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A single layer representation of the scattered field for

multiple scattering problems

Didier Felbacq, Anthony Gourdin and Emmanuel Rousseau

aL2C, University of Montpellier, CNRS, Place Bataillon, Montpellier, 34095, France

Abstract

The scattering of scalar waves by a set of scatterers is considered. It is
proven that the scattered field can be represented as an integral supported
by any smooth surface enclosing the scatterers. This is a generalization of
the series expansion over spherical harmonics and spherical Bessel functions
for spherical geometries. More precisely, given a set of scatterers, the field
scattered by any subset can be expressed as an integral over any smooth
surface enclosing the given subset alone. It is then possible to solve the
multiple scattering problem by using this integral representation instead of
an expansion over spherical harmonics. This result is used to develop an
extension of the Fast Multipole Method in order to deal with subsets that
are not enclosed within non-intersecting balls.

Keywords: scattering theory, scalar waves, integral representation

1. Introduction

We consider the scattering of scalar waves by a finite set of obstacles in
Rp, p = 2, 3 in the harmonic regime, with a time dependence of e−iωt. Let
us denote B(O,R) a ball of radius R and center O containing the scatterers.
It is known, cf. [19], that for x ∈ Rp \ B(O,R) the scattered field can be
represented as a series of spherical harmonics :

us(x) =

® ∑
n,m us

nmh
(1)
n (kx)Y m

n (x̂) for p = 3∑
n u

s
nH

(1)
n (kx)einθ for p = 2

, x > R. (1)

Here, h
(1)
n is the spherical Hankel function of first type and order n, H

(1)
n is

the Hankel function of first type and order n cf. [2], and θ is the polar angle

Preprint submitted to Elsevier October 21, 2024



of x in R2. Whether the functions defined by these series can be extended
inside the ball is a difficult problem known as Rayleigh hypothesis. It was
essentially solved theoretically in the 80’ for the 2D problem, cf. [17, 18]
where it was shown that the short answer is that, generically, it cannot be
extended due to the presence of singularities. A numerical study for the
3D case is provided in [3] but it seems that the question is largely open for
that dimension. More generally, if two sets of scatterers can be enclosed in
two non-intersecting balls then the interaction between the two sets can be
handled by using spherical harmonics expansions. This fails to be true when
the two sets cannot be separated in this way.

The purpose of this work is to provide an extension of the series represen-
tation in the latter case, by means of integral representations of the scattered
field. An early work in that direction can be found in [6], see also [7, chap.
6.12]. More precisely, we show that, given a set of scatterers and an arbitrary
smooth surface enclosing the scatterers, the scattered field can be represented
by a single layer integral supported by the surface [13]. This allows to handle
the situation where the scatterers cannot be enclosed inside non-intersecting
balls, by replacing the spherical harmonics expansions by integral represen-
tations and to describe the interaction by means of these integrals. As an
example of this situation, let us consider the set of scatterers depicted in fig.
9. This set of scatterers can be decomposed into subsets enclosed into regions
Ωj bounded by a surface Γj. If the domains Ωj could be enclosed inside non-
intersecting balls, we could use the Fast Multipole Method [1] to account for
the coupling between the subsets, by using a spherical harmonics expansion.
This cannot be done here. We propose an extension of this algorithm by
replacing the series expansions by the single layer integrals supported by the
surfaces Γj. This allows to bypass the non-intersecting balls limitation of the
Fast Multipole Method. Of course, the FFM still remains extremely relevant
for large scattering configurations, see [8, 9, 10, 11, 12] for applications of the
FMM.

2. Setting for the scattering problem

Let us specify a few notations. The unit sphere of Rp is denoted Sp−1.
For x ∈ Rp, we denote x = |x| the norm of x, and x̂ = x/x , k = ω/c. We
denote Hau = ∆u + k2au, where the potential a belongs to L∞(Rp). The
fundamental solution g+ of the Helmholtz equation: H1g

+ = δ0 with outgoing
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Figure 1: Sketch of the scattering problem under study.

wave condition is: g+(x) = − 1
4πx

eikx for p = 3 and g+(x) = − i
4
H

(1)
0 (kx) for

p = 2. The function H
(1)
0 is the Hankel function of first type [2].

For p = 3, the following expansion of the Green functions over the spher-
ical harmonics holds, cf. [1]:

g+(x− x′) = − eik|x−x′|

4π|x− x′|
= −ik

∑
n,m

jn(kx<)h
(1)
n (kx>)Y m

n (x̂′)Y m
n (x̂), (2)

where x< = min(x, x′) and x> = max(x, x′).
Let Ω be a bounded domain of Rp with boundary ∂Ω = Γ. For u ∈ H1(Ω)

(the Sobolev space of function of L2(Ω) with gradient in L2(Ω), see [4, chap.
2] for more results on Sobolev spaces), the interior traces [4, chap. 2] of u
and its normal derivative on Γ are denoted by:

γ−(u) = u|Γ , γ
−(∂nu) = ∂nu|Γ . (3)

For fields belonging to H1
loc(Rp \ Ω), we denote the exterior traces by:

γ+(u) = u|Γ , γ
+(∂nu) = ∂nu|Γ . (4)
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Given a field u ∈ H1
loc(Rp), we denote [u]Γ the jump of u across Γ, i.e.:

[u]Γ = γ+(u)− γ−(u) and [∂nu]Γ = γ+(∂nu)− γ−(∂nu). (5)

Let us consider the time-harmonic scattering problem pictured in fig. 1.
The domain Ω contains a collection of scatterers characterized by a potential
a such that a − 1 has a compact support K ⊂ Ω. Let us remark that our
analysis extend to the case of non-penetrable scatterers (i.e. no fields inside
the scatterers).

The set of scatterers is illuminated by an incident field uinc(x). The field
uinc(x) satisfies the Helmholtz equation: H1u

inc = 0 in Rp.
The scattering problem consists in finding the scattered field us(x) such

that the total field u = uinc + us satisfies:

Hau = 0 ,

and us satisfies a radiation condition at infinity:

∂nu
s − ikus = o

(
x−1
)
and us(x) = O

(
x−1
)
, when x → ∞.

This scattering problem has a unique solution, as stated in the following
lemma:

Lemma 1. The scattered field us exists and is unique. There is a linear
operator T relating uinc to us: us = T (uinc).

Proof. Ha(u
s) = (H1−Ha)(u

inc) and V ≡ H1−Ha is null outside the compact
regionK. Then : H1(u

s) = V(us)+V(uinc) and thus: us = (1− G1V)−1G1V(uinc)
where the inverse operator G1 = H−1

1 is an integral convolution operator with
kernel g+.

The existence of the resolvent operator is classical although rather subtle
(see for instance [4, 5]). This provides a decomposition of the total field in
the form:

u = uinc + T (uinc).

In the following, the proofs of the results are given for p = 3 and can be
easily adapted for p = 2 (or, in fact, any other dimension > 1).
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3. The multiple scattering problem

3.1. Multiple scattering by a set of scatterers: integral representation of the
fields

We consider first the situation depicted in fig. 1 where all the scatterers
are taken into account. Let us reformulate the scattering problem in a slightly
different way. Let ureg satisfy the following problem :

H1u
reg = 0 in Ω and γ−(ureg) = uinc

∣∣
Γ
.

Then, apart from the discrete set of wavevectors that are the eigenvalues of
−∆ with the homogeneous Dirichlet condition on Γ, it holds :

ureg = uinc inside Ω.

Therefore, the scattered field can be seen as the response of the scatterers
to the regular field ureg given by: us = T (ureg). The last expression makes
sense, since T is an integral operator with compact support K and hence it
requires only that ureg be defined in Ω. If an incident field is given in Rp, the
regular field ureg is the restriction of the incident field inside Ω. If it is the
regular field that is given inside Ω, then it can be extended uniquely to Rp so
as to satisfy H1u

reg = 0. The regular field ureg has an integral representation
as described in the following result.

Proposition 1. Let ureg satisfy H1u
reg = 0 inside Ω and a given trace

γ−(ureg) on Γ. Then, there exists a unique density σreg ∈ H−1/2(Γ) such
that:

ureg(x) =

∫
Γ

σreg(x′)g+(x− x′)ds(x′), x ∈ Ω.

Proof. Let us extend ureg to R3 by imposing that it satisfies the following
problem in R3 \ Ω:

H1u
reg = 0, γ+(ureg) = γ−(ureg),

∂xu
reg = ikureg + o

Å
1

x

ã
.

The extended field is continuous through Γ but its normal derivative is not.
As a consequence, it holds:

H1u
reg = [∂nu

reg]ΓδΓ.
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The proposition follows by defining σreg = [∂nu
reg]Γ. The uniqueness follows

from the following argument. Assume that there exists σreg such that:∫
Γ

σreg(x′)g+(x− x′)ds(x′) = 0, ∀x ∈ Ω.

Define then v(x) =
∫
Γ
σreg(x′)g+(x − x′)ds(x′), ∀x ∈ Rp. The function v is

identically null inside Ω. Outside Ω it satisfies the following problem:

H1v = 0, γ+(v) = 0,

and it satisfies a radiation condition. As a consequence, it is null by Rellich
lemma, cf. [4]. Since v satisfies H1v = σregδΓ in Rp, we conclude that
σreg = 0.

The purpose of this result is to stress that the incident field need only be
defined locally, that is, inside Ω. Our next result states that the scattered
field can also be represented by an integral over Γ.

Proposition 2. Assume that k2 is not an eigenvalue of −∆ inside Ω with the
homogeneous Dirichlet condition on Γ. There exists a unique σs ∈ H−1/2(Γ)
such that:

us(x) =

∫
Γ

σs(x′)g+(x− x′)ds(x′),x ∈ Rp \ Ω. (6)

At infinity, the scattered field has the following asymptotic behavior:

us(x) =
−k

4π

eikx

kx

∫
Γ

σs(x′)e−ikx̂·x′
ds(x′) +O

Å
1

(kx)2

ã
.

Proof. Consider the field ũs that is equal to us outside Ω and that satisfies
the following problem inside Ω:

H1ũ
s = 0, γ−(ũs) = γ+(us).

Over Rp, it satisfies: H1ũ
s = [∂nũ

s]ΓδΓ. Given the outgoing wave condition
at infinity, this gives:

us(x) =

∫
Γ

[∂nũ
s]Γ g

+(x− x′)ds(x′),
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and consequently the existence of the density σs = [∂nũ
s]Γ belonging to

H−1/2(Γ). The asymptotic form is obtained by using the asymptotic form of
the Green function:

g±(x− x′) =x→∞ −e±ikx

4πx
e∓ikx·x′

+O
Å
x′2

x2

ã
, (7)

The unicity proceeds from the following argument. Assume that there is a
σs such that: ∫

Γ

[∂nũ
s]Γg

+(x− x′)ds(x′) = 0,∀x ∈ Rp \ Ω.

Then define:

v(x) =

∫
Γ

σs(x′)g+(x− x′)dx′, ∀x ∈ Rp.

The function v satisfies:

H1v = 0, in Ω, γ−(v) = 0.

Consequently, it is null iff k2 is not an eigenvalue of−∆with the homogeneous
Dirichlet condition on Γ.

At this stage, one could wonder about the possibility of representing the
incident field as an integral over Γ that would be valid outside Ω. For an
incident field satisfying the Helmholtz equation in all Rp, we cannot impose
an outgoing wave condition and the kernel of the integral representation
should be regular. This suggests that a natural integral representation should
be in the following form:

uinc(x) =

∫
Γ

σinc(x′)ℑ(g+(x− x′))ds(x′), x ∈ Rp. (8)

It turns out that this representation imposes strong constraints on the regu-
larity of the field uinc. This is somewhat similar to the possibility of splitting
a regular field defined over Rp into an incoming and an outgoing field. The
possibility of this decomposition was analyzed in [19], where it was shown
that this was possible provided that the incident field were of the following
form:

uinc(x) =

∫
R
A(k)eik·xdk, (9)
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where A(k) is twice continuously differentiable. If the field uinc admits the
integral representation (8) over Γ, it can be decomposed as the sum of two
pointwise converging series in the form:

uinc(x) =
∑
nm

1

2
inmh

(1)
n (kx)Y m

n (x̂) +
∑
nm

1

2
inmh

(2)
n (kx)Y m

n (x̂), (10)

as can be infered by noting that ℑ(g+(x − x′)) is the sum of two functions
satisfying an outgoing wave condition and an incoming wave condition re-
spectively. Therefore, it has also such a decomposition at infinity. However,
the converse if false. That is, the fact that the field admits a decomposition
at infinity does not imply that the series in (10) be (pointwise) convergent.
In fact, the condition is much more stringent than the wavepacket represen-
tation in (9). Indeed, it is not fulfilled for a general wavepacket even with a
very regular (e.g. analytic) spectrum A(k). Needless to say, it is false for a
plane wave.

3.2. The field scattered by a subset of the set of scatterers

We consider the situation depicted in fig. 2: a subset of the set of scatter-
ers is contained in a bounded domain Ω0, with boundary Γ−. Further more
we consider an annular region A whose boundaries are Γ− and Γ+ (see fig.
2). We denote Ω1 = Ω0 ∪ A. From the point of view of Ω0, there are two
incident fields: the ”true” incident field uinc and the ”local” incident field,
which is the field diffracted by the scatterers that are not contained in Ω0.
Inside A, the total field u can be decomposed into a local regular field ureg

loc ,
which is the sum of the true incident field and the local incident field, and
a local scattered field us

loc = u− ureg
loc , where u is the total field. These fields

can be represented by integrals supported by Γ±.

Proposition 3. The total field u can be written in the form

u(x) = us
loc(x) + ureg

loc(x), x ∈ A, (11)

where us
loc satisfies H1u

s
loc = 0 in Rp \ Ω0 and a radiation condition and ureg

loc

satisfies H1u
reg
loc = 0 in Ω. Moreover, there exist (σs, σreg) in H−1/2(Γ−) ×

H−1/2(Γ+) such that:

us
loc(x) =

∫
Γ−

σs(x′)g+(x− x′) ds(x′), (12)
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Figure 2: A subset of scatterers enclosed by Γ− is considered.

and

ureg
loc(x) =

∫
Γ+

σreg(x′)g+(x− x′) ds(x′). (13)

Proof. Consider the restriction u|A of u to A and extend u|A by continuity
across the boundaries Γ+ and Γ−, in such a way that the extended function
ũ satisfies:

∆ũ+ k2ũ = 0 in Ω0 ∪ A ∪ (R3 \ Ā),

with an outgoing wave condition at infinity. Then, function ũ satisfies the
following equation in the distributional meaning:

(∆ + k2)ũ =

ï
∂ũ

∂n

ò
Γ+

δΓ+ −
ï
∂ũ

∂n

ò
Γ−

δΓ− ,

in Rp. Therefore, since ũ = u in A, the following representation of u inside
A is obtained:

u(x) =

∫
Γ+

σreg(x′)g+(x− x′)ds(x′) +

∫
Γ−

σs(x′)g+(x− x′)ds(x′),

with σreg =
[
∂u
∂n

]
Γ+ and σs = −

[
∂u
∂n

]
Γ− . The properties of u

s
loc and ureg

loc follow
from potential theory.
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Since a decomposition of the field into a regular field and a scattered field
was obtained, it is possible to use the scattering theory result exposed in
lemma (1) to obtain the following:

Corollary 1. There exists a linear operator Tloc such that: us
loc = Tloc(u

reg
loc).

This operator induces an operator T Γ−

loc supported by Γ− and such that:

H1/2(Γ−) ∋ γ(ureg
loc)

T Γ−
loc−−→ σs ∈ H−1/2(Γ−).

Proof. It remains to prove the existence of T Γ−

loc . Given the relation us
loc =

Tlocu
reg
loc , σ

s is defined in proposition (3) and T Γ−

loc by the left invertibility of
σs → us as defined by the integral in (6)

This shows that each subset can be characterized by an operator Tloc

independently of the other scatterers. This is the basic result of the extension
of the Fast Multipole Method that we propose. Instead of representing the
field scattered by a subset as a series of spherical harmonics outside a sphere
enclosing the scatterers, the scattered field is represented by an integral over
some surface enclosing the subset. The interaction with the other subsets is
then handled by using this integral representation directly, without resorting
to a multipole expansion, as explained in detail in the following subsection.

3.3. Extension of the Fast Multipole Method: The Fast Monopole Method

It is important to remark that the single layer representation involves a
surface Γ, enclosing the scatterers, that can be chosen at will. By this we
mean that, given a set of scatterers and any smooth enough surface Γ en-
closing this set, the field scattered by this set and the incident field can be
represented by an integral over Γ. As already said, this result is in fact a
generalization of the series expansion over spherical harmonics and spherical
Bessel functions to an arbitrary surface. As a consequence, it is possible to
split a given set of N scatterers into several subsets containing Nj scatterers,
apply multiple scattering theory to each smaller subset, then use the repre-
sentation by the single layers to couple the subsets in between them. The
gain lies in the fact that the interaction between the N scatterers is not han-
dled by direct coupling, which results in N2 operations, but instead through
the boundary layers (12) which are discretized and represented in the form:∑Pj

p=1 σ
s
pH0(k|x − xp|), where the number Pj is much smaller than Nj (see

the numerical applications for specific values, notably table 1). We consider
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Figure 3: Sketch of the scattering problem with two subsets.

the example described in fig. 3. It consists of a decomposition of the set
in fig. 1 into two subsets O1 and O2. The incident field is uinc. For each
scatterer Ω1

j ∈ O1, the local incident field is the sum of the ”true” incident

field uinc(x1
j), the fields us,1,loc

k scattered by the other scatterers Ω1
k, k ̸= j,

and the field coming from the other subset O2 and given by the single layer
representation:

us,2(x1
j) =

∫
Γ2

σs,2(x′)H
(1)
0 (k|x1

j − x′|)ds(x′). (14)

Of course, there is the same set of relations obtained by making the exchange
1 ↔ 2. The local incident field is therefore:

uinc,loc(x1
j) = uinc(x1

j) + us,2(x1
j) +

∑
k ̸=j

us,1,loc
k (x1

j). (15)

Using corollary (1), we can infer the existence of two sets of operators T 1
j , T 2

j

such that:

us,loc,1
j (x1

j) = T 1
j (u

inc,loc(x1
j)), u

s,loc,2
j (x2

j) = T 2
j (u

inc,loc(x2
j)). (16)
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The system can now be closed by relating the local scattered fields us,loc,1

and us,loc,2 to us,1 and us,2 respectively and then to the densities σ1 and σ2.
This is done first by summing the local scattered fields in each subset:

us,1(x1) =
∑
j

us,loc,1
j (x1

j), u
s,2(x2) =

∑
j

us,loc,2
j (x2

j), (17)

then by solving the integral equation (12), which gives σs,1 and σs,2. It
should be noted that in order to put the algorithm into practice, an iterative
algorithm is to be used, so as to avoid inverting a large matrix. Otherwise,
the gain in memory would be lost, although the number of operations would
still be reduced.

4. Discussion and numerical examples

4.1. Representation of the field on the boundary of an inhomogeneous scat-
terer

Let us consider the scattering of an electromagnetic plane wave in E||
polarization by a collection of small cylinders contained in a domain whose
cross section Ω is bounded by an curve Γ (cf. fig. 4). The domain Ω is not
entirely filled with cylinders: ”holes” have been created in Ω by removing
cylinders.

For numerical purpose, the unit of length is defined by the wavelength
and we choose λ = 1. The domain Ω contains N = 4657 rods with relative
permittivity 12. We use the multiple scattering approach described in [14].

We assume that the rods, at positions (xk), are small enough that they can
each be characterized by only one scattering coefficient s0q [14]. We denote
x = (x1, x2). At this step the scattered field is represented, everywhere
outside the cylinders, by a sum over the rods in the form:

us(x) =
N∑
q=1

s0qH
(1)
0 (k|x− xq|). (18)

The coefficients ŝ = (s0q)1,...,N are determined from the multiple scattering
theory exposed in [14], see also [15, 16] for historical references on this ap-
proach. The scattering coefficient s0q is related to the local incident field
uinc,loc
q through the scattering amplitude t0q: s0q = t0qu

inc,loc
q . For a circular

12



Figure 4: One quarter of the domain Ω: it is a smooth trefoil filled with small dielectic
rods. Holes have been created by randomly removing rods.

dielectric rod of radius rq and relative permittivity εq = ν2
q , it holds:

t0q = − J1(krq)J0(kνqrq)− νqJ0(krq)J1(kνqrq)

H
(1)
1 (krq)J0(kνqrq)− νqH

(1)
0 (krq)J1(kνqrq)

.

The local incident field is:

uinc,loc
q = uinc(xq) +

∑
j ̸=q

s0jH
(1)
0 (|xq − xj|). (19)

Therefore, it holds:

s0q = t0q

(
uinc(xq) +

∑
j ̸=q

s0jH
(1)
0 (|xq − xj|)

)
. (20)

Let us denote t the diagonal matrix defined by t = diag(t01, . . . , t
0
N) and h

the matrix with entries hij = H
(1)
0 (|xi − xj|) for i ̸= j and hii = 0. The

coefficients ŝ are obtained by solving the system:Ä
(t)−1 − h

ä
ŝ = ûinc (21)
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Figure 5: Map of the normalized modulus of the total field outside the trefoil, computed
by a direct summation over all the scatterers contained inside Ω.

Figure 6: Map of the normalized modulus of the total field outside the trefoil, computed
by using the single layer representation of the scattered field.
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Figure 7: Normalized Discrete Fourier Transform coefficients of the sequence of coefficients
(sk).

where ûinc = (uinc(xq))1,...,N .
The point is now to be able to represent the scattered field by means of

a single layer potential as explained in section (3). The existence of σs being
ensured by proposition (2), it can be determined by solving the following
integral equation:∫

Γ

σs(y′)H
(1)
0 (k|y − y′|) ds(y′) = us(y),y ∈ Γ,

so as to obtain an approximation of the operator Tloc described in corollary
(1). In order to do so numerically, that is, to obtain a discretized version of
the density σs, we write a discrete version of the integral. Denoting Inp =

H
(1)
0 (k|y′

n − yp|), we have:

us(y′
m) =

P∑
p=1

σs
pInp, m = 1 . . .M, (22)

where the points {y′
m} are put uniformly on Γ. The P points {yp} are chosen

amongst the set {1
2
(y′

p+1 + y′
p)}, σs

p is the average value of σs over the arc

15



Figure 8: Modulus of the total field on a curve deduced from Γ by a homothety of ratio
1.3. The red curve corresponds to the total field reconstructed by means of the single
layer representation and the blue circles correspond to the total field computed by a direct
summation over all the scatterers.

ẏpyp+1, times ℓ(ẏ′
yyp+1). Finally, an overdetermined linear system (M > P )

is obtained. In matrix form, this can be written:

Iσ̂s = ûs, (23)

where: σ̂s = (σs
p), û

s = (us(xm)) and I is a M × P matrix with entries Inp.
It is solved by means of a least square algorithm. On Γ, the values (us(y′

m))
of the scattered field are otained by summing over the scatterers:

us
m ≡ us(y′

m) =
N∑
q=1

s0qH
(1)
0 (k|y′

m − xq|), y′
m ∈ Γ,m = 1 . . .M.

In matrix form, this reads as:

Hŝ = ûs. (24)

Let us remark that H is a M × N matrix. This system is solved by means
of an iterative algorithm. Heuristically, the number P can be determined
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by recalling that the function σs is periodic, since it is defined on a bounded
curve. Consequently, the computation of the DFT of (σs

p)p∈{1,...P} can indicate
whether the approximation is good, by checking the decreasing of the Fourier
coefficients. This is exemplified in Figure 7 where we have computed the DFT
of the finite sequence (σs

p). It is important to have this criterion, since the
discrete values of the density (σs

p) do not have a decreasing behavior with P .
The final value is P = 160.

We are able to reconstruct with a very good precision the diffracted field.
In fig. 5, we have plotted a map of the total field outside the region where
the scatterers are contained, obtained by summing the contributions of the
dielectric rods, and in fig. 6, it is the reconstructed field. Both fields have
been normalized so that their maximal value is equal to 1, in order to have
the same color scale. For a more direct comparison, in fig. 8, we have plotted
the total field on a curve deduced from Γ by a homothety of ratio 1.3. We
stress that, thanks to this approach the representation of the scattered field
is now ensured by 160 terms instead of 4657.

4.2. Numerical example for the Fast Monopoles Method

We consider now the situation depicted in fig. 9, consisting of 5 rotated
copies of the trefoil with the difference that not all the rods were kept. As
before, each of the astroids is filled with dielectric rods but this time the
radius is 0.02 1. The relative permittivity is 12. There are in total 9890 rods.
The trefoils are disposed in such a way that they cannot be enclosed into
non overlapping disk, so that the expansion in cylindrical harmonics cannot
be used. The curves Γj supporting the single layer densities are indicated.
The incident field is a plane wave uinc(x) = e−ikx2 . As in the first numerical
example, the unit of length is that of the wavelength and we choose three
values of the wavelength: λ = 20, 10, 5. In fig. 10, we have plotted the
modulus of the scattered field on a circle of radius 8. The fields coincide
to better than 1.5%. The running time for the brute force method and the
Fast Monopole Method is given in table 1. As the wavelength gets smaller,
the sampling of the Γ curves should be finer and the gain is reduced. In
conclusion, we have proposed a new way of representing the field scattered by
a collection of objects, by using a single layer representation. The scattered

1For a radius of 0.01, the direct multiple scattering approach requires more than 80Gb
of memory, exceeding the available memory on our system. However the Fast Monopole
Method still works.
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Figure 9: A collection of 9890 scatterers contained in 5 domains. The curves around
the domains are those supporting the monopoles. They are discretized by means of the
number M as given in table 1.

Table 1: Computation times, number of monopoles P and number of points M for the
computation of the density. FMM stands for the Fast Monopole Method and MS for the
direct multiple scattering approach. The number of monopoles was chosen so as to obtain
a error of less than 1.5% as compared to the direct method. The field is computed on a
circle of radius 8 enclosing all the scatterers.

λ P (M) Time (FMM) Time (MS)
20 7 (66) 45s 1300s
10 14 (140) 90s 1400s
5 27 (265) 220s 1500s

field is characterized by a density supported by any smooth surface enclosing
the scatterers. From a numerical point of view, this representation allows to
represent the field with a much smaller number of parameters, as compared
to the direct representation as a sum over the scatterers. Since the monopoles
are supported by a region of codimension 1, much less information is needed,
as compared to a volumetric representation (of codimension 0). This result
in a drastic reduction of the number of values required for representing the
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Figure 10: The field is computed on a circle of radius 8 enclosing the scatterers. Here
λ = 20. The curve in solid line corresponds to the field computed by using directly the
single layer representations of (cf. (22)). The circles correspond to the field computed by
means of the direct multiple scattering approach (cf. (18)).

scattered field with a given precision. This results in a generalization of the
representation of the field by spherical harmonics used in the Fast Multipole
Method and extends this algorithm beyond the spherical geometry.
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Figure 11: Same as fig. (10) with λ = 10.
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