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Abstract

X-mode FDTD codes, in use, suffer from long-run growth and, under relatively high levels of turbu-

lence, are unstable. The state-of-the art kernel in use for reflectometry simulations, the Xu-Yuan kernel

(XYK) [1] is not free from these setbacks. An innovative kernel proposed by Després and Campos

Pinto (DPK) addressing these issues and build from scratch to be conservative is being implemented

in REFMULX (IPFNs X-mode code). The results obtained with DPK show an improved long-run sta-

bility, superior to XYK. Some of the ideas developed in DPK, namely the addressing of fields within

each position cell, were applied to the XYK resulting in a modified XYK (MXYK) with a much better

performance than the original XYK. This new numerical advance enlarges the possibilities of X-mode

simulations in the ITER cases. Although the implementation presented in this work is two-dimensional,

these are generic three-dimensional kernels by construction, which makes them of the utmost importance

to the 3D reflectometry codes in development.

1 Introduction

One of the most used methods for simulation of propagation of electromagnetic waves in plasmas is Finite-

Differences Time-Domain (FDTD) most commonly applied to Maxwell’s curl equations [1] although its

application to the wave equation is also possible [2]. The usual way to treat the problem is to write the curl

equations in a vacuum (with ε0 and µ0) and condense the plasma physics in the density of current J.

This results in a system coupling Maxwell equations with a linear vectorial differential equation for J

−ε0∂tE+∇×H = J

µ0∂tH+∇×E = 0 (1)

∂tJ = ε0ω
2
pE− νJ+ ωcb× J,

where ν is the frequency of collisions, usually taken as null (ν = 0) in reflectometry simulations.

The curl equations are discretized following Yee schema [1] and a time integrator is used to solve J.

The classic discretization in time for this problem is
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Solving J for the O-mode, is not problematic and a simple FD integrator can deal with the problem. Solving

J becomes much more delicate when the external magnetic field B0 plays a role since the term ωcb×J cou-

ples the different components of E⊥ and J⊥ together. Furthermore these crossed components are not usually

defined in the same grid points due to the discretization methods used, which adds a complicating factor.

Finding a solver which is both stable and efficient must becomes the challenge. One of the traditionally used

techniques was Runge-Kutta of 4th order (RK45) [3]. A numerical scheme proposed by Xu and Yuan, in the

context of simulation of Radar Cross Section (RCS) of conduction targets coated by anisotropic magnetized

plasmas [4], is being adopted by the simulation reflectometry community and can be considered, up to now,

the state-of-art due to its improved stability over the previous ones and also to its computational efficiency.

Its first use in reflectometry simulations was in REFMULX code (X-mode), probind a plasma with FMCW

(swept reflectometry) using the output data given by the gyrofluid code GEMR as input parameters [6].

2 The Xu-Yuan Kernel (XYK)

The numerical scheme proposed by Xu and Yuan in [4] takes the classic general formulation presented

in Eqs. (1). To solve for J, the inverse Fourier transforms of the Fourier representations of the vectorial

components of the LDE are taken and discretized using Yee’s notation. Using a central approximation to this

integration expansion a discrete representation of Jx,y,z is obtained, where the components of the density

current appear time coupled in a system that must be solved simultaneously. Solving it conducts to the

explicit discrete expressions for Jx, Jy and Jz .

These, in the 2D implementation of XYK used in REFMULX, without collisions (ν = 0), reduces to
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Plasma density ne(r, t) is introduced in the definition of ω2
p = nee

2/ε0me and the external magnetic field

B0(r, t) through ωc = eB0/me.

As referenced before and observed in Eqs. (3), the equations are coupled in space. In order to calculating

Jx, the knowledge of Jy and Ey, which are not defined in the same grid points as Jx (and Ex), is needed

(see Fig. 1—left) . The complementary situation exists at the moment of calculating Jy . Jx and Ex are not

known at the Jy location (Fig. 1—right) . To refer all fields to the same grid point, Xu and Yuan preconize

in their paper the use of averages [4]. Implementing that, conducts to an average of Jy and Ey on the 4

points nearest to the one where Jx is being calculated (see Fig. 1—left). For instance, the averaged Ĵy is

obtained as

Ĵn−1/2
y (i, j + 1/2) =

1

4

∑

i=i±1/2
j=j,j+1

Jn−1/2
y (i, j) (4)
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and the averaged Êy

Ên−1/2
y (i, j + 1/2) =

1

4

∑

i=i±1/2
j=j,j+1

En−1/2
y (i, j). (5)

yBzHz ne Ex Jx

(i−1/2,j+1)

E J

(i,j)

(i,j+1/2)

(i−1/2,j)
(i+1/2,j)

(i+1/2,j+1)

y yBzHz ne Ex Jx

(i+1,j−1/2)

E J

(i,j) (i+1/2,j)

(i,j−1/2)

(i,j+1/2) (i+1,j+1/2)

y

Figure 1: On the left the average stencil used in XYK to calculate Ĵy and Êy averages and on the right the stencil for

the evaluation of Ĵx and Êx averages.

In the same manner, the average fields Ĵx and Êx are used in the evaluation of Jy (see Fig. 1—right).

3 Implementation of the Després-Pinto Kernel

The general equations for the new schema proposed by Després-Pinto change the time centering of J which

corresponds to relate J and E in a Crank-Nicolson way.

ε0
E

n+1
−E

n

∆t
− RHn+1/2 = −

J
n+1 + J

n

2

µ0

H
n+1/2

−H
n−1/2

∆t
= −RT

E
n (6)

J
n+1

− J
n

∆t
= ε0S

n(ω2
p)
E

n +E
n+1

2
+ Sn(ωc)b ∧

n
h

J
n+1 + J

n

2
,

the operators R and RT implement ∇×H and ∇ × E on a Yee cell. S(u) is an operator that implements

the multiplication of a vectorial field by a scalar u and b∧h an operator that approximates the cross product

of b× on staggered grids.

In the 2D implementation of the DPK in REFMULX, having as a reference the Yee cell shown in Fig. 2, the

currents Jx,y are obtained as

Jn+1/2
x (i, j + 1/2) =

1

1 + γ2
[
Cx(i, j) − γCy(i, j)

]
(7)

Jn+1/2
y (i+ 1/2, j) =

1

1 + γ2
[
Cy(i, j) + γCx(i, j)

]
,
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considering
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Figure 2: On the right the addressing schema proposed by Després and Campos Pinto. A similar solution is adopted

for the XYK, modifying it (MXYK).

As seen in the general Eqs. (6) and its implementation in Eqs. (7), the use of averages as proposed in Xu

and Yuan [4], is avoided. In fact, as suggested by Fig. 2, calculations are centered around an Yee cell. The

equations to update fields Hz and Ex,y are discretized following the classic Yee schema.

4 Modified Xu-Yuan Kernel (MXYK)

One of the significant differences between the XYK and the DPK is the use of the averaging schema in

XYK. This averaging is not intrinsical to the development of the Xu-Yuan algorithm making its appearance

just due to the fact that Ex and Jx are not defined in the same grid positions as Ey and Jy . If we adopt

the procedure proposed by Despré-Pinto, of centering the calculation on a Yee cell, removing the averages,

a modified Xu-Yuan kernel (MXYK) is obtained with improved stability surpassing that of the BDK. This

reinforces the idea that the use of averages is a potential source of instability.
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5 Simulation tests

The simulations presented in this work to exemplify the behaviour of the different kernels with several

levels of turbulence were done on a grid of 1500 × 1000 grid points (65.6λ35GHz × 43.8λ35GHz), using a

probing frequency of f = 35GHz. The plasma density ne(x) is linear, with its edge at x = 500 grid points

(21.9λ35GHz) and a density gradient length Lc = 500 grid points (21.9λ35GHz), for B0 = 0. The turbulence

δne(x, y) has a spectrum with a flat top up to k = 400 rad ·m−1 from where it decays with a k−3 rule [7],

[8]. The external magnetic field used in this set of runs was B0 = 0.95T and the wave is reflected at the

upper cutoff fU . The access frequencies for the upper cutoff are shown in Fig. 3, left, for the unperturbed

case (δne = 0%) and for three levels of homogeneous RMS turbulence δne/ne = 10%, 30% and 50%.

The field reflected is picked-up in the waveguide, decoupled from the stronger emission signal, through the

use of an UTS [10]. With the XYK these signal are shown in Fig. 3 (right) in a logarithmic scale. We can

see that for the lower level of turbulence the simulation signal is stable up to ≈ 40 × 103 iterations and

for the highest value, breaks around ≈ 5 × 103. Simulations shown in [6], using the same kernel in swept

reflectometry (FMCW) are stable during 120, 000 iterations sweeps but the level of turbulence is much

lower which attests for the importance of the turbulence levels in the (un)stability of a code. The levels of

turbulence used in this work, with an homogeneous radial profile of δne/ne, are somewhat higher than the

expected in experimental cases. Its use is justified to push the code to an upper limit of numerical robustness

improving ones confidence in its use. Nevertheless, it should be pointed out that these turbulence values

show up, not as homogeneous turbulence but in localized zones of the plasma, as measured experimentally

[9] and therefore such high values must be used, with the appropriate radial profile of amplitude fluctuations

in order to have realistic simulations. Since, as simulations have shown, instabilities can be triggered locally,

this set up is of extreme relevance in what concerns long run realistic simulations. For the matrices used

and with this simulation setup, the value of 10% is a border value between stability and instability. For a

given realization of the matrix, simulations can finish in a stable manner and for other an instability can be

triggered confirming the need to have exhaustive tests when programming a code.
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Figure 3: On the left the upper cutoff frequency antenna axial cut for the unperturbed case (0%) and for three levels

of RMS turbulence (10%, 30% and 50% ). On the right, the plasma return signal for the XYK during a long

simulation run, for different levels of turbulence.

Using the MXYK the exact same simulations discussed earlier were performed and the results displayed

in Fig. 4 on the right (on the left, are the previous results with the XYK, now in an enlarged scale). The

modifications done resulted in a much robust kernel, which for the simulated cases, is stable for 840, 000
iterations even for the case of higher turbulence.
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Figure 4: On the left appear long runs (840× 103 iterations) using the XYK on the left (unstable) and the MXYK on

the right (stable) for three levels of turbulence, 10%, 30% and 50%.

6 Conservation of energy

The new kernel proposed is built from the base, assuming conservation of energy and the first tests on

the conservative nature of the 2D implementation are on the way, together with the comparison with the

behavior of the modified and original Xu-Yuan kernels in what energy conservation is concerned.

7 Conclusions

A new conservative kernel has been proposed by Bruno Déspres and Martin Campos Pinto (DPK) and is

being implemented in REFMULX code. Using some of the ideas being developed in DPK, concerning the

addressing of the discretized quantities on the Yee staggered grids, a modified version of the XYK was

obtained (MXYK), without the averaging schema originally proposed by Xu and Yuan. This MXYK offers

an enlarged stability during long runs and with very high levels of turbulence and, in all the cases simulated,

proved to be stable, unlike the other kernels tested. Longer simulations are now possible with REFMULX,

covering a wider range of physics, for instance forward scattering simulations, matching the O-mode fixed

frequency performance of REFMUL (O-mode code). More tests are planed using the new kernel(s), namely

in FMCW and with dynamic plasma, and in a wider range of plasma scenarios. Another topic that will be

pursued is research in the conservative nature of the kernels.

Acknowledgments

This work was supported by EURATOM and carried out within the framework of the European Fusion

Development Agreement. IST activities also received financial support from Fundação para a Ciência e

Tecnologia through project Pest-OE/SADG/LA0010/2011. The views and opinions expressed herein do not

necessarily reflect those of the European Commission.

IJL activities received support from ANR CHROME (ANR-12-BS01-0006-03).

References

[1] Kane Yee, Numerical solution of initial boundary value problems involving Maxwell’s equations in isotropic media. IEEE

Transactions on Antennas and Propagation 14 (3): 302–307 (1966).

6
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