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ADAPTIVE AND OPTIMAL ESTIMATION UNDER SHAPE AND
SMOOTHNESS CONSTRAINTS

MATHIEU SART

ABSTRACT. We consider the problem of estimating the density f of a real valued random variable.
We present a fully adaptive procedure based on a wavelet series expansion of f. We study the L!
risk of our estimator when f satisfies a mild smoothness condition on R, i.e f belongs to a (weak)
Besov class. Its tails are assumed to be s-monotone and may decay as a power law. We show the
importance of considering the negative resolutions of the wavelet expansion to optimally estimate
a fat tailed density. We also reveal new minimax rates. In particular, we explain when the shape
constraint improves the estimation rate of a smooth density.

1. INTRODUCTION

We observe n independent and identically distributed real valued random variables X7, ..., X,.
We suppose that these variables admit a density f with respect to the Lebesgue measure on R.
The aim of this paper is to estimate f under shape and smoothness constraints. More precisely,
we suppose that f is smooth on R and its tails are s-monotone.

We recall that a 1-monotone function is a non-increasing function on (0,+00). When s > 2,
a function f is said to be s-monotone if it admits derivatives up to order s — 2 with the follow-
ing properties: for all £ € {0,...,s — 2}, (=1)’f® is non-negative, non-decreasing, and convex
on (0,+0c). In this sentence, f) denotes the £** derivative of f (with the convention f(©) = f).
It is more common in the literature to speak of “k-monotone function”. We prefer to choose the
symbol s in place of k to keep this letter for later.

The problem of estimating a s-monotone density with support in [0, +00) can be solved using
the maximum likelihood method. When s = 1, it leads to the so-called Grenander estimator. We
refer to the book [GJ14] for its properties and for numerous bibliographical references. Results for
density estimation under a condition of s-monotony with s > 2 can be found in [Bal04, Gao08,
GW09, BFW13], see also the references therein.

The simplest solution to generalize the concept of s-monotony when supp f ¢ [0, 4+00) is probably
to assume that f is unimodal and to put the constraint on either side of the mode. Difficulties
arise when the mode is unknown because maximizing the likelihood leads to singularities. We
refer to [Weg70, Wan95, BF96, Bir97] for some examples of techniques that address this issue. It
should be noted, however, that the larger s, the more severe the constraint. When s > 2, such a
function is necessarily irregular in the vicinity of the mode, which is rarely the case for the “usual”
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2 MATHIEU SART

distributions. This is why we prefer to put the shape constraint on the tails of f. More formally,
we suppose that there are a and b such that f(a —-) and f(b+ -) are s-monotone on (0, 400).

We supplement this assumption by supposing that f satisfies a smoothness constraint on the
whole line R. The only properties of f that are assumed on [a,b] are therefore properties of
regularity. The conditions on the tails, on the other hand, are stronger: they are both regular and
s-monotone. Note that we can always assume a = b so that the two assumptions apply to R, but
this is not necessary.

The smoothness condition we consider is very mild and allows, for example, the regularity of f
to be spatially inhomogeneous. These last words mean that f is globally smooth, but strong local
variations, discontinuities or even singularities are possible. More formally, we suppose that f
belongs to a Besov ball B  (R), a strong Besov class By . (R) or a weak Besov class WB} . (R).
The parameter « indicates the global regularity and p the way it is measured. Roughly speaking,
the smaller p is, the more spatially inhomogeneous the regularity can be. By way of example,
the functions in these sets are Holder continuous with exponent o when p = co and « is not an
integer. Conversely, these sets contain densities with discontinuities, and this even when « is large
if p is sufficiently small (p < 1/« works). In the present paper, we may deal with all values of a, p
satisfying p > 0 and a € ((1/p — 1)+, 7). In this interval, 7 denotes a parameter only depending on
the wavelets. This restriction on «,p is very weak and, in some sense, unavoidable. It allows f to
be unbounded and to satisfy inf>g, || f|lq = +00 for some go > 1 possibly close to 1. The definitions
of the above Besov sets may be found in Section 3.1. More details on the notion of inhomogeneous
spatial regularity are given in Section 3.2.

We may estimate a smooth density on R by using a Kernel or a wavelet estimator. In the first
case, the whole point is to determine the bandwidth. A fixed bandwidth can be obtained by using
a global Lepski rule [Lepl5]. If we want the estimator to adapt to the irregularities of f, it is more
interesting to let the bandwidth vary with z. A local Lepski rule can then be used, see [GL14, LW19].
As for the wavelet methods, the difficulty lies in deciding which coefficients to keep. Different
methods exist in the literature, and we refer to [DJKP96, DJ96, KPT96, HKP98, JLL04, CCO05,
RBRTM11, HKPT12, Sar24b]| for more details. It is beyond the scope of this introduction to
describe all the procedures and all the theoretical results of the literature. We simply mention here
that convergence rates have been established for Kernel and wavelet estimators when f lies in one
the Besov sets above. They are, however, often proved under additional assumptions (such as f
compactly supported, f bounded or on «, p) and often involve undesirable logs factors. A summary
of the optimal rates (up to logs) in the compact case can be found in [Sar21]. For the non-compact
case, we rather refer to [GL14, Lep15] for Kernel estimators and [JLL04, RBRTM11, Sar24b] for
wavelets estimators.

Although we have made a distinction between shape and smoothness constraints, these are not
unrelated. For instance, a function of bounded variation lies in %ioo (R) if R is suitably chosen, see
Lemma 9.2 of [DL93]. A unimodal density f necessarily belongs to Wi,  (R) if it is s-monotone
on both sides of the mode (for some values of p, a, R, and if it satisfies || f||; < oo for some g > 1,
see our Proposition 3 below). We may therefore see the shape constraints as a special case of our
regularity assumptions. However, as we will explain later, the results in the two cases do not always
coincide.
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In the literature, several authors have addressed the issue of estimating a smooth unimodal
function. Among the solutions proposed are the possibility of regularizing a shape constrained
estimator, or optimizing over a class of shape constrained densities a smoothed version of a classical
criterion (such as the log likelihood or the least squares). For more details on these two ideas, we
refer to [HH02, VDVVDL03, HK05, LM17]. Alternatively, we may construct a spline estimator
that automatically fulfils the shape constraint. This point is supported by the works of [BF96,
Mey12, Che20]. The papers we have just mentioned only concern density estimation. We refer
to the nice review paper [DL18] for a description of what is done in literature in other statistical
frameworks.

An interesting question is whether or not combining the two types of constraint can result in
faster convergence rates than those achievable under these same constraints, but not mixed. A
theoretical study for the Hellinger loss was carried out in [Sar24a] on this subject. In the compact
case, the estimation rate of a smooth function with exponent o > 1 cannot be improved by assuming
it to be unimodal. The situation is reversed when the density is fat tailed: a faster convergence
rate can always be obtained by combining the two assumptions. Things can be more complex for
other losses though. In the present paper, we solve this question for the L' loss. The superiority of
this loss function over the other IL? losses is due to the fact that f may have an infinite LY norm.

To sum up, we model the properties of f through three conditions. We describe them in a
rigorous way in Section 3. Here is a rough version.

1. The first condition requires f to be in a strong or weak Besov class By . (R) or WB}  (R).

2. The second condition assumes that f(a —-) and f(b+ -) are s-monotone on (0, +00).

3. The third condition supposes that f is fat-tailed, that is f(z) is at most of the order of |2|~/¢
for some 6 € (0,1) when x ¢ [a, b].

The above parameters p, «, s, 0, a, b, R are not assumed to be known.

We propose to use a wavelet estimator to estimate f. For each resolution, we rely on the selection
rule of [Sar24b] to determine the coefficients to estimate. The others are set to zero. The main
advantage of this rule is that it eliminates log factors in the convergence rates in almost all cases.

In [Sar24b], but this is also true in many preceding papers, the thresholding rule is only applied
to non-negative resolutions. We show here that such a strategy necessarily leads to a non-optimal
estimator when the three conditions above are met and when 6 is large enough, that is when the
tails of f tend too slowly to 0. We circumvent this difficulty by thresholding some coefficients in
the negative resolutions. All this is explained in detail in Section 2.

We study the global L' risk of the resulting estimator f under the previous three conditions and
compare it to a minimax lower bound. We carry out these new results in Section 4. Here is an
overview.

When the shape level s is smaller than the smoothness index «, the rate we get depends on the
values of «, s, p, 0. We show that it is possible to split the set {(p, ), p € (1/(a+1),+0c],0 € (0,1)}
into several parts. In some of these parts, the optimal convergence rate is the same with or without
shape constraint. In other, however, the convergence rate of f is faster than the minimax rate
without the shape constraint. The gain can be very substantial. By way of example, we may
make the optimal estimation rate without the shape constraint arbitrarily slow by choosing 6 close
enough to 1. This phenomenon does not occur when the shape constraint is assumed. So, depending
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on the values of p,0,s,a, a shape constraint may, or may not, improve the estimation rate of a
smooth density. It should be noted, however, that our rates are always faster than n—%/(2s+1)
Consequently, a smoothness condition of level a > s improves the expected estimation rate of a

shape constrained density.

We are also interested in the opposite case s > a. We then show that our estimator attains
the standard estimation rate n~®/ (221 " and this, whatever 6 € (0,1). The interest of the shape
constraint here is that it makes it possible to achieve the estimation rate of the compact case, even
when the tails of f tend very slowly to 0.

Finally, we assume f unimodal and set the shape constraint on either side of the mode. We then
show that our smoothness assumption is automatically fulfilled with o = s if f belongs to L9 for
some ¢ € (1,4o0c]. The above therefore applies and leads to the convergence rate n~—s/ (21 for f ,
and this, whatever 6 € (0,1).

Throughout the paper, we suppose n > 3 and denote by |A| the size of a finite set A. The
letters ¢, C, c1, ... denote quantities that may change from line to line.

2. ESTIMATION PROCEDURE

2.1. Wavelet estimators. We consider 7 € N* and a bi-orthogonal wavelet basis with the fol-
lowing properties:

The father wavelet is ¢ = 1jg y.

The mother wavelet v is piecewise constant.

The duals ¢ and ¢ of ¢ and ¢ are compactly supported.

The duals ¢ and ¢ are Holder continuous with exponent 7.

The mother wavelet ¢ satisfies [ ¥ (z)dz =0 for all k € {0,...,7 — 1}.

We refer to [CDF92] for a construction of such a basis.

We then have the following expansion of f: for all Jy € Z,

(1) F=> anibirt DD Birtik

kEZ j=Jo kEZ
where for any j > Jy and k € Z,

= [ F@osute)ds. = [ F@)u)ds,
and where for any x € R,
bron(x) = 27126202 — k), ix(x) = 222z — k),
Grok(x) = 270726202 — k), 1 u(x) = 20729 (2x — k).

This formula may serve as a starting point for defining a wavelet estimator. The idea is to replace
part of the unknown coefficients o, 1, and §; by their empirical versions:

N 1 & ~ 1 &
Qoo = z; bJok(Xi) and Bk = - Z; V. k(Xi).
1= 1=
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The others are treated differently to reduce the variance of the estimator. For simplicity, they are
systematically set to zero in this paper. We therefore only focus on estimators of the form

(2) F= Y anidortd, >, Bk ik,

kelA(Joya J=Jo kef(jﬁ

where K. Jo,a and K ;.3 are finite sets. Determining these sets adequately, using only the data and
as little information as possible on f is a difficult problem. But as we will see in the upcoming
section, the choice of Jy should not be overlooked either.

2.2. About the initial level. The classical solution to assess the quality of a wavelet estimator
is to study its risk under the assumption that the target is smooth. This notion of “smoothness”
generally corresponds to the condition “f belongs to a Besov ball %z"oo(R)” (see Section 3.1 for
its definition). The latter imposes a constraint on the size of the coefficients agj and 5, j > 0,
k € Z. Many of them are therefore small (in absolute value) and smaller than the estimation error
we would make if we estimated them. It is then best not to estimate them.

It is worth noticing that this constraint only relates to non-negative indexes j. It is therefore
natural to start the expansion of f at the level Jy = 0. However, other assumptions, such as some
about the shape of the density, give information about all the coefficients 3, not just those for
which 5 > 0. Not taking this information into account can lead to a non-optimal estimator.

More precisely, the proposition below gives a lower bound on the risk of a wavelet estimator
when Jy = 0. It applies regardless of the method used to select the coefficients, i.e. to define the
sets Ko, Kjg. It is proved in Section 5.1.

Proposition 1. Let I?Oa be a (possibly random) subset of Z, and for each j > 0, IA(j”B be a (possibly
random) subset of Z. Consider ko € N* and suppose that f satisfies

(3) erk| 70 < f(x) < calk| 7MY
for all |k| > ko, x € [k —1/2,k +1/2] and some 6 € (0,1), ¢1,c2 > 0.
Then, the estimatorf defined by (2) with Jy = 0 satisfies for all n large enough,

(4) E {dl(f, f)] > cgn~ (70,

where c3 is positive and only depends on ci,co, 0.

The rate n~(=9 therefore appears to be an absolute limit for the wavelet methods when Jy = 0.
This bound applies for densities satisfying (3), that is for densities f for which f(z) is of the order
of |z|~1/% when |z| is large.

Unfortunately, the optimal rate of convergence under shape and smoothness constraints may be
much faster than n~(1=9. For instance, the estimator we propose in this paper estimates f at
the rate v,n~ min{e/a+1),(a+6)/(a+0+2a0+2)} whep f is, moreover, unimodal and Hélder continuous
with exponent o > 1. In this formula, v, = 1 if 0 # o/(2a + 1). We refer to Theorem 6 for more
details. This rate is faster than n~(1=% when 6 is close enough to 1 and more precisely when 6 > ¢’
where 0 € (1/2,2/3) is defined by

0 = (a+ (0 + 12a + 12)/% - 2) /(2(2a + 1)).
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2.3. Selecting the coefficients. We consider two integers jo and ,71 to be specified later on.
They indicate the first and last scale levels. Compared to the previous sections, we have added a
hat on Jy because this parameter may depend on the data.

For each j € {jg, el jl}, we apply the method of [Sar24b| to determine which coefficients are
estimated and which are not. We recall the basic ideas. We define for all k € Z,

52, = :LG:qp?(zjx,- k).
i=1

We gather all the k € Z for which 8?7,6 # 0 in the set
(5) Zj={keZ,5% >0}.
Note that Bj,k = 0 when k ¢ Zj. We may therefore only focus on the £k in Zj to determine the
coeflicients to estimate.

We define the criterion crit;(-) for all K; C Zj by
(6) crit; (K;) = =272 3" |Bjul + wE(K;),

keK;

where k and c‘fj(K ;) are to be specified. The first term in this inequality stands for the L! norm
of the estimated coefficients (up to the minus sign). The more coefficients we estimate, the smaller
this term is. The second term represents (an upper bound on) the estimation error of all these
coefficients and works in the opposite direction.

We then select the set K. ; that achieves the best compromise between these two terms. More
precisely, we define K; as any subset of Z; such that

(7) critj(f?j) = min crit;(Kj).
K;CZ;

This set K j does exist as 2j is finite.

We finally consider the estimator

i
(8) f=2 8500+ 2o 22 Db
kEZ ]:jb ke]?j
of f.

2.4. Bounding the error. The preceding criterion depends heavily on the choice we make
for g’J(KJ) We define it here.

We consider ¢ > 0 to be specified later on. We define for all j € Z, the largest integer 7, ; > 0
such that 27" > min{1,<log(n(|j| +1))/n}. We consider for all » > 0,
Zir—={k €2, 55> [Wllk2 7}
Zir = {k € Z, 0|52 <3}y < [¥]%27""}
Ly, ={k el |Pl%27"2 <53 < [¥lI227+}
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and put

)

5 min |i;7r|, QT} if r <7pj
min { |Z;] + log(1 + |jl)n), 2"} il 7> 7
where Z is given by (5).

We introduce the maps (9] r+ () and 5] #(+) for z > 0 by

\/> \/log (J41+1) 1+r))+logn

27" 1o }\\jr T lo }\\j,r T
£ g+?§\ ,r/)ﬂ g+(rn /)
) W’w og({L1 + D)) | gl + 0L+ 7))

In these formulas, the notation log, (-) = log(e+-) and the convention 0 x log, (-/0) = 0 apply. We
finally set for all K; C @,

(9) &) = int 8 (K0 2y )+ > S0, 0Z,0)
J= r=r;j+1

The differences between this formula and that of [Sar24b]| are mainly due to the fact that j can be
negative here.

We would like to mention that the infimum is actually taken over a finite number of integers,
and the same thing holds true for the sum. This comes from the fact that Z;, = Zj when r is too

large. Moreover, finding the set IA(]- using (7) and (9) is not computationally difficult. We refer to
Section 3.5 of [Sar24b] for more details on this aspect.

2.5. First and last resolution. We now turn our attention to jg and jl

Since we estimate all the coefficients associated with the father wavelet, we propose to define jo
small enough so that all the @~ , are zero except for a small number of them. Very precisely, we
consider ¢ > 0 and set

Jo,k

(10) Zi(a) = {k € Z, G # 0} .
We then put
(11) Jo = max {j <0, Z;()| < olog((1+ i)}

Note that Jy is well defined as the cardinal of Zj(a) is at most of the order of n.

The value of fl is defined as in [Sar24b]. We introduce an integer Ly, € N* so that [— Lyay, Lway]
contains the support of the four wavelets ¢, ¢,4,1. We sort the sample Xy <+ < X in
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increasing order and define jl >0 as
T . . 1—J
(12) J1 = min {lgfggg_l (Xi+1) = X)) = Lwav2 } :
The heuristic behind this definition is that the estimators of 3, are based on at most one data

when j > fl + 1 and are therefore likely poor.

The definition of our estimator f is now complete. It still depends on the three parameters ¢, g, k.
They will be specified in Section 4.

3. CLASSES OF FUNCTIONS

We carry out in this section several classes of functions to model our assumptions on the density.
There are three kind of conditions we wish to consider. The first one is to guarantee the regularity
of f on the real line. The second ensures a particular shape of its tails (they may be monotone,
convex. .. ). The last that they are dominated by the inverse of a polynomial function.

3.1. Smoothness condition. We define for p € (0,+o0] and o € ((1/p — 1)4,7) the Besov
space By, as the set of functions f € Lmax{p.1}(R) satisfying || f|| By, < 0o where

(13) 115 ., = oo, llp +sup {27F1/2710) g, ) L
J=0
The classical Besov ball B9 . (R) is then defined for R > 0 by
By oo (R) = {f € Byoo, I/ 135, < R}

When p < 1, the (quasi) L” norm of f is smaller than || f||gs . up to a multiplicative factor.

In particular, a density whose tails are of the order of |z|~1/¢ does not belong to By (1) when
¢ > p, even if it is very regular. So when we say that f € By  (R), we are not just saying that f
is smooth. We also put a condition on its tails.

A solution to decouple the smoothness condition from the tail constraint is not to take into
account the coefficients associated with the father wavelet. This brings us to the notion of strong
Besov class:

Bioo(B) = {f € LAR), ¥j > 0, |6, ], < 2120

This set By (R) is most useful when p < 1. In this case, By (1) contains densities that are not
in B (R). When p > 1, the double inequality ||, ||, < |levo,.[|1 < c||f|l1 holds true, where c is a
term only depending on the wavelets. The densities of By . (R) then also belong to B (¢’ + R).

It is possible to weaken the condition f € By . (R) by replacing the (7 (quasi) norm || - ||, by its
weak version || - || . The latter is defined for p € (0, +00) and x = (xx)kez by

1/p
[2]lp,00 = igg t (Z 1xk|>t> :

kEZ
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When p = 00, ||7p.co = ||Z]|co- We recall that |||y < ||z, for all z € RZ. The weak Besov class
then corresponds to

WBG oo (R) = { ] € LY(R), ¥j 2 0, |18, 0 < R2TI T2/

3.2. Some examples. For pedagogical reasons, we present here a few basic results on Besov
classes. We recall in particular their interest in modelling inhomogeneous spatial regularities and
justify why we allow p to be very small in our results.

Firstly, Holder’s inequality implies ||5;,.]|p,c0 < 0234(1/5”_1/7’/)||Bj7.||p/7oo for all (@« +1)"t <p <y
and all compactly supported function f on [0, 1]. The factor ¢ only depends on p, p’ and the wavelet
basis. We deduce,

{f € WBp (R), suppf C [0, 1]} CWBj (CR).

This inclusion roughly means that the condition “f belongs to a Besov class” is milder the smaller p
is when we work with compactly supported densities. This claim no longer holds in the non-compact
case (see, for example, the minimax rates in Figure 1: they tend to be faster when p is small).

Secondly, a few isolated singularities have no impact on the global smoothness exponent o when p
is small enough. This point is stressed by the proposition below. It works for both compactly and
non-compactly supported densities and is proved in Section 5.2.

Proposition 2. Letp € (0,400), u>1,m; <--- <my, a € (1/p—1,1/p)N(0,7), r be the largest
integer smaller than o, and f be an integrable map on R. Suppose that f admits r derivatives on
R\ {mi,...,my}. Moreover, there is some A > 0 such that

FOy) = F @) < Alx = mg TPy — a7

forall ¢ € {1,...,u} and z,y € (Mg, myy1) such that y > x (using the convention my,41 = +00).
We suppose that this inequality also holds true with £ = 1 for all x,y < mq such that y < x.
Moreover, we assume f(z) < Alx —mg|~ /P~ for all z € [my —e,my +¢], £ € {1,...,u}, and
some € € (0, minj<s<y—1(mes1 —my)) (this last condition reduces to € > 0 when uw = 1). Then, f
belongs to Wiy, . (R) where R = c(A+| f|l1) and where c only depends on a, p,u, & and the wavelets.

An interesting point about this proposition is that it can be combined with the forthcoming
Theorems 6 and 8 to guarantee a fast estimation rate for the “usual” distributions. We shall go
into a little more detail on this aspect later when f is defined for ¢ > 1, 6 € (0,1), 71, w2, w3 > 0,
and x € R by

0 ifz <0
~1/q i
T if z € (0,1]
14 =
(14) J@ =9z, if z € (1,2]

7r3x*1/9 if £ > 2.

Above, 1, g, m3 must be such that f is a density. Note merely here that f € WBy (R) for all
p € (q/(1+4q7),q), « =1/p—1/q, and some R only depending on p, q, 8, w1, 72, w3 and the wavelets.
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3.3. Shape constraint. We consider a positive integer s and introduce a condition of s-monotony
on the tails of f. We define for b > a,

M?(a,b) ={f € D, f(a—-) and f(b+ -) are s-monotone on (0, +00)},

where D designs the set of densities on R. In the particular case where s = 1, saying that f €
M?(a, b) is equivalent to saying that f is non-decreasing on (—oo, a) and non-increasing on (b, +00).
If now s =2, f € M*(a,b) amounts to assuming that f is convex on (—oo, a) and on (b, +00). The
condition f € M?*(a,b) becomes more stringent as s grows.

Note that this condition does not imply anything about the restriction of f to [a,b]. We may
therefore work with densities that do not have the same properties on [a,b] and on R\ [a,b]. We
like to say that the core of the distribution is in [a,b]. What is outside then corresponds to the
tails of f. Saying that f € M?(a,b) amounts to saying that we put a shape constraint on its tails.
Such an interpretation can nevertheless be a bit misleading because it suggests that the probability
P (X € [a,b]) is close to 1. This will never be assumed in the sequel.

Naturally, any compactly supported density belongs to M?*(a,b) if a and b are far enough away.
But the same holds true for most of the “usual” densities with infinite support (such as the Gauss-
ian, Gamma, Inverse Gamma, Cauchy, Log-logistic distributions to name but a few). By way of
illustration, suppose that f admits an expression of the form

_ P(x) g
(15) f(x) 00)°
when z is large enough. In this formula, P,@ and R are signomials and Q(z) # 0 when z is large
enough (R may be the zero function). The first s-derivatives of f cannot change sign on (b, +00)
if b is large enough. This property implies that f(b+ -) is s-monotone on (0,400) as f is a density.
Note that the s-monotony of the left-hand tails of f can be guarantee if we suppose, for example,
equality (15) but for f(—z) in place of f(x).

The choice of a,b is up to the statistician and we may take a = b. A function f € M?*(a,b)
is then unimodal. It satisfies a shape constraint of level s on each side of the mode. It is also
smooth in the sense that it belongs to a Besov class as the next proposition shows. It is proved in
Section 5.3.

Proposition 3. Consider s > 1, 7 > s, mg € R and a density f € M?*(a,b) with a = b = my.
Suppose that f satisfies for all x # my,

(16) fla) < LMYz —mg| 714,

where L > 0 and q € (1,+00]. Then, f belongs to By . (R) for all p € (1/(s +1),1/(s + 1/q)),
R = cLUH/O(=1/p+1)/(A=1/a) g ¢ only depending on the wavelet basis, p,q,s. When ¢ = 0o, (16)
amounts to assuming that f is bounded from above by L.

In this proposition, the aim of (16) is to control the behaviour of f at the vicinity of 2 = mg. The
closer ¢ is to 1, the faster f can tend to infinity. When ¢ = oo, there is no longer any singularity,
but f may not be continuous.

Note that the assumptions we put on f are not sufficient to ensure that f € B3 (R) or f €
B; o (R) with p > 1. The function f may not belong to B; ., (R) or B ., (R) whenp > 1 and sp > 1
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merely because the densities in these sets are continuous. As to the case p < 1, f is in ‘B;}OO(R)
only if a condition on its tails is added (see the preceding section).

3.4. Tail dominance condition. We consider j,k € 7Z, and define for any non-negative and

integrable function f,
277 (k+1/2)
Faf)= [ @)
2= (k—1/2)

We then consider b > a, 6 € [0,1], M > 0, and the set WTy(a,b, M) composed of non-negative
and integrable functions f satisfying

(17) [{k € Zj(a,), Fja(f) > t}] < Mt=?27070)
for all j > 0 and ¢ > 0. In this inequality,
Zj(a,b) = Z N ((—o0, —1/2 + 27a) U [1/2 + 27b, +00)) .

As for M*(a,b), the condition f € WTy(a,b, M) actually concerns the restriction of f to R\ [a, b]
and therefore the “tails of f”. The aim of (17) is to control the number of coefficients F} ;(f) that
are large and to put a dominance constraint on them. Roughly speaking, the smaller 6, M, are,
the smaller Fj;(f) must be and the smaller the tails of f should be. The extreme cases for § are
60 =0 and 6 = 1. In the first case, WTo(a,b, M) only contains compactly supported functions. In
the second case, the constraint disappears: any density belongs to W7T1(a,b,1).

We may also replace the set Z;(a,b) in (17) by Z. The resulting class is denoted by WT¢(M).
Following [Sar24b], we say that the “weak tail dominance condition” is met when f € WTy(M).
This terminology can, a priori, lead to confusion as the entire function is considered for WT g(M).
However, the inclusion WTy(M) C WTy(a,b, M) is always true. Conversely, we show in Sec-
tion 5.4:

Proposition 4. Consider 0 € [0,1), b > a, M > 0 and a density f. If f € WTy(a,b, M), then
FeWTo((b—a+2)""0 + M).

It is therefore the behaviour of the tails of f that determines whether f lies in WT (M) or not.
The two sets, WT g(M) and WTy(a,b, M), essentially model the same thing. Nonetheless, as we
also work with densities of M?(a,b), it seems more natural to consider W7Tg(a,b, M). From a
mathematical point of view, the interest of using different values for a and b lies in the fact that
this can reduce M.

We now present a version of Proposition 3.1 of [Sar24a] adapted to our tail condition. A sketch
of its proof is given in Section 5.5.

Proposition 5. Let 0 € (0,1), b>a, M > 1 and f be a density.
1. Suppose that f satisfies for all x & |a,b],
(18) F@) < MY (@ = 0) sy + (0 = 2) |

Then, f belongs to WTy(a,b,2M + 2).
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2. Suppose that f € WTg(a,b, M) N\ M(a,b). Then, f satisfies
(19) f@) < @MY (@ =57y + (a = 2)7 L0
for all x & [a,b].

The interest of this result is that it relates the assumption f € WTy(a,b, M) to a more tangible
condition: f is bounded by a map decreasing as |z|~'/¢ outside the interval [a,b]. These notions
are equivalent under an additional shape constraint, but not otherwise. Consider indeed «, 5 > 0
and

(20) fl@)=m Z 1[2ad72ad+2—5d] ().

d=1

Above, m > 0 is defined so that f is a density. We show in Section 5.6 that f belongs to WT (M)
for all § € (0,1) and some M only depending on «, 3, 6. However, (18) is never true uniformly for all
x ¢ [a,b], whatever a,b, 0, M. This example is perhaps a little artificial. This is due to the fact that
it cannot be monotone at infinity since then Proposition 5 would apply. Despite this, it is smooth
in the sense that it belongs to the Besov spaces By ., when p <1 and a € (1/p — 1,min{1/p, 7}).

4. MAIN RESULTS

We study in this section the theoretical properties of our estimator f . We recall that f is defined
by (8) where K gathers the coefficients we keep at scale 2J. They are obtained by minimizing the
criterion crit;(-) defined by (6) in which &;(K) is defined via (9). This procedure is applied to all
levels j between Jy and J; where Jy is given by (11) and J; by (12).

We consider the assumptions described in the preceding section. We suppose that f is smooth and

its tails are dominated with a certain shape. In Section 4.1 below, the level of the shape constraint
is assumed to be smaller than the smoothness index. The reverse case is dealt in Section 4.2.

4.1. When smoothness prevails. We consider p € (0,40, s > 1, a € (max{1/p — 1,s},7),
6 €(0,1), R>0, My, My >1,b>a and

WBy o (R) N WTe(M1) N WTe(a,b, Ma) N M?(a,b) ifp#1

yaﬁ 7b7R7M ’M =
po (@ 1 M) {Bgoo(R)ﬁWTe(Ml)ﬂWTe(a,baM2)mM8(avb) itp=1

A function f in this class satisfies the three preceding constraints with s < «.
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We need the following notations:

(0%

:2a+1—1/p
a

20+ 1
a—s0/p—al+ sb+ asb

1—0/p+a+s—2s0/p+ s0 + 2asb
log?’ n if=1/2and p=1
logn if 0 =6y and 6 #1/2

0o

if 6 <6

if 6 > 6

1 otherwise

5 1 : if 6 < 6,
Br=4 T (s+1)(1—6)

1—-0/p+a+s—2s0/p+ s0+ 2asl i£6 > 6o
a+1—-1/p
(1-6)2a+1)

(s+1)(1+a—-1/p)
1—0/p+a+s—2s0/p+ s0 + 2asl
M, if0<06
My if 6 > 6.

if 0 < 6,

B =

if 0 > 0y
M =

The theorem below gives an upper-bound of the maximal risk of our estimator when f lies
in ﬁ;}a";(a, b, R, My, M>). Tt is proved in Section 6.

Theorem 6. Let s > 1, p € (0,400], o € (max{1l/p—1,s},7),0 € (0,1), R>0, My, My > 1 and
b > a. Then, there exist <y, 00, ko, and ng such that for all n > ng, kK > kg, 0 > 00, S > <0,

(21) sup E [d1(f, f)} <ec {RﬁlMﬁannﬂ + M2(5+1)/(250+1)n7(39+179)/(259+1) '
fe,?;bs(a,b,R,Ml,Mg)

Moreover, <y, 0o, ko only depends on the wavelet basis. The term c only depends on p, s, a, 0, kK, 0,<
and the wavelet basis, and ng only depends on p,a,0,s,k, 0,5, R, M1, Mo, b — a and the wavelet
basis.

Before discussing the result, let us note that this theorem provides the (theoretical) values
of ¢, 0, k. An important point is that they do not depend on the parameters o, p, s,0, R, M1, M2, a,b
that appear in the definition of the class ﬁpa’gs (a,b, R, My, Ms). The latter can therefore be unknown
to the statistician, and our estimator is ad7aptive.

We would also like to point out that the conditions on p, a are very mild. The parameter p may
be smaller than 1 and the condition & > 1/p—1 is essentially minimal, see Proposition 4 of [Sar24b)]
for more details. In particular, we may estimate densities f that possess quite severe singularities
(see Propositions 2 or 3).

For information, the proof of this theorem involves an approximation result on s-monotone
functions (Lemma 2) that may be of independent interest.
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We now propose to use the minimax approach to assess the relevance of (21). We define for all
class F of functions, the minimax risk R(F) by

R(F) = inf supE [da(f. F)]
f feF

where the infimum is taken over all estimators f.

The preceding theorem gives an (asymptotic) upper-bound on R(#,';’(a,b, R, M1, M>)). It may
be compared to the following lower bound (to be proved in Section 7).

Proposition 7. Consider s > 1, p € (0,400, a > max{1l/p — 1,s}, 6 € (0,1), 7 large enough,
R >0, Mi,My > 1 and b > a. Then, there exist Ry, My and ng such that: for all R > Ry,
My > My, My > My, and n > ng,

(22) R(Fy5 (a,b, R, M, M)) > cR** MP2n 7.

Moreover, c is positive and only depends on p, s, a, 0 and the wavelet basis.

This proposition shows that our estimator is rate optimal except possibly when 6 = 63 and
(s +1—0)/(2s0 + 1) < v. If we exclude these two cases, we see that we do not lose any log
factors, even when the smoothness condition is very mild. This is a very attractive property as
many competing procedures are known to involve undesirable log factors in the results. For more
information on this subject, we refer to [Sar24b]. The gap when 6 = 0y and (s0+1—0)/(2s0+1) <
may be due to inequality (22) not being sufficiently accurate. For example, there is a log factor in the
lower bound when 6 = 6 if we remove the shape constraint as shown by Proposition 3 of [Sar24b].
There is also little hope of significantly improving our convergence rate when (s6+1—6)/(2s0+1) <
~. Indeed, the proof of the proposition actually shows the following inequality: under the conditions
of Proposition 7, we have for all R > Ry, My > My, My > My, and n > ny,

(23) R(F5 a,b, R M, M)) > Cn ™2,

where
vo=(a—s0/p—ab+s0+ash)/(1—0/p+a+s—2s0/p+ sO+ 2asb),

where C' is positive and only depends on p, s, «, 8, My, Mo, R and the wavelet basis. The major
difference between this result and (22) lies in the fact that we may use the formula for v when 6 > 6y
even when 6 < . Elementary albeit cumbersome computations show that (s8+1—0)/(2s0+1) < ~
implies 1 — 6/p + s6 < 0 (see also the figure below). When this last inequality is fulfilled, the map
a — 7y is non-increasing and tends to (s +1 —6)/(2s0 + 1) when a — +o00. As the minimax risk
does not increase when « increases, we deduce that for all € > 0, and 7, n large enough,

R(L@\:‘,;(a’ b, R, M, M)) > an_(86+1_9)/(280+1)_8,
where C; > 0 only depends on ¢,p, s, o, 0, M1, Ms, R and the wavelet basis.

In Theorem 6 and Proposition 7, the parameters a and b can be as close or as far away as we
wish. It is noteworthy that our asymptotic bounds do not depend on them, except through My
(roughly speaking, Ms can always be taken not larger than M, and the further apart a,b are, the
smaller My is). The condition b # a that appears in the proposition is important as it guarantees
ﬁ:’;(a, b, R,M,M) # (. Think, for example, of a density f of M?(0,0). It is not differentiable
at 0 and does not therefore belong to By, (R) if a > 1.
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We now introduce the minimax risk R(Z% (R, M)) on

B (R)N M) if 1
glt):ve(R’ M) _ V\; p,oo( ) WT@( ) 1 p 7&
’ By oo (R) N WTy(M) if p=1.
The main difference between ﬁ;’;(a, b, R, My, M) and ff;‘e(R, M) is that we have deleted the
shape constraint for the second set. We can then compare the two minimax risks to measure the
impact of this condition on the optimal rates of convergence.

The following result is proved in [Sar24b]: for all p € (0, +o0], « € (1/p—1,7), 8 € (0,p], R > 0,
M > 1, and n large enough,

R (ﬁ;z?fg(Ra M)) <c [Rﬁl,sMﬁzsynn—’Ys + Mn—(l_e) ,

where

) a/(2a+1) if 6 < 0
BT a1 =0 /(a+1—0/p) it 0> 6o,

where (1 s, 2,5 only depend on o, p, 6 (81 = P1,s and o = B2 s when 6 < 6p). The reverse inequality
also holds true, at least when M and R are large enough. Although the assumption 6 < p appears
in [Sar24b|, the latter is actually not necessary and the above remains true even when 6 € [p, 1)
(the arguments are the same).

We present two graphs below to compare the minimax rates more easily. The graph on the
left refers to y:és(a,b, R, My, M3) and the one on the right to fﬁg(R, M). The parameter p is
placed on the x-axis and 6 on the y-axis. The dotted area in the graph on the left indicates
that the optimal rate is at least as fast as that shown (up to log factors at the junction point
0=0)=(a+1)/(2a — s+1)). Everywhere else, the formula corresponds to the minimax rate (up
to logs when 6 = 6y).

—0 i —0
P 7 -
P T ! e p
1 - T ’ - 2 o 1
gt e 2041 d o+
2a—s+1 ./A/4 59+170 ',A/4 1 o 0
Z 2s0+1 o+l L
a—s0/p—abf+sf+ast ot o(1-0)
a+1-6/p

1-0/p+a+s—250/p+s6+2as6

0, 41 0, +1
a a )
o+l Zatastl 1 ® e 20+1 1 0

FiGureE 1. Comparison of the rates of convergence with and without shape con-
straint on the tails of the distribution

The first thing to note is that a large green area is common to both graphs. Inside this zone, the
optimal rate is the standard one n~®/(2¢+1) The shape assumption adds nothing here.
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There is also a green area on the left which is red on the right. This region corresponds to the
set

A={(p,0) € (0,+00] x (0,1), a>1/p—1,0 > (a+1)/(2a+ 1),
0 <min{a/2a+1—-1/p),(a+1)/(2a —s+1)}}.

When (p, 0) € A, the shape assumption allows to recover the classical rate of convergence n—/(2at1),

Without it, the minimax rate is much slower. This rate is recovered even when s = 1, i.e. when f
is monotone before a and after b. The parameter s still has a role to play, since the larger it is, the
wider the zone A.

Colours other than green never match between the two graphs. When the rate is not the standard
one, taking into account the shape constraint hence leads to an improvement in the estimation of f.
This improvement can be very significant: for example, the rate can be made arbitrarily slow by
choosing 6 very close to 1 in the graph on the right. This phenomenon does not occur when there
is the shape constraint: the rate gets closer to n=%/(25t1) when @ — 1. It is therefore easier, in
some sense, to estimate shape constrained tails than smooth tails.

When a = b, the entire distribution satisfies a shape and smoothness constraint. It is worth
asking whether our approach might not lead to better results in this case than those we would have
under a pure shape constraint that would ignore its regularity. The answer is positive: wherever
we look on the graph on the left, the rate is always in the range [n*a/@a“),n*s/@s“)). This
exponent s/(2s + 1) corresponds to the expected rate of convergence of a bounded compactly
supported density f € M?*(0,0). More details on the estimation of a s-monotone function under
the global IL! loss can be found in [Bir89, DL12]. Hellinger results are to be found in [Gao08, GW09)].

The estimation of a density f of By, (R) when p < 1 may also be improved by assuming a shape
constraint on its tails. We recall in this respect that the weak tail dominance condition is satisfied
with 6 = p and M of the order of R” when f € B}, (R) and p < 1. This point has been shown in
Proposition 1 of [Sar24b]. Consequently: for all s > 1, p € (0,1), a € (max{1/p —1,s},7), R > 1,
b > a, and n large enough,

sup E [dl(f, f)} < cRPupn7.
FEBG oo (R)NMS([a,b])

The terms v,, and vy can here be written as

= 2016:-1 N if pe (0,1/2] or a < ap
1—p+sp(p— ) (@ — a) if pe (1/2,1) and o > g

a—s+spa+1)

logn ifpe(1/2,1) and a = ap
Vp = .
1 otherwise

and ag = (1 —p)/(2p — 1). Besides,

(2a+(1yﬁ1_p) if p € (0,1/2] or a < g
p= ap(s +1)

itpe(1/2,1) and a > ao.
a—s+sp2a+1) ifpe(1/2,1)and a = ag
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This result can be compared with (16) in [Sar24b] where there is no shape constraints. The
conclusion is that we obtain a better rate of convergence when p € (1/2,1) and o > «ap (and the
same otherwise).

4.2. Higher degree of shape. In the previous section, we assumed that the shape degree s was
smaller than the smoothness index . We now turn to the other case s > a. We take M; = My
and denote these two numbers by M. We then set

y:és(aaba Ra M) - y:és(av b7R7Ma M)

_WBS (R) N WTo(M) N M?(a,b) ifp+#1
| BYo(R) N WT (M) N M3(a,b) ifp=1.

The theorem below is proved in Section 6 and gives an upper-bound on the (asymptotic) maximal
risk of our estimator when f lies in 7 (a, b, R, M).

Theorem 8. Let p € (0,+o0], « € (1/p—1)4,7), s € [a,7), 8 € (0,1), R>0,M >1,b > a.
Suppose b # a if s > a. Then, there exist <y, 00, ko, and ng such that for all n > ng, K > Ko,
02 00, S 2 S0;

(24) s E[di(f,f)] < oo/,
FEFLY (ab,RM)

where

CRI/(Qa—i—l)(b _ a)(a+1—1/p)/(2a+1) if s >«
¢ [RY@at)(h — q)(a+1=1/p)/2a+D) og  (R) +1log, (M)] ifs=a,

and where ¢ only depends on p, s, a, 0, Kk, 0,¢ and the wavelet basis. Moreover, y, 0o, ko only depends
on the wavelet basis and ng only depends on p,a,0,s,k, 0,5, R, M,b— a and the wavelet basis.

We thus recover the estimation rate of a compactly supported density of smoothness o. How-
ever, f is not supposed to be compactly supported. The parameter 6 can even be arbitrarily close
to 1. The whole point of this theorem lies in the fact that it applies to densities whose tails tend
very slowly to 0. As Proposition 1 shows, such a result is beyond the reach of wavelet methods
that only deal with non-negative resolutions as soon as 6 > (o +1)/(2a + 1).

The term RY/(2e+1) (h— q)(@+1-1/p)/(2a+1) i the factor in front of n~/(2¢+1) corresponds to what
one would expect when estimating a compactly supported density f € By . (R) on [a,b]. The sum
log, (R) +log, (M) when o = s can be seen as the price to pay for estimating its tails.

We now illustrate this theorem by applying it to the density f defined by (14). Consider 7 > 2,
a=71—1,and set 1/p = a+1/q. Note that f lies in 9’;(’9&(0, 2, R, M) for some R, M. We therefore

get the estimation rate n—®/(2a+1) = p=(7=1)/@7=1) Tn particular, if we choose a large value of 7,

the exponent in the rate can be made as close as 1/2 as we wish. This estimation rate can thus be
very fast, even if f has a peak at 0, and that its tails tend very slowly to 0.
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It is also possible to deal with pure shape constraints. Consider indeed ¢ € (1,+o¢], 6 € (0, 1),
L M>1,s€[l,7), my €R, and

Sgo(mo, L, M) = {f € M?®(mo, mo), Yo # my,
f(x) < min {LHl/q]a; — mo| "V, MOz — mo,q/e}}

A function f in S;; o(mo, L, M) therefore satisfies the assumption of s-monotony. More precisely,
f(mo + ) and f(mo — -) are s-monotone on (0,+00). At the junction point mg, f may admit a
singularity up to the order 1/¢. Its tails decreases as |z|~1/¢.

We deduce from Propositions 3 and 5,

Sg0(mo, L, M) C F5(mo, mo, R, M),

where p € (1/(s + 1),1/(s + 1/q)), where R is of the order of LU*V/a)(s=1/p+1)/(1=1/a) 4pq
where M’ is of the order of M. The above theorem therefore ensures that f estimates the densities
of Sge(mo, L, M) at the rate n=%/(2st1)_ More precisely: for all n large enough,

(25) sup E [dl(f, f)} <c [logJr L +log, M} n 8/ (2s+1)
FES: 4(mo,L,M)

where ¢ only depends on ¢, s,0, K, 0, and the wavelet basis.

It may be interesting to compare the performance of our estimator with that of an estimator
dedicated to shape constraints, such as that of Grenander. The latter is perfectly suited to estimat-
ing unimodal densities (with known mode), which corresponds in our paper to a shape constraint
of level s = 1. Naturally, the Grenander estimator does not have the same versatility as ours, and
can be a disaster if the assumed shape constraint is not true. Risk bounds for the L' loss can
nevertheless be established when f is unimodal. The following result is due to [Bir89]: for all n

large enough, the Grenander estimator fg. of a unimodal density with mode at 0 satisfies

s E |di(f, fipe)| < c(log(1+ L)) P01,
f€8%,0(0,L,M)

where

8%0(0,L, M) = {f € M'(0,0), ||flloc < L, supp f C [-M, M]}.

This risk bound for the Grenander estimator is therefore similar to ours. The rate is the same.
In both cases, L and M contribute logarithmically to the factor in front of n=/3. More surprising
is that the exponent on this log factor is not the same.

There are three possible explanations for this difference. The first is that our underlying calcu-
lations are not sufficiently accurate. The second is that our estimator is worse than the Grenander
estimator. The third is more involved. A careful analysis of the proofs of Theorems 6 and 8 indi-
cates that (21) and (24) remain true when we replace E[d; (f, f)] by E[||f — ngtl) J- In other terms,

we may replace the L! loss by a suitable Besov norm (see Section 3.2 of [Sar24b] for instance for its
definition). We have |[f|l1 < [[f]go but the reverse inequality is not true in general. A difference

in the minimax results is therefore possible.
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5. PROOFS OF SECTIONS 2 AND 3

5.1. Proof of Proposition 1. The result relies on the following lemma:

Lemma 1. Let I?O,oc be a (possibly random) subset of Z, and for each j > 0, I?j,g be a (possibly
random) subset of Z. Then, the estimator f defined by (2) satisfies

Elai(f.f)] >@2n Y ao
Oéol,gkeﬁzl/n

As f satisfies (3), we have
k™10 < aop < cok™ 0
for all k& > kg, up to a modification of ¢1, co. We deduce from the lemma that for all n large enough,

E[dﬂfhﬂ} > (der/21) > kY0 eyn (070,

k>(can)?

Proof of Lemma 1. We first observe that for all k, k' € Z and j > 0,
(26) /Qﬁj,k(x)l[k’,k"-i-l} (.Z') dl’ = 0
(21) [ o)) do = 10

as the basis is bi-orthogonal with ¢ = 1jg 1.

Consider now the set

A= U [k, ke + 1].
keZ
kERD o >Qo K

We deduce from (1) with Jy = 0, and from (26), (27),

ao,kl

d(f, f)> f ‘
> Z (ao,klkef{O - ao,k)
s +
keZ
The same argument with
A= U [k ke +1]
keZ
&O’klkeK <O¢O,k‘

leads to

di(f, f) > Z <040,k - aO,klkef(O,a)

kEZ +
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By putting the two inequalities together,
2di(f,f) > Y |Gok — okl + D ook
k?EI?O,a k:gl?o,a
In particular,

2di(f,/)> D corlay,—o

kEZ
ag r<1l/n

Therefore,

v

2E {d1(f, f)] Z ok (1 —agp)"

keZ
ap,r<1/n

>(8/27) ) aok
keZ
ap,r<1/n

when n > 3 (which is assumed throughout the paper). O

5.2. Proof of Proposition 2. Consider j > 0,k € Z, £ € {1,...,u}, I, = [277 (k—Lyay), 277 (k+
Lyav)l, Kjo = [Lyav + 2imy + 1, — Lyay + 29my, 1 — 1] with the convention m,, 1 = +oc.

Suppose > 1 and k € K;,. We deduce from Taylor’s theorem that there exists a polynomial
expansion ) of order r — 1 satisfying

Flo) - Q) = — / ’ (x— 1)t fO) di

(T - 1)' 7j(k_Lwav)
when x € I; ;. The polynomial function

(r) (9=3(k — Lo p
P<$):Q($)+f Cal | ))/ (x—t)""" dt
(T N 1) 2_j(k_Lwav)
is of degree at most r < 7 — 1. It satisfies for all z € Iy,
|f(z) = P(z)]
< AL =7 270k = Lua) =] / (=) [t =277 (k — Lyay)] " " dt.
2_j(k:fl/wav)

In particular,

sup |f(z) — P(x)| < ¢; A279(@~1/P) |k — Lyay — 2jmg|_1/p.
$€I]‘7k
This last inequality also holds true when r = 0 by choosing suitably P. Moreover,
277 (k+Lwav)

Bkl <22 [ |f(z) = P(x)] dx
273 (k—Lwav)
<3272 sup |f(x) - P(x)l
IEIJ‘JC

< C4A27j(a+1/271/p) ‘k — Lyav — 2jmg‘71/p .
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We deduce from all of this: for all £ € {1,...,u} and k € Kj,,
1B;klP < c5 AP2—ip(a+1/2=1/p) |k — Ly — 2jmz|71 .
By doing a similar reasoning: for all k < —Lyay + 2/m; — 1,
Byl < APz L
When k € [~ Lyay + 29my — 1, Lyay + 29my + 1] and j large enough to ensure 277 (2Lyay +1) <,

' 279(2Lyav+1) p
’ﬂj7k‘p < C7Ap23p/2 / | ‘$|71/p+a dax
—2-7 (2L way+1)

< cg AP p(a+1/2-1/p)

When 277 (2Lyay + 1) > &, we merely say that

Wj,k P < 092jp/2||f”110 < clo||f”11727jp(a+1/271/p)'
Gathering all these inequalities yields
185, Z,oo <en(l+ Hf”f)Q*jp(a*H/Zfl/p)
as wished. ]

5.3. Proof of Proposition 3.

5.3.1. An approximation lemma. The following lemma is an essential result that is not only
used in the proof of Proposition 3, but also, later, in the proofs of Lemma 12 and Proposition 9.

Lemma 2. Suppose that f € M*([a,b]) withb>a, s >1, 7> s and m € R. Then, for all £ > 1
and all kg > 3Lyew + (s — 1) 4+ 027,

Z 2_j/2‘5]7k| S Cgl_sfj:kO_(S_l)e_2Lwav'
k>ko
Moreover, for all kg < —3Lya — (s — 1)¢ + a27,
Z 27J/2‘/8]:k| S cglisijk0+(371)e+2llwav7
k<kg
Above, c only depends on s and the wavelet basis, f;y is defined by (85) and we recall that Lye, € N*
is defined so that [— Luygy, Lwaw] contains the support of ¢, ¢,1, ).
Its proof is based on the elementary result below whose proof is postponed at the end of the

section.

Lemma 3. Let a < b, s > 2 and f be a s —2 times differentiable function on [a,b] such that fls=2)
is either convex or concave. Then, there is a polynomial function of degree at most s — 1 such that

b
/ (@) - P(2)|dz < (b — a)* | £ (0) — 17 V(a)|.

In this inequality, ¢ only depends on s and fl(s_l), fﬁs_l) denote the left and right derivatives
of 52,
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Proof of Lemma 2. The proof when s = 1 is almost the same as the proof of Lemma 9 of [Sar24a]
and is therefore skipped. We suppose from now on that s > 2. We moreover assume that s is even,
the case s odd can be treated similarly.

Consider k > ko and apply Lemma 3. There is a polynomial function Py of degree at most s — 1
such that

2_j(k+Lwav) X . .
/ |f(z) = Pp(z)|do < 12777 [f(871)(27j (k + Lyay)) — f(871)(27j (k— Lan))]‘
23 (k— Lwav)

In this formula, f~1) may denote either the left or right derivative of f(6=2) according to the
reader’s wishes. In particular,

279128, = 2792

/ (F(2) — Pula)) ) dz

2_j(k+Lwav)
<o / | F(z) — Pi(z)] do
273 (k—Lwav)

<3277 [TV @Ik + Luan) = D@27 (k = Lyay))]-
Therefore,
(28) > 279218 k] < 27| (27 (ko — Lyay))-
k>ko
The assumption of s-monotony implies:
|FEID @7 (k = Lyay))| < 270 [|FS7D (277 (k = Luaw = ) = [£577(277 (k = Luan))]
< P2 (k = Luay = 0))]-
Therefore, by induction,
FED@ T (k= Lyay))| < (270717 (277 (k = Lyay — (s — 1)0)).
Let us now observe that supp ¢ D [L1, Lo] for some Li, Ly € R such that —Lyay < L1 < Ly <
Lay. For all k € Z such that k > 276 4+ 2L,y — L1,
Fik—2Lue > 5279 f(27 (k4 Lo — 2Lway)) > 5277 (2779 (k — Lyay)).
Therefore, if k satisfies k > 27b + 3Lyay + (5 — 1) > 270+ 2Ly — L1 + (s — 1),
|FEDQ27(k — Lyay))| < 062j8€_(5_1)fj,k—(s—nz—zLW-
We conclude using (28). O

Proof of Lemma 3. Depending on the parity of s, f~2) is either convex or concave. We suppose
throughout the proof that f6=2) is convex, the proof in the other case is similar. We set

_fE0) - fE(a)

N b—a ’

and define for all = € [a, ],
gi(x) = f*P(a) + v(z - a)
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Note that
g2(w) < fC7 () < gi(a)
for all z € [a,b]. We set P = ¢g; when s = 2 and

S22t (0)(z — a)F T
P(z) =Z—f ( )]i! ) +/ (jl_(tg)),(x—t)s‘3 dt
k=0 a ’

when s > 3. In both cases, P is a polynomial function of degree at most s — 1. Moreover,
f(z) < P(z) for all x € [a,b]. When s > 3, we have:

Pla)~ fa) < [ 20Dy ar

<=3 [o- V@] [0S -
((s=3)! x (s* —3s+ 2))71 |:U - fﬁsfl)(a)} (z —a)* L.
e[V — 7V @] @y,

where ¢ only depends on s. This last inequality also holds true when s = 2. The result then follows
from integration. 0

IN

IA

5.3.2. Proof of Proposition 3. We define
Lir— =k €L, fi)y >27"},
where f; 1, is given by (35). We begin by showing:
Lemma 4. Under the assumptions of Proposition 3, we have when q < oo: for all j € Z and r > 0,
‘er |<e [1 + L1+q2rq+j(1*q)] ,
where ¢ only depends on q and the wavelet basis.
Proof of Lemma 4. We have for all k > Lyay + 2/mg + 1,
279 (k4 Lwav)
fik < / L1+1/q\m — mo\_l/q dz
273 (k— Lwav)
< e LI a=I0) [y L~ 29mg] Y.

Therefore, the number of k > Lyay+2/mo+1 such that f;; > 277 is not larger than cp L1+92ra+i(1=0),
The same reasoning applies when k < —Lyay + 27 mo — 1. The number of k € Z satisfying this
inequality is therefore not larger than c3[1 4 L!*9274+J (1_‘1)]. O

Proof of Proposition 8. We consider for j,r > 1,
1+ min {L1F22reti(1=0) 271 if ¢ < 0o
Zip =
A P if ¢ = oo.

We define ¢; > s + 2Lyay large enough so that ]Zj,r7_| < ¢s2j,r. The existence of ¢, is guaran-
teed by the above lemma and by the fact that f is a density. We define r; > 1 when ¢ < oo
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9 > 1. When ¢ = oo or

and L'192/1=9) < 1 as the smallest number satisfying L't92759+i(1—
3 when ¢ = co and zj,, € [1,1 + 29] otherwise.

L1*a2i=9) > 1 y; = 1. Note that zj,, =
We define for all r > r; the smallest integer k:j,r satisfying

r

];j,r 2> Lyav + 2j7nO +cs Z 24!
r'=1

and the largest integer k;, such that

T

Ejfr < —Lyay + 27mg — ¢ E Zgrl -
r'=1

As f is unimodal with mode at mq, f;r < 27" for all & > kj, or k < k Moreover, as f

satisfies (16), we have for all k € Z,

t+21_jLwav
fir < LHl/qiuﬂg/ \x|71/q dz
€

< 61L1+1/QQ*J'(1*1/Q)‘

Note that for all » > r;,
7]'77“—1—1 — Ej,r > 2Ly + (5 — 1)23'77"4‘1
Ejﬂ“ - Ej,rJrl 2> 2Lyay + (5 - 1)Zj,7"+1
as s > S+ 2Lyay and zj,41 > 1. We apply Lemma 2 with ¢ defined as the integer part of 2,41
As 0 > zj,41/2, we have
2 37 IByal < eosfytymin {2 L0t

k>kj i1
k<kj .1
Suppose g < oo and apply Hoélder’s inequality:

> > |85,k ”

T:Tj+1 ke[];:j777j7+1]
or k€lk; .1 1.k; ]

< c3 Z zl pSQJp/QQ_Tp

r=r;j+1
{2rp<1+sl/p>, (Lto2i0-0) s 2rqp(1/ps1/q>}

o0
< ¢y E 21P/2 min
r=r;+1

< 5 LPUH/0)(s=1/p+1)/(1-1/q) 9 —jp(s+1/2-1/p)
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When ¢ = 0o, we rather have

Z Z 18i.xP < c6 Z or(1=ps)9ip/2 1hin {2*7707 Lp(1+1/q)2*jp(1*1/q)}
r=r;+1 ke[l_fj,ml_fj,r+1] r=r;+1
or kelk; .\ 1:k; ]
(30) < ¢ [PH1/0)(s=1/p+1)/(1-1/q) 9 —jp(s+1/2-1/p)

Observe now that the number of k& € Z in the interval [k; . ., kjr;+1] can be bounded from above
by a term only depending on the wavelets and ¢, s. Therefore,

Z 1BjklP < cs sup |Bj kP

ke[kj,rjq‘—lvkj,rjwq]

ke[kj,r]-+17kjﬂ“j+l]

Jip/2 P
< c92 sup. ik
ke[ﬁj,rjﬂvkjmj-&-l]

< c1p min {ij/2’ Lp(1+1/Q)2—jp(1/2—1/q)}
(31 < ¢y LPAFY/@)(s=1/p+1)/(1=1/9) 9—jp(s+1/2-1/p)

Inequalities (29), (30) and (31) ensure that f belongs to the Besov class. O

5.4. Proof of Proposition 4. For all t > 0,

{heZ B 2t <t S FL(f) + Ik € Zy(a.b), Fya(f) > 1}
ke(2ia—1/2,20b+1/2)

Now,
0
; 1-0
> Fl(f) < > Fie(f) ]| ((b—a)2’ +2)
ke(29a—1/2,29b+1/2) ke(29a—1/2,20b+1/2)
< (b—a+2)t0270-0),
This ends the proof. O

5.5. Sketch of the proof of Proposition 5. For all k > 1/2 + 27b,

A 176 2779 (k+1/2) 1/
Fin(f) <M (x —b) dz
2-3(k—1/2)

< MY9273 (279 (k — 1/2) - b)

As F;(f) <1, we only need to control the number of & such that F};(f) >t where t € (0,1].
Besides, the number of k > 1/2 + 2/b such that Fjz(f) > t is bounded by M2/0-9¢=0 1 1 <
(1+ M)270=0¢=9 We do the same reasoning when k < —1/2+ 27a to get f € WTg(a,b,2M + 2).
As to (19), we do as in the proof of Proposition 3.1 of [Sar24a]. Consider ¢t > 0 and = > b such

that f(x) > t. The proof of [Sar24a] ensures that = must satisfy x < b+ 2Mt~%. In particular,
f(b+2Mt=%) <t for all t > 0. This gives (19) when z > b. The proof when z < a is similar. [

~1/0
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5.6. Proof of the counter-example in Section 3.4. We show here the assertion below Propo-
sition 5.

We have for all j, k € Z,

F]’k‘ (1[2ad’2ad+2—5d]) S mln {27’8d’ 27]} .

The left-hand side is even zero when 294 > 277 (k + 1/2) or 204 4+ 2784 < 2=9(k — 1/2). We now
define

A= Fi(f)
k#0
where f is given by (20). As f is a density,
S FL(f) <1+ A
keZ
Moreover,

A<q? Z Z Fﬁk (1[2ad72ad+275d])

k£0 d>1

0 : —Bdl o—350
< Z Z min {2 B s 277 } 12ad+j,1/2§k§2ad+j+2—/3d+j+1/2
k#0 d>1

<73 min {2—5‘19, 2—j9} (2—5d+j n 2)
d>1
< 2i(1=0)

6. PROOFS OF THEOREMS 6 AND &

We suppose throughout this section that f lies in the set 9 o (a,b, R, My, My). The proof of
Theorem 6 corresponds to the case s < a. The proof of Theorem 8 corresponds to the case s > «a,
My =My, =M.

6.1. Preliminary results. We gather here preliminary results that are needed to show the the-
orems. Their proofs are deferred to Section 6.3. The first lemma can be deduced from Lemma 12
of [Sar24b] plus a union bound.

Lemma 5. For all ¢ > 0 and probability 1 — e~¢: for all j € Z,

~

(32) Z;(@)] < ¢ [ENZ;(@)]] +log(1 + |j) +¢|
where c is universal and where we recall that Zj () is defined by (10).

We now need:
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Lemma 6. Forallj€Z,t >0

(33) {FeZoasi= 2} <o |14 0 a2 + 220707
Likewise,

(34) {k €Z, fir >t} <eco {1 +(b—a)2 + M22j(170)t—9} 7
where

(35) fik = / F(@) Lgupp v, (2) da.

Moreover, for all ¢ > 1,

(36) {k €Z, fin >t} <eflge279D,

Above, c1,co only depend on 0 and the wavelet basis, and c3 only depends on q and the wavelet
basis. Moreover, c3 increases when q grows up.

The lemma below follows from the arguments developed in the proofs of Lemmas 22 and 23
of [Sar24b].

Lemma 7. For all j € Z,
(37) E[1Zj(e)l] < e[1+ (- )2 + Mpn20-0)]

where ¢ only depends on 6.

We now carry out a more involved result that gives the values of ¢y and kg that appear in the
theorems. In this lemma,

7= [ @ - b
for all j, k € Z.

Lemma 8. There exists o > 0 only depending on the wavelets such that: for all ¢ > ¢g there exists
an event A of probability 1 — n~* on which the following holds true: for all j € Z, r < Tn,j, and

k S Zj,’l’,—;

(38) 32’ < ajz,k < 2032,k

Besides, for all K; C Z,
K 1 1

(39) (o) < c |/l flo +|g|>n>]7
n n

where

(40) &l K3) = 2792 3 [a50 — ajul,

kEKj

and where ¢ only depends on the wavelet basis. Moreover, for all K; C Zj,

(41) () < (ro/2)E(K;),
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where

Ei(Ky) =272 3" 1B — Bial,

kEK]‘

and where kg only depends on the wavelet basis.

We are now interested in the thinnest and coarsest resolutions jl and j@. Lemmas 9 and 10
below roughly say that J; and |Jy| are of the order of logn. Lemma 10 also provides the value of g

that appears in Theorems 6 and 8. The proof of Lemma 9 is omitted as it follows from Lemmas 17
and 25 of [Sar24b].

Lemma 9. We have E[ﬁ] < clog?n where ¢ only depends on «,p, R and the wavelets.
Lemma 10. There exists oy such that if o > g,
(42) 1Jo| < 1 [log+(b —a) +log, (MQ')”LO)}

with probability 1 —n=*.

We also have
(43) E[jg] <c [logi (b—a) + log% (Mgng)}
Above, c1,co only depend on 0, 0 and the wavelets.

The lemma below deals with the estimation errors associated with the father wavelet.

Lemma 11. We have,

E [gA (o, Z)] <. \/log [n (log. (b— aT)L +log, (Man?))]

+log2 [n (log, (b—a) +log, (Man?))]

44
(44) " ,
where ¢ only depends on o.
The quantities
A ‘ 0o ‘
(45) =) 2 0 Gl D0 27 (B
3=0 KEZ\Zj 7, ;- j=J1+1 keZ

-1
(46) T=> 27972 3" |3
j=Jo k€Z\Zj 7,

i

are involved in our analysis. We present below a lemma to bound them.
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Lemma 12. On the event A on which the results of Lemmas 8 and 10 hold true,
(47) T<c [Rl/(l'm)(b — a+1)0+am1/p)/(atl) (logn + log, log, R)a/(Ha) p~o/(+a)
+(b—a+1)(logn +log, log, R)n"" + (log”n + logi R)n""]

(b—a+log, (Man?)) log [n(log, (b — a) + log, (Man?))]

48) T<e

where ¢ only depends on a,p,0,<, 0 and the wavelets.

We define for j € Z, and K; C 2]-,
Uj(K;) = B;(Kj) + k&;(K;)
Bj(K;) =277 > B,

keij,;n’j,,\l{j

We then put

(49) Up= inf  Uj(Kjy).
KjCZj

RN

The last proposition of this section is designed to provide a bound on U; when f is in ﬁpa és (a,b, R, My, M>).
It is lengthy because many cases have to be considered.

Proposition 9. The following points hold true on the event A on which the results of Lemmas 8
and 10 are valid. In these inequalities,

uy = (ogm) WL E L),

and vj,w; are non-negative numbers satisfying

[e.e]

Zvj < Rl/(2a+1)M1(1+01*1/P)/((204+1)(1*9))n—a/(2a+1)
§=0

ij < Rl/(2a+1)(b B a)(1+a71/p)/(2a+1))nfa/(2a+1)'
j=0
Besides, ¢ only depends on a,p,0,s,0,<,k and the wavelets.
1. If 0 <1/2 and j < —1,
(50) U <c [{1 +(b—a)2 + M2 (1 4 (log n)1p_y 2) } n12 4 u]} .
2. If 0 > 1/2 and j < —1 such that 2%°0-9) < nM{zS,

(51) Uj<c |:M2(5+1)/(256+1)n(075971)/(250+1)2j(170)(3+1)/(239+1)
+(1+(b— a)2j) n1? 4 u]} .

3. If0<1/2, and j > 0,

(52) Uj<c [Mj/ GO0 (1 4 (log ) 1oy j2) 27202 4wy .
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4. If0=1/2, p=1, and j > 0,
(53) Uj < c[R279% +uy] .
b5a. If 0 >1/2, p< 1, and j > 0 such that
Ml(l_Q/P)/(l_g)R2n > 2j(2a+1)’
then
U; < C{R7(2971)/(1729/p)Ml(lfl/p)/(1729/p)n*@(l/pfl)/(QG/pfl)2fj(97a79/p+2a0)/(29/p71)
(54) x (1+1og, (M{ P RAVZ2TICHD) 1) g 4oy}
The same inequality is true when 6 < 1/2, p > 1 and j > 0 such that
9i(20+1) > R2M1(1—2/p)/(1—9)n'
5b. If 0 > 1/2, p < 1, and j > 0 such that
M1(1—29/p)/(1—9)M2—2/PR2n > 2i(20+1)
then
U; < C{R7(2971)/(1729/p)Mél—l/p)/(l—Qe/p)n*@(l/pfl)/(QG/pfl)27j(97a79/p+2a0)/(29/p71)
« lOng ((b _ a)(Q@—p)/(p@)R—2M21/9n—12j(2a+1))
(55) +mq”@“*”@—aﬂﬂ%fV2+uj+%}.
Se. If0 < 1/2, p> 1, and j > 0 such that
i(2a 1-26 1—-6) 5 ;—2
2i(2at1) > R2M1( /p)/( )]\42 /P,

)

then
(56) Uj<c R—(?@—l)/(l—Q@/p)Mélfl/p)/(1729/p)n—@(l/p—l)/(Q@/p—l)2—j(9—a—9/p+2a0)/(26/p—1)

+R(b— a)"V/P2io 4 (p — Q)M;/(P*%’)Rp/(p—29)n9/(p—29)2—j(9+ap)/(p—29)
+uj +vj].
6. If p<1landj >0,
(57) Uj <ec [RPMI_(I—I’)/(2(1_9))n—(l—p)/22—jp(a+1/2—1/(2p))
X 10g+ (Ml_(p—Q)/(Q(l_e))prnfp/22jp(a+1/2)) + u; + Uj] )
Ta. If > 1/2 and j > 0 such that 2270-9)s < nM;Qs,

(58) Uj<c [M2(8+1)/(2se+1)n(e—se_1)/(239+1)2j(1_9)(s+1)/(2so+1)

: . ML/ (1=0)93 :
—j —1/(2(1-9)) 1/(1-0) 5 3/2, —1/2
+ (2 + (b a)) M, log (M1 2 ) log, (1 (® a)2j> 2/7%n

+u; + v +wj].
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7b. If 0 > 1/2 and j > 0 such that 22/(1=0)s < anQs,

(59) U <c [M1(5+1)/(259+1)n(G—sO—l)/(289+1)2j(1—9)(s+l)/(2s€+1) +ou; + wj}

7e. If j > 0 is such that 2721018 < n A7 where ¢ > 1 and A, are such that Ay > || fllq, then

(60) U; < ¢ [Ag(8+1)/(28q+1)2—j(5+1)(q—l)/(2qs+1)n—(1+sq—Q)/(2sq+1) +uj+ w]}

Here, ¢q only depends on a,p,q, s, 0,< and the wavelets. It does not depend on q if ¢ € [1,2].
7d. If 0 = 1/2, p > 1, and j > 0 such that 27° < nMy>* and
22j(0¢*1/(2p)+1) > R2M2*2/Pn7

then
(61) Uj<c [M22j/2n—1/2 log., (RQ(s—i—l)M;2(8+1/p)n2+s—1/p2—j(2—28/p+2a+3s+2as—1/p))
+ Rlog, (R—2M22/Pn—122j(a—1/(2p)+1)) (2—j(a+1—1/p) +(b— a)l—l/p2—ja>
+ (277 + (b—a)) 2—j(2ap+l)/(2(p—l))Rp/(p—l)Mg—l/(p—l)nl/(2(p—1))

» R20/(=1) )2/ (P~ 92jp(a=1/(2p)+1)/ (1) =2/ (P=1)
&+ 1+ (b—a)2i

+u; +v; + wj] .
8 Ifp>1 and j >0 such that 29(1—0/pta—s+s0) > RM;fl/p,

(62) Uj <ec |:R(s¢9—9+1)/(1—9/p+59)M2(1—1/P)/(1—9/P+36')2—j(o¢—89/p—a0+59+a89)/(1—0/p+59)

R ((b _ q)l-Ypgie 2fj(a+1fl/p)> log., (2j(179/p+ocfs+89)R71M21/P—5)
+u; 4+ vj + wj] .

6.2. Proofs of Theorems 6 and 8. The proposition below establishes a general risk bound for
our estimator. It involves the notations introduced in Section 6.1. It is proved at the end of the
section.

Proposition 10. Suppose that [ € f:@s(a,b, R, My, M) for some p € (0,+], s € [1,7), a €

(1/p—1)4,7), 6 € (0,1), R>0, My,My > 1, b > a. Let f be the estimator defined by (8) for
some s > <y, Kk > Ko, where gy, kg are given by Lemma 8 and where og is given by Lemma 10. Then,

(63) E[dl(f,f)}gc E inlA +E[(f+%)1A]+E[5j)(a,2)14+0(1ogn)/n2 :
i=Jo

where A is an event on which the results of Lemmas 8 and 10 are true, where T and T are given
by (45) and (46), where U; is defined by (49), and where the error term £, (o, Z2) is defined by (40).
Moreover, ¢ only depends on the wavelets. As to C, it only depends on o, p, 0, p, R, My, Ma,b — a
and the wavelets.
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Thereby, we only need to control the right-hand side of (63) to show the theorem. We apply
Lemmas 11 and 12 to get a suitable bound on

E [(fJﬁ) 1A] +E {5%(%2)14 .
We now use Proposition 9 to deal with
7
E | Ujly
=Jo

Observe that the sum Z;'io v; that appears in this proposition is not larger than the right-hand
side of (21). We also have the rough upper-bound,

log((|Jo| + J1 + 1)n)
nl/2 )

T
E Zule <E (:]\1+!j;)|+1)(logn)

i—7

which, combined with Lemmas 9 and 10, ensures that the expectation tends to 0 faster than the
right-hand sides of (21) and (24).

In the following, we will always suppose that n is large enough in the sense that n > ng for some ng
depending only on p, o, 0, s, k, 0,¢, R, M1, M2,b — a, the wavelet basis, and possibly varying line by
line. When 6 < 6y, jo > 0 denotes the smallest integer satisfying
(64) 9jo(20+1) > R2M1(1_2/p)/(1_9)n.

When 6 > 6, jo > 0 is rather the smallest integer satisfying

(65) 9jo(2a+1) > R2M1(1—26’/p)/(1—6‘)M2—2/pn.

When, moreover, 1 —60/p+ s > 0 (and « > s), we define the smallest integer j; > 0 such that
(66) 2j1(179/p+a+57259/p+59+2a59) > Mgs—l/pR239+ln179/p+39.

This number is also defined if 1 —0/p + s =0, a > s and ]\42_8_UpRQS("H'1 > 1. We have jg = j;
when p = 26. We have jy < j; when p > 20 and « > s, and jp > j; when p < 26 and o > s. Note
also that 6y < 1/2 when p > 1, 6y > 1/2 when p < 1 and 6y = 1/2 when p = 1.

Below, we explain which formulas we choose in Proposition 9 to bound the terms Uj, j €
{Jo,...,J1}. By summing up all these terms, and possibly applying Lemma 30 in [Sar24b], or the
bounds on |Jy|, J1, we get the theorems.

Case 1: @« > s, p>1and 6 < 6y, 0 # 1/2. We use (50) when j < —1, (52) when j € [0, jo] and
(54) when j > jo.

Case 2: > s, p=1and 0 = 0y = 1/2. We define jo as the smallest integer such that

of2(2a+1) > R2M12(1—2/p)(n/ 10g2 n).

We use (50) when j < —1, (52) when j € [0, j2] and (53) when j > jo.

Case 3: > s,p>1and 0 € (0p,1/2). We use (50) when j < —1, (52) when j € [0, jo], (56) when
J € (Jo,Jj1), and (62) when j > j;

Case4: a > s, p>1,0>1/2. We use (51) when j < —1, (58) when j € [0, 1), and (62) when
J =7



Case 5:
Case 6:
Case T7:

Case 8:

Case 9:

Case 10:

Case 11:

Case 12:

(67)
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a>s,p>1and @ =1/2. We use (50) when j < —1, (52) when j € [0, jo], (61) when
J € (Jo,Jj1), and (62) when j > j;

a>s,p<landf <1/2. We use (50) when j < —1, (52) when j € [0, jo] and (57) when
J > Jo-

a>s,p<landfd=1/2. We use (50) when j < —1, (54) when j € [0, jo) and (57) when
J = Jo-

a>s,p<landfe(1/26). We use (51) when j < —1, (54) when j € [0, jo) and (57)
when j > jo.

a>s,p<1,0>0and either 1—60/p+s0 > 0or 1—0/p+sf = 0 with MQ_S_]L/]D]%QS‘”1 > 1.
Note that p < 26 here and hence j; < jp. We then use (51) when j < —1, (58) when j < j;
and (55) when j € (j1, jo) and (57) if j > jo.

a>s,p<1l,0>0and1—0/p+s0 <0. Weuse (51) when j < —1, (55) when j € [0, jo)
and (57) if j > jo. Note that the sum of (55) leads to the rate n~¢(1/P=1/(20/p=1) that is
faster than n—(s0+1-0)/(2s0+1)

a>s, p<1l, 60 >0and 1 —0/p+ s0 = 0 with MQ_S_I/IJRQSH+1 < 1. We use (51)
when j < —1, (55) when j € [0, 7o) and (57) if j > jo. The sum of (55) leads to the rate
n~0A/p=1)/20/p=1) — =7 = p~(s0+1=0)/(2s0+1) " The factor in front of n is not larger than
M2(S+1)/(289+1).

a < s. We consider an arbitrary number 6’ € (6,1) and observe that f € WT g (M') with
M’ = Ml(l_el)/(l_e). We may therefore pretend from now on that 6 > 1/2. The proof of
Lemma 25 of [Sar24b] ensures the existence of ¢ > 1 and g2 > 0 such that || f||& < ¢y R'®
where R’ = 1+ R. Besides, c1, q1, g2 only depend on a, p and the wavelets. An interpolation
inequality using that f is a density gives: for all ¢ € (1, ¢1],

171 < R D),
where co only depends on «, p, ¢ and the wavelets, and where c3 only depends on «, p and
the wavelets. We define j3 > 0 as the largest integer such that
9J3 <M1_1/(1_9)n1/(28+1).
We use (51) when j7 < —1, (59) when j € [0,j3) and (60) when j > j3 with ¢ suitably

chosen.
To understand why this yields the result, let us denote by

i = CqR/C:s(qfl)fJ(S+1)/(2qur1)2*3’(5+1)(qfl)/(2q5+1)n*(1+sqfq)/(2sq+1)

the leading term in the right-hand side of (60). If we take ¢ € (1, min{qi, 2}], the factor ¢,
may be chosen independently of g. We have,

i < ¢ i R'e3(a—Da(s+1)/(2sq+1) 9 —ii(s+1)(¢—1)/(2a5+1) ) —(1+59—q)/ (2s9+1)
J=J3 J=J3
< (q— 1)71RIC3(qfl)q(s+1)/(2sq+1)Ml(SJrl)(Q*l)/((l*a)(2q3+1))n78/(23+1)
<" (q— 1)71R/C4(q71)M104(q_1)n78/(28+1)’

/11

where ¢, ¢” do not depend on ¢, and where

ca =max{2c3(s+1)/(4s+1),(s+1)/((1—0)(2s+1))}.
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‘We then choose
1

+ cqlog(R'My)’
when R'M; is large enough and ¢ = min{q;, 2} otherwise.

q:

Proof of Proposition 10. The triangle inequality leads to

dl(f? f) <c |:A+gjo(avz)i| + Z 2—j/22 ‘Bj,k‘

E=J14+1 keZ

where

Ji
A="0273B —272 S 1Bkl + €5(K))
j:j\O kez ke[?j
and where c¢; only depends on the wavelet basis.

The reverse triangle inequality gives

Ji
A<D Q27N = 27923 B | + 265 (K;)
j::]\o keZ kEI?j
We deduce from (41) and from the condition xk > ko,
—27 N Bkl + 265(Ky) < =279 3 " 1Bl + wE(K))
kEI?j kel?j
S Cl‘itj(f?j).
By using (7): for all K; C 2]-,
critj(f/(\'j) § critj(Kj)
< =272 3 7 1Bkl + wE5(K;).
k’EKj

We put everything together and take the expectation of the result to get

E[dl(f,f)m}g@ E[Sjo(a,Z)lA}+E inlA +E[(f+%)1A]
i=Jo

Now,

n _ 7 |
171 < 237 D2 o X = k)| + 30 D [ X - k)|

i=1 |kez j=Jo kEL

< eq(J1+ | o] + 1).
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We deduce from Cauchy-Schwarz inequality,
. 1/2

Edi(f.)1ac] < o5 (B +EIR)+1)  [P(A)2

We conclude using (43), Lemma 9, and P (A°) < cgn™*.

6.3. Proofs of Section 6.1

6.3.1. Proof of Lemma 6. The proof of (33) and (34) is similar and we may therefore only focus
n (34). We put B | |
Zjrot =ZN [~Lyav + 27, Lyay + 2] .
We have,
{k €Z, fix >t} <|{k € ZLjer, [k > t}\ + |k & Zjet, i > t}| .

The cardinal of the first set can be bounded from above by 2/(b — a) + 2Lyay + 1. By using the
monotonic properties of f, we deduce for all k > Lyay + 275,

fj,k < Lwav21_jf(2_j(k - Lwav))-
We now use (19) to get
Fik < Duan2" 79 (2M2) % (279 (k — Lyay) — ) 7.
The number of k > Lyayv+27b such that fjk > tishence upper-bounded by 29Lfvav(2M2)2j(l_9)t_0+
1. We do a similar reasoning when k& < —Lyay + 27a hence the result.

We now turn to the proof of (36). We have,
{k €Z, fix =t} <t fi,

keZ
and we apply Holder’s inequality:

279 (k+Lwav) . B
IINTEDD ( / <f<x>>qu> (27 L) "™

keZ kez (k= Lwav)
< e flg27Iteh.
O

6.3.2. Sketch of the proof of Lemma 8. The lemma mainly follows from Proposition 6, Lem-
mas 1 and 14 of [Sar24b]. We have,

n

R 1 . .
7ot = LY e b - B - )]
i=1
The set F; = {w2(2j -—k), k€ Z} is composed of piecewise constants functions on at most one

interval. It is therefore VC subgraph. As 1 is bounded, we may apply Proposition 6 of [Sar24b]
with some & > logn. We deduce an event of probability 1 — e~¢ on which: for all k € Z,

52— o3| < e [\f(02/m)log, (1/02,) + \[o2,(6/m) + ¢/n]
< (1/3)07), + e&/n.
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If now ¢ and ¢ are suitably chosen, we deduce from a union bound that with probability 1 — n~*

}ajz,k - ng‘ < (1/3)0]2‘,k + (1/3)332',k

holds true for all j € Z and k € 2]-’;,“7,. This leads to (38).

The reasoning behind (39) is the same than that the one used to prove Lemma 2 of [Sar24b].
Only the end changes (just adapt the union bound argument and note that 0]2 (K;) can be bounded
independently of Kj).

We can mimic the reasoning used to prove Lemma 14 of [Sar24b] to show (41). We do not rewrite
it here because it is very long and that there are only minor differences. For example, we deal here
with possibly negative values of j whereas he only controls £;(K;) for non-negative j. We therefore
need to change the union bounds slightly, which explains why the absolute value of j appears in
the definition of EA‘](K ;). The sets Z-,r do not have exactly the same definition than in [Sar24b]
(the supremum norm of v is involved in our definition). The reason is that we are relying here on
the partition

o0
ij = zjﬂ"jv* U U zjﬂ‘
r=r;j+1

to define gJ(KJ) by (9). O
6.3.3. Proof of Lemma 10. We consider £ > 4 and deduce from (32) and (37) that on an event
of probability 1 — e~¢: for all j < —1,

Zi(@)] < 1 [L+ (b= )2 + Man"2 0" + log(1 + |j]) +¢]
For all £ > 0 and j < 0 such that log((1 + |j])n) > £/4,

Zs(0)] < 2 [1+ (b= )27 + Myn2100) L log((1 + ) |
In particular, when

lj| > max {(1 — 6) "' logy(Mayn?),logy (b — a), e/*n~! — 1} ,

we have
1Z;(a)| < olog ((1+ |j])n)

for any ¢ > 4c¢y. Therefore,
|jb| < c3max {10g+(M2TL0), log, (b—a), /A1 1} ,

with probability 1 — e~¢. We use this result with ¢ = 4logn to get (42). Besides, (43) follows by
integration. O
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6.3.4. Proof of Lemma 11. We have,
(63) Z5,(e)| < olog [ (1+ 1ol ) ]

We deduce from (39) and (42) that with probability 1 — 2n~%,

7. )Scl\/log(nmax{log+(M2n9)7log+(b_a)}).

n
Note that
€5 (a,Z5 (a)) <sup  sup {Z X —k)+E | p(2X; - k)] }
JEZ ie{l,..n} ez LeZ
<2.
Therefore,
~ log (n max {log , (Man?),log (b — a)})
(69) E|€; (0,25, (oz))} < ¢ = .

We now focus on &5 (o, Z \ ZTU(O‘)) We sort the set 270(04): we write Z () = {k1,... kr},
where k1 < ko < --+ < k.. We have,

—Jo (k+1

& (@Z\2p (@)= 3 /2 N 7)o
kEZ\ZJ (o)
2~ J()kl 2= ‘]Ongrl 00
:/ dx+2/ dx—i—/A f(z)dz.

—00 0 (ke+1) 270 (ky+1)

We introduce the intervals K, = [ky, kg + 1] and note
T
{27x1,...20x, ) c | K

Moreover, each interval K, contains at least one element of {Qj()Xl, .. .,QjOXn}. We may hence
define the smallest integer ny € {1,...,n} satisfying 2J0X(W) € Ky. We recall that X, is the n@h
smallest value of X71,..., X,. The numbers n, are increasing when ¢ grows up. Besides n; = 1 and

we set n,+1 = 1 4+ n so that

{2JOX(W), ce ,2JOX(W+1,1)} C Ky

holds true for all £ € {1,...,r}. In particular, k, < Q%X(W) and 2‘70X(
deduce,

—1) < k‘g—F 1. We

To4+1

Xy =l X))

5%(a,Z\Z%(a))g/ f(x)daH—Z/ f@de+ [ fa)da

- =17 X1 X(n)
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Let F be the cumulative distribution function of X and U; = F(X;). The above ensures,
r—1

gj;) (Oé, Z \ Z:fO (Oé)) < U(l) + Z (U(nu-l) - U(n£+1—1)) +1- U(”)
=1

We set Ugy = 0 and Ugy,4.1) = 1 to get
£5.(a,Z\ L3 (@) < (r +1) max {11 — Upy } -

0<i<n

We deduce from (68) and (42) that on an event A of probability 1 —n=%,

E Ejo(a,Z \ Zfom))lf‘} < c3log (nmax {log+(M2n9),log+(b - a)})

x E [ma:i {U(erl) - U(z)}] .

0<i<

We apply Lemma 13 below with the inequality Sjo (o, Z\ Zfo(oz)) < 2 to get

~ logn

E [5%(% Z\ Zjo(a))} < c4log (n max {log+(M2n0),log+(b - a)}) -
We put this result with (69) to conclude. O
Lemma 13. Let n > 2 and Uy,...,U, be n independent random variables that are uniformly

distributed on [0,1]. Set Ugy = 0 and Ug,41) = 1. Then,

< log(n(n+1))

E [max {Utisy _U(i)}} n—1

0<i<n
Proof of Lemma 13. The density ¢ of U 1) — Uy, is given for z € [0,1] by

n—1

¢(z) =n(l — =)
We then have,

1 o e 1)U U
E |:0I2?<}%{U(i+1) _U(i)}} < —log (2?&3 [e( D) Um)D

1
< 1 log <n(n + 1)/ e(n—l)t(l . t)n_l dt)
0

n—1

< log(n(n + 1))
- n—1

g

6.3.5. Proof of Lemma 12. Lemma 8 implies f; < ¢ log((1+4|j|)n)/n on A for all k ¢ %mﬁ_

and even for all k € Z if j > jl + 1 (as % is bounded from below by a positive constant on its
support). We define r;w- > 1 as the largest integer such that

27"t > min {1, ¢1log((1 + |j|)n)/n} .

We set for j € Z, r > 0,
Zjy ={k€ZL, 27" < fp <27},
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and
1—}7r = Z 27J/2 ‘BJ7k|‘
]CEZ]"T-

We deduce from the above,

J,T

0o
r:r’
00

> T

’
0 rn]

)
IN
10

1

J

N
IN
1

<

Consider now the smallest integer E’jm > Luyay +27b such that fj’,;j < 2771 and the largest integer
Ejﬂ, < —Lyav + 27a such that fj,Ej,r < 271 We have,

E‘j,r“!‘szav_l Ej,r

—i/2
Ty <279/ S 1Bkl + > 1Bjkl + > |8kl
k}:];‘jy’,- k:Ej7,,«*2Lwav+1 kgﬁj’T*ZLwav
or kz’;j,r'i‘ZLwav

+ Z |8j,k]

k€[~ Lwav+27 a,Lywayv+27b]
k€Z; ,

We deduce from Lemma 2 with s = 1, and from the inequality Q_j/2|ﬁj7k| < cafjk,

(70) Tjr <cg |27 42777 > 18]
k€[ Lwav+27 a,Lyav+27b]
]CEZ]‘,T

We always have

9-3/2 > Bixl < a2 [L+20(b—a)].
k€[~ Lwav+27 a, Lwav+27b]
k‘Eij

Therefore,

. -1 00
T<ey S 277[1+2(b-a)]

. T p—n!
J=Jo"="n;

< ¢ 2B LoD

\j\o|+1+b—a}.

Using (42) then leads to (48).
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We now turn to the proof of (47). We derive from Lemma 25 of [Sar24b] that f;; < c;R11277(1=1/a2)

=/

for some ¢1, g2 > 0. Therefore, when k € Zjﬂ, with r > 7

n,j?
I 149 )
(71) [ik < csmin {Og((w, RT: Q—J(l—l/q2)} ,
n
and hence
logn +log, log, R

fik <co .
n

We define r;; j=1las the largest integer such that
9"t > min {1 CSM CSqugj(ll/th)}
- ) n 9 Y

and /! > 1 as the largest integer such that

9=+ > min {1, co 287 108 108, R} .
n

We deduce,

N oo oo
Pey Y
J=0 r=max{ry ;,ri/}
When p > 1, the smoothness of f and a suitable version of Holder’s inequality lead to
9—i/2 Z 18| < 010R2—j(o¢+1—1/p) (1 n Zj(b B a))l—l/p.

ke [—Lwav+2i'a,Lan+2f b]
keZj,;

Without loss of generality, we may assume that b —a > 1. We then have,

9=i/2 3 85| < c11 min {z—TH (b—a),R(b— a)l—l/Pz—ja} .

k€[~ Lwav+27 a, Lyay+27b]
k€Zj,r

When p < 1, we use (38) in [Sar24b] to get

9—i/2 Z 1.k < 19 RP2—IP(a+1=1/p)o—r(1-p)

ke [—Lwav+2ia,Lwav+2J’ b]
kEZJy’r

Therefore,

9=3/2 Z Bj.x| < c13 min {2—T+j(b —a), Rp2—jp(a+1—1/p)2—r(1—p)} )

k€[~ Lwav+27 a, Lyay+27b]
k‘EZj,T

In both cases,

o)

> oI > 185kl

Jj=0 k€[~ Lwav+27 a,Lwayv+27b]
k‘ezj',r

< 14 {Rl/(l-‘roc) (b _ a)(1+a—1/p)/(a+1)2—ra/(a+1) + (b _ G)Q_T} ‘
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We deduce from (70) and (71),

. Y Tir<es {Rl/(1+a> (b — a)(+e1/p)/(a+1) <1°g” +log, log, It

n

) a/(a+1)
J=0 r=max{r; .,r//}

+(b—a)

logn+log+log+R}
n

7=0

It then remains to compute the last sum to end the proof. O

6.3.6. Proof of Proposition 9. On the event A, we deduce from (38) that fj, > co27" for all

ke ijm_, j€Z,reA0,...,7;} and some ¢y > 0. All the results stated in this section are valid
on this event A. We define
ijf = {k € 7, fj,k: > 602_r} .

The condition on the tails of f entails when j > 0,
Zjr—| < e M;270-0)9m0,

This inequality may be improved in some cases as shown by Lemma 6. We actually have for all
J=20,

\Zj - | + |Z} | + |Zy,—| < ¢y min {M12j(1’9)2”9, (b — a)2’ + Mp2?(1=92m0
—i(g—1
(72) 2, | fllgzerenL.
When j < —1, the inequality
(73) Zj | + 125 | + |Zjy—| < Cu [1 +(b—a)2 + M22f<1—9>2”]

is also true. We increase c¢,, if necessary so that c¢,, > s 4+ 2Lyay. Note that ¢, may be chosen
independently of ¢ when ¢ > 1 is small enough, say ¢ < 2.

We define l?:jp € Z as the smallest integer satisfying lzrjyo > Lyav + 279b and Em € Z is the largest
integer such that Ej,o < —Lyay + 27a. We then set
(74) Zj,ref =7ZnN [Ejpy ]_Cj,O] .
We consider r; > 0 to be specified later on. We then set for z > 0 and » > 0,
g]r(az) = 227"/? log , (min {27", ligr\} /x) n~1/2,

Eir () = 2?n71/2,

Above, the convention 0 x log, (-/0) = 0 is used when necessary. We recall that 2" < c3n/logn <
csn when r < 7,5, and |Zj,| < |Zj,—| < c42". Elementary maths therefore lead to: for all
Kj C L, ;-

(75) Uj(Kj) < ¢s5 | Bj(Kj) + Ei(K;) + uy
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where c5 only depends on x,s and the wavelets, where u; = (logn)(log((|j| +1)n))n~'/? and where

Tn,j

E(K)) = Ejay~(K; N Ljay )+ Y & <\Kj n ZM) :
r=r;+1
We decompose the bias and variance as
1 2 3
Bj(Kj) < B]( (k) +B§ J(K;) + B](- (5).
where
1 iy
BV (Kj) =270 > B4
K€L,y ;Lo ret)\(K3UZj ;)
9 iy
BP (K =277 3 |8l
kEZj,Tj’,\Kj

3 o
B) =27 > 53]
kezj,’?n’j,—\(Zj,rerZj7,,.j77UKj)

Likewise, we have,

where
EM(K;) = Ej((K; N T pet) \ Zjiry )
EP(K)) = E(K; N Ly, )
ED(K;) = E;(K; \ Tjpot U Zi, ).

The lemmas below show how the first two bias and error terms can be controlled when j > 0. They
are proved in Sections 6.3.19 and 6.3.20.

Lemma 14. There exist ng > 1 and for each j > 0, a subset K;lr)ef of Zj,mf such that: for all
n > no,

= 1 1 o1 1 « a— Jo% —a/(2a
1) S (B + NN} < RO ()t et/ en),
=0
Above, ¢ only depends on o, p,0 and the wavelets. Moreover, ny only depends on o, p,b — a, R.

Lemma 15. Suppose that r; > 0 is defined for all j > 0 as the smallest integer such that
2Tj > Mll/(l_e)QJ

Then, there exist ng > 1 and for each j > 0, a subset K@ of ZN].,_ such that

Jsref
Z {352)(K](?26f) + 5-3(2) (K](Q'r)ef)} < ClRl/(2a+l)M1(1+a—1/p)/((204+1)(1—9))nfoz/(2a+1).
§=0

Above, ¢ only depends on o, p,0 and the wavelets. Moreover, ng only depends on o, p,b — a, M.
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The two following lemmas are designed to deal with the first and third bias and variance terms.
They are proved in Section 6.3.21.

Lemma 16. Consider j >0, r >r; +1, and

»J
(1,3) >
K =z,

r=r

We have B](-g) (Kj(.m)) =0 ifr = r; +1. Moreover, the two following inequalities hold true when
p=>1:

(1) BO(KSY) + B (KM < e R Por-1/nog-i(e=0/pto)

(78)  BY(EMY) + BY(K!"Y) <R {M21‘1/P2£<1—1/p>62—j(a—9/p+6) . a)l—l/pg—ja} '

We also have when § < 1/2,

(79)  EM(KMY) 4 EPN (KM < 3y 270-09n(0-1/2) 712
(80)  EM (M) + €PN (KM < ¢y [M22j<1*9>2ﬂ<9*1/2>n*1/2 + 14 (b—a)2] n*1/22*f/2] .

Lemma 17. Consider j >0, p <1, 7 >r; and

T

Tn,j
KW= | 2, U( U KJ>

r=r;+1 r=i+1
where
Kjr = {k € Ly, Bkl > 2_(’"‘1)/2”—1/2} _
Then,
(1) (g 13) () (1:3) —ip(at1—1/p)o—F(1—p) /2. —(1—p) /2
B; (Kj )+Bj (Kj ) < RP2 ip(at1-1/p)g—7(1-p)/2,,~(1-p) /2
Ifr=rj,

57](,1>(Kj(173>) + g](3> (K;l’g)) < ¢y RP2IP(a+1=1/p)9=7(1=p)/2 ), ~(1-p)/2

x log ( M, R_pn_p/Qij(OH-l—G/p)2’?(0—p/2)) '
Iff>rj+1and 0 >1/2,

(81) gj(l) (K](.l’?’)) +gj(3) (KJ(-I’?’)) < cqM;200-) <2F(6—1/2) +(F— Tj)19:1/2> n—1/2

+ ¢y RPoIplat1=1/p)o=r(1-p)/2) ~(1-p)/2

x log . (MlR_pn_p/22jp(06+1—9/p)2F(Q—p/2)) .
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We also have if ¥ > r; +1 and 6 > 1/2,

(?J(l)(K](l,S)) + gj(?y) (KJ(1,3)) < C5M22j(1—9)2?(0—1/2),”—1/2 + Cﬁ(b _ a)2—rj/22jn—1/2
+ ¢y RPo—Iplat1=1/p)o—r(1=p)/2) —(1-p)/2

X [logJr (MQR—pn—p/22jp(a+1—9/p)2f(g_p/2))

(82) +log, ((b— a)RPp P29t Do) |

The shape constraint has not been used in the previous four lemmas. We present two results to
take it into account.

In the sequel, lfﬂ stands for one of these three elements:

(83) Qr:cwb+wh—@?+ﬂbﬁﬂ4hw}
(84) é]’ﬂn = CwM12j(1_9)2T9
(85) @m:%b+%wﬂWﬂ.

In these equalities, ¢ > 1 and A, > || f||; are to be specified and ¢,, > s 4+ 2Lyay appears in (72)
and (73).

Note that kj o and k; o have already been defined. We now define for r > 1 the smallest integer Ky
satisfying

I%jr > Lwav + 2jb + Z éj,'r’

K
r’'=1

and the largest integer k;, such that

r
Ej,r < —Lyay + 2/a — Z gj,r’-

r'=1

We put for all » > 0,

(86) Kir = Zjg, ;- O ([kjri1: k) U (Rjrs Kjria]) -
‘We show in Section 6.3.22:

Lemma 18. Consider j € Z, 1 >0, 7 > r, {;, given by (83) and

EY =Ky

r=r

We suppose that r =0 if j < —1 and that p > 1 if r > 1. Then:
BJ(B) (K](S)) < clM21—82—F(50—9+1)2—j(1—9)(s—1)
4 ¢y R |2 ilat1=1/p) o (b— a)l_l/p2_jo‘£ + M21_1/P2£(1—1/P)92—j(a—9/p+9) 1,57
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Moreover, if 0 > 1/2,

5](3) (K](?;))

< e [(1 +29(b — a)) min {(rj +1)27 2 log, (277 /(1 + (b— a)27)) , 272 log,, (2/(1+ (b— a)2j))}

0,29 (1=0) {21:(9—1/2) v (For+ 1)19:1/2}] n-1/2.

In these inequalities, c1,co only depend on s,0 and the wavelets. All the above remains true when
4 >0 up to mild modifications when the formulas (84) and (85) are used for £;, in place of (83).
In the first case, we need to formally replace in the inequalities My by My and b — a by 0. In the
second case, we replace My by Al and b —a by 0 (and then, c1,c2 only depend on s,q and the
wavelets. We also have the following property: ¢1 and ca2 do not depend on q if g € [1,2]).

Lemma 19. Consider j > 0 such that 2J(1=6/p+a—s+sb) > RM;fl/p and p > 1. Then,
B(S)((Z)) <e [ R(s6—6+1)/(1-6/p+s6) M2(1*1/p)/(1*9/p+89)2—j(a—SH/P—Oé'9+S9+a59)/(1—9/p+59)
j <

+R{(b B a)1_1/p2—ja X 2—j(a+1—1/p)} log, (Zj(l—e/p+oc—s+86)R—1M21/P_5)] ’

where ¢ only depends on «,p,s,0 and the wavelets. This result also holds true if we replace for-
mally My by My and b — a by 0 (in the assumption and inequality).

The following remains to be done to prove (50)—(62).

e Choose r; > 0.

e Define a set K for which the bias term B;(K;) and the variance term gj(K ;) are of the
right-order of magnitude. The preceding lemmas are particularly well suited to solving this
problem.

e Conclude by applying (75).

~

6.3.7. Proof of (50). We take K; = Zj, . — and r; = 0. Therefore,

wE
B Tn,j _ -
Bj(Kj) + &;(Kj) <Y & ('Z"””D
r=1

Tn,j

<y [1 +(b—a)? + M22j(1_9)2’"9] 9=7/2p=1/2
r=1

<ecy {1 + (b= a)2 4+ My =0 =12 4 NL2I/% (logn)n~ /2 19:1/2] .
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6.3.8. Proof of (51). We define ; = 0 so that BJ(.Q) (K(.2))+€~(2) (K(.2)) = 0 for all K](.2). Moreover,

J J J
oy (1) e s
Bj (Zj,ref) + Ej (Zj,ref) S Zgj,r <|Zj,ref N Zj,r|)
r=1
Tn,j
<ea Y [14(0—a)2] 27 Plog, (27/(1+ (b—a)2?))n '/
r=1

< e [1 +(b— a)2j] n=1/2

thanks to Lemma 30 of [Sar24b]. We now define the smallest integer 7 > 0 such that
2?(2594—1) > nM2—282—2j(1—9)5
and set
7
3
KY =K.
r=0

We use Lemma 18 to get a bound on

3 3 o3 3
BI(KP) + €P(KD).

We put everything together to conclude. 0.

6.3.9. Proof of (52). We define r; > 0 as the smallest integer such that
27‘]' 2 Mll/(l_e)z]
We take K; = 2]-’;”7%, so that

Tn,j

Bj(K;) + &(Kj) < &y~ (\Zj,r]-,—o + > & (\Zm\)
r=r;j+1
S c [1 + M12j(179)27”]‘9:| 1/2 n71/2

Tn,j
T Z [1+M12j(1—9)2r0} 9—7/2,-1/2
r=r;+1

We use the definition of 7; to conclude. O
6.3.10. Proof of (53). We choose K; = () so that
Bj(K;j) + &(K;) < 279/23 " (B4l

keZ
< R277%,
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6.3.11. Proof of (54). We define r; > 0 as the smallest integer such that
27"]' 2 Mll/(lfa)z]

When 6 > 1/2 and p < 1, we define the smallest integer 7 > r; satisfying
9(0=p/2)(F—rj=1) > ]\41(1072)/(2(1*9))R10np/22*3’1)(0%1/2)7

set
T Tn,j
K](.I’S) = U Zj, U ( U Kj,r) ’
r=r;+1 r=r+1

apply Lemma 17 (with the bound given by (81)) and conclude thanks to Lemma 15.
When 6 < 1/2 and p > 1, we define r > r; + 1 as the smallest integer such that
9(1-20/p)(x=1) > M12/pR7222j(1+a*9/p)n*1_

We then consider the set

Tn,j
13) _ | |7
K = Uz,
apply Lemma 16 (with (77) and (79)) and conclude thanks to Lemma 15. O

6.3.12. Proof of (55). We define r; > 0 as the smallest integer such that
9rj > Mll/(1_9)2j'
We define 7 > r; + 1 as the smallest integer satisfying
2(0=p/2)(F=rj=1) > Ml(p*QG)/(2(1*9))M;lanp/22—jp(a+1/2),

set
7 Tnj
1,3 =
-0 a)u( U s
r=r;+1 r=r+1
apply Lemma 17 (with the bound given by (82)) and Lemma 15. O

6.3.13. Proof of (56). We define r; > 0 as the smallest integer such that
i > Mll/(1—9)2j.
We define r > r; + 1 as the smallest integer satisfying
9(r—1)(1-20/p) > M22/pR7222j(1+a*9/p)n*1'
and set

Tn,j
13) _ |17
K = Z,.

r=r

We then consider the set and apply Lemma 16 (with (78) and (80)). O
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6.3.14. Proof of (57). We define r; > 0 as the smallest integer such that

25 > M,/ 1020,

We set
Tn,j
(13) _
K= ) Kj,
r=r;+1
and apply Lemma 17 with 7 = r;. O

6.3.15. Proof of (58). We define r; > 0 as the smallest integer such that
27”j Z Mll/(l_e)QJ

We define r = 0 and 7 > 0 as the smallest integer such that

277(280-‘(‘1) Z nM2—2S2—2j(1—0)8‘
We define /;, given by (83) and set

7
3
EY =K.
r=0
We then apply Lemmas 18, 14 and 15. O

6.3.16. Proofs of (59) and (60). The proof is the same than in the preceding section but by
defining 7; = 0, and /;, either by (84) or (85). O

6.3.17. Proof of (61). We define r; > 0 as the smallest integer such that
27 > MU0
and r,7 > 0, as the smallest integers such that
2F(s+1) > nM2—2s2—js

or(1=1/p) > R—2M22/p22j(a—1/(2p)+1)n—1.
We define /;, by (83) and set

K= U K; .

r=r

We conclude by applying Lemmas 18, 14 and 15. O

6.3.18. Proofs of (62). We apply Lemma 19. O
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6.3.19. Proof of Lemma 14. We consider the largest jo > 0 such that
(87) 210(1420) < R2n(p — ) =2/P,

We set K ot = Zjref when j € {0,...,j0}. When j > jo + 1, the definition of K o depends on
whether p > 1 or p < 1. When p > 1, Kj ;o = ). When p < 1,

Kjret = {k € Zjrer, |Bjk] =1},
with
(88) n = RP/(P=2) 1/ (P=2)g=jp(a+1/2)/(p=2)
For all 5 >0,
|Zjret] < c1 [14 (b— a)2j] .
Therefore, when j € {0,...,jo},

1 1 s 1 et .
BJ( )(KJ(,rzaf) + g]( )(KJ(,r)ef) < gj( )(KJ(,T)ef)
Tn,j
< Y & (!Zj,ref n ZM)
r=rj+1
Tn,j
<n V2" Zjres N Zj—| 277 log, (2r/|zjvfef M ZJ?“') '
r=r;+1

We define the smallest integer ) such that 25 > 1+ (b—a)2/. We deduce from Lemma 30
of [Sar24b],

fn,]'
> Zjwes N Zjr |27 log, <2r/ |Zj ret N Za‘,r,—|> <ec (14 (b—a)2)
T:T;+1

1/2

We deal with smaller values of r by noticing that ’Z]‘Jef N Zj,r7,| < ¢32" and hence

7’; r;
_ ~ 9
D NZjuet N Zjy-| < eay 27/
r=1 r=1

<c5 (14 (b—a)2)
Thereby, by putting everything together, we get for all j € {0,...,j0},
) <6 (14 (b— a)2j)1/2 n~1/2.

1/2

)
BV (K|

j,ref

s() g ()
)+ & (K

j,ref

We now deal with larger value of j. When j > jy and p > 1, the smoothness condition plus
Lemma 18 of [Sar24b] lead to

B + £ (<)

1 1
o =BWE

C7R2—j(a+1—1/p) ‘ijdl—l/p

IN

< cgR |279(at1=1/p) 4 (b— a)l—l/PQ—ja] ]
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We reapply this lemma when j > jp and p < 1 to bound the bias term:

BW(K

iret) < o2~/ 2yt—p gpo—ir(e+1/2-1/p)

< c10RP/ =P p=(/p=1)/(2/p=1)9=i(1+a=1/p)/(2/p=1)
Moreover, the assumption f € WBj ., (R) and (88) lead to

|K ref’ <y PRr—plat1/2-1/p)

(89) < R2/C-P)1/@2/p-1)g-2i(1+a=1/p)/(2/p-1).

AS |Zj7r| S 6112T,

EM(ED ) < ers Z min{| K1 ],27} 277/ ?log, (2T/m1n{| O, 2T}|)
r= T’J+1

Define the smallest integer 77 such that 27 > |K ref| The sum can be split into two parts: the
first part runs from 1 to rJ and the second from 7“ —|— 1 to oco. By mimicking what was done above
when j < jg, we deduce

ED (5

—1/2 1 2
]ref) < csn / ‘ ref| /

and using (89),
g( )(Kj( rzef

In the end, all this leads to (76). O

) < e1aRP/ Py =(/p=1)/@/p=1)9=i(1+a=1/p)/(2/p=1),

6.3.20. Proof of Lemma 15. We consider the largest jo > 0 such that

gdo(1+2a) < R2nM1(1—2/p)/(1—9) .

)
We set K]( of =

j>jo+1and p <1,

zj,rj,_ when j € {0,...,j0}. When j > jo+ 1, and p > 1, K](Qr)ef — (. When
2 o~
Ko = {’f € Lijry— 1Bkl = n} ,
with 7 defined by (88).

When j € {0,...,j0},
BO(KD) + EP (K < &y Ly, )
< n~1/2 ’Z ’1/2

DTg,—

<ecn 1/2M11/22r]9/22j(179)/2

< cn /20 G-
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thanks to (72). When j > jo and p > 1, we do as in the proof of Lemma 14 to get

2)( ()
B (K

j.ref

(2 2 2
)+ ED(KPZ) = BP (K1)
c3 R2 It 1=1/p) |zj

C4RM1(1*1/p)/(1*9)27ja'

IN

|1—1/p
g™

IN

Likewise, when j > jg and p < 1

BO(KR) < e RO/ n=(Up=1/@/p=Dgi1+a=1/p)/2/p=1)
We also have in this case,
£ (K ) < n PIRGR 2
< RP/(2=p)p~(1/p=1)/(2/p=1)9—j(l+a=1/p)/(2/p-1)
thanks to (89). The lemma can be deduced from all these results. 0

6.3.21. Proofs of Lemmas 16 and 17.

Proof of Lemma 16. We omit the exponent (1,3) on K to lighten the notations. We have,
1 3 —j
B (K;) + B () <279 3 Bl
kez]‘i_l,_

When p > 1 we apply a suitable version of Holder’s inequality (see Lemma 18 of [Sar24b] if needed)

to get
P,00 ‘iji*l,* ’ 1_1/p-

2792 N Bkl < 279y,

kezjyz—ly—

This result also holds true when p = 1 if we replace the weak norm by its strong version. We then
use (72) and the smoothness assumption to get the bound on the bias.

As to the variance terms, we merely remark

il

n,j

&) + Y1) < 3 Eir ().

r=

1=

and conclude by using (72). O

Proof of Lemma 17. We omit in this proof the exponent (1,3) on K;. The smoothness assumption
ensures that |K,| is no larger than

kj, = RPnP/22-iplat1=1/p)orp/2
We deduce from a classical inequality in weak spaces (stated in (38) in [Sar24b)),

Z 2792\, 4| < erk 27 P02,
keijm\ij
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Therefore,
0 3 & '
BiV(Kj) + B (Kj) < > > 27928,
T:f-f—l kezj,r\KJ‘,'r
Tn,j
< ¢y Z RPp—(1=p)/29—jp(a+1-1/p)g—r(1-p)/2
r=r+1
< e3RPp~(1-P)/29=ip(at1-1/p)g—T(1-p)/2,
Moreover,
r 7:n,j
~1 ~(3 - ~
EVKG) +EK) < D E(Zisl) + Y En(IK )
r=r;+1 r=r+1

The first term is zero if 7 = r;. It can be bounded thanks to (72) and (73) in the contrary case. The

second term can be controlled by using the bounds on |i;r| and | K| and by applying Lemma 30
of [Sar24b]. O

6.3.22. Proofs of Lemmas 18 and 19. As f is monotone on (—oo,a) and on (b, +00), we have
fik < ¢y27" when k € K;, where ¢ = max{co,1} (the case r = 0 comes from the inequality
fikx <1as fisa density and ¢ > 1).

We apply Lemma 2 to get
(90) . 2Bl < a2

k>kj g1

or k<k; .1

Throughout this proof, we omit the exponent on Kj to lighten the notations. We begin by showing
the following lemma.

Lemma 20. Suppose 0 > 1/2, consider j € Z, r,7 > 0, éj,r given by (83) and

K; = J K.
(91) EVK) < e[t +2(b— ) min { (r; + 12752 1og. (279/(1+ (b — a)27)),
277/2 Jog, (27/(1 + (b — a)27)) } n=1/2
+ eMy2i(1-0) {21:(9—1/2) (et 1)19:1/2} n=1/2

where ¢ only depends on 6 and the wavelets. The same inequality holds true when j > 0 and the
definition of K;, rather uses (84) or (85), up to the following modifications: we replace My by M,
and b — a by 0 in the first case, and My by Al, 6 by q, and b — a by 0 in the second case (c then
only depends on q and the wavelets. It can be bounded independently of ¢ when q € [1,2]).
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Proof of Lemma 20. We recall that f;; < CBQ_T/ when k € K;,/, and fjr > co2™" when k € Zj,r
with 7 < 7, ;. We deduce K ,» N Z;, = () when 7’ > r + ¢;. Hence,

min{r+cy,7}

Kj N er C U <ij/ N 2]'7,«) .

)

r'=r
Therefore,

Tn,; min{r4ci,7}

EVENS D > Gl N Zyl).

r=r;j+1  rl=p
We consider the smallest integer ' > 0 such that
My270=09r'0 > 1 4 (h — a)27.
We deduce from (72),

7 min{r+cy,7}
SRS SUCH P
r=max{r’,rj+1} r'=max{r,r'}
7 r+c1
< ¢9 Z Z M22j(1,9)27"’927r/2 log+ <2r9/2r’0> 77,71/2

r=max{r,r’,rj+1} r’=max{r,r’'}

< ¢ ZMQQj(lfG)Qr(Gfl/Q)nfl/Z

r=r

< C4M22j(179) [277(071/2) + (f -1+ 1)19:1/2} nfl/z.

To get the third line, we relied on Lemma 30 of [Sar24b]. Moreover,

Tn,j min{r+cy,7} _
(92) > Yo Ky NZyl)
r=max{7,r’} r'=max{r,r’}

Tn,j T

Se YN MUy g (30 y0) o

r=max{7,r’} r'=max{r,r’}

Tn,j

< ¢ Z M22j(1—9)2F92_T/2 log , <2r9/2F0) n~1/2

r=max{7,r'}

< o M,2I(1=0)gF(0-1/2) ) =1/2,
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When either r or 7/ is smaller than 7/, |K;,/ N 2]-,74 < cg(1+ (b—a)2’). Hence,

Tn,; min{r4ci,7}

YooY Er(Kw N 2 ) lningray <

r=r;j+1 r'=r

Trn,j r+c1

< ¢ Z Z (1+(b—a)2j) 27 T/2p"1/2 log , (27"/(1+(b—a)2j))

r=max{r;+1l,r—ci} r'=r
< e1 [1+2/(b— )] min { (r; + 1)27/% log, (27/(1+ (b— 0)2))
271/2 Jog, (25/(1 4 (b— a)27)) } n=12,

In the last inequality, we use the elementary result

o0

> 127 Plog, (27 /7) < cro27" ? log , (27° /),

r=ro
that holds true for all ro > 1 and = > 1.

When j > 0 and K, is defined via (85), the term ¢ in (91) can be bounded independently of ¢
because ¢,, does not depend on ¢ when ¢ € [1,2] and because the term ¢ in the first equation of

Lemma 30 of [Sar24b] can be taken as a bounded function of a; if a; lies in a a compact set such
as [1,2] (and k =1). O

Proof of Lemma 18. We have,

r—1
s » »
BY(k;) <> 272 N g+ >0 278
r=0

keK,r kZEj’erl"rl
or kggﬁﬂ—l

r—1
< Z 2—j/2 Z |Bj,k + 62M21752—F(39—9+1)2—j(1—0)(s—l)‘
r=0 kEKj,r

The formula for the second term comes from (90) by noticing that éj,r > 0y Mp27(1=0)90 - Note
that the first term of this inequality is 0 if r = 0. Otherwise, we reproduce some of the arguments
in the proof of Lemma 16. When p > 1,

2792 N 1Bkl < 32792185,
kEK]',r
We use f € WBj . (R) to bound the weak norm. As to |K;,|, we have

[poo K| ~1/7.

K| < e [1 +(b— )2 + Mp2i(1=0)9r0]
This leads to
9=i/2 Z 1Bjkl <csR [ij(aﬂfl/p) + (b —a) " VProie 4 M;—1/PQT(1*1/p)927j(a*9/p+9)} _
keK; -

It then remains to sum this inequality to get the bound on the bias term. The proof when p = 1
is similar. 0
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Proof of Lemma 19. Consider some 7 > 0 to be specified later on. We have,
BY@) <329 37 18+ 30 277 3 1Bk,
r=0 keK;. r=r+1 keK; .
where K;, is defined via (83). By doing as in the proof of Lemma 18,
BJ@)(@) <R [Fg—j(a+1—1/p) +7(b— a)' " VP2Io 4 M21—1/P2f(1—1/p)92—j(a—9/p+9)]
 ep M52 (0041 9=j(1=0)(s=1)

We then choose 7 suitably. The remaining part of the lemma is obtained by choosing a different
formula for /;,.. O

7. PROOF OF PROPOSITION 7
Since the result is stated for R, M; and My large enough, we only need to show

inf sup E [dl(f, f)] > cRP MP2p,
f fEf:’;(a,b,c’R,c’M,c’M)
for some ¢’ > 0 only depending on p, s, 0, « and the wavelet basis.

In the sequel, we need to build functions with special properties. For this, we rely on the two
elementary results below. They are proved in Sections 7.1 and 7.2.

Lemma 21. Consider g1 > 0 and g2 > 0. There exist two polynomial functions g and 1 such
that:

0,1 are non-negative and non-increasing on [0, 1].

60(0) =¢1(0) =1 and ¢ (1) =1 (1) = 0.

Forallke{l,....q+1}, 70 =<P0) =) =) =o.
For all k € {0,...,q2},

1 1
/ 2*(2) do = / %6 (z) da.
0 0

G0 and <1 do not coincide almost everywhere on [0, 1].

Lemma 22. Consider ¢ > 0, £ > 1, and €1,...,€¢ > 0 small enough. There exists a polynomial
function ¢ on [0,1] such that:

For all x € [0,1], ¢(x) > 0. Moreover, ((0) =0 and (1) = 1.

For allk € {1,...,0+q+ 1}, ¢¥)(0) = 0.

For allk € {1,...,0}, ¢®(1) = (=1)Fey,.

Forallk € {{+1,....0+q+1}, ¢®1)=0.

For all k € {1,...,£+q+ 1}, supgcp 1 IC®) ()| < ¢ where ¢ only depends on £,k and q.

The following lemma is useful for showing the regularity of the forthcoming functions. It is
proved in Section 7.3.
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Lemma 23. Consider p € (0,+o0], a > max{1/p—1,1}, q € [a, a+1]NZ and T large enough. We
suppose that f is even and admits bounded derivatives up to order q+1. We consider xo > x1 > 0
and we denote for k € {1,...,q+ 1},

Arp= sup |fP(a)|

z€[0,z1]

Ay = sup |fP(a)]

x€[z1,x2]

Ag = sup | f P ()],
zeR

We also assume that f(x) = ae™"® for some a > 0, b € (0,1] when © > x3. We then have
f € By (cR) where

R=1+ A0 AT (@ + DVP 4+ AL A T (g — 2y +1)1P

+1— —q+a -1 —b
+APHTOA I abt T e,

and where ¢ only depends on a,p and the wavelet basis.
Without loss of generality, we assume in the sequel that b > 0 and a < 0. We then denote

zo = min{b, |a|}. We also consider r > 1 and denote the elements of {0,1}" 1 by (0x)o<k<,. We
introduce the Hamming distance A defined for 4,9’ € {0,1}" ! by

A5, 8") = |65 = 8.
k=0

We consider positive numbers bg, £y, and set for all k£ > 0,
by, = bo(1+1/r)7F
51@ = 60(1 + 1/7’)2k
Ty1 = T + L.

We define the smallest integer g, s > 2 larger than o — s + 1. Let then ¢y and ¢; be the maps given
by Lemma 21 with ¢1 = ga,s and g2 = s.

We define for z > 0 and § € {0,1}"+1,

91,5(%) = boljg z0)(T)

T ! _
k=0
LT — Tr+1
(93) + br+150 <T€0+> 1[$r+17$r+1+T@0} (.CU)

We extend it to make it even on R.

The lemma below describes some of its properties. Its proof is elementary and is therefore
skipped. It simply follows from Lemma 21.
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Lemma 24. For all§ € {0,1}"*1, 91,5 belongs to M (a,b), is non-negative and compactly supported
on the interval [—xy41 — 1o, Try1 +1Lo). It is qo,s + 1 times differentiable. Moreover, for all x € R
and k€ {1,...,qas + 1},

gt @) < e oty ",
where c1 only depends on go,61. For all k € {0,...,7}, 6,6’ € {0,1}" L, and = € |2y, 2141],
b
= 2 (5~ )6l — ) )
where & = ¢1 — sp. Moreover, for all ¢ € {0,...,s},

Tk Tk
/ $q91,5(1‘)d$=/ 2lg) 5 () dz.

0 Zo

g16(7) — g1, ()

We also have for all §' € {0,1}"+1,
di(g1,5, 91,60) > c2bo(Lo/T)A(6, ")
d3(91,6,91,50) < c3b§(Co/r*)A(5,0")
where ca, c3 are positive and only depend on ¢y and <.
As we will see below, this result is sufficient to prove the lower bound when s = 1. We now

suppose s > 2 and define functions whose tails satisfy stronger shape constraints. We consider
ue{l,...,;s}, >0,6 € {0,117 and set

Ju
Gur1,(x) = &74%1 (2(x = 20/2)/20) Lz /2,20) (%)
1 Trt1+1lo
+ ( / gu,é(t) dt> 1[xo,xr+1+r€o} (LL‘)

tor

Try1+14o
Jy = / gu,g(t) dt.
X

0
In this equality, (y41(-) comes from Lemma 22 with ¢ = u, ¢ = ¢4, and

(94) I (x0/2)(lor) *Tuer/Ju, ifke{l,...,u—1}
BT @o/2) (o) T ko) Ty if k=

This definition is possible if the 5 are small enough, which we suppose for the moment. The
map gy+1,5 is then extended to be even on R. We show in Section 7.4:

Lemma 25. Consider u € {2,...,s} and 6 € {0,1}" L. Then:

where

® gus € M"“(a,b) and is compactly supported on the interval [—x,11 — rly, xri1 + 74o).
® gus admits derivatives up to order qo s +u. Moreover,

(=D)*or) Ty ifke{l,...,u—2}
95’2(:60) = (=1)"L(yr) "4y, ifk=u—1
0 if ke{u,...,qas+ u}.
For all x & [—x0, 0] and k € {u, ..., qas+ u},

98 @) < err oty ",
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where c¢1 only depends on ¢y, <1.
e Forallke{0,...,r+1}, 6 €{0,1}*, g€ {0,...,s —u+1},

Tk Tp
/ 2lg,5(x) dx:/ zlg, 5 (x) da.

zo o

o We have g, (o) < caby where ca only depends on u.

o We have , 1
ratrts by y17lo u—
/z+1 Gu,s(z) dr = (u+_ 1)!/0 t“ Lo (t) dt.

In particular, J, does not depend on 4.
o Forallk €{0,...,r}, 8 € {0,1}" ! x € [z, 2p 1],

_ bp(l /)t
 (r+1)red

where &,(x) = fml Eu—1(t)dt and & = ¢ — .
e We have for all §' € {0,1}7+1,

d1(Gus: Gu.s') = c3lobor " A(6,4")
A3 (Gu.s, Gus) < calobgr 2"A(5,6")

where c3,cq are positive and only depends on <y, <1, U.

9u5(%) = gus(2) (Ok — 0 )Eul(@ — 1) /1)

We consider v € (0, 1), a density w € ﬁsb‘s(a, b, R, M, M), and

o) = (1/2)(M/(00) " [Go (20 = 20/2)/m0) gy g () + €20/ 001 ]

where (,(+) is defined by Lemma 22 with ¢ = 0, £ = o5 + s and &, = (20/2)*(¢or)~*. The map ¢
is extended to an even function on R. We then set for all § € {0,1}" !, z € R,

f5(x) = vgs5(x) + p(2) + pw(z),
where
p=1- /R (vgs0(2) + p()) dz.
Note that p does not depend on § because neither does Js (see Lemma 24 or 25).

We now specify the parameters r, {y, by that are involved in our analysis. When 6 > 6, we
define r as the smallest integer such that

(95) rits > RO AP
When 0 < 0y, r is the smallest integer such that
(96) r > R2P1 P21/ (0+1)
We define in the two cases £y by

Ita=1/p _  1/p—1ppi—1ysB82,—
(97) I r RPYTMP2n™7,
and

(98) by = RUSTV/Pps=1/p,
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Let us observe that r — oo, by — 0, bplogr — 0 when n — +o0. In particular, J; — 0. We also
have for — +0o when 6 > 6y and n — +0o. When 6 < 6y, {or is rather of the order of MY/ (1)
(and is not smaller than M 1/ (1_9)). In both cases, £yr can be taken as large as we wish by choosing
either n large enough or M large enough.

The fourth point of Lemma 25 ensures that J,_r < c1bg(rly). The fifth point, J, > cabortp.
In particular, the term &4 in (94) is no larger than cszf(¢or)=*, whatever k € {1,...,u}. They
can therefore be assumed as small as we wish. The maps g, s are then well defined. Likewise, the
map @ above is well defined. We also deduce that p may be taken between 0 and 1. The f5 are
therefore densities.

We know from the above that fs lies in M*(a, b). Its smoothness is ensured by Lemma 23. More
precisely, we apply Lemma 23 to deal with g, 5. We choose z1 = x¢ and 22 = 41 + rfp. The last
point of Lemma 22 ensures that

Arg < cs(lor)t Ty < eabo,
which can be as small as wished. Moreover, Lemma 25 ensures
Ayp < 057“_36066’“.
We deduce that gy s belongs to By . (R') with

R <cg [1 + bo(1 + x(l)/p) + 7 5boly (o) VP
< ¢y {1 + bofaaﬂ/prl/p_s} .

We deduce from (95)—(98) that R’ < cgR. The smoothness of ¢ is also guaranteed by Lemma 23.
It ensures that o € By (R") with

R" < ¢ [1 + Ml/é(rgo)l/pfafl/e}
<cioR
as n or M is large enough. In conclusion, fs does belong to By (c11R).

Since g5 is bounded from above by ci12bp when |z| > x¢ and is compactly supported, gss
belongs to WTg(M') with M' = ¢13 [1+ be(rﬁo)] < ¢14M (see Propositions 4 and 5). Clearly,
© € WTg(cisM). All this ensures f5 € Z." ) (a,b, c16R, c17 M, c1gsM).

We deduce from the last point of Lemmas 24 and 25, and from the formulas (95)-(98), that for
all §,8" € {0,1}7+1,

di(fs, fsr) = vdi(gss, gs.6')
> cigvbobor*A(6,d")
> copur LRI MP2nTTA(S,6).
Moreover,
(99) da(fs, fs5)) < carvlobdr 25 A(6,8).
The Hellinger distance h(fs, fs:) between fs and fs is defined by

B2 (fs, fs) =/ (\/fs \/fgr(w))z dz.
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As fs and fs coincide on [—xg, xo] and on R\ [z, 41, 2 41],

d3(fs, fs')

(100) h?(fs, fy) < sup
T€[T0,Tr41] 890(:E)

Note that inf,e(y 2,.1) ©(x) > c2a(M/(rlp))"/?. This inequality with (99) and (100) leads to
W2 (f5, fyr) < cagv®n ™ A(S, ).

We conclude by applying Assouad’s lemma, and by taking v small enough, see Lemma 31 of [Sar24b]
for instance. Il

Note: we may get (23) by using the same reasoning but by applying formula (95) all the time, even
when 6 < 6.

7.1. Proof of Lemma 21. We set ¢o(z) = (1 — 29+2)%+2 and turn to the definition of ¢;. We
introduce the linear map L defined for any polynomial R by

L(R) = (R(0), R'(0),..., RO (0), R(1), R (1),..., R@FI (1),

/01 R(z) dz, /01 zR(z)dz, ..., /01 2% R(z) dx) .

This map cannot be injective. There exist therefore a non-zero polynomial R such that L(R) = 0.
Since 0 and 1 are roots of R of order at least ¢; + 2, we may find another polynomials R, Rz such
that

R(z) = (1 - 2)" "Ry (z)

R'(z) = 22T (1 — 2)2 T Ry().

We set
s1(z) = co(x) + eR(z),
where
-1 -1
€ = min [ sup |Ri(z)l| (¢ +2)* | sup |Ry(x)]
x€[0,1] xz€(0,1]
Note that

S (l’) — (1 _ m‘]1+2)¢h+2 + 6(1 _ CL’)q1+2R1(ﬂ§)
is non-negative when x € [0, 1]. Besides,
gi(x) — —(Q1 + 2)2:6(11+1(1 _ xfI1+2)Q1+1 + EquJrl(l _ $)Q1+1R2(x)

is non-positive when z € [0,1]. This ends the proof. g
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7.2. Proof of Lemma 22. We define by induction maps ¢, .., where /> 1 and ¢1,...,e, € R.
More precisely, we set when ¢ =1, ¢; € R, and z € [0, 1],

1
Q@) =1+er -z —e / (1 — 17272 dt.
x

We then set when £ > 1, e1,...,e041 € R and = € [0, 1],
1

§€+1751,827...,Eg+1(x) =1- / (CE,—Ez,—Eg,...,—E@+1(t) —-1- 61) dt

T

The following properties hold true whatever £ > 1 and €1, ...,g, € R. They are proved by induction.

i §Z7817527'“78Z(1) = 1'
o Forallke{l,....00, o2 (1) =(-1)e.
e For all z € [0, 1],

[Sterenmee(®) =1 e flen] + - + el
where ¢; only depends on ¢ and /.
e Forall z € [0,1], and k € {1,...,¢0— 1},
(k)

0,E1,E2,..,Ep

(@)] < callea] + -+ feell,

where c¢o only depends on ¢ and /.
e For all z € [0, 1],

e (@) = (“D)er [1 = (1= att2) 7]
In particular, gé?hs%.ﬂ(l) =0forallke {{+1,...,0+q+1}.
We consider ¢ > 1, €1, ...,e; > 0 small enough and set for all = € [0, 1],
C(@) = Q) X St 9,0, (¥)
where Q(z) =1 — (1 — 2+9+2)%a+2 This function suits. O

7.3. Proof of Lemma 23. We show the result when p < oco. The case p = oo is similar. The
map 1, is compactly supported on the interval [277(k — Lyay), 277/ (k + Lyay)]. We consider
r € {0,...,q} and apply the Taylor-Lagrange formula to build a polynomial map P of degree r
satisfying

(101) - sup |f(z) — P(z)]
136[2_] (Lwav_k)72_J (LWdV+k)]
< [ sup If(T“)(ﬂ?)] 2~ I+,
2€[279 (k— Lwav),279 (Lwav+k)]

where ¢; only depends on the wavelets and r. Define

Kl =7 ﬂ [—2j$1 + Lwava 2jxl - Lwav]
Koy =7 ﬂ ([_ijQ + Lyavs _2]'351 - Lwav] U [2j551 + Lyay, 2j$2 - Lwav])

K3=7 ﬂ ((—oo, —2j:1c2 — Lwav] U [2%‘2 + Lwav,—l—oo)> .
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Since 1);, is orthogonal to polynomials of degree no larger than 7 — 1,

5 =" [ (f@) - Pla)) w(@e~ b)do
R
We deduce from (101),
18| < cadyy12790F3/2)
for all k € Z. Moreover, when k € K, for some u € {1,2},
1Bkl < 3 Ay 12702,
By putting these two results together:
Z |Bjl” < C4A£+127jp(”3/2)
kEZ\(KlLJKQUKg)
< C4Af+12—jp(r+3/2—1/p)
and
Z 18jxlP < 65141277«“Lug—a'z?(1”r53/2—1/10)7
keK,
where L1 = x1+ 1 and Ly = 29 — 21 + 1.
We turn to K3 and observe that if k£ € K3 such that k > 2725 + Lyay,
18;k] < cﬁabr-i—le—bQ*j(k—Lan)Q—j(r+3/2).

A similar result holds true when k < —2/x9 — Lyay. Therefore:
Z 1BixlP < craPbP(rT1-1/p) g=bpra 9—jp(r+3/2-1/p)
keKs

All these inequalities are valid for r € {0,...,q}. We apply them with r = ¢ —1 and r = q. We
deduce that for all § € [0,1], u € {1,2},

. 0 ) 1-6
Z 1BjxlP < cs (LuAtipr(qH/?*l/p)) (LuAﬁ’qHQpr(q%/?*l/p))
keKy
3" 1Bl < coaPetre (bp(q—l/p)g—jp(q+1/2—l/p))9 (bp(q+1—1/p)Q—jp(q+3/2—1/p))179
keEKs
, 0 4 1-0
Z 18jxlP < c10 (Aggﬂp(qﬂ/?*l/p)) (Agﬂzﬂp(q%/?*l/p))
keZ\(K1UK2UK3)
We then choose § =g+ 1 — a. O

7.4. Proof of Lemma 25. We first observe that the conclusion of the lemma also applies when
u = 1 (see Lemma 24). We may therefore prove the lemma by induction. We suppose that it is
true for u € {1,...,s — 1} and shows that it also holds true for u + 1.

e For all x > xg, g;,,1 5(x) = —(1/(lo7))gu,s(x). A similar result holds true when z < xg. As
Gus € M¥(a,b), we deduce that g, 115 € M“T(a,b).

e The second point of the lemma comes from the equality 91(121 s@) = —(1/(€0r))g£kgl)(x)

that is valid for all © > xg, and k € {1,...,qq,s +u + 1}, and from the definition of (1.
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e For the third point, we consider ¢ € {0,...,s — u} and observe that

Tk
/ xd (gu+1,5($) - 9u+1,5/($)) da

0

1

= T D /I :k (wq“ — x%“) (9us(x) = guo (2)) da.

e We remark that 2,1 — 29 < c1for. Besides, g, s is non-increasing on (x¢, c0). Therefore,

Gur1,6(z0) < (Lor) ™" gus(x0) (@rs1 — w0 + Lor)
< CQQu,ﬁ(‘TO)

hence the fourth point.
e We have,

Tr1+14o 1 Tr1+14o
/ Gu,s(x) do = (bor)~ / (t — Tps1)gu—1,6(t) dt

Tpi1 Tr41
N 1 Tr+1+14o 5
= (EOT>_ 2/ (t - xr—i—l) gu72,6(t) dt
Tr41
et 1 zry1+1lo .
= e [ ) g0
F YTt

1 1 Tr+1+140 .
= b1 (bor) " =1 / (t = zr41)" <o((t — 2r41)/(rlo)) dt
C S T4

broarly (1o,
— (u+—1 1)0'/0 t 1§0(t)dt.

e We have for all z € [zy, Tg11],

1 Trpr1+rfo
Gut1,6(2) = Gusr,5 () = fo?“/ (Gus(t) — gue () dt
1 Th41
= lor (gus(t) — gue () dt

because of the third point (and because g,41,6(x) does not depend on 6 when = > x,41).
Therefore,

u—1 Tht1
hurrs(0) ~ gurse) = O g [T (e )

_obe(l/l0)" o oy [
(1) (9 5k>/(x—a:k)/ﬁk Sult) d.
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e We deduce from the last point,

T

2 u , Th41
d1(9u+1,679u+1,5/) = m Z bk(ﬁk/go) |5k — 61@‘ / |§u+1(($ _ xk)/ek)’ dx
k:o T
2 " 1
- = E u Y/
- (1 + ’f’)?"“ P bkék(gk/KO) |5k 5k’ /0 ‘gqul (ZL')| dx

1
> 3ol < /0 |Eur1 ()] dx) A(5,8).

We get the lower bound by noticing that &,1 cannot be zero almost everywhere. The proof
for the L2 distance follows the same principle.
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