the intercept in model (16), so that a

(w)
k = E(Y (w)

k −Xkβ
(w) − ε

(w)
k ) =

E(Y (w)
k ) − E(Xk)β

(w), which yields a locally estimated intercept â
(w)
k = Yk

(w) − Xk
(w)

β̂
(w)
k in

center k for treatment group w.

Then, we can compute the Meta estimator with weights ωk:

τ̂Meta =
K∑
k=1

ωkτ̂k

=
K∑
k=1

ωk

(
â
(1)
k − â

(0)
k +Xk(β̂

(1) − β̂(0))
)

=
K∑
k=1

ωk

(
(a

(1)
k + ϵ̂(1))− (a

(0)
k + ϵ̂(0)) +Xk(β̂

(1) − β̂(0))
)

=
K∑
k=1

ωk

(
(c(1) + hk + ϵ̂(1))− (c(0) + hk + ϵ̂(0)) +Xk(β̂

(1) − β̂(0))
)

=
K∑
k=1

ωk

(
ĉ(1) − ĉ(0) +Xk(β̂

(1) − β̂(0))
)
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where ĉ(w) = c(w) + ϵ̂(w) and ϵ̂(w) is the estimation bias of the OLS, with expectancy 0.

Therefore,

E(τ̂Meta) =
K∑
k=1

ωkE
(
â
(1)
k − â

(0)
k +Xk(β̂

(1) − β̂(0))
)

=
K∑
k=1

ωkE
(
ĉ(1) − ĉ(0) +Xk(β̂

(1) − β̂(0))
)

=
K∑
k=1

ωkE(τ̂k)

=
K∑
k=1

ωkτk

which leads the Meta estimators to be unbiased and have the same asymptotic variance as in
Table 1.

B.4.1 Unadjusted Federated Estimators

We define the pooled outcome model parameters estimator as θ̂
(w)
pool =

argminθ

∑n
i=1

(
Y

(w)
i −X ′

iθ
)2
, and define â

(w)
pool the estimated intercept in the pooled data

without the membership variable for group w, i.e. we have θ̂(w) = {â(w)
pool, β̂

(w)
pool} and the estimated

intercept in the pooled data is:

â
(w)
pool = Y (w) −X ′(w)θ̂

(w)
pool

=
1

n(w)

n(w)∑
i=1

Yi(w)−
1

n(w)

n(w)∑
i=1

X ′
i
(w)

θ̂
(w)
pool

=
1

n(w)

n(w)∑
i=1

(
c(w) + hk,i +X ′

k,iθ
(w) + εi(w)

)
− 1

n(w)

n(w)∑
i=1

X ′
i
(w)

θ̂
(w)
pool with hk,i = hk1{Hi=k}

= c(w) + h
(w)
k + εi(w) +X(w)

(
β(w) − β̂

(w)
pool

)

with:

• h
(w)
k = 1

n(w)

∑n(w)

i=1 hk,i =
1

n(w)

∑n(w)

k=1 n
(w)
k hk is the average effect of center k in group w.

• εi(w) =
1

n(w)

∑n(w)

i=1 εi(w) is the average error in group w.

• X(w) = 1
n(w)

∑n(w)

i=1 X
(w)
i is the average covariate in group w.
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Therefore, the estimate of the intercept in the pooled dataset in presence of center effects has
expectancy:

E(â(w)
pool) = c(w) + E

(
h
(w)
k

)
= c(w) + E

(
1

n(w)

K∑
k=1

n
(w)
k hk

)

= c(w) +
K∑
k=1

E

(
n
(w)
k

n(w)

)
hk

Then the unadjusted pooled estimator is:

τ̂pool =
1

n

n∑
i=1

(
â
(1)
pool − â

(0)
pool +Xi(β̂

(1)
pool − β̂

(0)
pool)

)
We now prove that this unadjusted estimator is biased when the pk probabilities are not equal

across centers. Then, we have:

E(τ̂pool) = E
(
â
(1)
pool − â

(0)
pool +X(β̂

(1)
pool − β̂

(0)
pool)

)
= c(1) − c(0) +

K∑
k=1

E

(
n
(1)
k

n(1)

)
hk −

K∑
k=1

E

(
n
(0)
k

n(0)

)
hk

= τ +
K∑
k=1

E

(
n
(1)
k

n(1)
− n

(0)
k

n(0)

)
hk

= τ +
K∑
k=1

(
pkE

(
nk∑K

k=1 nkpk

)
− (1− pk)E

(
nk∑K

k=1 nk(1− pk)

))
hk︸ ︷︷ ︸

bias

Then consider the two following cases:

• If equal treatment assignment (pk = p for all k):

Then, the bias is equal to
∑K

k=1 pE
(

nk

pn

)
hk − (1− p)E

(
nk

(1−p)n

)
hk = 0 so that E(τ̂pool) = τ .

• If unequal treatment assignment (pk ̸= p for all k):
Then, the bias is ̸= 0 so that E(τ̂pool) ̸= τ .

Therefore, the Pool estimator is biased when the treatment probabilities are not equal among
centers. This happens because the variable H acts as a confounder between the treatment and the
outcome in cases of center effects. We need to account for it by adding a membership variable H
in the dataset, which will allow the model to estimate the center effects.

41



B.4.2 With membership variable in the dataset

Proof of unbiasedness of the adjusted GD estimator: Denoting βH = (h1, . . . , hK)
⊤ the

coefficients of the membership variables, model (16) can be written as:

Yk,i(w) = c(w) + hk +Xk,iβ
(w) + εi(w)

= c(w) +Hk,iβH +Xk,iβ
(w) + εi(w) (23)

Under Equation (23), the (adjusted) Pooled estimator then estimates the coefficients of the
variables H as a substitute for the center effects. This technique does not allow to estimate
distinctly the intercepts c(w) and the effects of the centers {hk}k, as it relies on a relative rescaling
of the intercepts of each center with respect to a choosen center of reference. In practice, choosing
center 1 as the reference center by not including H1 in the dataset offers the advantages of avoiding
the underdeterminancy of the solutions of {(c(w), hk)}k in Equation (23), and is easy to implement.
In any case, this is without loss of generality.

Results from OLS estimation yield that the estimated intercept is the mean of the outcomes in
the reference center (we arbitrarily choose center 1 to be the reference center), and the estimated
coefficients of the membership variables are the differences between the means of the outcomes in
the reference center and the other centers, which writes as:

ĉ
(w)
pool =

1

n
(w)
1

n
(w)
1∑
i=1

Y1,i(w)

ĥk =
1

n
(w)
k

n
(w)
k∑
i=1

Yk,i(w)− ĉ
(w)
pool ∀k ∈ J2, KK

where ĥ
(w)
k is the estimated effect of center k on the outcomes in group w. In our model, we

have that E(ĉ(w)
pool) = Y1(w) so that:

E
(
ĥ
(w)
k

)
= E (Yk(w))− E (Y1(w))

= E
(
c(w) +Xk,iβ

(w) + hk + εi(w)
)
− E

(
c(w) −X1,iβ

(w) − h1 − εi(w)
)

= hk

Finally, the adjusted pool estimator is:

τ̂pool◦ =
1

n

n∑
i=1

(
ĉ
(1)
pool − ĉ

(0)
pool +Xi(β̂

(1)
pool − β̂

(0)
pool) +

K∑
k=1

Hk,i(β̂
(1)
H − β̂

(0)
H )

)

=
1

n

K∑
k=1

nk∑
i=1

(
X̃ ′

k,i(θ̂
(1)
pool◦ − θ̂

(0)
pool◦)

)
with the augmented design matrix X̃ ′

k,i = (1, Xk,i, H2,i, . . . , HK,i), β̂
(w)
H = (ĥ

(w)
1 , . . . , ĥ

(w)
K )⊤ the

estimated effects of the centers on the outcomes in group w and θ̂
(w)
pool◦ = (ĉ

(w)
pool, β̂

(w)
pool, β̂

(w)
H ). We

then have E(β̂(1)
H ) = E(β̂(0)

H ) = βH .
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Finally, we get an unbiased estimator:

E(τ̂pool◦) = E

(
ĉ
(1)
pool − ĉ

(0)
pool +X(β̂

(1)
pool − β̂

(0)
pool) +

K∑
k=1

Hk(β̂
(1)
H − β̂

(0)
H )

)

= τ +
K∑
k=1

E
(
Hk(β̂

(1)
H − β̂

(0)
H )
)

= τ +
K∑
k=1

E
(
HkE(β̂(1)

H − β̂
(0)
H | Hk)

)
= τ +

K∑
k=1

E (Hk(βH − βH))

= τ

The asymptotic variance of the adjusted Pool estimator is given by (using Appendix B.2.6):
V∞(τ̂pool◦) =

σ2

p(1−p)
+ 1

n
∥β̃(1) − β̃(0)∥2

Σ̃
with β̃(w) = (β(w), βH) and Σ̃ = V(X̃). Furthermore, remark

that the block covariance-variance matrix is of the form Σ̃ =

(
Σ 0
0 diag(p1, . . . , pK)

)
because the

center effects are independent of the covariates X. Therefore, the asymptotic variance of the
adjusted Pooled estimator is:

V∞(τ̂pool◦) =
σ2

p(1− p)
+

1

n
∥β(1) − β(0)∥2Σ

Note that the asymptotic variance of the adjusted Pool estimator in this center-effect model is
insensitive to the center effects, which means that the heterogeneity among the centers does not
affect this estimator.

Therefore, we can build the federated Gradient Descent with H variables (“τ̂GD◦”) by allowing
the centers to add K − 1 columns to their local datasets, with one of them containing only ones,
unique to their dataset, and under convergence of Alg. D, we get τ̂GD◦ = τ̂pool◦.

C SIMULATIONS

C.1 Simulation parameters

We generate data as follows:

1. Generate Xk,i ∼ N (µk,Σk) for individual i ∈ J1, nkK, center k ∈ J1, KK and d covariates.
Add a constant covariate 1 to each Xk,i to account for the intercept.

2. Generate Wk,i ∼ B(pk)

3. Generate εk,i ∼ N (0, σ2) (homoscedasticity)

4. Build Yk,i(w) = c(w) + hk +Xk,iβ
(w)
k + εk,i, with Wk,i = w.
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• Centers:

– K = 5 centers

– Sample sizes: asymptotic settings: {nk = 20d}k so n = 20Kd; finite samples settings:
{nk = 4d}k so that n = 4Kd

• Model:

– σ2 = 1

– {θ(w)
k }k = {(c(w) + hk, β

(w)
1 , . . . , β

(w)
d )} with c(1) = −1.85, c(0) = −2,

β(1) = (−1.75,−1.5,−1.25,−1.0,−0.75,−0.5,−0.25, 0.0, 0.25, 0.5),
β(0) = (−1.8,−1.6,−1.4,−1.2,−1,−0.8,−0.6,−0.4,−0.2, 0),
hk = 0 (no center effect by default for model (2))

• Covariates:

– Dimension d = 10

–

{(
µk = (1, . . . , 1︸ ︷︷ ︸

⌊d/2⌋

,−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

),Σk = 0.5Id + 0.5Jd
)}

k

, J ∈ 1d,d the matrix of ones

which yields τ = c(1) − c(0) + µ⊤ (β(1) − β(0)
)
= −1.1

• Treatment assignment:

– RCT: Wk,i ∼ B(pk) with {pk = 0.5}k;

For the Meta-IVW estimator, we estimate the asymptotic variance of the local ATE estimates,

i.e. τ̂Meta-IVW =
∑K

k=1
̂V∞(τ̂k)

−1
τ̂k∑K

k=1
̂V∞(τ̂k)

−1 with:

• V̂∞(τ̂k) =
σ̂2
k

nk

(
1

p̂k(1−p̂k)

)
+ 1

nk
∥β̂(1)

k − β̂
(0)
k ∥2Σ̂k

• Sample variance of the residuals

σ̂2
k = 1

nk−d−1

∑nk

i=1

(
Yk,i −Xk,i(β̂

(1)
k 1[Wi=1] + β̂

(0)
k 1[Wi=0])

)2
• p̂k =

n
(1)
k

nk
and the sample covariance matrix Σ̂k =

1
nk−1

∑nk

i=1(Xk,i −Xk)(Xk,i −Xk)
⊤

C.2 Additional scenarios

C.2.1 Balanced datasets

In this scenario, we generate data in the homogeneous setting according to the graphical model in
Figure 1 and outcome model 2 with K = 5 centers and d = 10 covariates dimension. We consider
a balanced setting where all centers have equal sample size nk = 100d in the Large regime and
nk = 5d in the Small sample size regime. The treatment assignment is the same for all centers in
this first scenario, with ∀k,Wk,i ∼ B(p) and p = 0.5 for all k.
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Figure 8: Estimation of the ATE in the balanced and homogeneous setting for RCT studies.

Figure 8 represents the distribution over 2000 simulations of the estimated ATEs using the Pool
estimator on the concatenated data as well as the Meta estimators with both weighting strategies
(sample weighting and inverse variance weighting), the One-Shot estimators (IVW and SW) and
Gradient Descent estimator (GD).

In large sample size regime, it highlights that in the balanced and homogeneous setting, (left
panel Large), all estimators are unbiased and have the same variance, as expected in the special
case of one RCT conducted over K centers (Section 3.2).

In the small sample size regime (right panel Small), the Metas and One-Shot SW have larger
variances than the One-Shot IVW and GD estimators which are both equal to the pooled data
one as expected given Theorem 1.

C.2.2 Imbalanced datasets

We consider a case of imbalance in the sample sizes of the centers, where one center has more
observations than the others. For the Large setting, n1 = 400d and n2 = ... = n5 = 25d, leading
to the same total number of observations of n = 5000 as in Figure 8, whereas in the Small case
n1 = 13d and n2 = ... = n5 = 3d resulting in n = 250, similarly to the balanced scenario.

Figure 9 shows that in the Large case, the partition of the pooled data has no impact on the
estimation of the ATE for all estimators as long as Condition 1 holds. The boxplots are similar to
the ones obtained in the balanced case (Figure 8), as expected again with the “One RCT” scenario.

However, in the Small case, the variances of the Meta estimators and 1S-SW are greater than
in the balanced setting due to the local estimates τ̂2, . . . τ̂5 being obtained after performing two
local OLS regressions on each of their treatment arms on very small datasets.

C.3 Shift in covariates distributions

We now consider an heterogeneous setting where the data are generated according to the graphical
model in Figure 2 under model (2), where individuals follow different distributions according to the
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Figure 9: Estimation of the ATE in the imbalanced and homogeneous setting for RCT studies.

center they belong to. We consider the case where the means and covariance matrices {(µk,Σk)}k
are different from one center to another, with values:

Means Covariances
µ1 = (1, . . . , 1︸ ︷︷ ︸

⌊d/2⌋

,−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

)⊤ Σ1 = Id + 0.5− 0.5Id

µ2 = (−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

, 1, . . . , 1︸ ︷︷ ︸
⌊d/2⌋

)⊤ Σ2 = 20 · Σ1 + 0.5Id − 0.5

µ3 = (0, . . . , 0)⊤ Σ3 = 0.02 · Σ1 + 0.7Id
µ4 = (0.5, . . . , 0.5︸ ︷︷ ︸

⌊d/2⌋

,−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

)⊤ Σ4 = 1 · Σ1 + 0.5Id − 0.15

µ5 = (1.2, . . . , 1.2︸ ︷︷ ︸
⌊d/2⌋

, 0.8, . . . , 0.8︸ ︷︷ ︸
⌊d/2⌋

)⊤ Σ5 = 1.5 · Σ1 + 0.5Id − 0.15

Note that in this scenario, the Meta-IVW is not relevant as explained in Section 4. In this
setting, the targeted ATE is τ =

∑K
k=1 ρk

(
c(1) − c(0) + µ⊤

k

(
β(1) − β(0)

))
≈ 0.45.

Figure 10 illustrates the fact that when centers have different covariate means, the variance
of the One-Shot SW estimator is enlarged compared to homogeneous settings (Proposition 2),
both in Small and Large sample sizes regimes. Notice that the Meta-SW estimator achieves better
performance than in the homogeneous setting since its weights nk/n are good estimates of ρk under
Condition 1 of the true weights of the local ATEs, as τ =

∑K
k=1 ρkτk.

C.4 Center effects

We now generate data according to model (16) under the graphical model in Figure 3, with center
effects equal to (h1, h2, h3, h4, h5) = (1, .2,−1, 30, 2), and with the other parameters set to their
default values (Appendix C.1).
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Figure 10: Estimation of the ATE in the heterogeneous setting for RCT studies.

C.4.1 No adjustment
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Figure 11: Estimation of the ATE in a homogeneous balanced setting with center effects for RCTs.
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Figure 12: Estimation of the ATE in a homogeneous setting with center effects and different
treatment allocation schemes for RCTs.

Figures 11 and 12 present the distribution of all estimators without any modification, respectively
in the “One RCT” scenario, and in the different treatment probabilities pk setting. The estimators
are not adjusted to take into account the presence of center effects, leading to the presence of
a confounder between the treatment and the outcome variables (Assumption c), violating the
identifiability assumption.

This case illustrates the advantage of Meta estimators over other estimators, which require in
this setting less a priori knowledge on the underlying model in order to be used.

C.4.2 Adjusted

We now consider the same center effects scenario when adjusting the estimators with the procedures
described in Section 4.2: the Pool and GD estimators are computed with access to the membership
variables, and the One-Shot estimators do not federate local intercepts. The computation of the
Meta estimators remains unchanged.

Large Small

Adjusted

Figure 13: Estimation of the ATE in a homogeneous setting with center effects for RCTs.
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Figure 13 shows that all the estimators are now unbiased, and their variance are equal to the
pooled data one in the Large sample size regime.

However, in the Small regime, the adjusted One-Shot IVW and SW are less efficient than
others, as they suffer from the unshared intercepts’ variances. The adjusted One-Shot IVW does
not benefit from Theorem 1. Their variances are highly dependent on the partition of the data into
K splits, unlike the Pool and GD estimators whose variances solely depend on the total amount
of data. The meta estimators naturally handle the center effects and their variances do not suffer
much from their magnitude.

This scenario still highlights the advantage of the Meta estimators, which do not require a
specific modelling of the center effects. However, in this setting they have a higher variance than
the (adjusted) GD and (adjusted) pool estimators, as in the simple homogeneous balanced setting
(C.2.1).

C.5 Full heterogeneity: shifts in covariates distributions, center effects
and in treatment allocation

We now combine the different scenarios of Appendix C.3, Appendix C.4 with center effects (specific
intercept per center), distribution of the covariates that are different from one center to the other
(different means and covariance matrices) and different probabilities of being treated by center,
corresponding to the graphical model in Figure 5. The simulation parameters used in Figures 4b
are displayed in Appendix C.6:

Means Covariances Center Effects
Treatment
probabilities

µ1 = (1, . . . , 1︸ ︷︷ ︸
⌊d/2⌋

,−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

)⊤
Σ1 = Id + 0.5− 1

2
Id h1 = 1 p1 = 0.75

µ2 = (−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

, 1, . . . , 1︸ ︷︷ ︸
⌊d/2⌋

)⊤ Σ2 = 20 · Σ1 + 0.5Id − 0.5 h2 = 0.2 p2 = 0.75

µ3 = (0, . . . , 0)⊤ Σ3 = 0.02 · Σ1 + 0.7Id h3 = −1 p3 = 0.75

µ4 = (0.5, . . . , 0.5︸ ︷︷ ︸
⌊d/2⌋

,−1, . . . ,−1︸ ︷︷ ︸
⌊d/2⌋

)⊤Σ4 = 1 · Σ1 + 0.5Id − 0.15 h4 = 30 p4 = 0.25

µ5 = (1.2, . . . , 1.2︸ ︷︷ ︸
⌊d/2⌋

, 0.8, . . . , 0.8︸ ︷︷ ︸
⌊d/2⌋

)⊤Σ5 = 1.5 · Σ1 + 0.5Id − 0.15 h5 = 2 p4 = 0.25

C.6 G-Formula OLS covariate adjustment in non-linearity

In this setting, we simulate one dataset where Yi(1) = 0x2
1 +

−1
2
x2
2 +

1
2
x2
3 +

3
2
x2
4 + x3 ∗ x4 and

Yi(0) = −0.35x2
1 + 0x2

2 +
1
2
x2
3 +

3
2
x2
4 + x1 ∗ x2.

The pooled-data OLS G-Formula has reduced variance compared to the simple Difference-in-
Means, even if the outcome model is non-linear, illustrating (U.S. Food and Drug Administration,
2023; European Medicines Agency, 2024; Tsiatis et al., 2008; Benkeser et al., 2021; Lin, 2013;
Wager, 2020; Lei and Ding, 2021; Van Lancker et al., 2024).
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Difference-in-Means G-Formula

6

4

2

0

2

4

6

AT
E

ATE estimation: DM vs. G-Formula, nonlinear Y

Table 3: ATE Estimation: DM vs. G-Formula with OLS adjustment on covariates under non-
linear outcome modeling

D Algorithms

We describe in Algorithm 1 the procedure to obtain the Gradient Descent estimator of outcome
model parameters θ̂GD:

For appropriate learning rates, choosing:

T = Ω̃

(
LE

m
log(1/ε) +

√
LζE

m
√
ε

)
,

gives ∥θT− θ̂(w)
pool∥2 ≤ ε, where θ

(w)
T is the output of FedAvg after T communication rounds, L,m are

respectively the maximum and minimum eigenvalues of X(w)⊤X(w) (m > 0 under Condition 2),

and ζ2 = 1
K

∑K
k=1

∥∥∥ 1
nk

∑nk

i=1Xk,i(X
(w)
k,i

⊤
θ̂
(w)
pool − Y

(w)
k,i )

∥∥∥2, and the Ω̃ notation hides constants and

polylogarithmic factors(Koloskova et al., 2020).
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Algorithm 1 Federated Averaging (FedAvg) algorithm to learn θ̂
(w)
GD

1: Input: K centers, E local steps, B batch size, η learning rate, T rounds of communication
2: Server executes:
3: Initialize θ

(w)
0

4: for each round t = 0, 1, . . . T do
5: for each center k ∈ J1, KK in parallel do

6: θk
(w)

t+1 ← LocalUpdate(k, θ
(w)
t )

7: end for

8: θ
(w)
t+1 ←

∑K
k=1

n
(w)
k

n(w) θ
k(w)

t+1 // Federated Averaging

9: end for
10: LocalUpdate(k, θ

(w)
k ):

11: for each local step e = 0, 1, . . . , E − 1 do
12: Bk ← a random batch of B samples from Zk

13: ∇ℓ(θ(w)
k ,Bk)← − 2

B
X⊤

Bk
(YBk

−XBk
θ
(w)
k ) // Compute gradient on the mini-batch

14: θ
(w)
k ← θ

(w)
k − η∇ℓ(θ(w)

k ,Bk) // Gradient descent step

15: end for
16: return θ̂

(w)
GD ← θ

(w)
k
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