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ERROR ESTIMATES BETWEEN SGD WITH MOMENTUM AND
UNDERDAMPED LANGEVIN DIFFUSION

ARNAUD GUILLIN, YU WANG, LIHU XU, AND HAORAN YANG

Abstract. Stochastic gradient descent with momentum is a popular variant of
stochastic gradient descent, which has recently been reported to have a close rela-
tionship with the underdamped Langevin diffusion. In this paper, we establish a
quantitative error estimate between them in the 1-Wasserstein and total variation
distances.
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1. Introduction

Many tasks in machine learning and statistics can be formulated as an optimiza-
tion problem as follows

(1.1) minimize EξF (x, ξ),

where ξ is random and its distribution is not known, and x ∈ Rd. In practice, one
needs to replace the mean EξF (x, ξ) with its sample mean as

(1.2) minimize
1

N

N∑
i=1

F (x, ξi),

where ξ1, ..., ξN are i.i.d. and have the same distribution as ξ. For the further use,
we denote

(1.3) f(x) = EξF (x, ξ).

To solve the minimization problem (1.2), one often uses online stochastic gradient
descent (SGD) or online SGD with momentum (SGDm), and the latter usually con-
verges faster or works more efficient than the former. The relationship between SGD
and stochastic differential equation (SDE) has been intensively studied recently, see
e.g. [LTW17, LTW19, CSX23, CLTZ20, FDBD21]. Although there have been pa-
pers reporting the connections between stochastic gradient descent with momentum
(SGDm) and underdamped Langevin diffusion, see for instance [GGZ22], their rela-
tionship has not been well understood, particularly when the time tends to infinity.
The primary goal of this paper is to quantify their error bound in the 1-Wasserstein
and total variation distances.

The noised online SGDm has two variables (mk,xk), called the moment and
position respectively, satisfying

(1.4)

mk+1 = mk − γηk+1mk −
ηk+1

N

N∑
i=1

∇F (xk, ξ
i
k+1) + β

√
ηk+1ζk+1, k > 0,

xk+1 = xk + ηk+1mk, k > 0,

with initial value (m0,x0) ∈ R2d, where the constant γ > 0 is the friction-coefficient,
β > 0 can be regarded as the temperature, {ηk, k > 1} denote the step size, {ξik, k >
1, 1 6 i 6 N} are i.i.d. copies of ξ, and {ζk, k > 1} are i.i.d. with standard d-
dimensional normal distribution. Note that for each k > 1, ∇kF (x, ξ) is the k-th
order derivative of F with respect to x throughout this paper.

We will compare the algorithm (1.4) with the underdamped Langevin diffusion
(Mt,Xt)t>0 with state space R2d

(1.5)

{
dMt = −γMt dt−∇f(Xt) dt+ β dBt,

dXt = Mt dt,

where (Bt)t>0 is a d-dimensional standard Brownian motion. The two processes pos-
sess the same initial point (M0,X0) = (m0,x0). In order to compare the algorithm
(1.4) with SDE (1.5), we introduce the following intermediate stochastic system: for
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t ∈ [tk, tk+1) with k ≥ 0,

(1.6)


dM̃t = −γM̃tk dt− 1

N

N∑
i=1

∇F (X̃tk , ξ
i
k+1) dt+ β dBt,

dX̃t = M̃tk dt,

where tk =
∑k

j=1 ηj and t0 = 0. It is obvious that {(mk,xk), k > 0} and {(M̃tk , X̃tk), k > 0}
have the same distribution as long as (M̃t0 , X̃t0) = (m0,x0).

1.1. Literature Review. Comparisons between stochastic algorithms and stochas-
tic continuous dynamics have been intensively studied recently, e.g. [GM91, RRT17,
CSX23]. In particular, the online stochastic gradient Langevin descent (SGLD)
related to the minimization problem (1.2) reads as

xk+1 = xk − η∇F (xk, ξ) +
√

2β−1ηζk+1 , k > 0,

with a constant learning rate η > 0. [RRT17] studied the connection between this
SGLD and the overdamped Langevin diffusion process X = (Xt)t>0

dXt = −∇f(Xt) dt+
√

2β−1 dBt,

see also [Ebe16, Ebe11, CHS87, Pav14] for related distribution sampling problems.
Besides, [RRT17] showed that the 2-Wasserstein distance between the SGLD with
constant step size η and the continuous time Langevin diffusion can be bounded
by O(kη(δ1/4 + η1/4)) at the k-th iteration. It is obvious that as k has an order
higher than [η(δ1/4 + η1/4)]−1, this bound is not useful. By the Lindeberg technique,
[CSX23] obtained a uniform bound O((1 + log |η|)η) in 1-Wasserstein distance with
respect to the time. Furthermore, [PP23] studied the convergence of the Euler-
Maruyama (EM) scheme for the SDEs driven by multiplicative noises in the 1-
Wasserstein and total variation distances, the steps of the EM scheme are decreasing.

The underdamped Langevin diffusion (1.5) has been extensively studied in re-
cent years, see for instance [EGZ19, Pav14, BGM10, GM16, Wu01, Sch24, Nea11,
CCBJ18]. An important advantage of the underdamped diffusion is that it of-
ten converges to the stationary faster than the overdamped diffusion, see for in-
stance [EGZ19, CLW23, AAMN24] either in Wasserstein distance or in L2 when
the spectral gap is small by appropriately choosing friction coefficient. [Wu01]
showed that the system converges to its equilibrium measure with exponential rate
by constructing appropriate Lyapunov test functions. [EGZ19, Sch24] established
the contraction property in the Wasserstein type distances for two solutions of (1.5)
with different initial data, and [SW24] studied the EM scheme of (1.5) and its
convergence in the 1-Wasserstein distance. [CCAY+18] considered the problem of
sampling from distribution p∗(x) ∝ e−f(x) where f : Rd → R is L-smooth ev-
erywhere and m-strongly convex outside a ball of finite radius R. Given a tol-
erance error ε, they proved that the complexity of the underdamped Langevin
Markov chain Monte Carlo (MCMC) is O(

√
d/ε) if the step size is η = O(ε/

√
d).

What’s more, [CR22, GGZ22] considered the stochastic gradient Hamilton Monte
Carlo (SGHMC) for sampling a similar distribution and found a complexity bound
O((kη)3/2

√
log kη(δ1/4 + η1/4) + kη

√
η) in the 2-Wasserstein distance when the step
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size is a constant η. For other applications related to underdamped Langevin diffu-
sion, we refer the reader to [CDC15, CR22, GGZ22] for stochastic gradient Hamilton
MC and to [CCBJ18, CCAY+18] for underdamped Langevin MCMC.

For other SGD algorithms such as Mini-batch SGD and Nesterov SGD, we re-
fer the reader to [KLRT15, LZCS14, CL20, LR20, BLB17, MJ19, KF16] and the
references therein. These algorithms differ in their approaches to updating the pa-
rameters during training neural networks and can be useful in improving convergence
and reducing overfitting.

1.2. Contributions and Methods. Our contributions and methods are summarised
as the below:

(1) Although there have been several papers studying the connections between the
accelerated algorithms with continuous dynamics, see for instance [CR22, GGZ22],
but most of them only provide qualitative limit without a quantitative error bound,
particularly when the time is large. To the best of our knowledge, this paper first
provides error bounds between the SGDm and the underdamped Langevin diffusion
uniformly with respect to the time, these bounds depend on the dimension d poly-
nomially and reveal convergence rates. Our results can be formally formulated as
the following:

dW1(L(Mtn ,Xtn),L(mn,xn)) 6 C
√
d(1 + 1/N)

√
ηn,

dTV(L(Mtn ,Xtn),L(mn,xn)) 6 Cd4(
√
ηn + 1/

√
N).

We clearly see a significant difference between the above two bounds, one being of
an order O(

√
ηn +

√
ηn/N) in the 1-Wasserstein distance and the other O(

√
ηn +

1/
√
N) in the total variation distance. We think that the rate O(1/

√
N) in the total

variation distance is due to the singularity of this distance and that it is hard to
improve the O(1/

√
N) without paying a price on the rate

√
ηn .

To the best of our knowledge, most of the known results related to underdamped
Langevin diffusion samplings and discretization schemes have a constant step size
η, while our SGDm has the non-increasing step sizes ηk which include the constant
step size case.

(2) There are two systems of noises, ξik and ζk+1, in SGDm (1.4), whose interplays
make the SGDm much more complex than the underdamped Langevin sampling
by discretising SDE (1.5). These complexities can be clearly seen in bounding the
total variation distance, where we need to estimate a Malliavin matrix related to
ζk+1 by splitting the regimes of ξik. What’s more, ξik can be heavy tailed. More
precisely, we only need to assume that ξik has second and fourth moments to bound
dW1(L(Mtn ,Xtn) and dTV(L(Mtn ,Xtn),L(mn,xn)) respectively.

(3) The term N−1
∑N

i=1∇F (x, ξik+1) is an unbiased estimator of∇f(x). According
to the law of large number, it converges to ∇f(x) almost surely as N → ∞. This,
together with the exponential ergodicity of (Mt,Xt), immediately implies an error
bound in the order O(

√
ηn) for the underdamped Langevin sampling as n is large.

The rate O(
√
ηn) may be not optimal due to the heavy tail effect of ξik, we conjecture

that the rate O(
√
ηn) can be improved by assuming that ξik has a high order moment.

We leave this possible improvement to the future research.
(4) Although the approach of our proofs is still via the classical Lindeberg princi-

ple, in contrast to the overdamped Langevin diffusion, the underdamped Langevin
diffusion is degenerate and the following difficulties naturally arise: (i) the regularity
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problems are very involved and we need Malliavin calculus to handle them; (ii) there
are interplays between the randomnesses of ξik and ζk+1, it is much more difficult for
us to estimate the Malliavin matrix and figure out the polynomial dependence on
the dimension d; (iii) the related Lyapunov function is much more subtle and not
intuitive.

1.3. Structure of The Paper. In the next section, we will introduce our assump-
tions and main theorems. Section 3 will provide all auxiliary lemmas, which include
estimates of p-th moments, the contraction property of the 1-Wasserstein distance,
and additional estimates related to the total variation distance. The proofs for the
main results and their corollaries will be provided in Section 4. In Appendix A, we
give the supporting lemmas related to the Lyapunov function. At last, the lemmas
in Section 3 will be proved in Appendix B.

Acknowledgements: We would like to thank Professor Feng-Yu Wang for very
helpful discussion and pointing out the references [Sch24] and [SW24] to us. A.
Guillin is benefited from a government grant managed by the Agence Nationale de la
Recherche under the France 2030 investment plan ANR-23-EXMA-0001”n and under
the grant ANR-23-CE40-0003. L. Xu is supported by the National Natural Science
Foundation of China No. 12071499, the Science and Technology Development Fund
(FDCT) of Macau S.A.R. FDCT 0074/2023/RIA2, and the University of Macau
grants MYRG2020-00039-FST, MYRG-GRG2023-00088-FST.

2. Preliminary and Main Results

2.1. Notations and Assumptions. We use normal font for scalars (e.g. a,A, . . . )
and boldface for vectors and matrices (e.g. x,y,A,B, . . . ). For any vectors u =
(u1, . . . , ud), v = (v1, . . . , vd) in Rd, their standard inner product is denoted by

〈u,v〉 =
∑d

i=1 uivi, and denote the corresponding Euclidean norm as |u| =
(∑d

i=1 u
2
i

)1/2
.

The HilbertSchmidt inner product for matrices A = (Aij)d×d,B = (Bij)d×d ∈ Rd×d

is denoted by 〈A,B〉HS =
∑d

i,j=1AijBij, the HilbertSchmidt norm is defined as

‖A‖HS = (
∑d

i,j=1 A
2
ij)

1/2 . Besides, the operator norm of A is denoted by ‖A‖op =

sup|v|=1 |Av|, which has the following relationship with ‖A‖HS

‖A‖op 6 ‖A‖HS 6
√
d ‖A‖op .

If a matrix A is positive semi-definite, we define λmax(A) as its maximal eigenvalue
and λmin(A) as its minimal eigenvalue.

Let C(Rd,R) denote the set of all continuous functions from Rd to R and Cb(Rd,R)
denote the set of all bounded continuous functions from Rd to R. For k ≥ 0, denote
by Ck(Rd,R) the set of functions from Rd to R which has continuous 0-th,...,k-th
order derivatives, further denote by Ckb (Rd,R) the set of functions from Rd to R
which has bounded continuous 0-th,...,k-th order derivatives and by Ckp (Rd,R) the

set of functions from Rd to R whose 0-th,...,k-th order derivatives have polynomial
growth. For g ∈ C3(Rd,R) and v,v1,v2,v3,x ∈ Rd, we denote that

∇vg(x) = lim
ε→0

g(x + εv)− g(x)

ε
,

∇v2∇v1g(x) = lim
ε→0

∇v1g(x + εv2)−∇v1g(x)

ε
,
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∇v3∇v2∇v1g(x) = lim
ε→0

∇v2∇v1g(x + εv3)−∇v2∇v1g(x)

ε
,

as the directional derivatives of g. We know ∇g(x) ∈ Rd, ∇2g(x) ∈ Rd×d, ∇3g(x) ∈
Rd×d×d. Moreover, we define the operator norm of ∇kg(x), k = 2, 3 with∥∥∇kg(x)

∥∥
op

= sup
|vi|=1, i=1,...,k

|∇vk . . .∇v1g(x)| .

If g is bounded, we denote its infinity norm by ‖g‖∞ = supx |g(x)|. If g is a Lipschitz
function, its Lipschitz norm is denoted by ‖g‖Lip = supx 6=y |g(x)− g(y)| / |x− y|.
Additionally, for a function h : (m,x) ∈ R2d 7→ h(m,x) ∈ R, we denote its deriva-
tives with respect to m and x as ∇mh and ∇xh respectively. Whenever we need
to emphasize the initial value (M0,X0) = (m,x) for given (m,x) ∈ R2d, we will

write (Mm
t ,X

x
t ). Similarly, we use the notation (M̃m

t , X̃
x
t ). The operator semigroup

induced by (Mm
t ,X

x
t )t>0 from (1.5) is given by

Pt h(m,x) = Eh(Mm
t ,X

x
t ), h ∈ Cb(R2d,R), t > 0.

Its infinitesimal generator A is defined as

A h(m,x) := −〈∇mh, γm +∇f(x)〉+ 〈∇xh,m〉+
1

2
β2 ∆mh,

for any h ∈ C2
p(R2d,R). The exact form for the domain of A is not necessarily

figured out in this paper.
Let P(R2d) denote the space of probability distributions on R2d. For any µ, ν ∈

P(R2d), denote their 1-Wasserstein distance by

dW1(µ, ν) = inf
π∈Π(µ,ν)

∫
R2d×R2d

∣∣z1 − z2
∣∣ dπ(z1, z2), µ, ν ∈P(R2d),

where Π(µ, ν) denotes the set of probability distributions on R2d×R2d with marginal
distributions µ and ν. Kantorovich-Rubinstein Theorem tells us that

dW1(µ, ν) = sup
‖h‖Lip61

∫
R2d

h(z) d(µ− ν)(z), µ, ν ∈P(R2d).

Besides, the total variation distance between µ and ν can be defined by

dTV(µ, ν) = sup
‖g‖∞61

∫
R2d

g(z) d(µ− ν)(z), µ, ν ∈P(R2d).

Throughout this paper, we propose the following assumptions.

Assumption I. The function f(x), defined by (1.3), is non-negative and satisfies
the following conditions:

(i) There exist constants A,B > 0 such that

(2.1) |f(0)| 6 A, |∇f(0)| 6 B.

(ii) f is L-smooth for some constant L > 0, that is,

(2.2) |∇f(x)−∇f(y)| 6 L |x− y| , ∀ x,y ∈ Rd.

(iii) For any x,y ∈ Rd, there exist positive constants a and b such that

(2.3) 〈x− y,∇f(x)−∇f(y)〉 > a |x− y|2 − b.
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Assumption II. Let U be a measurable space. ξ is a U-valued random variable
such that ∇F (x, ξ) satisfies the following conditions:

(i) For any x ∈ Rd,
Eξ[∇F (x, ξ)] = ∇f(x).

(ii) There exists a constant A0 > 0 such that for some q > 2,

(2.4) sup
x∈Rd

{
Eξ[|∇f(x)−∇F (x, ξ)|q]

}1/q
6 A0.

Here, F (x, ξ) and f(x) are in (1.1) and (1.3) respectively.

In practical applications, the choice of step size often varies with each iteration
k. It is necessary and important to add an additional assumption as following to
restrict the behavior of ηk.

Assumption III. Let (ηk)k>1 be a non-increasing and positive sequence and let
tn =

∑n
k=1 ηk, which satisfy the following conditions:

(i) limn→∞ tn = +∞;
(ii) There exists a constant ω ∈ (0, 2θ) such that

(2.5) ηk 6
2θ − ω

2θ2
and ηk−1 − ηk 6 ωη2

k, ∀ k > 1,

where the constant θ will be given in Lemma 3.6.

A typical example is ηk = η/kα for some constants η > 0 and α ∈ (0, 1), then
condition (2.5) holds for sufficiently large k.

2.2. Main Results. We are now in the position to state our main results, whose
proofs will be given in Section 4. Define the Lyapunov function V(m,x) : R2d → R
of SDE (1.5) as

(2.6) V(m,x) := f(x) +
γ2

4

(∣∣∣x +
1

γ
m
∣∣∣2 +

∣∣∣1
γ

m
∣∣∣2 − λ |x|2) ,

where constant 0 < λ 6 1
4
∧ a

4L+γ2
. More details about this Lyapunov function can

be found in Appendix A.
We denote by L(Mtn ,Xtn) and L(mn,xn) the laws of (Mtn ,Xtn) from (1.5) and

(mn,xn) from (1.4) respectively.
Throughout this paper, we shall use the letters c, C, C1, C2, C3 to denote positive

numbers which may depend on the parameters A0, A,B, L, a, b, q, θ, ω in Assump-
tions I, II, and III above, and A′0, q

′, B1, B2 in Assumption IV below. Their values
may vary from line to line, but do NOT depend on the dimension d and the sample
size N . In some cases, they may depend on other parameters such as p and we will
stress this in a way like ’C also depends on p’ if necessary.

Theorem 1. Under Assumptions I, II, and III, we assume that η1 6 c for some
positive constant c, and γ >

√
2(2L+ a)/

√
a additionally. Then we have

dW1(L(Mtn ,Xtn),L(mn,xn)) 6 C
√
V(m0,x0) + d

(
1 +

1

N

)
√
ηn, ∀n > 0.

To estimate the total variation distance, we rely on the following assumptions re-
garding the derivatives of the function F (x, ξ), which are stronger than Assumption
II.
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Assumption IV. Functions F (x, ξ) and f(x) are in (1.1) and (1.3) respectively.
We assume that

(i) For any x ∈ Rd,

Eξ [∇F (x, ξ)] = ∇f(x) and Eξ
[
∇2F (x, ξ)

]
= ∇2f(x).

(ii) There exists a constant A′0 > 0 such that for some q′ > 4,

(2.7) sup
x∈Rd

{
Eξ
[
|∇f(x)−∇F (x, ξ)|q

′ ]}1/q′

6 A′0.

(iii) There exist some positive constants B1 and B2 such that{
E
[

sup
x∈Rd

∥∥∇2F (x, ξ)
∥∥8

op

]}1/8

6 B1,

max

{
sup
x∈Rd

∥∥∇3f(x)
∥∥

op
, sup

x∈Rd

(
E
∥∥∇3F (x, ξ)

∥∥4

op

)1/4
}
6 B2.

Note that (2.7) covers the (2.4). We have the following result about total variation
distance.

Theorem 2. Under Assumptions I, II, III and IV, we assume that η1 6 cd−2 for
some constant c, and γ >

√
2(2L+ a)/

√
a additionally. Then we have

dTV(L(Mtn ,Xtn),L(mn,xn)) 6 Cd7/2
√
V(m0,x0) + d

(
√
ηn +

1√
N

)
, ∀ n > 0.

Above two results yield the following corollaries for the case of ηk = η/kα for some
constant η > 0 and α ∈ (0, 1).

Corollary 3. Under the same conditions in Theorem 1, let η be a (small) positive
constant and ηk = η/kα with α ∈ (0, 1). Then, there exists a constant C such that
for all n > 0

dW1(L(Mtn ,Xtn),L(mn,xn)) 6 C
√
V(m0,x0) + d

(
1 +

1

N

)√
η

nα
.

Corollary 4. Under the same conditions in Theorem 2, let η be a (small) positive
constant and ηk = η/kα with α ∈ (0, 1). Then, there exists a constant C such that
for all n > 0

dTV(L(Mtn ,Xtn),L(mn,xn)) 6 Cd7/2
√
V(m0,x0) + d

(√
η

nα
+

1√
N

)
.

With regard to the original minimization problem, we have the following gener-
alization error bound.

Corollary 5. Under the same conditions in Theorem 1, let x∗ = arg minx∈Rd f(x)
be the minimizer of f(x) in (1.3). It holds

EF (xn, ξ)− f(x∗) 6

{
C

[(
1 +

1

N

)
√
ηn

] q−2
q−1

+Bee
−κtn

}(
V(m0,x0) + d

)
+ Jd,

where Be and κ are the constants in (A.3), q is in Assumption II, and J has the
form of

J =
β2

4
log

[
2eL

a

(
2ab+B2

daβ2
+ 1

)]
.



9

That is, the SGDm described by (1.4) is expected to approach the minimum
point of the function f(x) under appropriate parameters by choosing sufficiently
large time n and large sample size N , and sufficiently small β. Moreover, the larger
q in Assumption II is, the faster convergence we can obtain.

Remark 6. (i). Note that these results above hold for constant learning rate ηn ≡ η
for all n ∈ N as long as the η is a sufficiently small number.

(ii). In the algorithm (1.4), the term N−1
∑N

i=1∇F (x, ξik+1) is an unbiased esti-
mator of ∇f(x). According to the law of large number, it converges to ∇f(x) almost
surely as N → ∞. This, together with the exponential ergodicity of (Mt,Xt), im-
mediately implies an error bound in the order O(

√
ηn) in the 1-Wasserstein and total

variation distance for the underdamped Langevin sampling as n is large. The rate
O(
√
ηn) may be not optimal due to the heavy tail effect of ξik, we conjecture that

the rate O(
√
ηn) can be improved by assuming that ξik has a high order moment.

We leave this possible improvement to the future research.

3. Auxiliary Lemmas

In this section, we list auxiliary lemmas which will be used to prove our main
results, and their proofs will be given in Appendix B.

Combining (2.1) and (2.3) implies the following dissipation property of f

〈x,∇f(x)〉 > a

2
|x|2 −K, ∀ x ∈ Rd,

where K = b+B2/(2a). By (2.2), the following linear growth condition holds

(3.1) |∇f(x)| 6 L |x|+B, ∀ x ∈ Rd.

Recall the Lyapunov function (2.6). Since λ 6 1/4 and f is nonnegative, it is easy
to see

(3.2) 0 6 max

{
1− 2λ

4(1− λ)
|m|2 ,

γ2

8
(1− 2λ) |x|2

}
6 V(m,x), ∀ m,x ∈ Rd.

One can verify that

(3.3) A V(m,x) 6 −λγV(m,x) +
1

2

(
γÅ+ dβ2

)
,

where constants λ and Å satisfy

0 < λ 6 min

{
1

4
,

a

4L+ γ2

}
, Å > K + 2λ

(
B2

2L
+ A

)
.

More details about the Lyapunov function can be found in Appendix A.
In order to estimate SDE (1.6), we need to introduce the following auxiliary one

step SDE: for t ∈ [0, η] with η being a step size,

(3.4)


dM̃t = −γM̃0 dt− 1

N

N∑
i=1

∇F (X̃0, ξ
i) dt+ β dBt,

dX̃t = M̃0 dt,

where (M̃0, X̃0) = (m,x), and ξ1, ..., ξN are i.i.d. and satisfy Assumption II.



10 A. GUILLIN, Y. WANG, L. XU, AND H. YANG

3.1. Moments Estimates. We give in this subsection the moments estimates for

Mt, Xt, M̃tn and X̃tn .

Lemma 3.1. Under Assumption I, for each p > 1, there exists a positive number
C, which also depends on p, such that for any t > 0, and initial value (m,x),

E [V(Mm
t ,X

x
t )p] 6 e−λγtV(m,x)p + Cdp.

Combining this lemma with (3.2), for each p > 1, there exists a positive number
C, which also depends on p, such that for all t > 0 and initial value (m,x)

(3.5) E |Mm
t |

2p + E |Xx
t |

2p 6 C
(
e−λγtV(m,x)p + dp

)
.

Then, using (3.1) and (3.5), we can obtain the following estimates.

Lemma 3.2. Under Assumption I, for each p > 1, there exists a positive number
C, which also depends on p, such that for all t ∈ [0, 1] and initial value (m,x):

E |Mm
t −m|2p + E |Xx

t − x|2p 6 Ctp(V(m,x)p + dp).

What’s more, we have the similar consequences for SDE (3.4),

Lemma 3.3. Consider SDE (3.4). Under Assumptions I and II, for each 1 6 p 6
q/2, there exists some positive number C, which also depends on p, such that,

E
∣∣M̃m

t −m
∣∣2p + E

∣∣X̃x
t − x

∣∣2p 6 Ctp(V(m,x)p + dp),(3.6)

for all t ∈ [0, η] with η being a step size and initial value (m,x). If the condition
(2.7) in Assumption IV holds additionally, (3.6) holds for any 1 6 p 6 q′/2.

On the other hand, using the estimate for SDE (3.4) in an inductive way, SDE
(1.6) has moments estimates similar to Lemma 3.1.

Lemma 3.4. Under Assumptions I, II and III, let η1 6 c for some positive constant
c, and tn =

∑n
k=1 ηk. For each 1 6 p 6 q/2, there exists a positive number C, which

also depends on p, such that

E
[
V
(
M̃m

tn , X̃
x
tn

)p]
6 e−

λγ
2
tnV(m,x)p + Cdp,(3.7)

for all n ∈ N and initial value (m,x). If the condition (2.7) in Assumption IV holds
additionally, (3.7) holds for any 1 6 p 6 q′/2.

3.2. Auxiliary Lemmas for 1-Wasserstein Distance. The following lemma pro-

vides a bound for the difference between (Mm
η ,X

x
η ) and (M̃m

η , X̃
x
η ).

Lemma 3.5. Consider SDE (3.4). Under Assumptions I and II, there exists a
positive number C > 0 such that for any η ∈ (0, 1),

(3.8) dW1

(
L(Mm

η ,X
x
η ),L(M̃m

η , X̃
x
η )
)
6 Cη3/2

(
1 +

1

N

)√
V(m,x) + d.

Let the condition (2.7) in Assumption IV hold additionally, we have

(3.9) E
∣∣Mm

η − M̃m
η

∣∣4 + E
∣∣Xx

η − X̃x
η

∣∣4 6 Cη6(V(m,x)2 + d2) + C
η4

N2
.
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[Sch24] obtained a global contractivity for Langevin dynamics which will help us
to prove the main result. Conveniently, we briefly introduce it here.

Recall the condition (2.3)

〈x− y,∇f(x)−∇f(y)〉 > a |x− y|2 − b, ∀ x,y ∈ Rd,

then it holds

〈x− y,∇f(x)−∇f(y)〉 > a

2
|x− y|2 , ∀ x,y ∈ Rd such that |x− y|2 > 2b

a
.

Together with |∇f(x)−∇f(y)| 6 L for all x,y ∈ Rd, f is a potential function
with a L-Lipschitz continuous gradient and that is a/2-strongly convex outside a

Euclidean ball of radius
√

2b/a. Then, [Sch24, Theorem 5] immediately implies the
following lemma when γ is sufficiently large such that

γ2 >
2(2L+ a)2

a
.

Lemma 3.6. Suppose that (M1
t ,X

1
t )t>0 and (M2

t ,X
2
t )t>0 satisfy SDE (1.5) with

different initial values (m1,x1) and (m2,x2) respectively. Let Assumption I hold
and assume γ >

√
2(2L+a)/

√
a additionally. Then there exist positive constants C

and θ (θ does not depend on d) such that

dW1(L(M1
t ,X

1
t ),L(M2

t ,X
2
t )) 6 Ce−θt

(
|m1 − x1|+ |m2 − x2|

)
,

for all t > 0.

3.3. Auxiliary Lemmas for Total Variation Distance. The following lemma is
a direct application of Zhang et al. [Zha10], and we will give the details in Appendix
B.3.

Lemma 3.7. For any fixed T > 0, Let process Yt = (Mt,Xt)t∈[0,T ] come from SDE
(1.5) and let Assumption I hold. Then, for any function φ ∈ C1

b (R2d,R), there exists
a positive number C > 0 such that

|∇Eφ(YT )| 6 C ‖φ‖∞
(
T 3/2 ∨ T−3/2

)
.

To estimate the total variation distance, we need to use Malliavin calculus. Let
us briefly introduce its preliminary in our setting. More details can be found in
[Nua06].

Denote H = L2([0, T ];Rd). Let W = (W 1
t , . . . ,W

d
t )t>0 be a d-dimensional Wiener

process (a.k.a. Brownian motion) on a probability space (Ω,F ,P), where F is the
σ-field generated by W. For any h = (h1, . . . , hd) ∈ H, define the Wiener integral
as

W(h) =
d∑
i=1

∫ T

0

hi(t) dW i
t .

We denote by C∞p (Rm,R) the set of infinitely differentiable functions g : Rm → R
such that g and all of its partial derivatives have polynomial growth. Denote by S
the set of random variables in L2(Ω) with the form:

G = g(W(h1), . . . ,W(hm)),
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where hi ∈ H, i = 1, . . . ,m for m ∈ N. Then the first order Malliavin derivative of
G is the H-valued random variable given by

DtG =
m∑
j=1

∂jg(W(h1), . . . ,W(hm))hj(t), 0 6 t 6 T.

So DtG ∈ L2(Ω,H). We can further define the second order Malliavin derivative of
G as the following

Dt1 Dt2G =
m∑
j1=1

m∑
j2=1

∂j1∂j2g(W(h1), . . . ,W(hm))hj1(t1)hj2(t2), 0 6 t1, t2 6 T.

So Dt1 Dt2G ∈ L2(Ω,H ⊗ H). Inductively, we can define the k-th order Malliavin
derivative Dt1 ...DtkG, which is located in L2(Ω,H⊗k). Define the following norm

‖G‖k,p :=

[
E |G|p +

k∑
j=1

E
∥∥Dt1 · · ·DtjG

∥∥p
H⊗j

]1/p

.

Under this norm, the operator D can extended from S to its domain, denoted by
Dk,p. Specially, D1,2 is also a Hilbert space with product

〈G,H〉1,2 = E(GH) + E 〈DG,DH〉H , ∀ G,H ∈ D1,2.

The following relation is called integration by parts in Malliavin calculus:

(3.10) E [Gδ(h)] = E [〈DG,h〉H] , ∀ G ∈ D1,2, h ∈ H,
where δ(h) is called Skorohod integral.

Given h ∈ H, we can define the Malliavin derivative along the direction h, denoted
by DhG, as the following:

DhG = 〈DG,h〉H =

∫ T

0

〈h(s),DsG〉 ds.

For G = (G1, . . . , Gd)> with each Gi ∈ D1,2, we define DtG = (DtG
1, . . . ,DtG

d).
And, the norm

‖Dt1 · · ·DtkG‖
2
H⊗k =

d∑
i=1

∥∥Dt1 · · ·DtkG
i
∥∥2

H⊗k , ‖G‖pk,p =
d∑
i=1

∥∥Gi
∥∥p
k,p
.

The associated Malliavin matrix of G is defined as the following random semi-definite
symmetric matrix

Γ(G) =
(〈

DGi,DGj
〉
H

)
16i,j6d

.

The following abstract lemma will play an important role in the proof of Theorem
2. We leave its proof in Appendix B.3.

Lemma 3.8. Let F = (F 1, . . . , F d) be a random vector such that all of its compo-
nents F i ∈ D2,8, i = 1, . . . , d, and its Malliavin matrix Γ(F) is invertible a.s. with(

det Γ(F)
)−1 ∈

⋂
p>1 L

p(Ω). Let G = (G1, . . . , Gd) be another random vector with

Gi ∈ D1,4 for all 1 6 i 6 d, and g : Rd → R be a function in C1
b (Rd,R). Then there

exists a positive number C > 0 such that

(3.11)
∣∣E 〈∇g(F),G〉

∣∣ 6 C ‖g‖∞ ‖G‖1,4

{
E[K1K2K3]

}1/4
,
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where

K1 = 1 + ‖DF‖8
H , K2 = 1 +

∥∥D2F
∥∥4

H⊗H , K3 = 1 +
∥∥Γ(F)−1

∥∥8

HS
.

In order to apply Lemma 3.8, we need to introduce a series of events to estimate
E[K1K2K3]. To this end, let us first recall that for each step i ∈ N of SGDm (1.4),
ξri , r = 1, . . . , N are independent copies of random variable ξ satisfying Assumption
II, to make notations simple, we denote ξi = (ξ1

i , . . . , ξ
N
i ), i ∈ N, and define

(3.12) ϕ(ξi) :=
1

N

N∑
r=1

sup
x∈Rd

∥∥∇2F (x, ξri )
∥∥

op
.

Define the following events: for j 6 k and τ = 1, 2,

(3.13) Eτ
j,k :=

{
k∑

i=j+1

ηi(ϕ(ξi)
τ − E[ϕ(ξi)

τ ]) > tk − tj

}
.

Lemma 3.9. Given Assumptions III and IV, let tk =
∑k

i=1 ηi. There exist positive
constants c and C such that

P(Eτ
j,k) 6

Cec(tk−tj)

(tk − tj)2
η2
k, τ = 1, 2.

For notations simplicity, we denote

(3.14) Yt = (Mt,Xt), Ỹt = (M̃t, X̃t), ∀ t > 0,

where (Mt,Xt) and (M̃t, X̃t) are defined by SDEs (1.5) and (1.6) respectively. For
any 0 6 s 6 t, denote Yy

s,t or Ys,t(y) as the value of the process (Yt)t>0 at the time

t given Ys = y ∈ R2d. Similarly for Ỹy
s,t. When s = 0, we will drop the subscript s

if there is no ambiguity.

Lemma 3.10. Let Assumptions I, II, III, and IV hold and recall tk =
∑k

i=1 ηi.
There exists a positive number C > 0 such that for any z ∈ R2d and any ` < k such
that tk − t` 6 1/[5(B1 + γ + 2)], the followings hold:
(i) For all t ∈ [tk−1, tk]

E
∥∥∥DỸz

t`,tk

∥∥∥8

H
6 Cd4, E

∥∥∥DYtk−1,t(Ỹ
z
t`,tk−1

)
∥∥∥8

H
6 Cd4.

(ii) We have

‖DỸz
t`,tk
‖H 6 C

√
d on the event (E1

`,k)
c.

Lemma 3.11. Under the same setting as in Lemma 3.10, there exists a positive
number C > 0 such that for any z ∈ R2d and any ` < k such that tk − t` 6
1/[5(B1 +γ+2)], there exists a positive number C > 0 such that the followings hold:

E
∥∥∥D2Ỹz

t`,tk

∥∥∥4

H⊗H
6 Cd4, E

∥∥∥D2Ytk−1,tk(Ỹ
z
t`,tk−1

)
∥∥∥4

H⊗H
6 Cd4.

Lemma 3.12. Under the same setting as in Lemma 3.10, there exists a positive
number C > 0 such that for any z ∈ R2d and any ` < k such that tk − t` 6
1/[5(B1 +γ+2)], there exists a positive number C > 0 such that the followings hold:
(i) We have

E
∥∥∥DYtk−1,tk(Ỹ

z
t`,tk−1

)−DỸz
t`,tk

∥∥∥4

H
6 Cd2η6

k(V(z)2 + d2) + C
d4η4

k

N2
.
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(ii) We have

‖DYtk−1,tk(Ỹ
z
t`,tk−1

)−DỸz
t`,tk
‖H 6 C

√
dηk on the event (E1

`,k ∪ E2
`,k)

c.

Lemma 3.13. Under the same setting as in Lemma 3.10, for any z ∈ R2d and any
` < k such that tk − t` 6 1/[5(B1 + γ + 2)], there exists a positive number C > 0
such that

λmin

(
Γ
(
Ỹz
t`,tk

))
> C(tk − t`)3 on the event (E1

`,k ∪ E1
m,k)

c,

where m = min{j : tk − tj 6 (tk − t`)/[10(B1 + γ + 2)]} and λmin

(
Γ
(
Ỹz
t`,tk

))
is the

smallest eigenvalue of the Malliavin matrix Γ
(
Ỹz
t`,tk

)
.

4. Proofs of the Main Results

In this section, we provide the proofs of Theorems 1, 2, and Corollaries 3, 5
by using the lemmas mentioned above. Employing the Lindeberg principle, we

decompose E[g(Ytk)]− E[g(Ỹtk)] into k terms and subsequently analyze each term

individually, where Yt and Ỹt are defined by (3.14).

For any 0 6 s 6 t, recall the notations Yy
s,t, Ys,t(y) and Ỹy

s,t immediately below
(3.14).

4.1. Proof of Theorem 1.

Proof of Theorem 1. Applying the Lindeberg technique, we have the following de-
composition for any Lipschitz function h : R2d → R,

(4.1) Eh(Yy
tn)− Eh(Ỹy

tn) =
n∑
k=1

E
[
h
(
Ytk−1,tn(Ỹy

tk−1
)
)
− h

(
Ytk,tn(Ỹy

tk
)
)]

with initial value y = (m0,x0).

Denote z = Ytk−1,tk(Ỹ
y
tk−1

) and z̃ = Ỹy
tk

. We apply Lemma 3.6 on [tk, tn] to get∣∣∣E [h(Ytk−1,tn(Ỹy
tk−1

)
)
− h

(
Ytk,tn(Ỹy

tk
)
)]∣∣∣

=
∣∣E [h (Ytk,tn(z))− h (Ytk,tn(z̃))]

∣∣
=
∣∣E [h (Ytk,tn(z∗))− h (Ytk,tn(z̃∗))]

∣∣
6 C ‖h‖Lip e−θ(tn−tk)E|z∗ − z̃∗|,

where (z∗, z̃∗) is a random vector whose first and second marginal distributions are
the same as z and z̃ respectively. Because this inequality also holds for any z∗

and z̃∗ with this property, we can choose z∗ and z̃∗ which satisfies E|z∗ − z̃∗| =
dW1(L(z),L(z̃∗)) (It is well known that the minimum of the coupling in the 1-
Wasserstein can be realized). Hence,∣∣∣E [h(Ytk−1,tn(Ỹy

tk−1
)
)
− h

(
Ytk,tn(Ỹy

tk
)
)]∣∣∣ 6 C ‖h‖Lip e−θ(tn−tk)dW1(L(z),L(z̃)),

Applying Lemma 3.4, it holds

E
[
V(Ỹy

tk−1
)
]
6 e−λγtk−1V(y) + Cd.
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Furthermore, combining this with (3.8) in Lemma 3.5 immediately yields that

dW1(L(z),L(z̃)) 6 Cη
3/2
k

(
1 +

1

N

)
E
[√
V(Ỹy

tk−1
) + d

]
6 Cη

3/2
k

(
1 +

1

N

)√
V(y) + d.

Hence,

(4.2)

∣∣∣E [h(Ytk−1,tn(Ỹy
tk−1

)
)
− h

(
Ytk,tn(Ỹy

tk
)
)]∣∣∣

6 C ‖h‖Lip η
3/2
k e−θ(tn−tk)

(
1 +

1

N

)√
V(y) + d.

Substituting this formula in (4.1), we have

(4.3)
∣∣∣Eh(Yy

tn)− Eh(Ỹy
tn)
∣∣∣ 6 C ‖h‖Lip

(
1 +

1

N

)√
V(y) + d

n∑
k=1

η
3/2
k e−θ(tn−tk).

For the sum term, applying Lemma A.3 with ε = 1/2 therein, we have
n∑
k=1

η
3/2
k e−θ(tn−tk) 6

4

2θ − ω
√
ηn.

Consequently, the desired result holds since (mn,xn)n>0 and (M̃tn , X̃tn)n>0 have the
same distribution. �

4.2. Proof of Theorem 2. We denote the operator semigroups of (Yt)t>0 and

(Ỹt)t>0 by Ps,t and Qs,t respectively, defined by

Ps,t h(y) = E [h(Yt)|Ys = y] , Qs,t h(y) = E[h(Ỹt)|Ỹs = y], 1 6 s < t,

for any h ∈ Cb(R2d,R) and y ∈ R2d. As s = 0, we will drop the subscript s if no
confusions arise.

Proof of Theorem 2. For any h ∈ Cb(R2d,R), by the Lindeberg principle in the form
of semigroup, we have the following decomposition

Eh(Yy
tn)−Eh(Ỹy

tn) =
(
P0,tn −Q0,tn

)
h(y) =

n∑
k=1

Q0,tk−1
◦
(

Ptk−1,tk −Qtk−1,tk

)
◦Ptk,tn h(y).

Define index kn as
kn = inf{k : tn − tk < 1}.

Then, the above equation can be divided into the following two parts:

J1 =
kn−1∑
k=1

Q0,tk−1
◦
(

Ptk−1,tk −Qtk−1,tk

)
◦ Ptk,tn h(y),

J2 =
n∑

k=kn

Q0,tk−1
◦
(

Ptk−1,tk −Qtk−1,tk

)
◦ Ptk,tn h(y).

(4.4)

For J1 and each 1 6 k < kn, we let Ptk,tn h(y) = Ptk,tkn
◦Ptkn ,tn

h(y), and define
function g1(y) := Ptkn ,tn

h(y). Then g1 is a Lipschitz function according to Lemma
3.7 with T = tn − tkn ∈ [1/2, 1] therein, and it holds

‖g1‖Lip =
∣∣∇Ptkn ,tn

h(y)
∣∣ 6 C ‖h‖∞ .
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Similar to obtaining (4.2) in the proof of Theorem 1, we have∣∣∣Q0,tk−1
◦
(

Ptk−1,tk −Qtk−1,tk

)
◦ Ptk,tkn

g(y)
∣∣∣

6 C ‖g1‖Lip η
3/2
k e−θ(tkn−tk)

(
1 +

1

N

)√
V(y) + d.

Since tkn > tn − 1, we obtain the following estimate of J1:

(4.5) |J1| 6 C ‖h‖∞
√
V(y) + d

(
1 +

1

N

) kn−1∑
k=1

η
3/2
k e−θ(tn−tk).

For the term J2, we claim

(4.6) |J2| 6 C ‖h‖∞ d
7/2
√
V(y) + d

n∑
k=kn

(
η

3/2
k +

ηk√
N

)
e−θ(tn−tk).

Combining (4.4), (4.5) and (4.6) implies
(4.7)∣∣∣Eh(Yy

tn)− Eh(Ỹy
tn)
∣∣∣ 6 C ‖h‖∞ d

7/2
√
V(y) + d

n∑
k=1

(
η

3/2
k +

ηk√
N

)
e−θ(tn−tk).

Then, applying Lemma A.3 yields the desired result.

It remains to prove (4.6). For any fixed k ∈ {kn, . . . , n} in J2, we can find time
t` such that

(4.8)
1

6(B1 + γ + 2)
6 tk − t` 6

1

5(B1 + γ + 2)
.

Then we have the following decomposition,

Q0,tk−1
◦
(

Ptk−1,tk −Qtk−1,tk

)
◦ Ptk,tn h(y)

= Q0,t`
◦Qt`,tk−1

◦
(

Ptk−1,tk −Qtk−1,tk

)
g2(y)

= E
{[
g2

(
Ytk−1,tk

(
Ỹz
t`,tk−1

))
− g2

(
Ỹz
t`,tk

)](
1E1

`,k∪E
1
m,k∪E

2
`,k

+ 1(E1
`,k∪E

1
m,k∪E

2
`,k)c

)}
= E

{[
g2

(
Ytk−1,tk

(
Ỹz
t`,tk−1

))
− g2

(
Ỹz
t`,tk

)]
1E1

`,k∪E
1
m,k∪E

2
`,k

}
+ E

{
E
[
g2

(
Ytk−1,tk

(
Ỹz
t`,tk−1

))
− g2

(
Ỹz
t`,tk

)∣∣∣F`,k

]
1(E1

`,k∪E
1
m,k∪E

2
`,k)c

}
=: Ik,1 + Ik,2,

where g2(y) = Ptk,tn h(y), z = Ỹy
t`

, F`,k = σ(Ỹy
t`
, (ξi)`+16i6k), and E1

`,k, E
1
m,k, E

2
`,k

are defined in (3.13) with

m = min

{
j : tk − tj 6

tk − t`
10(B1 + γ + 2)

}
.

Let us estimate Ik,1 and Ik,2.
For Ik,1, since C1 6 tk − tm 6 tk − t` 6 C2 holds for some constants C1, C2 > 0,

by Lemma 3.9, we have

|Ik,1| 6 2 ‖g2‖∞ P(E1
`,k ∪ E1

m,k ∪ E2
`,k)

6 2 ‖h‖∞ (P(E1
`,k) + P(E1

m,k) + P(E2
`,k)) 6 C ‖h‖∞ η

2
k.

(4.9)
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For Ik,2, observe that

(4.10) Ik,2 =

∫ 1

0

E
{
E
[〈
∇g2(Ỹz

t`,tk
+ rΞt`,tk),Ξt`,tk

〉∣∣∣F`,k

]
1(E1

`,k∪E
1
m,k∪E

2
`,k)c

}
dr,

where Ξt`,tk = Ytk−1,tk(Ỹ
z
t`,tk−1

)− Ỹz
t`,tk

. Denote G = Ξt`,tk and F = Ỹz
t`,tk

+ rΞt`,tk ,

and we shall apply Lemma 3.8 to estimate E
[〈
∇g2(Ỹz

t`,tk
+ rΞt`,tk),Ξt`,tk

〉∣∣∣F`,k

]
on

the event (E1
`,k∪E1

m,k∪E2
`,k)

c. To this end, let us consider SDE (1.6) on [t`, tk]. Note
that F`,k is independent of (Bt)t∈[t`,tk] and that the Malliavin calculus in Lemma
3.8 is associated to (Bt)t∈[t`,tk] and has nothing to do with F`,k. An advantage
is that we can easily bound K1,K2,K3 on the right hand of (3.11) on the event
(E1

`,k ∪ E1
m,k ∪ E2

`,k)
c.

According to (3.9) in Lemma 3.5 and Lemma 3.12(i), ‖G‖1,4 satisfies

‖G‖1,4 =
(
E |G|4 + E ‖DG‖4

H
)1/4
6 C

√
d(V(z) + d)

(
η

3/2
k +

ηk√
N

)
.

Next we estimate E[K1K2K3]. By Lemmas 3.10(ii) and 3.12(ii),

K1 = 1 + ‖DF‖8
H 6 Cd4 on the event (E1

`,k ∪ E2
`,k)

c.

By Lemma 3.11,

EK2 = 1 + E‖D2F‖4
H⊗H 6 Cd4.

Let us now bound K3 = 1 + ‖Γ(F)−1‖8
HS. Since ‖Γ(F)−1‖HS 6

√
2d [λmin(Γ(F))]−1,

we first show

λmin(Γ(F)) > C > 0 on the event (E1
`,k ∪ E1

m,k ∪ E2
`,k)

c.

Indeed, observe Γ(F) = Γ(Ỹz
t`,tk

) + r2Γ(Ξt`,tk) + rN, where the entries of matrix N
are given by

Nij =
〈

D(Ỹz
t`,tk

)i,D(Ξt`,tk)
j
〉
H

+
〈

D(Ỹz
t`,tk

)j,D(Ξt`,tk)
i
〉
H
, i, j = 1, . . . , 2d.

By Lemmas 3.10(ii) and 3.12(ii), on the event (E1
`,k ∪ E2

`,k)
c, we have ‖DỸz

t`,tk
‖H 6

C
√
d and ‖DΞt`,tk‖H 6 C

√
dηk. Thus

‖N‖HS 6 2

{
2d∑

i,j=1

∥∥∥D(Ỹz
t`,tk

)i
∥∥∥2

H

∥∥D(Ξt`,tk)
j
∥∥2

H

}1/2

6 2
∥∥∥DỸz

t`,tk

∥∥∥
H
‖DΞt`,tk‖H 6 Cd

√
ηk, on the event (E1

`,k ∪ E2
`,k)

c.

This, together with Lemma 3.13 and (4.8), implies

λmin(Γ(F)) > λmin(Γ(Ỹz
t`,tk

)) + r2λmin(Γ(Ξt`,tk))− r ‖N‖HS

> C + 0− Cd√ηk
> C/2, on the event (E1

`,k ∪ E1
m,k ∪ E2

`,k)
c,

for any r ∈ [0, 1] and ηk sufficiently small such that ηk 6 cd−2 for some positive
constant c. Then, we have

K3 = 1 +
∥∥Γ(F)−1

∥∥8

HS
6 Cd4, on the event (E1

`,k ∪ E1
m,k ∪ E2

`,k)
c.
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Hence, the following holds on event (E1
`,k ∪ E1

m,k ∪ E2
`,k)

c

(4.11)

E
[〈
∇g2(Ỹz

t`,tk
+ rΞt`,tk),Ξt`,tk

〉∣∣∣F`,k

]
6 C ‖g2‖∞ d

7/2
√
V(z) + d

(
η

3/2
k +

ηk√
N

)
.

Recalling z = Ỹy
t`

, Lemma 3.4 yields that

E
[√
V(Ỹy

t`
) + d

]
6

√
E
[
V(Ỹy

t`
)
]

+ d 6 C
√
V(y) + d.

This, together with (4.10) and (4.11), implies

(4.12) |Ik,2| 6 C ‖g2‖∞ d
7/2
√
V(y) + d

(
η

3/2
k +

ηk√
N

)
.

It follows from (4.9), (4.12) and ‖g2‖∞ 6 ‖h‖∞ that

|J2| 6 C ‖h‖∞ d
7/2
√
V(y) + d

n∑
k=kn

(
η

3/2
k +

ηk√
N

)

6 Ceθ ‖h‖∞ d
7/2
√
V(y) + d

n∑
k=kn

(
η

3/2
k +

ηk√
N

)
e−θ(tn−tk),

where in the second inequality we use tn− tk < 1 such that e−θ(tn−tk) > e−θ for each
kn 6 k 6 n. Hence, (4.6) is verified.

We complete the proof. �

4.3. Proofs of Corollaries 3 and 4.

Proof of Corollary 3 . Actually, by (4.3), we only need to analyze

n∑
k=1

η
3/2
k e−θ(tn−tk), ηk =

η

kα
, α ∈ (0, 1).

Observe that

ηk−1 − ηk = η · k
α − (k − 1)α

kα(k − 1)α
.

Notice that kα− (k−1)α → 0 and
√
ηke

θtk → +∞ as k →∞, so there exists n0 ∈ N
such that for all k > n0

ηk 6
2θ − ω

2θ2
, ηk−1 − ηk 6 ωη2

k and
√
ηke

θtk > 1.

It is obvious that the desired result holds for n 6 n0. And for n > n0, we split the
sum term in (4.3) into two parts:

n0∑
k=1

η
3/2
k e−θ(tn−tk) 6 Ce−θtn 6 C

√
ηn = C

η1/2

nα/2
,

n∑
k=n0+1

η
3/2
k e−θ(tn−tk) 6 C

√
ηn = C

η1/2

nα/2
,

(4.13)

where we use Lemma A.3 to estimate the second part. Substituting (4.13) into (4.3)
implies the desired result. �



19

Proof of Corollary 4. By (4.7), the proof is similar to the proof of Corollary 3. We
only need to analyze the following sum additionally,

n∑
k=1

ηke
−θ(tn−tk), ηk =

η

kα
, α ∈ (0, 1).

Using the same notations in the proof of Corollary 3, we have

(4.14)
n∑
k=1

ηke
−θ(tn−tk) =

n0∑
k=1

ηke
−θ(tn−tk) +

n∑
k=n0+1

ηke
−θ(tn−tk) 6 C.

Substituting (4.13) and (4.14) into (4.7) implies the desired result. �

4.4. Proof of Corollary 5.

Proof of Corollary 5. Recall f(x) = EF (x, ξ) for any x ∈ Rd. As ξ is independent

of (X̃tn)n>1, we have the following decomposition:

EF (X̃tn , ξ)− min
x∈Rd

EF (x, ξ)

= [Ef(X̃tn)− Ef(Xtn)] + [Ef(Xtn)− Eπf(X)] + [Eπf(X)− f(x∗)],

where x∗ = arg min f(x). According to the conclusion of exponential ergodicity
[MT93], the second term on the right-hand side can be estimated by

|Ef(Xt)− Eπf(X)| 6 Be(V(m0,x0) + 1)e−κt,

for some positive constants Be and κ. As for the last term, Proposition 11 in [RRT17]
yields that ∫

Rd
f(ω)πx(dω)− min

x∈Rd
f(x) 6

dβ2

4
log

[
2eL

a

(
2K

dβ2
+ 1

)]
as β2 6 a/2, where πx is the marginal distribution of π. So it remains to estimate
the first term by Theorem 1.

Pick a localization function ψ ∈ C∞(Rd,R) satisfying 0 6 ψ(x) 6 1 and

ψ(x) =

{
1, |x| 6 1,

0, |x| > 2.

For n > 1, denote

gn(x) = f(x)ψ

(
x

Rn

)
,

with some constants Rn > 0 determined later, then we have

|∇gn(x)| =
∣∣∣∣ψ( x

Rn

)
∇f(x) +

1

Rn

f(x)∇ψ
(

x

Rn

)∣∣∣∣
6

(
|∇f(x)|+ ‖∇ψ‖∞

Rn

|f(x)|
)

1[0,2Rn)(|x|).

Recall that |f(x)| 6 C |x|2 and |∇f(x)| 6 C |x| for all x ∈ Rd satisfying |x| > 1, so
|∇gn(x)| 6 CRn for any x ∈ Rd, i.e., ‖gn‖Lip 6 CRn. It follows from Lemma 3.4
that ∣∣∣Ef(X̃tn)− Egn(X̃tn)

∣∣∣ 6 E
∣∣∣f(X̃tn)1(Rn,+∞)

(∣∣X̃tn

∣∣)∣∣∣
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6 CE
[∣∣X̃tn

∣∣21(Rn,+∞)

(∣∣X̃tn

∣∣)]
6 CR2−2p

n E
[∣∣X̃tn

∣∣2p1(Rn,+∞)

(∣∣X̃tn

∣∣)]
6 CR2−2p

n

(
V(m0,x0)p + dp

)
.

Similarly, the following holds by Lemma 3.1

|Ef(Xtn)− Egn(Xtn)| 6 CR2−2p
n

(
V(m0,x0)p + dp

)
.

Thus, by Theorem 1 we have∣∣∣Ef(X̃tn)− Ef(Xtn)
∣∣∣

6
∣∣∣Ef(X̃tn)− Egn(X̃tn)

∣∣∣+
∣∣∣Egn(X̃tn)− Egn(Xtn)

∣∣∣+ |Egn(Xtn)− Ef(Xtn)|

6 CR2−2p
n

(
V(m0,x0)p + dp

)
+ C ‖gn‖Lip

(
1 +

1

N

)√
ηn(V(m0,x0) + d)

6 CR2−2p
n

(
V(m0,x0)p + dp

)
+ CRn

(
1 +

1

N

)√
ηn(V(m0,x0) + d).

Since the above equation holds with arbitrary Rn > 0, we can take

Rn = η1/(2−4p)
n

√
V(m0,x0) + d.

Let 2p = q, we obtain the desired. �
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[LR20] Nicolas Loizou and Peter Richtárik. Momentum and stochastic momentum for stochas-
tic gradient, newton, proximal point and subspace descent methods. Computational
Optimization and Applications, 77(3):653–710, 2020.

[LTW17] Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and adaptive
stochastic gradient algorithms. In International Conference on Machine Learning,
pages 2101–2110. PMLR, 2017.

[LTW19] Qianxiao Li, Cheng Tai, and E Weinan. Stochastic modified equations and dynamics of
stochastic gradient algorithms I: Mathematical foundations. The Journal of Machine
Learning Research, 20(1):1474–1520, 2019.

[LZCS14] Mu Li, Tong Zhang, Yuqiang Chen, and Alexander J Smola. Efficient mini-batch
training for stochastic optimization. In Proceedings of the 20th ACM SIGKDD inter-
national conference on Knowledge discovery and data mining, pages 661–670, 2014.

[MJ19] Michael Muehlebach and Michael Jordan. A dynamical systems perspective on nes-
terov acceleration. In International Conference on Machine Learning, pages 4656–
4662. PMLR, 2019.

[MT93] Sean P. Meyn and R. L. Tweedie. Stability of Markovian processes. III. Foster-
Lyapunov criteria for continuous-time processes. Adv. in Appl. Probab., 25(3):518–548,
1993.

[Nea11] Radford M. Neal. MCMC using Hamiltonian dynamics. In Handbook of Markov chain
Monte Carlo, Chapman & Hall/CRC Handb. Mod. Stat. Methods, pages 113–162.
CRC Press, Boca Raton, FL, 2011.

[Nor86] James Norris. Simplified Malliavin calculus. In Séminaire de Probabilités, XX,
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Appendix

Appendix A. Supporting Lemmas

The first lemma shows that f(x) admits lower and upper bounds that are qua-
dratic functions.

Lemma A.1. [RRT17, Lemma 2] If function f(x) satisfies Assumption 2.1, then
the following quadratic bounds hold,

a

2
|x|2 − K

2
log 3 6 f(x) 6 L |x|2 +

B2

2L
+ A, ∀ x ∈ Rd,

where K = b+B2/(2a).

Applying Assumption I (iii), it is easy to verify that

(A.1) 〈x,∇f(x)〉 > a

2
|x|2 −K > 2λ

(
f(x) +

1

4
γ2 |x|2

)
− Å , ∀ x ∈ Rd,

where the constants λ and Å satisfy

(A.2) 0 < λ 6 min

{
1

4
,

a

4L+ γ2

}
, Å > K + 2λ

(
B2

2L
+ A

)
.

Applying (A.1), the next lemma shows that the Lyapunov function V(m,x) defined
in (2.6) satisfies (3.3).

Lemma A.2. Under Assumption 2.1, and λ and Å are in (A.2), we have that

A V(m,x) 6 −λγV(m,x) + (γÅ+ dβ2)/2.

Proof. Recall that

V(m,x) := f(x) +
γ2

4

(∣∣∣x +
1

γ
m
∣∣∣2 +

∣∣∣1
γ

m
∣∣∣2 − λ |x|2) ,

and we have

∇mV(m,x) = m +
γ

2
x, ∆mV(m,x) = d,

∇xV(m,x) = ∇f(x) +
γ2(1− λ)

2
x +

γ

2
m.

Hence, by inequality (A.1), we have

A V(m,x) = −〈∇mV(m,x), γm +∇f(x)〉+ 〈∇xV(m,x),m〉+
1

2
β2∆mV(m,x)

6 −
[
λγ
(
f(x) +

γ2

4
|x|2

)]
+
γ

2
Å− λγ2

2
〈m,x〉 − γ

2
|m|2 +

1

2
dβ2

= −λγV(m,x)− λ2γ3

4
|x|2 − (1− λ)γ

2
|m|2 +

1

2

(
γÅ+ dβ2

)
,

where the inequality comes from (A.1). Since λ 6 1/4, we complete the proof. �

The process (Mt,Xt)t>0 admits a unique stationary distribution as

π(dm, dx) =
1

Z
exp

{
− γ

β2

(
|m|2 + 2f(x)

)}
dm dx,
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where Z is a normalized constant given by

Z =

(
β2π

γ

)d/2 ∫
Rd

e−2γf(x)/β2

dx,

see e.g. [Pav14]. Thanks to [MT93], Lemma A.2 yields that process (Mt,Xt)t>0 is
exponentially ergodic. That is, there exist some positive constants Be and κ, such
that for all m,x ∈ Rd,

sup
g6V+1

∣∣∣E [g(Mm
t ,X

x
t )]− Eπ [g(M,X)]

∣∣∣ 6 Be(V(m,x) + 1)e−κt, ∀ t > 0,

where (M,X) has the distribution π. By the definition of V(m,x), this immediately
implies that for all x ∈ Rd,

(A.3) |Ef(Xx
t )− Eπ[f(X)]| 6 Be(V(m,x) + 1)e−κt, ∀t > 0.

Lemma A.3. Let step size (ηk)k>1 satisfy Assumption III and tn =
∑n

i=1 ηi. For
any ε ∈ [0, 1/2], the following holds

n∑
k=1

η1+ε
k e−θ(tn−tk) 6

4

2θ − (4ε− 1)ω
ηεn.

Proof. Notice that for each k 6 n

(A.4) η1+ε
k e−θ(tn−tk) = e−θtn · η1+ε

k

eθtk − eθtk−1

1− e−θηk
6

4e−θtn

2θ + ω
· ηεk
(
eθtk − eθtk−1

)
,

where in the last inequality, we use the fact

e−x 6 1− x+
x2

2
6 1− x+

2θ − ω
4θ

x = 1− 2θ + ω

4θ
x, ∀ 0 6 x 6 1− ω

2θ
,

to obtain that

1− e−θηk >
2θ + ω

4
ηk, ∀ ηk 6

2θ − ω
2θ2

.

Besides, according to condition ηk−1 − ηk 6 ωη2
k and Bernoulli’s inequality, it holds

that

ηεk−1 − ηεk = ηεk

[[ηk−1

ηk

]ε
− 1

]
6 εηεk

[
ηk−1

ηk
− 1

]
6 εωη1+ε

k ,

which derives that
n∑
k=1

ηεk
(
eθtk − eθtk−1

)
=

n∑
k=1

(
ηεke

θtk − ηεk−1eθtk−1
)

+
n∑
k=1

(
ηεk−1 − ηεk

)
eθtk−1

6 ηεneθtn + εω
n∑
k=1

η1+ε
k eθtk .

(A.5)

Combining (A.4) and (A.5) shows that

n∑
k=1

η1+ε
k e−θ(tn−tk) 6

4

2θ + ω
ηεn +

4εω

2θ + ω

n∑
k=1

η1+ε
k e−θ(tn−tk),

and a simply calculation yields the desired. �
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Appendix B. Proofs of Auxiliary Lemmas

Lemma B.1. Let Ui, i = 1, . . . , N be i.i.d. random vectors in Rd satisfying EU1 = 0
and E[|U1|2p] < +∞ for some p ∈ N. Then there exists a constant C > 0 only
depending on p, such that

E
[∣∣∣∣ 1

N

N∑
i=1

Ui

∣∣∣∣2p] 6 C

Np
E
[∣∣U1

∣∣2p] .
Proof. Notice that∣∣∣∣∣

N∑
i=1

Ui

∣∣∣∣∣
2p

=

p∏
j=1

〈
N∑

i2j−1=1

Ui2j−1 ,

N∑
i2j=1

Ui2j

〉
=

N∑
i1,...,i2p=1

p∏
j=1

〈
Ui2j−1 ,Ui2j

〉
,

which implies that

E
[∣∣∣∣ 1

N

N∑
i=1

Ui

∣∣∣∣2p] =
1

N2p

N∑
i1,...,i2p=1

E
[ p∏
j=1

〈
Ui2j−1 ,Ui2j

〉 ]
.

Since U1, . . . ,UN are independent and EU1 = 0, we have E[
∏p

j=1 〈Ui2j−1 ,Ui2j〉] = 0

whenever some i ∈ {1, . . . , N} appears only once among i1, . . . , i2p. For the rest
terms, Hölder’s inequality shows that

E
[ p∏
j=1

〈
Ui2j−1 ,Ui2j

〉 ]
6 E

[ 2p∏
j=1

∣∣Uij
∣∣ ] 6 2p∏

j=1

{
E
[∣∣Uij

∣∣2p]}1/2p

= E
[∣∣U1

∣∣2p] .
Furthermore, for l = 1, . . . , p, the index set {1, . . . , 2p} can be decomposed into l
parts such that each part consists of at least two indices, and cl denotes the number
of such partitions. Then we have

N∑
i1,...,i2p=1

E
[ p∏
j=1

〈
Ui2j−1 ,Ui2j

〉 ]
6

p∑
l=1

clN
lE
[∣∣U1

∣∣2p] .
The desired result follows from

E
[∣∣∣∣ 1

N

N∑
i=1

Ui

∣∣∣∣2p] 6 1

N2p

p∑
l=1

clN
lE
[∣∣U1

∣∣2p] 6 C

Np
E
[∣∣U1

∣∣2p] .
�

B.1. Proofs of Lemmas for Moments Estimations.

Proof of Lemma 3.1. Recalling the Lyapunov function V(m,x) in (2.6), we de-
fine function Ft as

Ft := EV(Mm
t ,X

x
t ) = E

[
f(Xx

t ) +
γ2

4

(∣∣∣∣Xx
t +

1

γ
Mm

t

∣∣∣∣2 +

∣∣∣∣1γMm
t

∣∣∣∣2 − λ |Xx
t |

2

)]
.

Itô’s formula implies that Ft satisfies the following differential inequality

dFt
dt
6 −λγ Ft +

1

2

(
γÅ+ dβ2

)
,
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with initial condition F0 = V(m,x). Hence, we can obtain that

(B.1) Ft 6 e−λγtF0 +
1

2λγ

(
γÅ+ dβ2

)
,

which yields the result with respect to of p = 1 immediately. As for the case of
p > 1, we can apply similar argument. By Itô’s formula, it holds

A (V(m,x)p) 6 pV(m,x)p−1A V(m,x) +
p(p− 1)β2

2
V(m,x)p−2

∣∣∣m +
γ

2
x
∣∣∣2

6 −pλγV(m,x)p + CV(m,x)p−1,

where the last inequality is because of (3.2) and (3.3). Then, by Young’s inequality,
the function Gt := E [V(Mm

t ,X
x
t )p] satisfies

dGt

dt
6 −λγGt + C,

with initial value G0 = V(m,x)p, where C > 0 here also depends on p. This implies
the desired immediately. �

Proof of Lemma 3.2 . Under Assumption I, we have

E |Mm
t −m|2p = E

∣∣∣∣∫ t

0

[−γMs −∇f(Xs)] ds+ βBt

∣∣∣∣2p
6 Ct2p−1E

∫ t

0

|γMs +∇f(Xs)|2p ds+ CE |Bt|2p

6 Ct2p−1

∫ t

0

(
γ2pE |Ms|2p + L2pE |Xs|2p +B2p

)
ds+ Ctpdp,

6 Ct2p(V(m,x)p + dp) + Ctpdp,

where the first inequality is by the Hölder’s inequality, the second inequality is by
(3.1) and the last one is due to (3.5). Similarly, it holds

E |Xx
t − x|2p = E

∣∣∣∣∫ t

0

Ms ds

∣∣∣∣2p 6 t2p−1

∫ t

0

E |Ms|2p ds 6 Ct2p(V(m,x)p + dp).

Combining above two inequalities, we can obtain the desired.
�

Proof of Lemma 3.3 . Recall SDE (3.4) and rewrite it as
M̃m

t −m = −γtm− t∇f(x) + t

(
∇f(x)− 1

N

N∑
i=1

∇F (x, ξi)

)
+ βBt ,

X̃x
t − x = tm .

for all t ∈ [0, η] with η being a step size. To make notations simple, denote

(B.2) Λ(x, ξi) = ∇f(x)−∇F (x, ξi), i = 1, . . . , N,

which are i.i.d. random vectors. Then, Assumption II and Lemma B.1 imply that

(B.3) E

∣∣∣∣∣ 1

N

N∑
i=1

Λ(x, ξi)

∣∣∣∣∣
2p

6
C

Np
E
∣∣Λ(x, ξi)

∣∣2p 6 C

Np
, ∀ 1 6 p 6

q

2
.
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If the condition (2.7) in Assumption IV holds additionally, (B.3) holds for all 1 6
p 6 q′/2. Thus, we have that

E
∣∣∣M̃m

t −m
∣∣∣2p

6 C
[
t2pE

∣∣γm +∇f(x)
∣∣2p + t2pE

∣∣N−1
∑d

i=1
Λ(x, ξi)

∣∣2p + β2pE |Bt|2p
]

6 C
[
|m|2p + |x|2p + 1

]
t2p + Ctpdp.

Using (3.2) , we can obtain

E
∣∣∣M̃m

t −m
∣∣∣2p 6 Ctp(V(m,x)p + dp).

Similarly, we have

E
∣∣∣X̃x

t − x
∣∣∣2p = t2pE |m|2p 6 Ct2pV(m,x)p.

Hence, by 0 6 t 6 η < 1, combining all above yields the desired. �

Proof of Lemma 3.4 . Consider SDE (1.6), let us prove the case of p = 1 firstly.

By Itô’s formula, (V(M̃t, X̃t))06t6η satisfies

dV(M̃t, X̃t) = −γ
2

〈
M̃t,m

〉
dt− λγ2

2

〈
X̃t,m

〉
dt+

〈
∇f(X̃t),m

〉
dt+

dβ2

2
dt

−
〈

M̃t +
γ

2
X̃t,

1

N

∑N

i=1
∇F (x, ξi)

〉
dt+ β

〈
M̃t +

γ

2
X̃t, dBt

〉
=: [I1 + I2] dt+ β

〈
M̃t +

γ

2
X̃t, dBt

〉
,

(B.4)

where I1 and I2 are given by

I1 = −γ
2

∣∣∣M̃t

∣∣∣2 − λγ2

2

〈
X̃t, M̃t

〉
− γ

2

〈
X̃t,∇f(X̃t)

〉
+
dβ2

2
,

I2 =
γ

2

〈
M̃t + λγX̃t, M̃t −m

〉
−
〈
∇f(X̃t), M̃t −m

〉
+
〈
M̃t +

γ

2
X̃t,∇f(X̃t)−∇f(x)

〉
+

〈
M̃t +

γ

2
X̃t,

1

N

∑N

i=1
Λ(x, ξi)

〉
.

Here, Λ(x, ξi), i = 1, . . . , N are defined by (B.2).
For I1, by the definition of V in (2.6) and (A.1) , we have

I1 6 −
[
λγ
(
f(X̃t) +

γ2

4
|X̃t|2

)]
− λγ2

2

〈
M̃t, X̃t

〉
− γ

2
|M̃t|2 +

1

2
(γÅ+ dβ2)

6 −λγV(M̃t, X̃t) +
1

2

(
γÅ+ dβ2

)
.

(B.5)

For I2, the Young’s inequality yields that for any ε > 0

I2 6 ε

[
γ

2

∣∣∣M̃t + λγX̃t

∣∣∣2 + 2

(
L2
∣∣∣X̃t

∣∣∣2 +B2

)
+ 2

∣∣∣M̃t +
γ

2
X̃t

∣∣∣2]
+

1

4ε

[
γ + 2

2

∣∣∣M̃t −m
∣∣∣2 + L2

∣∣∣X̃t − x
∣∣∣2]+

1

4ε

∣∣∣∣ 1

N

∑N

i=1
Λ(x, ξi)

∣∣∣∣2 .
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Thus, by choosing a special ε and (3.2), we can obtain
(B.6)

I2 6
λγ

3
V(M̃t, X̃t) + C

[∣∣∣M̃t −m
∣∣∣2 +

∣∣∣X̃t − x
∣∣∣2]+ C

∣∣∣∣ 1

N

∑N

i=1
Λ(x, ξi)

∣∣∣∣2 + C.

Combining (B.4), (B.5) and (B.6), we have

dV(M̃t, X̃t) 6 −
2λγ

3
V(M̃t, X̃t) dt+ β

〈
M̃t +

γ

2
X̃t, dBt

〉
+C

{[∣∣∣M̃t −m
∣∣∣2 +

∣∣∣X̃t − x
∣∣∣2]+

∣∣∣∣ 1

N

∑N

i=1
Λ(x, ξi)

∣∣∣∣2 + d

}
dt

(B.7)

Then, by Lemmas 3.3 and B.1, we have the following differential inequality

d

dt
EV(M̃t, X̃t) 6 −

2λγ

3
EV(M̃t, X̃t) + CtV(m,x) + Cd,

for all 0 6 t 6 η < 1. Then, solving above inequality, we have

EV(M̃η, X̃η) 6 e−2λγη/3V(m,x) + Cη2V(m,x) + Cdη.

Furthermore, the fact 1− x 6 e−x 6 1− x+ x2/2 for all x ∈ R yields that one can
find a positive constant η0 such that the following inequality holds for all η 6 η0,

(B.8) EV(M̃η, X̃η) 6 e−γλη/2V(m,x) + Cdη.

By Markov property, (B.8) implies the following recursive inequality,

EV(M̃tk , X̃tk) 6 e−λγηk/2EV(M̃tk−1
, X̃tk−1

) + Cdηk,

as long as ηk 6 η0. Then, (3.7) with p = 1 follows from that

EV(M̃tn , X̃tn)− e−λγtn/2V(m,x)

=
n∑
k=1

e−λγ(tn−tk)/2
[
EV(M̃tk , X̃tk)− e−λγηk/2EV(M̃tk−1

, X̃tk−1
)
]

6 Cd
n∑
k=1

ηke
−λγ(tn−tk)/2

= Cd

n∑
k=1

ηk
1− e−λγηk/2

[
e−λγ(tn−tk)/2 − e−λγ(tn−tk−1)/2

]
6 Cd,

(B.9)

where the last inequality holds as ηk 6 2/(γλ).

As for p > 1, by Itô’s formula and (B.4), we have that for 0 6 t 6 η,

dV(M̃t, X̃t)
p = pV(M̃t, X̃t)

p−1[I1 + I2] dt+ pβV(M̃t, X̃t)
p−1
〈
M̃t +

γ

2
X̃t, dBt

〉
+
p(p− 1)β2

2

∣∣∣M̃t +
γ

2
X̃t

∣∣∣2 V(M̃t, X̃t)
p−2 dt.
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This, together with (B.5), (B.6) and |m + γx/2|2 6 CV(m,x) by (3.2), it holds that

dV(M̃t, X̃t)
p 6

[
pV(M̃t, X̃t)

p−1

(
−2λγ

3
V(M̃t, X̃t) + CR0

)]
dt

+pβV(M̃t, X̃t)
p−1
〈
M̃t +

γ

2
X̃t, dBt

〉
,

(B.10)

where the reserved item R0 is of the form

R0 =
∣∣∣M̃t −m

∣∣∣2 +
∣∣∣X̃t − x

∣∣∣2 +

∣∣∣∣ 1

N

∑N

i=1
Λ(x, ξi)

∣∣∣∣2 + d,

which satisfies the following by Lemmas 3.3 and B.1:

(B.11) E [Rp
0] 6 CtpV(m,x)p + Cdp.

By Young’s inequality again, we can obtain that

V(M̃t, X̃t)
p−1 · (CR0) 6

(
1− 1

p

)
2λγ

3
V(M̃t, X̃t)

p + CRp
0.

Substituting this into (B.10), there is

dV(M̃t, X̃t)
p 6 −2λγ

3
V(M̃t, X̃t)

p dt+CRp
0 dt+ pβV(M̃t, X̃t)

p−1
〈
M̃t +

γ

2
X̃t, dBt

〉
.

Combining (B.11), this implies the follow differential inequality

d

dt
EV(M̃t, X̃t)

p 6 −2λγ

3
EV(M̃t, X̃t)

p + CtpV(m,x)p + Cdp.

By Gronwall’s inequality, we have

EV(M̃η, X̃η)
p 6 e−2λγη/3V(m,x)p + CηpV(m,x)p + Cdpη.

And one can also find a positive constant η′0 such that for all η 6 η′0, the following
holds,

EV(M̃η, X̃η)
p 6 e−λγη/2V(m,x)p + Cdpη.

Hence, for any k > 1, as ηk 6 η′0, by Markov property, we have

EV(M̃tk , X̃tk)
p 6 e−λγηk/2EV(M̃tk−1

, X̃tk−1
)p + Cdpηk.

which implies (3.7) for 1 < p 6 q/2 under Assumption II ( or 1 < p 6 q′/2 if the
condition (2.7) in Assumption IV holds ) by recursion similar to (B.9).

The proof is complete. �

B.2. Proofs of Auxiliary Lemmas for 1-Wasserstein Distance.

Proof of Lemma 3.5. (i) Suppose that (M̂t, X̂t)06t6η is the solution of SDE{
dM̂t = −γm dt−∇f(x) dt+ β dBt,

dX̂t = m dt,

with initial value (M̂0, X̂0) = (m,x). We claim that

dW1(L(Mη,Xη),L(M̂η, X̂η)) 6 Cη3/2
√
V(m,x) + d,(B.12)

dW1(L(M̂η, X̂η),L(M̃η, X̃η)) 6 C

√
d

N
η3/2,(B.13)

which immediately implies the desired result by the triangle inequality.
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Let us now show (B.12). Observe that (Mt − M̂t,Xt − X̂t)06t6η satisfies{
d(Mt − M̂t) = −γ(Mt −m) dt− (∇f(Xt)−∇f(x)) dt,

d(Xt − X̂t) = (Mt −m) dt,

with initial value (Mt − M̂t,Xt − X̂t) = (0,0). Then, it holds that

E
∣∣∣Mt − M̂t

∣∣∣2 6 2γ2E
∣∣∣∣∫ t

0

(Ms −m) ds

∣∣∣∣2 + 2E
∣∣∣∣∫ t

0

(∇f(Xs)−∇f(x)) ds

∣∣∣∣2
6 2γ2tE

∫ t

0

|Ms −m|2 ds+ 2tE
∫ t

0

|∇f(Xs)−∇f(x)|2 ds,

E
∣∣∣Xt − X̂t

∣∣∣2 = E
∣∣∣∣∫ t

0

(Ms −m) ds

∣∣∣∣2 6 t

∫ t

0

E |Ms −m|2 ds.

These, together with Lemma 3.2, we have

E
∣∣∣Mη − M̂η

∣∣∣2 + E
∣∣∣Xη − X̂η

∣∣∣2 6 Cη3(V(m,x) + d).

By definition of 1-Wasserstein distance, we immediately know (B.12) holds true.

It remains to prove (B.13). Due to X̂η = X̃η = x + ηm, it is equivalent to prove

dW1(L(M̂η),L(M̃η)) 6 C

√
d

N
η3/2,

or by Kantorovich-Rubinstein Theorem,∣∣∣Eh(M̂η)− Eh(M̃η)
∣∣∣ 6 C

√
d

N
η3/2 ‖h‖Lip ,

for any Lipschitz function h. Since h can be pointwise approximated by a sequence
of hi ∈ C2

b (Rd,R), i = 1, 2, . . . , satisfying ‖∇hi‖∞ 6 2 ‖h‖Lip, we just need to show
that

(B.14)
∣∣∣Eh(M̂η)− Eh(M̃η)

∣∣∣ 6 C

√
d

N
η3/2 ‖∇h‖∞ , ∀ h ∈ C2

b (Rd).

For any fixed h ∈ C2
b (Rd), we define

h0(z) := E [h(z + βBη)] =

∫
Rd
h(z + y) · (2πβ2η)−d/2 exp

{
−|y|2/(2β2η)

}
dy.

Straightforward calculations derive that

∂2h0

∂zi∂zj
(z) =

∫
Rd

∂2h

∂zi∂zj
(z + y) · (2πβ2η)−d/2 exp

{
−|y|2/(2β2η)

}
dy

=

∫
Rd

∂h

∂zi
(z + y) · yj

β2η
· (2πβ2η)−d/2 exp

{
−|y|2/(2β2η)

}
dy

=
1

β2η
E
[
∂h

∂zi
(z + βBη) · βB(j)

η

]
,

where B
(j)
η is the j-th component of Bη. That is

∇2h0(z) =
1

βη
E
[
∇h(z + βBη)B

>
η

]
,
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which implies that

(B.15)
∥∥∇2h0

∥∥
∞ 6

‖∇h‖∞
βη

E |Bη| 6
‖∇h‖∞
β

√
d

η
.

Taylors expansion gives that

Eh(M̃η)− Eh(M̂η)

= E

[
h0

(
(1− ηγ)m− η 1

N

N∑
i=1

∇F (x, ξi)
)]
− E

[
h0

(
(1− ηγ)m− η∇f(x)

)]
= ηE

[〈
∇h0

(
(1− ηγ)m− η∇f(x)

)
,

1

N

N∑
i=1

Λ(x, ξi)

〉]

+
1

2
η2E

[〈
1

N

N∑
i=1

Λ(x, ξi),∇2h0(ζ)
1

N

N∑
i=1

Λ(x, ξi)

〉]

=
1

2
η2E

[〈
1

N

N∑
i=1

Λ(x, ξi),∇2h0(ζ)
1

N

N∑
i=1

Λ(x, ξi)

〉]
,

holds for some random vector ζ, where Λ(x, ξi), i = 1, . . . , N are defined in (B.2)
and we use the independence between Bη and ξ. Together with (B.15) and Lemma
B.1, we have∣∣∣Eh(M̃η)− Eh(M̂η)

∣∣∣ 6 1

2
η2
∥∥∇2h0

∥∥
∞ Eξ

∣∣∣∣∣ 1

N

N∑
i=1

Λ(x, ξi)

∣∣∣∣∣
2

6 C

√
d

N
η3/2 ‖∇h‖∞ ,

which is (B.14), and leads to (B.13).

(ii) Notice that (Mt − M̃t,Xt − X̃t)06t6η satisfies
d(Mt − M̃t) = −γ(Mt −m) dt− (∇f(Xt)−∇f(x)) dt− 1

N

N∑
i=1

Λ(x, ξi) dt,

d(Xt − X̃t) = (Mt −m) dt,

with initial value (M0− M̃0,X0− X̃0) = (0,0). Combining Hölder’s inequality and
Lemma B.1 derives that

E
∣∣∣Mη − M̃η

∣∣∣4 6 CE
∣∣∣∣∫ η

0

(Ms −m) ds

∣∣∣∣4 + CE
∣∣∣∣∫ η

0

(∇f(Xs)−∇f(x)) ds

∣∣∣∣4
+ Cη4E

∣∣∣∣∣ 1

N

N∑
i=1

Λ(x, ξi)

∣∣∣∣∣
4

6 Cη3

∫ η

0

E |Ms −m|4 ds+ Cη3

∫ η

0

E |Xs − x|4 ds+ C
η4

N2
,

E
∣∣∣Xη − X̃η

∣∣∣4 = E
∣∣∣∣∫ η

0

(Ms −m) ds

∣∣∣∣4 6 η3

∫ η

0

E |Ms −m|4 ds.

Then Lemma 3.2 with p = 2 implies

E
∣∣∣Mη − M̃η

∣∣∣4 + E
∣∣∣Xη − X̃η

∣∣∣4 6 Cη6(V(m,x)2 + d2) + C
η4

N2
.
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We complete the proof. �

B.3. Proofs of Auxiliary Lemmas in the Total Variation Distance. Before
proving Lemma 3.7, we shall introduce the well known Bismut formula in Malliavin
calculus. To this end, let us briefly recall the Malliavin calculus by Bismut in our
setting. Let T > 0 be an arbitrary number, for any t ∈ [0, T ], we take Yt as a
functional of Brownian motion, i.e., Yt(B), let h be an adaptive stochastic process
in L2([0, T ]×Ω,Rd), and define a general Malliavin derivative along h as the following

(B.16) DhYt(B) = lim
ε→0

Yt(B + εH)−Yt(B)

ε
,

where H(t) =
∫ t

0
h(s) ds for t ∈ [0, T ], as long as the above limit exists in L2(Ω).

For φ ∈ C1
b (Rd,R), by the chain rule,

Dhφ(Yt(B)) = ∇φ(Yt(B)) DhYt(B) =
d∑
i=1

∂iφ(Yt(B)) DhF i
t (B)

The following Bismut’s formula, which can be taken as an integration by parts, is
an important property in Malliavin calculus:

(B.17) E
[
∇φ(Yt) DhYt

]
= E

[
φ(Yt)

∫ t

0

〈h(s), dBs〉
]
.

Proof of Lemma 3.7. Let Yy
t = (Mm

t ,X
x
t ) come from SDE (1.5). Let h be an

adaptive stochastic process in L2([0, T ]×Ω,R2d) to be chosen later, by [Nor86], the
Malliavin derivative of Yt along h satisfies

DhMm
t = −γ

∫ t

0

DhMm
s ds−

∫ t

0

∇2f(Xx
s ) DhXx

s ds+ β

∫ t

0

h(s) ds,

DhXx
t =

∫ t

0

DhMm
s ds.

Besides, for any w = (u,v) ∈ R2d, the Jacobian flow of Yt with respect to w is
defined as

∇Yy
t ·w = lim

ε→0

Yy+εw
t −Yy

t

ε
.

More precisely, we have that

∇mYt · u =

[
u
0

]
+

∫ t

0

[
−γI ∇2f(Xt)

I 0

]
∇mYt · u dt,

∇xYt · v =

[
0
v

]
+

∫ t

0

[
−γI ∇2f(Xt)

I 0

]
∇xYt · v dt.

Observe that for any φ ∈ C1
b (R2d,R)

(B.18) ∇Eφ(YT ) ·w = E [∇φ(YT )∇mYT · u] + E [∇φ(YT )∇xYT · v] .

We aim to find some special h and h̃ such that

∇mYT · u = DhYT and ∇xYT · v = Dh̃YT ,

and consequently

∇Eφ(YT ) ·w = E
[
∇φ(YT ) DhYT

]
+ E

[
∇φ(YT ) Dh̃YT

]
,
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which enables us to apply Bismut’s formula (B.17).

Define H(t) =
∫ t

0
h(s) ds and H̃(t) =

∫ t
0

h̃(s) ds, by Zhang [Zha10, Theorem 3.3],

for any T > 0 and u,v ∈ Rd, we can choose H(t) and H̃(t) specified as below.
Firstly, for any u ∈ Rd, let

H(t) = − 1

β

(
u− g(t)− γ

∫ t

0

g(s) ds−
∫ t

0

ds

∫ s

0

∇2f(Xs)g(r) dr

)
,

for t ∈ [0, T ], where g(t) is given by

g(t) =

{
(T − 3t) u/T, 0 6 t < T/2,

(t− T ) u/T, T/2 6 t 6 T,

satisfying g(0) = u, g(T ) = 0 and
∫ T

0
g(t) dt = 0. One can verify that

〈∇mMt(m,x),u〉 = DhMt(m,x) + g(t),

〈∇mXt(m,x),u〉 = DhXt(m,x) +

∫ t

0

g(s) ds,

and ∇mYT · u = DhYT . Then, applying Bismut formula to E
[
∇φ(YT ) DhYT

]
yields that

〈∇mEφ(YT ),u〉 = E
[
−φ(YT )

1

β

∫ T

0

(
∇2f(Xs)

∫ s

0

g(r) dr + γg(s) + ġ(s)

)
dBs

]
.

Hence, there exists a constant C only depending on L, γ and β such that

(B.19) |〈∇mEφ(YT ),u〉| 6 C ‖φ‖∞ |u|
(
T 3/2 ∨ T−1/2

)
.

Analogously, for any v ∈ Rd, let H̃(t)

H̃(t) =
1

β

[
−g̃(t)− γ

∫ t

0

g̃(s) ds−
∫ t

0

∇2f(Xs)

(
v +

∫ s

0

g̃(r) dr

)
ds

]
,

for t ∈ [0, T ], where g̃(t) is given by

g̃(t) =

{
−4t/T 2v , 0 6 t 6 T/2,

4(t− T )/T 2v, T/2 6 t 6 T,

satisfying g̃(0) = g̃(T ) = 0 and
∫ T

0
g̃(t) dt = −v. Then, it is easy to verify that

〈∇xMt(m,x),v〉 = Dh̃Mt(m,x) + g̃(t),

〈∇xXt(m,x),v〉 = Dh̃Xt(m,x) + v +

∫ t

0

g̃(s) ds,

and ∇xYT · v = Dh̃YT . Applying Bismut’s formula to E
[
∇φ(YT ) Dh̃YT

]
yields

〈∇xEφ(YT ),v〉 = E
{
−φ(YT )

1

β

∫ T

0

[
∇2f(Xs)

(
v +

∫ s

0

g̃(r) dr

)
+ γg̃(s) + ˙̃g(s)

]
dBs

}
,

which immediately implies that there exists a constant C > 0 only depending on L,
γ and β such that

(B.20) |〈∇xEφ(YT ),v〉| 6 C ‖φ‖∞ |v|
(
T 1/2 ∨ T−3/2

)
.



34 A. GUILLIN, Y. WANG, L. XU, AND H. YANG

Combining (B.18), (B.19) and (B.20), we have

|∇Eφ(YT ) ·w| 6 C ‖φ‖∞ (|u|+ |v|)
(
T 3/2 ∨ T−3/2

)
6 C ‖φ‖∞

(
T 3/2 ∨ T−3/2

)
|w|

for any w = (u,v) ∈ R2d, and this implies the desired. �

Proof of Lemma 3.8 . Firstly, the chain rule of Malliavin derivative yields that〈
Dg(F),DF j

〉
H =

d∑
i=1

∂ig(F)
〈
DF i,DF j

〉
H =

d∑
i=1

∂ig(F)(Γ(F))i,j, j = 1, . . . , d,

which implies that

(B.21) ∂ig(F) =
d∑
j=1

〈
Dg(F),DF j

〉
H

(
Γ(F)−1

)
i,j
, i = 1, . . . , d.

Then, we have

E 〈∇g(F),G〉 = E

〈
Dg(F),

d∑
i=1

d∑
j=1

(
Γ(F)

)−1

i,j
Gi DF j

〉
H

= E

[
g(F)δ

(
d∑
j=1

(
Γ(F)−1G

)
j
DF j

)]
.

where the first equality is by (B.21), and the last one is due to the duality (3.10)
between derivative operator and divergence operator. Then, the Jensen’s inequality
yields that

(B.22) |E 〈∇g(F),G〉| 6 ‖g‖∞

√√√√E

[∣∣∣∣δ( d∑
j=1

(
Γ(F)−1G

)
j
DF j

)∣∣∣∣2
]
.

Applying the continuity of divergence operator δ from D1,2(H) into L2(Ω) [Nua06,
Propsition 1.5.7], there exists a constant C > 0 such that

(B.23) E

[∣∣∣∣δ( d∑
j=1

(
Γ(F)−1G

)
j
DF j

)∣∣∣∣2
]
6 C(I1 + I2),

where I1 and I2 are given by

I1 = E

[∥∥∥∥ d∑
j=1

(
Γ(F)−1G

)
j
DF j

∥∥∥∥2

H

]
, I2 = E

[∥∥∥∥ d∑
j=1

D
((

Γ(F)−1G
)
j
DF j

)∥∥∥∥2

H⊗H

]
For I1, it follows from Cauchy-Schwarz inequality that

I1 6 E

[∣∣∣∣ d∑
j=1

∣∣∣(Γ(F)−1G
)
j

∣∣∣ ‖DFj‖H∣∣∣∣2
]

6 E

[( d∑
j=1

(
Γ(F)−1G

)2

j

)( d∑
j=1

∥∥DF j
∥∥2

H

)]

6 E
{[∥∥Γ(F)−1

∥∥
op
|G| ‖DF‖H

]2
}
.

(B.24)
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For I2, according to [Nua06, Lemma 2.1.6], it holds that

D
(
Γ(F)−1G

)
j

=
d∑
i=1

(
Γ(F)−1

)
j,i

DGi −
d∑

i,k,l=1

Gi
(
Γ(F)−1

)
j,k

(
Γ(F)−1

)
l,i

D
(
Γ(F)k,l

)
.

This, together with representation D
(
Γ(F)k,l

)
= D

〈
DF k,DF l

〉
H for any 1 6 k, l 6

d, we have ∥∥∥∥ d∑
j=1

D
((

Γ(F)−1G
)
j
DF j

)∥∥∥∥
H⊗H

6 I2,1 + I2,2 + I2,3,(B.25)

where I2,1, I2,2 and I2,3 are given by

I2,1 =
d∑
j=1

∣∣∣(Γ(F)−1G
)
j

∣∣∣ ∥∥D2F j
∥∥
H⊗H

I2,2 =
d∑

i,j=1

∣∣∣(Γ(F)−1
)
j,i

∣∣∣ ∥∥DGi
∥∥
H

∥∥DF j
∥∥
H

I2,3 =
d∑

i,j,k,l=1

∣∣∣Gi
(
Γ(F)−1

)
j,k

(
Γ(F)−1

)
l,i

∣∣∣ ∥∥D
〈
DF k,DF l

〉
H

∥∥
H

∥∥DF j
∥∥
H .

It is easy to estimate I2,1 and I2,2 which satisfy
(B.26)

I2,1 6
∥∥Γ(F)−1

∥∥
op
|G|

∥∥D2F
∥∥
H⊗H , I2,2 6

∥∥Γ(F)−1
∥∥

HS
‖DG‖H ‖DF‖H .

For I2,3, we claim that

(B.27) I2,3 6 2
∥∥Γ(F)−1

∥∥2

HS
|G| ‖DF‖2

H

∥∥D2F
∥∥
H⊗H .

Combining (B.25), (B.26) and (B.27), we can obtain that

I2 = E

[∥∥∥∥ d∑
j=1

D
((

Γ(F)−1G
)
j
DF j

)∥∥∥∥2

H⊗H

]

6 C

{
E
[∥∥Γ(F)−1

∥∥2

op
|G|2

∥∥D2F
∥∥2

H⊗H

]
+ E

[∥∥Γ(F)−1
∥∥2

HS
‖DG‖2

H ‖DF‖2
H

]
+ E

[∥∥Γ(F)−1
∥∥4

HS
|G|2 ‖DF‖4

H

∥∥D2F
∥∥2

H⊗H

]}
.

(B.28)

Combining (B.23), (B.24) and (B.28), by Hölder’s inequality, we can obtain that

E

[∣∣∣∣δ( d∑
j=1

(
Γ(F)−1G

)
j
DF j

)∣∣∣∣2
]

6 C ‖G‖2
1,4

{
E
[(

1 + ‖DF‖8
H
)(

1 +
∥∥D2F

∥∥4

H⊗H

)(
1 +

∥∥Γ(F)−1
∥∥8

HS

)]}1/2

.

Substituting this into (B.22), we can obtain the desired.
It remains to prove (B.27). Observe that for any 1 6 k, l 6 d∥∥D

〈
DF k,DF l

〉
H

∥∥
H 6

∥∥D2F k
∥∥
H⊗H

∥∥DF l
∥∥
H +

∥∥DF k
∥∥
H

∥∥D2F l
∥∥
H⊗H .
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Then, for each j = 1, . . . , d, it holds that

d∑
i,k,l=1

∣∣∣Gi
(
Γ(F)−1

)
j,k

(
Γ(F)−1

)
l,i

∣∣∣ ∥∥D
〈
DF k,DF l

〉
H

∥∥
H

6
d∑

k=1

∣∣∣(Γ(F)−1
)
j,k

∣∣∣ ∥∥D2F k
∥∥
H⊗H

d∑
i,l=1

∣∣∣Gi
(
Γ(F)−1

)
l,i

∣∣∣ ∥∥DF l
∥∥
H

+
d∑

k=1

∣∣∣(Γ(F)−1
)
j,k

∣∣∣ ∥∥DF k
∥∥
H

d∑
i,l=1

∣∣∣Gi
(
Γ(F)−1

)
l,i

∣∣∣ ∥∥D2F l
∥∥
H⊗H .

The Cauchy-Schwarz inequality implies that{
d∑

i,l=1

∣∣∣Gi
(
Γ(F)−1

)
l,i

∥∥DF l
∥∥
H

∣∣∣}2

6

[
d∑
i=1

(Gi)2

][
d∑

i,l=1

(
Γ(F)−1

)2

l,i

][
d∑
l=1

∥∥DF l
∥∥2

H

]
6 |G|2

∥∥Γ(F)−1
∥∥2

HS
‖DF‖2

H ,

and similarly{
d∑

i,l=1

∣∣∣Gi
(
Γ(F)−1

)
l,i

∣∣∣ ∥∥D2F l
∥∥
H⊗H

}2

6 |G|2
∥∥Γ(F)−1

∥∥2

HS

∥∥D2F
∥∥2

H .

Combining inequalities above, we can obtain

I2,3 6 |G|
∥∥Γ(F)−1

∥∥
HS
‖DF‖H

d∑
j,k=1

∣∣∣(Γ(F)−1
)
j,k

∣∣∣ ∥∥D2F k
∥∥
H⊗H

∥∥DF j
∥∥
H

+ |G|
∥∥Γ(F)−1

∥∥
HS

∥∥D2F
∥∥
H⊗H

d∑
j,k=1

∣∣∣(Γ(F)−1
)
j,k

∣∣∣ ∥∥DF k
∥∥
H

∥∥DF j
∥∥
H

6 2
∥∥Γ(F)−1

∥∥2

HS
|G| ‖DF‖2

H

∥∥D2F
∥∥
H⊗H .

The proof is complete. �

Proof of Lemma 3.9. According to Markov’s inequality, it holds

P(E1
j,k) 6 P

(
ηj

k∑
i=j+1

(ϕ(ξi)− Eϕ(ξi)) > (k − j)ηk

)

6

(
ηj
ηk

)4

E

∣∣∣∣∣ 1

k − j

k∑
i=j+1

(
ϕ(ξi)− Eϕ(ξi)

)∣∣∣∣∣
4

,

where in the first inequality we use tk − tj > (k − j)ηk due to ηi 6 ηj for any i > j.
Assumption III implies that

ηj
ηk

=
k∏

i=j+1

ηi−1

ηi
6

k∏
i=j+1

(1 + ωηi) 6
k∏

i=j+1

eωηi = eω(tk−tj),

where the first inequality follows from the condition ηi−1 6 ηi(1 +ωηi). Assumption
IV guarantees that E |ϕ(ξi)− E[ϕ(ξi)]|4 < ∞, then together with Lemma B.1, the
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following holds for constant C > 0,

P(E1
j,k) 6

Ce4ω(tk−tj)

(k − j)2
6
Ce4ω(tk−tj)

(tk − tj)2
η2
j 6

Ce6ω(tk−tj)

(tk − tj)2
η2
k.

Since Assumption IV implies E |ϕ(ξi)
2 − E[ϕ(ξi)

2]|4 < +∞, P(E2
j,k) can be anal-

ogously estimated only with ϕ(ξi) replaced by ϕ(ξi)
2. �

Recall SDE (1.6), we have
M̃tj = (1− γηj)M̃tj−1

− 1

N

N∑
r=1

∇F (X̃tj−1
, ξrj )ηj + β(Btj −Btj−1

),

X̃tj = ηjM̃tj−1
+ X̃tj−1

,

for j > 1 and initial value (M̃0, X̃0) = (m,x). By [Nua06, Section 2.2.2], the
Malliavin derivative satisfies

(B.29)

[
DsM̃tj

DsX̃tj

]
= E>j

[
DsM̃tj−1

DsX̃tj−1

]
+ β

[
Id
0

]
1[tj−1,tj)(s),

where the matrix Ej is defined for simplicity as

(B.30) Ej ≡
[

(1− γηj)Id ηjId
−N−1

∑N
r=1∇2F (X̃tj−1

, ξrj )ηj Id

]
.

Besides, define Sj as

Sk ≡ I2d, Sj ≡ Ej+1 . . .Ek, j = 1, . . . , k − 1.

Given (M̃t` , X̃t`) = z, the Malliavin derivative of Ỹz
t`,tk

= (M̃tk , X̃tk) has the follow-
ing recursion:

(B.31)

[
DsM̃tk

DsX̃tk

]
= β

k∑
j=`+1

S>j

[
Id
0

]
1[tj−1,tj)(s),

and the corresponding Malliavin matrix is given by

(B.32) Γ
(
Ỹz
t`,tk

)
=

∫ tk

t`

[
DsM̃tk

DsX̃tk

][
DsM̃tk

DsX̃tk

]>
ds = β2

k∑
j=`+1

ηjS
>
j

[
Id
0

] [
Id 0

]
Sj.

Before estimating the lower bound of eigenvalues of Γ(Ỹz
t`,tk

), let us derive an esti-
mate of ‖Sj − I2d‖op first.

Lemma B.2. For any fixed k > 1, the following holds for each 1 6 j 6 k,

‖Sj − I2d‖op 6 exp

{
k∑

i=j+1

ηi
(
ϕ(ξi) + γ + 1

)}
− 1,

where ϕ(ξi) = N−1
∑N

r=1 supx∈Rd ‖∇2F (x, ξri )‖op, i = j + 1, . . . , k, are in (3.12).

Proof. We prove this by a backward induction. By definition, Sk = I2d, so this result
holds for j = k. Assume that

‖S` − I2d‖op 6 exp

{
k∑

i=`+1

ηi(ϕ(ξi) + γ + 1)

}
− 1,
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holds for some ` > 2, then

‖S`−1 − I2d‖op = ‖E`S` − E` + E` − I2d‖op 6 ‖E`‖op ‖S` − I2d‖op + ‖E` − I2d‖op .

For any matrix K =

[
A B
C 0

]
∈ R2d×2d and w = (u,v) ∈ Rd, it holds

|Kw| = |Au + Bv + Cu| 6 [‖A‖op + ‖B‖op + ‖C‖op] |w| ,

which implies that ‖K‖op 6 ‖A‖op + ‖B‖op + ‖C‖op.Then, we have

‖E` − I2d‖op = η`

∥∥∥∥[ −γId Id
− 1
N

∑N
r=1∇2F (X̃t`−1

, ξr` ) 0

]∥∥∥∥
op

6 η`
(
ϕ(ξ`) + γ + 1

)
.

Hence, we obtain the desired result by

‖S`−1 − I2d‖op 6
[
‖E` − I2d‖op + 1

]
‖S` − I2d‖op − 1

6 exp

{
k∑
i=`

ηi
(
ϕ(ξi) + γ + 1

)}
− 1.

The proof is complete. �

Next, we prove Lemmas 3.10 – 3.13. To make notations simple, we define

(B.33) b(y) =

[
−γm−∇f(x)

m

]
, b̃(y, ξ) =

[
−γm−N−1

∑N
i=1∇F (x, ξi)

m

]
,

for y = (m,x) and ξ = (ξ1, . . . , ξN).

Proof of Lemma 3.10. (i) By the definition and (B.32),∥∥∥DỸz
t`,tk

∥∥∥2

H
= tr

(
Γ
(
Ỹz
t`,tk

))
= β2

k∑
j=`+1

ηj tr

(
S>j

[
Id
0

] [
Id 0

]
Sj

)
6 2dβ2

k∑
j=`+1

ηj ‖Sj‖2
op .

Together with Hölder’s inequality, we have

(B.34)
∥∥∥DỸz

t`,tk

∥∥∥8

H
6 Cd4(tk − t`)3

k∑
j=`+1

ηj ‖Sj‖8
op .

Notice that Sj = Ej+1 . . .Ek with Ej defined in (B.30) implies

E ‖Sj‖8
op 6 E

{
E
[(

1 + ‖Ek − I2d‖op

)8
∣∣∣∣(X̃ti−1

, ξi)j+16i6k−1

]
‖Ej+1 . . .Ek−1‖8

op

}
,

and(
1 + ‖Ek − I2d‖op

)8

6

[
1 + ηk

(
1

N

N∑
r=1

sup
x∈Rd

∥∥∇2F (x, ξrk)
∥∥

op
+ γ + 1

)]8

6
1

1− 7ηk

1 + ηk

(
1

N

N∑
r=1

sup
x∈Rd

∥∥∇2F (x, ξrk)
∥∥

op
+ γ + 1

)8


6

(
1 +

7ηk
1− 7η1

)[
1 + Cηk

(
1

N

N∑
r=1

sup
x∈Rd

∥∥∇2F (x, ξrk)
∥∥8

op
+ 1

)]
,
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where in the second inequality we use (1 + ηkx)8 6 1 + ηkx
8 + 7ηk(1 + ηkx)8 for

x > 0. According to Assumption IV , we have

E ‖Sj‖8
op 6 (1 + Cηk)E ‖Ej+1 . . .Ek−1‖8

op 6 eCηkE ‖Ej+1 . . .Ek−1‖8
op .

Then, applying this method recursively shows that E ‖Sj‖8
op 6 eC(tk−tj) for j =

`+ 1, . . . , k, so (B.34) and condition tk − t` 6 1/[5(B1 + γ + 2)] imply that

E
∥∥∥DỸz

t`,tk

∥∥∥8

H
6 Cd4(tk − t`)3

k∑
j=`+1

ηje
C(tk−t`) 6 Cd4.

Analogously, it can be shown that E‖DỸz
t`,tk−1

‖8
H 6 Cd4.

For any t ∈ [tk−1, tk] and h ∈ H with ‖h‖H 6 1, by [Nor86]

DhYtk−1,t(Ỹ
z
t`,tk−1

) = DhỸz
t`,tk−1

+ β

∫ t

tk−1

[
Id
0

]
hs ds

+

∫ t

tk−1

∇b(Ytk−1,u(Ỹ
z
t`,tk−1

)) DhYtk−1,u(Ỹ
z
t`,tk−1

) du.

(B.35)

Since ‖∇b(y)‖op 6 L+ γ + 1 where b(y) is in (B.33), it follows that∥∥∥DYtk−1,t(Ỹ
z
t`,tk−1

)
∥∥∥
H
6
∥∥∥DỸz

t`,tk−1

∥∥∥
H

+ β
√
ηk + C

∫ t

tk−1

∥∥∥DYtk−1,u(Ỹ
z
t`,tk−1

)
∥∥∥
H

du.

Then Grönwall’s inequality implies

E
∥∥∥DYtk−1,t(Ỹ

z
t`,tk−1

)
∥∥∥8

H
6 C

(
E
∥∥∥DỸz

t`,tk−1

∥∥∥8

H
+ 1

)
6 Cd4, t ∈ [tk−1, tk].

(ii) Given event (E1
`,k)

c, i.e.,
∑k

i=`+1 ηi(ϕ(ξi) − Eϕ(ξi)) 6 tk − t`, Lemma B.2 and
Assumption IV derive the following equation for some constant C > 0,

‖Sj‖op 6 ‖Sj − I2d‖op + 1 6 e
∑k
i=j+1 ηi(ϕ(ξi)+γ+1) 6 e(tk−t`)(Eϕ(ξi)+γ+2) 6 C,

for j = `+ 1, . . . , k. According to (B.34), the following holds ,∥∥∥DỸz
t`,tk

∥∥∥8

H
6 Cd4(tk − t`)3

k∑
j=`+1

ηj ‖Sj‖8
op 6 Cd4 on (E1

`,k)
c.

The proof is complete. �

Proof of Lemma 3.11. For any h1,h2 ∈ H with ‖h1‖H , ‖h2‖H 6 1, by [Nor86],
we have

Dh1 Dh2Ỹz
t`,tk

= Dh1 Dh2Ỹz
t`,tk−1

+ ηk∇b̃
(
Ỹz
t`,tk−1

, ξk
)

Dh1 Dh2Ỹz
t`,tk−1

+ ηk∇2b̃
(
Ỹz
t`,tk−1

, ξk
)

Dh1Ỹz
t`,tk−1

Dh2Ỹz
t`,tk−1

,

where b̃(y, ξ) is defined in (B.33). Hence,∣∣∣Dh1 Dh2Ỹz
t`,tk

∣∣∣ 6 ∣∣∣Dh1 Dh2Ỹz
t`,tk−1

∣∣∣+ ηk

∥∥∥∇b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥

op

∣∣∣Dh1 Dh2Ỹz
t`,tk−1

∣∣∣
+ ηk

∥∥∥∇2b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥

op

∣∣∣Dh1Ỹz
t`,tk−1

∣∣∣ ∣∣∣Dh2Ỹz
t`,tk−1

∣∣∣ ,
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which implies that∥∥∥D2Ỹz
t`,tk

∥∥∥
H⊗H

6
∥∥∥D2Ỹz

t`,tk−1

∥∥∥
H⊗H

+ ηk

∥∥∥∇b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥

op

∥∥∥D2Ỹz
t`,tk−1

∥∥∥
H⊗H

+ ηk

∥∥∥∇2b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥

op

∥∥∥DỸz
t`,tk−1

∥∥∥2

H
.

Notice that ηk 6 η1 and (x+ ηky)4 6 x4 + ηky
4 + 3ηk(x+ ηky)4 for x, y > 0, so

E
∥∥∥D2Ỹz

t`,tk

∥∥∥4

H⊗H
6

(
1 +

3ηk
1− 3η1

)
E
∥∥∥D2Ỹz

t`,tk−1

∥∥∥4

H⊗H

+
8ηk

1− 3η1

{
E
[∥∥∥∇b̃

(
Ỹz
t`,tk−1

, ξk
)∥∥∥4

op

∥∥∥D2Ỹz
t`,tk−1

∥∥∥4

H⊗H

]
+E

[∥∥∥∇2b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥4

op

∥∥∥DỸz
t`,tk−1

∥∥∥8

H

]}
.

(B.36)

Combining Assumption IV, Lemma 3.10, and the independence between ξk and
other random variables on the right-hand side, we have

E
[∥∥∥∇2b̃

(
Ỹz
t`,tk−1

, ξk
)∥∥∥4

op

∥∥∥DỸz
t`,tk−1

∥∥∥8

H

]
= E

{
Eξk

[∥∥∥∇2b̃
(
Ỹz
t`,tk−1

, ξk
)∥∥∥4

op

] ∥∥∥DỸz
t`,tk−1

∥∥∥8

H

}
6 CE

∥∥∥DỸz
t`,tk−1

∥∥∥8

H
6 Cd4.

(B.37)

Similarly, by Assumption IV, and the independence between ξk and other random
variables, we also have

E
[∥∥∥∇b̃

(
Ỹz
t`,tk−1

, ξk
)∥∥∥4

op

∥∥∥D2Ỹz
t`,tk−1

∥∥∥4

H⊗H

]
6 CE

∥∥∥D2Ỹz
t`,tk−1

∥∥∥4

H⊗H
.(B.38)

Combining (B.36), (B.37) and (B.38), since D2Ỹz
t`,t`

= 0, we have by an induction

E
∥∥∥D2Ỹz

t`,tk

∥∥∥4

H⊗H
6 (1 + Cηk)E

∥∥∥D2Ỹz
t`,tk−1

∥∥∥4

H⊗H
+ Cd4ηk

6 Cd4

k∑
i=`+1

ηi

k∏
j=i+1

(1 + Cηj) 6 Cd4(tk − t`)eC(tk−t`).

Due to tk − t` 6 1/[5(B1 + γ + 1)], we can obtain the desired.

For Ytk−1,t(Ỹ
z
t`,tk−1

), t ∈ [tk−1, tk] and any hi ∈ H with ‖hi‖H 6 1, i = 1, 2, by

[Nor86], the second order Malliavin derivation satisfies

Dh1 Dh2Ytk−1,t(Ỹ
z
t`,tk−1

) = Dh1 Dh2Ỹz
t`,tk−1

+

∫ t

tk−1

∇b
(
Ytk−1,u(Ỹ

z
t`,tk−1

)
)

Dh1 Dh2Ytk−1,u(Ỹ
z
t`,tk−1

) du

+

∫ t

tk−1

∇2b
(
Ytk−1,u(Ỹ

z
t`,tk−1

)
)

Dh1Ytk−1,u(Ỹ
z
t`,tk−1

) Dh2Ytk−1,u(Ỹ
z
t`,tk−1

) du.
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Since ‖∇b(y)‖op 6 L+ γ+ 1 and ‖∇2b(y)‖op 6 B2 due to Assumption IV, we have∥∥∥D2Ytk−1,t(Ỹ
z
t`,tk−1

)
∥∥∥
H⊗H

6
∥∥∥D2Ỹz

t`,tk−1

∥∥∥
H⊗H

+ C

∫ t

tk−1

∥∥∥D2Ytk−1,u(Ỹ
z
t`,tk−1

)
∥∥∥
H⊗H

du

+ C

∫ tk

tk−1

∥∥∥DYtk−1,u(Ỹ
z
t`,tk−1

)
∥∥∥2

H
du.

By Grönwall’s inequality,∥∥∥D2Ytk−1,tk(Ỹ
z
t`,tk−1

)
∥∥∥
H⊗H

6 C
∥∥∥D2Ỹz

t`,tk−1

∥∥∥
H⊗H

+ C

∫ tk

tk−1

∥∥∥DYtk−1,u(Ỹ
z
t`,tk−1

)
∥∥∥2

H
du.

We have shown that E‖D2Ỹz
t`,tk−1

‖4
H⊗H 6 Cd4, together with Lemma 3.10 and

Hölder’s inequality, we get

E
∥∥∥D2Ytk−1,tk(Ỹ

z
t`,tk−1

)
∥∥∥4

H⊗H
6 Cd4.

The proof is complete. �

Proof of Lemma 3.12. Recall the SDEs (1.5) and (1.6), and define

Ξt`,tk := Ytk−1,tk(Ỹ
z
t`,tk−1

)− Ỹz
t`,tk

=

∫ tk

tk−1

(
b(Ytk−1,t(Ỹ

z
t`,tk−1

))− b̃(Ỹz
t`,tk−1

, ξk)
)

dt,

where functions b and b̃ are defined in (B.33). For any h ∈ H with ‖h‖H 6 1, by
[Nor86], we have

DhΞt`,tk =

∫ tk

tk−1

(
∇b(Ytk−1,t(Ỹ

z
t`,tk−1

)) DhYtk−1,t(Ỹ
z
t`,tk−1

)−∇b̃(Ỹz
t`,tk−1

, ξk) DhỸz
t`,tk−1

)
dt.

(B.39)

(i) Observe that DhΞt`,tk = I1 + I2 + I3, where

I1 =

∫ tk

tk−1

∇b(Ytk−1,t(Ỹ
z
t`,tk−1

))
(

DhYtk−1,t(Ỹ
z
t`,tk−1

)−DhỸz
t`,tk−1

)
dt,

I2 =

∫ tk

tk−1

(
∇b(Ytk−1,t(Ỹ

z
t`,tk−1

))−∇b(Ỹz
t`,tk−1

)
)

DhỸz
t`,tk−1

dt,

I3 = ηk

(
∇b(Ỹz

t`,tk−1
)−∇b̃(Ỹz

t`,tk−1
, ξk)

)
DhỸz

t`,tk−1
.

(B.40)

We estimate them one by one.
For I1, one has

DhYtk−1,t(Ỹ
z
t`,tk−1

)−DhỸz
t`,tk−1

= β

∫ t

tk−1

[
Id
0

]
hs ds+

∫ t

tk−1

∇b(Ytk−1,u(Ỹ
z
t`,tk−1

)) DhỸz
t`,tk−1

du

+

∫ t

tk−1

∇b(Ytk−1,u(Ỹ
z
t`,tk−1

))
[

DhYtk−1,u(Ỹ
z
t`,tk−1

)−DhỸz
t`,tk−1

]
du.

Together with ‖∇b(y)‖op 6 L+ γ + 1, the following holds,∥∥∥DYtk−1,t(Ỹ
z
t`,tk−1

)−DỸz
t`,tk−1

∥∥∥
H
6 C

∫ t

tk−1

∥∥∥DYtk−1,u(Ỹ
z
t`,tk−1

)−DỸz
t`,tk−1

∥∥∥
H

du
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+ C
√
ηk

(∥∥∥DỸz
t`,tk−1

∥∥∥
H

+ 1
)
,

for all t ∈ [tk−1, tk]. And Grönwall’s inequality derives

(B.41)
∥∥∥DYtk−1,t(Ỹ

z
t`,tk−1

)−DỸz
t`,tk−1

∥∥∥
H
6 C
√
ηk

(∥∥∥DỸz
t`,tk−1

∥∥∥
H

+ 1
)
.

which leads to

(B.42) |I1|4 6 Cη6
k

(∥∥∥DỸz
t`,tk−1

∥∥∥4

H
+ 1

)
‖h‖4

H .

For I2, we let ∆ = Ytk−1,t(Ỹ
z
t`,tk−1

)− Ỹz
t`,tk−1

, then

I2 = DhỸz
t`,tk−1

∫ tk

tk−1

∫ 1

0

∇2b
(
r∆ + Ỹz

t`,tk−1

)
·∆ dr dt.

By ‖∇2b‖op 6 B2 due to Assumption IV, we have

|I2|4 6 C
∥∥∥DỸz

t`,tk−1

∥∥∥4

H
η3
k

∫ tk

tk−1

∣∣Ytk−1,t(Ỹ
z
t`,tk−1

)− Ỹz
t`,tk−1

∣∣4 dt ‖h‖4
H .(B.43)

Besides, by Lemmas 3.2 and 3.4, we have for any t ∈ [tk−1, tk],

E
[∣∣Ytk−1,t(Ỹ

z
t`,tk−1

)− Ỹz
t`,tk−1

∣∣4] 6 C(t− tk−1)2
(
E
[
V(Ỹz

t`,tk−1
)2
]

+ d2
)

6 Cη2
k

(
V(z)2 + d2

)
.

Then, by Markov property, it holds that

(B.44) E |I2|4 6 Cη6
k

(
V(z)2 + d2

)
‖h‖4

H E
∥∥∥DỸz

t`,tk−1

∥∥∥4

H
.

For I3, since ‖A‖op 6 ‖A‖HS 6
√
d ‖A‖op for any matrix A, it follows from

Lemma B.1 that

Eξ
∥∥∥∇b(y)−∇b̃(y, ξ)

∥∥∥4

op
= Eξ

∥∥∥∥∥ 1

N

N∑
r=1

(∇2F (x, ξr)−∇2f(x))

∥∥∥∥∥
4

op

6
C

N2
Eξ
∥∥∇2F (x, ξr)−∇2f(x)

∥∥4

HS
6
Cd2

N2
.

Due ξ is independent of other random variables, this immediately leads to

(B.45) E |I3|4 6 Cη4
k ‖h‖

4
H
d2

N2
E
∥∥∥DỸz

t`,tk−1

∥∥∥4

H
.

Since E‖DỸz
t`,tk−1

‖4
H 6 Cd2 by Lemma 3.10, then Combining (B.40), (B.42),

(B.44) and (B.45), we get

E ‖DΞt`,tk‖
4
H 6 Cd2η6

k(V(z)2 + d2) + C
d4η4

k

N2
.

(ii) According to (B.39), we have that

‖DΞt`,tk‖H 6
∫ tk

tk−1

‖∇b‖op

∥∥∥DYtk−1,t(Ỹ
z
t`,tk−1

)
∥∥∥
H

dt

+ηk

∥∥∥∇b̃(Ỹz
t`,tk−1

, ξk)
∥∥∥

op

∥∥∥DỸz
t`,tk−1

∥∥∥
H

(B.46)
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(B.41) together with a triangle inequality, it holds∥∥∥DYtk−1,t(Ỹ
z
t`,tk−1

)
∥∥∥
H
−
∥∥∥DỸz

t`,tk−1

∥∥∥
H
6 C
√
ηk

(∥∥∥DỸz
t`,tk−1

∥∥∥
H

+ 1
)

for all t ∈ [tk−1, tk]. Besides, by Lemma 3.10,
∥∥DỸz

t`,tk−1

∥∥
H 6 C

√
d on the event

(E1
`,k)

c. Then, we have

(B.47)
∥∥∥DYtk−1,t(Ỹ

z
t`,tk−1

)
∥∥∥
H
6 C
√
d, on the event (E1

`,k)
c.

On the other hand, given (E2
`,k)

c, i.e.,
∑k

i=`+1 ηi(ϕ(ξi)
2 − E[ϕ(ξi)

2]) 6 tk − t` with
ϕ(ξi) defined by (3.12), we have

(B.48) ηkϕ(ξk)
2 6

k∑
i=`+1

ηiϕ(ξi)
2 6 (tk − t`)(E[ϕ(ξk)

2] + 1) 6 C,

where the last inequality is due to Assumption IV.
Combining ‖∇b‖op 6 L+ γ + 1, (B.46), (B.47) and (B.48), we have

‖DΞt`,tk‖H 6 C
√
dηk

(∥∥∥∇b̃(Ỹz
t`,tk−1

, ξk)
∥∥∥

op
+ 1

)
6 C
√
dηk(ϕ(ξk) + γ + 2) 6 C

√
dηk, on the event

(
E1
`,k ∪ E2

`,k

)c
.

The proof is complete. �

Proof of Lemma 3.13. For any vector w ∈ R2d with |w| = 1, the relation (B.32)
yields that

(B.49) w>Γ
(
Ỹz
t`,tk

)
w = β2

k∑
j=`+1

ηj
∣∣[Id 0

]
Sjw

∣∣2 .
Inspired by [DP14], we divide w and Sj into

w =

[
u
v

]
, Sj =

[
Aj Bj

Cj Dj

]
,

with vectors u, v ∈ Rd and matrices Aj, Bj, Cj, Dj ∈ Rd×d.
We split the proof into two cases, one being |u| > (tk − t`)/4 and the other

|u| 6 (tk − t`)/4.
(i) The case |u| > (tk − t`)/4. Observe that∣∣[Id 0

]
Sjw

∣∣2 > 1

2

∣∣[Id 0
]
w
∣∣2 − ∣∣[Id 0

]
(Sj − I2d)w

∣∣2
>

1

2
|u|2 − ‖Sj − I2d‖2

op .

(B.50)

Assumption IV and the definition of m yield that

(B.51) (tk − tm)(Eϕ(ξk) + γ + 2) 6
tk − t`

10
.

Given (E1
m,k)

c, i.e.,
∑k

i=m+1 ηi(ϕ(ξi)− Eϕ(ξi)) 6 tk − tm, we have

(B.52)
k∑

i=m+1

ηi(ϕ(ξi) + γ + 1) 6 (tk − tm)(Eϕ(ξk) + γ + 2).
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Combining (B.51), (B.52) and Lemma B.2, we have that for j = m, . . . , k,

‖Sj − I2d‖op 6 e
∑k
i=m+1 ηi(ϕ(ξi)+γ+1) − 1 6 e(tk−t`)/10 − 1 6

tk − t`
8

,

where the last inequality follows from ex/10−1 6 x/8 for x ∈ (0, 1/10). Substituting
this into (B.50) and |u| > (tk − t`)/4 imply∣∣[Id 0

]
Sjw

∣∣2 > (tk − t`)2

64
.

Then, due to tk− tm−1 > (tk− t`)/[10(γ+B1 + 2)] by the definition of m, we obtain

w>Γ
(
Ỹz
t`,tk

)
w > β2

k∑
j=m

ηj
∣∣[Id 0

]
Sjw

∣∣2 > C(tk − t`)3, on (E1
m,k)

c.(B.53)

(ii) The case |u| 6 (tk− t`)/4. In this case we clearly have |v| = (1− |u|2)1/2 > 3/4.
Notice that Si−1 = EiSi implies[

Ai−1 Bi−1

]
=
[
(1− γηi)Id ηiId

] [Ai Bi

Ci Di

]
,

i.e. [
Ai−1 Bi−1

]
−
[
Ai Bi

]
= −γηi

[
Ai Bi

]
+ ηi

[
Ci Di

]
.

Then, summing this over i, we can obtain that[
Aj Bj

]
−
[
Ak Bk

]
= −γ

k∑
i=j+1

ηi
[
Ai Bi

]
+

k∑
i=j+1

ηi
[
Ci Di

]
.

Due to Ak = Id and Bk = 0, we get the following relation,

(B.54) Lj :=
[
Aj Bj

]
+ γ

k∑
i=j+1

ηi
[
Ai Bi

]
=

k∑
i=j+1

ηi
[
Ci Di

]
+
[
Id 0

]
=: Rj,

where we denote the matrices on the left-hand side and right-hand side by Lj and
Rj respectively.

For Lj, observe that [Aj Bj] = [Id 0]Sj, then we have

|Ljw|2 6 2
∣∣[Aj Bj

]
w
∣∣2 + 2γ2

(
k∑

i=`+1

ηi
∣∣[Ai Bi

]
w
∣∣)2

6 2
∣∣[Id 0

]
Sjw

∣∣2 + 2γ2(tk − t`)
k∑

i=`+1

ηi
∣∣[Id 0

]
Siw

∣∣2 ,
which immediately implies that

(B.55)
k∑

j=`+1

ηj |Ljw|2 6 2[1 + γ2(tk − t`)2]
k∑

j=`+1

ηj
∣∣[Id 0

]
Sjw

∣∣2 .
For Rj, observe that [Cj Dj] = [0 Id]Sj, then

Rjw =
k∑

i=j+1

ηi
[
0 Id

]
w +

k∑
i=j+1

ηi
([

Ci Di

]
−
[
0 Id

])
w +

[
Id 0

]
w
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= (tk − tj)v +
k∑

i=j+1

ηi
([

Ci Di

]
−
[
0 Id

])
w + u.

Given (E1
`,k)

c, together with Lemma B.2 implies

∥∥[Ci Di

]
−
[
0 Id

]∥∥
op
6 ‖Si − I2d‖op 6 e

∑k
i=`+1 ηi(ϕ(ξi)+γ+1) − 1

6 e(tk−t`)(Eϕ(ξk)+γ+2) − 1 6 e1/5 − 1 6
1

4
.

Together with |u| 6 (tk − t`)/4 and |v| > 3/4, we have

|Rjw| > (tk − tj) |v| −
k∑

i=j+1

ηi
∣∣([Ci Di

]
−
[
0 Id

])
w
∣∣− |u|

>
3

4
(tk − tj)−

k∑
i=j+1

ηi
∥∥[Ci Di

]
−
[
0 Id

]∥∥
op
− 1

4
(tk − t`)

>
1

2
(tk − tj)−

1

4
(tk − t`).

Take m′ such that tk − tm′ > 2(tk − t`)/3 and tm′ − t` > (tk − t`)/4, then

k∑
j=`+1

ηj |Rjw|2 >
m′∑

j=`+1

ηj |Rjw|2

>

[
1

2
(tk − tm′)−

1

4
(tk − t`)

]2 m′∑
j=`+1

ηj >
(tk − t`)3

576
.

(B.56)

Combining (B.54), (B.55) and (B.56) leads to

2[1 + γ2(tk − t`)2]
k∑

j=`+1

ηj
∣∣[Id 0

]
Sjw

∣∣2 > (tk − t`)3

576
.

This, together with (B.49) and tk − t` 6 1/[5(B1 + γ + 2)], immediately implies

(B.57) w>Γ
(
Ỹz
t`,tk

)
w = β2

k∑
j=1

ηj
∣∣[Id 0

]
Sjw

∣∣2 > C(tk − t`)3, on (E1
`,k)

c.

Consequently, (B.53) and (B.57) yield the desired,

λmin

(
Γ
(
Ỹz
t`,tk

))
= min
|w|=1

w>Γ
(
Ỹz
t`,tk

)
w > C(tk − t`)3, on

(
E1
`,k ∪ E1

m,k

)c
.

The proof is complete. �
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