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ABSTRACT. Stochastic gradient descent with momentum is a popular variant of
stochastic gradient descent, which has recently been reported to have a close rela-
tionship with the underdamped Langevin diffusion. In this paper, we establish a
quantitative error estimate between them in the 1-Wasserstein and total variation
distances.
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1. INTRODUCTION

Many tasks in machine learning and statistics can be formulated as an optimiza-
tion problem as follows

(1.1) minimize E¢F(x,¢),

where ¢ is random and its distribution is not known, and x € R%. In practice, one
needs to replace the mean E¢F'(x, §) with its sample mean as

N

(1.2) minimize % Z F(x, &,

=1

where €', ..., &N are i.i.d. and have the same distribution as £&. For the further use,
we denote

(1.3) f(x) = EcF(x,€).

To solve the minimization problem (1.2), one often uses online stochastic gradient
descent (SGD) or online SGD with momentum (SGDm), and the latter usually con-
verges faster or works more efficient than the former. The relationship between SGD
and stochastic differential equation (SDE) has been intensively studied recently, see
e.g. | , , , , ]. Although there have been pa-
pers reporting the connections between stochastic gradient descent with momentum
(SGDm) and underdamped Langevin diffusion, see for instance | |, their rela-
tionship has not been well understood, particularly when the time tends to infinity.
The primary goal of this paper is to quantify their error bound in the 1-Wasserstein
and total variation distances.

The noised online SGDm has two variables (myg,x;), called the moment and
position respectively, satisfying

N
My = My, — Y1y, — ?7];;1 > VEk &) + ByikiCe, k=0,

=1

Xp41 = Xpp + MMy, k>0,

(1.4)

with initial value (my, xq) € R??, where the constant vy > 0 is the friction-coefficient,
8 > 0 can be regarded as the temperature, {n, k > 1} denote the step size, {{i, k >
1,1 < i < N} are ii.d. copies of & and {{x, k > 1} are ii.d. with standard d-
dimensional normal distribution. Note that for each k > 1, V¥F(x,€) is the k-th
order derivative of F' with respect to x throughout this paper.

We will compare the algorithm (1.4) with the underdamped Langevin diffusion
(M, X,) =0 with state space R

(1.5) {th = —yM, dt — Vf(X,)dt + 8dB,,

dXt - Mt dt,
where (By);> is a d-dimensional standard Brownian motion. The two processes pos-

sess the same initial point (Mg, Xg) = (mg, Xg). In order to compare the algorithm
(1.4) with SDE (1.5), we introduce the following intermediate stochastic system: for



t e [tkatk—I—l) with k£ > 0,

N
N N 1 -
: 1=1

dj\it == Mtk dt,

where t), = Zle nj and to = 0. It is obvious that {(my, x;), &k > 0} and {(Mtk, X, ),k >0}

have the same distribution as long as (Mto, ito) = (mo, Xg).

1.1. Literature Review. Comparisons between stochastic algorithms and stochas-
tic continuous dynamics have been intensively studied recently, e.g. [ , ,

|. In particular, the online stochastic gradient Langevin descent (SGLD)
related to the minimization problem (1.2) reads as

Xpp1 = X — NVF (X, 8) + V28 0Cky1, k=0,

with a constant learning rate n > 0. | | studied the connection between this
SGLD and the overdamped Langevin diffusion process X = (X;):>0

dXt = —Vf(Xt) dt + \/ 2ﬁ_l dBt,

see also | , , | for related distribution sampling problems.
Besides, [ ] Shovved that the 2-Wasserstein distance between the SGLD with
constant step size n and the continuous time Langevin diffusion can be bounded
by O(kn(6'/* 4+ n'/*)) at the k-th iteration. It is obvious that as k has an order
higher than [(6'/4 + n'/4)]=!, this bound is not useful. By the Lindeberg technique,
[ ] obtained a uniform bound O((1 + log |n|)n) in 1-Wasserstein distance with
respect to the time. Furthermore, | | studied the convergence of the Euler-
Maruyama (EM) scheme for the SDEs driven by multiplicative noises in the 1-
Wasserstein and total variation distances, the steps of the EM scheme are decreasing.
The underdamped Langevin diffusion (1.5) has been extensively studied in re-
cent years, see for instance | , , , , , ,
|. An important advantage of the underdamped dlffusmn is that it of-

ten converges to the stationary faster than the overdamped diffusion, see for in-
stance | , , ] either in Wasserstein distance or in L? when
the spectral gap is small by appropriately choosing friction coefficient. | ]
showed that the system converges to its equilibrium measure with exponential rate
by constructing appropriate Lyapunov test functions. | , | established
the contraction property in the Wasserstein type distances for two solutions of (1.5)
with different initial data, and | | studied the EM scheme of (1.5) and its
convergence in the 1-Wasserstein distance. [ ] considered the problem of
sampling from distribution p*(x) o< e f®) where f : RY — R is L-smooth ev-
erywhere and m-strongly convex outside a ball of finite radius R. Given a tol-
erance error ¢, they proved that the complexity of the underdamped Langevin
Markov chain Monte Carlo (MCMC) is O(v/d/¢) if the step size is n = O(e/Vd).
What’s more, | , ] considered the stochastic gradient Hamilton Monte
Carlo (SGHMC) for sampling a similar distribution and found a complexity bound
O((kn)*?\/Tog kn(6Y* + n*/*) + kn\/n) in the 2-Wasserstein distance when the step
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size is a constant 1. For other applications related to underdamped Langevin diffu-

sion, we refer the reader to | , , | for stochastic gradient Hamilton
MC and to | : | for underdamped Langevin MCMC.

For other SGD algorithms such as Mini-batch SGD and Nesterov SGD, we re-
fer the reader to [ , , , , , , | and the

references therein. These algorithms differ in their approaches to updating the pa-
rameters during training neural networks and can be useful in improving convergence
and reducing overfitting.

1.2. Contributions and Methods. Our contributions and methods are summarised
as the below:

(1) Although there have been several papers studying the connections between the
accelerated algorithms with continuous dynamics, see for instance | , ],
but most of them only provide qualitative limit without a quantitative error bound,
particularly when the time is large. To the best of our knowledge, this paper first
provides error bounds between the SGDm and the underdamped Langevin diffusion
uniformly with respect to the time, these bounds depend on the dimension d poly-
nomially and reveal convergence rates. Our results can be formally formulated as
the following:

dy, (L(M,,, Xy,), £(m,,,%x,,)) < CVd(1 + 1/N)\/n,

dry(L(M,,, X)), £(m,, x,)) < Cd*(\/m, + 1/V'N).

We clearly see a significant difference between the above two bounds, one being of
an order O(y/N, + \/1n/N) in the 1-Wasserstein distance and the other O(\/7, +

1/v/N) in the total variation distance. We think that the rate O(1/4/N) in the total
variation distance is due to the singularity of this distance and that it is hard to
improve the O(1/y/N) without paying a price on the rate NI

To the best of our knowledge, most of the known results related to underdamped
Langevin diffusion samplings and discretization schemes have a constant step size
1, while our SGDm has the non-increasing step sizes 7 which include the constant
step size case.

(2) There are two systems of noises, i and (xy1, in SGDm (1.4), whose interplays
make the SGDm much more complex than the underdamped Langevin sampling
by discretising SDE (1.5). These complexities can be clearly seen in bounding the
total variation distance, where we need to estimate a Malliavin matrix related to
Cre1 by splitting the regimes of £,. What’s more, i can be heavy tailed. More
precisely, we only need to assume that & has second and fourth moments to bound
dw, (L(M,,, Xy,,) and dpy(L(M,,, Xy,), L(m,, X,,)) respectively.

(3) The term N ! ZZ]\; VF(z,&,,,)is an unbiased estimator of V f(x). According
to the law of large number, it converges to V f(z) almost surely as N — oco. This,
together with the exponential ergodicity of (M, X;), immediately implies an error
bound in the order O(,/7,) for the underdamped Langevin sampling as n is large.
The rate O(/7,) may be not optimal due to the heavy tail effect of &:, we conjecture
that the rate O(,/7,) can be improved by assuming that ¢! has a high order moment.
We leave this possible improvement to the future research.

(4) Although the approach of our proofs is still via the classical Lindeberg princi-
ple, in contrast to the overdamped Langevin diffusion, the underdamped Langevin
diffusion is degenerate and the following difficulties naturally arise: (i) the regularity
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problems are very involved and we need Malliavin calculus to handle them; (ii) there
are interplays between the randomnesses of £; and (1, it is much more difficult for
us to estimate the Malliavin matrix and figure out the polynomial dependence on
the dimension d; (iii) the related Lyapunov function is much more subtle and not
intuitive.

1.3. Structure of The Paper. In the next section, we will introduce our assump-
tions and main theorems. Section 3 will provide all auxiliary lemmas, which include
estimates of p-th moments, the contraction property of the 1-Wasserstein distance,
and additional estimates related to the total variation distance. The proofs for the
main results and their corollaries will be provided in Section 4. In Appendix A, we
give the supporting lemmas related to the Lyapunov function. At last, the lemmas
in Section 3 will be proved in Appendix B.

Acknowledgements: We would like to thank Professor Feng-Yu Wang for very
helpful discussion and pointing out the references | ] and | ] to us. A.
Guillin is benefited from a government grant managed by the Agence Nationale de la
Recherche under the France 2030 investment plan ANR-23-EXMA-0001"n and under
the grant ANR-23-CE40-0003. L. Xu is supported by the National Natural Science
Foundation of China No. 12071499, the Science and Technology Development Fund
(FDCT) of Macau S.A.R. FDCT 0074/2023/RIA2, and the University of Macau
grants MYRG2020-00039-FST, MYRG-GRG2023-00088-FST.

2. PRELIMINARY AND MAIN RESULTS

2.1. Notations and Assumptions. We use normal font for scalars (e.g. a, 4, ...)
and boldface for vectors and matrices (e.g. x,y,A,B,...). For any vectors u =
(u1,...,uq), v.= (v1,...,v4) in R? their standard inner product is denoted by
(u,v) = Z?Zl u;v;, and denote the corresponding Euclidean norm as |u| = (Zle ?) vz,
The HilbertSchmidt inner product for matrices A = (A;;)axd, B = (Bij)axa € R4

is denoted by (A,B)ys = ¢ | A;;By;, the HilbertSchmidt norm is defined as

ij=1
1A gs = (Zijzl AZ)Y/? . Besides, the operator norm of A is denoted by ||A]|,, =
Supjy—1 |Av|, which has the following relationship with [|Al|yg

1A, < I Allgs < VAlIA],, -

If a matrix A is positive semi-definite, we define A, (A) as its maximal eigenvalue
and Apin(A) as its minimal eigenvalue.

Let C(R%,R) denote the set of all continuous functions from R? to R and C,(R?, R)
denote the set of all bounded continuous functions from R? to R. For k > 0, denote
by C¥(R? R) the set of functions from R¢ to R which has continuous 0-th,...,k-th
order derivatives, further denote by CF(R% R) the set of functions from R? to R
which has bounded continuous 0-th,...,k-th order derivatives and by Cg(Rd,R) the
set of functions from R? to R whose 0-th,...,k-th order derivatives have polynomial
growth. For g € C}(R% R) and v, vy, vy, v3, x € R%, we denote that

Tep) — i 2 EV) = 060)
e—0 £
Vo, Vaglo0) = lim YISV = Vg9,

e—0 £
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Vv3 sz vv1g(x> = lim va vvlg(x + 6V3) — vV2 Vvlg(x) ’

e—0 £

as the directional derivatives of g. We know Vg(x) € R? V?g(x) € R V3g(x) €
R*dxdMoreover, we define the operator norm of V¥g(x), k = 2,3 with

HV"’g(X)Hop = sup  |Vy,...Vy,9(x)|.

|vi|=1,i=1,..., k

If g is bounded, we denote its infinity norm by ||g||, = supy |g(x)|. If g is a Lipschitz
function, its Lipschitz norm is denoted by |[|g[l;, = supyy, l9(x) —g(¥)|/ [x —¥|.
Additionally, for a function h: (m,x) € R?*! — h(m,x) € R, we denote its deriva-
tives with respect to m and x as V,h and Vyh respectively. Whenever we need
to emphasize the initial value (Mg, X;) = (m,x) for given (m,x) € R?!, we will
write (M™, X¥). Similarly, we use the notation (M™, X*). The operator semigroup
induced by (M, X¥);>o from (1.5) is given by
P, h(m,x) = ER(M™,X¥), h e C(R* R), t > 0.

Its infinitesimal generator o7 is defined as
1
(%) = — (Vb m o+ V() + (Vchom) + 36 A,

for any h € C2(R*,R). The exact form for the domain of & is not necessarily
figured out in this paper.

Let 22(R??) denote the space of probability distributions on R??. For any u,v €
P (R??), denote their 1-Wasserstein distance by

dWl (M? V) = inf / {Zl - Z2| d7r(z17 Z2)7 Hy V€ <@(]R%l%
m€ll(p,v) JR2d «R2d

where I1(u, ) denotes the set of probability distributions on R?¢ x R?? with marginal
distributions p and v. Kantorovich-Rubinstein Theorem tells us that

dw(v) = sup / h(e) A v)(e), v € PEN)

[1PllLip<t

Besides, the total variation distance between p and v can be defined by

drv (i) = sup / @) A=), e PR,

llglloo <1

Throughout this paper, we propose the following assumptions.

Assumption I. The function f(x), defined by (1.3), is non-negative and satisfies
the following conditions:

(i) There exist constants A, B > 0 such that

(2.1) IFO)f <A V(0] < B.
(i) f is L-smooth for some constant L > 0, that is,
(2.2) Vi) - Vi) <Lix-yl, VxyeR".

(iii) For any x,y € R?, there erist positive constants a and b such that

(2.3) (x =y, Vf(x) = V[(y)) > alx—y|" —b.
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Assumption II. Let U be a measurable space. & is a U-valued random wvariable
such that VF(x,&) satisfies the following conditions:

(i) For any x € R?,
E[VF(x,8)] = Vf(x).
(ii) There exists a constant Ay > 0 such that for some q > 2,
(24) sup {E¢[|Vf(x) = VF(x.&)|}"* < Ao,
xeR
Here, F(x,€) and f(x) are in (1.1) and (1.3) respectively.
In practical applications, the choice of step size often varies with each iteration

k. It is necessary and important to add an additional assumption as following to
restrict the behavior of 7.

Assumption III. Let (ng)i=1 be a non-increasing and positive sequence and let
tn = > n_y Mk, Which satisfy the following conditions:
(i) limy o0 ty, = 400;
(ii) There exists a constant w € (0,20) such that
20 —w
2.5 < ——

where the constant 6 will be given in Lemma 3.6.

and My —mp <wnp, Vk>1

A typical example is n, = n/k® for some constants n > 0 and « € (0,1), then
condition (2.5) holds for sufficiently large k.

2.2. Main Results. We are now in the position to state our main results, whose
proofs will be given in Section 4. Define the Lyapunov function V(m,x) : R?* — R
of SDE (1.5) as

2 2 2
(2.6) V(m,x) = f(x) + 71 (\ + lm‘ + ’lm‘ )\ |x|2) ,
where constant 0 < A < }l A
be found in Appendix A.

We denote by £(M,,, X, ) and £(m,,x,) the laws of (M, ,X;,) from (1.5) and
(m,,, x,) from (1.4) respectively.

Throughout this paper, we shall use the letters ¢, C, Cy, Cy, C3 to denote positive
numbers which may depend on the parameters Ay, A, B, L,a,b,q,0,w in Assump-
tions I, II, and III above, and Aj{, ¢’, By, By in Assumption IV below. Their values
may vary from line to line, but do NOT depend on the dimension d and the sample
size N. In some cases, they may depend on other parameters such as p and we will
stress this in a way like 'C' also depends on p’ if necessary.

i + s. More details about this Lyapunov function can

Theorem 1. Under Assumptions I, II, and III, we assume that n; < ¢ for some
positive constant ¢, and v > /2(2L + a)/\/a additionally. Then we have

dw, (L(M,,, Xy,), L(m,,,x,)) < Cy/V(my, xo) (1—1— )\/m, Vn > 0.

To estimate the total variation distance, we rely on the following assumptions re-
garding the derivatives of the function F'(x,¢), which are stronger than Assumption
II.
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Assumption IV. Functions F(x,€) and f(x) are in (1.1) and (1.3) respectively.
We assume that

(i) For any x € R,
Ee [VF(x,£)] = Vf(x) and E¢[V'F(x,§)] = V*f(x).
(ii) There ezists a constant Ay > 0 such that for some ¢’ > 4,
/ 1/q ’
(2.7) sup {Be[|V/(x) ~ VF(x, 01" ]} < 4,
x€R?

(iii) There exist some positive constants By and By such that

{E [sup IV?F(x, 5>Hip] }1/8 < B,

x€R4

1/4
max { sup HV?’f(X)”Op, sup (E HV3F(X75>H;> } < Bs.
x€eRd xeR?
Note that (2.7) covers the (2.4). We have the following result about total variation
distance.

Theorem 2. Under Assumptions I, II, III and IV, we assume that n, < cd=2 for
some constant ¢, and v > v/2(2L + a)/+/a additionally. Then we have

dry (LM, , X, ), L(m,, x,)) < Cd7?\/V(mg, x0) + d <\/77_n+ ), Vn=0.

1
VN

Above two results yield the following corollaries for the case of n, = n/k® for some
constant 7 > 0 and « € (0,1).

Corollary 3. Under the same conditions in Theorem 1, let n be a (small) positive
constant and ngy = n/k* with o € (0,1). Then, there exists a constant C such that
for alln >0

1 /
dW1 (,C(Mtn, th), E(mn,xn)) < O\/ V(mo,Xo) + d (1 + N) %.

Corollary 4. Under the same conditions in Theorem 2, let n be a (small) positive
constant and ngy = n/k* with o € (0,1). Then, there exists a constant C such that
foralln >0

1
e LM, X, £, ,) < OV (124 o).

With regard to the original minimization problem, we have the following gener-

alization error bound.

Corollary 5. Under the same conditions in Theorem 1, let X* = arg minycpa f(X)
be the minimizer of f(x) in (1.3). It holds

EF(x,,¢) — f(x*) < {C Kl + %) \/n_n} - + Bee_”t”} (V(my,xo) + d) + Jd,

where B, and K are the constants in (A.3), q is in Assumption II, and J has the

form of
(2 2eL (2ab+ B?
=1 1]].
/ 4%, da/3? *
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That is, the SGDm described by (1.4) is expected to approach the minimum
point of the function f(x) under appropriate parameters by choosing sufficiently
large time n and large sample size N, and sufficiently small 5. Moreover, the larger
¢ in Assumption II is, the faster convergence we can obtain.

Remark 6. (i). Note that these results above hold for constant learning rate n, = n
for all n € N as long as the 7 is a sufficiently small number.

(ii). In the algorithm (1.4), the term N~'S°N VF(z,&,,) is an unbiased esti-
mator of V f(x). According to the law of large number, it converges to V f(x) almost
surely as N — oo. This, together with the exponential ergodicity of (M, X;), im-
mediately implies an error bound in the order O(/7,) in the 1-Wasserstein and total
variation distance for the underdamped Langevin sampling as n is large. The rate
O(\/n) may be not optimal due to the heavy tail effect of &, we conjecture that
the rate O(/7,) can be improved by assuming that ¢! has a high order moment.
We leave this possible improvement to the future research.

3. AUXILIARY LEMMAS

In this section, we list auxiliary lemmas which will be used to prove our main
results, and their proofs will be given in Appendix B.
Combining (2.1) and (2.3) implies the following dissipation property of f

(x,Vf(x)) > g|x|2 ~ K, VxeRY

where K = b+ B%/(2a). By (2.2), the following linear growth condition holds
(3.1) IVf(x)| < L|x|+B, VxcR%

Recall the Lyapunov function (2.6). Since A < 1/4 and f is nonnegative, it is easy
to see

1—2\ |
41— N)

One can verify that

2
(3.2) 0< max{ m|* | %(1 —2)\) |x\2} <V(m,x), VmxecR

1 o
(3.3) AV(m,x) < —A\yV(m, x) + 3 (714 + dﬁ2> ,
where constants A and A satisfy
1 a o B?
<min—,——7, A>K+2\|—+A].
0<A mm{4 4L—|—72} + )\(2L+ )

More details about the Lyapunov function can be found in Appendix A.
In order to estimate SDE (1.6), we need to introduce the following auxiliary one
step SDE: for ¢ € [0, 7] with 7 being a step size,

N
_ — 1 ~
dM:—Mdt——E F(Xp, &) dt dB
(34) t AN N = V ( 076) +ﬁ ty
dX, = M, dt,

where (MO,XO) = (m,x), and &', ..., &N are i.i.d. and satisfy Assumption II.
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3.1. Moments Estimates. We give in this subsection the moments estimates for
Mt7 Xt7 Mt" and th.

Lemma 3.1. Under Assumption I, for each p > 1, there exists a positive number
C', which also depends on p, such that for any t > 0, and initial value (m,x),

EV(MP, XX < e MV(m, x)? + CdP.

Combining this lemma with (3.2), for each p > 1, there exists a positive number
C', which also depends on p, such that for all ¢ > 0 and initial value (m, x)

(3.5) E|MP* +E X5 ? < C (eMV(m,x)” + d¥).
Then, using (3.1) and (3.5), we can obtain the following estimates.

Lemma 3.2. Under Assumption I, for each p > 1, there ewists a positive number
C', which also depends on p, such that for allt € [0,1] and initial value (m,X):

E|M™ —m|” + E |X* — x| < Ct*(V(m, x)? + dP).
What’s more, we have the similar consequences for SDE (3.4),

Lemma 3.3. Consider SDE (3.4). Under Assumptions I and II, for each 1 < p <
q/2, there exists some positive number C, which also depends on p, such that,

(3.6) E|MP — m|” +E[XF — x| < CP(V(m, x)? + dP),

for all t € [0,n] with n being a step size and initial value (m,x). If the condition
(2.7) in Assumption IV holds additionally, (3.6) holds for any 1 < p < ¢'/2.

On the other hand, using the estimate for SDE (3.4) in an inductive way, SDE
(1.6) has moments estimates similar to Lemma 3.1.

Lemma 3.4. Under Assumptions I, I and 111, let n; < ¢ for some positive constant
¢, and t, =Y p_ M- For each 1 < p < q/2, there exists a positive number C', which
also depends on p, such that

(3.7) B (VMR X5 )] < e Frv(m,x)p + O,

for alln € N and initial value (m,x). If the condition (2.7) in Assumption IV holds
additionally, (3.7) holds for any 1 <p < ¢'/2.

3.2. Auxiliary Lemmas for 1-Wasserstein Distance. The fgllowing lemma pro-
vides a bound for the difference between (M}, X3) and (M?, X5).

Lemma 3.5. Consider SDE (3.4). Under Assumptions I and II, there exists a
positive number C > 0 such that for any n € (0,1),

— S 1
(3.8) dyy, (L(MP, XX), L(M®, XX)) < Cp? (1 + N) VV(m, x) + d.
Let the condition (2.7) in Assumption IV hold additionally, we have

4
m Nm 4 X ~X 4 ?7
(3.9) E[M® — M2+ E| X — XX|" < Cn°(V(m,x)* + d°) +C035
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[ | obtained a global contractivity for Langevin dynamics which will help us
to prove the main result. Conveniently, we briefly introduce it here.
Recall the condition (2.3)

(x—y,Vf(x)-Vfy) >alx—y’—b VxyeR,

then it holds

2b
(x—y,Vf(x)=Vf(y)) > %\x—y|2, V x,y € R? such that |[x —y|> > —

Together with |Vf(x) — Vf(y)| < L for all x,y € R? f is a potential function
with a L-Lipschitz continuous gradient and that is a/2-strongly convex outside a
Euclidean ball of radius 1/2b/a. Then, | , Theorem 5] immediately implies the
following lemma when ~ is sufficiently large such that

2(2L 2
2> (2L +a) '
a
Lemma 3.6. Suppose that (M}, X});0 and (M2, X2)~0 satisfy SDE (1.5) with
different initial values (m',x') and (m? x?) respectively. Let Assumption I hold

and assume vy > /2(2L +a)/\/a additionally. Then there exist positive constants C
and 0 (0 does not depend on d) such that

dyv, (LML, X1), £(M2,X2)) < Ce™ (jm! - x| + [m? — x2]),
forallt > 0.

3.3. Auxiliary Lemmas for Total Variation Distance. The following lemma is
a direct application of Zhang et al. | |, and we will give the details in Appendix
B.3.

Lemma 3.7. For any fixed T' > 0, Let process Y; = (My, Xy)iepo,r) come from SDE
(1.5) and let Assumption I hold. Then, for any function ¢ € C}(R?*? R), there exists
a positive number C > 0 such that

IVES(Yr)| < Cllgll, (T%2 v T%72).

To estimate the total variation distance, we need to use Malliavin calculus. Let
us briefly introduce its preliminary in our setting. More details can be found in
[Nua06].

Denote H = L%([0, T]; RY). Let W = (W}, ..., W)= be a d-dimensional Wiener
process (a.k.a. Brownian motion) on a probability space (2, F,P), where F is the
o-field generated by W. For any h = (hy,...,hy) € H, define the Wiener integral
as

W(h) = Z /OT hi(t) AW,

We denote by C;°(R™, R) the set of infinitely differentiable functions g : R™ — R
such that g and all of its partial derivatives have polynomial growth. Denote by &
the set of random variables in L?(Q) with the form:

G = g(W(h1)7 s 7W(hm>>7
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where h; € H, 1 =1,...,m for m € N. Then the first order Malliavin derivative of
G is the H-valued random variable given by

D,G = Zm: 0,9(W(hy),..., W(h,))h;(t), 0<t<T.

So D,G € L*(Q2,H). We can further define the second order Malliavin derivative of
G as the following

Dy, DG = > 0;,05,9(W(hy), ..., W(hy))hy, (t)hy, (t2), 0<ty,t, < T.
Ji=1j2=1
So Dy, Dy, G € L*(Q,H ® H). Inductively, we can define the k-th order Malliavin
derivative Dy, ...D; G, which is located in L?(2, H®*). Define the following norm
k 1/p
1Glly, = |EIGI" + > E|[Dy -+ Dy, G|lye,
j=1

Under this norm, the operator D can extended from & to its domain, denoted by
DkP. Specially, D2 is also a Hilbert space with product

(G,H),, =E(GH)+E(DG,DH),,, VG, HeD'?”
The following relation is called integration by parts in Malliavin calculus:
(3.10) E[Gé(h)] = E[(DG,h),], VGeDY? hewH,

where d(h) is called Skorohod integral.
Given h € H, we can define the Malliavin derivative along the direction h, denoted
by DG, as the following:

D"G = (DG, h),, = /T (h(s),D,G) ds.

For G = (GY,...,GYT with each G' € D'?, we define D,G = (D,G!,...,D,G%).
And, the norm

d
IDs -+ Dy Gliger = 3 1Dt Dy s+ G, ZHG’”
=1

The associated Malliavin matrix of G is defined as the following random semi-definite
symmetric matrix

I'(G) = ((DG,DGY), )

H/1<i j<d

The following abstract lemma will play an important role in the proof of Theorem
2. We leave its proof in Appendix B.3.

Lemma 3.8. Let F = (F',..., F%) be a random vector such that all of its compo-
nents F* € D*®, i = 1,...,d, and its Malliavin matriz T'(F) is invertible a.s. with
(detT'(F ))71 € Nps1 LP(Q). Let G = (G',...,G?) be another random vector with
GleD"™ foralll1 <i<d, and g: R - R be a function in CL(RY,R). Then there
exists a positive number C' > 0 such that

1/4

(3.11) [E(Vg(F),G)| < Cllgll 1G4 {EICKA]
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where
Ki=1+[DF[5.  Ko=1+[D°F[,.  Ks=1+[0FE) -

In order to apply Lemma 3.8, we need to introduce a series of events to estimate
E[IC1/Ko/Cs]. To this end, let us first recall that for each step i € N of SGDm (1.4),

', r=1,...,N are independent copies of random variable ¢ satisfying Assumption
I1, to make notations simple, we denote & = (£},...,&N), i € N, and define
XN
. 2 r
(3.12) pl6) = 2 s [VFCe )],

Define the following events: for 7 < k and 7 =1, 2,

(3.13) Ely = { Z ni(e(&)" — Elp(&)7]) >t — tj} .

i=j+1

Lemma 3.9. Given Assumptions I1I and 1V, let t;, = Zle n;. There exist positive
constants ¢ and C such that

Cec(tk 7tj) 9

P(E],) < ———=n;, =1,2.
( ],k) (tk _ tj)gnk T
For notations simplicity, we denote
(314) Yt — (Mt7 Xt)7 ’vat - (tht)? V t 2 O,

where (M, X;) and (Mt,it) are defined by SDEs (1.5) and (1.6) respectively. For
any 0 < s < t, denote Y7, or Y,,(y) as the value of the process (Y;)¢o at the time

t given Y, = y € R*. Similarly for ?g’t When s = 0, we will drop the subscript s
if there is no ambiguity.

Lemma 3.10. Let Assumptions I, II, III, and IV hold and recall t;, = Z§:1 ;.
There exists a positive number C' > 0 such that for any z € R*? and any ¢ < k such
that t;, — t, < 1/[5(B1 + v+ 2)|, the followings hold:
(1) For all t € [ty_1, ty]

E|DY;

Lotk

8 ~
<Cd, E HDYtH,t(YZ
H

8
4
fa)|, < cdt

(11) We have
IDY?Z, |3 < CVd on the event (Eg)°

tosti

Lemma 3.11. Under the same setting as in Lemma 3.10, there exists a positive
number C > 0 such that for any z € R*® and any ¢ < k such that t, —t, <
1/[5(By+v+2)], there exists a positive number C' > 0 such that the followings hold:
~ 4 4

2z 4

E|D?Y7, . | <cd

<Cd', E HDQYtk_htk (Y?
H

to,tr—1 )

HOOH

Lemma 3.12. Under the same setting as in Lemma 3.10, there exists a positive
number C > 0 such that for any z € R* and any { < k such that t, — t; <
1/[5(By+v+2)], there exists a positive number C' > 0 such that the followings hold:

(i) We have
S d'n;
E HDYtk_htk (Y* .

~ 4
fa) ~DYLL || <O’ + )+ C
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(ii) We have
IDY:, .+ (YtzZ too 1) DYtZN |2 < C/dne on the event (Eelk U Efk)c

Lemma 3.13. Under the same setting as in Lemma 3.10, for any z € R*? and any
0 < k such that ty, —t, < 1/[5(By + v + 2)], there ezists a positive number C > 0
such that

Amin (I‘(?fetk» > Oty —ty)®  on the event (E}k U E}n’k)c,

where m = min{j: t, —t; < (ty —te)/[10(B1 + v+ 2)]} and Amin (F(?fmk)) is the

smallest eigenvalue of the Malliavin matriz I‘(Ytzz b))

4. PROOFS OF THE MAIN RESULTS

In this section, we provide the proofs of Theorems 1, 2, and Corollaries 3, 5
by using the lemmas mentioned above. Employing the Lindeberg principle, we
decompose E[g(Y,,)] — E[g(Y,,)] into k terms and subsequently analyze each term
individually, where Y; and Y; are defined by (3.14).

For any 0 < s < t, recall the notations Y7, Y(y) and Yyt immediately below
(3.14).

4.1. Proof of Theorem 1.

Proof of Theorem 1. Applying the Lindeberg technique, we have the following de-
composition for any Lipschitz function h: R?? — R,

(41)  Eh(YY)—En(YY) ZE[ (Yoo (V8) = 1 (Vi ()|

with initial value y = (mo, xo).
Denote z = Yy, 1, (Yi;_l) and z = Yy We apply Lemma 3.6 on [t,t,] to get

E[h (Yo (V) = 0 (Y (F2))]
= [E[h(Yy,(2) = h (Yi,(2))] ]
= [E[h (Yir.(2) = h (Yi ()] |
< C Al e El2 — 27,
where (z*,z*) is a random vector whose first and second marginal distributions are
the same as z and z respectively. Because this inequality also holds for any z*
and z* with this property, we can choose z* and z* which satisfies E|z* — z*| =

dw, (L(z), L(z*)) (It is well known that the minimum of the coupling in the 1-
Wasserstein can be realized). Hence,

E[n (Yo () = h (Yoean (V) || < C Il e W, (£(2), £(2)),
Applying Lemma 3.4, it holds
E [V(Yy

te—1

)| <eviy) + ca
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Furthermore, combining this with (3.8) in Lemma 3.5 immediately yields that

dy, (L(z), L(z)) < C” (1 + %) E { V(YY) + d}

1
< o’ (1 + —) V(y) +d.

N
Hence,
‘E [h (Ytk—htn (?2;9—1)> —h (Yt;@,tn<?t};)>} ‘
(4.2) 1
< C [Pl e <1 * N) Yo +e

Substituting this formula in (4.1), we have

1 n o
<Ol (14 ) VIDI T AL a0,
k=1

For the sum term, applying Lemma A.3 with ¢ = 1/2 therein, we have

n 4
2 : 3/2 — _

nk/ S G(tn ) < 29 V nn
k=1

(4.3)  |ER(YY) —Er(YY)

w

Consequently, the desired result holds since (m,,, X,,),>0 and (Mtn, X )n=0 have the
same distribution. O

4.2. Proof of Theorem 2. We denote the operator semigroups of (Y;);>o and
(Y¢)iz0 by P, and Q,; respectively, defined by

Poh(y) =ER(Y)|Y.=y], Q,hy) =En(Y)|Y.=y], 1<s<t,
for any h € Cy(R*,R) and y € R*. As s = 0, we will drop the subscript s if no

confusions arise.

Proof of Theorem 2. For any h € Cy(R?*!, R), by the Lindeberg principle in the form
of semigroup, we have the following decomposition

Eh(Yi>_Eh(?gn) = (PO,tn - Qo,tn) h(Y) - Z QO,tk_l © (Ptkfl,tk - th_l,tk>oPtk7tn h(Y)
k=1

Define index k,, as
k, = 1nf{k t, — i < 1}
Then, the above equation can be divided into the following two parts:
ken—1

‘-71 = Z Qo,tk,1 © (Ptkflvtk - thflytk> © Ptkvtn h(y)7

(4.4) =

‘72 = Z Qo,tk,1 © (Ptkflvtk - thfl,tk) © Ptkvtn h(y)
k=kn

For J1 and each 1 < k < ky,, we let Py, ; h(y) = Py 4, 0Py, 4 h(y), and define
function g(y) := Py, ., h(y). Then g, is a Lipschitz function according to Lemma
3.7 with T' = t,, — ty, € [1/2,1] therein, and it holds

”gl”Lip = |VPtkn7tn h‘(y)} g C Hh‘Hoo .
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Similar to obtaining (4.2) in the proof of Theorem 1, we have

‘Qo,tk_l © <Ptk717tk - th—lvtk) © Ptk»tkn g<y)‘
1
< Cllalhy e (14 ) VI 70

Since tx, > t, — 1, we obtain the following estimate of J:

kn—1
(45) 1 €l V)7 (15 ) 3o

For the term J5, we claim

(4.6) [Tl < C[[hll o 42/ V(y Z<3/2 m>e—9<fn—tk>.

Combining (4.4), (4.5) and (4.6) implies
(4.7)

Eh(YY) — ER(YY)| <

C Al d7/2\/72(3/2 \/N>e—9<tn—tk>.

Then, applying Lemma A.3 yields the desired result.

It remains to prove (4.6). For any fixed k € {k,,...,n} in J5, we can find time
tp such that

1 1

4.8 S G
(4.8) 6(Bi+7+2) - " S 5B+y+2)

Then we have the following decomposition,

Qo,tk,1 ° (Ptkfl»tk th 1, tk) © Ptk tn (
- Qo,tg © thtk—l © <Ptk—1atk th 1 tk> g2(y

)
)
=E{ [ (Yo (Vi) =00 (Vi) | (et sorz, + Veoms omnar) }
o (e (¥220)) o (520 M)

FELE o (Yoosnn (Vi) — o0 (Vi)

where go(y) = Pyt h(y), z = Yg’ﬁ Fop = O-(,YV?;? (& )e1<i<k), and Ez k> E’rln k> Ezk
are defined in (3.13) with

. bk — U
m=miny j: ty —t; < 0B, +7+2) )"

Jz,k] 1(E},kUE}n,kUE§7k)C}

Let us estimate I, ; and Ij o.
For Iy 1, since Cy < &, — t,, < ¢, — ¢ < Oy holds for some constants Cy, Cy > 0,
by Lemma 3.9, we have

Tl < 2lgallo P(Egy U By U Efy)
<

(4.9)
2|7l (P(Egy) + P(Ep, ) + P(EfL)) < CllAll, i
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For Iy 9, observe that

1
(410) [k,2 = / E {E |:<v92<Ytzg,tk + TEtg,tk)7 Ethtk> ’ﬁg’k} 1(Eg kUE'l ku } d?“
0

where Etbtk = Ytkfl,tk <Yf€,tk71) — Ytzg,tk' Denote G = Etbtk and F = Ytzg,tk -+ rEtbtka
and we shall apply Lemma 3.8 to estimate E [<v92(?tze,tk + 1B 1) oty > ‘?g,k] on

the event (Ej,UE,, UE},)°. To this end, let us consider SDE (1.6) on [t;, ]. Note
that Fy is mdependent of (By)eft, 1) and that the Malliavin calculus in Lemma
3.8 is associated to (Bt)te[tbtk] and has nothing to do with .%#,;. An advantage
is that we can easily bound Ky, Ky, K3 on the right hand of (3.11) on the event
(B U Epi U EE) .
Accordlng to (3 9) in Lemma 3.5 and Lemma 3.12(i), ||G[[, , satisfies
G E|G|'+E|DG < CVd(V(z) + d) (3/2 >
Gl = (EIGI +E DG v
Next we estimate E[/C1KCoK3]. By Lemmas 3.10(ii) and 3.12(ii),

Ki=1+ ||DF||§1 < Cd'  on the event (Ez}k U Ez?,k)c~

By Lemma 3.11,
EKs = 1+ E||D*F||3,05 < Cd".

Let us now bound K3 = 1 + |[T(F)[}s. Since |[T(F) s < V2d Panin(T(F))] 7,
we first show

Amin(T(F)) = C >0 on the event (Eglk, U E}nk U Ezk)c.

Indeed, observe I'(F) = I‘(Ytz[ 1) F7°T(Ey,1,) + 7N, where the entries of matrix N
are given by

Nij = <D(Ytze,tk)i7 D(Etbtk)j>7_[ + <D(Ytzz,tk)j7 D(Et/z,tk)i>7_{' ) an = ]-a ce 72d

By Lemmas 3.10(ii) and 3.12(ii), on the event (Ej}, U E},)°, we have IDY?,, |ln <
CVd and ||DE, 4, || < Cv/dng. Thus

1/2
2 .
N[ < {Z HD te tk H HD(Etﬂvtk)]Hi}

2,j=1
HDEtz,tkH’H < Cdy/ny, on the event (Et}k U Et?k)c

<9 HDYU N

This, together with Lemma 3.13 and (4.8), implies
Ain(T(F)) = Awin(T(Y7, 1)) + 7 Ain(T(Er,.0,)) — 7 [N
>C+0—Cdyny
> C/2, ontheevent (E;,UE)  UE})"

for any r € [0,1] and 7, sufficiently small such that 1, < c¢d=2 for some positive
constant c¢. Then, we have

s =1+|T(F) Y[} <Cd', onthe event (B}, UEL, UEZ).

s
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Hence, the following holds on event (Ej, U E, , U E7,)°
(4.11)

B (V¥ + 1) B )| ] < Claall /P T (3 4 ).

Recalling z = \72’[, Lemma 3.4 yields that

E { V(YY) + d] < \/]E V)| +a< oY)+
This, together with (4.10) and (4.11), implies

412 L.l <C R UENGY, +d<3/2+l).
(412) ol < C el 7T+ 0 (3 + L

It follows from (4.9), (4.12) and ||gs|, < ||h]|, that

< Cnll . 72V ( 2+ )
7] < Cllhll Z -l
CeGHhH d7/2\/72 ( 3/2 \/N) e—e(tnftk)7

k=kn

where in the second inequality we use t,, —t; < 1 such that e ?¢n=%) > ¢~ for each
k, < k < n. Hence, (4.6) is verified.
We complete the proof. O

4.3. Proofs of Corollaries 3 and 4.

Proof of Corollary 3 . Actually, by (4.3), we only need to analyze

an/ze_e(tn_tk)’ N = %, o€ (Oa 1)

Observe that
o k* — (k—1)~
77]671 77k - 77 ka(k _ 1)a

Notice that k&% — (k—1)* — 0 and /7re’* — +00 as k — oo, so there exists ng € N

such that for all k > n

20 —w
ogr 0 =1~ M <wnp and e’ > 1.

It is obvious that the desired result holds for n < ng. And for n > ng, we split the
sum term in (4.3) into two parts:

Mk <

1/
Zn?’/ 270tn=t) < Cle™0 < C'\ /i = Cna/w
(4.13)

1/2

> et < oy = O

k=no+1

where we use Lemma A.3 to estimate the second part. Substituting (4.13) into (4.3)
implies the desired result. ([l
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Proof of Corollary 4. By (4.7), the proof is similar to the proof of Corollary 3. We
only need to analyze the following sum additionally,

ane_a(tn_tk)a Nk = kn_aa OAS (07 1)

Using the same notations in the proof of Corollary 3, we have

(4.14) ane_e(t” t) ane (tn—te) 4 Z nee 0 =t) < .
k=1

k=ng+1
Substituting (4.13) and (4.14) into (4.7) implies the desired result. O

4.4. Proof of Corollary 5.

Proof of Corollary 5. Recall f(x) = EF(x,¢§) for any x € R%. As ¢ is independent
of (X4, )n>1, we have the following decomposition:

EF(X,,,£) — min EF(x,¢)

= Ef(X,,) - Ef(X,,)] + [Ef(X,,) — Ex f(X)] + [Ex f(X) — f(x7)],

where x* = argmin f(x). According to the conclusion of exponential ergodicity
[ ], the second term on the right-hand side can be estimated by

[Ef(X:) = Exf(X)| < Be(V(mo,%0) + L)e™™,

for some positive constants B, and k. As for the last term, Proposition 11 in | ]

yields that
dp? 2el (2K
f(w)ﬂx(dw) min f{x) < f log{ Z (dﬁfrl)}

as 3% < a/2, where 7y is the marginal distribution of 7. So it remains to estimate
the first term by Theorem 1.
Pick a localization function ¢ € C*(R% R) satisfying 0 < ¢(x) < 1 and

For n > 1, denote

with some constants R, > 0 determined later, then we have

Va0l = [ (2) V09 + - sowe (2|
< (197091 + 50 17601 ) 1o (0

Recall that |f(x)| < C |x|* and [V f(x)| < C |x| for all x € R satisfying |x| > 1, so
IVgn(x)| < CR, for any x € R? i.e., ||gnll;, < CRn. It follows from Lemma 3.4
that

Ef(X,,) ~ Egu(X,,)| < B[/ Lm0 (1K )|



20 A. GUILLIN, Y. WANG, L. XU, AND H. YANG

< CE||Xs, "1, o0 ([ X ])
< CRE 1R, 141,00 (1 )
< CRZﬁQp (]/(n'l()7 Xo)p + dp) .
Similarly, the following holds by Lemma 3.1
Ef(Xy,) = Egn(Xy,)| < CRZ?(V(mg,xo)? + dP).
Thus, by Theorem 1 we have
Ef(X,,) - Ef(X,,)

< ‘Ef(fitn) —Eg.(Xs,)

+ ‘Egn(fitn) — Egn(Xy,)

+ [Egn(Xs,) — Ef(Xy,)]

< ORY 2 (V(mg, %0)" + d”) + C || gnlls, (1 + ) V1 (V(mg, xo) + d)

< CRifzp(V(mO,xo)p + dp) +CR, (1 ) V1.(V(mg, x0) + d).

Since the above equation holds with arbitrary R, > 0, we can take
R, = 1Y) /V(my,x0) + d.
Let 2p = ¢, we obtain the desired.
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APPENDIX
APPENDIX A. SUPPORTING LEMMAS

The first lemma shows that f(x) admits lower and upper bounds that are qua-
dratic functions.

Lemma A.1. | , Lemma 2] If function f(x) satisfies Assumption 2.1, then
the following quadratic bounds hold,

K B2
g|x|2—510g3<f( x) < LIxf*+ 27 +4, VxeR,
where K = b+ B?/(2a).
Applying Assumption I (iii), it is easy to verify that

(A1) (x,Vf(x)) > g x> — K > 2\ (f(x) + %72 |x|2) —A, VxeR%

where the constants A and A satisfy

4 AL + 2 2L

Applying (A.1), the next lemma shows that the Lyapunov function V(m, x) defined
n (2.6) satisfies (3.3).

o B2
(A.2) 0< A< mln{1 ¢ } A}K—I—Q)\(——I—A)

Lemma A.2. Under Assumption 2.1, and X and A are in (A.2), we have that
AV(m,x) < —MV(m,x) + (YA + dF?)/2.
Proof. Recall that

i) = 709+ 5 (ot mf Ll )

and we have

VV(m, x) = m + %x, AmV(m,x) = d,

ViV(m,x) = Vf(x) + Mx + %m.

Hence, by inequality (A.1), we have

FV(m,x) = — (VyuV(m, x),ym + Vf(x)) + (VxV(m, x), m) + %ﬁQAmV(m, X)

2 . )\ 2 1
= P (FG0) + I [P )} + A= (mx) - 2 ml 4 dp?

A2~3 1—=A)y
A - W e L (A 4 ag2)).

where the inequality comes from (A.1). Since A < 1/4, we complete the proof. [

= —-MV(m,x) —

The process (Mg, Xt)t>o admits a unique stationary distribution as

7 (dm, dx) = %exp{ 7 (|m| +2f(x ))}dmdx,
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where Z is a normalized constant given by

2 d/2
7 = (ﬁ_W) / o 21f(x)/8? dx,
Y Rd

see e.g. | ]. Thanks to | ], Lemma A.2 yields that process (Mg, Xy),., is
exponentially ergodic. That is, there exist some positive constants B, and &, such
that for all m,x € RY,

sup |E[g(M™, X%)] — Ex [¢(M, X)] ‘ < B.(V(m,x) + e ™, V>0,

g<V+1

where (M, X) has the distribution 7r. By the definition of V(m, x), this immediately
implies that for all x € R?,

(A.3) Ef(XE) — Ex[f(X)]] € B(V(m,x) + D™, ¥t >0,

Lemma A.3. Let step size (ny)k>1 satisfy Assumption III and t, = > n;. For
any € € [0,1/2], the following holds

4
1+€ tn tk < E.
Z” 20— (4c — Dw '™

Proof. Notice that for each k < n

Oty eetk_l 46—9tn

Ide —0(tn—ty) _ —0tn, . 14e€ e (WOt 0t
(Ad) g =t T S g (@ .
where in the last inequality, we use the fact
x? 20 — w 20 + w w
<1—x+?<1—m+ 10 r=1-— i x, ‘V’ngél—%,
to obtain that
et s 29—|—wnk7 ¥ < 20 —w

4 202
Besides, according to condition n;_; — nx < wn? and Bernoulli’s inequality, it holds

that
Mooy — 05 = “—nk_l} —~ 1] <en {—nk L 1] ewnp e,
Nk Nk

which derives that

n n

> i (M =) = (n}ieet’“ =) 4 Y (i — )
(A5> k=1 k= k=1

5 th —|—€WE :,'71+5 Gtk

Combining (A.4) and (A.5) shows that

Z P+ 0ltn=t) 4 e dew Z P+ fln=ti),
20 +w 29 + w

and a simply calculation yields the desired. 0
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APPENDIX B. PROOFS OF AUXILIARY LEMMAS

Lemma B.1. Let U?, i = 1,..., N be i.i.d. random vectors in R? satisfying EU' = 0
and E[JU'*] < +oo for some p € N. Then there exists a constant C > 0 only
depending on p, such that

<o),

IEHNZUZ

Proof. Notice that

N
ZU’

d N . N 4 , .
(P SREES SR S ol | (LR

J=1 \igj_1=1 i2;=1

which implies that
1 N ' 2p
Ell= U’
7%
Since U', ..., U" are independent and EU' = 0, we have E[[T/_, (U1, U")] = 0

whenever some ¢ € {1,..., N} appears only once among iy, ...,4s,. For the rest
terms, Holder’s inequality shows that

-3, 5 olfie )]

11,eyi2p=1 J=1

P - A 2p o7y 1/2p )
e [T o] <[ I ool ] < [T e o]} -2 10
Jj= j= j=

Furthermore, for [ = 1,...,p, the index set {1,...,2p} can be decomposed into [
parts such that each part consists of at least two indices, and ¢; denotes the number
of such partitions. Then we have

P

| Z “ﬁ[ Ui U ] > aNE||[u']*].

7j=1 =1

[ <L - NE 0] < Cg o>
< 3 o aNE (U] < HE 0]

B.1. Proofs of Lemmas for Moments Estimations.

Proof of Lemma 3.1. Recalling the Lyapunov function V(m,x) in (2.6), we de-

fine function F; as
2
]|

Ito’s formula implies that F} satisfies the following differential inequality

% <M F+ - <7A+d6>

2

Fx+ L ('X My

2
1
F, :=EV(M™ X)) =E y + ';Mf‘
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with initial condition Fy = V(m,x). Hence, we can obtain that

1 o
B.1 F, < e, —(A d2>
( ) t € 0+ 2)\/_}/ Y + 6 )
which yields the result with respect to of p = 1 immediately. As for the case of
p > 1, we can apply similar argument. By It6’s formula, it holds
— 132 2
of (V(m.x)") < pV (. x) e/ V(m,x) + P2 Dy s 4 T
< —pMyV(m, x)? 4+ CV(m, x)P

where the last inequality is because of (3.2) and (3.3). Then, by Young’s inequality,
the function Gy := E [V(M}, X7)?] satisfies

dGy
— < -G+ C
aQ VG +
with initial value Gy = V(m, x)?, where C' > 0 here also depends on p. This implies
the desired immediately. ([

Proof of Lemma 3.2 . Under Assumption I, we have

2p

t
E[M® —m|? =F /0 [—YM, — V£(X,)]ds + SB,

t
< IR / VM, + V £(X,)[ ds + CE [By[*
0

t
<ot / (vE |M,[* + L¥E |X,|* + B¥) ds + Ct*d”,
0

< Ct*P(V(m, x)? + d°) + Ct*dP,

where the first inequality is by the Holder’s inequality, the second inequality is by
(3.1) and the last one is due to (3.5). Similarly, it holds

t
/ M, ds
0

Combining above two inequalities, we can obtain the desired.

2p t
E|X; —x|" =E < t2p1/ E|M,|* ds < Ct?(V(m, x)? + dP).
0

Proof of Lemma 3.3 . Recall SDE (3.4) and rewrite it as

M™ —m = —ytm — tV f(x) +t(Vf(X) — %ZVF(X,@)) + 5B, ,

Xf —xXx=tm.
for all t € [0,n] with 1 being a step size. To make notations simple, denote
(B.2) A(x,€) = VF(x) = VF(x,€), i=1,...,N,

which are i.i.d. random vectors. Then, Assumption II and Lemma B.1 imply that
1 & v C C

i i |2
NE’IjA(x,g) <NPE\A(X,5)\”< V1<p<

(B.3) E 5

N[
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If the condition (2.7) in Assumption IV holds additionally, (B.3) holds for all 1 <
p < ¢'/2. Thus, we have that

2p

]E‘M;“—

d .
< C[ﬁthm VLT HTEINTTY T A E)[ + BYE By
< C [|m|? + x| + 1] £ + CtPdP.
Using (3.2) , we can obtain

"< Ct?(V(m, x)? + d).

—~ 2
E‘M;“—m‘

Similarly, we have
~ 2
E ‘Xf — x‘ R Im|*” < Ct?*V(m, x)P.

Hence, by 0 < t < n < 1, combining all above yields the desired. ([l

Proof of Lemma 3. . Consider SDE (1.6), let us prove the case of p =1 firstly.
By Ito’s formula, (V(My, X;))o<i<, satisfies

(B.4)

VM, X,) = —2 <M >dt - %VQ <Xt, >dt + <Vf()~(t) >dt + ﬁ dt

N .
<Mt + 7X,:, Zizl VF(x, 5’)>dt + <Mt + §Xt, dBt>

— ([, + L] dt + 3 <Mt n %}Zt, dBt> ,

where [; and I are given by
~ 12 A S S df?
h= =2 M = 2R - (R +

I — % <Mt X, M, — m> _ <Vf(}~(t),ﬁt _ m>

__ ~ - N ~ 1 .
+ (M + 2%, VI(R) = Vi) + <Mt IR 3 A Z)> .

Here, A(x,£%),i=1,..., N are defined by (B.2).
For Iy, by the definition of V in (2.6) and (A.1) , we have

2
~ ~ A .
- [m(f(xt) + %p@ﬁ)} ; <Mt,Xt> - —|Mt|2 (vA +dp?)
(B.5)
— 1 .

“AVM, X)) + (7/1 n cw?) .
For I,, the Young’s inequality yields that for any € > 0
2

+ 2 <L2

_[2 <e |:% ‘Mt + /\’}/Xt it

2 9 — f}/,v
+B)+2‘Mt+—Xt

|

N .
IR DS

2

1
+—

2
[%L ‘Mt m‘ 112 ‘Xt—x
4e
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Thus, by choosing a special € and (3.2), we can obtain
(B.6)

Ny~ ~ __ 2 - 2 1 N Nk
I < V(ML X)) + C UMt ~m| 4+ [X, - x| ] *C‘NZMA(X’ )

Combining (B.4), (B.5) and (B.6), we have

(B.7)
S 2\ _ N
dV(M,, X,) < —%V(Mt, X,)dt + 3 <1\/It n %Xt, dBt>

2
2} - ‘% ZN:l A(x, €| + d} dt

Then, by Lemmas 3.3 and B.1, we have the following differential inequality

d_ o~ = Ny~
SEV(M,, X)) < —%EV(Mt, X,) + CtV(m, x) + Cd,

for all 0 <t < n < 1. Then, solving above inequality, we have

—~ 2 ~
o [+ [ -

EV(MW, X,) < e 23V (m, x) + Cp*V(m, x) + Cdi.

Furthermore, the fact 1 —z < e ® <1 —x + 2%/2 for all z € R yields that one can
find a positive constant 1y such that the following inequality holds for all n < 7,

(B.8) EV(M,, X,) < e ?V(m, x) + Cdy.

By Markov property, (B.8) implies the following recursive inequality,
EV(M, X, ) < e M 2EV(M,,_,,X,,_,) + Cdn,

as long as 1, < 19. Then, (3.7) with p = 1 follows from that

EV(th )N(tn) — e M"Y (m, x)

- Z e Mt mt)/2 [Ev(mtw th) - e—)\Wﬂk/QEV(M%iU thq )}
k=1

< Od Z T]ke_)"Y(t”_t’“)/Q
—)\’Y(tn—t )/2 o= Av(tn—tk—1)/2

where the last inequality holds as 7, < 2/(7\).
As for p > 1, by It6’s formula and (B.4), we have that for 0 <t < n,

AV(My, X,)” = pV(My, X)) (1 + o] dt + pBY(My, X~ (M, + S X, dB )

p—1) 2 ~ o~
+< )8 ’Mt+7xt V(M,, X,)P~2 dt.
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This, together with (B.5), (B.6) and |m 4 x/2|> < C'V(m, x) by (3.2), it holds that

2
3

+pAV(ML, X, (M + X, dB, )

AV(M,, X,)? < {pV(Mt, X, )P < VM, X,) + CROH dt

(B.10)

where the reserved item Ry is of the form
2

1
+d,

N %
N . (X,f)

—~ 2 ~ 2
R():‘Mt—m‘ +‘Xt—X) 1

+

which satisfies the following by Lemmas 3.3 and B.1:
(B.11) E[RE] < CtPV(m, x)? + CdP.
By Young’s inequality again, we can obtain that

~ o~ 1\ 2
VM, X7 - (CRy) < (1 _ -) %

) V(M,, X,)” + CRE.

Substituting this into (B.10), there is

- N~ ~ - N -
AV(M,, X,)P < —T”V(Mt,xt)pdwcng dt + pBY(M,, X, <Mt + %Xt,dBt> .

Combining (B.11), this implies the follow differential inequality
d ~ 2\ ~
—EV(M,, X,)" < —TVJEV(MM X, )P + CPY(m, x)? + Cd.
By Gronwall’s inequality, we have
EV(MW, X,)? < e 23 (m, x)? + CrPV(m, x)P + CdPr.

And one can also find a positive constant 7, such that for all n < 7, the following
holds,

]EV(M,], X,)? < e M2Y(m, x)? + Cd.
Hence, for any k > 1, as n;, < n;,, by Markov property, we have
EV(M,,, X, ) < e M EV(M,, |, X, )" + Cd’n.

which implies (3.7) for 1 < p < ¢/2 under Assumption IT (or 1 < p < ¢'/2 if the
condition (2.7) in Assumption IV holds ) by recursion similar to (B.9).
The proof is complete. 0

B.2. Proofs of Auxiliary Lemmas for 1-Wasserstein Distance.
Proof of Lemma 3.5. (i) Suppose that (/Mt, Xt)ogtgn is the solution of SDE
dM, = —ym dt — Vf(x)dt + BdB,,
{ dX, = mdt,

with initial value (M\O, X,) = (m, x). We claim that

(B.12) dw, (L(M,, X,,), L(M,, X,))) < C*?\/V(m, x) + d,
M X N X Vd 3/2
(B13) dWl (E(Mﬁv Xn)a ﬁ(Mm XU)) < CWT} )

which immediately implies the desired result by the triangle inequality.
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Let us now show (B.12). Observe that (M, — K/I\t, X, — Xt>0<t<n satisfies
d(M, — M) = —y(M, — m) dt — (Vf(X;) = Vf(x)) dt,
d(Xt — Xt) = (Mt — m) dt,

with initial value (M; — M, X; — X;) = (0,0). Then, it holds that

2 2

2

t t
E‘Mt—Mt < 29°E /(Ms—m) ds| +2E /(Vf(XS)—Vf(X)) ds
0 0
t t
ngﬂa/ |M8—m|2ds+2ﬂE/ IVf(X,) — V)] ds,
0 0
~ |2 ¢ 2 ¢
E‘Xt—Xt :E/(Ms—m)ds <t/E|MS—m|2ds.
0 0

These, together with Lemma 3.2, we have
2

—~ |2 ~
1&«:7‘1\477—1\477 +E‘X,7—Xn < CP(V(m,x) + d).

By definition of 1-Wasserstein distance, we immediately know (B.12) holds true.
It remains to prove (B.13). Due to X, = X,, = x + nm, it is equivalent to prove

 (C(O,), LML) < CX0 7,

or by Kantorovich-Rubinstein Theorem,

LV
ER(M,) — ER(M,)| < O350 [y,

for any Lipschitz function h. Since h can be pointwise approximated by a sequence
of hi € CZ(R4LR), i = 1,2,..., satisfying ||[Vh;|| < 2 [7lly;ps We just need to show
that

d
<cMprpvnl,, vhecm).

(B.14) ‘Eh(ﬁn) — Eh(M,)

For any fixed h € CZ(R?), we define

ho(z) == E[h(z + fB,)] = / Wz +y) - (2n8%n) " exp {—|y|*/(26%)} dy.

Rd
Straightforward calculations derive that

Ohy 0%h 2 \—d/2 2 2
595D = | Gagr @+ y) - @8t exp {—Iy["/(28n)} dy
(e d 1U<j

oh Y, -
= Jou o, V) gy @Ot e (v 257 dy
1 Oh 4
e e w39
where Bg,j ) is the J-th component of B,. That is
1

V2ho(z) = ﬁ_TlE [Vh(z + ﬁBn>BH ’
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which implies that
V]|

|Vh|, [d
©E|B,| < o [Z
Bn B, 8 n

(B.15) | V2hol| <

Taylors expansion gives that

Eh(M,) — Eh(M,)

=E h0<(1 —ny)m — n% ZVF(X, §Z)> —E [ho((l —ny)m — an(x))}
= <Vho((1—m)m nv f(x ,%ZAXG >]
L [ 157 Ak €, V2ho(0) 2 5™ A, )
3B || 7 2 AGK €D, ol ; (x,€)
STE <%ZA<X,€>7V%<<>%ZA<X751‘>>],

holds for some random vector ¢, where A(x, &%), i = 1,..., N are defined in (B.2)
and we use the independence between B, and {. Together with (B.15) and Lemma
B.1, we have

2
— - 1 \/E
[ER(M,) — ER(M,)| < 50° [ V2hol |, Ee O | Vh] .

N
Z (x.€)

which is (B.14), and leads to (B.13).
(11) Notice that (Mt — Mt, Xt — Xt)ogtgn satisfies

A(M, = M) = —y(M, — m) dt — (VF(X,) — Vf(x)) dt — % A€ dr

d(X, — X;) = (M, —m) dt,

with initial value (Mg — M, X, — X,) = (0,0). Combining Holder’s inequality and
Lemma B.1 derives that
4

+CE

4

n
< CE / (M, — m) ds
0

N

1 i
NZA(X7§)

=1

/0 (VX)) — VF(x)) ds

4
+ On'E

4

n
<C773/ E M, — m|*ds + Cr? / E|X, —x|* ds+CN2,
0

4

[ o - m) as

Then Lemma 3.2 with p = 2 implies

< n3/ E M, — m|*ds.
0

— |4 ~ |4 4
E[M, - M,| +E[X,-X,| < Cnf(V(m,x)? +d*) + C 1.
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We complete the proof. 0

B.3. Proofs of Auxiliary Lemmas in the Total Variation Distance. Before
proving Lemma 3.7, we shall introduce the well known Bismut formula in Malliavin
calculus. To this end, let us briefly recall the Malliavin calculus by Bismut in our
setting. Let T > 0 be an arbitrary number, for any ¢t € [0,7], we take Y, as a
functional of Brownian motion, i.e., Y{(B), let h be an adaptive stochastic process
in L2([0, 7] xQ, R?), and define a general Malliavin derivative along h as the following

Y, (B +eH) — Y,(B)

h IRT
(B.16) D"Y,(B) = ll_r% . :
where H(t fo s)ds for t € [0,T1], as long as the above limit exists in L*(12).

For ¢ € Cb (]Rd R), by the chain rule,
D"¢(Y,(B)) = Vo(Y,(B)) D"Y,(B Z 2i9(Y.(B)) D"F/(B)

The following Bismut’s formula, which can be taken as an integration by parts, is
an important property in Malliavin calculus:

t
(B.17) E[Vo(Y) D"Yi] —E |o(¥) [ (h(s).dB.)|.

0
Proof of Lemma 3.7. Let Y] = (M, X¥) come from SDE (1.5). Let h be an
adaptive stochastic process in L2([0,T] x €, R??) to be chosen later, by | ], the

Malliavin derivative of Y, along h satisfies
¢ t t
DEM™ = —7/ DEM™ ds —/ V2f(XX) DhXX> ds—i—ﬁ/ h(s) ds,
0 0 0
t
DEXx = / DEM™ ds.
0

Besides, for any w = (u,v) € R?*, the Jacobian flow of Y, with respect to w is
defined as .
Yy EW Yy
vVYY - w=lim —t+——F
e—0 g
More precisely, we have that

tr_ 2
0
tr_ 2
0
Observe that for any ¢ € C}(R* R)

(B.18) VEN(Yr) w=E[Vo(Y7)Viu Y7 - u] + E[VO(Y7)ViYr - V].
We aim to find some special h and h such that

VY7 -u=D'Y; and V,Yp-v=DPY,,
and consequently

VEG(Yr) - w = E [Vo(Yr) D"Yr] +E [ Vo(Yr) DFYr |,
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which enables us to apply Bismut’s formula (B 17).
Define H(¢ fo s)ds and H(¢ fo s)ds, by Zhang | , Theorem 3.3],

for any T > 0 and u,v € R?, we can choose H(t) and H(t) specified as below.
Firstly, for any u € R?, let

H(t) = — ;(u gt) — / ds—/ds/V2 d),

for t € [0, T], where g(t) is given by
(T80T 0<t<T)2
¢ _{(t—T)u/ﬂ T/2<t<T,

satisfying g(0) = u, g(7") = 0 and fOT g(t)dt = 0. One can verify that
<Vth<m7 X)7 Ll> - DhMt(m7 X) + g(t)a

(VinXi(m, x), u) = DX, (m, x) +/0 g(s) ds,

and V,, Y7 - u = D*Yy. Then, applying Bismut formula to E [V¢(Yr) DYy
yields that

1 T s '
(TmEol¥r)u) ~E | ~o(¥n) [ (7205 [ ar) drgte) + 6000 ) am.].
0 0
Hence, there exists a constant C' only depending on L, v and /3 such that
(B.19) (ViEd(Yr),u)| < C|¢]l, [uf (T*2 v T712).

Analogously, for any v € R?, let H(t)

i) = 5 [0 [ &) as— [ v (v [Tgnar)as],

for t € [0,T], where g(t) is given by

50) —4t/T*>v , 0<t<T/2,
ST Nae -1y, TI2<I<T,

satisfying g(0) = g(7") = 0 and [, g(t) dt = —v. Then, it is easy to verify that
(VaMi(m, x), v) = D*My(m, x) + §(1),

(VX (m,x),v) = DPX,(m, x) + v + /0 g(s) ds,

and V4 Y7 - v = DEY . Applying Bismut’s formula to E [ng(YT) DEYT} yields

(VAE6(Yr),v) = E {—¢<YT>% / ) [sz(Xs) (v -/ &) dr) E(s) + é(s)} st} |

which immediately implies that there exists a constant C' > 0 only depending on L,
~v and [ such that

(B.20) (V<E(Yr), V)| < Cllg] v (T2 v T22).
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Combining (B.18), (B.19) and (B.20), we have
IVES(Yr) - w| < Cllgll, (ful + [v]) (T2 v T2) <O léll (T2 v T2) |wl
for any w = (u,v) € R??, and this implies the desired. O

Proof of Lemma 3.8 . Firstly, the chain rule of Malliavin derivative yields that

(Dg(F),DF7), = Z 0ig(F) (DF", DFV), = Z 0;9(F)(T(F))iyy §=1,...,d,

which implies that

(B.21) d;g(F) = Z (Dg(F),DFY), (TD(F)7"), ., i=1,....d

Then, we have

where the first equality is by (B.21), and the last one is due to the duality (3.10)
between derivative operator and divergence operator. Then, the Jensen’s inequality
yields that

2

(B.22) [E(Vy(F), G)| < [lgll | E

la(i (T(F)G), DFJ‘)

j=1

Applying the continuity of divergence operator ¢ from D'?(H) into L*(2) [
Propsition 1.5.7], there exists a constant C' > 0 such that

‘5<§d: (TF)G), DFj)

J=1

2

(B.23) E < C(T + 1),

where Z; and Z, are given by

d 2

> (T(F)'G),DF

j=1

Ile 5 IQ—

b ((e170), )

For 7, it follows from Cauchy-Schwarz mequahty that

M d
> |@c®c),|IDF L,
7j=1

(B.24) E (Ed: )"'G) )(ZHDFJHH)]

2
HOH

2
7, <E

N

<B{[IrE),, 161IDFlL] |
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For Z,, according to | , Lemma 2.1.6], it holds that
d d
D(P(F)'G), =Y (P®)),, DG~ 3 GI(TE) ™), (TE) ), DT(F)r)-
i=1 ik,l=1

This, together with representation D(T'(F);) = D (DF*, DFZ>H for any 1 < k,1 <

d, we have
(B.25) ( DFJ) Sy + Do + 1o,
HOH
where Zy 1, Iy 5 and IQ 3 are given by
121—2‘ ) G) )HDQF]”’H@H
52:§jMnFrl Il IDF]L,
ij=1
d 4 :
Lo= Y, |G(CE)?),, @), | [P (D), [IDF], .
i,jk =1

It is easy to estimate Z,; and Z; 5 which satisfy

(B.26)
Loy < |[TE) | IGHD* |00 oo < |TE) s DG, IDF |, -

For Zy 3, we claim that

2
(B.27) L2 < 2||F 1HHS|G|HDF||3—[HD2FHH®’H'
Combining (B.25), (B.26) and (B.27), we can obtain that

|| o (e, or) |||

s <OfF [HHFPHOD G [D7F ]

+E [[0F) 7|} IDGI, IDFS, |

T, =

_qp4 2
+E [JTE) g 16F IDFI 7P, ] |
Combining (B.23), (B.24) and (B.28), by Holder’s inequality, we can obtain that
d
e[ (3 ), or)
7j=1

<clel, {E[<1+HDFH;><1+ D) 1+ ) )]}

Substituting this into (B.22), we can obtain the desired.
It remains to prove (B.27). Observe that for any 1 < k,l < d

)
|D(DF*,DF"), ||, < ||D*F* IDF'||,, + ||DF*

2

(" e D[ g 11D F¥[
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Then, for each j =1,...,d, it holds that

I

Y, (CE®)™), | [ID(DF* DFY),,

d
z:\ NS>
+Z (r(e) ® Z

i,l=1
The Cauchy-Schwarz inequality implies that

{Z Gi<r<F>—1>l,iHDFZHH\} <3Sy

i,l=1 i=1
<GP |T®) || IDF5,

G(T(E)™),,

I

GH(DE) ™), | 1D g

> (o | [ Ior

il=1

and similarly

{Z (), ||D2Fl||H®H} <G o), D7,

il=1

Combining inequalities above, we can obtain

| ||[D*F*

I, < |G| [|T(F) 1||HS IDF|l,, Z ‘ |DFjHH

7. k=1

1G] D) s [D2F e S |0 0F)

J,k=1

e |

I

12
<2|[P) 7|y [GHDFIL, [D?F ||,y
The proof is complete. O
Proof of Lemma 3.9. According to Markov’s inequality, it holds

]P)(Ejlk:) <P (ﬁj Z (&) — Ep(&)) > (k- j)%)

i=j+1

N4
(2
Nk
where in the first inequality we use t; —t; > (k — j)ni due to n; < n; for any ¢ > j.
Assumption III implies that

k
Ni—1 H i wm H o ’

i i=j+1 i=j+1

k

ij Z (@(ﬁi) - E@(fz’))

i=j+1

Y

i=j+1

where the first inequality follows from the condition 7;_1 < 7;(14 wn;). Assumption
IV guarantees that E|p(&) — E[p(&)]|* < oo, then together with Lemma B.1, the
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following holds for constant C' > 0,
Ce4w(tk7t]’) o Ce4w tr— t) Ce&*}(tk*tj)
= S G S mne

Since Assumption IV implies E |¢(£;)? — E[p(&)2]]* < +o0, P(E?,) can be anal-

ogously estimated only with ¢(&;) replaced by ¢(&;)2. O

P(Eglk) <

Recall SDE (1.6), we have
M, = (1—yn;)M,,_, — ZVF (X, 0. &)m; + B(By, — By, ),

Xt = T]JMt 1 +Xt

j—1?

for j > 1 and initial value (M, X,) = (m,x). By | , Section 2.2.2], the
Malliavin derivative satisfies
Dsﬁt]. T Dsmtj,1

(B.29)

J

+5[ ] Lit;1.a)(8),

Dthj DSth,1

where the matrix E; is defined for simplicity as
(1 —m;)Ly ndd}

B.30 E, = .
( ) ’ l IZT 1v2F<Xt 175) j Id
Besides, define S; as

SkEIQd, SjEEjJrl...Ek’ jzl,,k—l
Given (MQ, )Nite) = z, the Malliavin derivative of ?tzhtk = (Mtk, X,,) has the follow-
ing recursion:
Dthk

B.31 Y
(B.31) D.X,

k
I
=p Z S; {61] 1[%’—1,75]')(5)7

j=t+1

and the corresponding Malliavin matrix is given by

Ly k I
(B.32) T(Y7,) :/ ds =6 > ;S [(ﬂ [I; 0]S;.

j=t+1

DSMtk

—~ T
DSMtk
DSth

DSth

Before estimating the lower bound of eigenvalues of I‘(\?fbtk), let us derive an esti-
mate of [[S; — Lnq|,, first.

Lemma B.2. For any fixed k > 1, the following holds for each 1 < j < k,
k

1S; — Taall,,, exp{ > milp(&) +v+ 1)} -1,

i=j+1
where 9(€) = N~V SN | supyega [ V2P, )y i =+ 1, b, are in (3.12).
Proof. We prove this by a backward induction. By definition, S; = I54, so this result

holds for j = k. Assume that
k

IS¢ = Taall,, eXp{ D milp&) +v+ 1)} -1,

i=0+1
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holds for some ¢ > 2, then
1Se-1 — Laall, = [[EeSe — E¢ + E¢ — L[, < [[Eellp [1Se = Ladllp + [[Ee — Laall,, -

A B
C 0

[Kw| = [Au+Bv + Cu| < [[|All,, + [Bllo, + 1Cllep] W],
which implies that K|, < [[All,, + [[Bll,, + [[Cl|,,-Then, we have

For any matrix K = [ } € R and w = (u,v) € R4, it holds

IE¢ — Ladll,, <ne((€e) +7v+1).

{ —1Iq Id:|
N < r

_% Zr:l VQF(XU_17§Z) 0

Hence, we obtain the desired result by

1Se—1 — Taallo, < [1Ee — Laallo, + 1] [1Se — Laall o, —

exp{Zm (&) +’y+1)}—1-

The proof is complete. O

op

Next, we prove Lemmas 3.10 — 3.13. To make notations simple, we define

B33 bly) = | V) By = [V i VE(x, .,

m m

for y = (m,x) and & = (¢1,...,&N).
Proof of Lemma 3.10. (i) By the definition and (B.32),

k k
= () = X e (ST[5] e o)s)) <20 3 s,

j=t+1 j=t+1

o],

Together with Holder’s inequality, we have
k

<Od(t— 10 > IS, -

j=+1

(B.34) HDYQ N

Notice that S; = E; ;... Ej, with E; defined in (B.30) implies

8| ~
IS5, < B{E | (14 1B~ Tl | Ricss E0strcicnns] IBrs- Bucall .

and
8

8
(1 + | Ex — Izd||op> <

1+ ng ( Z sup ||[V*F(x 5k>Hop+7+ 1)

r=1 XeRd

8
1
< = 7m, 14 < Zsup HVQFxfk)HOp—I—W—i-l)

r= 1X€Rd
Ty,
<1
\( Jr1—7771)

N
1+ Cny (% Z sup ||[V*F(x, f,:)Hip + 1>

r=1 XeRd
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where in the second inequality we use (1 + m,.7)® < 1+ nga® + Tne(1 + npx)® for
x > 0. According to Assumption IV ;| we have

E|[Sillgp < (1+ Ce)E [|Ej 11 .. B[}, < e“™E By Exally,

Then, applying this method recursively shows that E HSjHip < eClt) for j =
0+ 1,...,k, so (B.34) and condition t, —t, < 1/[5(B; + 7 + 2)] imply that

]EHDY

< Cd*(ty, — t,)° Z neC ) < Odt,
j=t+1

Lotk

Analogously, it can be shown that ]EHD\??NI%1 15, < Cd*.
For any t € [t;_1,t;] and h € H with ||h|,, <1, by | ]
) = D"Y”

tétkl—i—ﬁ/ []h ds

4 / Vb(Y, (Y2, )DMY, (Y7

toste—1
tr—1

DY, t(YZ

toste—1
(B.35)

) du.
Since |[Vb(y)|lop < L + v+ 1 where b(y) is in (B.33), it follows that

DY o Fr ), < DY

t
to,t—1 +/6\/77_k5+c/t HDYtkfhu(YtZg tr— )H'Hdu
k-1

Then Gronwall’s inequality implies

bV, (@)

8 8
4
| < (EHDYW HH+1)<CCZ, tE [t ]

(ii) Given event (Ej;,)¢, i.e., Zf:eﬂ ni(¢(&) — Ep(&;)) < ty — ty, Lemma B.2 and
Assumption IV derive the following equation for some constant C' > 0,

15,11, < 1S5 = Taall,, + 1 < iz M(P(E)F1H]) < o(te—te) (Be@)+1+2)

Y

for j =0+ 1,..., k. According to (B.34), the following holds ,

ozl

tk’ _t( Z 77] |S ||0p Cd4 on (Eﬁl,k‘)c

j=t+1

The proof is complete. 0

Proof of Lemma 8.11. For any hy,hy € H with ||hy]|,,, [|ha|l,, <1, by | ],
we have

Dhl DhQYZ ty Dhl DhQYtz tp—1 + nkvb (Yté tp—1? Sk) Dhl Dh2Ytze te—1
+ nkVQb(YZ Ek) Dh1Yz DhQYZ

totp—1? tot—1 tote—17

where b(y, £) is defined in (B.33). Hence,

Dh2yz

tote—1

h; mha~rz
DM DRy

’Dththﬂ ‘+77kHVb 5 1,&)()

)

to,ti— ‘ ‘DhQY

+77kHv2 tgtk 17€k)

tote—1
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which implies that

2N\ 2z
ty,tk tote—1 D Ytz tp—1

HDZYZ

<[

+ 1k HVB (?tzfvtk—l ’ £k)

2

HOH HOH op HOH

"‘ﬁkHV2 t[tk 17&)

te,t
op Zkl,H

Notice that n, < m and (z + mey)? < 2t + my® + 3ne(x + mry)?* for 2,y > 0, so

]EHDY R L EHD2 !
b llyen 1—3m i e
877]<; 4 2Nz 1
(B.36) S { {HVb €| [PV HW}
4 —~ 8
+E |:HVQb te tho 17€k) op DYtZzﬂfk—l H:| } ’

Combining Assumption IV, Lemma 3.10, and the independence between &, and
other random variables on the right-hand side, we have

e [[vscvs, 1,sk>u;um H

(B.37) _E{Egk [Hvzb 1o &k

< CE HDY g Cd.

tote—1

Similarly, by Assumption IV, and the independence between &, and other random
variables, we also have

4 4 4

D%Y*

totk—1

(B.38) “)Vb 1o €6

} C]EHD2

tote—1

op HOH HOH

Combining (B.36), (B.37) and (B.38), since DQ?Z’W = 0, we have by an induction

4

E HD2 |+ Cd'n,

< (1+ Cnp)E HD2

Lotk toste—

HROH

< cd' Z i H (1+ Cny) < Cd*(ty — t)e "),

i=0+1  j=i+1

Due to t;, —t, < 1/[5(B1 + v + 1)], we can obtain the desired.
For Yy, +(Y?, ), t € [tr_1,t:] and any h; € H with ||h;l|,, <1,i=1,2, by
[ ], the second order Malliavin derivation satisfies

DM DRy, (Y7

tote—1

) = D Dh2y?

tote—1

t
+ / vb(Ytkflvu(YtZ[ tr— 1)) Dh1 Dh2Ytk—17u<Ytzg th—1

) du

te—1

) DhQYtkq,U (YZ

toste—1

t
+ / V(Ye ,W(Y2, ))DMY, (Y ) du.

tot—1
te—1
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Since |[Vb(y)|l,, < L+~ +1and [[VZb(y)l|,, < Bz due to Assumption IV, we have

t
HDzYtkfl,t(Yth_l) ‘H@m < HD?YtZW_1 o T C/t HDZYtkfl’u(Y;,tk_l) ’HW du
k—1
tr . 2
+C / ‘DYtH’u(Ytze,tkil) du.
tp—1 H
By Gronwall’s inequality,
~ ~ tk ~ 2
oY v, |, <Py, |, e /t DY (Yiy, )|, du
k—1

We have shown that E|D2Y?

tlatk—1||%[®% < Cd*, together with Lemma 3.10 and
Holder’s inequality, we get

< Cd*.

. 4
E HD2Ytk_1,tk (Ytzz,tk—l ) ‘

HOH
The proof is complete. O

Proof of Lemma 3.12. Recall the SDEs (1.5) and (1.6), and define

Et(,tk = Ytk—htk (Ytzg,tk_l) - Yfg,tk = / <b(Ytk—17t(YtZg,tk_1)) - b(Yfg,tk_lﬂ Sk)) dt?

te—1

where functions b and b are defined in (B.33). For any h € H with |h[,, <1, by
[ ], we have

(B.39)
17 . " — .
DhEthtk = / (vlb(Ytkfl,t(Ytzg,tk,l)) DhYtkfl,t(Ytzg,tk,1> - Vb(Ytzg,tk,1 ? €k) DhYtzg,tkfl) dt

th—1

(1) Observe that DhEtg,tk = Il -+ IQ -+ 1-3, where

ty - ~
Il - / Vb(Ytkflat(Ytzg,tk,1>) (DhYtk717t(YZ’tk71) - DhYtzg,tk,1> dt’

tp—1

12 - ~ —~
(BA0) 7, — / (VB(Ye o(V7,, )~ IB(Y7,, ) DMV, , di.
tp—1
Ty = (V(YE,, )~ VB(YE,, . &)) D"V, .
We estimate them one by one.
For Z;, one has
DhYtk—ht(Ytzg,tk_l) - DhYtzg,tk_l
t t
I ~Z ~Z
_ 5 / { 5] h, ds + / Vb(Y,, (Y%, )D'YZ,  du
th—1 lk—1
t
+ Vb(Ytkfl,u(Ytzg,tkfl)) [DhYtkfl,u(Ytzg,tkfl) - DhYtzg,tkfl] du.

tk—1

Together with |[Vb(y)|l,, < L +v + 1, the following holds,

) — DYtZMk_1 N du

HDYtk_ht(SN{Z

tote—1

tote—1 o

t
<C / DYy, (Y2, ) - DYE
tk—1
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+ v (||p¥e, |, +1)

for all t € [ty_1,tx]. And Gronwall’s inequality derives

(B.41) |y ¥z, ) -0Yz, | <cva([p¥, ||, +1)-
which leads to
(B.42) it < ont (¥ [+ 1) Il

For T, we let A =Y, (Y%, )—YZ%, . then

I, = Dhygtkl/ /v2 (rA+Y%, )-Adrdt.
k—1

t

By [[V?b||,, < Bz due to Assumption IV, we have

(B43) |L|'<C HDY

tote—1

12
772/ ‘Ytk—lt Ytze - 1) te 7 1} dtHhHH
tk—1
Besides, by Lemmas 3.2 and 3.4, we have for any ¢ € [t;_1, tx],
z z 4 z
E |:|Ytk—1 t Ytz i 1> Yte tp— 1’ i| < C<t - tk—1>2(]E[V(Yte th— 1) } + d2>

< COnp(V(z)* + &%).
Then, by Markov property, it holds that

(B.44) EILI < Crf(V()? + &) ]}, E||DY?

tote—1 o

For I, since [|[Af,, < [[Allgs < \/_HAHOP for any matrix A, it follows from
Lemma B.1 that

_ 4 1 X !
Ee||Vb(y) - Vb(y. &) C=Ee|| 5> (VPF(x &) = V()
p r=1 op
C Cd?

< e [VPF &) = V2 ()| <

Due £ is independent of other random variables, this immediately leads to

4

(B.45) Bz < Cof [l ©5 |DY;

tote—1 H

Since IEHDYQ w13 < Cd? by Lemma 3.10, then Combining (B.40), (B.42),
(B.44) and (B.45), we get

_ d4774
E|DEy, ., |l5, < Cd*ni(V(z)? + d?) + C—
(ii) According to (B.39), we have that
ty
D=0l < [ 19D,
tp—1

Mk HVB(?Z,%_N Sk

(Ytzp T 1)

‘ dt
(B.46) "

titk 1|y
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(B.41) together with a triangle inequality, it holds

L <ovin(||pYe, |, +1)

for all ¢ € [ty_1,1x]. Besides, by Lemma 3.10, HDYW to 1”% < CVd on the event
(Ej,)¢. Then, we have

DY, (Y2

tote—1

).~ [p¥:

tote—1

(B47) HDYtk_1,t(Yfg,tk71)

‘ < CVd, ontheevent (E},)°
,H 9

On the other hand, given (Ezk,)c, ie., Zf:eﬂ ni(0(&)? — Elp(&;)?]) <t — t; with
©(&;) defined by (3.12), we have

(B.48) e (€x)? Z nip(€)? < (te — t) (El(€r)°] +1) < C,

i=0+1

where the last inequality is due to Assumption IV.
Combining [|Vb[|,, < L+~ +1, (B.46), (B.47) and (B.48), we have

0%l < OV |95(F2,0 80 +1)

< CVdn(@(&) +~v+2) < C\/dn,,  on the event (Efp UEZ)"
The proof is complete. O

Proof of Lemma 3.13. For any vector w € R?? with |w| = 1, the relation (B.32)
yields that

k
(B.49) wD(YZ, )w=p3>" |l 0] s;wl*.
j=t+1

Inspired by | |, we divide w and S; into

_|u _|A By
v M %= [Cj DJ}’
with vectors u, v € R? and matrices A;, B;, C;, D; € R¥,
We split the proof into two cases, one being |u| > (tx — t,)/4 and the other
|u| < (tk — tg)/4.
(i) The case |u| > (t — t;)/4. Observe that

[ o] s;w|" > §|[Id o] wl* — |[Ts 0] (S; ~ Tag)w|’
(B.50) ¥

2
IUI = [IS; = Ladll;,

Assumption IV and the deﬁmtlon of m yield that

(B.51) (1 = t) (B () +7+2) < £
Given (E,, ;)% ie., S mi(p(&) — Ep(€)) <ty — tm, we have
(B.52) > (&) + v+ 1) < (tk — t) Eep(&r) + 7+ 2).

i=m-+1
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Combining (B.51), (B.52) and Lemma B.2, we have that for j =m, ... k,

t — o

8

where the last inequality follows from e*/1 —1 < x/8 for x € (0,1/10). Substituting
this into (B.50) and |u| > (tx — t,)/4 imply

||Sj _ 12d||0p < er:mH mi(p(&)+r+1) _ q < e(te—te)/10 _ 4 <

2 (g — t0)?
|[La O] S;w|" > ==
Then, due to t; —t,—1 > (tx —t¢)/[10(y+ By +2)] by the definition of m, we obtain
k
(B.53) WTI‘(YtZNk)W > 32 Z ur ‘ [I; 0] Sjw|2 > O(t, — t,)%, on (Erlnk)C
Jj=m

(ii) The case |u| < (tx —t,)/4. In this case we clearly have |v| = (1 — |u|*)"/? > 3/4.
Notice that S;_; = E;S; implies

A, B,
[Ai—l Bz‘—1] = [(1 — 1)1 niId] |:Ci Di] 5
le.
[Azel Bifl} - [Ai Bi] = =N [Ai Bi] + [Ci Di} .

Then, summing this over ¢, we can obtain that

A B (A BJ=— 3 n[A B+ Y 0(C D).

i=j+1 i=j+1

Due to A, =1, and By, = 0, we get the following relation,

k k
(B54) Lj:=[A; BjJ+7 Y n[A B]= > n[C Di+[ls 0] =Ry
i=j+1 1=j+1

where we denote the matrices on the left-hand side and right-hand side by L; and
R; respectively.
For L;, observe that [A; B;] = [I; 0]S;, then we have

L 2
vl <2 (A, B w27 (3 nfia B
i=0+1
k
< 2 | [Id 0} SjW‘2 -+ 2’}/2(tk — tg) Z 7; | [Id 0} SzW 2,
=41
which immediately implies that
k k
(B.55) ST o ILwl* <20+ 92t — )2 D | [Ta 0] S;w|”
j=t+1 j=t+1
For R, observe that [C; D;] =[0 1,]S;, then

RjW:'Z i [O Id]w+ Zm([ci Di]—[O Id])w—{—[Id O}W



:(tk—tj)vfz n([Ci D] —[0 L])w+u

Given (Ej,)¢, together with Lemma B.2 implies

H [Cl Dz} — [0 Id} ||0p < ||Sz — 12d||op < QZ?:ZJA ni (&) +v+1) _ 1

< el t)Eel€r)tr+2) _ 1 < ol/5 1 ¢ 1
4
Together with |u| < (tx — t,)/4 and |v| > 3/4, we have
k
IRjw| > (t —t;)[v| = D m[([C: Di] = [0 L)) w|—|ul
i=j+1
3 . 1
>t —t) = > m[[C: D] = [0 L[|, = (1)
i=j+1
1 1
5(% — ;) — Z(tk — to).

Take m’ such that t;, — ¢, = 2(tp — t¢)/3 and t,,y — t; = (t — t;)/4, then

k !
S oniRw = > Rywf’

(B.56) = J14+1 1 - ( .

Ty — T
= [—(tk —to) — = (tp — tg):| Z n ==

’ 4 j=t+1 576

Combining (B.54), (B.55) and (B.56) leads to
2 2 . 2 (tk — tg)?’
J=t+1

This, together with (B.49) and t; —t, < 1/[5(By + 7 + 2)], immediately implies
(B57)  wD(Y,)w=5" Zm [T 0] S;w[* > Cltx —10)*, o (B},

Consequently, (B.53) and (B.57) yield the desired,

M (D(V2,5,) ) = min wT (Y2, )w > Clt — 1), on (Bl UE},)"

lw|=1

The proof is complete.
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