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Abstract

Variational Autoencoders (VAE) are popular generative models used to sample from complex data distributions.
Despite their empirical success in various machine learning tasks, significant gaps remain in understanding their
theoretical properties, particularly regarding convergence guarantees. This paper aims to bridge that gap by
providing non-asymptotic convergence guarantees for VAE trained using both Stochastic Gradient Descent and
Adam algorithms. We derive a convergence rate of O(log n/

√
n), where n is the number of iterations of the

optimization algorithm, with explicit dependencies on the batch size, the number of variational samples, and other
key hyperparameters. Our theoretical analysis applies to both Linear VAE and Deep Gaussian VAE, as well as several
VAE variants, including β-VAE and IWAE. Additionally, we empirically illustrate the impact of hyperparameters on
convergence, offering new insights into the theoretical understanding of VAE training.

Keywords: Stochastic Optimization; Variational Autoencoders; Deep Gaussian VAEs

1 INTRODUCTION

Probabilistic inference in generative models is a long-standing problem in particular for complex and high dimensional
distributions. Many solutions to estimate the likelihood of data or to infer parameters are based on Importance
Sampling, Sequential Monte Carlo (SMC) or Markov Chain Monte Carlo (MCMC)-based algorithms. Although their
convergence properties have been analyzed in numerous research works, they face convergence problems and lead to
slow training procedures in high-dimensional settings. Recently, many advances have been proposed in generative
modeling, leading to the emergence of novel approaches such as Variational Autoencoders (VAE) [Kingma and Welling,
2014, Rezende et al., 2014, Ranganath et al., 2014], Generative Adversarial Networks (GAN) [Goodfellow et al.,
2014], and Probabilistic and Score-Based Diffusion Models [Ho et al., 2020, Song et al., 2021]. These models offer
alternative training paradigms that address many of the limitations associated with MCMC-based approaches. Among
these, VAE are notable for their ability to learn low dimensional latent variables, while maintaining a clear probabilistic
interpretation, enabling both scalable training and meaningful generative modeling.

VAE have been successfully applied in many different contexts such as text generation [Bowman et al., 2016],
image generation [Vahdat and Kautz, 2020], image segmentation [Kohl et al., 2018], representation learning [Chen
et al., 2017], music generation [Roberts et al., 2018], dimensionality reduction [Kaur et al., 2021], anomaly detection
[Park et al., 2022] and state estimation and image reconstruction [Cohen et al., 2022]. There are several popular variants
of VAE, including IWAE [Burda et al., 2016], β-VAE [Higgins et al., 2017], VQ-VAE [Van Den Oord et al., 2017], and
Conditional VAE [Sohn et al., 2015].

Theoretical properties of variational inference have only recently been analyzed. For instance, Chérief-Abdellatif
et al. [2022] provides generalization bounds on the theoretical reconstruction error using PAC-Bayes theory, while
Huggins et al. [2020] offers variational error bounds for posterior mean and uncertainty estimates. Mbacke et al.
[2024] extend these analyses by offering statistical guarantees for reconstruction, generation, and regeneration. The
generalization bound for online variational inference is addressed by Chérief-Abdellatif et al. [2019]. Furthermore,
Tang and Yang [2021] highlights the importance of covariance matrices in Gaussian encoders and decoders, providing
variational excess risk bounds for Empirical Bayes Variational Autoencoders (EBVAE) applied to Gaussian models.
The authors provide an oracle result for the EBVAE estimator which is crucial to prove the consistency of the estimator.
Additionally, theoretical insights into posterior collapse in VAE are provided by [Razavi et al., 2019, Lucas et al., 2019,
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Wang and Ziyin, 2022], particularly in the context of Linear VAE. More recently, convergence results for Black-Box
Variational Inference have been established by [Domke et al., 2024, Kim et al., 2024].

Most theoretical guarantees for variational inference procedures have been established for independent data.
However, for sequential data, such as time series, Sequential VAE have been developed. Various model architectures
for Sequential VAE have been proposed, including those by [Chung et al., 2015, Fraccaro et al., 2016, Marino et al.,
2018, Kim et al., 2020, Campbell et al., 2021, Bayer et al., 2021]. However, there are relatively few theoretical results
dedicated to dependent or structured data. Notably, [Chagneux et al., 2024] and [Gassiat and Le Corff, 2024] derive
variational excess risk bounds for general state space models.

Therefore, obtaining convergence guarantees and non-asymptotic convergence rates for VAE remains mainly an
open problem. In this paper, we address this gap by providing non-asymptotic convergence guarantees for VAE,
applicable to both independent and sequential data, when using standard Stochastic Gradient Descent (SGD) [Robbins
and Monro, 1951] and Adam [Kingma and Ba, 2015] optimization algorithms. More precisely, our contributions are
summarized as follows.

• We first establish the smoothness of the expected ELBO which is a crucial step to obtain a convergence rate of
O(log n/

√
n), where n is the number of iterations of the optimization algorithm, with explicit dependency on the

batch size B and the number of variational samples K used at each gradient step (Theorem 3.2).

• We demonstrate that our results apply to both Linear VAE (Section 3.2) and Deep Gaussian VAE (Section 3.3),
as well as to several VAE variants, including β-VAE and IWAE. Moreover, we extend our results to Sequential
VAE.

• We illustrate our convergence results by analyzing empirically the impact of hyperparameters, particularly the
regularization parameter β in β-VAE, the number of samples from the variational distribution in IWAE, as well
as the number of layers and activation functions.

2 NOTATION AND BACKGROUND

Notations. In the following, for all distribution µ (resp. probability density p) we write Eµ (resp. Ep) the expectation
under µ (resp. under p). Given a measurable space (X,X), where X is a countably generated σ-algebra, let M(X) denote
the set of all measurable functions defined on (X,X). We define FSL as the set of measurable functions that are both
smooth and Lipschitz continuous, and Fb as the set of bounded measurable functions. The Hadamard product of vectors
u and v is denoted by u ⊙ v. For d ≥ 1, let Id denote the d × d identity matrix. The probability density function of the
normal distribution with mean µ and covariance matrix Σ is denoted by N(·; µ,Σ). For probability measures P and Q
defined on the same probability space, the Kullback-Leibler divergence is defined as DKL(Q∥P) = EQ[log(dQ/dP)].
Given a fully connected neural network with N layers, input z, parameters θ = {(Wi, bi)}Ni=1, and activation functions
f = { fi}Ni=1, the output of the neural network is written:

NN(z; θ, f ,N) = fN (· · · f1 (W1z + b1) · · · ) .

We define ∥θ∥∞ := max{maxi ∥Wi∥,maxi ∥bi∥}, where ∥ · ∥ represents the Euclidean norm for vectors and the spectral
norm for matrices.

Background. Let X ⊆ Rdx and Z ⊆ Rdz denote the data space and the latent space, respectively. We consider a
dataset D = {x1, . . . , xB} of independent copies of a random variable x ∈ X sampled from an unknown probability
distribution π. In generative models, particularly those involving latent variables, a classical objective is to maximize
the marginal likelihood of the observed data. This marginal likelihood for a given observation x is typically expressed
as:

log pθ(x) = logEpθ(·|x)

[
pθ(x,Z)
pθ(Z|x)

]
,

where (x, z) 7→ pθ(x, z) is the joint likelihood of the observation x ∈ X and the latent variable z ∈ Z. The model is
composed of a conditional likelihood (x, z) 7→ pθ(x|z) from a parametric family indexed by θ ∈ Θ ⊆ Rdθ (e.g., the
weights of a neural network) and of a prior z 7→ pθ(z) (e.g., a standard Gaussian density). Under some simple technical
assumptions, by Fisher’s identity, we have:

∇θ log pθ(x) =
∫
∇θ log pθ(x, z)pθ(z|x)dz . (1)
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However, in most cases, the conditional density z 7→ pθ(z|x) can only be sampled from approximately using Markov
Chain or Sequential Monte Carlo methods, see for instance [Neal, 1993, Andrieu et al., 2010, Thin et al., 2021,
Neklyudov and Welling, 2022]. Variational Autoencoders introduce an additional parameter ϕ ∈ Φ ⊆ Rdϕ and a family
of variational distributions (x, z) 7→ qϕ(z|x) to approximate the posterior distribution. Parameters are estimated by
maximizing the Evidence Lower Bound (ELBO):

log pθ(x) ≥ Eqϕ(·|x)

[
log

pθ(x,Z)
qϕ(Z|x)

]
=: L(θ, ϕ; x) .

The ELBO can be further rewritten as:

L(θ, ϕ; x) = Eqϕ(·|x)
[
log pθ(x|Z)

]
− DKL

(
qϕ(·|x)∥p

)
.

The ELBO consists of two terms: (i) the reconstruction term, which quantifies the capability to accurately
reconstruct the original input data from its latent representation, and (ii) the regularization term, expressed as the
Kullback-Leibler (KL) divergence, which encourages the latent space of the VAE to follow the prior distribution.

3 THEORETICAL PROPERTIES OF VAE

The expected Evidence Lower Bound (ELBO) over the data distribution π is defined as follows:

L(θ, ϕ) = Eπ,ϕ

[
log

pθ(X,Z)
qϕ(Z|X)

]
= Eπ

[
L(θ, ϕ; X)

]
.

In order to optimize θ and ϕ, one needs to compute the gradients of the ELBO with respect to these parameters. Under
classical regularity assumptions, the gradient with respect to θ is given by:

∇θL(θ, ϕ) = Eπ,ϕ
[
∇θ log pθ(X,Z)

]
.

Computing the gradient with respect to the variational parameters ϕ is more challenging since the inner expectation
depends on qϕ. There are two common methods for computing this gradient.

The Pathwise Gradient. The reparametrization trick involves expressing the random variable z as a deterministic
transform z = g(ε, ϕ), where ε is an auxiliary independent random variable drawn from a known distribution pε. Using
this trick, the ELBO can be expressed as:

L(θ, ϕ; x) = Epε

[
log wθ,ϕ(x, g(ε, ϕ))

]
,

where wθ,ϕ(x, z) = pθ(x, z)/qϕ(z|x) the unnormalized importance weights and Epε is the expectation under the law of ε
when ε ∼ pε. The pathwise gradient [Kingma and Welling, 2014, Rezende et al., 2014] of the ELBO is given by:

∇P
ϕL(θ, ϕ; x) = Epε

[
∇z log wθ,ϕ(x, z)∇ϕg(ε, ϕ)

]
− Epε

[
∇ϕ log qϕ(g(ε, ϕ)|x)

]
.

The Score Function Gradient. Alternatively, the score function gradient, also known as the Reinforce gradient
[Glynn, 1990, Williams, 1992, Paisley et al., 2012], can be utilized. Unlike the reparameterization trick, this method
does not necessitate reparameterization and is applicable to a wider range of variational distributions. Proposition A.1
provides the form of the score function gradient with respect to ϕ:

∇S
ϕL(θ, ϕ) = Eπ,ϕ

[
log

pθ(X,Z)
qϕ(Z|X)

∇ϕ log qϕ(Z|X)
]
.

The gradient estimator of the ELBO for a given batch of observations {xi}
B
i=1, where B is the batch size, with respect to

θ and ϕ can then be computed using Monte Carlo sampling as follows:

∇̂θ,ϕL(θ, ϕ; {xi}
B
i=1) =

1
B

B∑
i=1

1
K

K∑
ℓ=1

g̃i,ℓ ,
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where g̃i,ℓ is either the gradient estimator via the score function g̃S
i,ℓ as defined in (5) or the pathwise gradient estimator

g̃P
i,ℓ as described in (6).

The pathwise gradient estimator often yields lower-variance estimates than the score function estimator [Miller
et al., 2017, Buchholz et al., 2018], but its variance can sometimes exceed that of the score function estimator, especially
when the score function correlates with other components of the pathwise estimator. Several methods have been
proposed to further reduce variance, such as the Rao-Blackwellization estimator [Ranganath et al., 2014], Control
Variates [Liévin et al., 2020], Stop Gradient estimator [Roeder et al., 2017], Quasi-Monte Carlo VAE [Buchholz et al.,
2018], and Multi-Level Monte Carlo estimator [Fujisawa and Sato, 2021, He et al., 2022]. While our analysis focuses
on the convergence rate of score function and pathwise gradient estimators, our convergence results also apply to most
of these other methods.

3.1 Convergence Analysis of VAE in the General Setting

In this section, we derive the convergence rates of the VAE under both the score function estimator and the pathwise
gradient estimator. SGD is a widely used method for training statistical models based on deep architectures. It produces
a sequence of parameter estimates as follows: (θ0, ϕ0) ∈ Θ × Φ and for all k ∈ N,

(θk+1, ϕk+1) = (θk, ϕk) + γk+1∇̂θ,ϕL(θk, ϕk;Dk+1) , (2)

where ∇̂θ,ϕL(θk, ϕk;Dk+1) denotes an estimator of the gradient, defined in (4), Dk+1 is the mini-batch of data used
at iteration k + 1 and for all k ≥ 1, γk > 0 is the learning rate. In recent years, several adaptive methods have been
proposed, which leverage past gradients to avoid saddle points and handle ill-conditioned problems. Popular adaptive
methods include Adagrad [Duchi et al., 2011], RMSProp [Tieleman et al., 2012], Adadelta [Zeiler, 2012], and Adam
[Kingma and Ba, 2015]. Recent studies have highlighted the superior performance of Adam, a method that iteratively
updates the parameters θ and ϕ to effectively maximize the ELBO, as detailed in Algorithm 1.

Consider the following assumptions.

Assumption 1. There exists α ∈ M(X × Z) such that for all θ ∈ Θ, ϕ ∈ Φ, x ∈ X and z ∈ Z,

max{
∣∣∣log pθ(x, z)

∣∣∣ , ∣∣∣log qϕ(z|x)
∣∣∣} ≤ α(x, z) .

Assumption 1 corresponds to bounding the logarithm of the joint probability density pθ(x, z) and variational log
density qϕ(z|x). In other words, the probability densities are bounded in log space, which in turn guarantees that
the score remains bounded. Although this assumption is typically satisfied in models with a compact state space,
compactness is not a necessary condition in this context. This assumption is analyzed in detail in Lemma D.4 for
Gaussian distributions.

Assumption 2. (i) Score Function: there exist M, L1, and L2 ∈ M(X × Z) such that for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ, x ∈ X
and z ∈ Z,

max{
∥∥∥∇θ log pθ(x, z)

∥∥∥ , ∥∥∥∇ϕ log qϕ(z|x)
∥∥∥} ≤ M(x, z) ,∥∥∥∇θ log pθ(x, z) − ∇θ log pθ′(x, z)

∥∥∥ ≤ L1(x, z)
∥∥∥θ − θ′∥∥∥ ,∥∥∥∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)

∥∥∥ ≤ L2(x, z)
∥∥∥ϕ − ϕ′∥∥∥ .

(ii) Pathwise Gradient: there exist M, Lp, and Lq ∈ M(X × Z) such that for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ, x ∈ X, z, z′ ∈ Z and
ε ∈ Z where z = g(ε, ϕ),

max{
∥∥∥∇z,θ log pθ(x, z)

∥∥∥ , ∥∥∥∇z log qϕ(z|x)
∥∥∥} ≤ M(x, ε) ,∥∥∥∇z,θ log pθ(x, z) − ∇z,θ log pθ′(x, z′)

∥∥∥ ≤ Lp(x, ε)
(∥∥∥θ − θ′∥∥∥ + ∥∥∥z − z′

∥∥∥) ,∥∥∥∇z log qϕ(z|x) − ∇z log qϕ′(z′|x)
∥∥∥ ≤ Lq(x, ε)

(∥∥∥ϕ − ϕ′∥∥∥ + ∥∥∥z − z′
∥∥∥) .

Assumption 2 is divided into two parts: (i) presents the regularity conditions needed for convergence when the
gradient is computed via the score function, and (ii) specifies the assumptions required for convergence when using
the pathwise gradient. Assumption 2(i) concerns the boundedness and Lipschitz continuity of the score functions
associated with the distributions pθ(x, z) and qϕ(z|x). This assumption is standard in the literature on Reinforcement
Learning (RL) and Maximum Likelihood Estimation (MLE). In RL, assumptions about the boundedness and Lipschitz
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continuity of the score functions of the policy are commonly used to prove the convergence rates of policy gradient
algorithms [Papini et al., 2018, Shen et al., 2019, Fallah et al., 2021, Liu et al., 2020] and actor-critic algorithms [Castro
and Meir, 2010, Qiu et al., 2021]. Importantly, the bounds on the score function in prior works are independent of
state variables, requiring a compact state space. In contrast, our approach considers variable dependence, relaxing this
assumption and allowing for unbounded state spaces. Furthermore, we impose additional assumptions on the score
functions associated with the variational distribution. In MLE, these assumptions are used to establish the convergence
of recursive MLE in Non-Linear State-Space Models [Tadić and Doucet, 2020]. However, these assumptions are
typically formulated in the original space rather than log space. Assumption 2(ii) is similar to Assumption 2(i), with
the key difference being that it considers the gradient with respect to z instead of ϕ for the variational log density.
Additionally, it accounts for the joint gradient with respect to both z and θ for the conditional decoder log density.

Assumption 3. There exist Mg and Lg ∈ M(X × Z) such that for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ, x ∈ X and ε ∈ Z,∥∥∥∇ϕg(ε, ϕ)
∥∥∥ ≤ Mg(x, ε) ,∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)

∥∥∥ ≤ Lg(x, ε)
∥∥∥ϕ − ϕ′∥∥∥ .

Assumption 3 concerns the boundedness and smoothness of the reparameterization trick function g. It is important
to note that under the boundedness of the gradients, the smoothness of g and the Lipchitz condition of ∇z log qϕ(z|x) are
equivalent to the Lipchitz condition of the score function associated with the variational density. We show that these
assumptions hold in both Linear and Deep Gaussian VAE. Under these assumptions, we first establish the smoothness
of the expected ELBO, in both the score function and pathwise gradient cases, which is a critical step to prove the
convergence rate.

Proposition 3.1. For all θ, θ′ ∈ Θ and ϕ, ϕ′ ∈ Φ,

(i) Score Function: under Assumptions 1 and 2(i),∥∥∥∥∇S
θ,ϕL(θ, ϕ) − ∇S

θ,ϕL(θ′, ϕ′)
∥∥∥∥ ≤ LS

∥∥∥(θ, ϕ) −
(
θ′, ϕ′

)∥∥∥ ,
(ii) Pathwise Gradient: under Assumptions 2(ii) and 3,

∥∇P
θ,ϕL(θ, ϕ) − ∇P

θ,ϕL(θ′, ϕ′)∥ ≤ LP∥(θ, ϕ) − (θ′, ϕ′)∥,

where LS and LP are defined in Lemma B.1 and B.2 respectively.

In Proposition 3.1, it is important to highlight that for LS, the supremum over z could be taken inside the expectation,
thereby removing the dependence on the variational distribution. However, doing so, particularly in the Gaussian case,
would require the latent space to be compact. By instead taking the supremum over ϕ, we only require the compactness
of the parameter space in the worst-case scenario. We show in Lemma D.6 that this smoothness constant is well-defined
and finite in the Gaussian case.

Theorem 3.2. Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion (2), where γn = Cγn−1/2 with Cγ > 0. Assume
that for m ∈ {S,P}, σ2

m = supθ∈Θ,ϕ∈Φ Eπ[Eqϕ(·|Xi)[∥g̃
m
i,ℓ − ∇

m
θ,ϕL(θ, ϕ)∥2]] < +∞. For all n ≥ 1, let R ∈ {0, . . . , n} be a

uniformly distributed random variable. Then,

(i) Score Function: under Assumptions 1 and 2(i), and for Cγ ≤ 1/LS,

E
[∥∥∥∥∇S
θ,ϕL (θR, ϕR)

∥∥∥∥2]
≤

2L∗ + LSCγσ2
S log n/(BK)

Cγ
√

n
,

(ii) Pathwise Gradient: under Assumptions 2(ii) and 3, and for Cγ ≤ 1/LP,

E
[∥∥∥∇P
θ,ϕL (θR, ϕR)

∥∥∥2
]
≤

2L∗ + LPCγσ2
P log n/(BK)

Cγ
√

n
,

where L∗ = L (θ∗, ϕ∗) − L (θ0, ϕ0).
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Theorem 3.2 provides the classical convergence rate of O
(
log n/

√
n
)

for non-convex problems. This rate indicates
that increasing the batch size B and the number of samples K from the variational distribution can improve convergence
by reducing the second term. However, larger values of B and K also increase computational costs. Therefore, it is
crucial to balance the convergence rate with computational efficiency by choosing appropriate values for B and K. In
practice, it is common to use a larger batch size B while setting K = 1. Additionally, we observe that high variance
results in slower convergence, making the pathwise gradient estimator more favorable than the score function estimator.
Theorem 3.3 provides the convergence rate of Adam, as defined in 1.

Theorem 3.3. Let (θn, ϕn) ∈ Θ×Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0.
Suppose that β1 <

√
β2 < 1 and the assumptions of Theorem 3.2. Then, for m ∈ {S,P},

E
[∥∥∥∥∇m
θ,ϕL (θR, ϕR)

∥∥∥∥2]
= O

(
L∗

√
n
+ Lm d∗ log n

(1 − β1)
√

n

)
,

where L∗ = L (θ∗, ϕ∗) − L (θ0, ϕ0), d∗ = dθ + dϕ is the total dimension of the parameters, and LS and LP are the
smoothness constants for the score function and pathwise gradient cases, respectively.

Theorem 3.3 provides a convergence rate similar to that of SGD, O
(
log n/

√
n
)

but with an additional factor of
the total dimension d∗, reflecting the impact of the adaptive step sizes. In practice, Adam typically uses β1 = 0.9 and
β2 = 0.999 [Kingma and Ba, 2015, Zaheer et al., 2018, Reddi et al., 2018], which satisfy the condition β1 <

√
β2 < 1.

3.2 Linear Gaussian VAE

We consider the following VAE model: for all x ∈ X and z ∈ Z,

pθ(x|z) = N(x; W1z + b1, c2Idx),

qϕ(z|x) = N(z; W2x + b2,D),
(3)

where θ = (W1, b1, c2) ∈ Rdx×dz × Rdx × R∗+ and ϕ = (W2, b2,D) ∈ Rdz×dx × Rdz × Rdz×dz . The matrix D is a diagonal
covariance matrix and serves as an amortized variance for each input point. It is sufficient to achieve the global optimum
of this model [Lucas et al., 2019]. Conditionally on x, the output of the Linear VAE follows a Gaussian distribution
with mean W1(W2x + b2) + b1 and variance W1DW⊤1 .

While analytic solutions for deep latent models are generally not available, the Linear VAE provides analytic
solutions for optimal parameters, allowing us to gain insights into various phenomena associated with VAE training.
Proposition C.1 provides an analytical form of the expected ELBO for the Linear VAE, which can be used to analyze
the convergence rate. The following corollary derives the convergence rate for the Linear VAE.

Corollary 3.4. Consider the Linear Gaussian VAE defined in (3) with θ = (W1, b1) and ϕ = (W2, b2,D) and let cD > 0
such that λmin(D) ≥ cD. Assume that the inputs have bounded second moments and there exists some constant a such
that for all θ ∈ Θ and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a.

Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0. Assume that
β1 <

√
β2 < 1. For all n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[∥∥∥∇θ,ϕL (θR, ϕR)

∥∥∥2
]
= O

(
L∗

√
n
+

dxdz log n
√

n

)
,

where L∗ = L (θ∗, ϕ∗) − L (θ0, ϕ0).

In Lucas et al. [2019], it is shown that the ELBO objective for a Linear VAE does not introduce any local maxima
beyond the marginal loglikelihood. Corollary 3.4 indicates a convergence rate of O(log n/

√
n) with respect to the

marginal loglikelihood.
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3.3 Deep Gaussian VAE

We show that the assumptions of our main results hold for classical architectures of neural networks and discuss the
choice of hyperparameters for this architecture. The deep Gaussian VAE consists of a decoder and an encoder such that
pθ(x|z) = N(x; Gθ(z), c2Idx) and qϕ(z|x) = N(z; µϕ(x),Σϕ(x)). Consider the following neural network formulations for
the encoder and decoder:

FG =
{
Gθ(z) = NN(z; θ, f ,Ndd), θ = {Wℓ, bℓ}

Ndd
ℓ=1, σℓ ∈ FSL, ℓ = 1, . . . ,Ndd, ∥Gθ(z)∥ ≤ CG

}
,

and

Fµ,Σ =
{ (
µϕ(x),Σϕ(x)

)
= NN(x; ϕ, f ,Ned), ϕ = {Wℓ, bℓ}

Ned
ℓ=1, fℓ ∈ FSL, ℓ = 1, . . . ,Ned,

∥µϕ(x)∥ ≤ Cµ, λmin(Σϕ(x)) ≥ cΣ, ∥Σϕ(x)∥ ≤ CΣ
}
.

In FG and Fµ,Σ, f represents an activation function. Specifically, Proposition D.2 suggests that f can be chosen from a
set that includes the sigmoid, Tanh, softplus [Glorot et al., 2011], or CELU [Clevert et al., 2016, Barron, 2017] defined
in Appendix D.1.

A common approach to satisfy the condition on the minimum eigenvalue of the covariance matrix is to add a
regularization term. However, in practice, since the encoder outputs the log variance, it is more efficient to impose a
lower bound directly on the log variance. This ensures that the eigenvalues of the covariance matrix remain bounded
from below, thus maintaining numerical stability. Furthermore, to ensure that ∥µϕ(x)∥ ≤ Cµ and ∥Σϕ(x)∥ ≤ CΣ, it is
essential for the activation function in the final layer to be bounded. While sigmoid and tanh are commonly used for
their bounded nature, they may not be suitable when linearity is required, as often needed for the encoder. An alternative
is Hard Tanh [Tang and Yang, 2021], which clips the identity function, achieving both linearity and boundedness,
though it lacks differentiability. To address this, we propose a generalized soft-clipping activation function, an extension
of [Klimek and Perelstein, 2020], designed to be approximately linear within a specified interval. We also provide a
smoothness analysis in the Proposition 3.5.

Proposition 3.5. For s1, s2 ∈ R with s1 ≤ s2 and s ∈ R∗+, the generalized soft-clipping activation function defined by

f (x) =
1
s

log
(
1 + es(x−s1)

1 + es(x−s2)

)
+ s1,

is bounded between s1 and s2, and is both Lipschitz continuous and smooth.

The proposed generalized soft-clipping activation function is approximately linear within the interval (s1, s2). The
parameter s plays a crucial role in determining the shape and sharpness of the transition between s1 and s2.

Theorem 3.6. Let Gθ(z) ∈ FG and (µϕ(x),Σϕ(x)) ∈ Fµ,Σ for all (x, z) ∈ X × Z. Assume that there exists Crec ∈ M(X × Z)
such that ∥x −Gθ(z)∥ ≤ Crec(x, z) for all θ ∈ Θ and (x, z) ∈ X × Z. Assume also that the data distribution π has a finite
fourth moment, and that there exists some constant a such that for all θ ∈ Θ and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .

Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0. Assume that
β1 <

√
β2 < 1. For all n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then, for m ∈ {S,P},

E
[∥∥∥∥∇m
θ,ϕL (θR, ϕR)

∥∥∥∥2]
= O

(
L∗

√
n
+Cm d∗ log n

(1 − β1)
√

n

)
,

whereL∗ = L (θ∗, ϕ∗)−L (θ0, ϕ0), d∗ = dθ+dϕ is the total dimension of the parameters, and CS = d2
z Nmaxa2(Nmax−1) and

CP = dzNtotala2(Ntotal−1). Here, Nmax = max{Ned,Ndd} denotes the maximum number of layers, while Ntotal = Ned + Ndd

represents the total number of layers in the encoder and decoder.

Theorem 3.6 provides the convergence rate of O
(
log n/

√
n
)

for deep Gaussian VAE, which is commonly used in

practice. In deep learning, it is standard practice to initialize weights using a distribution scaled by O(1/
√

d), such as
N(0, 1/

√
d) orU(−1/

√
d, 1/

√
d) [Glorot and Bengio, 2010, He et al., 2015, Li and Yuan, 2017]. This initialization
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ensures that the spectral norm of the resulting weights matrix is typically O(1) [Rudelson and Vershynin, 2010].
Consequently, assuming the compactness of the parameter space is well-justified. This assumption is also used to
derive the excess risk of VAE [Tang and Yang, 2021].

Our choice of activation functions to achieve the convergence rate is reasonable and does not deviate significantly
from commonly used activation functions. Although our results do not directly apply to the ReLU activation function,
experimental results demonstrate that similar convergence rates can still be achieved using ReLU. Furthermore, since
Gθ is bounded, the assumption regarding the reconstruction error Crec can be easily verified if the inputs x are also
bounded.

In our convergence rate analysis, the smoothness constant depends on the number of layers N and grows expo-
nentially with N. Specifically, the leading term in the smoothness constant is of the form N × a2(N−1). This growing
exponential factor also appears in the Lipschitz constant of neural networks, where the term is

√
N × aN−1 [Virmaux

and Scaman, 2018, Combettes and Pesquet, 2020, Tang and Yang, 2021]. As the number of hidden layers increases,
both the smoothness constant and the total parameter dimension d∗ grow, leading to a greater number of iterations
required for convergence. Damm et al. [2023] shows that for Deep Gaussian VAE, the ELBO at stationary points
is equal to the sum of the negative entropy of the prior distribution, the expected negative entropy of the observable
distribution, and the average entropy of the variational distributions. Consequently, the ELBO in Deep Gaussian VAE
converges to a sum of entropies at a rate of O

(
log n/

√
n
)
.

3.4 Some Variants of VAE

3.4.1 β-VAE

β-VAE [Higgins et al., 2017] is a variant of VAE introducing a parameter β to control the trade-off between the
reconstruction term and the regularization of the latent space. The ELBO for β-VAE is given by:

Lβ(θ, ϕ; x) = Eqϕ(·|x)
[
log pθ(x|Z)

]
− βDKL(qϕ(·|x)||p) ,

where the Lagrangian multiplier β is considered as a hyperparameter. The small values of β force decoders to use the
latent variables, but this comes at the cost of a poor ELBO. The role of β invites a natural comparison to the parameter
c2 in the objective of the standard Gaussian VAE. Setting c2 small in the standard VAE corresponds to setting β small
in β-VAE. For a given β, one can find a corresponding c2 (and a learning rate) such that the gradient updates to the
network parameters are identical [Lucas et al., 2019].

Given that β plays a role analogous to 1/c2, when applying Theorems 3.3 and 3.6, we observe that if β < ∞,
β-VAE with the same architecture as in Theorem 3.6, converges to a critical point of the expected ELBO at a rate of
O

(
log n/

√
n
)
. The smaller the value of β, the faster the convergence, due to the analogous role of β and 1/c2. Selecting

a sufficiently small β leads to faster convergence and can help prevent posterior collapse [Wang and Ziyin, 2022].

3.4.2 IWAE

The Importance Weighted Autoencoder (IWAE) [Burda et al., 2016] is another extension of the VAE that incorporates
importance weighting to obtain a tighter ELBO. The IWAE objective function is defined as:

LIS
K (θ, ϕ) = Eπ

Eq⊗K
ϕ (·|X)

log
1
K

K∑
ℓ=1

pθ(X,Z(ℓ))
qϕ(Z(ℓ)|X)


 ,

where K corresponds to the number of samples drawn from the variational posterior distribution. Consider an additional
assumption in the case of IWAE.

Assumption 4. There exist α−, α+ ∈ M(X × Z) such that for all θ ∈ Θ, ϕ ∈ Φ, x ∈ X, ε, z ∈ Z where z = g(ε, ϕ), and
K ∈ N,

α−(x, ε) ≤ max{pθ(x, z), qϕ(z|x)} ≤ α+(x, ε) .

Assumption 4 states the boundedness of both the joint probability density function and the variational density
function. Given the existence of the reparametrization trick, Assumptions 1 and 4 are equivalent, and the bound is
verified with α(x, z) = max{

∣∣∣logα−(x, ε)
∣∣∣ , ∣∣∣logα+(x, ε)

∣∣∣}.
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Theorem 3.7. Let Assumptions 2(ii)-4 hold. Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm
1 where L is the IWAE objective, and γn = Cγn−1/2 with Cγ > 0. Assume that β1 <

√
β2 < 1. For all n ≥ 1, let

R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[∥∥∥∇θ,ϕLIS

K (θR, ϕR)
∥∥∥2

]
= O

(
d∗LK

log n
√

n

)
,

where d∗ = dθ + dϕ, and LK is as defined in (11).

We achieve a convergence rate similar to that of VAE and β-VAE. Notably, as K increases, the convergence rate
improves and becomes nearly inversely proportional to K.

4 EXPERIMENTS
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Figure 1: Squared norm of gradients and Negative ELBO on the test set of the CelebA for VAE trained with Adam and
generalized soft-clipping activation function. Bold lines represent the mean over 5 independent runs.
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Figure 2: ∥∇L(θn, ϕn)∥2 in β-VAE (on the left) and IWAE (on the right) trained with Adam. Bold lines represent the
mean over 5 independent runs. The dashed curves correspond to the expected convergence rate O(log n/

√
n).

In this section, we illustrate our theoretical results in the context of deep Gaussian VAE. The experiments were
conducted using PyTorch [Paszke et al., 2017], and the source code can be found here*.

Dataset and Model. We conduct our experiments on the CelebA dataset [Liu et al., 2018] and use a Convolutional
Neural Network (CNN) architecture with Rectified Linear Unit (ReLU) and generalized soft-clipping activation
functions for both the encoder and decoder networks. The latent space dimension is set to 100. We estimate the
log-likelihood using the VAE, β-VAE, and IWAE models, all of which are trained for 100 epochs. Training is performed
with Adam optimizer and learning rate decay defined as γn = Cγ/

√
n, where Cγ = 0.001. The momentum parameters

are set to β1 = 0.9 and β2 = 0.999, and the regularization parameter δ is fixed at 10−8. Note that while all figures

*URL hidden during review process
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are plotted with respect to epochs, n here denotes the number of gradient updates. Additional details are provided in
Appendix G.

For the first experiment, we illustrate our convergence results of the standard VAE with our choice of activation
functions. Figure 1 shows the squared norm of the gradients ∥∇L(θn, ϕn)∥2 and the Negative ELBO on the test dataset
for both ReLU and the generalized soft-clipping activation function with various values of s. We observe a similar
convergence rate for all values of s. However, selecting an appropriate value of s is crucial for achieving optimal
convergence. Theoretically, smaller values of s should result in slower convergence rates, but in practice, choosing a
very large s can introduce numerical instabilities due to the exponential term in the generalized soft-clipping function.
Then, s = 5 appears to be a reasonable choice, balancing convergence rate and numerical stability.

Moreover, our choice of activation functions leads to improved convergence rates compared to the standard VAE
with ReLU. While our theoretical analysis does not directly apply to ReLU, experimental results indicate that similar
convergence performance can be achieved.

Figure 2 illustrates the squared norm of the gradients ∥∇L(θn, ϕn)∥2 for both the β-VAE and IWAE models, evaluated
across different values of β and K. The standard VAE is a special case of these models, corresponding to β = 1 in
the β-VAE and K = 1 in the IWAE. As expected, we observe that for the β-VAE, smaller values of β lead to faster
convergence. Similarly, for the IWAE, increasing the value of K results in faster convergence.

5 DISCUSSION

This paper provides a non-asymptotic convergence analysis of VAE trained using both SGD and Adam algorithms. We
derive a convergence rate of O(log n/

√
n), applicable to Linear VAE, Deep Gaussian VAE, and several VAE variants.

Our analysis indicates that smaller values of β in β-VAE and the large values of K in IWAE lead to faster convergence
rates. For Deep Gaussian VAE, we introduce a generalized soft-clipping activation function that supports our theoretical
claims and yields improved convergence rates compared to standard VAE using ReLU. Although our analysis does
not directly address ReLU, empirical results suggest that similar convergence rates can still be achieved. A promising
direction for future work is to explore alternative distributions for the encoder and decoder, along with different deep
architectures.
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M. Chagneux, É. Gassiat, P. Gloaguen, and S. Le Corff. Additive smoothing error in backward variational inference for
general state-space models. Journal of Machine Learning Research, 25(28):1–33, 2024.

V. Chandrasekaran, S. Sanghavi, P. A. Parrilo, and A. S. Willsky. Rank-sparsity incoherence for matrix decomposition.
SIAM Journal on Optimization, 21(2):572–596, 2011.

X. Chen, D. P. Kingma, T. Salimans, Y. Duan, P. Dhariwal, J. Schulman, I. Sutskever, and P. Abbeel. Variational lossy
autoencoder. In International Conference on Learning Representations, 2017.
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Notations: Given vectors v =
[
v1, v2, . . . , vp

]⊤
and u =

[
u1, u2, . . . , ud

]⊤
, where u is a function of v, the derivative

of u with respect to the vector v, denoted by ∇vu, is a matrix of size (d, p), and it is defined as follows:

∇vu :=
∂u
∂v

⊤

,

so that for all 1 ≤ i ≤ d, 1 ≤ j ≤ p, (∇vu)i j = ∂ui/∂v j. For all v ∈ Rd, we use Diag(v) to denote the diagonal matrix with
diagonal given by v. For all A ∈ Rd×d, diag(A) is the vector obtained with the diagonal elements of A. The Hadamard
product of vectors u and v is denoted by u ⊙ v, and v2 = v ⊙ v represents the elementwise product of v with itself. For
d ≥ 1, let Id denote the d × d identity matrix and 1 be the vector in Rd whose entries are all equal to 1. Let u ∈ Rd be
a vector and A ∈ Rd×p be a matrix with columns A1, . . . , Ap ∈ R

d, The element-wise product of u with the matrix A,
denoted by x · A, is defined as:

u · A =
[
u ⊙ A1, . . . , u ⊙ Ap

]
,

where ⊙ denotes the Hadamard (element-wise) product. For matrices W1, · · · ,WN where Wi ∈ R
di×di−1 , the product∏N

j=1 W j is defined as:
N∏

j=1

W j = WNWN−1 · · ·W1 ,

which is generally not equal to W1W2 · · ·WN . The notation det(·) denotes the determinant of a matrix, and tr(·) denotes
the trace of a matrix.

A ADDITIONAL METHODOLOGICAL DETAILS

The conditional likelihood pθ(x|z), referred to as the decoder distribution, is generally defined as a Gaussian distribution
for real-valued data or a Bernoulli distribution for binary data. Specifically, for the Gaussian decoder where pθ(x|z) =
N(x; Gθ(z),Γθ(z)), the reconstruction loss simplifies to the Mean Squared Error if Γθ is assumed to be the identity
matrix. For a Bernoulli decoder, this corresponds to the binary cross-entropy loss. The prior over the latent variables is
typically chosen to be an isotropic multivariate Gaussian. The encoder distribution is also commonly modeled as a
Gaussian.

x qϕ(z | x)
µϕ(x)

logσ2
ϕ(x) z pθ(x | z) Gθ(z) x′

Encoder Decoder
z = µϕ(x) + σϕ(x) ⊙ ε

ε ∼ N(0, Idz )

Figure 3: Illustration of the Architecture of a VAE with the Multivariate Gaussian.

Figure 3 illustrates the mechanics of a VAE, where both the encoder and decoder are represented as Gaussian
distributions, and the prior over the latent variables is an isotropic multivariate Gaussian, as discussed in Section 3.3.
It is important to note that the encoder outputs the log variance instead of the variance to ensure that the variance is
always positive, avoiding the need for explicit constraints on the output. If z 7→ qϕ(z|x) is a multivariate Gaussian
density with a diagonal covariance structure, the reparameterization trick can be expressed as:

z = g(ε, ϕ) = µϕ(x) + σϕ(x) ⊙ ε, ε ∼ N(0, Idz) .

This technique allows the Gaussian VAE to generate latent representations by sampling through the reparameterization
trick, thus enabling gradient-based optimization with the pathwise gradient estimator.

Derivation of the Score Function Gradient. Proposition A.1 provides the form of the score function gradient of
the expected ELBO with respect to ϕ.

Proposition A.1. For all θ ∈ Θ, ϕ ∈ Φ, we have:

∇S
ϕL(θ, ϕ) = Eπ

[
Eqϕ(·|X)

[
log

pθ(X,Z)
qϕ(Z|X)

∇ϕ log qϕ(Z|X)
]]
.
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Proof. For a given observation x ∈ X, the score function gradient of the ELBO with respect to ϕ is given by:

∇ϕL(θ, ϕ; x) = ∇ϕEqϕ(·|x)
[
log pθ(x,Z) − log qϕ(Z|x)

]
= ∇ϕ

∫
(log pθ(x, z) − log qϕ(z|x))qϕ(z|x) dz

=

∫
∇ϕ

[
(log pθ(x, z) − log qϕ(z|x))qϕ(z|x)

]
dz

= Eqϕ(·|x)
[
∇ϕ log qϕ(Z|x)(log pθ(x,Z) − log qϕ(Z|x))

]
− Eqϕ(·|x)

[
∇ϕ log qϕ(Z|x)

]
.

Using the fact that Eqϕ(·|x)
[
∇ϕ log qϕ(Z|x)

]
= 0 due to the regularity conditions on qϕ(z|x) yields

∇ϕL(θ, ϕ; x) = Eqϕ(·|x)
[
∇ϕ log qϕ(Z|x)(log pθ(x,Z) − log qϕ(Z|x))

]
= Eqϕ(·|x)

[
log

pθ(x,Z)
qϕ(Z|x)

∇ϕ log qϕ(Z|x)
]
.

□

Score Function and Pathwise Gradient Estimator. The gradient estimator of the ELBO for a given batch of
observations {xi}

B
i=1, where B is the batch size, can be computed using Monte Carlo sampling as follows:

∇̂θ,ϕL(θ, ϕ; {xi}
B
i=1) =

1
B

B∑
i=1

1
K

K∑
ℓ=1

g̃i,ℓ , (4)

where K denotes the number of samples drawn from the latent space, and g̃i,ℓ is either the gradient estimator via the
score function g̃SF

i,ℓ or the pathwise gradient estimator g̃P
i,ℓ. For the score function gradient estimator, the expression is

given by:

g̃S
i,ℓ =

∇θ log
pθ(xi, z

(ℓ)
i )

qϕ(z
(ℓ)
i |xi)

, log
pθ(xi, z

(ℓ)
i )

qϕ(z
(ℓ)
i |xi)

∇ϕ log
pθ(xi, z

(ℓ)
i )

qϕ(z
(ℓ)
i |xi)

⊤ , (5)

where, for all 1 ≤ i ≤ B and 1 ≤ ℓ ≤ K, z(ℓ)
i are independent samples from qϕ(·|xi). The pathwise gradient estimator is

given by:

g̃P
i,ℓ =

∇θ log
pθ(xi, g(ε(ℓ)

i , ϕ))

qϕ(g(ε(ℓ)
i , ϕ)|xi)

,∇z log
pθ(xi, g(ε(ℓ)

i , ϕ))

qϕ(g(ε(ℓ)
i , ϕ)|xi)

∇ϕg(ε(ℓ)
i , ϕ) − ∇ϕ log qϕ(g(ε(ℓ)

i , ϕ)|xi)

⊤ , (6)

where, for all 1 ≤ i ≤ B and 1 ≤ ℓ ≤ K, ε(ℓ)
i are independent samples from pε.

Algorithm 1 Adam Algorithm for ELBO Maximization
1: Input: Initial points θ0, ϕ0, maximum number of iterations n, step sizes {γk}k≥1, momentum parameters β1, β2 ∈

[0, 1), regularization parameter δ ≥ 0 and batch size B
2: Set m0 = 0 and v0 = 0.
3: for k = 0 to n − 1 do
4: Sample a mini-batch {xi}

B
i=1.

5: Compute the stochastic gradient gk+1 = ∇̂θ,ϕL(θk, ϕk; {xi}
B
i=1) using (4).

6: mk+1 = β1mk + (1 − β1)gk+1
7: vk+1 = β2vk + (1 − β2)gk+1 ⊙ gk+1
8: (θk+1, ϕk+1) = (θk, ϕk) + γk+1

[
vk+1 + δ

]−1/2mk+1
9: end for

10: Output: (θk, ϕk)0≤k≤n
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B CONVERGENCE PROOFS

B.1 Proof of Proposition 3.1

We divide the proof into two lemmas where Lemma B.1 establishes the smoothness condition when the gradient is
computed using the score function, while Lemma B.2 presents the smoothness condition for the pathwise gradient.

Lemma B.1. Let Assumptions 1 and 2(i) hold. For all θ, θ′ ∈ Θ and ϕ, ϕ′ ∈ Φ,∥∥∥∥∇S
θ,ϕL(θ, ϕ) − ∇S

θ,ϕL(θ′, ϕ′)
∥∥∥∥ ≤ LS

∥∥∥(θ, ϕ) −
(
θ′, ϕ′

)∥∥∥ ,
where LS = supϕ∈Φ Eπ,ϕ

[
L1(x, z) + 2α(x, z)L2(x, z) + 4M(x, z)2 + 4α(x, z)M(x, z)2

]
.

Proof. First, for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ, we have:∥∥∥∥∇S
θ,ϕL(θ, ϕ) − ∇S

θ,ϕL(θ′, ϕ′)
∥∥∥∥ = ∥∥∥∥(∇θL(θ, ϕ) − ∇θL(θ′, ϕ′),∇S

ϕL(θ, ϕ) − ∇S
ϕL(θ′, ϕ′)

)∥∥∥∥
≤

∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ + ∥∥∥∇S

ϕL(θ, ϕ) − ∇S
ϕL(θ′, ϕ′)

∥∥∥ . (7)

Lipschitz condition of ∇θL(θ, ϕ).∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ ≤ ∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ)

∥∥∥ + ∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥

Now, we bound each of these terms individually. By Assumption 2(i), for all θ, θ′ ∈ Θ, ϕ ∈ Φ,∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ)
∥∥∥ = ∥∥∥Eπ,ϕ [∇θ log pθ(x, z) − ∇θ log pθ′(x, z)

]∥∥∥
≤ Eπ,ϕ

[
∥∇θ log pθ(x, z) − ∇θ log pθ′(x, z)∥

]
≤ L1

dd

∥∥∥θ − θ′∥∥∥ ,
where L1

dd = Eπ,ϕ [L1(x, z)]. For the second term, we have:∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ = ∥∥∥Eπ,ϕ [∇θ log pθ′(x, z)

]
− Eπ,ϕ′

[
∇θ log pθ′(x, z)

]∥∥∥
≤ Eπ

[∥∥∥∥∥∫ ∇θ log pθ′(x, z)(qϕ(z|x) − qϕ′(z|x)) dz
∥∥∥∥∥]

≤ Eπ

[∫ ∥∥∥∇θ log pθ′(x, z)(qϕ(z|x) − qϕ′(z|x))
∥∥∥ dz

]
≤ Eπ

[∫
M(x, z)

∣∣∣qϕ(z|x) − qϕ′(z|x)
∣∣∣ dz

]
,

where the inequality follows from Assumption 2(i). Then, using Assumption 2(i) and that for all x ≥ 1, x − 1 ≤
x log x ≤

∣∣∣x log x
∣∣∣,∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)

∥∥∥ ≤ Eπ [∫ M(x, z)
(

qϕ(z|x)
qϕ′(z|x)

− 1
)

1qϕ(z|x)≥qϕ′ (z|x)qϕ′(z|x) dz
]

+ Eπ

[∫
M(x, z)

(
qϕ′(z|x)
qϕ(z|x)

− 1
)

1qϕ′ (z|x)>qϕ(z|x)qϕ(z|x) dz
]

≤ Eπ

[∫
M(x, z)

∣∣∣∣∣∣ qϕ(z|x)
qϕ′(z|x)

log
qϕ(z|x)
qϕ′(z|x)

∣∣∣∣∣∣ qϕ′(z|x) dz
]

+ Eπ

[∫
M(x, z)

∣∣∣∣∣∣qϕ′(z|x)
qϕ(z|x)

log
qϕ′(z|x)
qϕ(z|x)

∣∣∣∣∣∣ qϕ(z|x) dz
]

≤ Eπ

[∫
M(x, z)

∣∣∣∣∣∣log
qϕ(z|x)
qϕ′(z|x)

∣∣∣∣∣∣ qϕ(z|x) dz +
∫

M(x, z)

∣∣∣∣∣∣log
qϕ′(z|x)
qϕ(z|x)

∣∣∣∣∣∣ qϕ′(z|x) dz
]

≤ Eπ,ϕ
[
M(x, z)

∣∣∣log qϕ(z|x) − log qϕ′(z|x)
∣∣∣] + Eπ,ϕ′ [M(x, z)

∣∣∣log qϕ(z|x) − log qϕ′(z|x)
∣∣∣]

≤ L2
dd

∥∥∥ϕ − ϕ′∥∥∥ ,
where L2

dd = Eπ,ϕ
[
M(x, z)2

]
+ Eπ,ϕ′

[
M(x, z)2

]
. This completes the proof for the first term in (7).
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Lipschitz condition of ∇S
ϕL(θ, ϕ). This case can be treated similarly to the Lipschitz condition with respect to θ.

For all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ,∥∥∥∇S
ϕL(θ, ϕ) − ∇S

ϕL(θ′, ϕ′)
∥∥∥ ≤ ∥∥∥∇S

ϕL(θ, ϕ) − ∇S
ϕL(θ′, ϕ)

∥∥∥ + ∥∥∥∇S
ϕL(θ′, ϕ) − ∇S

ϕL(θ′, ϕ′)
∥∥∥

For all θ, θ′ ∈ Θ, ϕ ∈ Φ, using Assumption 2(i), we have:

∥∥∥∇S
ϕL(θ, ϕ) − ∇S

ϕL(θ′, ϕ)
∥∥∥ = ∥∥∥∥∥∥Eπ,ϕ

[
log

pθ(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x) − log
pθ′(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x)
]∥∥∥∥∥∥

≤ Eπ,ϕ

[∥∥∥∥∥∥log
pθ(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x) − log
pθ′(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x)

∥∥∥∥∥∥
]

≤ Eπ,ϕ
[
M(x, z)

∥∥∥log pθ(x, z) − log pθ′(x, z)
∥∥∥]

≤ Eπ,ϕ
[
M(x, z)2

∥∥∥θ − θ′∥∥∥]
≤ L1

ed

∥∥∥θ − θ′∥∥∥ ,
where L1

ed = Eπ,ϕ
[
M(x, z)2

]
. On the other hand, for all θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ,

∥∥∥∇S
ϕL(θ′, ϕ) − ∇S

ϕL(θ′, ϕ′)
∥∥∥ = ∥∥∥∥∥∥Eπ,ϕ

[
log

pθ′(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x)
]
− Eπ,ϕ′

[
log

pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)
]∥∥∥∥∥∥

≤ A1 + A2 ,

where

A1 =

∥∥∥∥∥∥Eπ,ϕ
[
log

pθ′(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x)
]
− Eπ,ϕ

[
log

pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)
]∥∥∥∥∥∥ ,

A2 =

∥∥∥∥∥∥Eπ,ϕ
[
log

pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)
]
− Eπ,ϕ′

[
log

pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)
]∥∥∥∥∥∥ .

By decomposing again A1, we get that

A1 ≤ Eπ,ϕ

[∥∥∥∥∥∥log
pθ′(x, z)
qϕ(z|x)

∇ϕ log qϕ(z|x) − log
pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)

∥∥∥∥∥∥
]

≤ Eπ,ϕ
[∥∥∥log pθ′(x, z)(∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)

∥∥∥]
+ Eπ,ϕ

[∥∥∥log qϕ(z|x)∇ϕ log qϕ(z|x) − log qϕ′(z|x)∇ϕ log qϕ′(z|x)
∥∥∥]

≤ Eπ,ϕ
[∥∥∥log pθ′(x, z)(∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)

∥∥∥]
+ Eπ,ϕ

[∣∣∣log qϕ(z|x)
∣∣∣ ∥∥∥∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)

∥∥∥]
+ Eπ,ϕ

[∥∥∥∇ϕ log qϕ′(z|x)
∥∥∥ ∥∥∥log qϕ(z|x) − log qϕ′(z|x)

∥∥∥] .
Then, using the Mean Value Theorem along with Assumptions 1 and 2(i),

A1 ≤ 2Eπ,ϕ [α(x, z)L2(x, z)]
∥∥∥ϕ − ϕ′∥∥∥ + Eπ,ϕ [M(x, z)2

] ∥∥∥ϕ − ϕ′∥∥∥ .
For the term A2, note that

A2 ≤ Eπ

[∥∥∥∥∥∥
∫

log
pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)(qϕ(z|x) − qϕ′(z|x)) dz

∥∥∥∥∥∥
]

≤ Eπ

[∫ ∥∥∥∥∥∥log
pθ′(x, z)
qϕ′(z|x)

∇ϕ log qϕ′(z|x)(qϕ(z|x) − qϕ′(z|x))

∥∥∥∥∥∥ dz
]

≤ 2Eπ

[∫
α(x, z)M(x, z)

∣∣∣qϕ(z|x) − qϕ′(z|x)
∣∣∣ dz

]
,
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where the inequality follows from Assumptions 1 and 2(i). Then, using Assumption 2(i) and that for all x ≥ 1,
x − 1 ≤ x log x ≤

∣∣∣x log x
∣∣∣,

A2 ≤ 2Eπ

[∫
α(x, z)M(x, z)

(
qϕ(z|x)
qϕ′(z|x)

− 1
)

1qϕ(z|x)≤qϕ′ (z|x)qϕ′(z|x) dz
]

+ 2Eπ

[∫
α(x, z)M(x, z)

(
qϕ′(z|x)
qϕ(z|x)

− 1
)

1qϕ′ (z|x)>qϕ(z|x)qϕ(z|x) dz
]

≤ 2Eπ

[∫
α(x, z)M(x, z)

∣∣∣∣∣∣ qϕ(z|x)
qϕ′(z|x)

log
qϕ(z|x)
qϕ′(z|x)

∣∣∣∣∣∣ qϕ′(z|x) dz
]

+ 2Eπ

[∫
α(x, z)M(x, z)

∣∣∣∣∣∣qϕ′(z|x)
qϕ(z|x)

log
qϕ′(z|x)
qϕ(z|x)

∣∣∣∣∣∣ qϕ(z|x) dz
]

≤ 2Eπ

[∫
α(x, z)M(x, z)

∣∣∣∣∣∣log
qϕ(z|x)
qϕ′(z|x)

∣∣∣∣∣∣ qϕ(z|x) dz +
∫
α(x, z)M(x, z)

∣∣∣∣∣∣log
qϕ′(z|x)
qϕ(z|x)

∣∣∣∣∣∣ qϕ′(z|x) dz
]

≤ 2Eπ,ϕ
[
α(x, z)M(x, z)

∣∣∣log qϕ(z|x) − log qϕ′(z|x)
∣∣∣] + 2Eπ,ϕ′

[
α(x, z)M(x, z)

∣∣∣log qϕ(z|x) − log qϕ′(z|x)
∣∣∣]

≤ 2
(
Eπ,ϕ

[
α(x, z)M(x, z)2

]
+ Eπ,ϕ′

[
α(x, z)M(x, z)2

]) ∥∥∥ϕ − ϕ′∥∥∥ .
By combining these two terms, we obtain:∥∥∥∇S

ϕL(θ, ϕ) − ∇S
ϕL(θ, ϕ′)

∥∥∥ ≤ Led
∥∥∥ϕ − ϕ′∥∥∥ ,

where L2
ed = Eπ,ϕ

[
2α(x, z)L2(x, z) + M(x, z)2 + 2α(x, z)M(x, z)2

]
+ 2Eπ,ϕ′

[
α(x, z)M(x, z)2

]
and concludes the argument

for the second term in (7).
Then, ∥∥∥∥∇S

θ,ϕL(θ, ϕ) − ∇S
θ,ϕL(θ′, ϕ′)

∥∥∥∥ ≤ (
L1

dd + L1
ed

) ∥∥∥θ − θ′∥∥∥ + (
L2

dd + L2
ed

) ∥∥∥ϕ − ϕ′∥∥∥ ,
≤ LS

∥∥∥(θ, ϕ) −
(
θ′, ϕ′

)∥∥∥ ,
where LS = supϕ∈Φ Eπ,ϕ

[
L1(x, z) + 2α(x, z)L2(x, z) + 4M(x, z)2 + 4α(x, z)M(x, z)2

]
. □

Lemma B.2. Let Assumptions 2(ii) and 3 hold. For all θ, θ′ ∈ Θ and ϕ, ϕ′ ∈ Φ,

∥∇P
θ,ϕL(θ, ϕ) − ∇P

θ,ϕL(θ′, ϕ′)∥ ≤ LP∥(θ, ϕ) − (θ′, ϕ′)∥ ,

where LP = Eπ,pε
[
Lp(x, ε) + Mg(x, ε)2

(
Lp(x, ε) + 2Lq(x, ε)

)
+ 3Lg(x, ε)M(x, ε) + 2Mg(x, ε)Lq(x, ε)

]
+Eπ,pε

[
Lp(x, ε)Mg(x, ε)

]
.

Proof. We proceed by dividing the proof into two cases, following the same structure as in the proof of Lemma B.1.
We establish that the following inequalities hold: for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ,∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ′)

∥∥∥ ≤ L1
dd

∥∥∥θ − θ′∥∥∥ + L2
dd

∥∥∥ϕ − ϕ′∥∥∥ ,∥∥∥∇P
ϕL(θ, ϕ) − ∇P

ϕL(θ′, ϕ′)
∥∥∥ ≤ L1

ed

∥∥∥θ − θ′∥∥∥ + L2
ed

∥∥∥ϕ − ϕ′∥∥∥ ,
where L1

dd = Eπ,pε
[
Lp(x, ε)

]
, L2

dd = Eπ,pε
[
Lp(x, ε)Mg(x, ε)

]
, L1

ed = Eπ,pε
[
Mg(x, ε)Lp(x, ε)

]
and

L2
ed = Eπ,pε

[
Mg(x, ε)2

(
Lp(x, ε) + 2Lq(x, ε)

)
+ 3Lg(x, ε)M(x, ε) + 2Mg(x, ε)Lq(x, ε)

]
.

Lipschitz condition of ∇θL(θ, ϕ).∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ ≤ ∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ)

∥∥∥ + ∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ (8)

Now, we bound each of these terms individually. By Assumption 2(ii), for all θ, θ′ ∈ Θ, ϕ ∈ Φ,∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ)
∥∥∥ = ∥∥∥Eπ,pε [∇θ log pθ(x, g(ε, ϕ)) − ∇θ log pθ′(x, g(ε, ϕ))

]∥∥∥
≤ Eπ,pε

[
∥∇θ log pθ(x, g(ε, ϕ)) − ∇θ log pθ′(x, g(ε, ϕ))∥

]
≤ Eπ,pε

[
Lp(x, ε)

] ∥∥∥θ − θ′∥∥∥ ,
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which concludes the bound for the first term in (8). For the second term, we have:∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ = ∥∥∥Eπ,pε [∇θ log pθ′(x, g(ε, ϕ)) − ∇θ log pθ′(x, g(ε, ϕ′))

]∥∥∥
≤ Eπ,pε

[
∥∇θ log pθ′(x, g(ε, ϕ)) − ∇θ log pθ′(x, g(ε, ϕ′))∥

]
.

Since for all z, z′ ∈ Z,
∥∥∥∇θ log pθ′(x, z) − ∇θ log pθ′(x, z′)

∥∥∥ ≤ Lp(x, ε) ∥z − z′∥, it follows that:∥∥∥∇θ log pθ′(x, g(ε, ϕ)) − ∇θ log pθ′(x, g(ε, ϕ′))
∥∥∥ ≤ Lp(x, ε)

∥∥∥g(ε, ϕ) − g(ε, ϕ′)
∥∥∥ .

Therefore, ∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ ≤ Eπ,pε [Lp(x, ε)∥g(ε, ϕ) − g(ε, ϕ′)∥

]
≤ Eπ,pε

[
Lp(x, ε)Mg(x, ε)

] ∥∥∥ϕ − ϕ′∥∥∥ ,
which concludes the Lipschitz condition of ∇θL(θ, ϕ).

Lipschitz condition of ∇P
ϕL(θ, ϕ). For all θ, θ′ ∈ Θ and ϕ, ϕ′ ∈ Φ, we have the following inequality:∥∥∥∇P

ϕL(θ, ϕ) − ∇P
ϕL(θ′, ϕ′)

∥∥∥ ≤ ∥∥∥∇P
ϕL(θ, ϕ) − ∇P

ϕL(θ′, ϕ)
∥∥∥ + ∥∥∥∇P

ϕL(θ′, ϕ) − ∇P
ϕL(θ′, ϕ′)

∥∥∥ . (9)

We now handle each term separately. For the first term, we have:∥∥∥∇P
ϕL(θ, ϕ) − ∇P

ϕL(θ′, ϕ)
∥∥∥ ≤ Eπ,pε [∥∥∥∇ϕg(ε, ϕ)

∥∥∥ ∥∥∥∇z log pθ(x, g(ε, ϕ)) − ∇z log pθ′(x, g(ε, ϕ))
∥∥∥]

≤ Eπ,pε
[
Mg(x, ε)Lp(x, ε)

] ∥∥∥θ − θ′∥∥∥ ,
which concludes the bound for the first term in (9). For the second term in (9), applying the triangle inequality, we
have: ∥∥∥∇P

ϕL(θ′, ϕ) − ∇P
ϕL(θ′, ϕ′)

∥∥∥ ≤ A1 + A2 + A3 ,

where

A1 = Eπ,pε
[∥∥∥∇z log pθ′(x, g(ε, ϕ)∇ϕg(ε, ϕ) − ∇z log pθ′(x, g(ε, ϕ′))∇ϕg(ε, ϕ′)

∥∥∥] ,
A2 = Eπ,pε

[∥∥∥∇z log qϕ(g(ε, ϕ)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ′)
∥∥∥] ,

A3 = Eπ,pε
[∥∥∥∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)

∥∥∥] .
For A1, using the boundedness of the gradient with respect to z and the smoothness of g (Assumptions 2(ii) and 3), we
obtain:

A1 = Eπ,pε
[∥∥∥∇z log pθ′(x, g(ε, ϕ))∇ϕg(ε, ϕ) − ∇z log pθ′(x, g(ε, ϕ′))∇ϕg(ε, ϕ′)

∥∥∥]
≤ Eπ,pε

[∥∥∥∇z log pθ′(x, g(ε, ϕ))∇ϕg(ε, ϕ) − ∇z log pθ′(x, g(ε, ϕ′))∇ϕg(ε, ϕ)
∥∥∥]

+ Eπ,pε
[∥∥∥∇z log pθ′(x, g(ε, ϕ′))∇ϕg(ε, ϕ) − ∇z log pθ′(x, g(ε, ϕ′))∇ϕg(ε, ϕ′)

∥∥∥]
≤ Eπ,pε

[∥∥∥∇ϕg(ε, ϕ)
∥∥∥ ∥∥∥∇z log pθ′(x, g(ε, ϕ)) − ∇z log pθ′(x, g(ε, ϕ′))

∥∥∥]
+ Eπ,pε

[∥∥∥∇z log pθ′(x, g(ε, ϕ′)
∥∥∥ ∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)

∥∥∥] .
Since for all z, z′ ∈ Z,

∥∥∥∇z log pθ′(x, z) − ∇z log pθ′(x, z′)
∥∥∥ ≤ Lp(x, ε) ∥z − z′∥, it follows that:∥∥∥∇z log pθ′(x, g(ε, ϕ)) − ∇z log pθ′(x, g(ε, ϕ′))

∥∥∥ ≤ Lp(x, ε)
∥∥∥g(ε, ϕ) − g(ε, ϕ′)

∥∥∥ .
Therefore,

A1 ≤ Eπ,pε
[
Mg(x, ε)Lp(x, ε)

∥∥∥g(ε, ϕ) − g(ε, ϕ′)
∥∥∥] + Eπ,pε [M(x, ε)

∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)
∥∥∥]

≤ Eπ,pε
[
Mg(x, ε)2Lp(x, ε) + M(x, ε)Lg(x, ε)

] ∥∥∥ϕ − ϕ′∥∥∥ .
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For A2, we have:

A2 = Eπ,pε
[∥∥∥∇z log qϕ(g(ε, ϕ)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ′)

∥∥∥]
≤ Eπ,pε

[∥∥∥∇z log qϕ(g(ε, ϕ)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ)|x)∇ϕg(ε, ϕ)
∥∥∥]

+ Eπ,pε
[∥∥∥∇z log qϕ′(g(ε, ϕ)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ)

∥∥∥]
+ Eπ,pε

[∥∥∥∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ′)
∥∥∥]

≤ Eπ,pε
[∥∥∥∇ϕg(ε, ϕ)

∥∥∥ ∥∥∥∇z log qϕ(g(ε, ϕ)|x) − ∇z log qϕ′(g(ε, ϕ)|x)
∥∥∥]

+ Eπ,pε
[∥∥∥∇ϕg(ε, ϕ)

∥∥∥ ∥∥∥∇z log qϕ′(g(ε, ϕ)|x) − ∇z log qϕ′(g(ε, ϕ′)|x)
∥∥∥]

+ Eπ,pε
[∥∥∥∇z log qϕ′(g(ε, ϕ′)|x)

∥∥∥ ∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)
∥∥∥] .

Since for all z, z′ ∈ Z,
∥∥∥∇z log qϕ′(z|x) − ∇z log qϕ′(z′|x)

∥∥∥ ≤ Lq(x, ε) ∥z − z′∥, it follows that:∥∥∥∇z log qϕ′(g(ε, ϕ)|x) − ∇z log qϕ′(g(ε, ϕ′)|x)
∥∥∥ ≤ Lq(x, ε)

∥∥∥g(ε, ϕ) − g(ε, ϕ′)
∥∥∥ .

Therefore,

A2 ≤ Eπ,pε
[
Mg(x, ε)Lq(x, ε)

∥∥∥ϕ − ϕ′∥∥∥]
+ Eπ,pε

[
Mg(x, ε)Lq(x, ε)

∥∥∥g(ε, ϕ) − g(ε, ϕ′)
∥∥∥]

+ Eπ,pε
[
Mq(x, ε)

∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)
∥∥∥]

≤ Eπ,pε
[
Mg(x, ε)Lq(x, ε) + Mg(x, ε)2Lq(x, ε) + M(x, ε)Lg(x, ε)

] ∥∥∥ϕ − ϕ′∥∥∥ .
For A3, following the same procedure as for the term A2 we get:

A3 = Eπ,pε
[∥∥∥∇ϕ log qϕ(g(ε, ϕ)|x) − ∇ϕ log qϕ′(g(ε, ϕ′)|x)

∥∥∥]
= Eπ,pε

[∥∥∥∇z log qϕ(g(ε, ϕ)|x)∇ϕg(ε, ϕ) − ∇z log qϕ′(g(ε, ϕ′)|x)∇ϕg(ε, ϕ′)
∥∥∥]

≤ Eπ,pε
[
Mg(x, ε)Lq(x, ε) + Mg(x, ε)2Lq(x, ε) + M(x, ε)Lg(x, ε)

] ∥∥∥ϕ − ϕ′∥∥∥ ,
which concludes the bound for the second term in (9), thereby completing the proof. □

B.2 Proof of Theorem 3.2

Proof. We address both the score function and pathwise gradient cases at the same time. Our proof is adapted from
Theorem 2.1 in Ghadimi and Lan [2013], with modifications to account for the two variables and the dual randomness
arising from both the data and the latent variables. Using the smoothness of L by Proposition 3.1 (Descent Lemma
[Ortega and Rheinboldt, 2000, Nesterov, 2013] for maximization), for m ∈ {S,P}, we have:

L (θk+1, ϕk+1) ≥ L (θk, ϕk) +
〈
∇m
θ,ϕL (θk, ϕk) , (θk+1, ϕk+1) − (θk, ϕk)

〉
−

L
2
∥(θk+1, ϕk+1) − (θk, ϕk)∥2

≥ L (θk, ϕk) + γn+1
〈
∇m
θ,ϕL (θk, ϕk) , ∇̂m

θ,ϕL (θk, ϕk;Dk+1)
〉
−

L
2
γ2

k+1

∥∥∥∥∇̂m
θ,ϕL (θk, ϕk;Dk+1)

∥∥∥∥2
,

where Dk+1 corresponds to the mini-batch of data used to compute the gradient estimator at iteration k + 1. For all
k ≥ 0, let Fk = σ (θ0, {Di,Zi}1≤i≤k), whereDi denotes the mini-batch of data used at iteration i, and Zi represents all
latent samples drawn at iteration i. Taking the conditional expectation with respect to the filtration (Fk)k≥0,

E
[
L (θk+1, ϕk+1) | Fk

]
≥ L (θk, ϕk) + γk+1

〈
∇m
θ,ϕL (θk, ϕk) ,E

[
∇̂m
θ,ϕL (θk, ϕk;Dk+1) | Fk

]〉
−

Lγ2
k+1

2
∥∇m
θ,ϕL (θk, ϕk) ∥2 −

Lγ2
k+1

2
E

[
∥∇̂m
θ,ϕL(θk, ϕk;Dk+1)) − ∇m

θ,ϕL(θk, ϕk)∥2 | Fk
]
.
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Given the assumption on the variance of the gradient estimator, we obtain:

E
[∥∥∥∥∇̂m
θ,ϕL(θk, ϕk;Dk+1) − ∇m

θ,ϕL(θk, ϕk)
∥∥∥∥2
| Fk

]
= E


∥∥∥∥∥∥∥ 1

B

B∑
i=1

1
K

K∑
ℓ=1

g̃m
i,ℓ − ∇

m
θ,ϕL(θk, ϕk)

∥∥∥∥∥∥∥
2

| Fk


≤

1
BK
E

[∥∥∥∥g̃m
i,ℓ − ∇

m
θ,ϕL(θk, ϕk)

∥∥∥∥2
| Fk

]
≤
σ2

BK
.

Using this result, and noting that ∇̂m
θ,ϕL(θ, ϕ;Dk+1) is an unbiased estimator of ∇m

θ,ϕL (θ, ϕ), we get:

E
[
L (θk+1, ϕk+1) | Fk

]
≥ L (θk, ϕk) + γk+1∥∇

m
θ,ϕL (θk, ϕk) ∥2 −

Lγ2
k+1

2
∥∇m
θ,ϕL (θk, ϕk) ∥2 −

Lγ2
k+1

2
σ2

BK
.

Therefore,
n∑

k=0

γk+1 −
Lγ2

k+1

2

E [∥∥∥∥∇m
θ,ϕL (θk, ϕk)

∥∥∥∥2]
≤

n∑
k=0

E[L (θk+1, ϕk+1) − L (θk, ϕk)] +
Lσ2

2BK

n∑
k=0

γ2
k+1 ,

≤ E[L (θn+1, ϕn+1)] − L (θ0, ϕ0) +
Lσ2

2BK

n∑
k=0

γ2
k+1 .

Consequently, by the definition of the discrete random variable R and choosing γn = n−1/2,

E
[∥∥∥∥∇m
θ,ϕL (θR, ϕR)

∥∥∥∥2]
=

1
n

n∑
k=0

E
[∥∥∥∥∇m
θ,ϕL (θk, ϕk)

∥∥∥∥2]
≤

n∑
k=0

γk+1∑n
k=0 γk+1

E
[∥∥∥∥∇m
θ,ϕL (θk, ϕk)

∥∥∥∥2]
≤

2 (E[L (θn+1, ϕn+1)] − L (θ0, ϕ0)) + Lσ2 ∑n
k=0 γ

2
k+1/(BK)

√
n

,

which concludes the proof by noting that L (θn+1, ϕn+1) ≤ L (θ∗, ϕ∗). □

B.3 Proof of Theorem 3.3

Proof. Since ∇̂θ,ϕL (θ, ϕ;D) is an unbiased estimator of the gradient of the expected ELBO, the proof is a direct
consequence of [Shi and Li, 2021, Proposition 4.2] using the smoothness of the ELBO (Proposition 3.1). □

C LINEAR GAUSSIAN VAE

C.1 Analytic ELBO of the Linear VAE

While analytic solutions for deep latent models are generally not available, the Linear VAE provides analytic solutions
for optimal parameters, allowing us to gain insights into various phenomena associated with VAE training. For instance,
Dai et al. [2018] explore the connections between Linear VAE, probabilistic PCA [Tipping and Bishop, 1999], and
robust PCA [Candès et al., 2011, Chandrasekaran et al., 2011], and analyze the local minima smoothing effects of VAE.
Similarly, Lucas et al. [2019], Wang and Ziyin [2022] use Linear VAE to study the causes of posterior collapse Razavi
et al. [2019]. The following proposition provides the analytical form of the ELBO for the Linear VAE defined in (3),
which is crucial for analyzing the convergence rate.

Proposition C.1. The KL-divergence term and the reconstruction term can be expressed respectively for all x ∈ X as:

KL(qϕ(·|x)∥p) =
1
2

(
− log det D + ∥W2x + b2∥

2 + tr(D) − dz
)
,

Eqϕ(·|x)
[
log pθ(x|Z)

]
=

1
2c2

[
−tr(W1DW⊤1 ) − ∥W1(W2x + b2) + b1 − x∥2

]
−

dz

2
log 2πc2 .
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Proof. First, we have: ∫
qϕ(z|x) log p(z) dz = Eqϕ(·|x)

[
−

dz

2
log 2π −

1
2
∥Z∥2

]
= −

dz

2
log 2π −

1
2

d∑
i=1

Eqϕ(·|x)
[
Z2

i

]
= −

dz

2
log 2π −

1
2

(
tr(D) + ∥W2x + b2∥

2
)
.

∫
qϕ(z|x) log qϕ(z|x) dz = −

dz

2
log 2π −

1
2

log det D −
1
2
Eqϕ(·|x)

[
(Z −W2x − b2)⊤D−1(Z −W2x − b2)

]
= −

dz

2
log 2π −

1
2

log det D −
dz

2
.

By subtracting these two terms, we obtain the KL-divergence:

KL(qϕ(·|x)||p) =
1
2

(
− log det D + ∥W2x + b2∥

2 + tr(D) − dz
)
.

For the reconstruction term, we have:

Eqϕ(·|x)[log pθ(x|Z)] = −
dz

2
log 2πc2 −

1
2c2Eqϕ(·|x)

[
∥x −W1Z − b1∥

2
]

= −
dz

2
log 2πc2 −

1
2c2Eqϕ(·|x)

[
∥W1Z∥2 − 2(x − b1)⊤W1Z + ∥x − b1∥

2
]

=
1

2c2

[
−tr(W1DW⊤1 ) − ∥W1(W2x + b2)∥2 + 2(x − b1)⊤W1(W2x + b2) − ∥x − b1∥

2
]

−
dz

2
log 2πc2 ,

where we used the fact that W1z ∼ N
(
W1(W2x + b2),W1DW⊤1

)
. □

C.2 Proof of Corollary 3.4

Proof. First, we compute the derivative of the ELBO with respect to each parameter of the encoder and decoder.

Derivatives of ELBO.

∇W1L(θ, ϕ; x) =
1
c2

(
(x − b1)(W2x + b2)⊤ −W1D −W1(W2x + b2)(W2x + b2)⊤

)
∇W2L(θ, ϕ; x) =

1
c2

(
W⊤1 (x − b1)x⊤ −W⊤1 W1(W2x + b2)x⊤ − c2(W2x + b2)x⊤

)
∇b1L(θ, ϕ; x) =

1
c2 (x − b1 −W1(W2x + b2))

∇b2L(θ, ϕ; x) =
1
c2

(
W⊤1 (x − b1) −W⊤1 W1(W2x + b2) − c2(W2x + b2)

)
∇DL(θ, ϕ; x) =

1
2

(
D−1 − Idz −

1
c2 diag(W⊤1 W1)

)
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Smoothness Property.∥∥∥∇W1L(θ, ϕ) − ∇W′1L(θ, ϕ)
∥∥∥ ≤ 1

c2

(
∥D∥ +

∥∥∥∥Eπ [(W2x + b2)(W2x + b2)⊤
]∥∥∥∥) ∥∥∥W1 −W′1

∥∥∥
∥∥∥∇W2L(θ, ϕ) − ∇W′2L(θ, ϕ)

∥∥∥ ≤ 1
c2

∥∥∥W⊤1 W1 + c2Idx

∥∥∥ ∥∥∥∥Eπ [xx⊤
]∥∥∥∥ ∥∥∥W2 −W′2

∥∥∥
∥∥∥∇b1L(θ, ϕ) − ∇b′1L(θ, ϕ)

∥∥∥ = 1
c2

∥∥∥b1 − b′1
∥∥∥

∥∥∥∇b2L(θ, ϕ) − ∇b′2L(θ, ϕ)
∥∥∥ ≤ 1

c2

∥∥∥W⊤1 W1 + c2Idx

∥∥∥ ∥∥∥b2 − b′2
∥∥∥

∥∇DL(θ, ϕ) − ∇D′L(θ, ϕ)∥ =
1
2

∥∥∥D−1 − D′−1
∥∥∥ ≤ 1

2

∥∥∥D−1
∥∥∥ ∥∥∥D′−1

∥∥∥ ∥∥∥D − D′
∥∥∥

If D = Diag(σ2
1, . . . , σ

2
dz

) as used in practice, the last inequality can be expressed as:

∣∣∣∇σ2L(θ, ϕ) − ∇σ′2L(θ, ϕ)
∣∣∣ = 1

2σ2σ′2

∣∣∣σ2 − σ′2
∣∣∣ .

Since the parameter space is compact, λmin(D) ≥ cD for some cD > 0, and the inputs have bounded second moments, it
follows that the ELBO is smooth. The proof is completed using Theorem 3.3.

□

D DEEP GAUSSIAN VAE

D.1 Activation Functions in Deep Gaussian VAE

Definition D.1. The activation functions Sigmoid, Hyperbolic Tangent (Tanh), Softplus, and Continuously Differen-
tiable Exponential Linear Units (CELU) are defined for all x ∈ R as follows:

Sigmoid(x) =
1

1 + e−x , Tanh(x) =
ex − e−x

ex + e−x , Softplus(x) = ln(1 + ex) ,

and

CELU(x) =

x if x > 0,
α
(
exp

(
x
α

)
− 1

)
if x ≤ 0.

Consider the following neural network formulations for the encoder and decoder:

FG =
{
Gθ : Rdz → Rdx ; Gθ(z) = NN(z; θ, f ,Ndd), θ = {Wℓ, bℓ}

Ndd
ℓ=1 ∈ Θ,

σℓ ∈ FSL, ℓ = 1, . . . ,Ndd, and ∥Gθ(z)∥ ≤ CG
}
,

and

Fµ,Σ =
{
(µϕ,Σϕ) : Rdx → Rdz × Rdz×dz ;

(
µϕ(x),Σϕ(x)

)
= NN(x; ϕ, f ,Ned), ϕ = {Wℓ, bℓ}

Ned
ℓ=1 ∈ Φ,

fℓ ∈ FSL, ℓ = 1, . . . ,Ned, ∥µϕ(x)∥ ≤ Cµ, λmin(Σϕ(x)) ≥ cΣ, and ∥Σϕ(x)∥ ≤ CΣ
}
,

where FSL denotes the set of functions that are both smooth and Lipschitz continuous and Fb denotes the set of bounded
functions.

In FG and Fµ,Σ, f represents an activation function, specifically one chosen from the set that includes the sigmoid,
hyperbolic tangent (tanh), softplus [Glorot et al., 2011], or Continuously Differentiable Exponential Linear Units
(CELU) [Clevert et al., 2016, Barron, 2017]. These activation functions are crucial in neural network architectures as
they ensure the assumptions made about the encoder and decoder distributions.

Proposition D.2. The activation functions sigmoid, tanh, softplus, and CELU are Lipschitz continuous and smooth.

Proof. We consider each activation function separately.
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Sigmoid. The first and second derivatives of the sigmoid function are given for all x by:

f ′1(x) = f1(x)(1 − f1(x)) and f ′′1 (x) = f1(x)(1 − f1(x))(1 − 2 f1(x)) .

Since the sigmoid function is bounded by 1, it follows that for all x,
∣∣∣ f ′1(x)

∣∣∣ ≤ 1/4 and
∣∣∣ f ′′1 (x)

∣∣∣ ≤ 1/4. Therefore, the
sigmoid activation function is Lipschitz continuous and smooth.

Tanh. The first and second derivatives of the hyperbolic tangent function are given for all x by:

f ′2(x) = 1 − f 2
2 (x) and f ′′2 (x) = −2 f2(x)(1 − f 2

2 (x)) .

Since f2 is bounded by 1, for all x,
∣∣∣ f ′2(x)

∣∣∣ ≤ 1 and
∣∣∣ f ′′2 (x)

∣∣∣ ≤ 1. Therefore, the Tanh activation function is Lipschitz
continuous and smooth.

Softplus. The first and second derivatives of the softplus function are given for all x by:

f ′3(x) = f1(x) and f ′′3 (x) = f1(x)(1 − f1(x)) .

Since f1 is bounded by 1, it follows that
∣∣∣ f ′3(x)

∣∣∣ ≤ 1 and
∣∣∣ f ′′3 (x)

∣∣∣ ≤ 1/4. Therefore, the softplus activation function is
Lipschitz continuous and smooth.

CELU. The first and second derivatives of the CELU function are given for all x by:

f ′4(x) =

1 if x > 0,
exp

(
x
α

)
if x ≤ 0,

f ′′4 (x) =

0 if x > 0,
1
α exp

(
x
α

)
if x ≤ 0.

Since ex ≤ 1 for x ≤ 0, it follows that
∣∣∣ f ′4(x)

∣∣∣ ≤ 1 and
∣∣∣ f ′′4 (x)

∣∣∣ ≤ 1/α. Therefore, the CELU activation function is
Lipschitz continuous and smooth. □

Proposition D.2 highlights that activation functions such as sigmoid, tanh, softplus, and CELU are suitable for use
in the encoder and decoder of a network due to their Lipschitz continuity and smoothness.

D.2 Proof of Proposition 3.5

Proof. The first derivative of f is given by:

f ′(x) =
1
s

[
es(x−s1)

1 + es(x−s1) −
es(x−s2)

1 + es(x−s2)

]
.

Given that s1 ≤ s2 and that the sigmoid function is increasing, we have f ′(x) ≥ 0. Therefore, f is an increasing
function. Additionally, since f (x)→ s1 as x→ −∞ and f (x)→ s2 as x→ +∞, it follows that f is bounded between
s1 and s2. Furthermore, since | f ′(x)| ≤ 1/s, f is Lipchitz continuous. The second derivative of f is given by:

f ′′(x) =
es(x−s1)

(1 + es(x−s1))2 −
es(x−s2)

(1 + es(x−s2))2 .

Since | f ′′(x)| ≤ 1/2, it follows that f is smooth. □

D.3 Proof of Theorem 3.6

First, the ELBO objective can be expressed for all x ∈ X as:

L(θ, ϕ; x) = −KL(qϕ(·|x)∥p) −
1

2c2Eqϕ(·|x)
[
∥Gθ(z) − x∥2

]
−

1
2

log(2πc2).

We divide the proof into two parts: Section D.3.1 establishes the convergence rate using the score function gradient,
and Section D.3.2 presents the convergence rate with the pathwise gradient.
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D.3.1 Analysis with the score function

We first analyze the convergence rate using the score function in the Gaussian case.

Theorem D.3. Let c0 > 0, and consider

Fdd = {(x, z) 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) |Gθ(z) ∈ FG, θ ∈ Θ ⊆ R
dθ , c > c0} ,

Fed = {(x, z) 7→ qϕ(z|x) = N(z; µϕ(x),Σϕ(x)) | (µϕ(x),Σϕ(x)) ∈ Fµ,Σ, ϕ ∈ Φ ⊆ Rdϕ} .

Assume that there exists Crec ∈ M(X × Z) such that ∥x −Gθ(z)∥ ≤ Crec(x, z) for all θ ∈ Θ and (x, z) ∈ X × Z. Assume
also that the data distribution π has a finite fourth moment, and that there exists some constant a such that for all θ ∈ Θ
and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .

Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0. Assume that
β1 <

√
β2 < 1. For any n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[
∥∇L (θR, ϕR)∥2

]
= O

(
L∗

√
n
+ d2

z
Nmaxa2(Nmax−1)

1 − β1

d∗ log n
√

n

)
,

where L∗ = L (θ∗, ϕ∗) − L (θ0, ϕ0), d∗ = dθ + dϕ is the total dimension of the parameters, Nmax = max{Ned,Ndd}

represents the maximum number of layers in the model architecture.

We divide the proof into two lemmas. Lemma D.4 ensures Assumption 1, while Lemma D.5 guarantees Assumption
2(i).

Lemma D.4. Let c0 > 0, and consider

Fdd = {(x, z) 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) |Gθ(z) ∈ FG, θ ∈ Θ ⊆ R
dθ , c > c0} ,

Fed = {(x, z) 7→ qϕ(z|x) = N(z; µϕ(x),Σϕ(x)) | (µϕ(x),Σϕ(x)) ∈ Fµ,Σ, ϕ ∈ Φ ⊆ Rdϕ} .

Then, Assumption 1 is satisfied i.e. for all θ ∈ Θ, ϕ ∈ Φ, x ∈ X and z ∈ Z,

max{
∣∣∣log pθ(x, z)

∣∣∣ , ∣∣∣log qϕ(z|x)
∣∣∣} ≤ α(x, z) ,

with

α(x, z) = max
{

dz

2
log(2πCΣ) +

1
cΣ

(
∥z∥2 +C2

µ

)
,

dz

2
log(2πc2) +

1
c2

(
∥x∥2 +C2

G

)}
.

Proof. For all x ∈ X, the density function z 7→ qϕ(z|x) of the Gaussian encoder is given by:

qϕ(z|x) = det(2πΣϕ(x))−1/2 exp
(
−

1
2

(z − µϕ(x))⊤Σ−1
ϕ (x)(z − µϕ(x))

)
,

where µϕ(x) and Σϕ(x) are the mean and covariance matrix of the Gaussian distribution.

Bounding the Normalization Factor. The determinant of Σϕ(x) can be expressed as:

det(Σϕ(x)) =
dz∏

i=1

λi(x),

where λ1(x), λ2(x), . . . , λdz(x) are the eigenvalues of Σϕ(x). Given the conditions λmin(Σϕ(x)) ≥ cΣ and ∥Σϕ(x)∥ ≤ CΣ, it
follows that:

cdz
Σ
≤ det(Σϕ(x)) ≤ Cdz

Σ
.

Thus, the normalization factor is bounded by:

(2πCΣ)−dz/2 ≤ det(2πΣϕ(x))−1/2 ≤ (2πcΣ)−dz/2 .
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Bounding the Exponential Term. We have:

exp
(
−

1
2cΣ
∥z − µϕ(x)∥2

)
≤ exp

(
−

1
2

(z − µϕ(x))⊤Σ−1
ϕ (x)(z − µϕ(x))

)
≤ exp

(
−

1
2CΣ
∥z − µϕ(x)∥2

)
.

Since for all x ∈ X ∥µϕ(x)∥ ≤ Cµ, for all x ∈ X, and z ∈ Z,

∥z − µϕ(x)∥2 ≤ 2∥z∥2 + 2∥µϕ(x)∥2 ≤ 2∥z∥2 + 2C2
µ .

Similarly, we can bound from below using:

∥z − µϕ(x)∥2 ≥
1
2

(
∥z∥2 − ∥µϕ(x)∥2

)
≥

1
2

(
∥z∥2 −C2

µ

)
.

Therefore, we have uniform bounds on the exponential term that are independent of the encoder parameters ϕ:

exp
(
−

1
cΣ

(
∥z∥2 +C2

µ

))
≤ exp

(
−

1
2

(z − µϕ(x))⊤Σ−1
ϕ (x)(z − µϕ(x))

)
≤ exp

(
−

1
4CΣ

(
∥z∥2 −C2

µ

))
.

Combining these results, we obtain:

1
(2πCΣ)dz/2

exp
(
−

1
cΣ

(
∥z∥2 +C2

µ

))
≤ qϕ(z|x) ≤

1
(2πcΣ)dz/2

exp
(
−

1
4CΣ

(
∥z∥2 −C2

µ

))
.

Since the activation function in the final layer is bounded, there exists a constant CG > 0 such that for all
z ∈ Z, ∥Gθ(z)∥ ≤ CG. Proceeding similarly for the Gaussian decoder, where the density function is given by
x 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) yields:

1
(2πc2)dz/2

exp
(
−

1
c2

(
∥x∥2 +C2

G

))
≤ pθ(x|z) ≤

1
(2πc2)dz/2

exp
(
−

1
4c2

(
∥x∥2 −C2

G

))
.

This implies that Assumption 1 is verified. □

Lemma D.5 shows that Assumption 2 holds without explicitly specifying the smoothness constant. However,
Lemma D.6 provides the smoothness constant LS, and also shows that it is well-defined and finite.

Lemma D.5. Let c0 > 0, and consider

Fdd = {(x, z) 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) ; Gθ ∈ FG, θ ∈ Θ ⊆ R
dθ , c > c0} ,

Fed = {(x, z) 7→ qϕ(z|x) = N(z; µϕ(x),Σϕ(x)) ; (µϕ(x),Σϕ(x)) ∈ Fµ,Σ, ϕ ∈ Φ ⊆ Rdϕ} .

Assume that there exists Crec ∈ M(X × Z) such that ∥x −Gθ(z)∥ ≤ Crec(x, z) for all θ ∈ Θ and (x, z) ∈ X × Z. and that
there exists some constant a such that for any θ ∈ Θ and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .

Then, there exist L1 ∈ M(X × Z) and L2 ∈ M(X × Z) such that for all θ, θ′ ∈ Θ, ϕ, ϕ′ ∈ Φ, x ∈ X and z ∈ Z:∥∥∥∇θ log pθ(x|z) − ∇θ log pθ′(x|z)
∥∥∥ ≤ L1(x, z)

∥∥∥θ − θ′∥∥∥ ,∥∥∥∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)
∥∥∥ ≤ L2(x, z)

∥∥∥ϕ − ϕ′∥∥∥ .
Proof. Gaussian Decoder. First, the gradient of log pθ(x|z) is given by:

∇θ log pθ(x|z) =
1
c2∇θGθ(z)⊤(x −Gθ(z)) .
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We have:

∥∇θ log pθ(x|z) − ∇θ log pθ′(x|z)∥ =
1
c2

∥∥∥∇θGθ(z)⊤(x −Gθ(z)) − ∇θGθ′(z)⊤(x −Gθ′(z))
∥∥∥

≤
1
c2

∥∥∥∇θGθ(z)⊤(x −Gθ(z)) − ∇θGθ(z)⊤(x −Gθ′(z))
∥∥∥

+
1
c2

∥∥∥∇θGθ(z)⊤(x −Gθ′(z)) − ∇θGθ′(z)⊤(x −Gθ′(z))
∥∥∥

≤
1
c2 (∥∇θGθ(z)∥ ∥Gθ(z) −Gθ′(z)∥ + ∥x −Gθ′(z)∥ ∥∇θGθ(z) − ∇θGθ′(z)∥) ,

Let M fi and L fi represent the Lipschitz constant and the smoothness parameter of the activation function fi in the i-th
layer, respectively. Using Lemma H.5, we get:

∥∇θGθ(z)∥ ≤ (∥z∥ + 1) aNdd−1
Ndd∏
j=1

M f j =: M∇G(z) ,

∥∇θGθ(z) − ∇θGθ′(z)∥ ≤ L∇G(z)
∥∥∥θ − θ′∥∥∥ ,

where L∇G(z) = Ndd
(
∥z∥2 + 1

)∑Ndd
k=1 L fk a

Ndd−2+k ∏k−1
i=1 M2

fi

∏Ndd
i=k+1 M fi . Therefore,

∥∇θ log pθ(x|z) − ∇θ log pθ′(x|z)∥ ≤
1
c2

(
∥∇θGθ(z)∥2 + L∇G ∥x −Gθ′(z)∥

) ∥∥∥θ − θ′∥∥∥
≤ LG(x, z)

∥∥∥θ − θ′∥∥∥ ,
where LG(x, z) =

(
M∇G(z)2 +Crec(x, z)L∇G(z)

)
/c2.

Gaussian Encoder. Consider the Gaussian encoder Eϕ, parameterized by a mean function µϕ(x) and a diagonal
covariance matrix Σϕ(x) = Diag(σ2

1(x), . . . , σ2
dz

(x)). We define lϕ(x) = (logσ2
1(x), . . . , logσ2

dz
(x)) as the logarithm of

the variance. The proof for the Gaussian encoder can be treated similarly to that of the decoder. However, it differs in
that we also learn the variance of the Gaussian distribution. Since we use the same neural network architecture for
both µϕ(x) and lϕ(x) as is used for Gθ(z), the mappings ϕ 7→ µϕ(x) and ϕ 7→ lϕ(x) are smooth functions with bounded
gradients. First, the log density of the variational distribution can be expressed as:

log qϕ(z|x) = −
1
2

(µϕ(x) − z)⊤Σ−1
ϕ (x)(µϕ(x) − z) −

1
2

log(2π detΣϕ(x))

= −
1
2

(µϕ(x) − z)⊤e−lϕ(x) ⊙ (µϕ(x) − z) − tr(Lϕ(x)) −
1
2

log(2π) ,

where Lϕ(x) = Diag(lϕ(x)). Then, the gradient is given by:

∇ϕ log qϕ(z|x) = ∇ϕµϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x)) +
1
2
∇ϕlϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2 − ∇ϕlϕ(x)⊤1 .

Therefore, we have:
∥∇ϕ log qϕ(z|x) − ∇ϕ log qϕ′(z|x)∥ ≤ A1 + A2 + A3 ,

where

A1 = ∥∇ϕµϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x)) − ∇ϕµϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))∥ ,

A2 =
1
2
∥∇ϕlϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2 − ∇ϕlϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))2∥ ,

A3 = ∥∇ϕlϕ(x) − ∇ϕlϕ′(x)∥ .
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Term A1 is upper bounded as follows

A1 = ∥∇ϕµϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x)) − ∇ϕµϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))∥

≤ ∥∇ϕµϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x)) − ∇ϕµϕ′(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))∥

+ ∥∇ϕµϕ′(x)⊤e−lϕ(x) ⊙ (z − µϕ(x)) − ∇ϕµϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)∥

+ ∥∇ϕµϕ′(x)∥∥e−lϕ(x) ⊙ (z − µϕ(x)) − e−lϕ′ (x) ⊙ (z − µϕ′(x))∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)∥ + ∥∇ϕµϕ′(x)∥∥z − µϕ(x)∥∥e−lϕ(x) − e−lϕ′ (x)∥

+ ∥∇ϕµϕ′(x)∥∥e−lϕ′ (x)∥∥µϕ(x) − µϕ′(x))∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)∥ + ∥∇ϕµϕ′(x)∥∥z − µϕ(x)∥
(

sup
ϕ∈Φ
∥e−lϕ(x)∥

)
∥lϕ(x) − lϕ′(x))∥

+ ∥∇ϕµϕ′(x)∥∥e−lϕ′ (x)∥∥µϕ(x) − µϕ′(x))∥ ,

where we used the Mean Value Theorem in the last inequality. Given the conditions that ∥e−lϕ(x)∥ ≤ 1/cΣ(x), ∥z−µϕ(x)∥ ≤
∥z∥ +Cµ, and considering the boundedness and smoothness of the functions ϕ 7→ µϕ(x) and ϕ 7→ lϕ(x), there exists Lµ,Σ1
such that

A1 ≤ Lµ,Σ1 (x, z)∥ϕ − ϕ′∥ .

For the second term A2, write

2A2 = ∥∇ϕlϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2 − ∇ϕlϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))2∥

≤ ∥∇ϕlϕ(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2 − ∇ϕlϕ′(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2∥

+ ∥∇ϕlϕ′(x)⊤e−lϕ(x) ⊙ (z − µϕ(x))2 − ∇ϕlϕ′(x)⊤e−lϕ′ (x) ⊙ (z − µϕ′(x))2∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥2∥∇ϕlϕ(x) − ∇ϕlϕ′(x)∥

+ ∥∇ϕlϕ′(x)∥∥e−lϕ(x) ⊙ (z − µϕ(x))2 − e−lϕ′ (x) ⊙ (z − µϕ′(x))2∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥2∥∇ϕlϕ(x) − ∇ϕlϕ′(x)∥ + ∥∇ϕlϕ′(x)∥∥z − µϕ(x)∥2∥e−lϕ(x) − e−lϕ′ (x)∥

+ ∥∇ϕlϕ′(x)∥∥e−lϕ′ (x)∥∥(z − µϕ(x))2 − (z − µϕ′(x))2∥

≤ ∥e−lϕ(x)∥∥z − µϕ(x)∥2∥∇ϕlϕ(x) − ∇ϕlϕ′(x)∥ + ∥∇ϕlϕ′(x)∥∥z − µϕ(x)∥2
(

sup
ϕ∈Φ
∥e−lϕ(x)∥

)
∥lϕ(x) − lϕ′(x))∥

+ ∥∇ϕlϕ′(x)∥∥e−lϕ′ (x)∥∥µϕ(x) − µϕ′(x)∥∥2z − µϕ(x) − µϕ′(x)∥ ,

where we used the Mean Value Theorem and the equality ∥(z− µϕ(x))2 − (z− µϕ′(x))2∥ = ∥µϕ(x)− µϕ′(x)∥∥2z− µϕ(x))−
µϕ′(x)∥ in the last inequality. Given the conditions that ∥e−lϕ(x)∥ ≤ 1/cΣ(x), ∥z−µϕ(x)∥ ≤ ∥z∥+Cµ, ∥2z−µϕ(x))−µϕ′(x)∥ ≤
2(∥z∥ +Cµ) and considering the boundedness and smoothness of the functions ϕ 7→ µϕ(x) and ϕ 7→ lϕ(x), there exists
Lµ,Σ2 such that

A2 ≤ Lµ,Σ2 (x, z)∥∥ϕ − ϕ′∥ .

Finally, for the last term A3, using the smoothness of ϕ 7→ lϕ(x), there exists Lµ,Σ3 such that

A3 ≤ Lµ,Σ3 (x, z)∥ϕ − ϕ′∥ .

□

Lemma D.6. Under the assumptions of Lemma D.5, the smoothness constant LS of the expected ELBO is well-defined
and finite.

Proof. Using B.1, the smoothness constant LS is defined by:

LS = sup
ϕ∈Φ
Eπ,ϕ

[
L1(x, z) + 2α(x, z)L2(x, z) + 4M(x, z)2 + 4α(x, z)M(x, z)2

]
.
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Let LS
dd and LS

ed denote the smoothness constants of the decoder and the encoder, respectively. For the smoothness
constant of the decoder, applying Lemma H.5, we have:

Ldd = Eπ,ϕ
[
L1(x, z) + M(x, z)2

]
=

1
c2Eπ,ϕ

[
2M∇G(z)2 +Crec(x, z)L∇G(z)

]
=

1
c2Eπ,ϕ

2 (∥z∥ + 1)2 a2(Ndd−1)
Ndd∏
i=1

M2
fi + NddCrec(x, z)

(
∥z∥2 + 1

) Ndd∑
k=1

L fk a
Ndd−2+k

k−1∏
i=1

M2
fi

Ndd∏
i=k+1

M fi

 .
Since

Eqϕ(·|x)
[
∥z∥2

]
= Tr(Σϕ(x)) + ∥µϕ(x)∥2 ≤ dz∥Σϕ(x)∥ +Cµ ≤ dzCΣ +Cµ ,

it follows that LS
dd is well-defined and finite.

For the smoothness constant of the encoder, we have:

LS
ed = Eπ,ϕ

[
2α(x, z)L2(x, z) + 3M(x, z)2 + 4α(x, z)M(x, z)2

]
,

where

M(x, z) = (∥x∥ + 1) aNed−1
Ned∏
i=1

M fi ,

L2(x, z) =
Ned

cΣ

(
2∥z∥2 + 2C2

µ + ∥z∥ +Cµ + cΣ
)
∥x∥2

Ned∑
k=1

L fk a
Ned−2+k

k−1∏
i=1

M2
fi

Ned∏
i=k+1

M fi

+
Ned

cΣ

(
2∥z∥2 + 2C2

µ + 3∥z∥ + 3Cµ + 1
)
∥x∥2 a2(Ned−1)

N∏
i=1

M2
fi ,

α(x, z) = max
{

dz

2
log(2πCΣ) +

1
cΣ

(
∥z∥2 +C2

µ

)
,

dz

2
log(2πc2) +

1
c2

(
∥x∥2 +C2

G

)}
.

Since π has a finite fourth moment, it is evident that LS
ed is well-defined and finite.

Moreover, under the conditions M fi ≤ 1 and L fi ≤ 1 for all 1 ≤ i ≤ N, we can establish the following bounds:

LS
dd = O(dzNdda2(Ndd−1)) and LS

ed = O(d2
z Neda2(Ned−1)) ,

where constants in these bounds depend on additional terms, but we focus here only on the dimensions of the latent
space and the number of layers in the model architecture. □

Proof of Theorem D.3. Using Lemmas D.4 and D.5, we ensure that Assumptions 1 and 2(i) are satisfied. The proof is
then completed by applying Theorem 3.3. □

D.3.2 Analysis with the pathwise gradient

We now analyze the convergence rate using the pathwise gradient in the Gaussian case.

Theorem D.7. Let c0 > 0, and consider

Fdd = {(x, z) 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) |Gθ(z) ∈ FG, θ ∈ Θ ⊆ R
dθ , c > c0} ,

Fed = {(x, z) 7→ qϕ(z|x) = N(z; µϕ(x),Σϕ(x)) | (µϕ(x),Σϕ(x)) ∈ Fµ,Σ, ϕ ∈ Φ ⊆ Rdϕ} .

Assume that there exists Crec ∈ M(X × Z) such that ∥x −Gθ(z)∥ ≤ Crec(x, z) for all θ ∈ Θ and (x, z) ∈ X × Z. Assume
also that the data distribution π has a finite fourth moment, and that there exists some constant a such that for all θ ∈ Θ
and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .
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Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0. Assume that
β1 <

√
β2 < 1. For any n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[
∥∇L (θR, ϕR)∥2

]
= O

(
L∗

√
n
+ dz

Ntotala2(Ntotal−1)

1 − β1

d∗ log n
√

n

)
,

where L∗ = L (θ∗, ϕ∗) −L (θ0, ϕ0), d∗ = dθ + dϕ is the total dimension of the parameters, Ntotal = Ned + Ndd represents
the total number of layers in the model architecture.

Lemma D.8. Let c0 > 0, and consider

Fdd = {(x, z) 7→ pθ(x|z) = N(x; Gθ(z), c2Idx) |Gθ(z) ∈ FG, θ ∈ Θ ⊆ R
dθ , c > c0} ,

Fed = {(x, z) 7→ qϕ(z|x) = N(z; µϕ(x),Σϕ(x)) | (µϕ(x),Σϕ(x)) ∈ Fµ,Σ, ϕ ∈ Φ ⊆ Rdϕ} .

Assume that there exists Crec ∈ M(X × Z) such that ∥x −Gθ(z)∥ ≤ Crec(x, z) for all θ ∈ Θ and (x, z) ∈ X × Z. Assume
also that the data distribution π has a finite fourth moment, and that there exists some constant a such that for all θ ∈ Θ
and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .

Then, Assumptions 2(ii) and 3 are satisfied.

Proof. From the analysis of the boundedness and smoothness of the neural network (Lemma H.5), we can establish
both the boundedness of the gradient and the smoothness of the functions ϕ 7→ µϕ(x) and ϕ 7→ Σϕ(x). Notably, by
following a similar reasoning to that used in the proof of Lemma D.5, we can handle Σϕ(x) = Diag(σ2

1(x), . . . , σ2
dz

(x))
by introducing the transformed variable lϕ(x) = (logσ2

1(x), . . . , logσ2
dz

(x)), which represents the logarithm of the
variances. Although the proof is formulated using Σϕ(x), it can be easily adapted to the case of lϕ(x). In the following,
each point of Assumptions 2(ii) and 3 is verified one by one.

Boundedness of the gradient of log density. For all θ ∈ Θ, ϕ ∈ Φ, x ∈ X and ε, z ∈ Z such that z = g(ε, ϕ), we have:∥∥∥∇z log pθ(x, z)
∥∥∥ ≤ ∥∥∥∇z log pθ(x|z)

∥∥∥ + ∥∥∥∇z log pθ(z)
∥∥∥

≤
∥∥∥∇zGθ(z)⊤(x −Gθ(z))

∥∥∥ + ∥z∥
≤ ∥∇zGθ(z)∥ ∥x −Gθ(z)∥ + ∥z∥ .

Using Lemma H.5, we get:

∥∥∥∇z log pθ(x, z)
∥∥∥ ≤ Crec(x, z) ∥z∥ aNdd

Ndd∏
i=1

M fi + ∥z∥

≤

(∥∥∥µϕ(x)
∥∥∥ + ∥∥∥Σϕ(x)

∥∥∥1/2
∥ε∥

) 1 +Crec(x, g(ε, ϕ))aNdd

Ndd∏
i=1

M fi


≤

(
Cµ +C1/2

Σ
∥ε∥

) 1 +Crec(x, g(ε, ϕ))aNdd

Ndd∏
i=1

M fi

 ,
where we used z = µϕ(x) + Σϕ(x)1/2ε. For the variational density, the gradient is bounded as follows:∥∥∥∇z log qϕ(z|x)

∥∥∥ = ∥∥∥Σϕ(x)−1(z − µϕ(x))
∥∥∥

=
∥∥∥Σϕ(x)−1/2ε

∥∥∥
≤ c−1/2
Σ
∥ε∥ .
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Lipschitz condition on the gradient of log density.∥∥∥∇z log pθ(x, z) − ∇z log pθ′(x, z′)
∥∥∥ ≤ ∥∥∥∇z log pθ(x, z) − ∇z log pθ′(x, z)

∥∥∥ + ∥∥∥∇z log pθ′(x, z) − ∇z log pθ′(x, z′)
∥∥∥ . (10)

Given that ∇z log pθ(x, z) = ∇zGθ(z)⊤(x −Gθ(z)), we can derive the following bound for the first term in (10):∥∥∥∇z log pθ(x, z) − ∇z log pθ′(x, z)
∥∥∥ ≤ ∥∥∥∇zGθ(z)⊤(x −Gθ(z)) − ∇zGθ′(z)⊤(x −Gθ′(z))

∥∥∥
≤

∥∥∥∇zGθ(z)⊤(x −Gθ(z)) − ∇zGθ′(z)⊤(x −Gθ(z))
∥∥∥

+
∥∥∥∇zGθ′(z)⊤(x −Gθ(z)) − ∇zGθ′(z)⊤(x −Gθ′(z))

∥∥∥
≤ ∥x −Gθ(z)∥ ∥∇zGθ(z) − ∇zGθ′(z)∥ + ∥∇zGθ′(z)∥ ∥Gθ(z) −Gθ′(z)∥

≤ Crec(x, z) ∥∇zGθ(z) − ∇zGθ′(z)∥ + ∥∇zGθ′(z)∥ ∥Gθ(z) −Gθ′(z)∥ .

For the second term in (10), we get:∥∥∥∇z log pθ(x, z) − ∇z log pθ(x, z′)
∥∥∥ ≤ ∥∥∥∇zGθ(z)⊤(x −Gθ(z)) − ∇zGθ(z′)⊤(x −Gθ(z′))

∥∥∥
≤

∥∥∥∇zGθ(z)⊤(x −Gθ(z)) − ∇zGθ(z′)⊤(x −Gθ(z))
∥∥∥

+
∥∥∥∇zGθ(z′)⊤(x −Gθ(z)) − ∇zGθ′(z′)⊤(x −Gθ(z′))

∥∥∥
≤ ∥x −Gθ(z)∥

∥∥∥∇zGθ(z) − ∇zGθ(z′)
∥∥∥ + ∥∥∥∇zGθ(z′)

∥∥∥ ∥∥∥Gθ(z) −Gθ(z′)
∥∥∥

≤ Crec(x, z)
∥∥∥∇zGθ(z) − ∇zGθ(z′)

∥∥∥ + ∥∥∥∇zGθ(z′)
∥∥∥ ∥∥∥Gθ(z) −Gθ(z′)

∥∥∥ .
By combining these two terms and applying Lemmas H.2 and H.6, we obtain:

∥∥∥∇z log pθ(x, z) − ∇z log pθ′(x, z′)
∥∥∥ ≤ Crec(x, g(ε, ϕ))

Ndd∑
k=1

L fk a
Ndd+k

k−1∏
i=1

M2
fi

Ndd∏
i=k+1

M fi

∥∥∥z − z′
∥∥∥

+ a2Ndd

Ndd∏
i=1

M2
fi

∥∥∥z − z′
∥∥∥ +Crec(x, g(ε, ϕ))

(
Cµ + ∥ε∥C

1/2
Σ

) Ndd∑
k=1

L fk a
Ndd−1+k

Ndd−1∏
i=1

M2
fi

Ndd∏
i=k+1

M fi

∥∥∥θ − θ′∥∥∥
+Crec(x, g(ε, ϕ))aNdd−1

Ndd∏
i=1

M fi

∥∥∥θ − θ′∥∥∥ + (
C2
µ + ∥ε∥

2 CΣ
)

a2Ndd−1
Ndd∏
i=1

M2
fi

∥∥∥θ − θ′∥∥∥ .
For the variational density, using Lemma H.7, we obtain:∥∥∥∇z log qϕ(z|x) − ∇z log qϕ′(z′|x)

∥∥∥ ≤ ∥∥∥∇z log qϕ(z|x) − ∇z log qϕ′(z|x)
∥∥∥ + ∥∥∥∇z log qϕ′(z|x) − ∇z log qϕ′(z′|x)

∥∥∥
≤ ∥ε∥

∥∥∥Σϕ(x)−1/2 − Σϕ′(x)−1/2
∥∥∥

+
∥∥∥Σϕ′(x)−1(z − µϕ′(x)) − Σϕ′(x)−1(z′ − µϕ′(x))

∥∥∥
≤ ∥ε∥

1
2

c−3/2
Σ
∥Σϕ(x) − Σϕ′(x)∥ + c−1

Σ ∥z − z′∥

≤ ∥ε∥
1
2

c−3/2
Σ
∥x∥ aNed−1

Ned∏
i=1

M fi∥ϕ − ϕ
′∥ + c−1

Σ ∥z − z′∥ ,

where we used the Lipschitz condition of ϕ 7→ Σϕ(x).

Lipschitz and smoothness condition on g.∥∥∥∇ϕg(ε, ϕ)
∥∥∥ ≤ ∥∥∥∥∥∇ϕµϕ(x) +

1
2
εΣϕ(x)−1/2∇ϕΣϕ(x)

∥∥∥∥∥
≤

∥∥∥∇ϕµϕ(x)
∥∥∥ + 1

2
∥ε∥

∥∥∥Σϕ(x)−1/2
∥∥∥ ∥∥∥∇ϕΣϕ(x)

∥∥∥
≤

∥∥∥∇ϕµϕ(x)
∥∥∥ + 1

2
∥ε∥ c−1/2

Σ

∥∥∥∇ϕΣϕ(x)
∥∥∥

≤

(
1 +

1
2
∥ε∥ c−1/2

Σ

)
∥x∥ aNed−1

Ned∏
i=1

M fi .
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∥∥∥∇ϕg(ε, ϕ) − ∇ϕg(ε, ϕ′)
∥∥∥ ≤ ∥∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)

∥∥∥ + 1
2
∥ε∥

∥∥∥Σϕ(x)−1/2∇ϕΣϕ(x) − Σϕ′(x)−1/2∇ϕΣϕ′(x)
∥∥∥

≤
∥∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)

∥∥∥ + 1
2
∥ε∥ c−1/2

Σ

∥∥∥∇ϕΣϕ(x) − ∇ϕΣϕ′(x)
∥∥∥

+
1
2
∥ε∥

∥∥∥∇ϕΣϕ(x)
∥∥∥ ∥∥∥Σϕ(x)−1/2 − Σϕ′(x)−1/2

∥∥∥
≤

∥∥∥∇ϕµϕ(x) − ∇ϕµϕ′(x)
∥∥∥ + 1

2
∥ε∥ c−1/2

Σ

∥∥∥∇ϕΣϕ(x) − ∇ϕΣϕ′(x)
∥∥∥

+
1
4
∥ε∥

∥∥∥∇ϕΣϕ(x)
∥∥∥ c−3/2
Σ
∥Σϕ(x) − Σϕ′(x)∥

≤

(
1 +

1
2
∥ε∥ c−1/2

Σ

)
Ned

(
∥x∥2 + 1

) Ned∑
k=1

L fk a
Ned−2+k

k−1∏
i=1

M2
fi

Ned∏
i=k+1

M fi

∥∥∥ϕ − ϕ′∥∥∥
+

1
4
∥ε∥ c−3/2

Σ
∥x∥2 a2(Ned−1)

Ned∏
i=1

M2
fi

∥∥∥ϕ − ϕ′∥∥∥ ,
where we used the Lipschitz and the smoothness of µϕ(x) and Σϕ(x). □

Lemma D.9. Under the assumptions of Lemma D.5, the smoothness constant LP of the expected ELBO is well-defined
and finite.

Proof. Using B.1, the smoothness constant LP is defined by:

LP = Eπ,pε
[
Lp(x, ε) + Mg(x, ε)2

(
Lp(x, ε) + 2Lq(x, ε)

)
+ 3Lg(x, ε)M(x, ε) + 2Mg(x, ε)Lq(x, ε)

]
+ Eπ,pε

[
Lp(x, ε)Mg(x, ε)

]
.

Let LP
dd and LP

ed denote the smoothness constants of the decoder and the encoder, respectively. For the smoothness
constant of the decoder, applying Lemma H.5, we have:

LP
dd = Eπ,pε

[
Lp(x, ε)

]
,

where

Lp(x, ε) = Crec(x, g(ε, ϕ))
Ndd∑
k=1

L fk a
Ndd+k

k−1∏
i=1

M2
fi

Ndd∏
i=k+1

M fi + a2Ndd

Ndd∏
i=1

M2
fi +

(
C2
µ + ∥ε∥

2 CΣ
)

a2Ndd−1
Ndd∏
i=1

M2
fi

+Crec(x, g(ε, ϕ))aNdd−1
Ndd∏
i=1

M fi +Crec(x, g(ε, ϕ))
(
Cµ + ∥ε∥C

1/2
Σ

) Ndd∑
k=1

L fk a
Ndd−1+k

Ndd−1∏
i=1

M2
fi

Ndd∏
i=k+1

M fi .

Since

Epε [∥ε∥] =
√

2
Γ
(dz+1

2

)
Γ
(dz

2

) ,
it follows that LP

ed is well-defined and finite.
For the smoothness constant of the encoder, we have:

LP
ed = Eπ,pε

[
Mg(x, ε)2

(
Lp(x, ε) + 2Lq(x, ε)

)
+ 3Lg(x, ε)M(x, ε) + 2Mg(x, ε)Lq(x, ε)

]
,
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where

M(x, ε) =
(
Cµ +C1/2

Σ
∥ε∥

) 1 +Crec(x, g(ε, ϕ))aNdd

Ndd∏
i=1

M fi

 + c−1/2
Σ
∥ε∥ ,

Lq(x, ε) = c−1
Σ + ∥ε∥

1
2

c−3/2
Σ
∥x∥ aNed−1

Ned∏
i=1

M fi ,

Mg(x, ε) =
(
1 +

1
2
∥ε∥ c−1/2

Σ

)
∥x∥ aNed−1

Ned∏
i=1

M fi ,

Lg(x, ε) =
(
1 +

1
2
∥ε∥ c−1/2

Σ

)
Ned

(
∥x∥2 + 1

) Ned∑
k=1

L fk a
Ned−2+k

k−1∏
i=1

M2
fi

Ned∏
i=k+1

M fi

+
1
4
∥ε∥ c−3/2

Σ
∥x∥2 a2(Ned−1)

Ned∏
i=1

M2
fi .

Since all the terms are well-defined, it is evident that LP
dd is also well-defined and finite. Moreover, under the conditions

M fi ≤ 1 and L fi ≤ 1 for all 1 ≤ i ≤ N, we can establish the following bounds:

LP
dd = O(

√
dzNdda2Ndd ) and LP

ed = O(dzNeda2(Ned−1)a2Ndd ) = O(dzNeda2(Ned+Ndd−1)) ,

where the constants in these bounds depend on additional terms. However, we focus here solely on the dimensions of
the latent space and the number of layers in the model architecture, similar to the case of the score function. □

Proof of Theorem D.7. Using Lemma D.8, we ensure that Assumptions 2(ii) and 3 are satisfied. The proof is then
completed by applying Theorem 3.3. □

E IMPORTANCE WEIGHTED AUTOENCODER

E.1 Convergence Rate of IWAE with Respect to Marginal Log Likelihood

Denoting the normalized importance weights as

w̃θ,ϕ(x, z(ℓ)) =
wθ,ϕ(x, z(ℓ))∑K
ℓ=1 wθ,ϕ(x, z(ℓ))

,

the gradient of the ELBO in IWAE can be expressed as:

∇θ,ϕL
IS
K (θ, ϕ) = Eπ

Eq⊗K
ϕ (·|x)

 K∑
ℓ=1

w̃θ,ϕ(x, z(ℓ))∇θ,ϕ log wθ,ϕ(x, z(ℓ))


 .

Using the reparametrization trick, this can be rewritten as:

∇θ,ϕL
IS
K (θ, ϕ) = Eπ

Ep⊗K
ε

 K∑
ℓ=1

w̃θ,ϕ(x, g(ε(ℓ), ϕ))∇θ,ϕ log wθ,ϕ(x, g(ε(ℓ), ϕ))


 .

Given a batch of observations {xi}
B
i=1, the estimator for the gradient of this ELBO can be expressed as:

∇̂θ,ϕL
IS
K (θ, ϕ; {xi}

B
i=1) =

1
B

B∑
i=1

K∑
ℓ=1

wθ,ϕ(xi, z
(ℓ)
i )∑k

ℓ=1 wθ,ϕ(xi, z
(ℓ)
i )
∇θ,ϕ log wθ,ϕ(xi, z

(ℓ)
i ) .

where, for all 1 ≤ i ≤ B and 1 ≤ ℓ ≤ K, z(ℓ)
i = g(ε(ℓ)

i , ϕ) with ε(ℓ)
i being independent samples drawn from pε. This

estimator can be viewed as a biased gradient estimator for the marginal log-likelihood ∇θ log pθ(x). The non-asymptotic
bound on the bias of this gradient estimator, as established in [Surendran et al., 2024, Theorem B.1], indicates that∥∥∥∥Eq⊗k

ϕ (·|x)

[
∇̂θL

IS
k (θ, ϕ; x) − ∇θ log pθ(x)

]∥∥∥∥ = O (
1
k

)
.
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This result indicates that as the number of samples K increases, the bias in the gradient estimator diminishes at a rate
inversely proportional to K. Furthermore, Surendran et al. [2024] treats IWAE as a biased gradient and establishes a
convergence rate of O(log n/

√
n + bn), where bn is related to the bias at iteration n. However, they do not explicitly

verify all assumptions; thus, our results enable us to theoretically derive the following convergence rate for the IWAE
with respect to the marginal log-likelihood:

E
[∥∥∥∇θ log pθR(x)

∥∥∥2
]
= O

(
log n
√

n
+ bn

)
,

where R ∈ {0, . . . , n} is a uniformly distributed random variable.

E.2 Proof of Theorem 3.7

Proof. First, for all K ∈ N, x ∈ X, z ∈ Z and 1 ≤ ℓ ≤ K, the Lipschitz condition and smoothness of wθ,ϕ(x, z(ℓ)) with
respect θ and ϕ come from the Lipschitz and smoothness of θ 7→ log pθ(x, z) and ϕ 7→ log qϕ(z|x). Next, we establish
that w̃θ,ϕ(x, z(ℓ)) is also Lipschitz continuous and smooth with respect to θ and ϕ for all K ∈ N, x ∈ X, z ∈ Z and
1 ≤ ℓ ≤ K. For all 1 ≤ ℓ ≤ K, denoting w(ℓ)

θ,ϕ := wθ,ϕ(x, z(ℓ)) we have:

∣∣∣∣w̃(ℓ)
θ,ϕ − w̃(ℓ)

θ′,ϕ

∣∣∣∣ =
∣∣∣∣∣∣∣∣

w(ℓ)
θ,ϕ∑K

ℓ=1 w(ℓ)
θ,ϕ

−
w(ℓ)
θ′,ϕ∑K

ℓ=1 w(ℓ)
θ′,ϕ

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣
w(ℓ)
θ,ϕ∑K

ℓ=1 w(ℓ)
θ,ϕ

−
w(ℓ)
θ′,ϕ∑K

ℓ=1 w(ℓ)
θ,ϕ

∣∣∣∣∣∣∣∣ +
∣∣∣∣∣∣∣∣

w(ℓ)
θ′,ϕ∑K

ℓ=1 w(ℓ)
θ,ϕ

−
w(ℓ)
θ′,ϕ∑K

ℓ=1 w(ℓ)
θ′,ϕ

∣∣∣∣∣∣∣∣
≤

∣∣∣∣∣∣∣∣ 1∑K
ℓ=1 w(ℓ)

θ,ϕ

∣∣∣∣∣∣∣∣
∣∣∣∣w(ℓ)
θ,ϕ − w(ℓ)

θ′,ϕ

∣∣∣∣ +
∣∣∣∣∣∣∣∣

w(ℓ)
θ′,ϕ∑K

ℓ=1 w(ℓ)
θ,ϕ

∑K
ℓ=1 w(ℓ)

θ′,ϕ

∣∣∣∣∣∣∣∣
∣∣∣∣∣∣∣

K∑
ℓ=1

w(ℓ)
θ,ϕ −

K∑
ℓ=1

w(ℓ)
θ′,ϕ

∣∣∣∣∣∣∣
≤

1
K
α+(x, ε)
α−(x, ε)

M(x, ε)
∥∥∥θ − θ′∥∥∥ + 2

1
K
α+(x, ε)3

α−(x, ε)3 M(x, ε)
∥∥∥θ − θ′∥∥∥ ,

where we used Assumption 4. This concludes the Lipschitz continuity with respect to θ. The Lipschitz condition of
w̃(ℓ)
θ,ϕ with respect to ϕ is treated in the same manner as with θ.

For a given observation x ∈ X, using the Lipschitz continuity of (θ, ϕ) 7→ w̃(ℓ)
θ,ϕ, we get:∥∥∥∇θ,ϕLIS

K (θ, ϕ; x) − ∇θ,ϕLIS
K (θ′, ϕ′; x)

∥∥∥
=

∥∥∥∥∥∥∥Ep⊗K
ε

 K∑
ℓ=1

w̃θ,ϕ(x, g(ε(ℓ), ϕ))∇θ,ϕ log wθ,ϕ(x, g(ε(ℓ), ϕ)) −
K∑
ℓ=1

w̃θ′,ϕ′(x, g(ε(ℓ), ϕ′))∇θ,ϕ log wθ′,ϕ′(x, g(ε(ℓ), ϕ′))


∥∥∥∥∥∥∥

≤ Ep⊗K
ε


∥∥∥∥∥∥∥

K∑
ℓ=1

w̃θ,ϕ(x, g(ε(ℓ), ϕ))∇θ,ϕ log wθ,ϕ(x, g(ε(ℓ), ϕ)) − w̃θ,ϕ(x, g(ε(ℓ), ϕ))∇θ,ϕ log wθ′,ϕ′(x, g(ε(ℓ), ϕ′))

∥∥∥∥∥∥∥


+ Ep⊗K
ε


∥∥∥∥∥∥∥

K∑
ℓ=1

w̃θ,ϕ(x, g(ε(ℓ), ϕ))∇θ,ϕ log wθ,ϕ′(x, g(ε(ℓ), ϕ′)) − w̃θ′,ϕ′(x, g(ε(ℓ), ϕ′))∇θ,ϕ log wθ′,ϕ′(x, g(ε(ℓ), ϕ′))

∥∥∥∥∥∥∥


≤ Ep⊗K
ε

 K∑
ℓ=1

w̃θ,ϕ(x, g(ε(ℓ), ϕ))
∥∥∥∇θ,ϕ log wθ,ϕ(x, g(ε(ℓ), ϕ)) − ∇θ,ϕ log wθ′,ϕ′(x, g(ε(ℓ), ϕ′))

∥∥∥
+ Ep⊗K

ε

 K∑
ℓ=1

∥∥∥∇θ,ϕ log wθ,ϕ′(x, g(ε(ℓ), ϕ′))
∥∥∥ ∥∥∥w̃θ,ϕ(x, g(ε(ℓ), ϕ)) − w̃θ′,ϕ′(x, g(ε(ℓ), ϕ′))

∥∥∥
≤ LP

∥∥∥(θ, ϕ) −
(
θ′, ϕ′

)∥∥∥ + 1
K
Epε

[
α+(x, ε)
α−(x, ε)

M(x, ε) + 2
α+(x, ε)3

α−(x, ε)3 M(x, ε)
] ∥∥∥(θ, ϕ) −

(
θ′, ϕ′

)∥∥∥ ,
where in the last inequality, we applied Lemma B.2 to the first term, and for the second term, we used Assumption 2(ii)
along with the Lipschitz continuity of w̃(ℓ)

θ,ϕ. Taking the expectation over π then leads to the conclusion that the ELBO
for the IWAE is LK-smooth, where

LK = LP + Eπ,pε
[
M(x, ε)α+(x, ε)/α−(x, ε) + 2M(x, ε)α+(x, ε)3/α−(x, ε)3

]
/K . (11)
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□

F SEQUENTIAL VARIATIONAL AUTOENCODERS

F.1 Introduction

Consider an unobserved state sequence z = (z0, . . . , zT ) and an observation sequence x = (x0, . . . , xT ). At each time
t ∈ N, the unobserved state zt and the observation xt are assumed to take values in some general measurable spaces
(Zt,Zt) and (Xt,Xt), respectively. Without any assumption on the sequential latent-variable model, the complete
likelihood of the observation sequence x0:T = (x0, . . . , xT ) and the latent sequence z0:T = (z0, . . . , zT ) is defined as:

p(x0:T , z0:T ) = p(z0)p(x0|z0)
T∏

t=1

p(xt|x0:t−1, z0:t)p(zt|z0:t−1, x0:t−1).

Then, the posterior distribution of this model can be factorized as:

p(z0:T |x0:T ) =
T∏

t=0

p(zt|z0:t−1, x0:T ).

The ELBO for a sequential VAE is defined as follows:

LT = Eq(·|x0:T )

[
log

p(x0:T , z0:T )
q(z0:T |x0:T )

]
= ℓT − KL(q(·|x0:T ) ∥ p(·|x0:T )),

where ℓT = log p(x0:T ) corresponds to the log evidence. The variational family q(z0:T |x0:T ) can be factorized using
several specific graphical models. The most commonly used variational decompositions are listed in Table 1.

Table 1: An Overview of Variational Approximation for Sequential Inference Networks in the Literature.

Model Variational Approximation for zt

q-INDEP q(zt|xt)
q-LR q(zt|xt−1:t+1)
q-RNN q(zt|x0:t)
q-BRNN q(zt|x0:T )
VRNN [Chung et al., 2015] q(zt|z0:t−1, x0:t)
DVBF [Karl et al., 2017] q(zt|zt−1, xt)
DKF [Krishnan et al., 2015] q(zt|zt−1, x0:T )
DKS [Krishnan et al., 2017] q(zt|zt−1, xt:T )
VF (Forward) [Marino et al., 2018] q(zt|zt−1, x0:t)
VF (Backward) [Campbell et al., 2021] q(zt|zt+1, x0:t)

In the first four models listed, the latent variable zt depends solely on the observed data, without any dependence
on other latent variables z0, . . . , zT . These models are referred to as conditionally independent latent variable models,
reflecting their simple structure. Specifically, each model uses different parameterizations for q(zt) based on the context
of the observed data:

• q-INDEP where q(zt|xt) is parameterized by an MLP,

• q-LR where q(zt|xt−1:t+1) is parameterized by an MLP,

• q-RNN where q(zt|x0:t) is parameterized by an RNN,

• q-BRNN where q(zt|x0:T ) is parameterized by a bi-directional RNN.

The remaining models use more complex structured variational approximations. For instance, VRNN [Chung et al.,
2015] conditions zt on past latent states and observations through a recurrent structure, while other models assume
a Markovian structure for the latent variables with varying approaches to handling the observed data. The model of
particular focus here is the Variational Backward Model, where the latent variable is conditioned on both future latent
states and past observations. This backward conditioning enables better smoothing by incorporating information from
future observations.
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F.2 Convergence Results in a General Setting

First, we compute the gradient of the expected ELBO with respect to θ and ϕ in this sequential setting. The gradient
with respect to θ is given by:

∇θLT (θ, ϕ) = Eπ
[
Eqϕ(·|x0:T )

[
s0:T,θ

]]
, (12)

where s0:T,θ =
∑T

t=0 st,θ with st,θ : X0:t × Z0:t ∋ (x0:t, z0:t) 7→ ∇θ log {pθ(xt|x0:t−1, z0:t)pθ(zt|z0:t−1, x0:t−1)}.
Now, for the score function gradient with respect to ϕ, using Proposition A.1, we obtain:

∇ϕLT (θ, ϕ) = Eπ

[
Eqϕ(·|x0:T )

[
log

pθ(x0:T , z0:T )
qϕ(z0:T |x0:T )

∇ϕ log qϕ(z0:T |x0:T )
]]
. (13)

To cover all possible scenarios mentioned previously, we consider the variational family qϕ(z0:T |x0:T ) which can be
factorized as

∏
t qϕ(zt|z̄t, x̄t). Here, z̄t can represent ∅, z0:t−1, zt−1 or zt+1, and x̄t can represent ∅, xt, xt−1:t+1, x0:t, xt:T or

x0:T . We will denote x̄t ∈ X̄t and z̄t ∈ Z̄t.
In this sequential framework, we work with the following assumptions.

Assumption 5. (Strong Mixing)
For every t ∈ N, there exist 0 < σ−t < σ

+
t < ∞ such that for all θ ∈ Θ and ϕ ∈ Φ,

(i) σ−t ≤ pθ(xt|x0:t−1, z0:t) ≤ σ+t for every (x0:t, z0:t) ∈ X0:t × Z0:t,

(ii) σ−t ≤ pθ(zt|z0:t−1, x0:t−1) ≤ σ+t for every (x0:t, z0:t) ∈ X0:t × Z0:t,

(iii) σ−t ≤ qϕ(zt|z̄t, x̄t) ≤ σ+t for every zt, z̄t, x̄t ∈ Zt × Z̄t × X̄t.

Assumption 5 is quite strong, but it is typically satisfied in models with a compact state space. This assumption is
well-established in the Sequential Monte Carlo literature [Douc et al., 2011, Olsson and Westerborn, 2017, Gloaguen
et al., 2022, Cardoso et al., 2023], where it is used to obtain quantitative bounds for the errors or variances of estimators.
Additionally, it is used to derive variational excess risk bounds for general state space models [Chagneux et al., 2024,
Gassiat and Le Corff, 2024]. It is worth noting that in the context of approximating filtering distributions in the SMC
literature, weaker assumptions, such as pseudo-mixing, are sometimes sufficient to obtain quantitative bounds on
estimator errors or variances (see Chigansky and Liptser [2004], Douc et al. [2009]). However, extending these results
to the smoothing context remains an open challenge. Consequently, obtaining convergence rates for sequential VAE
within a general framework, particularly involving a backward kernel, under this weaker assumption is still far from
being fully achieved.

Assumption 6. (Lipschitz Condition)

(i) For all t ∈ N, there exists Ls
t ∈ M(X0:t×Z0:t) such that for all (x0:t, z0:t) ∈ X0:t×Z0:t, the function θ 7→ st,θ(x0:t, z0:t)

is Ls
t (x0:t, z0:t)-Lipschitz, and θ 7→ st,θ(x0:t, z0:t) is bounded by ∥st(θ)∥∞. Furthermore, ∥Ls

t ∥∞ < ∞.

(ii) For all t ∈ N, there exists Lq
t ∈ M(Zt × Z̄t × X̄t) such that ∥Lq

t ∥∞ < ∞ and that for all (zt, z̄t, x̄t) ∈ Zt × Z̄t × X̄t,
ϕ 7→ log qϕ(zt|z̄t, x̄t) is Lq

t (zt, z̄t, x̄t)-Smooth, and ϕ 7→ ∇ϕ log qϕ(zt|z̄t, x̄t) is bounded.

Assumption 6(i) is analogous to the one used in Cardoso et al. [2023] (see Assumption A B.9 (i)), which was
employed to establish the convergence rate of their proposed algorithm, the PARIS Particle Gibbs (PPG) sampler. Their
method is based on Sequential Monte Carlo (SMC) techniques for the online approximation of posterior distributions
in state space models. In contrast, our approach uses variational methods. Consequently, we introduce condition (ii),
which is similar to condition (i), but is relevant to the variational distribution.

Theorem F.1. Let Assumptions 5 and 6 hold. Let (θn, ϕn) ∈ Θ ×Φ be the n-th iterate of the recursion in Algorithm 1
where γn = Cγn−1/2 with Cγ > 0. For all n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[∥∥∥∇θ,ϕL (θR, ϕR)

∥∥∥2
]
= O

(
d∗CT

log n
√

n

)
,

where d∗ = dθ + dϕ represents the total dimension of the parameters, and CT is a constant that depends on T .

In this convergence rate, the factor CT depends on T and increases as T grows. Since the exact structure of the
model is unknown, deriving a bound that depends on T is challenging. Nevertheless, we establish the convergence rate,
with dependence on T , for Deep Gaussian Non-Linear State-Space Models within the context of Variational Smoothing
below.
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F.3 Application to Variational Smoothing in Deep Gaussian Non-Linear State-Space Models

We consider a general form of state-space models (SSMs) where the filtering and smoothing distributions, as well as
the log evidence, are typically not available in closed form and thus need to be approximated.

Let θ ∈ Θ ⊂ Rdθ be a parameter of interest. In the context of SSMs, It is assumed that the sequence {zt}t∈N

forms a Markov chain with an initial distribution νθ and transition kernels {Mθ,t}t∈N where each kernel has a transition
density mθ with respect to some reference measure. Given the states {zt}t∈N, the observations {xt}t∈N are assumed to be
independent and such that for all t ∈ N, the conditional distribution of the observation xt depends only on the current
state zt. This distribution is assumed to admit a density gθ(zt, ·) with respect to some reference measure. In summary,
these correspond to the generative model:

z0 ∼ νθ(z0) , zt+1|zt ∼ mθ(zt, zt+1) , xt|zt ∼ gθ(zt, xt) .

The complete likelihood of the observation sequence x0:T = (x0, . . . , xT ) and the latent sequence z0:T = (z0, . . . , zT ) is
defined as:

pθ(x0:T , z0:T ) = νθ(z0)gθ(z0, x0)
T−1∏
t=0

mθ(zt, zt+1)gθ(zt+1, xt+1) .

The posterior distribution of this model can also be written as:

pθ(z0:T |x0:T ) = pθ(zT |xT )
T−1∏
t=1

pθ(zt|xt, zt+1) , where pθ(xt|x0:t, zt+1) =
mθ(zt, zt+1)pθ(zt|x0:t)

pθ(zt+1|x0:t)
.

Given xT , this shows that the sequence (zt)T
t=0 forms a reverse-time Markov chain with the initial distribution

pθ(zT |xT ) and backward Markov transition kernels pθ(zt|x0:t, zt+1) [Kantas et al., 2015].

Backward Decomposition of the Variational Smoothing Distribution. We consider a variational smoothing
distribution of the form

qϕ0:T (z0:T |x0:T ) = qT,ϕT (zT )
T−1∏
t=0

qt|t+1,ϕt (zt+1, zt) , (14)

where qT,ϕT (zT ) and qt|t+1,ϕt (zt+1, zt) are variational approximations of the filtering density pθ(zT |x0:T ) and the backward
transition density pθ(zt|x0:t, zt+1) respectively.

Convergence Results. We establish the convergence rate for this specific Sequential VAE structure, where the
transition, emission, and backward kernel densities follow Gaussian distributions. In this framework, both the mean and
variance are parameterized by neural networks, utilizing the same architecture for the mean and variance as specified in
Theorem 3.6, which is commonly used in practice.

Theorem F.2. Let T ∈ N and for all 0 ≤ t ≤ T, consider

Fm = {(z, z′) 7→ mθ(z, z′) = N(z′; µg
θ(z), τ2mIdz) | µ

m
θ (z) ∈ FG, θ ∈ Θ ⊆ R

dθ } ,

Fg = {(z, x) 7→ gθ(z, x) = N(x; µg
θ(z), τ2gIdx) | µ

g
θ(z) ∈ FG, θ ∈ Θ ⊆ R

dθ } ,

Ft = {(z, z′) 7→ qϕt ,t|t+1(z, z′) = N(z′; µϕt (z),Σϕt (z)) | (µϕt (z),Σϕt (z)) ∈ Fµ,Σ, ϕt ∈ Φ ⊆ R
dϕ} .

For all t ∈ N, assume that there exists C∞ > 0 such that ∥z∥∞ ≤ C∞ for all z ∈ Z. Assume also that the data distribution
π has a finite fourth moment, and that there exists some constant a such that for all θ ∈ Θ and ϕ ∈ Φ,

∥θ∥∞ + ∥ϕ∥∞ ≤ a .

Let (θn, ϕn) ∈ Θ × Φ be the n-th iterate of the recursion in Algorithm 1, where γn = Cγn−1/2 with Cγ > 0. Assume that
β1 <

√
β2 < 1. For all n ≥ 1, let R ∈ {0, . . . , n} be a uniformly distributed random variable. Then,

E
[∥∥∥∇P
θ,ϕLT (θR, ϕR)

∥∥∥2
]
= O

(
L∗

√
n
+ T

Na2(N−1)

1 − β1

d∗ log n
√

n

)
,

where L∗ = L (θ∗, ϕ∗)−L (θ0, ϕ0), d∗ = dθ + dϕ is the total dimension of the parameters, N = max{Nm,Ng}+maxt{Nt}

the total number of layers in the encoder and decoder.

40



Theorem F.2 provides the convergence rate of O
(
log n/

√
n
)

for Deep Gaussian Non-Linear State-Space Models
with variational smoothing, similar to 3.6 in the independent case, but with an additional dependence on the time series
length T . Notably, the convergence rate scales almost linearly with T . In this context, the gradient is computed over
the entire sequence of length T . Alternatively, the time series can be divided into smaller segments, with the gradient
computed for each segment to potentially reduce the convergence rate term. However, this introduces bias into the
gradient estimator, affecting the overall convergence rate. We leave this exploration for future work.

F.4 Convergence Proofs for the Sequential VAE

F.4.1 Proof of Theorem F.1

Proof. The strong mixing assumption (Assumption 5) ensures that Assumption 1 is satisfied with α(x, z) defined by:

α(x, z) =
T∑

t=0

2 max
(∣∣∣logσ−t

∣∣∣ , ∣∣∣logσ+t
∣∣∣) .

By using the decomposition of the joint likelihood and the variational distribution, along with the boundedness of
st,θ(x0:t, z0:t) and log qϕ(zt|z̄t, x̄t), we derive the boundedness of the gradients of log pθ(x|z) and log qϕ(z|x). Next, we
will establish the smoothness of these quantities, addressing each one separately.

Lipschitz condition of ∇θ log pθ(x0:T |z0:T ):∥∥∥∇θ log pθ(x0:T |z0:T ) − ∇θ log pθ′(x0:T |z0:T )
∥∥∥ = ∥∥∥s0:T,θ(x0:T , z0:T ) − s0:T,θ′(x0:T , z0:T )

∥∥∥
≤

T∑
t=0

∥∥∥st,θ(x0:t, z0:t) − st,θ′(x0:t, z0:t)
∥∥∥

≤

T∑
t=0

Ls
t (x0:t, z0:t)

∥∥∥θ − θ′∥∥∥ .
Lipschitz condition of ∇ϕ log qϕ(z0:T |x0:T ):

∥∥∥∇ϕ log qϕ(z0:T |x0:T ) − ∇ϕ log qϕ′(z0:T |x0:T )
∥∥∥ = ∥∥∥∥∥∥∥

T∑
t=0

∇ϕ log qϕ(zt|z̄t, x̄t) − ∇ϕ log qϕ′(zt|z̄t, x̄t)

∥∥∥∥∥∥∥
≤

T∑
t=0

∥∥∥∇ϕ log qϕ(zt|z̄t, x̄t) − ∇ϕ log qϕ′(zt|z̄t, x̄t)
∥∥∥

≤

T∑
t=0

Lq
t (zt, z̄t, x̄t)

∥∥∥ϕ − ϕ′∥∥∥ ,
which provides the smoothness condition, and thus Assumption 2 is satisfied with L1(x, z) =

∑T
t=0 Ls

t (x0:t, z0:t) and
L2(x, z) =

∑T
t=0 Lq

t (zt, z̄t, x̄t) for x = x0:T and z = z0:T . We conclude the proof by applying Theorem 3.3. □

F.4.2 Proof of Theorem F.2

Proof. For all T ∈ N, writing νθ(z0) = mθ(z−1, z0) and qT,ϕT (zT ) = qT |T+1,ϕT (zT+1, zT ), the gradient of the ELBO with
respect to θ is given by:

∇θLT (θ, ϕ; x0:T ) =
T∑

t=0

Eqϕ(·|x0:T )
[
∇θ

(
log mθ(zt−1, zt) + log gθ(zt, xt)

)]
=

T∑
t=0

Eqϕ(·|x0:T )

∇θ − 1
2τ2m
∥zt − µ

m
θ (zt−1)∥2 −

1
2τ2g
∥xt − µ

g
θ(zt)∥2


=

T∑
t=0

Eqϕ(·|x0:T )

 1
τ2m
∇θµ

m
θ (zt−1)⊤(zt − µ

m
θ (zt−1)) +

1
τ2g
∇θµ

g
θ(zt)⊤(xt − µ

g
θ(zt))

 .
For simplicity, we consider the case where the Lipschitz constant M fi and the smoothness constant L fi are both less

than 1. This can be easily adapted for any Lipschitz and smoothness constants, similar to the case of independent data.
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Lipschitz condition of ∇θLT (θ, ϕ). First, as in the independent case, we have:∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ ≤ ∥∥∥∇θL(θ, ϕ) − ∇θL(θ′, ϕ)

∥∥∥ + ∥∥∥∇θL(θ′, ϕ) − ∇θL(θ′, ϕ′)
∥∥∥ . (15)

Now, we bound each of these terms individually. For all θ, θ′ ∈ Θ, ϕ ∈ Φ,∥∥∥∇θLT (θ, ϕ; x0:T ) − ∇θLT (θ′, ϕ; x0:T )
∥∥∥

≤
1
τ2m

T∑
t=0

Eqϕ(·|x0:T )
[∥∥∥∇θµm

θ (zt−1)⊤(zt − µ
m
θ (zt−1)) − ∇θµm

θ′(zt−1)⊤(zt − µ
m
θ′(zt−1))

∥∥∥]
+

1
τ2g

T∑
t=0

Eqϕ(·|x0:T )
[∥∥∥∇θµg

θ(zt)⊤(xt − µ
g
θ(zt)) − ∇θµ

g
θ′(zt)⊤(xt − µ

g
θ′(zt))

∥∥∥]
≤

1
τ2m

T∑
t=0

Eqϕ(·|x0:T )
[
∥zt − µ

m
θ (zt−1)∥

∥∥∥∇θµm
θ (zt−1) − ∇θµm

θ′(zt−1)
∥∥∥ + ∥∥∥∇θµm

θ′(zt−1)
∥∥∥ ∥∥∥µm

θ (zt−1) − µm
θ′(zt−1)

∥∥∥]
+

1
τ2g

T∑
t=0

Eqϕ(·|x0:T )
[
∥xt − µ

g
θ(zt)∥

∥∥∥∇θµg
θ(zt) − ∇θµ

g
θ′(zt)

∥∥∥ + ∥∥∥∇θµg
θ′(zt)

∥∥∥ ∥∥∥µg
θ(zt) − µ

g
θ′(zt)

∥∥∥]
≤ Ldd,1

T

∥∥∥θ − θ′∥∥∥ ,
where Ldd,1

T = (T+1)(a2(Nm−1)/τ2m+a2(Ng−1)/τ2g)+(T+1)Nma2(Nm−1)C2
∞ (CG +C∞) /τ2m+(T+1)Nga2(Ng−1)C2

∞ (CG + ∥x0:T ∥) /τ2g
using the boundedness of the latent state space and the Lipschitz continuity and smoothness of θ 7→ µm

θ and θ 7→ µg
θ

(Lemma H.5). This concludes the proof for the first term in (15).
For the second term in (15), we have:

∥∥∥∇θLT (θ, ϕ; x0:T ) − ∇θLT (θ, ϕ′; x0:T )
∥∥∥ ≤ T∑

t=0

A1
t +

T∑
t=0

A2
t ,

where,

A1
t =

1
τ2m

∥∥∥∥∥∫ (
∇θµ

m
θ (zt−1)⊤(zt − µ

m
θ (zt−1))

) (
qϕ(z0:T |x0:T ) − qϕ′(z0:T |x0:T )

)
dz0:T

∥∥∥∥∥ ,
A2

t =
1
τ2g

∥∥∥∥∥∫ (
∇θµ

g
θ(zt)⊤(xt − µ

g
θ(zt))

) (
qϕ(z0:T |x0:T ) − qϕ′(z0:T |x0:T )

)
dz0:T

∥∥∥∥∥ .
Next, we define the constants from Lemma D.4 that satisfy the strong mixing condition (Assumption 5) for the Gaussian
density:

σ− =
1

(2πCΣ)dz/2
exp

(
−

1
cΣ

(
C2
∞ +C2

µ

))
, and σ+ =

1
(2πcΣ)dz/2

exp

 C2
µ

4CΣ

 .
For all t ∈ N, let fθ(zt−1, zt) = ∇θµm

θ (zt−1)⊤(zt − µ
m
θ (zt−1))/τ2m for A1

t and fθ(zt−1, zt) = ∇θµ
g
θ(zt)⊤(xt − µ

g
θ(zt))/τ2g for A2

t .
In addition, for all u ≤ v, write q̄u:v+1,ϕ =

∏v
s=u qs|s+1,ϕs . Then,∥∥∥∥∥∫ fθ(zt−1, zt)

(
qϕ(z0:T |x0:T ) − qϕ′(z0:T |x0:T )

)
dz0:T

∥∥∥∥∥
=

∥∥∥∥∥∥∥
∫

fθ(zt−1, zt)

 T∏
s=t−1

qs|s+1,ϕs(zs+1, zs) −
T∏

s=t−1

qs|s+1,ϕ′s(zs+1, zs)

 dz0:T

∥∥∥∥∥∥∥
=

∥∥∥∥∥∥∥
∫

fθ(zt−1, zt)
T∑

s=t−1

(
q̄s:T+1,ϕ(zs:T )q̄t−1:s,ϕ′(zt−1:s) − q̄s+1:T+1,ϕ(zs+1:T )q̄t−1:s+1,ϕ′(zt−1:s+1)

)
dz0:T

∥∥∥∥∥∥∥
≤

T∑
s=t−1

∥∥∥∥∥∫ fθ(zt−1, zt)
(
q̄s:T+1,ϕ(zs:T )q̄t−1:s,ϕ′(zt−1:s) − q̄s+1:T+1,ϕ(zs+1:T )q̄t−1:s+1,ϕ′(zt−1:s+1)

)
dz0:T

∥∥∥∥∥
≤ ∥ fθ∥∞

T∑
s=t−1

ρs−t+1
∥∥∥µs:T,ϕ − µ̃s:T,ϕ,ϕ′

∥∥∥
TV ,
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where for all measurable set A, µs:T,ϕ(A) =
∫ ∏T

ℓ=s+1 qℓ|ℓ+1,ϕℓ(zℓ+1, zℓ)qs|s+1,ϕs(zs+1, zs)1A(zs)dzs:T , µ̃s:T,ϕ,ϕ′(A) =∫ ∏T
ℓ=s+1 qℓ|ℓ+1,ϕℓ(zℓ+1, zℓ)qs|s+1,ϕ′s(zs+1, zs)1A(zs)dzs:T and where we used [Gloaguen et al., 2022, Theorem 4.10] with

ρ = 1 − σ−/σ+. Then, similar as in the independent case, using the inequality for all x ≥ 1, x − 1 ≤ x log x ≤
∣∣∣x log x

∣∣∣,
we have: ∥∥∥µs:T,ϕ − µ̃s:T,ϕ,ϕ′

∥∥∥
TV

=
1
2

∫ ∣∣∣∣q̄s+1:T+1,ϕ(zs+1:T )
(
qs|s+1,ϕs(zs+1, zs) − qs|s+1,ϕ′s(zs+1, zs)

)∣∣∣∣ dzs:T

≤
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

∣∣∣qs|s+1,ϕs(zs+1, zs) − qs|s+1,ϕ′s(zs+1, zs)
∣∣∣ dzs:T

≤
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

(
qs|s+1,ϕs(zs+1, zs)
qs|s+1,ϕ′s(zs+1, zs)

− 1
)

1qs|s+1,ϕs (zs+1,zs)≥qs|s+1,ϕ′s
(zs+1,zs)qs|s+1,ϕ′s(zs+1, zs) dzs:T

+
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

(
qs|s+1,ϕs(zs+1, zs)
qs|s+1,ϕ′s(zs+1, zs)

− 1
)

1qs|s+1,ϕs (zs+1,zs)>qs|s+1,ϕ′s
(zs+1,zs)qs|s+1,ϕ′s(zs+1, zs) dzs:T

≤
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

∣∣∣∣∣∣qs|s+1,ϕs(zs+1, zs)
qs|s+1,ϕ′s(zs+1, zs)

log
qs|s+1,ϕs(zs+1, zs)
qs|s+1,ϕ′s(zs+1, zs)

∣∣∣∣∣∣ qs|s+1,ϕ′s(zs+1, zs) dzs:T

+
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

∣∣∣∣∣∣qs|s+1,ϕ′s(zs+1, zs)
qs|s+1,ϕs(zs+1, zs)

log
qs|s+1,ϕ′s(zs+1, zs)
qs|s+1,ϕs(zs+1, zs)

∣∣∣∣∣∣ qs|s+1,ϕs(zs+1, zs) dzs:T

≤
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

∣∣∣∣∣∣log
qs|s+1,ϕs(zs+1, zs)
qs|s+1,ϕ′s(zs+1, zs)

∣∣∣∣∣∣ qs|s+1,ϕs(zs+1, zs) dzs:T

+
1
2

∫
q̄s+1:T+1,ϕ(zs+1:T )

∣∣∣∣∣∣log
qs|s+1,ϕ′s(zs+1, zs)
qs|s+1,ϕs(zs+1, zs)

∣∣∣∣∣∣ qs|s+1,ϕ′s(zs+1, zs) dzs:T

≤ C∞amax{Nt}−1
∥∥∥ϕs − ϕ

′
s

∥∥∥ ,
where we used the Lipschitz condition of ϕs 7→ log qs|s+1,ϕs . We then derive the following bounds:

A1
t ≤

1
(1 − ρ)τ2m

C2
∞ (CG +C∞) aNm−1amax{Nt}−1

∥∥∥ϕ − ϕ′∥∥∥ ,
A2

t ≤
1

(1 − ρ)τ2g
C2
∞ (CG + ∥x0:T ∥) aNg−1amax{Nt}−1

∥∥∥ϕ − ϕ′∥∥∥ .
Therefore,∥∥∥∇θLT (θ, ϕ; x0:T ) − ∇θLT (θ, ϕ′; x0:T )

∥∥∥
≤ (T + 1) C2

∞amax{Nt}−1
CG +C∞

(1 − ρ)τ2m
aNm−1 +

CG + ∥x0:T ∥

(1 − ρ)τ2g
aNg−1

 ∥∥∥ϕ − ϕ′∥∥∥ ,
which concludes the proof of the Lipschitz condition for ∇θLT (θ, ϕ) by taking the expectation over x0:T .

Lipschitz condition of ∇ϕtLT (θ, ϕ). Given an observation sequence x0:T , the ELBO for a sequential VAE in this
setting, along with the score function gradient of the ELBO with respect to ϕ is defined as:

LT (θ, ϕ; x0:T ) =
T∑

t=0

Eqϕ(·|x0:T )
[
log mθ(zt, zt+1) + log gθ(zt, xt) − log qt|t+1,ϕt (zt+1, zt)

]
,

∇ϕtLT (θ, ϕ; x0:T ) = Eqϕ(·|x0:T )

[
log

mθ(zt, zt+1)gθ(zt, xt)
qt|t+1,ϕt (zt+1, zt)

∇ϕt log qt|t+1,ϕt (zt+1, zt)
]
.

This gradient shares structural similarities with the independent case but differs due to the appearance of both the
transition density m and the emission density g. Following a similar procedure to that in Lemma B.1, we obtain:∥∥∥∇ϕtLT (θ, ϕt; x0:T ) − ∇ϕtLT (θ′, ϕt; x0:T )

∥∥∥
≤ Eqϕ(·|x0:T )

[∥∥∥∇ϕt log qt|t+1,ϕt (zt+1, zt)
∥∥∥ ∥∥∥log mθ(zt, zt+1) − log mθ′(zt, zt+1)

∥∥∥]
+ Eqϕ(·|x0:T )

[∥∥∥∇ϕt log qt|t+1,ϕt (zt+1, zt)
∥∥∥ ∥∥∥log gθ(zt, xt) − log gθ′(zt, xt)

∥∥∥]
≤ C2

∞aNt−1
(
(CG +C∞) aNm−1 + (CG + ∥x0:T ∥) aNg−1

)
.
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Now, let the unnormalized weights be denoted as follows:

wθ,ϕt (xt, zt, zt+1) =
mθ(zt, zt+1)gθ(zt, xt)

qt|t+1,ϕt (zt+1, zt)
.

Following the same approach as in the Lipschitz condition for ∇S
ϕL(θ, ϕ) in the independent case (Lemma B.1), we

have: ∥∥∥∇ϕtLT (θ, ϕt; x0:T ) − ∇ϕtLT (θ, ϕ′t ; x0:T )
∥∥∥ ≤ A1

t + A2
t ,

where

A1
t =

∥∥∥∥Eϕ [log wθ,ϕt (xt, zt, zt+1)∇ϕt log qt|t+1,ϕt (zt+1, zt)
]
− Eϕ

[
log wθ,ϕ′t (xt, zt, zt+1)∇ϕt log qt|t+1,ϕ′t (zt+1, zt)

]∥∥∥∥ ,
A2

t =
∥∥∥∥Eϕt

[
log wθ,ϕt (xt, zt, zt+1)∇ϕt log qt|t+1,ϕt (zt+1, zt)

]
− Eϕ′t

[
log wθ,ϕt (xt, zt, zt+1)∇ϕt log qt|t+1,ϕt (zt+1, zt)

]∥∥∥∥ .
Furthermore, denoting x = x0:T and z = z0:T , we also obtain the following bounds:

A1
t ≤ 2Eπ,ϕ [α(x, z)L2(x, z)]

∥∥∥ϕ − ϕ′∥∥∥ + Eπ,ϕ [Mq(x, z)2
] ∥∥∥ϕ − ϕ′∥∥∥ ,

A2
t ≤ 2

(
Eπ,ϕ

[
α(x, z)Mq(x, z)2

]
+ Eπ,ϕ′

[
α(x, z)Mq(x, z)2

]) ∥∥∥ϕ − ϕ′∥∥∥ ,
where

α(x, z) = max
{

dz

2
log(2πCΣ) +

1
cΣ

(
C2
∞ +C2

µ

)
,

dz

2
log(2πc2) +

1
c2

(
∥x0:T ∥

2 +C2
G

)}
,

L2(x, z) =
Nt

cΣ
∥x0:T ∥

2 a2(Nt−1)
(
4C2
∞ + 4C2

µ + 4C∞ + 4Cµ + cΣ + 1
)
,

Mq(x, z) = C∞aNt−1 .

We establish the Lipschitz condition for ∇ϕLT (θ, ϕ) by combining all the derived inequalities and then taking the
expectation over x0:T . The proof is then completed by applying Theorem 3.3. □

G ADDITIONAL EXPERIMENTS

G.1 Additional Experiments details on CelebA

In this section, we provide further details regarding the experiments conducted on the CelebA dataset. Specifically,
we examine how architectural modifications impact the convergence rate. Figure 4 illustrates the effect of adding
layers to the model on the squared norm of the gradients, Figure 4 illustrates the impact of adding layers to the model
on the squared norm of the gradients ∥∇L(θn, ϕn)∥2. The figure compares the baseline model, which has 22,607,435
parameters, with two variants: one that includes an additional fully connected layer (24,706,635 parameters) and
another that adds a convolutional layer (30,993,483 parameters). The results indicate that adding an extra layer
generally slows down convergence. Notably, the difference in convergence rates between the fully connected layer and
the convolutional layer is relatively small, primarily due to the variation in the number of parameters introduced by
each layer type.

G.2 Experiments on CIFAR-100

Dataset and Model. We conduct our experiments on the CIFAR-100 dataset [Krizhevsky et al., 2009] and use a
Convolutional Neural Network (CNN) architecture with ReLU and generalized soft-clipping activation functions for
both the encoder and decoder networks. All other model, optimizer, and training parameters are consistent with those
used for the CelebA dataset.

In the first experiment, we illustrate the convergence results of the standard VAE using our choice of activation
functions, similar to those applied in the CelebA dataset. Figure 5 shows the squared norm of the gradients ∥∇L(θn, ϕn)∥2

and the negative log-likelihood on the test dataset for both ReLU and the generalized soft-clipping activation function
with various values of s. We observe a comparable convergence rate for all values of s. Notably, s = 5 emerges as a
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Figure 4: ∥∇L(θn, ϕn)∥2 in VAE trained with Adam for the baseline model, a model with an additional fully connected
layer, and a model with an additional convolutional layer. Bold lines represent the mean over 5 independent runs.
Figures are plotted on a logarithmic scale for better visualization.

reasonable choice, balancing convergence rate and numerical stability, consistent with observations from the CelebA
case. However, s = 10 also performs adequately, contrary to the results from the CelebA dataset.

Next, we estimate the squared norm of the gradients and the negative log-likelihood using the β-VAE and IWAE
models. Figure 6 shows both the squared gradient norm and the negative log-likelihood for the β-VAE across different
values of β. Additionally, Figure 7 displays the same quantities for the IWAE, evaluated with different values of K. As
with the CelebA dataset, we observe that smaller values of β for the β-VAE, lead to faster convergence in both cases.
Similarly, increasing the value of K for the IWAE results in faster convergence.
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Figure 5: Squared norm of gradients and Negative ELBO on the test set of the CelebA for VAE trained with Adam and
generalized soft-clipping activation function. Bold lines represent the mean over 5 independent runs.

The simulations in this paper were conducted using the NVIDIA RTX 6000 GPUs with 48GB of VRAM. The total
computing hours required for the results presented in this paper are estimated to be around 100 to 200 hours of GPU
usage.

H TECHNICAL LEMMAS

Lemma H.1. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1. For all θ ∈ Θ and z ∈ Z, the gradient of Gθ(z) with respect to Wi

for all 1 ≤ i ≤ N, can be expressed as:

∇WiGθ(z) =

 N∏
j=i+1

f ′j (u j) ·W j

 f ′i (ui) fi−1(ui−1)⊤ and ∇biGθ(z) =

 N∏
j=i+1

f ′j (u j) ·W j

 f ′i (ui) ,

where f0(z) = u0 = z, u1 = W1z + b1 and u j = W j f j−1(u j−1) + b j for all 2 ≤ j ≤ N.
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Figure 6: Squared norm of gradients (on the left) and Negative Log-Likelihood (on the right) for β-VAE trained on
CIFAR-100 dataset using Adam. Bold lines represent the mean over 5 independent runs.
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Figure 7: Squared norm of gradients (on the left) and Negative Log-Likelihood (on the right) for IWAE trained on
CIFAR-100 dataset using Adam. Bold lines represent the mean over 5 independent runs.

Proof. To derive the gradient of Gθ(z) with respect to Wi and bi, we use the chain rule. First, for the final layer, i.e.,
i = N, the gradient of Gθ(z) with respect to WN and bN are given by:

∇WN Gθ(z) =
∂Gθ(z)
∂uN

·
∂uN

∂WN
and ∇bN Gθ(z) =

∂Gθ(z)
∂uN

·
∂uN

∂bN
.

Note that ∇WN Gθ(z) ∈ RdN×dN×dN−1 , where di denotes the dimension of ui. For all p, q, r ∈ N, we observe that
(∇WN Gθ(z))p,q,r = 0 if p , q. Thus, we can conventionally simplify this tensor to a matrix of size RdN×dN−1 by ignoring
the second dimension. Since uN = WN fN−1(uN−1) + bN and Gθ(z) = fN(uN), we have:

∇WN Gθ(z) = f ′N(uN) fN−1(uN−1)⊤ ,

∇bN Gθ(z) = Diag( f ′N(uN)) .

For i < N, by recursively applying the chain rule, the gradient of Gθ(z) with respect to Wi for all 1 ≤ i ≤ N, can be
expressed as:

∇WiGθ(z) =

 N∏
j=i+1

f ′j (u j) ·W j

 f ′i (ui) fi−1(ui−1)⊤ and ∇biGθ(z) =

 N∏
j=i+1

f ′j (u j) ·W j

 f ′i (ui) ,

where f0(z) = u0 = z, u1 = W1z + b1 and u j = W j f j−1(u j−1) + b j for all 2 ≤ j ≤ N. □

Lemma H.2. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1 such that fi ∈ FSL for all 1 ≤ i ≤ N. Let M fi and L fi represent the

Lipschitz constant and the smoothness parameter of the activation function fi in the i-th layer, respectively. Assume
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that there exists some constant a such that for any θ ∈ Θ, ∥θ∥ ≤ a. Then, for all z, z′ ∈ Z, and θ ∈ Θ:

∥∇zGθ(z)∥ ≤ aN
N∏

j=1

M f j ,

∥∥∥∇zGθ(z) − ∇zGθ(z′)
∥∥∥ ≤ N∑

k=1

L fk a
N+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥z − z′
∥∥∥ .

Proof. Similar to Lemma H.1, the gradient of Gθ(z) with respect to z is defined as:

∇zGθ(z) =

 N∏
j=1

f ′j (u j) ·W j

 ,
where u1 = W1z + b1 and u j = W j f j−1(u j−1) + b j for all 2 ≤ j ≤ N. We will now show by induction on the number of
layers N that: ∥∥∥∇zGθ(z) − ∇zGθ(z′)

∥∥∥ ≤ N∑
k=1

L fk a
N+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥z − z′
∥∥∥ .

For the base case, consider the neural network with a single layer, where Gθ(z) = f1(W1z + b1). The gradient with
respect to z is given by:

∇zGθ(z) = f ′1(W1z + b1) ·W1 .

Note that ∥∥∥∇zGθ(z) − ∇zGθ(z′)
∥∥∥ = ∥∥∥ f ′1(W1z + b1) ·W1 − f ′1(W1z′ + b1) ·W1

∥∥∥ ,
≤ ∥W1∥

∥∥∥ f ′1(W1z + b1) − f ′1(W1z′ + b1)
∥∥∥ ,

≤ a2L f1

∥∥∥z − z′
∥∥∥ ,

which completes the base case.
Now, for the inductive step, assume that the Lipschitz constant holds for a network with N − 1 layers. We show that

it also holds for a neural network with N layer. Let u and u′ be sequences defined as follows: u0 = z, u′0 = z′, u1 =

W1z′ + b1, u′1 = W1z′ + b1, u j = W j f j−1(u j−1) + b j and u′j = W j f j−1(u′j−1) + b j for all 2 ≤ j ≤ N. We have:∥∥∥∥∥∥∥∥
N∏

j=1

f ′j (u j) ·W j −

N∏
j=1

f ′j (u
′
j) ·W j

∥∥∥∥∥∥∥∥ ≤ A1 + A2 ,

where

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=1

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u j) ·W j


∥∥∥∥∥∥∥∥ ,

A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u
′
j) ·W j


∥∥∥∥∥∥∥∥ .
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First, we have:

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=1

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u j) ·W j


∥∥∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥∥
N−1∏
j=1

f ′j (u j) ·W j

∥∥∥∥∥∥∥∥ ∥WN∥
∥∥∥ f ′N(uN) − f ′N(u′N)

∥∥∥
≤ aN−1a

N−1∏
j=1

M f j

∥∥∥ f ′N(uN) − f ′N(u′N)
∥∥∥

≤ aN
N−1∏
j=1

M f ja
N L fN

N−1∏
j=1

M f j

∥∥∥z − z′
∥∥∥

≤ a2N L fN

N−1∏
j=1

M2
f j

∥∥∥z − z′
∥∥∥ ,

where we used the Lipschitz and smoothness conditions of the activation functions in the second last inequality. For
A2, using the induction hypothesis:

A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=1

f ′j (u
′
j) ·W j


∥∥∥∥∥∥∥∥

≤
∥∥∥ f ′N(u′N)

∥∥∥ ∥WN∥

∥∥∥∥∥∥∥∥
N−1∏
j=1

f ′j (u j) ·W j −

N−1∏
j=1

f ′j (u
′
j) ·W j

∥∥∥∥∥∥∥∥
≤ M fN a

N−1∑
k=1

L fk a
N−1+k

k−1∏
j=1

M2
f j

N−1∏
j=k+1

M f j

∥∥∥z − z′
∥∥∥

≤

N−1∑
k=1

L fk a
N+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥z − z′
∥∥∥ .

By combining these two terms, we obtain:

∥∥∥∇zGθ(z) − ∇zGθ(z′)
∥∥∥ ≤ N∑

k=1

L fk a
N+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥z − z′
∥∥∥ ,

which concludes the proof of the smoothness condition. For the boundedness of the gradient, we have:

∥∇zGθ(z)∥ =

∥∥∥∥∥∥∥∥
N∏

j=1

f ′j (u j) ·W j

∥∥∥∥∥∥∥∥ ≤ aN
N∏

j=1

M f j ,

which completes the proof. □

Lemma H.2 establishes the boundedness and smoothness of a neural network with respect to its input. The
following lemmas extends these properties to the parameters, proving their boundedness and smoothness. Specifically,
the boundedness and smoothness with respect to W1 are addressed in Lemma H.3, Wi in Lemma H.4 and θ in Lemma
H.5.

Lemma H.3. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1 such that fi ∈ FSL for all 1 ≤ i ≤ N. Let M fi and L fi represent the

Lipschitz constant and the smoothness parameter of the activation function fi in the i-th layer, respectively. Assume
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that there exists some constant a such that for any θ ∈ Θ, ∥θ∥ ≤ a. Then, for all θ, θ′ ∈ Θ, and z ∈ Z:

∥∥∥∇W1Gθ(z)
∥∥∥ ≤ ∥z∥ aN−1

N∏
j=1

M f j ,

∥∥∥∇W1GW1(z) − ∇W1GW′1(z)
∥∥∥ ≤ N∑

k=1

∥z∥2 L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥W1 −W′1
∥∥∥ .

Proof. Using Lemma H.1, the gradient of Gθ(z) with respect to W1 and b1 are defined as:

∇W1Gθ(z) =

 N∏
j=2

f ′j (u j) ·Wi

 f ′1(u1)u⊤0 and ∇b1Gθ(z) =

 N∏
j=2

f ′j (u j) ·W j

 f ′1(u1) ,

where u0 = z, u1 = W1z + b1 and u j = W j f j−1(u j−1) + b j for all 2 ≤ j ≤ N. We now show by induction on the number
of layers that the Lipschitz constant with respect to W1 is

∑N
k=1 ∥z∥

2L fk a
N−2+k ∏k−1

j=1 M2
f j

∏N
j=k+1 M f j . For the base case,

consider the neural network with a single layer, where Gθ(z) = f1(W1z + b1). The gradient with respect to W1 is given
by:

∇W1Gθ(z) = f ′1(W1z + b1)z⊤ .

Note that ∥∥∥∇W1GW1(z) − ∇W1GW′1(z)
∥∥∥ = ∥∥∥ f ′1(W1z + b1)z⊤ − f ′1(W′1z + b1)z⊤

∥∥∥ ,
≤ ∥z∥

∥∥∥ f ′1(W1z + b1) − f ′1(W′1z + b1)
∥∥∥ ,

≤ ∥z∥2 L f1

∥∥∥W1 −W′1
∥∥∥ ,

which completes the base case.
Now, for the inductive step, assume that the Lipschitz constant holds for a network with N − 1 layer. We show

that it also holds for a neural network with N layers. Let u and u′ be sequences defined as follows: u0 = u′0 = z, u1 =

W1z + b1, u′1 = W′1z + b1, u j = W j f j−1(u j−1) + b j and u′j = W j f j−1(u′j−1) + b j for all 2 ≤ j ≤ N. We have:

∥∥∥∇W1GW1(z) − ∇W1GW′1(z)
∥∥∥ =

∥∥∥∥∥∥∥∥
 N∏

j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ −

 N∏
j=2

f ′j (u
′
j) ·W j

 f ′1(u′1)z⊤

∥∥∥∥∥∥∥∥
≤ A1 + A2 ,

where

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ − f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤

∥∥∥∥∥∥∥∥ ,
A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ − f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u
′
j) ·W j

 f ′1(u′1)z⊤

∥∥∥∥∥∥∥∥ .
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First, we have:

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ − f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤

∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥∥
N−1∏

j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤

∥∥∥∥∥∥∥∥ ∥WN∥
∥∥∥ f ′N(uN) − f ′N(u′N)

∥∥∥
≤ aN−2a

N−1∏
j=1

M f j ∥z∥
∥∥∥ f ′N(uN) − f ′N(u′N)

∥∥∥
≤ aN−1

N−1∏
j=1

M2
f j
∥z∥2 aN−1L fN

∥∥∥W1 −W′1
∥∥∥

≤ ∥z∥2 a2(N−1)L fN

N−1∏
j=1

M2
f j

∥∥∥W1 −W′1
∥∥∥ ,

where we used the Lipschitz and smoothness conditions of the activation functions in the second last inequality. For
A2, using the induction hypothesis,

A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ − f ′N(u′N) ·WN

N−1∏
j=2

f ′j (u
′
j) ·W j

 f ′1(u′1)z⊤

∥∥∥∥∥∥∥∥
≤

∥∥∥ f ′N(u′N)
∥∥∥ ∥WN∥

∥∥∥∥∥∥∥∥
N−1∏

j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤ −

N−1∏
j=2

f ′j (u
′
j) ·W j

 f ′1(u′1)z⊤

∥∥∥∥∥∥∥∥
≤ M fN a ∥z∥2

N−1∑
k=1

L fk a
N−3+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥W1 −W′1
∥∥∥

≤ ∥z∥2
N−1∑
k=1

L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥W1 −W′1
∥∥∥ .

By combining these two terms, we obtain:

∥∥∥∇W1GW1(z) − ∇W1GW′1(z)
∥∥∥ ≤ ∥z∥2 N∑

k=1

L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥W1 −W′1
∥∥∥ ,

which concludes the proof of the smoothness condition. For the boundedness of the gradient, we have:

∥∥∥∇W1Gθ(z)
∥∥∥ =

∥∥∥∥∥∥∥∥
 N∏

j=2

f ′j (u j) ·W j

 f ′1(u1)z⊤

∥∥∥∥∥∥∥∥ ≤ ∥z∥ aN−1
N∏

j=1

M f j ,

which completes the proof. □

Lemma H.4. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1 such that fi ∈ FSL for all 1 ≤ i ≤ N. Let M fi and L fi represent the

Lipschitz constant and the smoothness parameter of the activation function fi in the i-th layer, respectively. Assume
that there exists some constant a such that for any θ ∈ Θ, ∥θ∥ ≤ a. Then, for all θ, θ′ ∈ Θ, and z ∈ Z:

∥∥∥∇WiGθ(z)
∥∥∥ ≤ ∥z∥ aN−1

N∏
j=1

M f j ,

∥∥∥∇WiGWi(z) − ∇WiGW′i (z)
∥∥∥ ≤ N∑

k=i

∥z∥2 L fk a
N−2i+k

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

∥∥∥Wi −W′i
∥∥∥ .
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Proof. For the boundedness of the gradient of Gθ(z) with respect to Wi, we have:

∥∥∥∇WiGθ(z)
∥∥∥ ≤

∥∥∥∥∥∥∥∥
 N∏

j=i+1

f ′j (u j) ·W j

 f ′i (ui) fi−1(ui−1)⊤

∥∥∥∥∥∥∥∥ ≤ ∥ fi−1(ui−1)∥ aN−i
N∏
j=i

M f j

≤ ∥z∥ aN−1
N∏

j=1

M f j ,

where we used the fact that ∥ fi−1(ui−1)∥ ≤ ∥z∥ ai−1 ∏i−1
j=1 M f j . For the smoothness condition, using a similar argument

as in Lemma H.3, we define the sequences u and u′ as follows: u0 = u′0 = z, u1 = W1z + b1, u′1 = W′1z + b1, u j =

W j f j−1(u j−1) + b j and u′j = W′j f j−1(u′j−1) + b j for all 2 ≤ j ≤ N. Thus, we obtain:

∥∥∥∇WiGWi(z) − ∇WiGW′i (z)
∥∥∥ ≤

∥∥∥∥∥∥∥∥
 N∏

j=i+1

f ′j (u j) ·W j

 f ′i (ui) fi−1(ui−1)⊤ −

 N∏
j=i+1

f ′j (u
′
j) ·W j

 f ′i (u′i) fi−1(ui−1)⊤

∥∥∥∥∥∥∥∥
≤ ∥ fi−1(ui−1)∥2

N∑
k=i

L fk a
N−2i+k

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

∥∥∥Wi −W′i
∥∥∥

≤

N∑
k=i

L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥Wi −W′i
∥∥∥ .

which concludes the proof. □

Lemma H.5. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1 such that fi ∈ FSL for all 1 ≤ i ≤ N. Let M fi and L fi represent the

Lipschitz constant and the smoothness parameter of the activation function fi in the i-th layer, respectively. Assume
that there exists some constant a such that for any θ ∈ Θ, ∥θ∥ ≤ a. Then, for all θ, θ′ ∈ Θ, and z ∈ Z:

∥∇θGθ(z)∥ ≤ (∥z∥ + 1) aN−1
N∏

j=1

M f j ,

∥∇θGθ(z) − ∇θGθ′(z)∥ ≤ N
(
∥z∥2 + 1

) N∑
k=1

L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥θ − θ′∥∥∥ .
Proof. For the gradient of Gθ(z) with respect to θ, we have:

∥∇θGθ(z)∥ = max
1≤i≤N

{∥∥∥∇WiGθ(z)
∥∥∥ , ∥∥∥∇biGθ(z)

∥∥∥}
≤ max

1≤i≤N

∥∥∥∇WiGθ(z)
∥∥∥ + max

1≤i≤N

∥∥∥∇biGθ(z)
∥∥∥

≤ ∥z∥aN−1
N∏

j=1

M f j + aN−1
N∏

j=1

M f j ,

where we used Lemma H.4. Using Lemma H.4, we obtain the following smoothness condition:

∥∇θGθ(z) − ∇θGθ′(z)∥ = max
1≤i≤N

∥∥∥∇WiGθ(z) − ∇WiGθ′(z)
∥∥∥ + max

1≤i≤N

∥∥∥∇biGθ(z) − ∇biGθ′(z)
∥∥∥ .

For each weight Wi, we have: ∥∥∥∇WiGθ(z) − ∇WiGθ′(z)
∥∥∥ ≤ N∑

j=1

∥∥∥∥∇WiGW j(z) − ∇WiGW′j (z)
∥∥∥∥

≤

N∑
j=1

LW j

∥∥∥W j −W′j
∥∥∥

≤ Lmax

N∑
j=1

∥∥∥W j −W′j
∥∥∥

≤ LmaxN
∥∥∥θ − θ′∥∥∥ ,
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where Lmax = ∥z∥2 max1≤i≤N

{∑N
k=i L fk a

N−2+k ∏k−1
j=1 M2

f j

∏N
j=k+1 M f j

}
. Similarly, for the bias terms bi, we can use the

same reasoning, obtaining an analogous bound. Thus, combining both the weight and bias terms, and noting that all
terms in the sum for Lmax are positive, we conclude:

∥∇θGθ(z) − ∇θGθ′(z)∥ ≤ N
(
∥z∥2 + 1

) N∑
k=1

∥z∥2 L fk a
N−2+k

k−1∏
j=1

M2
f j

N∏
j=k+1

M f j

∥∥∥θ − θ′∥∥∥ .
□

Lemma H.6. Let Gθ : z 7→ NN(z; θ, f ,N) denote a neural network with N layers, where the parameters are θ =
{Wi, bi}

N
i=1, and activation functions are f = { fi}Ni=1 such that fi ∈ FSL for all 1 ≤ i ≤ N. Let M fi and L fi represent the

Lipschitz constant and the smoothness parameter of the activation function fi in the i-th layer, respectively. Assume
that there exists some constant a such that for any θ ∈ Θ, ∥θ∥ ≤ a. Then, for all 1 ≤ i ≤ N, Wi,W′i ∈ Θ, and z ∈ Z,

∥∥∥∇zGWi(z) − ∇zGW′i (z)
∥∥∥ ≤ i−1∏

j=1

M f j

aN−1
N∏
j=i

M f j +

N∑
k=i

∥z∥ L fk a
N−i+k

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

 ∥∥∥Wi −W′i
∥∥∥ .

Proof. The gradient of Gθ(z) with respect to z is defined as:

∇zGθ(z) =

 N∏
j=1

f ′j (u j) ·W j

 ,
where u1 = W1z + b1 and u j = W j f j−1(u j−1) + b j for all 2 ≤ j ≤ N. Let u and u′ be sequences defined as follows:
u0 = u′0 = z, ui = Wiz + bi, u′i = W′i z + bi and u j = u′j = W j f j−1(u j−1) + b j for all j , i. We have: We have:

∥∥∥∇zGWi(z) − ∇zGW′i (z)
∥∥∥ =

∥∥∥∥∥∥∥∥
N∏

j=1

f ′j (u j) ·W j −

N∏
j=1

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥
≤

∥∥∥∥∥∥∥∥
 i−1∏

j=1

f ′j (u j) ·Wi


 N∏

j=i

f ′j (u j) ·W j

 −
 i−1∏

j=1

f ′j (u j) ·W j


 N∏

j=i

f ′j (u
′
j) ·W

′
j


∥∥∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥∥
i−1∏
j=1

f ′j (u j) ·W j

∥∥∥∥∥∥∥∥
∥∥∥∥∥∥∥∥

N∏
j=i

f ′j (u j) ·W j −

N∏
j=i

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥
≤ ai−1

i−1∏
j=1

M f j

∥∥∥∥∥∥∥∥
N∏
j=i

f ′j (u j)W j −

N∏
j=i

f ′j (u
′
j)W

′
j

∥∥∥∥∥∥∥∥ .
We now show by induction on the number of layers that:∥∥∥∥∥∥∥∥

N∏
j=i

f ′j (u j) ·W j −

N∏
j=i

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥ ≤
aN−i

N∏
j=i

M f j +

N∑
k=i

∥z∥ L fk a
N−2i+k+1

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

 ∥∥∥Wi −W′i
∥∥∥ .

For the base case, consider the neural network with a single layer, where Gθ(z) = f1(W1z + b1). The gradient with
respect to z is given by:

∇zGθ(z) = f ′1(W1z + b1) ·W1 .

We have:∥∥∥∇zGW1(z) − ∇zGW′1(z)
∥∥∥ = ∥∥∥ f ′1(W1z + b1) ·W1 − f ′1(W′1z + b1) ·W′1

∥∥∥
≤

∥∥∥ f ′1(W1z + b1) ·W1 − f ′1(W1z + b1) ·W′1
∥∥∥ + ∥∥∥ f ′1(W1z + b1) ·W′1 − f ′1(W′1z + b1) ·W′1

∥∥∥
≤ M f1

∥∥∥W1 −W′1
∥∥∥ + ∥z∥ aL f1

∥∥∥W1 −W′1
∥∥∥ ,

which completes the base case.
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Now, for the inductive step, assume that the Lipschitz constant holds for a network with N − 1 layers. We show
that it also holds for a neural network with N layers. Let u and u′ be sequences defined as follows: u0 = u′0 = z, ui =

Wiz + bi, u′i = W′i z + bi and u j = u′j = W j f j−1(u j−1) + b j for all j , i. We have:∥∥∥∥∥∥∥∥
N∏
j=i

f ′j (u j) ·W j −

N∏
j=i

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥ ≤ A1 + A2 ,

where

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=i

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u j) ·W j


∥∥∥∥∥∥∥∥ ,

A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u
′
j) ·W

′
j


∥∥∥∥∥∥∥∥ .

First, we have:

A1 =

∥∥∥∥∥∥∥∥ f ′N(uN) ·WN

N−1∏
j=i

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u j) ·W j


∥∥∥∥∥∥∥∥

≤

∥∥∥∥∥∥∥∥
N−1∏
j=i

f ′j (u j) ·W j

∥∥∥∥∥∥∥∥ ∥WN∥
∥∥∥ f ′N(uN) − f ′N(u′N)

∥∥∥
≤ aN− ja

N−1∏
j=i

M f j

∥∥∥ f ′N(uN) − f ′N(u′N)
∥∥∥

≤ aN−i+1
N−1∏
j=i

M f j ∥z∥ aN−iL fN

N−1∏
j=i

M f j

∥∥∥Wi −W′i
∥∥∥

≤ a2(N−i)+1 ∥z∥ L fN

N−1∏
j=i

M2
f j

∥∥∥Wi −W′i
∥∥∥ ,

where we used the Lipschitz and smoothness conditions of the activation functions in the second last inequality. For
A2, using the induction hypothesis:

A2 =

∥∥∥∥∥∥∥∥ f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u j) ·W j

 − f ′N(u′N) ·WN

N−1∏
j=i

f ′j (u
′
j) ·W

′
j


∥∥∥∥∥∥∥∥

≤
∥∥∥ f ′N(u′N)

∥∥∥ ∥WN∥

∥∥∥∥∥∥∥∥
N−1∏
j=i

f ′j (u j) ·W j −

N−1∏
j=i

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥
≤ M fN a

aN−1−i
N−1∏
j=i

M f j +

N−1∑
k=i

∥z∥ L fk a
N−2i+k

k−1∏
j=i

M2
f j

N−1∏
j=k+1

M f j

 ∥∥∥Wi −W′i
∥∥∥

≤

aN−i
N∏
j=i

M f j +

N−1∑
k=i

∥z∥ L fk a
N−2i+k+1

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

 ∥∥∥Wi −W′i
∥∥∥ .

By combining these two terms, we obtain:∥∥∥∥∥∥∥∥
N∏
j=i

f ′j (u j) ·W j −

N∏
j=i

f ′j (u
′
j) ·W

′
j

∥∥∥∥∥∥∥∥ ≤
aN−i

N∏
j=i

M f j +

N∑
k=i

∥z∥ L fk a
N−2i+k+1

k−1∏
j=i

M2
f j

N∏
j=k+1

M f j

 ∥∥∥Wi −W′i
∥∥∥ ,

which concludes the proof. □

53



Lemma H.7. Assume that there exists a constant cΣ > 0 such that for all ϕ ∈ Φ and x ∈ X, λmin
(
Σϕ(x)

)
≥ cΣ. Then,

for all ϕ, ϕ′ ∈ Φ, and x ∈ X: ∥∥∥Σϕ(x)−1/2 − Σϕ′(x)−1/2
∥∥∥ ≤ c−3/2

Σ

∥∥∥Σϕ(x) − Σϕ′(x)
∥∥∥ .

Proof. Using the mean value theorem for matrix functions, we get:

Σϕ(x)−1/2 − Σϕ′(x)−1/2 =

∫ 1

0

(
(1 − t)Σϕ(x) + tΣϕ′(x)

)−3/2 (
Σϕ′(x) − Σϕ(x)

)
dt .

Therefore, ∥∥∥Σϕ(x)−1/2 − Σϕ′(x)−1/2
∥∥∥ ≤ ∥∥∥Σϕ(x) − Σϕ′(x)

∥∥∥ ∫ 1

0

∥∥∥∥∥((1 − t)Σϕ(x) + tΣϕ′(x)
)−3/2

∥∥∥∥∥ dt .

Since λmin
(
Σϕ(x)

)
≥ cΣ, for all t ∈ [0, 1], it follows that:

λmin
(
(1 − t)Σϕ(x) + tΣϕ′(x)

)
≥ (1 − t)λmin

(
Σϕ(x)

)
+ tλmin

(
Σϕ′(x)

)
≥ cΣ .

Then, ∥∥∥∥∥((1 − t)Σϕ(x) + tΣϕ′(x)
)−3/2

∥∥∥∥∥ ≤ c−3/2
Σ
,

and ∥∥∥Σϕ(x)−1/2 − Σϕ′(x)−1/2
∥∥∥ ≤ c−3/2

Σ

∥∥∥Σϕ(x) − Σϕ′(x)
∥∥∥ .

□
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