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Abstract

This paper proposes a new way of modelling imperfect maintenance in degradation
models, by assuming that maintenance affects only a part of the degradation process.
More precisely, the global degradation process is the sum of two dependent Wiener
processes with drift. Maintenance has an effect of the ARD;-type on only one of these
processes: it reduces the degradation level of a quantity which is proportional to the
amount of degradation of this process accumulated since previous maintenance. Two
particular cases of the model are considered: perturbed ARD; and partial replace-
ment models. The usual ARD; model is also a specific case of this new model. The
system is regularly inspected in order to measure the global degradation level. Two
observation schemes are considered. In the complete scheme, the degradation levels are
measured both between maintenance actions and at maintenance times (just before and
just after). In the general scheme, the degradation levels are measured only between
maintenance actions. The maximum likelihood estimation of the model parameters is
studied for both observation schemes in both particular models. The quality of the

estimators is assessed through a simulation study.

Keywords: Degradation modelling, Imperfect maintenance, Observation schemes, Sta-

tistical inference, Wiener process, ARD; model.

1 Introduction

Industrial or technological devices can be subject to degradation during their lifetime be-
cause of the intrinsic wear, environmental factors or operating conditions. To reduce degra-
dation and extend their lifetime, maintenance actions are regularly performed. Since main-

tenances generally do not renew the system, they are said to be imperfect. The devices



reliability depends heavily on the kinetics of the degradation process and the effects of main-
tenance actions. Therefore, to assess reliability and make efficient maintenance decisions,
it is necessary to have accurate models of the degradation and maintenance processes.

There is a huge literature on degradation modelling. Review papers have been proposed
by Ye and Xie [31], Shahraki et al [24] and Kang et al [9]. The evolution of the degradation
level over time is often modeled by stochastic processes such as Gamma processes |1, 12, 26],
Wiener processes |3, 29, 32, 34|, inverse Gaussian processes [30] or variants such as Gamma-
Wiener [15], trend-Gamma [28], variance-Gamma [22] or transformed Gamma processes [4].
When the degrading systems are subjected to maintenance actions, the basic assumptions
are that maintenance has no effect on the degradation level (minimal maintenance, or As-
Bad-As-Old situation) or that maintenance renews the system (perfect maintenance, or
As-Good-As-New situation).

Recently, the inclusion of imperfect maintenance effects in degradation models has at-
tracted a lot of attention. In Zhang et al [33], Zhao et al [36] and Ma et al [17], the impact of
maintenance is expressed by a random improvement factor affecting the trend of the degra-
dation process. Most of imperfect maintenance models assume that maintenance effect is
a reduction of the degradation level. This kind of model has been studied by Mercier and
Castro [19], Huynh and Grall [6], Kamrafar et al [8], Corset et al [2] when the underlying
degradation process is a Gamma process, while Li et al [14] and Leroy et al [13] considered
an underlying Wiener process. Other features in these models such as multivariate degra-
dation (Wang et al [27]), multi-phase maintenance activities (Ma et al [17]) or maintenance
optimization (Omshi and Grall [21]) have been studied. Finally, Mercier and Castro [19]
and Wang et al [27] also considered the possibility that maintenance effect is a reduction of
the system age. An important point is that, in all these studies, maintenance effect is on
the whole degradation process.

However, in practice, maintenance actions are often performed only on a part of the
system, and therefore, they have an effect only on a part of the degradation process. For
instance, within the framework of railway infrastructure management and track geometry
maintenance, longitudinal leveling by tamping (ie compacting the ballast to correct the
track geometry) can be considered as a partial repair : they indeed restore in part the track
geometry, but since the ballast itself is not replaced and rail fastenings are not tightened,
this operation does not results in a as-good-as new state for the track level [18]. Another
example is a vehicle’s braking system, where maintenance actions are generally performed

only on the break pads and not on the whole disc. More generally, when a system is



made of several components, maintenance often consists in replacing only a smaller group
of components [25, 11]. This is called partial replacement. Maintenance is perfect for
the replaced components, but is imperfect for the whole system. This situation has often
been evoked to justify the interest of imperfect maintenance models, but these models are
generally not built using directly the partial replacement assumption. An exception is the
partial repair model based on superimposed renewal processes proposed in [16]. Therefore,
to model degradation, it seems relevant to consider that maintenance can affect only a part
of the degradation process. In this paper a degradation model with imperfect maintenance
of that kind is proposed.

The model assumes that the degradation process has two parts XY and XM which
are dependent Wiener processes with drift. Between two successive maintenance actions,
the degradation process is the sum of XY and X™. Only X is affected by maintenance
actions and maintenance effect is of the ARD;-type (Arithmetic Reduction of Degradation),
introduced by Mercier and Castro [19]. It means that maintenance reduces the degradation
level by a quantity which is proportional to the amount of degradation of X™ accumulated
since the previous maintenance action. Two particular cases of the model are considered:
the perturbed ARD; and partial replacement models.

The principle of building a degradation process from underlying degradation processes
has also been used in a few other papers, but with a different point of view than ours.
In Mercier et al [20], the trivariate reduction method is used to build a bivariate gamma
process in order to provide a model for the deterioration of railway tracks. In Salem et al
[22], a variance gamma process is used to provide a model for the leakage rate of centrifugal
pump. This process can be seen as the difference of two gamma processes.

The model parameters have to be estimated from field data. For this purpose, the sys-
tem is regularly inspected in order to measure the global degradation level. The estimation
depends on the way data are collected, i.e. on the observation scheme. Several observa-
tion schemes have been considered in the papers on degradation modelling with imperfect
maintenance. In Zhao et al [35], degradation levels are measured just before and just after
every maintenance action. In Zhang et al [33] and Giorgio and Pulcini |5| degradation
levels are only observed between maintenance actions. In Salles et al [23] and Corset et
al |2], degradation levels are only observed just before the maintenance actions. In Salem
et al [22], degradation levels are regularly measured between and just before maintenance
actions. In Leroy et al [13], four observation schemes are considered, including all the cases

presented in previous papers.



In the present paper, two observation schemes are considered. In the so-called complete
scheme, the degradation levels are measured both between maintenance actions and at
maintenance times (just before and just after). In the so-called general scheme, the degra-
dation levels are measured only between maintenance actions. At first sight, the complete
observation scheme seems the most natural and reasonable. However, it may not be pos-
sible to implement this ideal scheme in practice, for various technological and engineering
reasons. This is for example the case if the measurement devices and technical crew for
inspection are not the same as the technical devices and crew for maintenance, such as
for railway assets monitoring and maintenance, where inspections and maintenance actions
cannot be performed at the same time because of an incompressible maintenance interven-
tion delay [18]. In such cases, it is necessary to model the observation procedures in a more
realistic way (accounting for delays between the inspections and the maintenance actions, or
non-periodic inspections). This can be done in the general observation scheme. Besides, a
measurement at a maintenance time is a limit case of a measurement between maintenance
times, when the measurement (inspection) time tends to the maintenance time. Therefore,
all the possible observations schemes (as the 4 schemes considered in [13]) are limit cases of
the general scheme. That is why it is called general. For both schemes, the parameters are
estimated by the maximum likelihood method. In the full model, an identifiability problem
appears, so the estimation is made only for the perturbed ARD; and partial replacement
models.

Finally, a simulation study is carried out in order to assess the quality of the estimators.
The impact of different features of the model and data (values of the parameters, number
of observations, number of maintenances) is analyzed. Through a study of the impact on
observation locations, it is also possible to compare the complete and general observation
schemes.

The paper is organized as follows. The notations used throughout the paper are given in
Section 2. The new degradation model is presented in Section 3. The statistical inference
is studied in Section 4 for the perturbed ARD; and partial replacement models, under
both observation schemes. The results of the simulation study are presented in Section 5.

Finally, concluding comments are given and some prospects are raised in Section 6.

2 Notations

e 7: end of observation time.



k : number of maintenance actions.

7j ¢ j maintenance time. 7o = 0, Ty 1 = T.

n; : number of observations of degradation levels on (7;_1,7;).

n : total number of observations on [0, 7].

tjq : time of the ith observation of the degradation level in (71,75 tjmj+1 =tjy10 =
;-

At;; =tj;—tj;—1: time interval between the i — 1" and 7" observations in [rj_1, 7).

XU = {XY(t)}+>0 : part of the underlying degradation process not affected by main-

tenance actions (U stands for Unmaintained).

XM = {XM(#)};50 : part of the underlying degradation process affected by mainte-

nance actions (M stands for Maintained).

X% = {X%(t)}+>0 : global underlying degradation process of the unmaintained sys-
tem, X° = XU 4+ XM,

AXf = X¥1;) — X¥(1j-1) : increment of the degradation process £ (¢ € {S, M})

between the j — 1** and the j** maintenance action.
Y = {Y(t)}+>0 : global degradation process of the maintained system.

Y(7;) =Y (tjn;+1) : degradation level just before the 4" maintenance action.

Y(T;r) =Y (tj110) : degradation level just after the ;' maintenance action.

AYS, =Y (i) — Y (tji-1) it" degradation increment in [7;_1,7;].

AYF=Y(1;) —Y(T;r_l) =AX JS : observed degradation increment on [7;_1, 7;] under
the complete observation scheme.

Ang = Y (tjn;) — Y(tj1,;.,) : observed degradation increment on (7;_1,7;) under
the general observation scheme. As the first degradation increment Ayf, is always
observed, AY? =Y (t1,,) and V j € {2,....,k + 1}, AYY =Y (tjn,;) = Y(tjn1)-

ATj = T1j — 7j_1 : elapsed time between the j — 1" and the j** maintenance action.



o At? : elapsed time between the first and last observation on (7j_1,7;) under the

general observation scheme. For j > 2, At? =tjn; —tj1. For j =1, At] =t1,,.

° 75 = Y(T;r) —Y(7;) : observed degradation jump at the 4 maintenance time for

the complete observation scheme.

. Zf =AY, + 25+ AY), 4y ¢ observed degradation jump around the §*" mainte-

nance time for the general observation scheme.
o Ly, i, s ¢ drift parameters of the underlying degradation processes.
° 0'12], 012\4, O'?g : variance parameters of the underlying degradation processes.
® cynm,Csy : covariance parameters of the underlying degradation processes.

o 1y, sy - coefficient of correlation parameters of the underlying degradation pro-

cesses.
e p: maintenance efficiency parameter.

e O: set of all parameters in the second parametrization, © = (us, par, 0%, 037, Py 750 )

~ ©1 = (u,0%,0%,, p,msm) : set of parameters for the perturbed ARD; model.

— 0y = (H&H}V[,U%,U%/I,TSM) : set of parameters for the partial replacement

model.

e fx : density of X.
e fx)y : conditional density of X given Y.

e O} : set of observed data before time ¢ for scheme h. h € {c, g} where ¢ stands for

“complete” and g stands for “general”.

e The random quantities are denoted by uppercase letters and their realizations by

lowercase letters. For instance, Ayj, is the observed value of AY/;.

A part of the notations presented in this section is illustrated in Figure 1. In this figure,
a trajectory of the degradation process Y is presented according to the two observation
schemes used in this paper, which will be described in Section 4. The black dots depict

the observed degradation levels. The left figure represents the complete observation scheme



where degradation levels are observed just before and just after every maintenance action.
The general scheme is represented in the right figure, where degradation levels are only
observed between maintenance actions. This observation scheme is called general because
the complete scheme is a limit case of this scheme, obtained when tin; and ?j41,1 get closer

to Tj.

Ays| 5

Degradation
Degradation

At

72 73

Figure 1: Detailed notations for respectively the complete (left) and general (right) obser-
vation schemes

3 A degradation model with partial maintenance effects

This section presents the proposed degradation model, for which maintenance affects only
a part of the degradation process. The model is described in Section 3.1. An alternative
parameterization is proposed in Section 3.2. Some particular cases are listed in Section 3.3
and an identifiability issue is raised in Section 3.4.

3.1 Model description

The assumptions of the proposed model are given below.

e The degradation process is made of two parts XV = {XY(#)};>0 and XM = {XM(¢) };>0.



e Between two maintenances, the degradation process evolves as the sum of the under-

lying degradation processes XV and XM,
e Maintenance only affects XM,

e Maintenance effect is of the ARD;-type [19]: at maintenance times, the degradation
level is reduced of a quantity which is proportional to the amount of degradation of

XM accumulated since the last maintenance action.

e XY and XM are dependent Wiener processes with drift, or (XY, XM)T is a bi-
variate Wiener process with drift. Therefore, their increments are independent and
(XY(t), XM ()T is a Gaussian vector:

XY(t) pu
(o) ()=o) .

2
g CUM
where ZUM = v 9 .
CUM Ojp

uy, par are the drift parameters, 0(2], 012\4 are the variance parameters, and cgys is

a covariance parameter. Note that the coefficient of correlation between Xy (t) and
X M (t) 18

cumt c
COTT(XU(t)aXM(t)) = UM - UM _ rTUM € [—1, 1].

2 2 OUOM
v/ ot oyt

Therefore, the coefficient of correlation does not depend on time.

The system is maintained at times (71, 72, ...). Let Y (¢) be the degradation level at time
t of a maintained system, with Y/(0) = 0. Let Y(7;7) be the degradation level just before
the j'* maintenance at time 7; and Y(T;) be the degradation level just after 7;.

Before the first maintenance action, the degradation level Y of the system evolves as
the sum of XV and XM.

Vielo,m), Y(t)=XY(t) + XM@).

Just before the first maintenance, Y (77 ) = XY (1) + XM (7).



At time 71, an ARD;-type maintenance is performed that only affects X . The main-
tenance effect is to reduce the degradation level of a quantity proportional to the amount of
degradation of XM accumulated since the origin. Let p be the coefficient of proportionality,

which expresses the efficiency of maintenance.
Y(r") =Y(r) = p [XM (1) = XM(0)] = XY (71) + (1 = p) XM (1)
Between 7 and 7, the system is degrading as a non-maintained system.

Vte|m,m), Y(t) = YD)+ XY@+ XMEt) - xY(r) - XM(n)
= XY(t)+XxM(t) - pXM (7))

At 79, an ARD1-type maintenance is performed.
Y(r) =Y(ry) = p[XM(12) = XM ()] = XV (r2) + (1 = p) XM (1)

By recurrence, it is eagy to show that the degradation process of the maintained system

is defined as follows.

Vi>1, Y(r;) = XY(r)+ XM (7)) — pXM(7;0) (2)
Y(r) = XY(m)+ (1 -p)XY(r) (3)
Vte[r1,m), Y(t) = XU@)+XM(E) - pXM(r20) (4)

The effect of a maintenance action is represented by a jump of the degradation level.

Let Z7 be the observed jump at the 4" maintenance time.
Zs =Y (1) =Y (1) = —p [XM (1)) = XM (7j-1)] (5)

From the properties of the Wiener process X | the Z; are independent random variables

and their respective distributions are, Vj > 1:
A ~N (—pumAT; | p20']2\/[ATj) . (6)

where A7; = 7;—7;_1. Note that the jumps are not independent of the previous degradation
increments.

The distribution of the degradation increments inside each inter-maintenance interval



can also be easily derived from (4):
Vi>1l, Vrg<s<t<T, Y(t)=Y(s)=XV(t) - XY(s) + XM (t) - XM(s).
Therefore, the distribution of the increments is given by, Vj > 1, V71 < s <t < 7;:
Y(t) = Y(s) ~ N (o + par)(t = 8), (0 + 0 + 2cum)(t — 5)) - (7)

The independence of increments of the bivariate process (XY, X™) implies the inde-

pendence of increments of Y.

3.2 An alternative parameterization

From a statistical perspective, the model parameters will have to be estimated from field
data. The observed data are degradation increments and degradation jumps, whose distri-
butions are given by (6) and (7). Therefore, in order to simplify the writings in statistical
inference, it appears relevant to introduce an alternative parameterization of the model.
Let

X5(t) = XU(t) + XM(¢) (8)

X% is the global underlying degradation process of the unmaintained system and XM
is the part of this process which is affected by maintenance actions. (X°(t), XM (t))7 is a
linear transform of the Gaussian vector (XY (¢), XM (¢))T:

X5\ _, (X7 (11
<XM(t)> =A (XM(t)) , where A= (O 1) .

So (X3(t), XM (t))T is still a Gaussian vector. From usual results on random vectors,

its mean is

n (XU(t)) _ (uU + uM> .
XM(t) Y,

10



and its covariance matrix is

2

2, 2 2
ANyt AT = UUJFUMJFzCUM com + oY,
CUM + Oy o

Therefore, let us introduce new parameters ug, fin, 0%, 02y, CSM, TSM, Such that (X5(1),
XM#)T is a Gaussian vector with mean (ug, upr)7t and covariance matrix Ygpst, where

2
oL ¢
Ysm = s OSM) and rsy = csy/(osonr). The links between the first parameteriza-
CSM O

tion (U, M) and the second parameterization (S, M) are given in Table 1.

Table 1: Links between the two model parameterizations

(XY, xM) (X5, X M)
Drift KU = HS — BM ps = pu + pm
Variance 012] = a% + a%/[ — 2cs M a?g = 0[2] + a%/[ + 2 cum
Covariance CUM = CSM — UZQM csM =cum + 012\4
. rSMOS — OM TUMOU + OM
Correlation | ryy = rSM =
\/O'gv—FO']QM—QTSMUSo']W \/JIQJ—FJ%/I—FQTUMO’UO']V[

To simplify writings, let V £ € {S, M}, AX; = X*(1;) — X*(1j-1) be the increment of
the degradation process £ (¢ € {S, M}) between the j — 1" and the j** maintenance action.

In the new parameterization, the degradation level and jumps are defined as follows.

Vi>1,Vteln,m), Y()=Xt) —p XM (r1). (9)
Vi>1, Z§=-—p [XM(r;) = XM(r;_1)] = —p AX]. (10)

The distributions of the degradation increments and jumps are:

Vi>1, Vr1<s<t<t, Y()-Y(s)~N (us(t—s), oi(t—s)). (11)
Vji>1, Z{~N(—pumAtj, prot AT;). (12)

From (11) an (12), it can be seen that parameters (ug, 0%) are closely linked to degra-
dation increments between maintenance actions while parameters (,uM,cr]QV[, p) are closely

linked to degradation jumps, so to maintenance efficiency. This remark will be useful in

11



Section 4 for the estimation of these parameters.
Finally, the distribution of the degradation level at time t can be easily computed from

(9):
Y (t) ~ N (ust — puami—1 , 05t + p2or Ti—1 — 2pTSMOSTMTi—1)

The same degradation trajectory under both parameterizations is presented in Figure 2.
The observed degradation process Y is represented with the underlying processes XV and
XM on the left figure and with X and XM on the right figure. This trajectory has been
simulated using the following parameters : uy =4, uy = 2, 02U = 10, ‘7?\4 =7, rym = 0.8,
p = 0.7, which is equivalent to ug = 6, py = 2, 0% = 30.39, 012\4 =7, rsmy =094, p=0.7.

In this example, four maintenance actions are periodically performed at times {3,6,9,12}.
The underlying processes are simulated using consecutive degradation increments on a time
increment equals to 0.001. In the first parameterization, between maintenance actions, the
degradation process Y (in black) evolves as the sum of XY (in green) and X (in blue).
In the second parameterization, Y evolves as X° (in red) between maintenances. The cor-
relation between the underlying degradation processes clearly appears in this figure. The
maintenance effect is also clearly visible for the first three maintenances. For the fourth
one at 74 = 12, the maintenance effect is not visible because the amount of degradation

accumulated for process XM between 73 = 9 and 74 = 12 is very small.

a0 90 1 . W
— -
k=] Kt o (L)
5 B0 5 B0 /
R U §°
o M &
0 44 0 44 g

01 0

0 3 & g 12 15 0 3 B g 12 15
Time Time

Figure 2: Degradation trajectories of Y (in black) with (XY, X™) (in green and blue) in
the left figure and (X, X™) (in red and blue) in the right figure.
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3.3 Specific cases

The model defined by equation (9) to (12) will be called hereafter the full model. Some

interesting specific cases of this full model can be considered.

e ABAO. When p =0, Y(t) = X%(t) = XY(t) + XM(t). Maintenance has no effect
on the system, the system after maintenance is As Bad As Old (ABAO).

e Usual ARD; model. The new model is equivalent to the usual Wiener-based ARD,
model [19, 13] when the whole degradation process is affected by maintenance actions.
This is the case for XY(t) = 0,V ¢t > 0, i.e. uy = 04 = cym = 0. In this case,
XS = XM g s = M, a% = UJQM = cgym and rgys = 1. In this situation, p = 1

entails a perfect maintenance action.

e Perturbed ARD; model. When pg = pups or py = 0, XY, which can depend on the
degradation process, is a white noise. So the degradation process Y can be considered

as a usual Wiener-based ARD; model perturbed by this white noise.

¢ Partial replacement. In the usual ARD; model, p = 1 means that the system is
renewed, or As Good As New (AGAN), after each maintenance. Here, p = 1 means
that maintenance deletes all the amount of degradation of X accumulated since the
last maintenance. Globally, maintenance is not perfect (Y(T;—) = XY(r;) # 0) but
can be considered as optimal. This corresponds to the situation where maintenance
consists in replacing a part of the system components, but not the whole system. This

situation is particularly interesting in practice and will be studied in Section 4.

e When XY and XM are independent, ryyr = 0 so rgy = % Therefore X*
SUToMm

and XM are dependent and positively correlated.

e When X° and XM are independent, rsy; = 0 so r = _—— 9 _ Therefore XV
P y TSM UM \/m

and XM are dependent and negatively correlated.

e ryy =1 = rgy = 1. A perfect positive correlation under the (U, M) parameteriza-
tion entails a perfect positive correlation under the (S, M) parameterization.
e rsy =1= ryym = % = rym = {—1,1}. A perfect positive correlation
0S—O0M
under the (S, M) parameterization entails a perfect correlation under the (U, M)

parameterization, which can be either positive or negative.

13



3.4 Identifiability

The definition of the full model in (9) to (12) shows that two different sets of parameters
(piar, 034, p) and (fing, 634, p) such that puyr = pfins and poyr = poa define the same model.
More precisely, X°(t) and XM (t) can be written X¥(t) = ust +osB(t) and XM (t) =
pat + oy BM(t), where BS and BM are dependent standard Brownian motions. Let
f(M(t) = jipt + 62BM(t), where fipy = pua/p and G2 = poy/p. We have XM(t) =
pXM(t)/p and pXM(t) = pXM(t). Therefore, the degradation process Y (t) = X5(t) —
pXM(t) is exactly the same as Y () = X5(t) — pXM(t). Moreover, it is easy to show that
COU(XS(t),XM(t)) = pCsj\/[t/ﬁ = ¢spt and Fgpr = 6SM/055M =TgMm.

So finally, Vp € (0, 1] the sets of parameters (ug, ars, ag,o?w, rsa, p) and (s, piar/p,
a%, pZO'%/[ /p?, rsar, p) define the same model. Although it is less visible, the same problem
also appears using the (U, M) parameterization.

Hence, the full model is not identifiable. Therefore, in Section 4, constraints will be
imposed in order to estimate the parameters of identifiable models: the perturbed ARD;
and partial replacement models.

In order to study statistical inference in the following section, the model’s likelihood is
first derived for the full model.

4 Statistical Inference

Let © = ([LS,/L]W,O’%,O']?M,T‘S]\/[,[)) be the set of model parameters under the second pa-
rameterization. This section studies the statistical estimation of these parameters from
field data. The system is assumed to be regularly inspected and degradation levels Yj;
are measured. Two observation schemes (i.e. two ways of collecting data) are considered,
the complete scheme and the general scheme. For both schemes, the parameters are esti-
mated by the maximum likelihood method. Each scheme leads to a different writing of the
likelihood and then to different estimations of the parameters. The observation schemes
are described in Section 4.1. The general expressions of the likelihoods are determined in
Section 4.2. Due to the identifiability issue raised in Section 3.4, the estimation is made
in Section 4.3 only for the perturbed ARD; and partial replacement models under both

observation schemes.

14



4.1 Observation schemes

The considered system is observed in a time interval [0, 7]. In this interval, k£ maintenances
are performed at times 71,...,7;. Let us denote 79 = 0 and 75,41 = 7.

V j e {l,...,k + 1}, let n; be the number of observations of the degradation level in
(7j-1,7j). The degradation levels are observed at times t;;, where t;; is the time of the
it" observation in (1j_1,7;) Vi € {1,...,n;}. If observations are made at the maintenance
times (just before and/or just after), the corresponding observation times are denoted
tim;+1 = Tj = tjt+10- Let At;; = tj; —tj;—1 be the time elapsed between two successive

observations.

4.1.1 Complete observation scheme

In the complete scheme, the degradation levels are measured both between maintenance
actions and at maintenance times (just before and just after). In Figure 3, a degradation
trajectory is simulated for ug = 10, pas = 5, a% = 30, O'%/[ =20, rspy =07, p=08. In
this example, degradation levels are periodically observed and represented by black dots.
Maintenance actions are periodically performed at times {3,6,9,12}. The two underlying
processes X° and XM are respectively depicted by the red and blue lines. The observed

degradation increments of the system are represented by the black line.
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Figure 3: Observations of the degradation levels of the maintained system (in black) under
the complete observation scheme

Due to the properties of the Wiener process, it is more convenient to consider that
the degradation increments (instead of degradation levels) are observed. Therefore, in the

complete scheme, the observations are made of:
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e The degradation increments AYS; = Y (t;;) — Y (tji-1) = X5(tj4) — X5(tj;-1), for
1<j<k+1and 1l <7 < n;+ 1. They are independent and their respective
distributions are AY; ~ N (usAtji, 0gAt;;).

e The degradation jumps Z5 = Y(TJ.*')—Y(TJ._) =—p [XM(7;) = XM(7;21)] = —p AXJM,
for 1 < j < k. They are not independent of the observations prior to 7;. The set of

all these observations is denoted:

C _ C (& C (& C C C C
C’)T_, = {Ayljl, e YT 415 21, AYS 15 o0 ij—l,nj,ﬁb 25 1, AYS 1y ij7nj+1}

J

The likelihood function is the joint density of all observations. Therefore, the likelihood

function in the complete scheme, denoted L.(©), is given by

k+1nj+1 k
L©)=]] 11 fave, Ay fz;|oif(z§) (13)
J=1 i=1 j=1 j

where fZng? is the conditional density of the j** jump given all the observations before
j
;.

The expression of this likelihood is developed in Section 4.2.1.

In Leroy et al [13], this observation scheme has been considered for a usual ARD;
Wiener-based degradation model (first observation scheme in [13]). In this model, the
value of a jump is proportional to the amount of degradation accumulated since the last
maintenance action. Thus, under the complete observation scheme, the sizes of the jumps
are deterministic given the previous observations. This is very unlikely in practice. Here,
Zi =—p AX ]M and the AX ]M are not, observed, so the problem of the ARD; model does
not occur. Therefore, the proposed model is more realistic than the ARD; model for the

complete observation scheme.

4.1.2 General observation scheme

In the general scheme, the degradation levels are measured only between maintenance
actions. In Figure 4, a degradation trajectory is simulated for the same parameters as in
Figure 3. In this example, contrary to Figure 3, the observations are not periodic and
the numbers of observations between two successive maintenances are not constant. As in

Figure 3, each black dot represents an observed degradation level. Dotted lines correspond

16



to the unobserved degradation increments around maintenance times. The two underlying
processes X° and XM are respectively depicted by the red and blue lines. The observed

degradation increments of the system are represented by the black line.
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Figure 4: Observations of the degradation levels of the maintained system (in black) under
the general observation scheme

In this case, neither Y (7,) nor Y(Tj+ ) are observed. Therefore, the true degradation
jumps Z7 are also not observed. The observation around the 4" maintenance time 7j is
the difference between the first observed degradation level after 7; and the last observed

degradation level before 7;:
Vi>1, Z] =Y(tj+1,1) = Y(tjn,) (14)
Therefore, in the general scheme, the observations are made of:

e The degradation increments AY}%, for2<j<kand2<i<nj,and1 <i<m
for 5 = 1. Indeed, with respect to the complete scheme, the first and last degra-
dation increments of each interval are no longer observed, except the very first one

AYY;. As before, they are independent and their respective distributions are AY; ~
N (,uSAthi, J%Atjﬂ').

e The new jumps Z7 = Y (tj11,1) — Y(tjn;), for 1 < j < k. They are not independent

of the observations prior to Z;,,. The set of all these observations is denoted:

g _ c c g c c g c c
Otj,nj = {Ayl’l, s AYT s 275, AYS 9, -y ij_l,nj_l, Zj_l, ij’Q, . ij,nj}
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Therefore, the likelihood function in the general scheme, denoted L4(O), is given by

k+1 1

K
o) =11 II fav (ijc',i)l_[l fz;’|ogmj (%) (15)
i |

j=1 i=14+1,51

The expression of this likelihood is developed in Section 4.2.2.

4.2 Derivation of the likelihood
4.2.1 Complete observation scheme

In order to write the likelihood (13), the only difficulty is to derive the conditional distri-
butions of the jumps Z7 = —p AX]M given O:,.

J
Tl]‘—‘rl
We have AXJM = XM(r))—XM(1;_4) = Z:l AX% and AXjS = X9(1j) = X5(1j-1) =
1=

nj+1
Z AX X M is independent of all observed degradation increments before 7;, except

AX S = AY,. So finally, the conditional distribution of Z; given Oi, is simply the
j

condltlonal distribution of —p AX; M given AX: S — = Ayj.
(AX]M , AX]S) is a Gaussian vector:

AXM 2
i)~ /\/< N Arj> (16)
AX ns CSM Oy
So the distribution of AX JM given AX jS can be derived thanks to the lemma given in
Appendix A, with A = AX]M, B = AXJS, pa = puATi, pup = psAty, L4 = o3, AT,
EB = U%AT]‘, and ZAB = CSMAT]'.
Straightforward computations lead to the desired conditional distribution:
Z | Oij_ ~N <— (nam AT +7“SM (ij usAT;)) , p*Atj or(1— T%M))
(17)
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Hence, the log-likelihood for the complete observation scheme is:

k+1n;+1 c 2
1 Ay, — psAtj,
InL.(0©) =— 3 (Z Z 1H(27T0’%Atj’i) + ( MazAt‘ ' JZ)
j=1 i=1 S 5
k (zc-+puMAT-+ rom 2L (AYS — psAtj) 2
i+ prsm 2L (AYS — psATy))
+ 111(271‘,02A7']’0'%/[(1 — 2 ) + 2 g
2 AR

(18)

4.2.2 General observation scheme

In order to write the likelihood (15), the only difficulty is to derive the conditional distri-
bution of the observed jump around the j** maintenance Zf given (’);?j L-VJjE {1,...,k},
N

we have:

Z =Y (tjr11) = Y(tjn,)
=Y(tj11) =Y (7)) +Y(5;) =Y () + Y(7;) = Y(tjm;)
=AYia+ 25+ AV 0 (19)
= AXP 1 —p AX + AXﬁnjH

nj

S M M M S

= AXj+1,1 -p AXj,l]lj>1 - P Z AXj,i - p AXj,njH + AXj,njH
i=141 51

In this sum:

e AX? | is not observed and is independent of Otgj’nj.

o AX %]l j>1 is not observed. It depends on AX fl 1 -1, which is also not observed, but

involved in ng .

n; n;
e > AX JJ\/{ is not observed but depends on Y.  AX?. which is observed.

. . 3
’L=l+]lj>1 ’L:1+]]-j>l

e AX %J 41 and AX jsn] 41 are not observed, are independent of ngv"j , but are dependent

one from each other.

Finally, the conditional distribution of ZJQ given ij . 1s the conditional distribution of
K]

19
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n
Z{ given Z AX ]SZ, Z7 ;| This distribution will be obtained by using again the
i=1+1j>1

n;
lemma of Appendix A, starting from the Gaussian vector | Z7, Z AXD. 79

Jir “i-1
i:1+]lj>1
To simplify writings, let us denote:
nj
o At? = > Atj; the elapsed time between the first and last observation on the

1=1+1;>1
4 inter-maintenance interval. For j > 2, At =tjn; —tj1. For j =1, At = t1,,.

n;
. ijg = > AX fz the total increment of degradation observed on the j** inter-
=141 51

maintenance interval. The Gaussian vector of interest can now be written (Z ;’ , Ang , Z 5’_1) .
The expectation of the Gaussian vector is given by:

hzo = E[Z]] = E[AY}} 1 4] + E[Z]] + E[AY], 4]

= ps(Atji11 + Atjn;11) — puap AT (20)
E[AYY] = usAtY. (21)

For the covariance matrix, one has to compute:
02 = Var[Z9)]
z J

T
S M § : M M S
ey VaT[AXj-f—l,l - p AX]711j>1 - p AX],Z - p AXj77Lj+1 —|— AXj,nj—f—l}
i=1+1;>1

n
= Var[AXjSHJ] + p? Var[AX%]lj>1] + p? Var| Z AX%]

1=1+1;>1
2 M S S M
+p” Var[AXG, 1] + Var[AX5, 1] = 2p Cov(AXF, 11, AXj0 11)
n;
= 08At 11+ PPN At s + p0% Y At
i=1+1,5,

+p2 08 Aty 1 + 05 A 11 — 29 csp ALy, 41

= a%(Atj,nj_,_l + At]‘+171) + pQszwATj — 20 rSMOSOM Atj,nj—f—L (22)
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Var[AY]] = UgAt?. (23)

Cov(Z{,Z] ) = Cov(—pAXM,AXT)) = —pesnAtj1. (24)
n; n;
(Cov(Z]“q,Ang) = Cov(prAX%, Z AXfi) = *pCSMAt?. (25)
i=1 i:1+]lj>1
n;
Cov(AYY, ZI ) =Cov( Y  AXj,AXS)=0. (26)
i:1+]lj>1

Finally, Vj € {2,...,k}, the distribution of the Gaussian vector (Zj-], AY}Q, Zfﬁl) is
given by:

z! Wz9 %9 —prsmosomAt] —prsuoson At

J J
AY? | ~ N usart? | | —prsvoson At oAt 0 )
z9_, Kz, —prsmoson Aty 0 o%s

j—1

(27)
The distribution of Z7 given (AY/,ZJ |) can be derived thanks to the lemma given

AY? At?
in Appendix A, with A = Zj‘-], B = (Zg] ), pa = pze BB = (,US J), YA = 0%5,

J

O‘%At? 0 >

-1
YAB = (—pTSMdsaMAtg, —pT’SMasaMAtjyl), YXBA = EZB and X g = (

After computations, the desired conditional distribution is obtained:

91 M9 PTSMOM /5 g o PrsmosoyAtiilisy g
Zj | Otj,nj ~ N<NZ§? - T(ij - ,usAtj) - aég (Zj—l - MZ?71)7
-1
At A2 14
Oy — pQr%MUgU]QW( -+ —2 )) (28)
j o 0%
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Finally, the log-likelihood for the general observation scheme is:

k+1 n; Ay . — At'iQ
In L (Z Z QWUSAt]Z) (y],z s Atji)

2 .
j=1i=1+1;>0 USAtJ,z
k

At A2 1oy
+ Zln <27T (O’%? — p2rk2gMak2ga%/[( 02] + ]’21 i )>>
E g

X g
Jj=1 s Z5_4

2
< . 'ng 4 LTsMIM TSMUM (Ay . MSAtg) P "'SIVIUS‘;'J\IAtj,llj>1 (23771 — ) ))
j—1 )

g
ZJ1

_|_

Atg At? 1
2 31 J>1
T79 — P rimoson (T + 2, )
j—1

(29)

Let us recall that this second observation scheme has been called general because the
complete scheme is a limit case of this scheme when tin; and tj11, tend to 7. In this
case, Atjy1,1 and Atjynﬁl tend to 0, At? tends to A7; and Ay? tends to ijc-. Under these
assumptions, it is easy to check that the conditional distribution in the general case (28)

converges to the conditional distribution in the complete case (17).

4.3 Estimation for the perturbed ARD; and partial replacement models

The identifiability issue raised in Section 3.4 leads that the parameters © = (ug, par, a%, 012\/[,
p,rsar) of the full model cannot be estimated. But if some constraints are imposed, the
model may become identifiable. Therefore, we will consider in the following the parameter
estimation for two specific models introduced in Section 3.3, the perturbed ARD; and

partial replacement models.

e Perturbed ARD;. The degradation process is an ARD1 model perturbed by a white
noise. This corresponds to the case ug = ups = p. Therefore, the model parameters
in this case are ©1 = (u,agw,ofw,p,rgM). The log-likelihoods in the complete and
general observation schemes are respectively In LF4(©1) = In Le(u, 1, 02,02, p,75M)
and In Lf;A(@l) = In Ly(p, p, 0%, 03, p,rsam), which can be computed using (18) and
(29).

e Partial replacement. The maintenance is optimal since it deletes all the amount of

removable degradation accumulated since the last maintenance. This corresponds to
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the case p = 1. Therefore, the model parameters in this case are ©y = (ugs, par, a?g, aij,
rsar)- The log-likelihoods in the complete and general observation schemes are respec-

tively In LER(©g) = In L. (us, par, 0%,0%,,1,rsn) and In LgR(@g) =In Ly(us, pirr, 0%,
02,,1,750), which can be computed using (18) and (29).

5 Simulation study

Deriving the theoretical properties of the estimators would require sophisticated mathe-
matical derivations, which are out of the scope of this paper. Therefore, the quality of the
estimators is assessed through a simulation study. In order to analyze the impact on the
estimation quality of the parameters values, the number of maintenance actions and the
number of observations, several situations are considered and compared to each other. Each
situation corresponds to different levels of information and available data, so as to provide
a set of convincing elements giving a good insight into the behavior and performance of the
proposed estimation method in different situations representative of the reality. Through
a study of the impact on observation locations, it is also possible to compare the complete
and general observation schemes.

Only the Perturbed ARD; and Partial replacement model are considered. Mainte-
nance actions and degradation measurements are supposed to be periodically performed.
A situation is defined by the values of the model parameters, the number of observations
between maintenance actions (n;), the number of maintenance actions (k), the total num-
ber of observations (n), and the maintenance period. For each situation, 5000 degradation
trajectories are simulated. The five model’s parameters are estimated by maximizing the
log-likelihoods (18) and (29) with the Nelder-Mead method. To obtain good estimation
results, the initial parameter values of this algorithm have to be carefully chosen. The em-
ployed technique is described in Appendix B. The results are presented through box-plots

of the empirical distribution of each estimator.
5.1 Quality of parameter estimation for the complete observation scheme

5.1.1 Perturbed ARD; model

For the Perturbed ARD; model, 8 situations are considered, described in Table 2. For each
situation, 5000 degradation trajectories are simulated. For each trajectory, maintenances

are performed every 3 time units. The boxplots of the estimators are presented in Figure
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Table 2: Simulation situations for the Perturbed ARD; model

Situation | p 0'% O'JQW p | rsm | nj|k n
1 5110 7 |05 07 | 2] 4| 20
2 5110 7 |05 07 | 0] 9| 20
3 5110 7 |05 07 |5 |22
4 5110 7 |05 07 | 2 |49 | 200
5 5110 7 |05 01 | 2] 4| 20
6 511020 |05 0.7 | 2 | 4| 20
7 5110 7 |02] 07 | 2] 4| 20
8 5110 7 |08 07 | 2] 4| 20

Situation 1 is the reference situation, with an average maintenance efficiency (p = 0.5),
a quite high correlation between the underlying degradation processes (rgyr = 0.7),
k = 4 maintenance actions and n; = 2 observations of the degradation level between

each maintenance.

Situation 2 has the same parameters and the same amount of data, but with more
maintenances and no observations between maintenances. Since we have more infor-
mation on the jumps and less information between maintenance, 0%/[ and p are better

estimated and U?g is less well estimated. p and rgys are also better estimated.

Situation 3 is the dual of the previous one, with less maintenances and more observa-
tions between maintenances. Logically, all the estimations are degraded, except that
of 0%.

Situation 4 is similar to situation 1, with much more data. As expected, the estimation

quality of all estimators increases with the number of data.

Situation 5 is similar to situation 1, except that the coefficient of correlation is much
smaller (rgps = 0.1). The box-plot shows that it is difficult to estimate a so small
coeflicient of correlation. The estimations of other parameters are not affected except

p, which is slightly less well estimated as in Situation 1.

Situation 6 is similar to situation 1, except that the second variance is much larger

(03, = 20). Unsurprisingly, only the estimation of o3, is affected.
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e Situation 7 is similar to situation 1, except that the maintenance efficiency is much
smaller (p = 0.2). Tt appears that the estimation of p is improved and the estimations

of other parameters are not affected.

e Situation 8 is similar to situation 1, except that the maintenance efficiency is much

larger (p = 0.8). Only the estimation of p is slightly degraded.

These results and other simulations not reported here lead us to draw the following
conclusions. The parameters are generally well estimated, even for a rather small amount
of data. a% and UJQW are slightly underestimated and rgjys is overestimated. A higher number
of maintenances improves the estimation of the parameters linked to the jumps O'%/[, p and
rsar- A higher number of observed degradation levels between maintenances improves the
estimation of J?g. It is difficult to estimate rgp; when its value is close to 0 or 1. The

variances of the estimators of O'JQV[ and p increase when the true parameter values increase.

5.1.2 Partial replacement model

For the Partial replacement model, 6 situations are considered, described in Table 3. The
boxplots of the estimators are presented in Figure 6. The results are completely similar to
those of the Perturbed ARD; model. Whereas the true values of the drift parameters are

different, the estimations quality of ug and pps remains comparable.

Table 3: Simulation situations for the Partial replacement model

Situation | pg | par ag 012\4 rsm | nj |k n
1 10 5 10 7 07 | 2| 4| 20
2 10 5 10| 7 0.7 | 0] 9 | 20
3 10 5 10 | 7 07 | 5| 2| 21
4 10 5 10| 7 0.7 | 2 |49 | 200
5 10 5 10 7 01 | 2| 4] 20
6 10 5 10| 20 | 0.7 | 2 | 4 | 20

5.2 Impact of the observations locations and the observation schemes

The aim of this section is to look if the observations locations between two successive
maintenance actions can have an impact on the estimation quality. To that aim, degradation

levels are not necessarily periodically observed. Five situations are considered, described
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in Table 4 and illustrated in Figure 7. The total numbers of data are equivalent in all
situations. The considered model is the Perturbed ARD; model.

Table 4: Simulation situations for assessing the impact of observations locations

Observation scheme | Situation | p | 02 |03, | p | rsm | nj | k| n
¢ 1 5110 7 |05] 07 |0 1920
g 2 5010 7 (0507 |2 ]9|21
g 3 5010 7 (0507 |2 ]9|21
g 4 5010 7 (0507 |2 ]9|21
g 5 5010 7 (0507 |2 ]9|21
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Figure 7: Observations location for the five considered situations and the first three main-

tenance times.

e In situation 1, the data are collected under the complete observation scheme, with no

observed degradation levels between maintenances.

e In situation 2, the data are collected under the general observation scheme. Two

degradation levels are measured in each interval, and the measurement times are

close to the maintenance times. Here, the degradation measurements are not periodic:

Vje {1,...,9}, tj,nj =Tj— % and tj+171 =7 + %

e In situation 3, the data are collected under the general observation scheme.

Two

degradation levels are measured in each interval, and the measurement times are

periodically spaced in the intervals between maintenances.
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e In situation 4, the data are collected under the general observation scheme. Two
degradation levels are measured in each interval, and the measurement times are just
before the maintenance times. Here, the degradation measurements are not periodic:
Vie{l,..,9} tjn, =7 — % and tjq11 =75 + %

e In situation 5, the data are collected under the general observation scheme. Two
degradation levels are measured in each interval, and the measurement times are just
after the maintenance times. Here, the degradation measurements are not periodic:
Vie{l,..,9}, tjn, =7 — % and tjq11 =75 + %
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Figure 8: Estimations of the parameters of the Perturbed ARD; model for the situations
of Table 4

The boxplots of the estimators are presented in Figure 8. This figure shows that the best
estimations are obtained for situation 1, except for a?g. It means that in order to estimate

the parameters mainly linked to the maintenance effect, it is better to observe degradation
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levels at maintenance times. Conversely, for parameter 0?9 mainly linked to the intrinsic
degradation, it is recommended to observe degradation levels between maintenances.

The results for situation 2 are closer to the results of situation 1 than those of situation
3. This illustrates the fact that Situation 1 is a limit case of situation 2, or that the
complete observation scheme is a limit case of the general observation scheme. In this case,
the observed jumps in the general scheme ng are close to the real jumps Z7.

The estimations in situation 4 and 5 are comparable except for the correlation coeflicient
rsa, which is better estimated when degradation levels are observed just after maintenance
actions.

The estimation quality is slightly better in situation 5 compared to situation 4. Measur-
ing degradation levels just after maintenance actions improves the estimations quality. In
the usual ARD; model, the best estimations are not obtained for the complete observation
scheme [13]. On the contrary, for the proposed model, the complete observation scheme

provides the best estimation.

6 Conclusion and perspectives

This article has introduced a new degradation model with imperfect maintenance, which
assumes that maintenance effect only affects a part of the degradation process. Two partic-
ular models of interest have been studied, the Perturbed ARD; and the Partial replacement
models. The parameters of these models have been estimated under two different observa-
tion schemes. The quality of estimation has been assessed through a simulation study and
the impact of different features of the model and data has been analyzed. A first prospect
of this study is to derive the theoretical properties of the estimators.

In the future, decision making techniques could be carried out in order to establish
optimal maintenance policies. Generally, it is assumed that a failure occurs when the
degradation process hits for the first time a given degradation threshold. For usual Wiener
processes, it is well known that the first hitting time is inverse Gaussian distributed [7]. For
the new degradation model presented in this article, the first hitting time’s distribution is
not inverse Gaussian anymore but appears to be more complex as the degradation trajectory
is discontinuous at maintenance times. So an interesting prospect of this work is the
determination of this distribution.

In Appendix C, a preliminary step is given, through an empirical estimate of this dis-

tribution’s density. Maintenance effects seem to cause the multimodal shape of the distri-
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bution. Due to the maintenance effect, the risk of failure is higher before a maintenance

than after. Further studies could be carried out in the future in order to determine the

theoretical distribution of the first hitting time for this degradation model.
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Appendices

A Conditional distributions in Gaussian vectors

The following lemma gives the conditional distributions of the components of a Gaussian
vector. It can be found for instance in Kotz et al [10].
A A
Let be a Gaussian vector such that ~ N(u,X), where p = HAY and
B B KB
by by
Y= A AB Then, the conditional distribution of A given [B = b] is multivariate
Ypa XB
normal N (fi,¥) where fi = pa + SapS5' (b — pup) and ¥ =S4 — SapS5' Y pa.

B Parameters initialization for the maximum likelihood esti-

mation algorithm

Model’s parameters are estimated by maximizing the log-likelihood with the Nelder-Mead
algorithm. In most situations, this method is not really sensitive to its initialization. How-
ever, a good initialization provides a more efficient algorithm and avoids potential local
minima. In order to provide an efficient initialization, we will use the remark made in Sec-
tion 3.2 saying that (ug,o%) are closely linked to degradation increments while parameters
(ars O'JQW, p) are closely linked to degradation jumps, so to maintenance efficiency. For the
complete observation scheme with periodic maintenances of periodicity A7, the initializa-
tion of the parameters is made as follows. The initial values of (,ug,ag,uM,J]Qw,rgM,p)

will be denoted (ug),as(o),ug\/}, JQW(O) rk(q]%/‘,,p(o))

e Initialization of ug and U%. A preliminary estimation of ug and cr?g can be done
by considering that only the degradation increments AY, are observed. These
random variables are independent and have respectively the N (uSAtjyi, O’%Atjﬂ‘)

distributions. So ug) and 02( )

L(us,o%) =111 fijc_(iji). It is easy to show that:
j Z 5T bl

will be the values of ug and 0% which maximize

kil ngl
Ays ., +1 0
O _ ==t Ty g 20 ’ilnz ¢ = 1y At
Hg k+1mi+1 T N + k +1 ‘ Atj,z ’
Z Z At]l 7j=1 i=1

=1 i=
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C

k+1
where N = )" n; .
i=1

(0)

Note that for the perturbed ARD; model (g = pins = ), prg’ is an estimator of pu.

Initialization of p and u,;. The jumps ng are independent and their respective
distributions are N(—p,uMAT, p2012\/[AT). SoVyje{l,..,k}, IE[

P«MATi| = P

Therefore, for the Perturbed ARD; model, one can choose ,ug\/[) = Hfg) and p(0 =

T kAT

k
m Z zj. For the Partial replacement model, p =1 so Ngw) = — & '21 2.
Har =

Initialization of o%,. If only the jumps Z5 are observed, the likelihood is L(par, 037, p) =

H I ZC . It is easy to show that the parameter values which maximize this func-

k
tion are such that 0%, = kpgﬁ > (z]‘?—i—pp,MAT)Q. Therefore, for the Perturbed ARD;

2 (0) _ 1
PO

2 (0) _ k
o Z (¢ + iy AT)2.

k
model, 03, E (ch-+p(0)u§81)AT)2. And for the Partial replacement model,

Initialization of rgp;. Since Z; = —pAX]M and AY; = AXS Cov( AY)
COU(AXJM,AXJS) = cgpAT1. Therefore, cgys can be estimated by the empirical
covariance between the Z5/(—p) and the AY/Ar:

RO (0) i
Csm = ATP(O> Z Z5AYj — k2 Z Z3 zZ1 AY;|, and rgy, = (o?f&(;)'

If the estimation of rg)s is greater than 1, then Tgojb is set close to 1 (at 0.9). If the

estimation of rgys is lower than —1, then ’I“g)]?/[ is set close to —1 (at —0.9).

First hitting time empirical distribution

Degradation trajectories are simulated for the proposed model and first hitting times are

collected. An example of a simulated trajectory and observed hitting time is given in

Figure 9. An histogram of the obtained values is plotted in Figure 10.

It appears that the first hitting time is multimodal distributed. In Figure 10, the modes

of the empirical density are clearly close to the maintenance times. In fact, the multimodal
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Figure 9: An example of a simulated degra-
dation trajectory
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Figure 10: Empirical distribution of the first
passage time

shape of the distribution is a consequence of the maintenance effect on the degradation.
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